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Very often a theoretical physicist is confronted with systems of
exceedingly high complexity about which he requires only a limited
amount of information. The familiar problems of statistical mechanics
come immediately to mind. The master equation method has been developed
in both formal and practical spheres to an extent which provides us now

with a most elegant and powerful approach to such problems.
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ABSTRACT

The use of a quantum-mechanical operator master equation for the
description of an open Markoffian system is discussed in two particular
aspects. In both the evaluation of operator averages at two times is a
central feature. We deal first with the concept of detailed balance,
so familiar from classical statistical mechanics, and hope to bring the
various usages of this term under the common perspective provided by
the formal generalisation of classical results.

The application of detailed balancing principles to quantum systems
obeying Markoffian master equations is discussed and the formal
generalisation of the classical principle of detailed balance introduced.
A view of detailed balance as the macroscopic consequence of
microreversibility is taken. Here fhe close association between two-time
averages and detailed balance requires that the various properties of
the former be developed as a basis to our discussions. Both operator
and phase-space formulations for evaluating averages are therefore
discussed, and from them the respective operator and phase-space
expressions for quantum detailed balance constructed. From here the
classical limit with® +0 is shown to correspond to the introduction
of detailed balance to open quantum Markoffian systems via a literal
interpretation of "quantum-mechanical Fokker-Plank processes". The
relationship of full quantum detailed balance to the detailed
balancing of transitions within the energy representation, such as is
encountered in the Pauli master equation, is established through

introducing the concept of diagonal master equations. For these
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utilisation of the energy representation allows a direct identification
with the Pauli situation. Finally, a generalised master equation
accounting for a variety of reservoir couplings is derived, and studied
in relation to both the operator detailed balance and the diagonal
master eéuations for thermal equilibrium. It is shown that the
presence of certain features in the reservoir interactions generally
ensure the failure of full detailed balance, and simultaneously provides
deviations from thg diagonal form. These observations are to be
associated with an inadequacy in the approximations of the master
equation method.

A second section of this work tackles the theoretical description
of a particular physical system within the framework of the master
equation formalism. The concept of the open Markoffian system is
applied in relation to resonance fluorescence and the properties of
two-time averages used in the determination of field correlation
functions. Very intense illumination, which gives rise to the
dynamical Stark effect, is studied with particular interest.

Within the context of a quantum-mechanical master equation for
incident field plus atomic scattering centre we develop a full
description of the resonance fluorescence phenomenon. From a stationary
autocorrelation function fluorescence spectra corresponding to arbitrary
incident field strengths may be evaluated for the conditions pertaining
under atomic saturation. Spectra are also available for the
nonstationary field associated with the transient region of atomic
dynamics. Both semiclassical and one-photon approximations are
illuminated in a simple fashion. Particular interest is taken in
deriving the second-order correlation function for the scattered light.
This is readily available from our formalism and exhibits the interesting

feature of photon-antibunching at weak incident intensities. The



region of weak scattering is familiar in its description by the
Lorentzian electron oscillator model and this purely quantum feature
provides a possible check for Q.E.D. versus recent improved semiclassical
theories. The second-order correlation function is also discussed in
relation to its potential for the experimental study of fluorescence
spectra, particularly those in the region of the dynamical Stark effect.
Possibilities for the extraction of spectral detail presently

unattainable are clearly evident.
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PART I

AN INTRODUCTION TO THE

OPEN MARKOFFIAN SYSTEM

No system in the physical universe is truly isolated. The
contention of Newton's first law of motion is far from obvious within
common experience where dissipation is the rule. When applicable
Markoffian behaviour greatly simplifies the inclusion of interaction

with the surroundings.



CHAPTER I

THE MASTER EQUATION APPROACH
TO THE OPEN MARKOFFIAN SYSTEM

l.1. Introduction

Every student of physics learns very early in his career Newton's
three laws governing the mechanics of classical particles. It is not
generally until much later, however, that the extent of Newton's insight
is appreciated. 1In particular, Newton's first law is so often taken for
granted and may even appear self-evident. It is nonetheless with
considerable surprise and fascination that we first encounter a device
such as the linear air track and a demonstration of frictionless
dynamics. The movement of a glider back and forth without apparant loss
of speed seems decidedly unnatural, and so it should, since where in our
everyday experience do we meet with such behaviour? Thus it is a notion
very fundamental to our experience that all physical systems are open in
that they interact with their environment. Of course, the loss of eneréy
by dissipation is not the only exchange which may be mediated by such an
interaction. Energy may be pumped into a system, as for example in the
laser, or, on the other hand, matter may be transported between a system
and its surroundings. The latter is the case with open chemically
reacting systems. We are concerned throughout this thesis with aspects
of open systems and more specifically those requiring a quantum-mechanical
description.

Inasmuch as the surrounding sources and sinks of energy, and/or
matter, should be included for an exact descripéion of open systems, it

becomes a question of perspective as to whether we consider a very



complicated closed system or an essentially simple open system
modified slightly by its surroundings. It is convenient to specify a
composite closed system S(:)R where S is an open system and R is scme
reservoir, the two being coupled in a‘ﬁanner dependent on the physical
circumstances. The open system S appears then as a subsystem of the
closed system S(:)R. With the mathematical realisation of this
specification the conception of an open system need not then be
restricted to circumstances in which a physical division is apparent
between S and R. The separation becomes one between dynamical
variables; macroscopic variables defining S and the physical description
with which we have ultimate interest, and microscopic variables
defining S(:)R. In this, therefore, hydrodynamic phenomena are
included. With these a description is sought in terms of a few
macroscopic variables such as temperature and pressure while underlying
the changes in these gross features are processes at the molecular level.
In general, any interaction is a two-way affair and such is the
case with the open system. While it is influenced by its surroundings
there must also be some effect in the reverse direction on the
surroundings themselves. Thus, in its subsequent interaction with a
slightly modified environment an open system is meeting with the
consequences of its earlier dynamical evolution. Generally, therefore,
the history of an open system is reflected back on itself through its
reservoir. If this history influences significantly the subsequent
evolution we refer to a system with memory, if not the system has no
memory and exhibits Markoffian behaviour. The requirement for the
blanking of memory and the origin of Markoffian behaviour is essentially
one of time scales. Dynamical variables constituting the description
of S must vary on a time scale much larger than that which typifies

the time taken for the reservoir to recover from any perturbations



imposed upen it. This for a thermal reservoir is merely the time scale
on which relaxation to equilibrium takes place. Our own concern will
be solely with the Markoffian behaviour in open quantum systems.

It is in meeting the requirement of moving from the exact
description of the closed system S(:)R to usable equations for S alone
that the master equation approach has developed. Introduction of the
master equation concept into quantum statistical mechanics was made by
Pauli (1928) whose objective was to describe the relaxation to
equilibrium of a large closed system. Central to his derivation was a
repeated random phase assumption so that each state is identified by
its probability for occupation rather than a complex probability
amplitude. The Pauli master equation is, therefore, an equation for
only part of the full density operator, namely, that giving the diagonal
matrix elements. It is in this feature that contact with the require-
ments for the open system may be made. Here the part of the full
density operator for S(:)R réquired is that obtained by tracing over
reservoir variables. Accomplishing this task, from the Schrodinger
equation describing S(:)R an operator equation in variables of S alone
is obtained (Carmichael, 1972; Carmichael and Walls, 1973). A unified
perspective on the master equation concept is provided by the projector
formalism (Haake, 1973; Agérwal,l973a)which leads to the so-called
generalised master equation (Zwanzig, 1964). Here a 'relevant part' of
the full density operator is projected out of the microscopic Liouville
equation by a projection operator. This may itself remain arbitrary.
The appropriate specification of the projector then allows the treatment
of a wide variety of problems. In particular it forms the basis for a
:igoroué derivation of both Pauli's master equation (2wanzig, 1961) and
the operato; master equations degcribing open quantum systems (Agarwal,

1973a, Haake, 1973) ,



The first two chapters of this thesis are devoted to general
features of the master equation approach to cpen quantum Markoffian
systems. Our purpose is to introduce the concepts and mathematical
structure underlying the developments of later sections. We begin in
section i.z with a brief derivation by the projector technique of the
formal master equation for an open quantum Markoffian system. We then
develop a specific operator form for general interaction with thermal
reservoirs in section 1l.2. This master equation serves as a general
basis from which the full operator master equation for any system
interacting with thermal reservoirs may be written down directly. It
is used further on as the foundation for discussions concerning the
effect of internal couplings and non-energy conserving reservoir inter-
actions on detailed balance. Chapter II is concerned with the evaluation
of two-time operator averages within the context of an operator master
equation. In section 2.1 we outline the extraction from exact micro-
scopic expressions of a form for these averages using the master
equation for S alone. Section 2.2 then deals with the single Boson
system and the Phase-Space evaluation of two-time averages. More
specific features arising for normal and anti-normal orderings are

discussed in section 2.3.

1.2 Formal Derivation of the Master Equation

The generalised master equations were originally derived
independently by Van Hove (1957), Nakajima (1958), Zwanzig (1960),
Prigagine ana Resibois (1961) and Montroll (1962). These
quantum-mechanical master equations were derived to serve aé kinetic
equations for the diagonal elements of the density operator for a large
system. The equivalence of the various independent approaches has been
discussed by Zwanzig (1964). With the projector method we may derive

in a similar fashion a dynamical equation for the reduced density



operator p(t) of an open system. If ¥ (t) is the full density operator

for S(®R then

(({-) = o, XY (1.2.1)

Our treatment here follows essentially that of Haake (1973) and
Agarwal (1973a).

The microscopic Liouville equation reads

KD LGl - -ilxw Q2.2

where the Hamiltonian H and Liouville operator L may be expanded with

H = Hs+ HR + "\QR 2.2.9)
L o= L+ Lo + Lag

HS and H_ describe free dynamics for S and R respectively and H is a

R SR

coupling term. We may define a general projector P with

x
P = P (1.2.4)
and thus
(-fY = (-P) , PLi-P) =0 1.2.5)
then writing
X)) = PX(M) + (- PIXQ) (1.2.6)
from (1.2.2) equations for PX(t) and_(l - P)x(t) follow.
P | PL(PYW) -iPLL-PIXW®) @2
and
2L=DXW (L PLPXB-iL-PLG-PX) @z

Integrating the second of these directly we find

(= PYXW) = e:p[-a(.-P)u]h-P)x(o)
{artPLeplitLe(PXW) @29



Substituting into (1.2.7) this gives an equation for the projected

part of X (t) which may be writfen in the form

LPX®) i pL(Px)+ Vdr KIPXkr) +TH) @20

where the Kernel K(T) and inhomogeneity I(t) are defined by

PL exp[-l(l— Lt (-P)L
T =-iPLexpl-ili- PILEL (- PY X (o)

This equation is coupled to the irrelevant part of the density operator

Ko

(1.2.11)

through the inhomogeneity I(t).

The specific application of this projection operator formalism to
an open system S, subsystem of S(:)R, now arises with the definition of
P and introduction of approximations appropriate to the Hamiltonian
(1.2.3). Since we will be concerned later on specifically with

reservoirs in thermal equilibrium we define the projector here by

= 1.2.12

where RTH describes the thermal equilibrium state of the reservoir.

More generally RTH may be replaced by a reference state of the reservoir
chosen in view of the application at hand (Haake, 1973). Using first
the commutivity of operators in H_ and H_ and secondly the cyclic

S R

property of the trace we may then write'
PL, = L.P
Plp =LgP =o

(1.2.13)

which gives also

(=P (Lg+Lg) (Le+L0i- P) (1.2.14)

Thus, considering the integrand K(T) (PX(t - T)) in (1.2.10) we have

K@O(PXE-T)) = Plexplili-PLrl(- PHLIPX(Y-1)) @-2:19



using (1.2.5) and (1.2.14) this gives

KO(PXE-TY) = PL; explili-PIL (- P (PX (Y1) -2

We therefore may write the Kernel for (1.2.10) as

K@) = Plyg expl-ili-PILT}(-P)L (¢ 1.2

Setting

of(‘t’) = epr_-i(\- P)Lrl.fu»

with[(o) = (1 - P) LSR (1.2.
it then'?ollows that
dlw@wy | .
z -'\(Ls»f\_a)f(t)-l(\- P)Leg L (1.2.
where we have used again (1.2.5) and (1.2.14). With
) illg+ldt
L) = e VLD (1.2
we then find
2 A A
aft(t) =-1(1-P) LSR(t) L (1.2.
where
A i(\.s+LR)T -i(Ls+LR)‘t'
LSR(r) = e LSRe (1.2.

Integrating this equation and iterating repeatedly it follows that

T
Ly =7 exp{-l%(\- P)Lgatr)(t-P)}(‘— PL.q (1.2.

where T is the Dyson time ordering operator. We then write from

(1.2.17), (1.2.18) and (1.2.20)

AlLg LT

K(t) = Plege U (- P) Leg (1.2.

with

.
uo = T exp{-iSn-P)LRm(‘- 2L .2,

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)
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It is convenient that we transform to the interaction picture with

density operator i(t) defined by

(1L.2.26)
We findﬁfrom)(l.Z.lO)
A(PXW) | pl (Pf((\))
O\-E ® i(\_s+\_R)‘\,* -K(L3+kaj(-'() A
te SKW) e (PXG-T))

' ei“'g\‘““ T (1.2.27)

where K(T) is now given by (1.2.24).
i(L, + L)t -i(L

e ° Ry e 5

(Lot Al L)
e Kix) e

Considering then the term
+ LR)(t - T)

we may write

~ Aleldtt) Allal E) .
=PL.De ) umé_ ¥ (- P glbt) @-2.20)

It is easily shown that

i )(4- Sl rLaXt-
T P . VLU

- Texp{i § (-9 00-P)] (1.2.29
- 1-T

and thus, substituting (1.2.29) into (1.2.27) we find

LCXA) (P, (PIW)

¢ Sar PL 00 QL0 0-PL -0 PR (-1))
° i ( Ls*' \_R)lc T
' e 1(b)

We now introduce the various approximations appropriate to the uses

(1.2.30)

with which we are concerned in this thesis.

(1)

They are as follows:

The system and reservoir are initially uncorrelated so that

X (o) = e Ryy

Clearly then

(- P) X(e) =0

(1.2.31)

(1.2.32)



and the inhomogeneity I(t) wvanishes.*
(ii) The interaction Hamiltonian has no matrix elements diagonal

in the reservoir variables so that

PLPXMD) =0 (1.2.33)

(1ii) The interaction is weak and therefore we may take the first
Born approximation by settinétl(t,T) to unity. For a
general discussion of the Born approximation see Haake (1969).
(iv) The behaviour is Markoffian and hence Pﬁ(t-T) may be replaced
by P)?(t) .
With these approximations (1.2.30) then becomes

Ay % a A
O_Eto_’ib ) S{rR(\‘QRQ)\—SRl\--t)RTH) o) o230

o
Transforming back from the interaction picture the reduced density

operator p(t)for the open system S then obeys the equation

a ) 1.2.3
Fo - Lel (239

whereoé7is a generalised Liouville operator to be determined

L=l fl_ (1.2.36)

Here we have made a division into reversible and irreversible components

with respect to time inversion (Prigogine et al., 1973),lfR andXCI

ZR - \_s (1.2.37)

and

-'\\_5{ t A A i\-s\i
‘f'.[, = e S A.t )( R ( \_QR“’)\_SRO(—T) RTH e (1.2.38)

*Although assumption (i) is commonly made it may be avoided for
Markoffian systems where the decay of reservoir correlations on a time
scale much shorter than that on which p(t) evolves quickly destroys
correlations in the initial state (Haake, 1971, 1973).
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1.3 A Generalised Master Equation for Thermal Reservoirs

We derive now in this section a specific form for the operator Zf
of equation (1.2.35) allowing for the general reservoir interaction

given in the Hamiltonian

H o= B+ Hg + Hep

5% Ht (1.3.1)

)\
HsR = Z); HSR

Here the reservoir R consists of a series of independent subsystems.

The Ath subsystem is taken in thermal equilibrium at a temperature TA

and thus

nR J
Rru =-\;FR:H ’T QkT"/trR (e_ka) (1.3.2)

The master equation derived will be used further on in discussions
relating to the quantum detailed balance.

We assume a boson reservoir with

= T (1.3.3)
He = Zﬁ\wirj g

and write the interaction H;R in the form

U |
Hog = STk + S 28

where Sk is an unspecified system operator and PA is given by

M
- <. 1.3.5
N -'2__’h)<3rj (1.3.5)
J
-rg is a boson annihilation operater corresponding to the boson mode
with frequency wg and Kg is a coupling constant. We work in the

representation formed by the energy eigenstates En> of S. These states

being defined by

HS‘E0> = En\En> (1.3.6)
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Expanding the operator S)\ in this representation we have

)
Sy = LB, 037

Writing

Wam = 1Ea Em\/'h (1.3.8)

we then divide S)\ into positive and negative frequency parts S}f-'-) and S}E_)

according to the scheme

@) )

Sl - Sl . Sl (1.3.9)
where
[ )
S) = Z S)\h")/“)
- ~< (1.3.10)
S)Lwﬂ) = "Zm \E ><E \S Swnm W
a B Ee "
an © .
SA = /Z: Sl(wv)
(1.3.11)

Sy - 'ZM \E.{E \Sm O

9

W
m)Wy
In this fashion we se&‘: ara te positive and negative frequency parts of the

interaction operator S

>

Corresponding to Hamiltonian (l1.3.1) we may write the Liouvillian

L - \-s*\—R“' Len

)Y
Lo - 2\_ (1.3.12)
R= &b

.- % L.,

and then the operaéorz from (1.2.36) may be written

bt A ib
oé = -1L + C", Z.\{'.f‘g \..sgo()\-sg 't)R:H)

Lt
/) 2— &’rrp\ (L. 0k .\_“(l T RTH)R, Je T s
k # >\
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Under assumption (ii) of the previous section that the interaction has
no matrix elements diagonal in the energy representation the second of

these sums of terms vanlshes and we have the form

& Lt
Z@ = - +e-L &‘«R KLsRO(’B\..SQu’ t)Rw\)Q p @30

~

Now

Lea 5L W, ) (1.3.15)
and hence from (1.2.22) and the identity

i\_{ \‘\* —\“%

e () = % () GL (1.3.16)

O being an arbitrary operator

T_ksg(b =(!/ﬁ3[/\:\:p\(¥)> ] (1.3.17)
where
M‘c L RANE
Hs;{(¥> Her € (1.3.18)

A
using the specification (1.3.3) and (1.3.4) for H then

“ -‘- SR
ﬁ;\(‘:) = 5103 INOE SA\D M) (1.3.19)

with
‘\'\R‘\t \ —\\’\R{ \ ) \\.O‘t

P)‘()') = Hsae " Jz‘hx ) (1.3.20)

and

l\-\ b -\\'\g* «) -iu)/A: ©) lb)/u.-t 1301
X(‘() e * SAQ A -':/ZZ Sk(\a),a)e_ + %)(\J)/«)Q (1.3.21)
Substituting from (1.3.15), (1.3.17), (1.3.18) and (1.3.19) into (1.3.14)
we may then carry out the trace and do the integrals in a standard
manner (see for example Carmichael, 1972). This leads to a master

equation of the form (1.2.35) where the irreversible term is given
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by

@) t (32]
Zle = § % (X)\(\o\,\/ﬂiy_gx(wg\ Q,Sk] S, QS;{Q,)X

v NSy e, Sh + 1S, QS&; (Wl

«)

L
+ Y.SX(LJ\))Q, S +\—_S)’€ S, kwv)‘D} (1.3.22)

Here the damping constants Yk(mv) are given in terms of a strength

function gk(wv) and coupling constants

By = 2w gl Xyw ) (1.3.23)

and

-
A = Lexplhuwy/KT)-1] (1.3.24)
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CHAPTER II

TWO-TIME AVERAGES IN THE
MASTER EQUATION FORMALISM

2.1 Operator Averages at Two Times

With the derivation of (1.2.35) for the reduced density operator
(a) ()

all single time averages <S (t)>, where S is any system operator,

may be obtained in terms of system variables alone. We have

(SDY = ke g XWSToy 4o L, XHI ST

()
=t e(lo S (o) (2.1.1)
(8)

(a)(t + T) S (t)>, T 2 0, when considered

Now the two-time average <S

in relation to the complete system S(:)R with full density operator ¥ (t)
(o)

may be written <S (t + 1) S(B)(t)>x(t) and is given exactly by the

formal expression

< S‘x,(j(‘\"t) S(ﬁ(){)>x(lc) = % rS@R X(O) S(OLC{-FC) S(ﬁz“c) (2.1.2)

The time-dependent operators are given in the Heisenberg picture by
() ()

S(t+v) - UQH‘) S (o)
W - ud 9o

and U(t) is the time-development operator with, for arbitrary operator O,
Lt iHt -l
UbO =e 0O = e* Qe™ (2.1.4)

(2.1.3)

It is then desirable to eliminate the trace over the reservoir from
(2.1.2) to obtain, as in (2.1.1), an expression in terms of the dynamics

of S alone. We therefore envisage evaluation of the two-time average
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from p(t) and the generalised Liouville operatorot governing its

dynamics. We will specify separate from (2.1.2) a macroscopic average

<g (@) (B)

(t+ 1) 8 (t) >p(t) and derive its explicit form in what follows.

Beginning with (2.1.2), (2.1.3) a.nd (2. (1-\-4))we have‘-_\(')t )
@) iRt -1 3T
(S (1(+'C3S(1(3>xm ‘\fr X(o) e W oye ™

HE @ -t
e Se™ (2.1.5)

and, using the cyclic property of the trace this may be written

_HT ) -1 \-\’C )

) (B>
1 = R 2 (2.1.6)
(S (h’t)S(‘))Xm tr ge ke ™ Stde ™ Seo)
where with (1.3.16) the formal solution to (1.2.3) is
Mt \Ht
X)) = e ® X e ™ (2.1.7)

A further use of the cyclic property of the trace then yields

®> AYT .l__\:"f
(SUHD By = te lige d SXde™ 1S  e1o

Defining the operator/S/(B)(T) by

(p) ~HT (o WHt
;Y(‘E) = e M S(O)X( ) et (2.1.9)

this is clearly just the formal solution to the equation

) i
‘llm = (/%) [N, ,5'(1)] AL S (2.1.10)

This equation is equivalent to (1.2.2) and may be treated in a similar

fashion via the projection technique to arrive at the form

S&
a~ (D) ’f ’5"(,‘;) (2.1.11)

av

analogous to (1.2.35), with

- H H
~, (R 8) T P
(v = {rR (1) = ":rR e,“ S X(J() e (2.1.12)
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The approximation appearing here reflects in particular the Born and
Markoffian approximations (iii) and (iv) of section 1.2. In place of

approximation (i) of the same section we now require

X@®) = Q(J() Riu (2.1.13)

as, for example, is taken in the treatment of two-time averages by

Lax (1963). However, the footnote to approximation (i) is again here
relevant. The Markoffian assumption is sufficient to ensure the decay
of correlations in ¥ (t) on a time scale much shorter than that with
which we are concerned in following the dynamics of S (Haake, 1971, 197

AR
Solving (2.1.11) formally with (o)given by

el o) ¢ )
(o) =’trRS(°> = teg Stor X = Sto) et (2.1.14)

we may then write

AB) Lt

5(‘?.’) = e S (o) e(b (2.1.15)
and combining this with (2.1.8) and (2.1.12) find for'<S(a)(t + T)S(B)

(@) 4.} L o)
< S“({*Tf) S (Jf)>(:k{) = jrrs e S (0) e(‘bl é (o) (2.1.16)

Clearly
() (7D o) (§23)
(SOZH'C)S (’c)>e(’c) ~ <§ t+) S (J‘»X(’c) (2.1.17)

where the approximation arises in (2.1.12). We have here essentially
the quantum-regression theorem of Lax (1963, 1967, 1968) and a
relationship to Lax's theorem is drawn explicitly in appendix A.

To conclude we note that for the average with alternative time

(0) (B)

ordering <S @ (t) s (t +7)>, T 20,an analogous method yields the

result

)

(oS -l 0TI P was
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with

< Sw(*) Stﬁ()lt +T—'3>g({) = < S“(\ b S(pi&u‘r))x@c) (2.1.19)

2.2 Phase-Space Forms for Single Boson Systems

During the last decade, the single boson system, corresponding to
a single mode of the electromagnetic field, has attracted considerable
attention. This, of course, reflects the widespread interest in the
single mode 1aser.(for a review see Haken, 1970). Arising initially in
the coherent-state representation of Glauber (Glauber, 1963), a
formulation of quantum dynamics for this single boson system has
developed allowing all single-time operator averages to be obtained via
integration in phase space. Here cumberson operator traces may be
avoided using the so-called Glauber-Sudarshan P-representation for the
density operator (Glauber, 1963; Sudarshan, 1966). Generalisations of
the phase-space formulation have been discussed by a number of authors
(Sudarshan, 1966; Cahill and Glauber, 1969; Agarwal and Wolf, 1970). 1In
particular, an approach has been worked out in detail by Agarwal and
Wolf (1970). A correspondence between operators g(a,a+) of the boson

(%)

system and c-number functions S (a,a*) is set up in the form of a

. () * A t . .
linear mapping S (.,0") > s(a,a ) accomplished by the mapping

A

operator £ ;

(€8]

< t
A S« = S(o,o) (2.2.1)
Requiring the operator g(a,a+) to admit expression as a Fourier integral,
~ i 2 N | »
Sla,a) = Sd/g G(p,8) exp(,BG - B o) (2.2.2)

with

Gr(,a,pf) =/ {rs%(o,cj) Q_xp(/;g- pQT (2.2.3)
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the mapping operator is defined explicitly by relating this expression

to the Fourier integral for S(Q)(a,a*). We‘require

G(p,A) = alpa) Fui)/s,/j") (2.2.4)
where
(15}

* 1 () * * %
S(d,ﬂ) =S°\ﬁF(/3,/3)QXP(ﬁA—,3d_) (2.2.5)

and
(R L 00
* * *» *®
F(R,A) =G/ Bolacg(oc,oa)exp(poa- BX) (2.2.6)
Here Q(B,R*) is a function in complex phase-space acting as a filter
function. A broad class of mappings may be specified by imposing
appropriate restrictions on this filter function. It is taken throughout

this present work that Q(B,B*) be a complex function of the general form

_(\_(I(S,ﬁ;*) = e_xp(/u_ﬂ:’-!- Vﬂ*l-} )\ﬁﬁ*) (2.2.7)
with 4, Vv, and A as real constants.
The appeal of the phase-space calculus arises in the fact that
single-time averages may be evaluated now by integration in phase space.

A t
As is shown in appendix B, generally, for any two operators S, (a,a’)

~ T
and S, (a,a ), we have the result

A Y2 i T S R
Yo, $4(0,0) 5, (0,0) =(0/m \dx Ot ) Oy, <) (2:2:®)

()

In the specific instance where P (a,aft) is the {i-equivalent for

p(a, ajt) '

()
a p(ot,oc*,&) = e(o,ot)’() (2.2.9)
Seaat

then for any operator S(a,a )

¢ %(Qa‘)) Yoo S(O,o") G(o,o\,b
) () .
(/) Sclloc Pu(Lo(,a(*,{) S (&,&) (2.2.10)

1
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where the inverse mapping Q has

fx(/s,,s*) = ,(\.(,6,;3*)-‘ (2.2.11)

A

o - g
In the case where S(a,a ) is a normally ordered operator and 2 is taken
to correspond to normal ordering, S(Q)(a,a*) is very simply constructed

by the substitution a = q, af ()

+ a*. In this instance F (a,a%,t) is
the Glauber-Sudarshan P-function (Glauber, 1963; Sudarshan, 1966).
Furthermore, for time ordered, normally ordered products of operators,
equally simple procedures produce a large number of multitime averages
(Lax, 1968).

We consider here the results (2.1.16) and (2.1.18) with a view to
arriving at a phase-space expression of these results for the general
Q0-mapping defined according to (2.2.7). To avoid confusion in the use

of Greek letters we will drop the superscripts (o) and (B) of the

previous section and write

Lt e

(él(k“’t) gl(b)(,&) = l(rs S (o) e({)] S (0) (2.2.12)

and

<§1(Jr) g’*(lﬁt))ﬂjt) - .}rs[ e:{ te({) gs,(o)] gz(o) (2.2.13)

Now, as in (2.1.15), we have

"

S:_(Q,C;f,‘t) [t S (o, o“ o) e(o c;‘t D (2.2.14)

and thus, we may write immediately from (2.2.9)

(L (.n_)

(5 ('\-VE)S Ut)>e(h (1/m) SA/&S (p,/s) (p,p,T) (2-2.15)

where

()
/.S/([!» p’t) J(Q a,T) (2.2.16)
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We then define for the Liouville operatordiia,éf) an ﬁ-equivalent

such that

A @) * (6)) * A
I\.Y_f(ﬁ,ﬁ)g (BB )l=,((o)o:‘) S(Q}c}) (2.2.17)
Thus, £rom (2.2.16) and (2.2.14)

5 (BAT) = e'{f,j;(aoto

- A pr[af (g, /6)1:]5“(‘%,03

whence
(O (L) e
* * »
S (a8 = explL (8,801 S (54,0 (2.2.18)
To proceed, we may write
o, N g :;Gi)
*
. (B,B,0) = So\d 8(0&—/5) , (o, 0) (2.2.19)
and with A(Q)(B - a, B* - a+) defined as the f-equivalent of §2(B-a):
2 (n) ‘\'
AS(p-a) = A(p-a,p-a) (2.2.20)

equation (2.2.11) indicates equation (2.2.19) to be the phase-space form

of the result

(D)
S(ﬁ ﬁ,O) = T\"(rSA(/a o,p- oT)S (a 0)6(0 o:(’t) (2.2.21)

From the cyclic property of the trace, this yields

A “ R
‘S:,(?;, ﬂt 0) = ij‘“g, e(a,g,bA(;&-o‘,p—oT) %1(0’4) (2.2.22)

We must now invoke a general result established by Agarwal and Wolf
(1970) and outlined in appendix B: for any two operators Sl(a,a*) and
A ~ A A
Sz(a,a*), where the product Sl(a,aT) Sz(a,aT) is designated Slz(a,aT),

we have

AL " (L)

8\1(0,0) =5 (‘* “) QXP[/\.(:;L od]S (atak) (2.2.23)
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with
O 33 .83 0w
(KXY =-9299 0 _ = = —_——
’ v i
_ 1 o (2.2.24)
+O\ ‘/’“>a£ det_

Here the arrows <« and - indicate differentiation of the functions to
the left and right of the differential operator respectively.
Using now the fundamental result (2.2.11), together with (2.2.23),

we may write (2.2.22) as

@,
,.Z(,G,/S,O) Scl.a(_ (oc X ’t)exp[/\(_‘aog)] Sém—p,of—,cf)
(),
‘S,.(o(,ot,o) (2.2.25)

We substitute this into equation (2.2. 18) and arrive at the form
(V)

&)« .
‘5: (p.B,T) = Sdoc P L b exp(./\.(o( "hyy(ﬂ Al 0)
'81 (o(,ot*,o) (2.2.26)

having introduced in 33(5)(B,BTT|a,afo) the Green's function solution
to the master equation (1.2.35) when cast into phase-space form by the
mapping operator 5. By definition

()

w I
cp(ﬂ:/s | KX, "0) = exp‘.f(p,/&)ﬂ Sz(a&—le,o(—,@ ) (2.2.27)

where the corresponding phase-space form of the master equation is

() (&)
4P Z“{ac oL)P(aLac 1) (2.2.28)

To achieve our objective it remains only to substitute (2.2.26)

into (2.2.15); we arrive at the result

(5 ) S (lc))fu) SA«S&;} 1 UCS B, ]tn: &, & 1)

S (B3 3 ) S (oc,a( ) (2.2.29)
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)
vhere W (g,8% ¢ + 7, 0,070) is defined by

35

* x LI T
(\,U (ﬁ,ﬂ,&i-t ;OL,OL, k) = P((o()a(,'\:)exp[_/\?:g’oaﬁ (2.2.30)
-) * >
An analogous argument yields from (2.2.14) (tﬁéﬁr’ezl\lﬁ,d’())
A A 1 A .
<Sl(o,<§,{) Sl(o,oT ,‘c+t)>€u) =SA0(,SAlﬁ Wi, At LD
()

Su;)(p,ﬁ*) %1(04,05) (2.2.31)

where

YELE () Ry
* i * %* * »
(0.) (j?),f),'l:‘r‘t' )0(-,6&,)(.) = ? (ﬁ)ﬁ,*-\—’\f\d,‘*,o) G_XPY_A(O(’OQ )) (2.2.32)
(Ry5) -
P (x,£1)

It is worthwhile at this stage to notice the similarity in. form of
equations (2.2.29) and (2.2.32) to the familiar double integration over
phase-space encountered in classical statistical mechanics (see, for
example, De Groot and Mazur, 1972). For a system described by a
classical Fokker-Plank equation a joint probability density is
constructed for the evaluation of two-time correlations in relevant

. . . .ED(Q) * *
stochastic variables. In the present formalism (B,B, £t + T; a,a,t)

2(52) * * ‘o .y
and) (B,B, t + T; 0,0,t) act as pseudo probability densities relevant
to the 'quantum Fokker-Plank equation' originating in the -mapping
of the operator master equation (1.2.35). The presence of the operator
*
exp[??(g)(a,a )] gives one indication of the deviation of the quantum
problem from a classical stochastic model. A distinction between
< * * * *
\Jfg)(B,B, t + T; o,0,t) andWXfQ)(B,B, t + T; o,0,t) must be drawn,
‘o - T

which of course arises in the non-commutivity of operators S;(a,a ) and
gz(a,af). Further discussion of these features is left until section

4.2.
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2.3 Normal and Antinormal Ordering

In the previous section equations (2.2.29) to (2.2.32) have been
derived as the expression of two-time correlation functions for the open
quantum Markoffian system. In these fesults the role of a pseudo joint

C s . . . uj(ﬂ) * *
probability density is played by the functions (B,B, t + T; 0,0,t)

(N * *
and IU( )(B,B, t + 1T; a,0,t). We introduce now a further function,
w(Q)

(B,BF t + T; a,a) t), also with a claim to the status of a pseudo

joint probability function. The definition is here given by

n) * * n) * L) »* *
W (g, oo+t o, )= Pladd) Plp potla,«f0) 231
Such an expression arises naturally from a literal interpretation of the
underlying 'quantum Fokker-Plank equation' within the familiar structure
of classical stochastic theory. Extrapolating this formal analogy one
might make the error of postulating the expression of the average

<A A > .
81(t + T) Sz(t) o(t) in the form

2 2 o, . (€15 . (2 -
Sa.d, So\p W (a, g0t <) S (6,605, («,0).
It is not the purpose of the present section to make any comparison of
this statement with the correct results of the previous section; this
topic is reserved for section 4.2. However, to make complete our
investigation of the two-time averages, and for future reference, we will

demonstrate here how in fact the factored form of W(Q)

* *
(B,B, t + T; a,a,t)
may also be used for the construction of two-time correlations.

The most usual mappings encountered in relation to the single boson
system are those accompanying the normal and antinormal operator orderings.
Since we must now consider the specific form of the operator

<> (Q) *
exp[!\ (a,0 )], we restrict ourselves here to these two examples. 1In

this instance the filter functions Q(B,B*) are familiar (Cahill and

Glauber, 1969; Agarwal and Wolf, 1970) and are furthermore inverse to

one another. For normal ordering Q(N)(B,B*) = BB*, while for antinormal



24

ordering Q(A)(B,B*) = - B*B.  Then Q(N)(B:B*) = Q(A)(B,B*):and~of
course ﬁ(A)(B,B*) = Q(N)(B,B*). Making the association between (2.2.7)

and (2.2.24) we may clearly write

)

ot
]

j\_(oco(.) = L., (2.3.2)
do 0o
and
‘/(\A_)(og‘x') .9 o (2.3.3)

—.—*_
doC Qe
If we then begin with equations (2.2.29) to (2.2.32) and introduce

these differential operators explicitly, we may write for normal

ordering
(G ke S 1B =§i¢g£p£ ﬁtl,x,nexp@ § )
(A)

cp([&{b’t\ocoko)lg(ﬁﬁ) (,L K) (2.3.4)
(S S EiN (i (a1 Pl el o) expl 5.0
P((u;,of,t)l Sl(oc,o:) Sz(/,f,)ﬁ*) (2.3.5)

and for antinormal ordering

<&.>1({ +T) g,_(’:))é’c) =Si¢ Sc{/&{ Pla,x U ex p(— -OL aoL
(GO

C'Plp/"’atl“-‘* 0) S (ﬁﬂ)%(o(a(.) (2.3.6)

<S () S (Jt +T,)>€("c) = Sclocgo\ /5[33(2’/& BT \o( L o)expk 9 6 )

(A)
P(a(oct)l Sl(otoc)s (s, /3) (2.3.7)
The road to our objective, as taken from here, is basically one of
algebraic manipulation. Thus we state now two operator identities to be
used in this respect. If n, p, 4, and r are integer variables, and

¢1(a,a*) and ¢2(a,a*) are arbitrary functions, then first, it is shown
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in appendix C that

oi (";/"‘- ‘aé-* q’é ) (ot- )e.xp( ) (2.3.8)
An=0 vy

o(aO(
and further, that

1y <P . N P )
(e - %o() 7!1(04,« )ﬁgz(oc,oc ) = Z_o[(—‘) P\'/'“‘- (p-o)]
L f—; ACs)| [P §_ OZP-};?-("“#*)] e

Where we have dispensed with arrows and the conventional direction of

differentiation is to be understood. At the outset we also define

Sng(a o) and SfA%(a o ) in power series expansions, with

(N) ~N) P
Sn.(":,o(.) = %Bn < 021, (2.3.10)
(A) y
S, 2 («, ) = T CLS(A "a" (2.3.11)
P4, P
and then operator functions:
A(N) *® a (N) %
(e, &+ 2 = Z S iy (a¢+ (2.3.12)
S ) ao() L2
s (N)
g.1("4, o + =X ) = ‘1 q’(a( + )P (2.3.13)
’ dok P‘-’L
) x g (A) P cl/
5'.1("(,% -9) = 2 25 o (o£f— ) (2.3.14)
A~ O PCL aO(
[7-9]
* -9 =y 3 Y _a Y (2.3.15)
SN P éoc*) P%PS,,,, ol (e a._o()
and
ey o) P 9
o ) -5 7 *_3) (2.3.16)
K- =~ = \ -9 e
1,1,( 30(’0( :L-CLP ,L(O(. éo( 1
alil)] ) P
(-2 4 L) = 213,1(0(— 9 V& (2.3.17)
e Vow e a
NA) 9
k2, ) =X oS (s &) (2.3.18)
! do P9 ) aocql -
(A) A
S (s 2, o) =3 % (€ + ) & (2.3.19)
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Now the four expressions listed as (2.3.4) to (2.3.7) may be treated

in an essentially similar manner se as to restate their results in terms

of the factored form of the pseudo probability W(Q)(B,Bt t+ T; a,aF t).

We will follow this development explicitly for (2.3.4). Expanding the

exponential as a power series we are considering the relation

<§1(3“T)§1m>6&) = gi&&iﬁaﬁ (l/n‘.)[..é: Pl of,t)]
{é;*n‘})t;p’t‘o(o( o))%(plg) (,( ) (2.3.20)

If we integrate by parts with respect to o* n times, assuming the

integrated parts vanish, we find
A A o0 n g} (AY
<Si(":+f) SL({)>6(U = gcfoggofp Z_gé—l)/n! 'c-)a:(*” { Sz("(, <)

n W) (A) * " (N) »
2 Pl P ATl S (80 oo
With (2.3.11) taken together with (2.3.8) it then follows that
oo ~ n (A) U\ ) B
2 (")/n‘.-.é— ntgz(a)of)—‘-}—ﬁp(ac,ac,’()]
n=0 30( QX

(A) P

Z oc(oc-—— e.xp(———a )P(ogo(l)(z 3.22)

and thus, acknowledging (2.3.14), we have

PRIy ,m[% (o«oo J P(ococ’c)]

W

= % (o( o(--— ) exp(— — *)P(o(.o( 'L) (2.3.23)

Finally, we may quote from the papers of Agarwal and Wolf (1970) the

result

e,xp( )P(oc a(t) P(o( <.1) (2.3.24)
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Therefore, from (2.3.21) and (2.3.23) we may extract the expression
~ A NA) (A)
(S, (t) 5,,(]0>€(’0 : Scfac A (S L a- )Pl o 1)
) ad

C.p%)p,pf’t‘ oL, o:,o) %"1’(/3 p*) (2.3.25)

Accompanying this there are three similar results arising in (2.3.5) to

(2.3.7), namely

<§,( DS At +‘t)>e(’c) = Sdloc%c[l s [é?(o:,a(— gloc*) P(?lc,oc*,’c)
(A N

¥ (s, /.{T: \ O()o:,O) S(,_)( B, [3*) (2.3.26)

and
A P /\(N ()
(C S B - So\’;cgo\} [ o2 JFL ]
?p(z)/&,/.’:t‘ogo:)o)él\:(p’ﬂ*) (2.3.27)

(N)

(S0 8t (e (o 18wl 2 P ]
pmz/s,/st’t |« o, 0) (:;:(/3,/3*) (2.3.28)

In these four integrals we have achieved expression in terms of the

A) (g,8%; a,0* 0) anda w™ (8,8%1; a,af 0).

factored forms of W

We wish to investigate one further development before leaving this
section. Equations (2.3.25) to (2.3.28) utilise explicitly the
operators (2.3.12) to (2.3.15). With little extra effort we may
re-express these results in forms which draw on the operator definitions
(2.3.16) to (2.3.19). As a result, phase-space integrals are reached
which use normal order equivalents for both operators §1(a,a+) and
gz(a,a*) together with antinormal equivalents for the pseudo joint
probability, and of course, also visa versa.

We begin with the consideration of the relationship between the

* . .
normal order equivalent S(N)(a,a) and the antinormal order equivalent
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(a -
S )(a,a*) for any operator S(a,a+). As a generalisation of (2.3.24),

we have in fact

() N N

S(x, k) = expl - 3 )S(E,( ) (2.3.29)
dxdo

(2)

With a view to expressing S

coefficients gS(N) of (2.3.10) we then take a function @(a,a*), where

(a,a™) explicitly in terms of the

v 2 N)
) = ..._8__ * * .3,
$ (X expl é&ad*) S(el,e) e, o) (2.3.30)
¢(a,a*) being arbitrary. With reference to (2.3.10) we then find
c‘,(N)oO " ) P \n
&(fx,oﬁ*) '—’ZPS Z.(-l)/n‘, [SB_’M(OZ' Q__ﬂ)]oﬁ’}g(do(*) (2.3.31)
P% A= O so(_ Ao(_ )
and invoking (2.3.8) this yields
(N) q, ~
%(0(,0:) =Z?,S( * } z -‘)/,-\\[5 ( 3 ﬂ)])é(da()(z 3.32)
Pq ag
which, again with (2.3.8), yields

& VD)

*
Taking specifically ¢(a,0 ) = 1, in this result, we have our expression

(N) (N)

* ™« P
é(oa)oa) =;LC}S (at-g-og (d‘g- xp(

for S( )(a o¥) in terms of the coefficients pS belonging to S (a¥a) :

(N c
A ) * P-

Slx,) = E(_‘/Z_ S(.)/\(P_,.ﬂ(é

(7—%;: %2 )S [( \)p qy\/ ‘(P‘f)‘ (CL.:)\] (2.3.34)
P=q P>9 o(cb Pl i

Use of the expan51on (2. 3 34) 1s now made by writing

g (M-_> (5.3 33 %S Ledp 1A (p-dig-]

Py P
P=9q, p> oF P-T

CL o? (-2 (2.3.35)

-8

which may further be expressed 1n the form of (2.3. 34)
AW * o0 %(N)

S, t-2) = 3 3 [eop!/tp- r)‘l <)

dex. £.9=°
P -C
(= 2 (2.3.36)

c)a(
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Hence, having (2.3.9) it is established that

gm(o(,o:— %‘K) = l':bm(o:- %_K, ) (2.3.37)
In a like manner it may also be shown that

gAZoc*,og—s-x*) = %(N{vi- g—o(*,oc*) (2.3.38)

gNzo(*,o(’r %o(*) = gw(ou 5‘)—&*)0’(‘) (2.3.39)

gm(oi, o:-t- a—‘)—o() = gm(oL*+ g—d, oC) (2.3.40)

By the introduction of these results to (2.3.25) to (2.3.28) we then

acquire, in addition to the same, the following phase-space integrals

for two-time averages:

A A 2 2 A (N) ” (A) «
(5,08, b) =S&¢Sotp[gz(¢_g.d,x>P(a,,c,ﬂ]

(GY) N)

P, Tlx,o0) S (86 (2.3.40
TGI8 -.—Salgcfpié"?(x- 8 o o Pluat]
‘p(z)/s,/e:‘t PR C:;_(ﬁ)p*) (2.3.42)
~ A 2 2 ~R) » (N) -
<51({+’C) Sz(f»ed) = So\ocgo\ A [S,jo«-» g—o‘* <) Pl ol ){)]
‘p(z)/&, [;,1: | %, o,0) éA:('@) g) (2.3.43)
A ~ 2 AW » N) .
<%1(’L) 5,_({+‘C)>€Uc) = &o\d—%of.ﬁigl(d + —g-ot,oa) Pl 1))
(L)) * * (A) *
‘p(ﬂ,ﬁ,t\oga(,o) S,(BA) (2.3.44)

These final four expressions correspond exactly to the form of the
quantum regression theorem given by Louisell in his Varenna Summer

School notes (Louisell, 1969).



PART II

DETAILED BALANCE IN THE

OPEN QUANTUM MARKOFFIAN SYSTEM

A system subject to statistical description may be maintained in
equilibrium in the presence of an underlying dynamical structure by a
nett balance between transitions into and out of each physical state.
Considerable simplification of perspective is possible when transitions

between any pair of states admit to a "balancing in detail".
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CHAPTER III

INTRODUCTION

3.1 An Introduction to Detailed Balance

The probings of men into the nature of physical systems have their
results classified within the various theoretical formalisms of the
physical sciences. Those falling within the scope of statistical
mechanics represent one of the boldest ventures of theoretical physicists;
by their very nature the problems encountered in this field are ones of
extreme complexity. It is, nevertheless, a tribute to the beauty of our
physical world that within such complex situations there are often
relationships of exceeding simplicity pointing the way to an understanding
at a very fundamental level. One such is the principle of detailed
balance, a principle conceived in response to the concept of detailed
balancing of transitions introduced by Fowler (1924) in the early 1920s.
It is in reference to this principle that the following five chapters
are presented.

To set detailed balance within its context it is necessary for us
to first appreciate that any statistical equilibrium, while a stationary
situation in the macroscopic sense, is, at a more fundamental level, a
circumstance of intense dynamical activity. We are well familiar with
the thermodynamic equilibrium accompanying the maximisation of entropy.
Then in this instance, a gas maintained in equilibrium at a temperature
T presents, on close examination, a vast array of molecular motions and
collisions; these in fact working to maintain equilibrium. It is in

this environment of microscopic motions that we discover the origins
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of detailed balance.

Let us grasp first the concept of a balance in detail as against
balance in general. It is clear that any dynamical behaviour persisting
throughout equilibrium must admit to an overall balance which maintains
the structure of the equilibrium probabilities. Thus, let us envisage,
for example, the circumstance illustrated in Fig.(3.1.1). Here a body
exists in thermodynamic equilibrium at a temperature T with the walls of
its container and the intervening radiation field. Granting the
equilibrium conditions, the situation at a more fundamental level is
nonetheless one of flux as radiation is being continually emitted and

absorbed. A balance is then implied and is simple expressed by
Radiated Power = Absorbed Power (3.1.1)

without this relationship the equilibrium temperature T may not be
maintained. In reference to this condition we see that it is not at all
restrictive with respect to details of the manner in which balance is
achieved. Perhaps, on the one had, radiation is emitted in preference
at one frequency and balanced by preferential absorption at some
different frequency. Or, on the other, may it be that balance is
attained for each selected frequency, polarisation, and direction of
momentum, thus achieving overall balancing through the balance of
individual parts. It is in fact the.éecond proposition which holds
true, of which one may easily be convinced by arguing with the aid of
an imaginary filter encompassing the enclosed body.* In recognising
this we are moving from the gross balance of (3.1.1) to a balance in
detail.

The principle of detailed balance was used throughout the infancy

*This illustration is taken from Reif (1965).



(a)

(b)

Fig (3-1-1) Balance of absorbed and radiated power at
equilibrium:(a)overall balance, (b) balance
in detail.
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of statistical mechanics by various authors facing the problems of atoms,
electrons, and photons in equilibrium (Kramers, 1923; Pauli, 1923;
Milne, 1924; Fowler, 1924; Dirac, 1924). 1Its explicit expression differs
somewhat depending on the context in which it is conceived, although
throughout these applications the underlying concept of "detailed
balancing" (Fowler, 1924) is fundamental. (As an example, its

occurrence within the context of Boltzmann's theory for gases is
accounted in Tolman's classic text (Tolman, 1967).) For ourselves we
choose an introduct;on in relation to the much studied Pauli master
equation. The circumstances in which this applies are familiar, we take
an isolated system suffering a small perturbation or Hamiltonian
interaction term so that transitions between the various states of the
free Hamiltonian are possible. The master equation may then be taken
from one of the many standard texts (see, for example, Kittel, 1958;

Reif, 1965; Dennery, 1972). We write

a
2% =L Yo P - Yo

(3.1.2)
Here pn is the probability for the acquisition of the nth state and

Yn,m is a time proportional probability for transition between the nth
and mth states respectively. The temporal evolution here is clearly
discernible. The first term represents transitions from all states m

to the nth state, while the second term represents a loss from this nth
state through transitions to all states m. Now clearly, for steady-state
or equilibrium conditions, (3.1.2) calls for an overall balance of
transitions into and out of each nth state. Thus there is the
requirement

R Km,,, P%:\ = Z Kh’m i;: XA (3.1.3)

(o)
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or, for every state n

No. of transitions per No. of transitions per
unit time from all = unit time from state n (3.1.4)
states m to state n to all states m

Then within the highly complex dynamical environment embodying the
various transitions between states detailed balance arises to impose a
profound simplicity. It proposes a "detailed balancing" of transitions,
a balance in frequency of each transition with its inverse. This is the
simplest way of aéhieving the conditions of (3.1.3) and may be taken as

a ground base definition for detailed balance with expression in the

form

Km,h P‘j: = LM P" ¥ A en (3.1.5)

or, for all pairs of states n and m

No. of transitions per No. of transitions per
unit time from state m = unit time from state n {(3.1.6)
to state n to state m

3.2 Microreversibility as a Basis for Detailed Balance

Detailed balance has been seen in the preceding section to be
sufficient for equilibrium requirements, and moreover, to attribute a
profound simplicity to the microdynamics underlying equilibrium
conditions. However, nothing accounted so far will justify the
assertion that (3.1.5) constitutes a necessary condition at equilibrium.
Indeed it may not be proved from thermodynamic considerations alone that
equilibrium is actually maintained by this exact balancing of each
transition with its inverse. It was Fowler (1924) who, in the words of
Dirac (1924), showed that "there may be cycles of inseparable processes,
each of which does not balance individually, although the whole cycle
forms a 'unit mechanism' which balances itself in any assembly in

statistical equilibrium". This concept of cyclical, or orbital,
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balancing mechanisms is illustrated for a simple three state system in
Fig.(3.2.1). It has been recognised as the usual requirement for
nonequilibrium situations that stationarity be preserved by this cyclic
balance (Klein, 1955; Tomita and Tomita, 1974) apart from a few instances
where a detailed balance is assured by symmetry considerations (Graham,
1973). We must now meet the difficulty of ruling out the possibility of
cyclic balancing in the equilibrium situation.

It was recognised in the early literature that there was
fortunately in fact a simple resolution here. From Dirac (1924) we find,
in answer to the raising of this problem in Fowler's paper of 1924:

"It seems possible, however, to suppose that all atomic

processes are reversible, or, more exactly, that if after

any encounter all the velocities are reversed, then the whole

process would just repeat itself backwards, the systems

finally leaving the scene of action being the same as the

original systems in the first process and having the reverse

velocities. With this assumption, to which there are no

known exceptions, each kind of encounter must be just as

likely to occur as its converse in which every velocity has

changed sign, the whole process taking place backwards, since

there is now perfect symmetry between past and future time."
Thus it is in the reversibility of atomic motions that at a most
fundamental level a foundation is found for detailed balance.

It was Tolman (1924, 1925) who, in his discussion of molecular
collision processes in a gas at equilibrium, formulated this
reversibility of microscopic processes into his "principle of
microscopic reversibility". Here he established equal frequencies for
the occurrence of any molecular collision Fig.(3.2.2a) and its reverse
Fig. (3.2.2b) at equilibrium. From this, for molecules possessing
spherical symmetry an equivalent relationship may be drawn for any
collision and its inverse Fig. (3.2.2c). The term, principle of
microscopic reversibility, or, principle of microreversibility, has

come down to us today with expression in various forms (Messiah, 1970;

De Groot and Mazur, i962; Reif, 1965; Graham and Haken, 1971). For
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statel

state1

(b)

arrow lengths are proportional to transition
rates at equilibrium

Fig(3-2'1)' Equilibrium dynamics for a three state system:
(a) with detailed balance,(b) with a cyclic balance.



Fig (3:2-2) (a) Molecular collision, (b) Reverse collision,
(c) Inverse collision.

37
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ourselves we may take as fundamental to it the invariance under time
reversal of those equations basic to the microscopic dynamics. Thus,
for example, for any trajectory Fig.(3.2.3a), a solution to some
Heisenberg equations of motion, the time reversed trajectory Fig. (3.2.3Db)
is equally well a solution to these same Heisenberg equations taken with
a negative time coordinate.

With reference to the Pauli‘master equation (3.1.2), to be
consistent with its origin within microreversibility, the detailed

balance (3.1.5) should perhaps be presented in the form

Km’h Ps:‘ _ K:,x\ Ps; (3.2.1)
where ~ denotes the time reversed state. However, in this context the
distinction between reverse and inverse processes becomes immaterial
due to formulation in terms of transition probabilities and the early
adoption of statistical assumptions (in particular that of random
phases) in the derivation of the Pauli equation (Tolman, 1967). Then
inasmuch as the transition probabilities are proportional to the matrix

elements of some interaction Hamiltonian HI

Soon o 1al Hylord " (3.2.2)
the probability for any transition is assured to be equal to that of
its inverse by the Hermitian quality.of this Hamiltonian. Coupled with
the conservation of energy which requires all states m accessible from
n to be of the same energy, and hence, at equilibrium, to occur with
equal probability, (3.1.5) is then trivially ensured for equilibrium by
the two separate relationships

Kn,m = Km Pa)

-V—n - (3.2.3)



Fig(3-2-3) Time reversal of a classical trajectory:
(a)single particle trajectory,(b) time
reversed trajectory.
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3.3 The Question of Open Quantum Systems

Apart from taking its place in standard texts on statistical
mechanics detailed balance has attracted little attention in its own
right since its conception in the papers of Fowler and his
contemporaries. Recently, however, there has been a resurgence of
interest following the proposition by Graham and Haken (1971) that this
condition underlies certain unexpected features of nonequilibrium steady
states. The origin of their suggestion is to be found in the steady
state of the single mode laser (Haken, 1970), responsible for so many
innovations in theoretical physics. This steady state admits analysis
in terms of an analogue of the equilibrium thermodynamic potential
(Graham, 1973) and the Landau theory of phase transitions (Grossmann
and Richter, 1971), a behaviour completely unexpected for a
nonequilibrium steady state. In the wake of Graham and Haken's
observations, and contemporary with considerable present interest in
the far from equilibrium steady state in general (Graham, 1973, 1975;
Haken, 1975), various authors have investigated in new detail the
consequences of detailed balance for situations bearing description by
a classical Fokker-Plank equation (Risken, 1972; Agarwal, 1973b;
Wohrstein and Haken, 1973; Tomita and Tomita, 1974). It is within this
environment that there arose a paper by Agarwal (1973c) bringing our
attention to the whole question of formulating detailed balance for a
purely quantum-mechanical system. What follows in the next four
chapters of this thesis is the product of our response to this question.

The Pauli equation (3.1.2) is certainly a quantum-mechanical
equation, it appears as a foundation-stone in quantum statistical
mechanics. It is, however, built on various assumptions and
approximations, perfectly admiss@ble in themselves, but which lead to

an equation in time-proportional transitions, and hence, fundamentally
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to the equation of a classical Markoff process. It is just this nature
of the Pauli equation which admits so readily the detailed balancing
concept of Fowler. But here there is a fundamental oversight, as is so
aptly indicated by Kittel (1958): "The picture of a system jumping from
one definite eigenstate to another is not sound quantum mechanics". Our
contention is not at all with this Pauli equation, indeed this is itself
quite adequately vindicated for ;ppropriate circumstances in Zwanzig's
statistical mechapics of irreversibility (1961). What we, in the
following four chapters, are concerned with however is the fundamental
formulation of detailed balance for an open quantum Markoffian system
falling into the general description of the operator master equation
(1.2.35). Having here a full operator equation access is open to much
more information than is ever available from the Pauli equation alone,
and in relation to this, microreversibility may hold consequences
unforeseen in Pauli detailed balance. Furthermore, without the concept
of a steady state maintainea by detailed balancing of transition, how
indeed are we going to transfer the ideas of the familiar detailed
balance itself into the present environment? We approach this question

in the following section.

3.4 Formulation in terms of Two-Time Averages

Before broaching the problem outlined in the previous section
let us restate the master equation (3.1.2), adopting here an expression

in matrix notation. We write

a p(A) -t
_fr_ = () plm) (3.4.1)
where p(n) is taken to be a column matrix
P
P(.»-\) = \Pn~ (3.4.2)
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and () is the matrix
e = Y g
(Do = -7 Yo
K

We may then take directly as the formal solution

(3.4.3)

!
pl—1) = ( ex'p[ (B)J[D P(n)o) (3.4.4)

where p(n,0) is some initial distribution of states.

Now, with the view of a system of discrete states intermediated by
time-proportional transitions, we may take (3.4.l1) as the equation of a
discrete classical Markoff process. 1In this instance we may define a
joint probability distribution W(n, t + T; m,t) as yielding probabilities
for the successive occupation of states m at time t and n at time t + T.
Restricting then our attention to the stationary conditions of

equilibrium, with joint distribution Wss(n,T; m,0), any two-time average,

or correlation function, <S(a)(T) S(g)(o)>ss finds expression in the
form
o) B3> () (7))
(SSW), = 2 S SDIW (n, T m,0)  (3:4:5
SS A S PIdiP) >
Pl
vwhere S(a) and S(B) are any two relevant observables.

Now our objective is to cast the detailed balance of (3.1.5) into a
form which does not draw directly for its interpretation on the concept
of detailed balancing of states. To this end we first adopt the explicit
expression Wss(n,T; m,0) offered by (3.4.4) when taken together with the
equilibrium solution pss(n) to (3.4.1). If Gn is a column vector of all

zeros other than a unit value in the nth row, we have
. t .
\l\]sg(n,‘t’;rn,o) = (exp[(ﬁ)tfl %,,J,, P,:
=(expl(®) T pa
=(exp£(mfnmp Pff (3.4.6)
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Then, as it is readily seen that the detailed balance statement (3.1.5)

leads by induction to the more general relationship

k k
(X )m,q Ps.:. =’-(X )t‘\,m Pis (3.4.7)

for an aribtrary integer k, it trivially follows that equivalent to this

detailed balance is the result

\/\lss(nn,'t?; m)o) = \,\lss(m,f; n,O) (3.4.8)

Of course, this statement in joint probabilities is but one further
expression of the verbal statement (3.1.6). Fulfilment of our objective
is now accomplished inasmuch as it clearly follows from (3.4.5) that
(3.4.8), and hence the statement of detailed balancing for (3.4.1), is
equivalent to the requirement

($ley S

£ (7] ()
(°>>s“> = <%(’C) 'S(o)>ss (3.4.9)

(a) (B)

to be adopted for arbitrary S and S . We have in this escaped
from the conceptual strictures of detailed balancing of states to a
purely formal statement, which, with the aid of the results of Chapter
II, may obviously be formulated within the full scope of our master
equation (1.2.35). This therefore forms the obvious basis for the

transfer of detailed balance into the fully quantum-mechanical

environment.

3.5 Outline of Following Chapters

The following two chapters are concerned with the formulation of
detailed balance within the context of the master equation for the open
quantum Markoffian system (1.2.35). The first of these constitutes
work already published in Physics Letters (Carmichael and Walls, 1975a)
and Zeitschrift fur physik (Carmichael and Walls, 1975b), while in

Chapter V we present results as yet unpublished.
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We begin with the derivation of detailed balance from micro-
dynamics and the principle of microreversibility in section 4.1. Then
in section 4.2, we cast this detailed balance into a phase-space form.
After this initial formulation within the phase-space calculus the
accruing detailed balance conditions are subjected, in section 4.3, to a
reduction through the formal classical limit to a form bearing direct
relationship to the detailed balance of the classical Fokker-Plank
equations. In this we conclude the position of the detailed balance
obtained by literal interpretation of the gquantum-mechanical
Fokker-Plank equations to be the classical limit of the fully
quantum-mechanical form.

We move, in section 4.4, from this phase-space treatment for the
open quantum Markoffian system to its description within the energy
representation. By casting the fully quantum-mechanical detailed
balance conditions into a form in terms of the matrix elements of the
energy representation we may move, in section 4.5, to an identification
with the Pauli master equation of the previous sections. Here we
isolate a class of master equations, designated diagonal master
equations, as being equivalent to the Pauli situation. In these
circumstances the full detailed balance conditions reduce, in a limited
sense, to the simple conditions of (3.1.5) and make direct contact with
the classical concept of detailed balancing of transitions. There is
nonetheless a more stringent requirement in the full conditions insomuch
as we now have access to the correlation of nondiagonal operators.
Various simple applications and illustrations of the results of these
four sections 4.2, 4.3, 4.4 and 4.5 are given in section 4.6,

Wé conclude Part II of this thesis in Chapter V with an
examination of the generalised master equation of section 1.3 within

the context of full quantum detailed balance. After establishing the
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general solution to this equation at equilibrium in section 5.1, the
operator detailed balance conditions are tested in section 5.2. We
find that terms oscillatory in the energy representation may arise from
either ;nternal couplings in the open‘system Oor nonenergy conserving
terms in the system-reservoir interaction, and that these give rise to
the failure of full guantum deta?led balance. In section 5.3 it is
shown that master equations having such terms are just those which fail

to fall into the classification of diagonal master equations.
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CHAPTER IV

DETAILED BALANCE IN THE OPEN
QUANTUM MARKOFFIAN SYSTEM

4.1 Detailed Balance from Microreversibility

We are considering here an open Markoffian system S whose coupling
to the reservoir R defines a composite closed system S()IL The
dynamics of this closed system form the microscopic foundation for the
behaviour of S variables alone.

In section 1.2 we designated the density operator for S(:)R by

X (t) and that for S by p(t) with

G(Jc) = g XD (4.1.1)

The complete Hamiltonian H divides into three parts

H=H + Hp+ Hep (4.1.2)

and correspondingly the Liouvillian L is given by

Lo=G/®UH 1= Loslagrbog (4.1.3)

H_. and H_ respectively govern the free dynamics of S and R, and H

S R SR

constitutes an interaction term. We assume that the Hamiltonian

ensures microreversibility requiring

KHK = - n (4.1.0

where K is the quantum-mechanical time reversal operator (Messiah, 1970).

Now X (t) evolves in time under the unitary operator

ui,t) = exp[-i\._(lc ) (4.1.5)
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while, as demonstrated in section 1.2, the evolution of p(t) is

determined by the nonunitary operator

‘u,(l(,tg) = exp‘_—i-f_:({--\:o‘)} (4.1.6)

with, from (1.2.36), (1.2.37) and (1.2.38)

Lk t ~ A~ Lt
of = \_c° + e Sjtrp\(\_sg(*)\_s“(lc-t) RTH) e (4.1.7)

(@) (B)

Then, for arbitrary operators S

(o) (B) . . .
< >
S (t0 + T) S (to) 0(to)’ evaluated in section 2.1 in terms of p(to),

and S of S, the correlation

closely approximates its corresponding microscopic form

<g (@) (B)

(tO + T) S (t.)>

o’ X (to)"®

The nonunitary contribution to:Zfintroduces to S a dynamical
irreversibility (George et al., 1972; Prigogine et al., 1973;
Prigogine, 1973). As a consequence the system exhibits a long time

evolution to a stationary state pss with

'£€$$ = O (4.1.8)

Generally, this macroscopic steady state cannot presuppose microscopic

stationarity, that is, it cannot presuppose the existence of a Xss such

that

L Ees =© (4.1.9)
As for the classical circumstance (De Groot and Mazur, 1962), the
quantum detailed balance is necessitated by microreversibility only in
the equilibrium situation where microscopic stationarity does develop.

Restricting ourselves to this situation we write

() B>

(S S =t g X LU0 S ]S

= trg RXSse,xPUi H/’ﬁ)’t,’] S(O(LC)J) expl-liH/H)] S('?;) (4.1.10)
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Now, using the antilinear property of K (Messiah, 1970), it follows that

for an arbitrary operator 0

‘e - kr’(\)f‘ (4.1.11)

Applying this together with microreversibility in the form (4.1.4), and

also noting the microscopic stationarity (4.1.8), we have

() B>
(S(’U) S (o)>x
sS

~p> ~eo
= 'trs(%%p(o) expl-liHW/R) ] S0y e xPY_({\—\/’F\)tbzss
~ ~l ~eo)
= J(r%@R Xeo e.xp[(i H/%) T) Sp(o) e_xp\-:(i\-\/h)’ﬂ g‘()o)

—~~

~ ) T "’oc)‘
=t or Xee LUT,0) SYPSIESHS (4.1.12)

thus, subject to the condition
~
X = Koo (4.1.13)
we have established
() (§<Y) N(p)T "(aOT
(S S(o)>x ={S ) S(o)>x (4.1.14)
sS S
Conditional then only on the validity of the Markoffian and weak
coupling approximations leading to (4.1.6), in equilibrium
microreversibility ensures the relationship
F o
() (8> ~p o)

(S C"(°)>€<~S (S ‘5L<o))€s,, (4.1.15)
which we may adopt as the full quantum-mechanical form of detailed
balance sought in the previous section. This is just the definition
proposed by Agarwal (1973b). The absence of the Hermitian conjugation
in his‘definition merely reflects alternative definition of the time
reversal operator.

We should recognise that the procedure followed here in (4.1.10)
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to (4.1.14) runs parallel to the corresponding classical development.
If the usual classical discussion in terms of a joint probability
density (De Groot and Mazur, 1962) is substituted by one in terms of
two-time averages, use of the Liouviile formalism allows both classical
and quantum-mechanical treatments to be couched in the same language.
We would also emphasise the difference between the statements of
(4.1.14) and (4.1.15). The Markoffian and weak coupling approximations

may indeed lead to a loss of detailed balance (as defined by (4.1.15)),

even in equilibrium. This possibility will be revealed in the following

chapter.

4.2 Detailed Balance in the Phase-Space Calculus

We have outlined the essentials of the phase-space calculus of
Agarwal and Wolf (1970) in section 2.2 and appendix B. When introduced
to the open Markoffian system p(t) is replaced by the quasiprobability

()

distribution function P (a, af t):

a P(!(L;(,O:,Jt) = (/) €(Q’J)t) (4.2.1)

where the factor (1/T) ensures noxrmalisation to unity. The operator

master equation

Cﬁ% = ’Ze (4.2.2)

becomes a differential equation, generally of the Fokker-Plank type,

for P(Q) (o, at )
S * ) ) )
j"f‘ (¢, o1) = vé(oc,o:) P(o(_,o:,t) (4.2.3)
where

a ,{(?:(,a:) C;&,ac*) = Zg(o,c}) (4.2.4)
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Let us consider the quantum detailed balance in the form

A a ~ 1x 1
<51(1:) S,}o)} w = <51(’t) 31(0) >€$S (4.2.5)

Time correlation functions are to be evaluated by double integration in

phase space and we have from (2.2.27), (2.2.39) and (2.2.30)

(.ﬂ.)

<C_> (t)S (o)>€% Sc\ac%cloc e, o) S (

(s
CL‘O (ocac_t o« aL o) (4.2.6)

with the stationary quasiprobability density

) ()

W, (¢, T, 08,00 = R, o) QXPU\( <)
e.,xpL{(oc oL)'t] SL)(o(_ o) (4.2.7)

Q) * P T

~ t+
Considering then the {i-equivalent S (a,0") of S(a,a ) we are lead to

define the l-mapping with Q(B,B*) = Q(- B*,- B). It then follows from

(2.2.4) to (2.2.6) that

A R
S, ) = S, ) (4.2.8)
and hence, us1ng the {i-mapping, we may write

~R)
<S (’L’) 1(03>€g, Sa\ocgcloc S (a( <)S (a(o,ac,:)

=@

W, e lv o2, 0)

(.n.) (1 I
Sclag& PR (o( ) éi(o% %
—

m(aco(’taca( 0)

Making the change of variables a - a;, ao +a*
xT
<S (r) S (°)> Sclocgcloc é (oL & ) (°<o,°< )

'0) (oc %o ’t , oK 0(0) (4.2.9)
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Sinc
e S1

Q
(o,0*) and st )(ao,u;) are arbitrary a concise statement of
detailed balance follows from (4.2.5), (4.2.6) and (4.2.9):

=, ()
A similar formulation of detailed balance in phase-space form has
recently been derived by Agarwal (1975), and, in a somewhat different
context, detailed balance in essentially this form arises in the quantum

statistical mechanics of nonequilibrium thermodynamics by Vlieger et al.

(1961).

~

Let us now define operatorsaZ?andaZ?in Hilbert space by

—~~

5 - Z%S
1. 8,25, =45, 25,

Specifying the associated differential operators in phase-space by

(4.2.11)

L (0,0 anal® (4.a*) it is readily shown from (4.2.4), (4.2.8) and

(4.2.11) that

~(00 ()
,f (e, ) [(og*’,() (4.2.12)

and

+
)
,f((s:i <) Z(n(oc o) (4.2.13)

where + denotes the adjoint. We may now derive necessary and sufficient

conditions for (4.2.10). Expanding the quasiprobability densities

according to (4.2.7) this reads
)

i) (2
Pss(o( o) Q—XP(—A-(O%,OC ) exPY_Z((o( oZ)’ﬂ% zo( <)

(R)

-Pss(oi o) e_xP[/\_(oC <)\ e.x\:(_f((do,oi ) é(oc o) (4.2.14)

and from (4.2.8), (4.2.12) and the properties of A ©,o )
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become

@)

o Ry . ®
Foe (20,65 ex pL A (etg, 0. e x PLf (ot o TN Slecmot,)
2) “G

FEV  « e (O R
= exp’(f (0(0’0(0)7}8(0(-04‘,) pr{/(\n_-)(o()a(.)l E(':(oc)o() (4.2.15)

To convert this to an operator condition we then multiply both sides by

. . Q . .
the arbitrary function S( )(a,a*) and integrate with respect to a. For

the left hand side we may write

) ~ * L L) ”
Pss (x, ’a(:) e x P[/\ (oco,oco)]Soloc S (e, )
() (2)

¥*

ex P[,Z(oc,ac )T Sloc-oc)
Bl ) explUe 0 | ST

-+
() )
e xpl 2 (o)) Slet, )
- F
L * TS E 3 ) * *
= E4¢o,d°) ex p[]ﬁl zdo,o(.,ﬂexpiﬁo(o)oco)'ﬁ] Sm()o(o )DLO)

48 -

E..s("‘o,o‘o)ewazdo,dtﬂexpif&%;o)ﬂ Sm()oco ,02‘0) (4.2.16)

U

where we have used (4.2.13). Then for arbitrary operators gl(a,aT) and
gz(a,aT) with Q-equivalents ng)(a,a*) and SJQ)(a,a*) there is
established in appendix B the general result

(E1)

() o w y
Sn(ocﬁf) = %1(o<,o:)exp(_/‘\s_t(o¢),2‘ﬂ%7_(d’o¢) (4.2.17)

where Sf?)

(@,0*) is the Q-equivalent of the product Sl(a,a+) Sz(a,a+).

Thus, from the right hand side, using (B.34) we may write
-—>
7o) 2 (L) Q) jﬁ?
explZ («, ,a(f,)ﬂS it S (o, oS- ) expl Alx )
~GD
R (e, )

S * T ~

(n)
= exp[of(o(mo(t)ﬂ Tr'trsS(o,o‘)A‘n(oto-O,“o—O) ess
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o > 3h) x
= Q_XP[/{ (a(_c,,o(c,)'[f.,\Tf'lti‘S essg(o,oj‘)[l(o( |

'ClO(o—Cl)

]

epr_qf (o( & h’]golac (oc oKo) P%S(oao(_)
expij\(ocoo}%(ococ)

G n)
exp(o{ (oco,o«owlgfi%)o:;) exPL/(\(oco, o)}é(«o o )

(4.2.18)

where we have introduced A(Q)(a0 - a, a; - a+) which, as in appendix B,

- * 2
is simply the f-equivalent for § ") (a - @ ). From (4.2.16) and (4.2.18)
it follows that (4.2.10) is equivalent to the requirement

)

Psg(ai S ) exp‘-_ﬁ)(o(oc )} ,Z((?i oc)n

@) o T
Z(a( X ) Pss(oﬁ ) Q_xP(_/\_(a( <)) (4.2.19)

> (Q) * .
where n may take values from O to © and A (0.,0") acts on everything

to the right. It is then readily shown by induction that necessary and

sufficient conditions are given by

x w
P":S (O()oc> = PSQ(O()O( ) (4.2.20)
D & A0
Pss(d,ot*) exp[f\s.u(ac of)]o(f(at,oc*)
"( ) {0,
of(o( X (ot o) Q)(P{_./\.(og,o()] (4.2.21)

Agarwal has derived operator conditions ensuring the detailed balance

of (4.2.5) (Agarwal, 1973c) and the conditions obtained here are just

what we would expect from applying 2 to these operator conditions of

Agarwal.
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4.3 The Classical Limit of Detailed Balance in the Phase-Space form

For a classical Fokker-Plank process with probability density

P({>C},t) obeying

c:ll_?({x’s,t) - [({xD P(ixl,\:) (4.3.1)

the detailed balance requirement is as in (3.4.8) and reads
W63t 1oed, 00 = W, (1323 T, 15, 0) (4.3.2)

with the stationary joint probability density Wss({na},T; {=c}/0)

given by
Wss({xl;t © $5¢,3,0)
= P%(ixo}) exp[ Z ({:c})’tﬂ S(§x} -$=cay)  (4.3.3)

Literal interpretation of the quantum-mechanical Fokker-Plank equation
(4.2.3) adopts this statement directly:
(D) )
* * * . *
\/\lgs(d’;d)’t )0(0;0(0)0) = ss(o(o)do)’t )"L)"(:O) (4.3.4)
with

w -
W, (oc,oc,’t;oco,oco,o)

) (L) )
* / *
= &5(0(0,«0) eXP[o{(o()oL ] § (x - otg) (4.3.5)
Contrasted with (4.2.10) this is generally inadequate for a fully
quantum-mechanical system.
Pursuing this comparison we invoke the results (4.2.12) and (4.2.13),
and express (4.2.20) and (4.2.21) in the form

(£ (51
&$(DL)OZ°) = P, ) (4.3.6)
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o ) ) .
Pss(o(,oc.)exp[_/\.(ot ot)l oémot ,%)
.Z(oc «) ss(acok) exp[]\.(« | QPSR )

This form is suitable for comparison with the classical detailed balance
conditions of Graham and Haken (1971) and Risken (1972). 1In the

language of (4.3.4) these read

szoc oc) = Pm)(og* «) (4.3.8)
(S\.') wL)
ss("( *)n{m&&) f(m o) P,.’S(o( o) (4.3.9)

Clearly two considerations maintain a distinction between these alter-—
native sets of conditions: the deviation of the operator
exp[vv(g)(a,a*)] from unity and the nonequivalence of the , 5 and.?{
mappings. Both distinctions vanrish however in the classical 1imit#§-*o.

We may demonstrate this by introducing the coordinate and momentum

operators § and P, where

-/
a = (2hw) (we‘/n"ﬁ)

-y&. R (4.3.10)
o = hwd” (g - ip)
With real variables q, p and u, v defined by
/. .
q =(h/aw) (x+ )
/2 M (4.3.11)
P :-i(-‘:\w/L) (OQ"'D(.)
and
..\/2. *
u =G@hw) (p+p)
(4.3.12)

v =1wl(ah w)—‘/L(ﬂ -4

the fundamental equations (2.2.2), (2.2.3) and (2.2.5), (2.2.6) may be
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written in the form

%(’6\/,{3) =So\u v e,}(u)u) QxP‘-’i(Ugi,+ u@ﬂ
A (4.3.13)
g (u,0)  =(h/2m %gg(q,ﬁ)expii(u%»r u'\?))l

and

(0 :
S (q,,p) = So\.u du B‘Lt)u,u) exp\-_—i(ucv \Apﬂ
T -

(4.3.14)
=@ /1Tr)7~ Sccho\ P Scal/,?) ex\:\{{(ucvup)l
where
9 (uy) = Wluv) EU(LL,U) (4.3.15)

Sp =S L)
%)u) = F(?;B, ﬁ*)
%(%ﬂﬁ _ %(O)J) (4.3.16)
Suy =Glg,@)

Within this presentation, for (2.2.7) and (2.2.24), we have

Y |
a(B,p) =Ty = e_xp()z_‘u7’+p‘u7~_ iAuv) (4.3.17)

and
/@)(ok,o:) = 5(1(121,,9)
\<T - \ <—
cavd O -2 9 9 ik O
W31 T, 5
-».()k 1;/1)_3_ (4.3.18)
dq, 9P
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with

o2 =H§w/1)[)\+(,¢<+\>§]
(% /20) L= Ceesr 0] (4.3.19)
A o= A=)

- <
1l

Clearly, for the classical limit

}I-ai:o a(p, AN =1

,\gi: Q.XPL/{".U(oc,og*)] =1

©

(4.3.20)

Under such conditions (4.3.6) and (4.3.7) reduce to (4.3.8) and (4.3.9).
Thus, the detailed balance (4.3.4) obtained from a literal interpretation
of the guantum-mechanical Fokker-Plank process is formally the classical

limit of the full quantum-mechanical detailed balance.

4.4 Detailed Balance in the Energy Representation

We turn now from the phase-space calculus of the previous two
sections to the expression of the detailed balance requirement of
(4.1.15) within the energy representation. The energy representation

is specified by the complete set of states |€,{X}>, where

Hle, LA =ele, YD (4.4.1)

and {A} is a set of quantum numbers accounting for an energy degeneracy.
For notational simplicity we will distinguish these states by a single
index writing ]n> for |e{l}>. Taking matrix elements the operator

master equation (4.2.2) then reads

Q A = 2 KMM‘ ! (4.4.2)
5F
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where
)

j ¥ o

6,,:,“' —(n\(»{\r@(m\)\n) (4.4.3)

Now, when taken together with the result (2.1.6) for evaluation of

two-time averages, the full quantum detailed balance reads

(o) a() (p)T
)C(‘ [exp(f’t) () 15 )cr ‘_exp(ft)é %1 (4.4.4)

which, with the help of the antiunitary property of the time reversal

operator (Messiah, 1970) may be converted to the form

'krs[exp(p{’t’)gtpé’ Ci:o ths(_exp(Z’L’) C(;Olg(p) (4.4.5)

where igyis as defined in (4.2.11). Thus, writing for the operators

(a) (B)

S and S the matrix element forms

S > SERPOVE
é Z sm,,,\mxm\

(4.4.6)

we may write for full detailed balance within the energy representation

{5)

nnsz'— A ‘<n\(exp [T)\M><Ml€ ]ln)
.z ‘(m‘\[exp(f’t)e S\n><n\]‘m>

) )

(o)

(4.4.7)
@0 <ﬁ7

\
)

(8)

Then, since S and S are arbitrary we may move to the necessary and

sufficient conditions

3 ) Lexp(LT) 1>k} 1) Pk oao
=Y () (exp(fr)\kxn \1\m>e?;

. ss . .
where we have introduced p in matrix element form

¢ - Tk Xkl gy (4.4.9
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Using once again the antiunitary property of the time reversal operator,

this may further be written as

PREYRIIC LI IBY ij
= % (xﬂ\(exp(ﬁﬂ \ﬁ\')&\]ﬁ‘) Q;?‘? (4.4.10)

Now we require this result to hold for all values of T and hence a

set of conditions equivalent to (4.4.10) is given by
3 <AL \m>'<kmn>(»ﬁ,k
3
= % Gl \??)(EDQ) e;s)"‘; (4.4.11)

which must hold for all integral powers r > 0. Clearly from this

necessary conditions for fulfilment of full quantum detailed balance

are

ss ey
‘ Gﬂ,.... = e::,,ci - (4.4.12)
T es ™M eg

%. Krﬂ,k Gm‘,k = zk K:‘;:T( z’? (4.4.13)

We may show further that these are also sufficient for the fulfilment of
(4.4.11) to all higher orders. Indeed this follows by induction; if we
adopt (4.4.11) by hypothesis and consider then the same expression for

the order r + 1, we have
" r 4 S?
Ll (L ImY<kD1n) Pl i
= %(g\,{(i\rm(k\)m ():’\,k (4.4.14)

which, if we expand the operator (lfr|m><k|) in matrix element form

(L redka) = 975\,<P\(Z\m><k\)‘q’> \P><%| (4.4.15)
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becomes
}\;<n\(»é \m><\<\)\n>€;.’k
S B T S5
= 2% B ALty ol e

Then, with (4.4.11), this may be written

}'_ T C AR SRR IR, Qm
17 B ol (£ T5RDI fok
and further, with (4.4.12) and (4.4.13)
Z.(n‘(f \m)(kl)\n>€m‘
= Z )2 X,, n O %<m\(,flp><k\)\m>
- 2 > ¢F @?qm(f 1 3kDie)

q k

<m\,f[zk<p\ f\ ik \p><k\]\m>€~~ (a.4.10

‘ ~
Hence, recognising in this the matrix element expansion of&f|r1><q|, we

have
‘ r'}‘ SS
PRCH I ARPSTRPIES P x
K
~ f‘-’\;\’ ~ ~
B! 1 sS
=5 Ll (L0 KD 1) e;;k (4.4.19)
k )

This is just the result (4.4.11) for power r + 1, and thus it is
established by induction that (4.4.12) and (4.4.13) are both necessary
and sufficient conditions for full quantum detailed balance. We

therefore take (4.4.12) and (4.4.13) as the statement of full quantum

detailed balance in the energy representation.
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4.5 Diagonal Master Equations and Detailed Balance

Here we define the "diagonal master equation" as corresponding to
the familiar Pauli situation. We then consider the quantum detailed
balance in relation to these special master equations.

From the previous section, the master equation now reads

\
ﬂ,ﬂ

d "‘>"“ = \ (4.5.1)
a—% —-%m‘ Km,m‘ gm)m

where
\

5" = <ol (£ enXet D) a5

Here we focus our attention on the particular class of master equations

whose Liouvillians admit the conditions

(o) (L1 Diny Sm,m\ (4.5.3)

for all n

{n) (,{\m)(m\)ln‘) X 8,\,“‘ (4.5.4)

for all m.
For these we adopt the term "diagonal master equations" since

(4.4.2) may then be replaced by the pair of equations:
do ~n
nn
R o= ; Km,m em,m (4.5.5)

and, for n # n

\

\ n,n
3%,\ =;M‘ ‘m’m‘ C'“"“‘ (4.5.6)

m-ﬁm‘

In the first instance we have diagonal elements coupled only to diagonal
elements, and in the second off diagonals coupled only to off diagonals,
It is easily shown that the first of these may be written in the Pauli

form. From the requirement that the master equation preserve unit trace



62

it follows that

m,m
L "7:" = o (4.5.7)
. . n .
and hence, isolating Yn:g pn,n in (4.5.5) and writing
Cl n,N n,n
nn + 4.5.8
73\%’ w\z-;ﬁn X-'\r\‘,r\ﬂ €m,~\ \61'\,(\ er\)f\ ( )

we find

ad -
o\ =0 Z- Km,memm - \Sn,:\ en,n (4.5.9)

Thus, (4.5.5) may be written

A AN

m?‘

(3?'_%.

n’\n emm Knmenﬂ (4.5.10)

with

Barm = %0 % (ol Lexp(LDInNMolliey =X, o510

being the probability per unit time of transition from state |n> to |m>.
Taken in conjunction (4.5.5) and (4.5.6) therefore constitute the
familiar Pauli situationras with an initial random phase assumption
(4.5.6) ensures a diagonal density operator at all times. Identification
with the discrete classical Markoff process, as in section 3.4 is
appropriate. N

Let us consider also correlations at two times. Using the formal

expression of (2.1.6) we may write

() N2 ()

(S %(°)>(,.ss =JtrJ_ex P(ft) 5(‘8)) ec_,sl S

ux)

"Z 5_ ( (n\[exp(af’t)\m}(m ﬂ\f\) emm (4.5.12)

While possession of the full master equation furnishes knowledge of all

Yn,n‘ and hence allows evaluation of this average in the general case, if

m,m
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allusion to the discrete classical Markoff process is to be maintained
restriction to operators diagonal in the energy representation is
required. We therefore write
) 73 > ) @
< S St pes = Z’m Son Sm’,,, \/Jss(h))'t )\m))O) (4.5.13)

where WSS(|n>,T; |m>,o) plays the role of a joint probability function

\/\/gs(\n))’t B \m>)0) = <”\[C“—’<P('{’U)‘m><ml]m>€;m

= ( exp 5'\?),,,),\ GS:\’M (4.5.14)

(Y) is a matrix with elements Yoo m* A reduced form of the quantum
14
detailed balance omitting correlation of nondiagonal operators is

therefore clearly implied and follows readily from (4.1.15). Using

the identity

Cf\J\ BT\’:> = {nl0In) (4.5.15)

we find

\,\/ss(\m,t V) 0):\/\]:"3(‘:,\'),1':;‘:)’0) (4.5.16)

For states invariant under time reversal this leads to the familiar

Pauli detailed balance of (3.1.5)

S S
6 Y = 6 (4.5.17)
n,m en,n m,n em,m

The status of the Pauli detailed balance with respect to the full
quantum detailed balance of (4.4.12) and (4.4.13) is now apparent. It
is restricted to the case of diagonal master equations and appears then

only as a reduced form of full quantum detailed balance.
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allusion to the discrete classical Markoff process is to be maintained
restriction to operators diagonal in the energy representation is

required. We therefore write
o 73 w
(Sw) Sto>>€,5 = L Gnn S Wes (I, 10,00 as1m

where wss(|n>,T; |m>,o) plays the role of a joint probability function

|

Wee (10,7 5 1y, 0) = (n\[e_xp(,{r)\rn)(mﬂln)é:m

= ( exp B't‘)m)n Cs:’m (4.5.14)

(Y) is a matrix with elements Y A reduced form of the quantum

n,m’
detailed balance omitting correlation of nondiagonal operators is
therefore clearly implied and follows readily from (4.1.15). Using

the identity

(:\J\ 6-\'\:1/> = {nl0)n) (4.5.15)

we find

\/\/c,s(\ro,’t: V), O)=\/\/%(1A«'\>,‘U;ﬁ>,o) (4.5.16)

For states invariant under time reversal this leads to the familiar

Pauli detailed balance of (3.1.5)

S S
K . = 6 (4.5.17)
n,m en,n m,n em,m

The status of the Pauli detailed balance with respect to the full
quantum detailed balance of (4.4.12) and (4.4.13) is now apparent. It
is restricted to the case of diagonal master equations and appears then

only as a reduced form of full quantum detailed balance.



64

4.6 Examples

We conclude this chapter with a brief discussion of two examples.
In the first we illustrate explicitly the distinction between full
pPhase-space conditions and their classical limit with reference to the
damped harmonic oscillator. The second then serves to demonstrate the
possible failure of quantum detailed balance in a nonequilibrium
situation while both classical and Pauli conditions hold. Here our

discussion is in relation to the single mode laser.

a) Phase-Space Conditions for the Damped Oscillator

The phase-space description for an harmonic oscillator coupled to
a thermal reservoir is well known (Agarwal, 1969; Louisell, 1969). The
appropriate quantum-mechanical Fokker-Plank equation takes the form of
(4.2.3) with, for normal (4 = v =0, A = %) and antinormal {y = v = 0,
A = -%) mappings respectively,
(N)
* . . >
,i(x_)og) = (Y2 +W) 2 « +(§/2_-1u)°)§_ <K
o - O
2
+ B(R“) .@__ x (4.6.1)
éogar&
4( (X)) =( /7~ + 1\*)0)—— o +( /1“1\-‘)0)_- x %
d S
2
+8# O (4.6.2)
- X

- O
Here wo is the oscillator frequency, 1/y the lifetime, and n the
reservoir occupation number. From this Fokker-Plank equation, in the

steady state we find

) -
R, ) = (5+1) exp(—o(oze A1)
S (4.6.3)

* -t * s
Pss(oﬁ,ex) = a pr(-ot"ﬁ/n)
Now for antinormal mapping we have the result (2.3.3) and thus the

phase-space detailed balance conditions (4.3.6) and (4.3.7)
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read

A) A

R (e,ed) = P (8 1) (4.6.4)

'*’ Q“)

Pss("“‘*)@—XP(:—é- )z(oc L)
Z‘A(oi «) ;:)(ococ)exp(eé _:g_) (4.6.5)
O(

From (4.6.3) the first of these is trivially satisfied, and in
establishing the fulfilment of the second condition it is only necessary
+
*
to insert JC(A)(afa) from (4.6.2) and Jf(N) (0,& ). The usual definition

for adjoint has, for arbitrary functions F, (a,a*) and F, (a,a*)
Y ¥* ) * * L O % N)+ *
clocﬁ(oc,a( )z(o(,at )E(x,«) =Sclat\—x(o(,oc),(((o(,of) Fl(oc)o(_) (4.6.6)

and hence, from (4.6.1) we find

(N)

,f(acoc) =-—-(f\/7.+w)°)oc (K/vmu))o( 9

*
(4.6.7)

+M’5+l) .i: .

Qo Ok

Then, relegating the tedious algebra to appendix D, it is found that both

sides of (4.6.5) admit the operator form
A) oo [a)
Bt . (/D) RUREREAR >
-“/z—lu)o)oc é -\—E(nm) 1___
o(

(4.6.8)

éoc

Full guantum detailed balance is satisfied.

We now introduce the classical limit of section (4.3). Since n is
given by [exp( wo/kT) - 1]-'1 this here corresponds to the limit
(l/ﬁ%*o. Hence, introducing this to (4.6.8) we find in the limit a
behaviour as for the operator.

P%(« LY +1W5) "&&C (§/2- 1) & a@_ )

oK

O (4.6.9)

o dol*
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Here we have just the operator P( )(a Q )}Z(A)+(a a* ) arising in the
classical conditions (4.3.8), (4.3.9) demonstrating clearly the
classical conditions as a limiting form of the full quantum detailed
balance conditions.

The onset of the classical limit for this oscillator example may be
further illustrated by a resource to the form for two-time averages with

antinormal and normal mapping given in (2.3.25). For the steady state

this reads

< G, () S (°)>(’ss gc\ocgcip[ S (e, o - 5 ) QJs(og XL )]

(N) (4.6.10)
TP(pp Ares o) S, (8,89
Where P( )(a o ) is given by (4.6.3) and we have
¥t - _(K/uiu),,)t:‘
‘39(/3, ,6,’15‘0( X O) Y_n(\ e )} exp \Kﬁ’ele_ e‘m) (4.6.11)

Then, with (4.6.3), we find
AR % o AR, )
SL(&) “- Ss‘o«) Pss(‘*) L) 287.("> % L) Pss("‘,o(*) (4-6.12)

Clearly, as l/ﬁ-*o

Lim AGY

./a.,oS(M-,)PSS(M) S(M)\ (Mc) (4.6.13)

and, with the joint distribution of (4.3.5), (4.6.10) reduces to the

classical phase-space integral for two-time averages

0%

(850, %adgo\,s 6 5o, )
\,\ISS(/s BT, &,L,0)

(4.6.14)
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A liki.treat??nt arising in (2.3.28) yields in addition
z -3 2 2 N * OD
(S, Sl(o)>€% "-Solacgolp S,(8,8) S, (o)
(N)

¥* (N)-* *
R(B.AP (Ll p,0

(4.6.15)

and

(N) * % _K'C - —(‘/X'\-i\&)o)t
‘p([é,p,t’\ o(.,ot.,O) =[(R+|)(\- e )lexp[-lot— g . ‘7](4.6.16)

GE+)(1 -2 ")

With (4.6.3), (4.6.11) and (4.6.16), in the limit considered (4.6.15)

may also be written in terms of the antinormal joint distribution:

R . .
(5@ 5, (N, = gdxgo\lp S(N:( B C.(:(«, <)
A (4.6.17)

W (G, T3 85 8,0)

In (4.6.14) and (4.6.17) we then find the full quantum detailed balance

(4.2.5) reduced to the classical form

(A) (A)

* .
W, (5, 8,7 «,,0)= W (L, T ; B, 3,0) (4.6.18)

b) The Single Mode Laser

While we have shown in section 4.1 that the quantum detailed
balance is expected to hold in equilibrium as a consequence of
microreversibility, this does not follow for the nonequilibrium situation.
The fulfilment of detailed balance in both its classical limit and
reduced Pauli forms may, however, be ensured for certain nonequilibrium
systems by symmetry considerations (Graham, 1973). It is therefore to
be expected that nonequilibrium systems exist for which classical
considerations and Pauli conditions hold while full quantum detailed
balance fails. We will demonstrate that such is the case for the laser.

In the phase-space formalism, with atomic variables removed, the
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single mode homogeneously broadened laser satisfies to a very good
approximation (Risken, 1970) the rotating wave van der Pol oscillator
equation (Lax and Louisell, 1969). We then write for antinormal

ordering and scaled 0 and time variables

(A)
* d
- : A . 2\ *
'{ ("L,"L) = "goc(ci-u&o-\ot\)o(-.é_ ((j-\-\wo—\at\)aL
(4.6.19)
D
é d;éok

where g is a numerical pumping parameter. In the steady state

(A) % - 2 X

Poole,«H = (n/am) exp L ‘Tp(“’d -C3) 1 (4.6.20)
where N is required for normalisation. Then in considering the classical
detailed balance conditions (4.3.8) and (4.3.9), the first of these is
trivially satisfied while, with (4.6.6) and (4.6.19), in the second we

have the operators
(A)

+
o{(o( <L) = (3-—‘.\,3 P )«&5 +(c3+1\,) )l

o (4.6.21)
+ L,,,ﬁ-
Jxdol

and

,f(oc A) = (3_\@, \ot\l)ok 5 (3-\—\\00-\0(\)0(
(4.6.22)
YO é
éocéaa

Following the simple algebraic manipulations presented in appendix D,
from these and (4.6.20), the second requirement of the classical
detailed balance conditions is also satisfied.

In the energy representation the corresponding equation to (4.6.19)

is the Scully-Lamb master equation (Scully and Lamb, 1967), which
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reads

Ao A *

:i% o= “Y_(nu) Rnn‘ '\'(r\\-\-\)R,“n}enn‘
* Y— P\n-\ r:—\ +P\n \n- \_X&n n) Qn-\ n-t
-(‘/I)C(n-»n)eﬂn‘ +C,[(n+\)(n+,ﬂ Qm, gy (4.6.23)

where Rn n' is defined in terms of laser parameters. For diagonal
14

elements we have

a na - N4 n
;ﬁ, Alax )L+ ( +0B/A]€M

(4.6.24)

+ Af\[\ +n B/A]G -1 n-\_ C—» n Qﬂ nt C-(n‘\")en&\ N+

which in the stead state yields

é:,n = Ni\\—o A/C[\-\'kB/A__\-‘ (4.6.25)

where A, B, and C are constants. In the steady state all off diagonal

elements are zero. Then with

‘n,n-&\ = - A(n-t—\){\-\-(nu)B/A]—‘
6n,ﬂ—\ = - C;'ﬂ

(4.6.26)

it follows simply that the Pauli detailed balance condition (4.5.18)
holds.

It has now been seen that both the classical phase-space conditions
and the Pauli conditions hold; what, however, is the circumstance for
the full quantum detailed balance conditions? These are most easily
tested in the energy representation, and, with vanishing nondiagonal
elements in the steady state and the invariance of the Fock states under

time reversal, the full detailed balance condition (4.5.20) reads

\
m emm (4.6.27)

mn 6""
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Then, from (4.5.2), (4.5.3), and (4.6.23), here we have
)

n

6,,,,,,,"\ = SL"Y.(rm) Rn,n\ +(n‘+\) Rn"n}- \IL-C(nH\\)} gn’m gn"m\

X Vi
+(Rn-|’r\‘-|+Rn‘.|_‘n-)("‘n‘) gr\’r\‘\-t-\ %n‘,m\-H
V2
*CY_(nH\(mH)] gn)m_, gn‘,m‘-‘ (4.6.28)

and hence the condition (4.6.27) requires

- *
A[\+(r\+l) B/A] = P\n)n‘ +Rn\’n (4.6.29)

which, via the full definition of the coefficients Rn n| may be written

r
in the form

ALis(a+)B/A) = AY_\+('1113‘+ DB/A 4-(r\-n‘)1 DB/A]l  (4.6.30)

where D is a constant. This is clearly satisfied only for the diagonal
elements n = n , a circumstance which corresponds simply to the Pauli
conditions. Thus we see failure of the full detailed balance
conditions and illustrate definitively their distinction from the

classical limit and Pauli conditions.
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CHAPTER V

THE GENERALISED MASTER EQUATION
AND DETAILED BALANCE

5.1 Equilibrium Solution

In this final chapter of Part II we will be considering the
generalised master equation of section 1.3 in relation to the full
quantum detailed balance. This master equgtion is applicable to the
description of the relaxation towards equilibrium of a general guantum
system via arbitrary couplings to thermal reservoirs. We will reveal
how the nature of these system reservoir couplings may lead to the
failure of detailed balance. BAs a prelude to this work it is necessary
that we consider here the equilibrium solution itself, showing that this

is given by the canonical form

Gss = e.xp(—- Hg/kT)/{"‘se.xP(~ Hs /RT) (5.1.1)

where HS is the system Hamiltonian, k is Boltzmann's constant, and T the
equilibrium temperature.
We take from section (1.3) the generalised master equation which

reads

%_La _ Ze (5.1.2)

where

Ze = i/®L \—\sje] + ofxe (5.1.3)
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I(J 5_2 ¥ )/1{[5x(@»)€ S(w,i 1S (w0 65“’2‘@)}

4‘.
‘7 (\aﬂ)({sk(ov)e S ol YS (W, QS@@}
* [Sm(wv)e S +[S (W), QS (w\,\])k (5.1.4)
For our present purpose temperatures are uniform throughout all

reservoirs and

X
ALY = 7w,y = Lexplhu,/kT)-1] (5.1.5)

()

In the energy representation the operators SA (mu) are defined within

the scheme for S.:

A:
+) D)
57\ - S)\ & S)\ (5.1.6)
where
) (S)]
SSA = Eé'g?l(LQ/‘)
@ A (5.1.7)
SA(LD/.«L) = ?-‘—m \Ef)(Em‘ Sn,rﬂ Su)nm)w,u
En<Em '
and
«) )
=29
S{’: ZZ (wv) (5.1.8)
SA(\J)\)) = Z ‘E ><E \ Swn,m)w\?
E, "z E
with
O = \E.-E.l /% (5.1.9)

Now our purpose, in demonstrating (5.1.1) as the stationary solution
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to (5.1.2), is to show

9{16&% = 7:}»‘*“‘"”/" -{Us;(wo)e%, !

Silw.\

LS (w0, Pss i Cg)(wvﬂ

+n )\(u)g)((.%)‘(b)u) XN QA(QA Y_%(Q/Q ssg)z-\‘) ﬂ
C R

& {09, o) o, @ssm M0

the first term of (5.1.3) clearly vanishing. A proof follows from four
operator identities which facilitate the transfer of pss to the left
hand side of this expression. These simple results, which we verify in
appendix E, read

Sﬂ:(b)g) ec,g., = 6‘33 (+;(L\)\)) Q,XP( ‘t\h.)\)/k_‘-) (5.1.11)
S(dps = e SwIerp(ho/AT) s
)

(‘l’)
%)\(w\,) Qs = Qs A(u)v)exp()ﬁ Wy’ KT) (5.1.13)

é—;(w\’)ess = (s Sjw\,)exp(—twg/kT) (5.1.14)

Invoking then these results, but omitting the tedious algebra, the four

commutators in (5 1.10) reduce to the forms

o \ _
‘.-S;(\.Ov) ess ;\(h),uﬂ ess A/.,o exp(—'t\ wv/k \) (5.1.15)

A
[lGD)S\LyA) G?ybgbhgikil = ”(35% E%;4;p (5.1.16)

{s (0 pen, S = 0o By explhuo,/kT)
A
[.87\ w,() ,eras 5,\((;),)] = —ee,g, A/‘,u (5.1.18)
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where

A T (-‘-
Aew = S (w,,)% (wﬂ) .S, AWy) S (W)

- éx(w,u) S;L(u)v) exp(huwu /KT
- SIS W) e xplh W /kT) G110

A uj- T
B.o =S, (h)v)é (W) + Sk(w\,) S)\(w/‘)

()

w!
’S (QA)SA(U)\)) QXP( ‘t\b«)/u/\(T)

o)

Sx(w,u) S)\(h)\;)exp('h Wee /kT) (5.1.20)
Thus, we may write
Z. Pos " Z Z B,(wy) /2 L\n(w,,)H) exp(Jﬁw,,/kT)n(wv)]
ess(.QXP(-:“wg /KT A Bﬂ v] (5.1.21)
It remains only then to recognise that using (5.1.5) we have
-\
AlWY) +1 = [exp(’ﬁwv/ KT -l e.xp(ﬁ We/ KT
= alwy) explhwy/KT) (5-1.22)

and on substituting this into (5.1.21) we are led directly to the

desired result (5.1.10).

5.2 Detailed Balance through the Operator Conditions

Having obtained the form of the equilibrium density operator for
the generalised master equation, we are now in a position té) test this
equation for the fulfilment of quantum detailed balance. We have
derived in the previous chapter detailed balance conditions in both the
phase-space calculus and the energy representation. It is alsovpossible,

by working directly from (4.1.15), to achieve these conditions in a
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simple operator form reading

Qes = "éss (5.2.1)

—

esso{ = z@,g (5.2.2)

where in the second resultaZ?andezeare defined as in (4.2.11). The
derivation of the operator conditions, originally obtained by

Agarwal (1973 ), is outlined in appendix F. It will be our purpose
here to apply (5.2.1) and (5.2.2) to the generalised master equation
(5.1.2), (5.1.3), (5.1.4) with its equilibrium solution (5.1.1), in
this way achieving a broad view as to thqse features which give rise to
the satisfaction or failure of the full quantum detailed balance at
equilibrium,

Clearly, due to the time reversal invariance of the Hamiltonian
(4.1.4), our equilibrium solution (5.1.1) satisfies (5.2.1). Further,
it is a trivial exercise to show the fulfilment of (5.2.2) by the
reversible part of the Liouillian . Thus we are concerned solely

with an investigation of the condition

—

~
ess 0{1 = fx_ es‘a (5.2.3)

Now, as an assurance of the time reversal invariance of (4.1.4) we take

~~

SA to be itself invariant and Jﬁ:is therefore unchanged frmndfl. We

write from (5.1.10) the form

101 0= Z Z 6 (W2 [(n(w\,m)(S,\ wv)OS (w/u)«»S(w)OéA(w\,)
i osms (- S530)
4R (w\))@)(w\) 6 S (W) +3Jr)$wﬂ) 0 é:)(w,)

- (A)§;(wv) %(WA} -5 ) Cf:zlrwv) (A'))} 5.2.4)
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o)
where O is some arbitrary operator. Further, applying the second of

(4.2.11), via the cyclic property of the trace we have

Z I 0- Z;;\)ﬁ ()2 Ry \)(‘";r;?mbf) Sl 51(@6 SH;(%)
B -é*l&,,) S w0

o S0 S é*l&»

D9 uSo-Eleosiud]

(5.2.5)
From here we make recourse to the identities (5.1.11) to (5.1.14) and
the method of the previous section. This enables us to take Pgg through

~

to the left in £ ;pgg and hence facilitates a direct comparison of this

—

operator with pgg lﬂ; . Thus we may write

|

~7
0{1 e.,s = @,5 f,_ (5.2.6)
where, with the aid of (5.1.22), we find

a{ 0 - Z Z ‘X(w\,)/z Y_(n(u),,)ﬂ)(% (w\DOSA(w,Jh)'/ ’OS,\(w‘)

()é:lh%bsiihha :; é)(uk CD

a-n(u)\,)(S (w\,) OS A(w,u)+f “ 0:3 (W,)
OSA(U)QSA W) 5 “ S, (wy) O) (5.2.7)

with

;;‘Sv ==Sg;(blu)€3X¥>(;¥«\bg’lghx)/\ﬁwil
* g;(w,,b e xp(_’ﬁ(u)v +w /KT (5.2.8)
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@y T
;5; Ty () e xpl-h(wy-wu)/ KT )

+§;(u)/4) exp\‘_—‘h(w\ﬁwﬂ)/\{ﬂ (5.2.9)
|

In this, our immediate observation is that 1 and Jﬁ[are not equivalent;
there is a varlance between the pair of operators Sk(w ), S{(w ) and the
palr;jii' Afu v. Fulfilment of full quantum detailed balance is
therefore not the general circumstance for the operator master equation
at equilibrium.

Looking more deeply into the situation arising in (5.2.8) and (5.2.9)

we note that, using (5.1.22), we may write these expressions in the

forms

@)

,\’ - -
Jlﬂ ) Goo U R W) Aol S (W)

+ ‘_Fu\wj‘(’ﬁ(wo)ﬂ“i ﬁ(b),us‘(ﬁ(w L0+ S)\(wﬂ) (5.2.10)

‘
ol
,5/ “Urwy)+ ) At LAl (n(w,u.)+ ) S(:(u)/u

o
4 (_(F\.(U}v)'\"‘) ﬁ(\.\)vil\-_(ﬁ(wﬂ)-\—l) ﬁ(wﬂ)] Sh(w/u) (5.2.11)

Thus we see failure of detailed balance here clearly as a manifestation
of the gquantum nature of our system. Indeed, in the formal classical
limit for which E(wv)-*w, (5.2.10) and (5.2.11) reduce to expressions
for Sk(wu) and its Hermitian conjugaée and (5.2.7) becomes identical to
(5.2.5). It is not our intention to investigate in detail the origin of
this problem, merely observing that it lies somewhere within the
approximations mediating (4.1.14) and (4.1.15). We can, however,
identify particular features of the system-reservoir coupling operators
SA’ which, by their presence, contribute to the failure of detailed

balance.

We notice that in (5.2.10) and (5.2.11), if we impose the
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conditions:

a) all terms for which U # Vv vanish,

b) S{-)(wu) vanishes,

we obtain

I
LY ) (5.2.12)

)«( L:.)\,)

while, in (5.2.5), Sk(wv) becomes S{+)(wv) and hence (5.2.7) and
(5.2.5) are equal, irrespective of the value of B(wv). For all such
master equations full quantum detailed bélance is satisfied. 1In this
we have isolated two features. Firstly, only exchanges of energy with
the boson reservoir at a single frequency are allowed which requires

{+)(wv) to comprise only diadics of equally spaced energy eigenstates.

S
The second requirement is the omission of negative frequency components
from SA which removes all highly oscillating terms from the system
reservoir interaction. These separate classifications may manifest
themselves quite eplicitly in separate master equations. This we will
demonstrate in a forthcoming section where we present three boson

master equations, one satisfying the quantum detailed balance while the

other two fail, each in one of the respects noted abowe.

5.3 The Generalised Master Egquation and the Diagonal Form

In section (4.5) we have defined the diagonal master equation by
laying two restrictions on the Liouvillian Jf . In the notation of

(5.1.7) and (5.1.8) these read

<En\(£\Em><Em\D\En> X 8&...,&.“' (5.3.1)

EJLEXENED « & ¢, .32
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For such equations, when attention is restricted to correlation of
diagonal operators only, the quantum detailed balance statement (4.1.15)
reduces to the well known Pauli detailed balance of Chapter 3. 1In this
section we will cast the generalised master equation into a form within
the energy representation and see just when this itself takes on the

features of a diagonal master egquation.

Since the reversible part ofgf'trivially,obeys (5.3.1) and (5.3.2)

we consider the requirements

(EMLIEXREMDED « 5 ¢ (5.3.9
<E.-.‘(ZI\E,,,><EM\)‘EJ> X éEn,En‘ (5.3.4)

where, from the form (5.1.4) for'XﬁL, we have

CMLAENEMNED =3 T tsk<w\,>/1[<m\,)+¥>

A ALy
&) T ’ )
( SA(U-)\DE“)Enax( LL)/'L)EM\’E"‘ + SA(\'\)IN)E“,E"‘ %k(\*)v \,EA

@ T )
- SE,, £ Y_S;(u)g) SA(w,b]E «1 g - SE ,,:’E A (_S;\(wﬂ.) Sx(w")le.,,\':m>

-\-7\(&)9)

+) )

(S)(%)En E‘“SX(\&)/,()E m‘,E 2 Y S A(w}t)E.A’EMSX(wv) E"'\"Eﬂ‘
D) 1 ’ @
and, as a corollary to (5.1. 7) and (5.1.8), it is found that
) (¥ A
S e o =B DB =9, Sehue e 30

and

w T ¥ -\- ()

‘_S)\(w\» S)\(\Dﬁﬂ E..\‘)En‘ = <E:‘\ S)‘(\*)v) S_)\(U)/c)\ = ,,'>

:i SX\ \8 \ Lok (5.3.7)
«}'t\wu)em‘ En:“t\wﬂ, n Em't\h)\,)E,"-\r W
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W)

‘\,
[5 (u/QS,‘(w\hlE e =(E \%(w,an(w,,B\E Y
X PN

:Se;“wA)EnSEm-%w%E - gE.{i—’mo,‘) - £w9(5.3.8)
Q) (+)-\— (t)"i
\-.SA(%>S,\(LA))‘_\E £ (E \S )(u) ) S;\(w,u.)‘ E

N
= (5.3.9
Em,E ‘+’ﬁw,5 ,,‘)E,\‘t’ﬁw,‘gEm‘-\r’ﬂux,,Ed‘t‘ﬁ Wa )

(£) T v «
‘; (LA)/;) S)\(UJ\;)l B <E \ S)\(h),u.) S;(wv)\ E-m>
)~*
:-SEn,En i-thSEm’EM-‘_tw“ SE«-"'huJ/.(_)EM‘Fk U‘)(S .3.10)

Now, in particular, we may write for comparison with (5.3.3)

(EJCLIEXEMNED =Z Z X)Swv)/l Lawy +1)
(‘g;(w\,)e EMS (w,.)\:_ LR SX(wA)E E. g)\%}: A

@

E E Y_SA(U) \)-S)\(UJ;()}E g Sx(w}() S"(w°ﬂz,, )

+ -(—\(LO‘))
m-\- -\ (23]
(Sh(wv E E«\S u/—‘-)E \E + w/L)E“E Sl(wv)u

.t
(S Sl &S (SIS ), )] (5.3.10)

s.‘,e

for which, from (5.3.6) to (5.3.10)
A 'y
"(LO‘QE“E é e Em En SE&’?\%)EMSEJJ’?M/»EJ SEn,Em-’ﬁwv

(-\»)

gEm-’hwg,E,,,‘ Thuu (5.3.12)
) Gr)-\- )N )""
S)(w,u E E"‘SX(U)‘»E ’E SEm:kwﬂ)E"“SE«: -'hh)v) - BEn,u"hw‘)
(5.3.13)



. 81

(+> § )y \
(u ) =
Ve, £, W v Sem,r: by Sem‘,u e OF, Eotuoy
SE..\-V’M.)\, y B dfiwee (5.3.14)
§ X A
(w/)E Em x(wv "E,,:Sem,amthw,( SEA,EM‘#FM\; 6E.-.,E.n‘ vhuw,
SEN’:‘VMA B Rwe (3.3.15)
and
(+)t é"- *
)‘(w") (h-),u,)lEm\ Ea ™ SE Ry e SEm*.‘th,Em gEn JEa
-‘ 8&,,,‘—1\\09,\':«.4-’?\@‘4. (5:3.16)
[ () SL-l—)
Em‘ Sk(w/u‘) )(wvﬂfﬂ,&“ %Ew‘ -fhh)/_(_ E \ S '\ng,E«. SEG)EK\‘
SENQ:F%‘\\Q)))EM ‘F\b),u. (5:3-17)
) (:k'.).t X
SEA’EME SA(L;)\)) SA(\")/‘)} ‘E SE,“ E ‘+t\w9 SEM, m—“;\\d/.c, SEn Em
6Em+‘t~.w9,EmtﬁwM (5-3.18)
“t) (+)T b
Em £, [Sh(w,u) SA(“) \15 En = Sr:m',& Thwu SEm,Em*r’ﬁw\, 8En,Em‘
6‘_:'“‘ i Bty (5.3.19)

In addition, for comparison with (5.3.4)

CEICLNEXEDED =27_ B(w )/z-[(-ﬁ(m\,m)JY

(5)\(%)&“ Eﬂg‘x(wﬂ)‘&m X Sx(wﬂ)an-& g(w\, E.., B
E"EmY'é)\(w‘b SA(KJ S'\EmE‘ SE E [S (\.O/,()SA(&)»)]E Em)

+nlwy)
@l 1 .
(Sk(‘*’v)ﬁn\':msz\(‘;*‘)“- + O, \& g;(w,)sm,en.
"&“»E"‘Y‘S"(w°)g*(w”BEmE,.%EME“[S (b) S (w‘blE.,,El](s .3.20)
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where
(+> " X
X
A(h)v)E E é w}‘)EﬂE\ SE Eni:‘\u)\,SE,l,EnH—'th %En"'t‘w\”&""
(5.3.21)
En"’“'\w\) ) Er\"‘c—"k'\w/.l.
éi) Sg&‘ A N
)‘(w,u)f:n,gn )\(wv)Em‘)En = O Enrhuk %E.{ Ed+hw, gF—t{*"\wv )Em
(5.3.22)
Bgﬂthwﬂ SEn+hw,
Sg{t ggﬁ X A
(wv)EnEm w/u')E E,\‘ SEn"hwg)En%En‘ -T-*‘lﬂ/.{,En' 8Eﬂ~tw9)Eﬂ (5.3.23)
ﬂ' 8&.-.—’&«»,, > Bd Ty
éi) ) jr X
)&wf‘)gn’r; - S/\L\*)\))E,“‘E“\ - g?.,,'\'—'\"\w/,,ﬁngee\‘:\:\wv B SEn‘*\h)mE‘“ (5.3.24)
Ot3 hupe, Ed-husy
and
b ooy oS S
SRS a 6
v Ewm E‘ En‘\"on tq -\;‘W/*.E"" En B (5.3.25)
_\’ gﬁn-%wv.E.: shwe
@ @) f’ )}
E Eﬁ{%{wﬂ)g ’*(‘*)‘ﬂe Em Eﬂ"‘\;\ SEr:“-\—"wv,E"‘ 5 o,
2 (5.3.26)
_\_ 8E“ ;hw/u | "“hw\)
> X
S EM{SX(L.)\DSRWM}E"E* e By SEJ Enthu SEG Bn (5.3.27)
t ésEn**“ﬂ»)EQJt*i“VL
@) @ X X
55«. E“X_Sx(wju)g \A)\))] En)Emz SEn,Enttw/‘- %Ev!‘)Evs‘+J£\w9 SE“"E'" (5.3.28)

8Eﬂt’ﬁwﬂ JEdvhow,
Now, examining the terms (5.3.12) to (5.3.19) and (5.3.21) to

(5.3.28) we find that, just as the operator master equation does not
generally satisfy quantum detailed balance, neither does it in the

general case take on the diagonal form specified by (5.3.3) and (5.3

.4)
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in the energy representation. However, as previously, we may impose

the requirement that

a) all terms for which u # v vanish,

b) s{—) () vanishes.

In so doing we find that all remaining terms in (5.3.12) to (5.3.19) are
then proportional to Gm ml' while corresponding terms in (5.3.21) to

7

(5.3.28) are proportional to Gn,n" This is just the requirement of
(5.3.3) and (5.3.4). We therefore conclude that those same terms in the
generalised master equation which give rise to the failure of full
quantum detailed balance also appear as nondiagonal terms in the energy
representation. Thus, for our generalised operator master equation at
equilibrium, satisfaction of full quantum detailed balance is equivalent

to the acquisition of a master equation in diagonal form in the energy

representation.

5.4 Examples

Here we present three boson master equations together with the
operators SA characterising their associated system-reservoir inter-
actions. 1In this we illustrate the satisfaction or failure of quantum
detailed balance due to the nature of the system-reservoir interaction
Hamiltonian.

As a first example, the operator master equation for an harmonic
oscillator coupled to a single thermal reservoir at temperature T is
familiar (Louisell, 1969; Carmichael, 1972). This follows the scheme

(5.1.2) to (5.1.4) with
M. = huw, oo 5.0
Z, e =(X/1){[a€,§1+[o,€ch + ﬁ([ae,cj] +[o,€otl
+ {OTQ,CA N {OT, Qa])l (5.4.2)
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Here a' and a are creation and annihilation operators obeying boson
commutation relations [@,aTJ =1, wo is the frequency of free
oscillation, Y is a damping constant, and n the mean occupation number
for reservoir oscillators at wo. In this case the reservoir

interaction is an interaction between bosons in the rotating-wave

approximation, and thus takes the form (1.3.4) with

S:-a (5.4.3)

Now the energy eigenstates are provided by the Fock states, for which

\‘\5\n> = n\‘qu)o\n> (5.4.4)

In terms of these we may write

o= 2 r\./l\f\—‘><\f\\ (5.4.5)

(a)

which carries into the scheme (5.1.6) to (5.1.9) with the identification
+) 3]

CL) = %(U)o) = Z r:/l \n—\)<ﬂ\

)
=0

(5.4.6)

With this (5.4.2) appears directly in the form (5.1.4). In (5.4.6) we
have the requirements which, in section (5.2), assured satisfaction of
guantum detailed balance, and furt@er produced a master equation in
diagonal form in section (5.3). Indeed there appears here only a
single energy spacing between the diadics constituting the expansion
of S(+), while in addition S(-) vanishes. The fulfilment of detailed
balance by (5.4.2) has, in fact, alr?ady been established independently
in section (4.6) where we applied phase-space detailed balance
conditions.

For our second example we move to resonantly coupled bosons, one

of which is damped by coupling to a thermal reservoir (Carmichael and
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Walls (1973). Here

}\S = *ﬁgoocj;n +-¥nx%\:\) +*\)<(C3¥>4-OA§)

(5.4.7)
or alternatively, in terms of normal modes
¥ ¥
He = Flw,+0) AA + hlw.- YR B (5.4.8)
where
A=1/52(c+b)
(5.4.9)
B = \/55.(c)—-\3)
b* and b AT and A, and B+ and B are also boson creation and
annihilation operator pairs, while K is a coupling constant. Now the

master equation, taken in terms of normal mode operators, has

1 6 \ﬁ(wo+)0/1 L“.Ae A:\"U\ QA] +nlw n()(Y_Ae A]

A QA] (N o+ A, )

“'B(LJJ *’)4)/1 zgj.Ae B] *Y,B QA-X Ay n\u) *){)(E AQ B]

+LB Q&] A, B)*UY) QM }

Bl XY/ L{[Be A] LA QB] N n(w (T BG M

+[A QB]»{BQ A A o)
oo/ (BB 18 emw XT3, B

%)B]

+(B QBMBQ 2l+[B QB])? (5.4.10)

Again, this appears as an example of the form (5.1.4) when the reservoir
coupling operator a is expressed within the scheme (5.1.6) to (5.1.9)

The energy eigenstates are here best given as the Fock states IN M> for
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the normal mode operators A and B. Then

) ) )
S(wo"'X) + S(w -N)

W

/32N INA M M\+2M TN M- M)
=\/5% (A+B) (5.4.11)

m

)
=0 (5.4.12)

A primary difference arises between this and (5.4.6) for the single

boson.

g

The energy spacings for diadics appearing in the expansion for
now demand a separation within this expansion into the two operators
S(+)(u)0 + K) and S(+)(wO - K) which correspond to the operators A and B.
Thus, in (5.4.10) there appears the two sets of cross-product terms.
In line with section (5.2), these bring about a failure of qguantum
detailed balance and it may be taken as a general property of internally
coupled systems that such cross products will arise and the failure of
full quantum detailed balance will ensue.

As our final example we cite a master equation first derived by
Agarwal (1971) for spontaneous emission without the rotating-wave

approximation. This is simply the oscillator master equation (5.4.2),

derived from a system reservoir interaction with

S (0-\-0) (5.4.13)

In this instance

Z 1P (X/’L){toe (o+o)] +Ua+o) (30
+ @ ((Qe (o+oTﬂ +[(o+aT) eol
+ [Qe (c\+oﬂ+ [(owo) eoDl (5.4.14)

while, with (5.4.5), the identification of (5.4.13) with the scheme
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(5.1.6) to (5.1.9) has

) o)
S (W)

0
i

A avdn)

Ja (5.4.15)

(1) 1adlan)

)

"

)
S (W)

(1]

2
2

Thus, we see the appearance of a non-vanishing S(—)(wo), and in this

have an example of failure of quantum detailed balance at equilibrium

in the second manner outlined in section (5.2).



PART III

RESONANCE FLUORESCENCE AND

THE DYNAMICAL STARK EFFECT

Our visual perception of the environment is greatly enhanced by
the colour and texture imparted through the interaction of light with
matter. Working with his understanding of this interaction the
theoretical physicist provides description of the many contributing

phenomenon. Amongst these is featured that of resonance fluorescence.
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CHAPTER VT

RESONANCE FLUORESCENCE - AN EXAMPLE
OF AN OPEN QUANTUM MARKOFFIAN SYSTEM

6.1 Introduction

An understaﬂding of the optical phenomena which underly the
colouring of our visual environment must have been a primary objective
in the earliest studies into the interaction of radiation with matter.
In our own experience, for the most part, we are involved with objects
coloured through the preferential absorption of light within some
spectral range. Colour is imparted through the reflection or trans-
mission of the remaining parts of the spectrum. On the other hand,
there is a group of phenomena whose effect arises through preferential
scattering. Of these perhaps the most familiar is Rayleigh scattering
by particles small in comparison with optical wavelengths, where, in
the w" frequency dependence of Rayleigh's scattering formula, there is
contained a mechanism providing the blue canopy of our sky. It is
within this category of scattering phenomena that we encounter the
property of fluorescence. Fluorescence has intrigued physicists for
over a century, being first investigated as early as 1845 (Herschel, 1845)
and 1846 (Brewster, 1846). To the impressionable observer it remains no
less fascinéting today, as may be evidenced by the beautiful picture of
the red fluqrescence accompanying illumination qf a sapphire crystal by
blue light in the Scientific American article, "The Optical Properties
of Materials", by Ali Javan (Javan, 1967). In this and the following
chapter we will concern ourselves with the theoretical description of

resonance fluorescence within the context of the open quantum
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Markoffian system. Particular attention is paid to the evaluation of
field correlation functions using the results of chapter II.

The earliest description of the atomic scattering mechanism was
provided by the Lorentzian or electron oscillator model for atom-field
interaction (Lorentz, 1952), and this remains adequate even today for a
wide variety of applications. The Lorentzian concept is simple, and
draws solely on classical mechanics and electrodynamics. With the atomic
scattering centre idealised as an harmonic electron oscillator, incident
radiation induces in this system forced vibrations at a frequency w,
generally differing from the frequency wo for free oscillation, Fig. (6.1l.1a).
Remission of radiation then accompanies the resulting acceleration of
the electron while there is a simultaneous damping of vibration through
an interaction back on the harmonic oscillator. The dispersion formula
is in this instance familiar, with, for the totalcéross section ¢ for

scattered light

I

w
% X oDt 5 W' = (6.1.1)
]

Here Y is a damping constant characterising the interaction between
oscillator and emitted light. The case of resonance fluorescence is
then contained within this result for w ~ wo, in which case the
scattered intensity becomes very large, and

X

w
P X ooy ok

The need to move to quantum concepts for the understanding of
fluorescence, as throughout optical spectroscopy in general, arises
initially, not so much in quantitative considerations, but in
qualitative ones. BArmed solely with a classical conception we may
wonder, for example, at the red fluorescence arising in sapphire

crystals as a response to illumination by blue light.. Of course,
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within the quantum theory this is merely indication of the mediation of

some intermediate atomic level as illustrated in Fig. (6.1.1b). The

early development of the quantum treatment for resonance fluorescence is
contained in the work of Weisskopf and Wigner (1930), Weisskopf (1933),
and Heitler (1954). 1In Heitler's book, "The Quantum Theory of Radiation",
we find a perturbation calculation substantiating the predictions
provided by the oscillator theory, however including conceptions
compatible with the quantum view of atomic structure. For irradiation

by a continuous spectrum the probability of photon emission with a

frequency w emerges with a lineshape corresponding to spontaneous

emission

§/2

(W-WH* + Y/

plw)

(6.1.3)

Further, the probability for absorption reveals the shape for the
atomic absorption line. Thus, with regard to lineshape, one may take
the elementary view of successive, and independent, absorption and
emission between two atomic levels Fig. (6.l.1lc). However, from the
overall perspective, this must be recognised as somewhat naive, since
absorbed and emitted photons must remain correlated, a requisite of
energy conservation. Thus, if illumination by a sharp line is
considered the independence of absorption and emission can no way be
upheld. The scattered spectrum then retains the shape of the incident
field and incident and scattered radiations are coherent. In this is
therefore the view of scattering via a single quantum process, the
atom appearing as mediator between incident and scattered fields.

For many years the calculations of Weisskopf, Wigner and Heitler
stood as adequate description for resonance fluorescence. However, due
to their perturbative basis they cannot lay ¢laim to full quantum

electrodynamic description of the phenomena. From Heitler's
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calculations we are left with a view of coherent scattering. For this
it is clear that regular interruption of the atomic scattering process,
for example, by inelastic collision, will destroy this coherence. Hence,
the familiar feature of collision broadening. Armed with this observa-
tion, we must then recognise within resonance fluorescence the potenti.al
for destruction of coherence by the incident beam itself. Indeed, the
atom may not act as a free scattering centre for successive photons, but
is all the time interacting with the incident field. Throughout there
exists therefore a finite probability for photon exchange with the
irradiating field accompanied by a reorientation of atomic state. It
should be expected then that the quantum fluctuations arising in these
coupled dynamics be reflected in the statistics and spectrum of the
scattered field. 1In this arises an area of fluorescent phenomena
denoted A.C., or dynamical, Stark effect where a three-peaked scattered
spectrum is characteristic (Mollow, 1969, 1970; Oliver et al., 1971;
Stroud, 1971; Carmichael and Walls, ;976b). Of course, the significance
of incoherent effects must be viewed in relation to the intensity of
incident radiation, this determining the distance which the atomic
scatterer is taken from its ground state. Equivalently, the criterion
is the degree of deviation by the atomic oscillator from linear
classical behaviour. With the light intensities available in modern
laser technology the régime of nonlinear atomic dynamics is readily
accessible.

In recent years considerable attention has been paid to the
re-evaluation of the quantum electrodynamic theory of resonance
fluorescence. Aside from some general interest_(Apanasevich, 1964;
Bergmaﬁn, 1967; Newstein, 1968; Morozov, 1969; Mollow, 1969, 1970), the
stimulus of these studies has largely been provided by the proposition,

of Stroud and Jaynes (1970), that here there may be a test for quantum
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electrodynamics, as against the neoclassical theory for atom-field
interactions (Jaynes and Cummings, 1963, Crisp and Jaynes, 1969; Stroud
and Jaynes, 1970). 1In the wake of their suggestion a stream of
theoretical publications has flowed (Chang and Stehle, 1971; Gush and
Gush, 1972; Smithers and Freedhoff, 1974, 1975; Hassan and Bullough,
1975; Mollow, 1975a, b; Carmichael and Walls, 1975, 1976a, b; Swain,
1975; Cohen-Tannoudji, 1975, 1976), both quantum statistical and quantum
dynamical in standpoint. Interest throughout this 'dialogue' has been
sustained by the diversity of predictions for spectral detail appearing
at the outset. Of particular importance gmongst spectral characteristics
is the long-time spectral behaviour since it is in this that the
neoclassical and Q.E.D. calculations are expected to disagree. Specific
attention has also been paid to the differing views of Stroud (1971) on
the one hand, and Mollow (1970) on the other, as regards linewidths and
relative peak heights (Carmichael and Walls, 1975). The consensus that
has emerged finds substantiation in its qualitative features in the
recent results of various experimental groups (Schuda et al., 1974;
Walther, 1975, Wu et al., 1975; Hartig et al., 1976).

Part III of this thesis is devoted to the results of three
publications on the dynamical Stark effect presented to "Journal of
Physics B" (Carmichael and Walls, 1975, 1976a, b). The perspective
taken is that of an open quantum Markoffian system, as formulated in
section 6.5, and therefore may be identified as a quantum-statistical
or stochastic treatment. The tutorial advantage of this over the
quantum dynamical treatments of othgrs (Smithers and Freedhoff, 1974,
1975; Mollow, 1975a, b) is considered full justification in itself for
our approach. However, there is, in particular, a further bonus in an
easy route to the second order field correlation function. This has

only recently been calculated by others (Cohen-Tannoudji, 1976;



94

Kimble and Mandel, 1976) and provides novel possibilities for the
experimental investigation of spectral features, together with further
potential for direct comparison of Q.E.D. with neoclassical results.

The remaining three sections of the present chapter are devoted to
introduction, and formulation of resonance fluorescence and the
dynamical Stark effect within the conteéxt of the open quantum Markoffian
system. After outlining our model in section 6.2, the field operator
for scattered light is, in section 6.3, expressed as a function solely
of atomic operators. The master equation which is to form the basis for
the study of atomic dynamics is then derived in section 6.4 from the
general formulation of section 1.2. 1In chapter VII we turn to explicit
calculation of those features characterising fluorescence within the
model of the open quantum Markoffian system. An overall view is
presented with general formulations for atomic matrix elements and field
correlation functions in section 7.1. Then, in section 7.2. specific
solution of atomic dynamics is tack;ed which yields directly the
semiclassical results for the scattered spectrum. For comparison we
find the first-order field correlation function and the full
quantum-mechanical result for the scattered spectrum, including the
region of transient atomic dynamics in section 7.3. A one-photon
approximation to these results is investigated in section 7.4 which
directly reveals the failings of early quantum-dynamical calculations
by Stroud (1971). We then conclude this chapter in section 7.5 with
the evaluation of the second-order field correlation function and the
revelation of the potential this function holds as a basis for
measurements of spectral characteristics via photon-correlation

techniques.



95

6.2 Formulation as an Open Quantum Markoffian system

Our approach is to view the whole fluorescent phenomena within the
framework of the open quantum Markoffian system, as developed in Part I
of this thesis. Diagrammatically, the physical system to which our
calculations pertain is presented in Fig. (6.2.1); substantially an
outline of the experimental situation of Schuda et al. (1974). Our
quantum-mechanical model for approaching this system theoretically is
given schematically by Fig. (6.2.2). As a polarised plane wave, a
single, highly populated, mode of the radiation field irradiates an
atomic dipole transition at resonance. Together these constitute a
familiar coupled system, denoted S, such és is found in the single mode
laser. With these origins, fluorescent light then appears as scattering
to other modes of the vacuum and may be regarded as energy radiated from
the coupled system to a reservoir R at zero temperature. The dynamics
of the whole is then governed by a Hamiltonian H, which, in the

language of chapter I, may be written

H = Ho+ Mg + Hog (6.2.1)

HS governs dynamics for the resonantly coupled incident field plus
atomic dipole, HR describes the vacuum field, and HSR mediates between

incident and scattered fields as an interaction term.

With this designation it is appropriate to view the field operator

E(;,t) as a composite of incident field EI(;,t) and scattered field
> >
Es(r,t):
—p
—
GRS E( 1) (r-H (6.2.2)
where

—_— \‘( - “.-_‘:o
.Y =ilhuw, /28, \1) 6. (abe - of(lc)e, ) (6.2.3)
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ES(’F‘,’c) = (\:\wk/LEV) (’,k)\(\:\( )\)C)‘e ?\j-\;’);\\\—)—e‘ 3 (6.2.4)

+ o
Here a and a create and annihilate photons in the incident beam with

> A + s
frequency w _, wavevector k_ and polarisation e _; b> and b> fulfil
o} o] k,A k,A

0 3 -+
similar purpose for the vacuum mode of frequency wk' wavevector k and

]

polarisation 8§ A € and V have their usual meanings as vacuum
’
permittivity and normalisation volume. Then, writing Gz, 0, and O_ as

the usual Pauli pseudo spin operators, the Hamiltonian (6.2.1), taken

in the rotating-wave and dipole approximations, has

*
H, = -\:\L‘JOOTQ + ({_/I)Fwo =5 +’ﬁ()/\°qTo: + )4000~+) (6.2.5)
\'\ % fwi T \3‘\;‘)\ (6.2.6)
s%”-z )f‘()A” \DJ"-’ - +Xk )\\D\( )\01) (6.2.7)

Coupling constants KO and K; o\ for dipole interaction are given, in
’

their usual form, by
sk
Yo = -twp e (/z’ﬁ wE\l) 6, (6.2.8)

-i

W, @ ‘/ﬁ\wkfi \I) Cy (6.2.9)

<
x4
>

+ . .
ﬁ being the atomic dipole matrix element and r, the position vector for
location of the atomic nucleus. Throughout the above all operators

obey standard commutation relations, the nonvanishing commutators

reading

Lo, OT]

(6.2.10)
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6.3 Electric Field operator

In contrast to the usual circumstance in which application of
master equation techniques is to be found, here, superficially, there
appears to be an obstacle. While it is routine to obtain a master
equation corresponding to the Hamiltonian (6.2.5) to {6.2.7), our
interest is with the scattered field, and thus, in effect, the reservoir
R, rather than the coupled atomic system. Nevertheless, from this
section it will become clear that atomic dynamics are quite adequate
for our purposes. By virtue of the close relationship between the
scattered field operator and atomic pseudo-spin operators, field
correlations may be obtained via the calcﬁlation of atomic correlations
at retarded times.

It is usual to divide the electric field into positive and

> > .
negative components, and for Es(r,t) we write

- & )
L(Eh = Eled +EL(zy) (6.3.1)
with
O CR) t
ES(?).\:) = Es('{:)*) 6.3.2)

2 - r g ARF
ES((‘){) = \_\'(Z—A(t‘ wk/lgo\!) Q-i"—)/\\gr’}\() <y (6.3.3)
Now, for a freely propogating field each mode obeys a Heisenberg

equation of motion,

d o
At

which, in the presence of atomic scattering is modified to include a

- '\Wk b—\:)x 6.3.4)

source term attributable to the interaction Hamiltonian (6.2.7):

é\_‘_::‘:,?l = -iu)k b'\:'x - (\/‘h){b—\:,) ) HQR_)
o *

= -tw bR - VAR O (6.3.5)
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Then,

Viewling similarly the pseudo spin operator 0 , for a free atom

Ao :
:\_{- = - W, O (6.3.6)
which also, neglecting coupling to the incident field*

, finds
modification in the interaction with the vacuum field

2% - iweon -/ Lo, He)

(6.3.7)

Now, in anticipation of manipulations further on, it is convenient to

isolate the free dynamics, writing

ot
by = e by,

(6.3.8)
-\wo
o) =

o)

whence b> A(t) and 0_(t) are operators slowly developing in time.
’
From (6.3.5) we have

&. b-\:’A - -1. K-—> ‘(wk \.Oo)% O-:_(A\.) (6.3.9)
Jdt

-
and the scattering component in mode (k,A) follows, in terms of atomic

source operators, by formal integration.

- ¥ wet ~wolk-1)
-D - )\(o)ewk—ix-\; %gol)ce,wkw)u:JC

o‘(Jc) (6.3.10)

The full field operator now has

GR WE
E =D = E @) +Z(mk [2EN) &, Q-’\ e
_\\A)“( l ° l

(6.3.11)

*The calculations of the present section may be carried through
allowing for incident beam coupling in the free dynamics.
any differenc

However,
es are negligible other than for extremely intense fields.
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> (+)

where €g (r t) is just the freely propagating field with
@ -\(L‘)\(—k k—.)
Eg(?r,)f) = \?Zk(twk/lg \1) e*)\b* )\(o) e (6.3.12)

The problem of mode summation may now be tackled with recourse to
the density of modes for a cavity of volume V. If p dw is the number

of modes in the frequency interval w to w + dw, the familiar result is

given by

3
()w dw ::(w"\//STI}C_ ) dw (6.3.13)

With this we take care of the magnitude k = %rof momentum, while in
->
texrms of the unit vector %—the mode density is isotropic. Adopting,

then, the geometry of Fig. (6.3.1) we may move in (6.3.11) to an

>
integration overall k, retaining the summation over X. We write

) -1W, t

E.s(rjc) = E (r‘U +\(h)°/lb\\ C 8 e Z%Aqﬁ%&e Sne

°? \u)—- Cos®
dw Ww e*,\(ek x,u.)
o

Y
Sd} é(w wo)({ {) {) (6.3.14)
(o]

where, for Ki ) We have substituted from (6.2.9), taking note that the

4

atomic nucleus is located at the origin. To make explicit the
summation over A we must choose two perpendicular polarisation vectors
-—). . .
8; A for each wavevector k. It is expedient then to take the first
14
_>‘ .
perpendicular to u ensuring the dot product ek,k e u vanishes. 1In

this 3; ., is also defined and with the geometry of Fig. (6.3.2) it
1A

readily follows that

-

A /\ — - _ -7 \_’S_
BB 20) = (s

y

(6.3.15)

x(x
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Thus mode summation is reduced to the evaluation of the expression

) \w‘\:ﬂ\' b
Eeb =€m-(afore €)™ |4 a0
0 .
Solwu) (/chk) \ﬁ— w £ Cos@

(6.3.16)

3 ‘c (- wo)({ . Jc)

The further reduction of this expression follows readily from a

.
re-expression of k as a component vector with unit vectors &_, & _ and
- X y
r . .

P along cartesian axes. With

—

L:; = %]n@ COS?S éx + %\nggmygén + CO%A@-—‘E': (6.3.17)
we find
() E; = GO Codd (Tx8 ) xbn
+G 0 %'mxgé([c’x@ Yxey + Coc@( zx )k E
3 r e
+S'mlG Cosy.l) Sin 74 (Zxé»)xéj*‘CoSG SXQGCosi&(Zxa,)x:-':
'FSSL\G}C;DSG}<Eﬁr\7‘(ijf¥2§“)>(%§ +'€5n3€}(;05n#QSh\¢(Zfz<é;&ﬁiix;
+Co0s0Gin @Cosgﬂ (2 x-_i.,) xe.+Cose S‘.n@g'mszf (Zx:‘";)x@,\a (6.3.18)

from which we require angular i?tegrals:

Yageont = Yagsns §o\¢<os¢ Sf e
&75 = ZW, %o\ff C_os Solf S

1 Cos w&
26 $inoCod® =Ty e )

(6.3.20)

4ah,/’\daoﬁ_//‘€%

(@

wLCosO

d@' S;neg\nee « =0
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where, in these we have retained only first order terms in (c/wr).

Combining then (6.3.16) with (6.3.18), (6.3.19) and (6.3.20), we have

E(70) - D (0, LT E | A v
TSR -0 SRR G T
o\{eww(‘( ]O:()ewo( £)
T lwewdl- e8] i rg)

- e 5R) e

(6.3.21)

~A |

Now in considering the temporal integrations, while o_(t)
varies slowly on some suitable time scale between 0 and t,
. | r

- - (t+ 3z . . .
el(w ('00)[-t (t c )] is highly oscillatory throughout this range.
. | x
el(w wo)[t (t c )] exhibits similar oscillatory behaviour except

for tl ~ t - %» With a view to this it is a standard procedure to take

U 1 iemwn -] (k+)
1 (Ww-wy ~\t+8)1 . 0 ~wWw, 4%
%o\‘cew . < O’_Gt)e =0

(6.3.22)
(o}
and
¥ ! i(w-wo)ﬂ-()r-gﬂ/\ o miwe(h-£)
So& e & () e,
o . R {- —g)
_ a_@c-g)&c& o H-(-g)]
= o (3-8 S(w-wo) (6.3.23)
where in this second result we recognise
-twe (t-£) .
o (h-9) - T} e (6.3.24)

Using (g.3.22) and (6.3.23) in (6.3.21) we then find as expression for
E(+)(;,£) in terms of retarded atomic operators the form
S

—>
(&

E;(—r?,\—) :_%:(?-"fr) - (wz /IJY R Sz x:i) X—f; o.(d-£) (6329
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As we should expect, this is just the retarded field generated by a
point dipole with the classical dipole moment replaced by the atomic
lowering operator 0_ (Landau and Lifshitz, 1961). This general result

is familiar in the literature (Agarwal, 1974; Ackerhalt and Eberly, 1974;

Kimble and Mandel, 1975a, b; Saunders et al., 1975).

6.4 Master equation for Atomic Dynamics

We have already outlined the formulation of the fluorescence problem
within the scope éf the open quantum Markoffian system. Then in the
previous section we have seen how field operators may be related
directly to atomic dynamics. It remains now to obtain explicit
expression for the operator master equation governing these dynamics.

For the arbitrary open system S coupled to a thermal reservoir R,
derivation of the master equation for the reduced density operator p
from the microscopic Hamiltonian for S(:)R has been tackled in its

formal aspects in section 1.2. We have the specification

3\?{) _ ze()c) (6.4.1)

where for the generalised Liouville operatorozi

pf = \__s,,ZL (6.4.2)

the irreversible componentdi; adopting the form

B .
e WYY WRCEOL. W P

Here the Liouvillian L takes its usual definition,

L= Lo+lg+Len =0/mUHaHeH 1=K, 1 ce0

and for system-reservoir coupling in the interaction picture

A S(Levlait Lo+t
. = © e © (6.4.5)
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Now, in the Hamiltonian of (b.2.5) to (b.2.7) we have a case
exhibiting internal coupling, the consequences of which, in relation to
the irreversible term (6.4.3), have been studied for both the damped
harmonic and atomic oscillators (Carmichael and Walls, 1973, 1974).
These are significant only at extremely high intensities*, and
consequently, here we will neglect this coupling in relation to the

irreversible dynamics. For (6.4.3) and (6.4.5) we take

—i\_,:g)C)c A N
Lo = & artn Lol oR)om  ceo

—i(\.A"’Lp,))C i(\.;ﬁ-\.p‘)%

/i_gp\()t) = e \_sp\e (6.4.7)

where LA governs free atomic dynamics alone;
\-A -'-"(\/h)‘.\"]\, 1 "-'—(‘/h“:(‘/l)hwoo_—;a) ] (6.4.8)

and P(t) is the reduced density operator in the interaction picture:

é(jc) = e e()r) (6.4.9)

Explicit evaluation ofaél may now be made in view of the micro-

scopic Hamiltonian (6.2.5) to (6.2.7). Using the identity

Ly Lt -t
e 0,0, =(e OD(Q 0) (6.4.10)

where O1 and.o2 are arbitrary operators, it follows from (6.4.7) and

the interaction Hamiltonian (6.2.7) that

A T
Lo = 2, Db oo g bgybom, 1 ey

. : : s T1/2
*The criterion for high intensity here is n'/ Ko ~ Wy far greater than

that required for any of the effects considered in the following chapter.
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wh >
ere b A(t) and 0_(t) are merely solutions to the Heisenberg equations

(6.3.4) and (6.3.6) for free dynamics

\\_ % Wt

E; )\(l() = e b-\-;,) = e k EQ))\ (6.4.12)
Lt gt

o) = Q,l 3 o = e\\.oo o (6.4.13)

The integrand of (6.4.6) is then expressible in terms of reservoir

i (LS&)LSRG “DORLIPM® =
<E (*Jc)/L < Eroz)adedo ph- ottt oH ab)
NES E bz € EDEN D) oH)-ad-v) o o)
(€ [3 (O aMobR- adpH o)
‘*<€+(?*’ 9573 <, Erlawag: P o) O o)
(‘ésa;, RO E e, FATWPB D5 oo ®)
<& [ce -1:),ZZE (TN ) e o-D-ph o 60) g h)
< Aes! LA E, < @EDINg W pho ). WD) o)
<E (r )L &( DZAGHE®) o:4n)-PDgh-D D) (6.a.10)

where Zs(z,t) is the freely propagating field of (6.3.12). These
reservoir correlations are readily evaluated with recourse to the
canonical fofm for the reservoir density operator. In view of our
choice of a reservoir at zero temperature the complications of thermal

statistics are avoided and only two nonvanlshlng correlations remain:

(e ZERADRD = T Ky @™

) - = T
(XA Z RN - %‘ Kl e

(6.4.15)
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wher >
e b A(t) and 0_(t) are merely solutions to the Heisenberg equations

(6.3.4) and (6.3.6) for free dynamics

_\\_ * W *’

\D“\: )\(-\') = e b-\-;’} = e e \:DK)\ (6.4.12)
Lt - '\-

o® =e ) g. = e\wo ol (6.4.13)

The integrand of (6.4.6) is then expressible in terms of reservoir

correlations as
+4e (LSR(Jf)L%Uc ~ORLIBM) =

(E (rlc),éaE Eanz)ade ¢-0pb- o) o o)
+( E ( 2372 ¢ I8 02X a1 o) -0,4-1) ph )
(€7 5 (DA dp)- chDF o)
HELz0Z Sz s a®a- 2p- o) P o)

(‘é@, PO € X (F;,Jc) DB D oD ®)

(E Erozt (r D7) pwos-2-50) 060 o)

( ) (S ! t),ocE("Jc)A}(cr(Jc)@(Jc)o(Jf:c) -p®a 1) )
<€ FEroz € 27N o tn)-BD gD ) (6.0.10

where ZS(;,t) is the freely propagating field of (6.3.12). These
reservoir correlations are readily evaluated with recourse to the
canonical fofm for the reservoir density operator. In view of our
choice of a reservoir at zero temperature the complications‘of thermal

statlstlcs are avoxded and only two nonvanishing correlations remain:

(/t\) <E ((‘ H/’LE(Q\“\'T)/{> = Zly\» 1 ka'L’
(‘/‘F‘)<E (F 1c—1:),u_% (r \—)/,O = Z\)(

. 6.4.15
wk't’ ( :
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Here the modal summation may be tackled in a fashion similar to
that of the previous section with introduction of the density of states

(6.3.13) and integration over frequency. Further, with the appropriate

choice Qf polarisation vectors, as indicated in Fig. (6.3.2), we may

write

(/%) <c @ ‘\\Z)//( E (% 0.2 = (/Ami)(w LR E)

gougc)e%me(ew ag mu)e\v,w’c (6.4.16)

Clearly, from Fig. (6.3.2), for the angular integration

(e )\ ,6(> —%ma( = - Coc_}
) (6.4.17)

whence, with
o e B v g @y v i@

A ,(,(W § Z(Y ¥ (6.4.18)
= SRnGCo%¢@x+ S'm@%’.n¢@.a + Cos@%a

;(lx'}k&w

it follows that

(Q N 2() =1-(1 /f("l)[«“ic, SRCTONS 74*',(,(75 sz'@gm?{

+/,(,d Cos &
+/d°°/{‘3 S O Cos¢ C::'myf +/(‘ja%5,n6 Cos® Cos}é
4;4&6_/(? €5|(J9 (k35569§5‘r\¢»4;&(%,a5¢ }r}f}§5W\¢s(:05ﬁ£
+/ab U %uﬂ@COS@COSSé-l—,é( ,4(3 GnBCosd %,n?{ ](6 4.19)

Thus, using the angular integrals (6.3.19) together with

Ch9'€5hﬂf} (LOE}(B = 2,/3 , B
° Scl@ S'me = Z (6.4.20)
v
(¢
S A0 GO SO = 4/3
o
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we find

cl;ﬁvi 46 Sm%(e % - = ¢w/3 (6.4.21)

Substitution in (6.4.16) yields

Gﬁ

O/RCELR N Z E(E 20 = (ATEN el f3h )

WwT
‘/lﬂ)gc\ww (6.4.22)

In view of the highly oscillatory nature of the integrand we then make

the standard approximation yielding infinitely short correlations and

write

(‘/1’\) <% (r Y.z E (" 1-1) .« > =% St (6.4.23)

where Y is the Einstein A coefficient

¥ = (4w—:,al/3t\cf Yo /ame) (6.4.24)

We may now introduce (6.4.23) to (6.4.14) to obtain our master
equation. With (6.4.6), (6.4.14) and (6.4.23) it follows immediately

that

pgxe = (ﬁ/l)(lO'..GOl-O}.O"_Q - e 0;_0‘_) (6.4.25)

In reaching this form the time dependence of atomic operators is made

explicit in (6 4 13), and for the integration of (6.4.6)

%d’t Sy =/z (6.4.26)

With (6.4.1), (6.4.2) and (6.4.2.5 the full master equation therefore

reads

%@t -G/, 1+ (¥/D(a0.po-0,00 -0 ) (a2
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CHAPTER VII

FLUORESCENT SPECTRA AND DYNAMICS

7.1 Formal apparatus

Having as a foundation the result (6.3.25), we must now formulate
the atomic dynamics arising in the master equation of the previous section
with a mind to the extraction of field correlations and spectral
characteristics. It is convenient that we work in the energy
representation corresponding to the Hamiltonian for S. Here the familiar

eigenstates of HS derived in appendix G have

HAELY = hlwalnsa) m«g&nm"ll \ELY
% UL 1
HAED = Rlwg(neyD-Ddae) TVED

(7.1.1)

where

VELY = (/52X n,+) + 1asy))
VEDY =( /52 ) 1, x) = \an))

n> are the Fock states and |+>'and.|-> the upper and lower atomic states

(7.1.2)

respectively. Within this representation the master equation (6.4.26)

takes the form

CA— " 77N . ‘Q— §> .

a5 5 S z‘(\/'t\—)S(Er\ Em)e“‘,”bm)g
+(—\)7 (K/‘P}%\) €n+\,,u.;m+\,\>

-(%/4) Z.( enﬁz_"m;p ¥ eﬂ,v;m,g) (7.1.3)
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where

en;,( R S <E’Z\ Q\ Eé:} A=k L= (7.1.4)

We have here an infinite set of coupléd equations indicating the
successive scattering of photons from the incident beam and the
consequent eventual decay of all matrix elements to those of lower
photon number. It will nevertheless be unnecessary, so far as the
fluorescent field-itself is concerned, to solve such a complex system.
We may put the detailed dynamical structure aside and deal only with

atomic matrix elements summed over the incident field. We define

Pn,g BY

e = ; Corsm S (7.1.5)

The determination of the matrix elements (7.1.5) is readily made
from the solution of a simple set of four coupled equations. We merely
assume an incident field of high intensity, possessing a sharply peaked
photon-number distribution. We may, for example, take a coherent state

corresponding to laser radiation:

" 12
l) = QXP(—1/1.~\0(\1)Z[0(/(n!.) ]\n> (7.1.6)

Here n = lal?, which for the Poisson distribution also gives the

variance. Then for n ~ 10% a fractional change of 10 " only arises in
photon number over one standard deviation. Combined with a parametric
approximation the result of this circumstance is that in summing matrix

elements over the field, the factor —i(Eg - Ei)/ﬁ in (7.1.3) may be
£

2 ;
Z E2)/% . We f£find for pn,E the

taken through the summation as —-i(E z
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coupled equations

/Gu\ /'B/LF 6/“l’ 0 o \/Gﬂ\
4 e Yy %)% o o Cn

(7.1.7)

Cu Yz 82 -(=%)y +ziﬁ‘/|7;<°] Y P

s

N ANV B\ e /8 -(3?5/4—11?1\)@9 \Cx /

. . -> ->
Now our interest in the scattered field Es(r;t) begins with the

mean field of the semiclassical approximation. For this, with (6.3.25)

we may write

—
) \ / 2

~
<Eg(?)'\§)> = L@ {al) (7.1.8)
where t = t - r/c, and
N 3 » VEY
1.0 = Ewo/gwﬁocr-(aa—x;)x;:l (7.1.9)
is the intensity detected at position ; and retarded time t = 0 for
spontaneous emission. For evaluation of <G_(E)> we may define, in

addition to (7.1.5), the matrix elements wn £ with
’

,y’z:i =; en-n,o(‘)n)g (7.1.10)

whence it readily follows that

< . (1’)> = (\/1)( '}Lu(j[\) -'}4\(,{\))- ( ‘/z)(’}ﬁzl (/JE) - '}L,,\(l—\\;)) (7.1.11)

Solutions for these are also available from (7.1.3) by virtue of the
nature of the chosen incident field. Indeed, resorting to the trans-
formation wn’g(t) = e’iw0t$nlg(t), the matrix equation (7.1.7) may be
taken over identically for the @nrg.

Ou? further interest in the scattered field lies with the first-
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and second-order correlation functions:

(] —“‘(_’ —=a
Gzt = ) = (E(ED E:(’r’)c-n:» (7.1.12)
and

()

CJ(*JE av) = <E ("Jt)E (r- ‘\'-\—'\‘:)Es(r‘ \:nf)E = Jc)> (7.1.13)

With recourse to (6.3.25), for these we may write respectively

6} . . ~ ~
GEL T = T@Kad o) (7-1.14)

and

(0

— —
GEL Tt = 1(r)<0'+(’c)o;(jc+’r)0'({+'c)6(1c)> (7.1.15)
Our concern must then be with the evaluation of the two-time averages
<0+(€)0_(% + T)> and <0+(€)0+(% + T)O_(% + T)G_(E)>. For this purpose
we have firstly, in relation to <0+(E)0_(€ + T)>, the result (2.1.18)
of chapter II. For the time-ordered average <0+(t)0+(t + 1)0_(t +-T)0_(E)>

an argument analogous to that of section 2.1 leads to a similar result.

Thus, for T > 0

—

<U (JC)O—(JHT» jcr [ 6(1) Ollo:. (7.1.16)

and

Q O;(l) (X@HT) O"_(ll\cﬂi) CT..GO) =bel é&c}_ e(i) o.\c.0  @.aamn

Now, with a mind to solving for these two averages we may define

respectively the two operators £(t) and II(1) by

n

sy = LTS
Y.o) = (’(1)@,

(7.1.18)
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and

T = e'gt T

A (7.1.19)
) = o G(J‘)G*
It then clearly follows that we may write
LW . 7Y
aT (7.1.20)
_c-—l—‘TL(I-) = pg “(T)
AT

and that matrix elements of these operators are consequently determined
by equations formally equivalent to (7.1.3). Further, it is readily

shown that for the traces of (7.1.16) and (7.1.17) we may write

<O'+(?c) O'_(Alc+T)> (/X 2, 2T Z"('t)) - (x/z)(z, );‘(1:) - Zm('r:)) (7.1.21)
and
(abobnotnad - (WL TLW)

+ (‘/I)GT.,J(T) + “\1@)) (7.1.22)

where the matrix elements Zn g(T) and Hﬂ g(T) are respectively defined by
’ 14

;(Ez‘l Z(T)‘E§> (7.1.23)

and

“7,3(17) = Z(EZ\ K(’C)\Eﬁ> (7.1.24)

Here the matrix elements Hnlg’and ang appear formally equ1Vélent to the
p of (7.1.5) and the wn £ of (7.1.10) respectively. Thus, after
T\:E ’ . ~
-iwT . .
making the transformation zn,E(T)= e O Zn.E(T)' these also find solution

via equations identical to (7.1.7). Overall then, we are simply required

. s . .
to solve a single set of four equations in order to evaluate atomic
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matrix elements, the mean scattered field, and both first—- and

second-order field correlation functions.

7.2 Atomic Dynamics and the Semiclassical Field

The coupled equations (7.1.14) are easily solved for atomic matrix

elements. With algebraic detail relegated to appendix H, defining the

=
vector p by

/exx * eu
“é = (1/2) gu ) g‘ {7.2.1)
. + (Fa

e - en

we find the formal solution

_é(lc) = Sexp(/\.lc)s-‘i)’(o) (7.2.2)

where for the matrix S

(S ©
o Sa

Sb = 2,0 2
(/8 gaiR N )9y ©

ia’bo /A7 VeerIvg)S, o
\ !

o o] \
o o

S, - (@il /54-0)5,

(in ) /A8-0)% S, /

(7.2.3)

and S;, S,s S, and S, are aribtrary constants. A is the 4 x 4 diagonal
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matrix

A = D(o,-5¥,-31+0,-38-0)

with

2 N
a =LEE - mnrt (7.2.5)

If we begin with an atom in its lower state, the solutions, written

in terms of the energy representation of the free atom are
2t
Eear () =GertXg /8 gan Dl - e ¥ (Coshat
+(%(; [a) Siah at) | (7.2.6)

and

i wr -3t
Eo-th) =-niw g {1/ sa e * (Coshat
(@S]
"2t

s0/2) e ¥ Swehat/a (7.2.7)

where we have defined p+'+(t) and p+’_(t) by
€+,+({) = ; {n,+| Q(Jt)\n,+>

Z {n +) e(jt)‘n+‘,’>

(7.2.8)

Er,- ()

Naturally
G.. _('L) = \- e-t—,a-(Jt)
oad) = puth)

Similar solutions follow for an initially excited atom and include an

(7.2.9)

additional contribution accounting, in the weak-coupling limit, for

normal spontaneous emission. These solutiz?ii?re
MU LAY trsakli- e* (Coshak
+G[—+K/ A) Siahat)l
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. C:ﬂ\‘c

(Cos\r\.ﬂ.‘k - (‘T(.K/.ﬂ_) Sinh __ﬂ_'t) (7.2.10)

and

V% N N -3\t
o) = -xia D LA 33— 0 © (Codhnd
gt
“(‘/1) e * Sah _ﬂi/_ﬂ_ (7.2.11)

Similar solutions to the semiclassical Bloch equations for a spin %
system in a combination of static and RF magnetic fields were first
given by Torrey (1949).

In these solutions we see the dynamics separating into an initial
transient régime, followed by a saturation steady state. For weak
coupling, the saturated atom settles close to its lower level and we
expect the behaviour of a classical electron oscillator. With

increased incident intensity, however, we find the saturation steady

state moves into the nonlinear region;

S5

G+ T kP \)40\1/673: 87 1AV (7.2.12)

For very intense illumination a limit is reached midway between the

upper and lower levels;

Lim &S
F\‘—»ao . = \/1 (7.2.13)

Quantum fluctuations may therefore be expected to become important
with intense illumination while remaining of no consequence for weak
scattering.

To appreciate now the predictions of the semiclassical perspective

on the scattered field we calculate the mean field, which, from (6.3.25)
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reads

u—)

(E LT = (_(,)0/1.._1\"% cr. (,ux——)x~ ](O-(Jc» (7.2.14)

where <o_(t)> is given by (7.1.11), or equivalently

<Oi(/};)> = Z_(n,d 6(1’)|n)—> = ‘Y{.,,-(/-‘;) (7.2.15)

In the previous section we saw that wn g(t) may be calculated from
’
equations identicgl to (7.1.7), and therefore, allowing for the

differing initial values of pn £ and wn £’ may make direct recourse to
14 14

the solutions (7.2.7) and (7.2.11). We write

Y UL) €+'- ) (7.2.16)

where e-1¢ is a phase factor arising in the initial value VY E;(o).

Thus, we find for the mean field
—’(-*) A —i(Ln)J‘t-(—?S)
<E5(r"H> ~-[w /A;Trcc- cr- (Mx—)x———l@()e (7.2.17)
where p+,_(t) is given by (7.2.7) and (7.2.11) for an atom prepared in
lower and upper states respectively.
Here again is the initial transient region followed by saturation.
For very intense incident radiation and the régime of the dynamical

Sstark effect, with

40 lXoll >> (I&/A,.)'1 (7.2.18)

we may write.

T /2

(E (‘F%)) =[wt/mriocf'r (2 x 7 )x r‘]Z—\ﬂ 4|

(/8 31K, et e
-1 o+ A )‘C
[(w 0 IK\ 55]_1[“)0_7\“ D,‘on}( +¥5]
o )] (7.2.19)
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which would predict semiclassically a three-component spectrum through
the transient region reducing to a sharp line for long times. This is
an erroneous prediction, however, as has been confirmed by recent

experiments (Schuda et al., 1974; Wu et al., 1975; Walther, 1975;

Hartig et al., 1976). We will see in the following section how this

inadequacy arises in neglecting quantum fluctuations. For weak
illumination the sharp spectrum is as expected from classical

electron-oscillator theory.

7.3 The First-Order Correlation Function and Scattered Spectrum

In this section we present solutions for the first-order
correlation function (7.1.14) from which we derive the scattered
spectrum. This spectrum is defined in terms of the probability
P(w,;,T) for photon detection by a monochromatic detecter during

interval T. We have the result (Glauber, 1964, 1970)

- T
-t o
Plu ©1) oigol‘\figcpfz ew G(FH D) (7.3.1)

rlc clc
and with normalisation so the integrated spectrum gives the intensity

=
I(;,T) = G(l)(;,T; ;,T) we may define the spectrum I(w,x,T) by

-
T 1) =6am(1ETY S/OM(-;: ) PloTT) 032

Since
(GN) )

*
Gt 7)) =G(F L, 7 h) (7.3.3)

it readily follows that

-
T(wFm _(am(TET/ go\%’lﬁ—’,“c)
T ‘el t/c
Wt

. ),
‘2 Re ngclT' e CTUZ,J[;?,JHT:) (7.3.4)
o

r /C.
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where we have introduced t and T with t;> tand T = t,- t.

Now the first-order correlation function, as given by (7.1.14)

and (7.1.21), follows from the solution of equations eguivalent to

(7.1.7) :

Ca)  (-(fhwiwe) bfe 0

R ¥ /4 -(§fp +100) ©

dt T ~¥/2 ~§/2 _[31§/4+i(wo+xa'lllxo|)]
Y. b -¥a -b/4

o (L.
o L,

u

(7.3.5)
-6/4' Zu
) L
bl Uwer2n D)\ T,
The solution is then as in (7.2.2) and thus, defining
zll+z\\
5 (\/2) 2 (7.3.6)
7: = l/l .3.
Zl\ ¥ z\i

A zn

Z 2N \

we write

AW T A3

—i(’\?) = € Sexp(/\_’t)c‘) 2(0) (7.3.7)

->
where, from (7.1.18) and (7.1.23), the initial vector 1(0) is given
, .1.
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by

( O-r &

- +-\-(I'i)
20) =(1/2) &

(7.3.8)

- e—,-\—(jﬁ)
K‘ €+,+("C)/

Due to the complexity of the solutions for atomic matrix elements, and

>

hence Z(0), a general solution would serve no purpose here. If we

concern ourselves now solely with the steady state however, from
>

(7.2.6),; (7.2.7) and (7.2.9), we may define I (0) through

v = IR STy

S5

B2 = WAL/ Bagat
. o N A (7.3.9)
@r = -rva G/Easam)
/2
Ea = i I/ ErgadA))

and hence find

L A -tweT
S @y LA/ eI S gand) ¢

"(lLK + {wo)’t

+(/2) e
¥ 2an LY o LYsq
g e e )

SL(2E-0) +iw]
‘e

¥ 2o A oaEi-n
"‘(‘/7:)(K1+8ﬁlxo‘x 0 a “(/Z)H—.ﬂ. >

—[(%B-l'ﬂ) + l'wolr
‘2 (7.3.10)
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Taking the limit for T+ « the spectrum (7.3.4) is given by the

Fourier transform
@ -
1wt @

1w, 7 ) = (1/2m) 1Rege G () (7.3.11)

Thus, in the definition (7.2.5) for  we find a threshold at

(2
2n D4 = §/k (7.3.12)

Here the spectrum splits, changing from a single peak to a central peak

prlus equally spaced sidebands. For weak illumination;

LA \Xo\l << (ﬁ/@)L. (7.3.13)

the correlation function (7.3.10) becomes

Y .2 1y 1W,T
G (1) = (™) aa Mol /S r 858} ) e (7.3.14)

and in the strong coupling limit of (7.2.18) we have

— 2 8 W T (A ¥vww,)T
é;}’f) =LA/ rgamy e wle )

2 V8
T rilwerd T -[hBai (e )T
/) e[ ,JSH( +20 )1(‘/4)6[4 1 (W2 )] ](7.3.15)

Thus, from (7.3.11), for weak scattering we find

T(w.r, o) = L(?’)(Lpﬁ\)ko\k/ﬁl+8'ﬁ\34°\l) Sw-w,) (7.3.16)

and we regain the sharp spectrum predicted by the semiclassical theory
in (7.2.19). This is just the coherent scattering obtained by Heitler

(1954) . For very intense fields however (7.3.11) and (7.3.15) give

W ¢, ) = () T Lar ¥/ 87 A S (w -w))
1Y
+(1/2)

17:‘6)2' + (w- w,)
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+ 3‘ %
(/“)Pm{m (ot 20 A WBN@ 2wl

Here the régime of the dynamical Stark effect is apparent, and added to

7.3.17)

the coherent scattering we see three peaks arising from the quantum

fluctuations. This sharply contrasts the picture presented for the

steady state by (7.2.19). Illustrations of the steady-state spectrum

throughout the range of incident intensities is presented in

Figs. (7.3.1) to (7.3.4).

As an example of the behaviour of this first-order correlation
function and spectrum in the transient region, let us now consider the

time-dependent matrix elements in (7.3.8? but make a restriction to the

intense field 1limit (7.2.18). For an initially excited atom (7.2.10),

(7.2.11) and (7.2.9) give
-3

<)++(3:) _(\/1)(\ et X\jf(,osz‘n X, \jc)
@-(Jf) =(1 /1)(\ - ‘F“Cosxn IR \%)

@_’_ (Jc) = -(\/2) 1 efﬁ Sin xF\ W\O\Jc
Qe @ ,

(7.3.18)

. 6": V2 N
(/D r1et Sia z’ﬁ/\Xo\Jc

i

Introducing these to (7.3.8), we then find from (7.3.7), with (7.1.14)

and (7.1.21)

?S'l' v AT {ﬁuw )’\?
D
C(I(_th 7 ha) =0 1)1, ("’)[(\/2.) l+ e Cosnnlilte

_( Bun l)4 1)1: —(éﬁ""wm)t
/) (1+e Je ¥

(36+xm/l)< l)t’ - +iw,)T
+(l/4)(|+ e ) e ] (7.3.19)
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where we define

(-01\ = U.)O + ’L—ﬁ \Xo\
o (7.3.20)
w|1_ = L*)O -1 ‘)AO\

To obtain the time-dependent spectrum the task is in principle simple.
We merely evaluate the integrals arising in (7.3.4) with substitution

of (7.3.19), and at the outset, for normalisation we find an intensity

2T , R
1(—‘?;‘-) "'“(‘/1)10(?)(\ + e# Cos 2.?\/?)40\T) (7.3.21)

and

%cutr(-a%) - T @25/ G D ermmni -
clc

-2 U

AN
Cosxn 14 \T )

_1“

VA 2 2 BT /2
+(2n \Xo\/(?i';@’ruﬁ M, )ew Sinan \Xo\f\f (7.3.22)

with % =T - r/c. A full discussion of this scattered intensity is

given by Kimble and Mandel (1975a). Now the time dependence of the

probability P(w,;,T) has a double origin. There is a nonstationary

emission process and a superimposed T dependence associated with the
finite time for detection. For the steady-state probability

P S(u),—li,T) arising from (7.3.19) in the limit %*“w only the second

consideration remains. The integrals are elementary and we find

Wo — W,y . Wiy -
P&‘E(Q:F,T) = PSS(U'))r )T)_\")%%(w)r;-r\-\'E&(w,r,T) (7.3.23)
with

—_ - '%6 ‘) 0» u:) %.%- s A
Es(wr ) =/ L1 (r)Lsz [(m]( e Cosl -ub.;)T)

A

LYY ~
(L&i‘z)-:)a))z}l e’ g'.n(w—woﬂ—} (7.3.24)
X W-Wo
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wll

e X S -‘ W-w
Pss(h) (‘T) (‘/’QI( )L"‘ﬁ(w %)T : B;J,(E» ) ’»(‘ Q Cos(\.o h) )

3 h( L\) -.—‘T A
X)J,E:,.\: & S'u—\(m_wu)T} (7.3.25)

- -y 2¥ 2 GW(wowgd (T3
Es(\-l-) \) ('/lf')_\.( )m [( m (b) U).z.ll ( c CO%“‘U w T\-)

2 (w-wy)  “HIT ~
—[(%Uito:»w.,,ﬂl e‘i' S‘.n(w—w,,:)\] (7.3.26)

These results may be combined with (7.3.21) and (7.3.22) in the form
T

TED/ S/a{fu—z,o@ EENES 5.2

to obtain via (7.3.2) the spectrum arising for a saturated atom after a
finite observation time T. Clearly for T+ «® we regain (7.3.17). For
the complete nonstationary correlation function (7.3.19) the spectrum
is extremely complicated. We find it possible, however, to make a
general prescription in the form

- - NLET)
T(w,eT) = Tlw, r,aO)I_-*———(_ri =

The first term is simply the three-peaked spectrum of the steady state

!
_L(w)'?"—\-) (7.3.28)

| > .
modulated by the scattered intensity. The temm I (w,xr,T), which through
the transient region modifies the shape of these three peaks contains
‘ —). 3 . 0
zero integrated intensity. A full expression of I (W,r,T) is given in

appendix I.

7.4 One-Photon Approximation

In the calculations of the previous section no restriction was made
on the number of photon emissions and (7.3.17) agrees with the results

of others whose work includes full photon cascades (Mollow, 1969, 1975a,b
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Swain, 1975; Smithers and Freedhoff, 1975). We will proceed now to

show how a one-photon approximation may be introduced into our
formalism and thus demonstrate the inadequacy of an approach based on

single photon emission (Stroud, 1971) for very intense fields.

Taking matrix elements diagonal in the field only, the master

equation (7.1.3) reads

3_@:\,7}“:3 = (-1/“:\)( E;(- Ef:)enfzj‘n)g +(-:)(+§(&/l")";» 6{\4-!),4( Ko ,\5
_(K/Av)g(@,)?;n,\, "(”"‘n’}",i) (7.4.1)

Let us now take the incident field initially in a Fock state with

N photons and the atom excited. All other modes are initially in the
vacuum and therefore the possible subsequent states of the coupled
field plus atom are |N—n,+>, iN—n+l,->, n varying from o to N.
Correspondingly, in the HS representation we have states EN-n> and
|E§_n> for which, from (7.4.1), we may write a set of N + 1 equations.

As P

must remain zero at all times, there are N coupled
N+1,n; N+1,& ’ P

equations formally the same as (7.4.1), while for pN'n;ng

APnrN g _( - 3 -
2ot - CAELE, o eVt o) 74
which yields
/ (9:4,1;&\,1 /" IS/7" o -Y/4
eni'i\\,i O -X/L ’ﬁ/l‘f'
,) oz
Hoowums | |-Wh -We -(ifaain i)

\()N,x INL \" V4 o 0

1

L
3
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~8/n \Y4 - \
Y/ Pn,1 ML

(7.4.3)
O (zuz'N,l

-(&/2' -2 ‘\;/‘LXOD/ NN 2 /

Solving this system by the method of section 7.2 and appendix H we

find

X t VA \
GN,I;N,'L({) = eu,x;m, W) = -(1/)e’ } ULN/\XO\/ _(\'_)l~(‘16 / _(\_)LCOS\,\ ﬂ‘_{—
+{(44/a) Siah at] (7.4.)

and

% —%p% v \
Aramalh) < pusma - are” [aiNRuAXEH/AD
Lo N T X/
) T ‘/L \
[N/ Sahlt | 00

where

, 2 2. 2,2
a = LED - aNIK) 1 (7.4.6)

We will concern ourselves from here only with the limit of intense

illumination for which
s 2
ENIKL =>> (¥/2) (7.4.7)

In this instance

L
N1 N, (')C) = Oni'N (J() :(‘/1) e * W
() ’ et ,1. % -(§K+1iN/l)g\)l[ (7.4.8)
em.’mm = puyna ) =(/2e
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which, using (7.1.2), gives for the probability that the coupled atom

Plus field remains in its initial state

R G 2
(~)u’+;u,+({) = el' Coo N l)4°|+ (7.4.9)

Thds is Jjust the result obtained by Stroud (1971) in a one-photon

approximation. This is not, however, the probability that the first

photon emission has not taken place, as stated by Stroud. We must
recognise the possibility with an initially excited atom of realising

the state lN+1,-> without emission to the vacuum. We find from

(7.4.8)

v
e“:"}N,“'(B + 6N+\,~',N+\)— (*) = QLIH: (7.4.10)
The probability for no emission therefore decays exponentially,
without mecdulation. This is missed in Stroud's analysis since his
basis does not include the state |N+1,->.
We now calculate the first-order correlation function and spectrum
in a one-photon approximation by restricting ourselves to the reduced

set of basis states |E§>, |E§> and |E2 >, |E > corresponding to the

1
N-1 N-1
possible states involved in the scattering of the first photon. The

calculation proceeds essentially as before with (7.1.23) replaced by

27@(’1’3 = <E:(\ Z(’U)\EE_) (7.4.11)

This obeys an equation formally equivalent to (7.4.2), and after a

transformation I E(T) =7 (T)e_ion the equations for these matrix
n,

n,t
elements reduce to a form equivalent to (7.4.3).

Now in (7.4.8) there is no steady state as the matrix elements
decay eventually to those of lower photon number. In the knowledge

that a steady-state spectrum does arise however, in the one-photon

approximation we see it maintained by a series of independent emissions
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from the atomic excited state, each followed by pumping back to the

excited state by the incident field. The spectrum is then built up from

a . . . . . s .
large number of identical contributions arising 1n separate transitions.

In solving the equation for Zn £(T) we then take for the initial
’

conditions required by (7.1.19) and (7.4.11) those defined by (7.4.8)

with t = 0. We find from (7.1.14) and (7.1.21) 2

() (& riw )T - T8 2N DT

G =) T @) e " + () e R !

- B il 2N
+(1/2) e )(7.4.12)

Substituting into (7.3.11) then gives

I(w c ao) ._(t/ﬂ\')Ib(r )L 2 5 )(

h)’“ (w-1,) 0 )+Ea (u.gnN Sk

z¥
+(1/2) oA LwodN"’Noﬂ]l] (7.4.13)

This spectrum is the same as that obtained by Stroud (1971) with
the absence of his linewidth narrowing (for the origin of this feature
see Mollow, 1975a, b). In comparison with (7.3.17) (neglecting the
coherent scattering) we see then the inadequacy of the one-photon
approximation in predicting linewidths and peak heights. 1In (7.3.17)
sidebands are broadened from the central peak by a factor of 3:2 and
peak heights are in the ratio of 3:1. The one-photon approximation
omits the sideband broadening and gives the ratio of peak heights as
2:1 (Carmichael and Walls, 1975a). With the scattering intensity
given by G( )(o) we might note also the reduction of intensity by a
factor of 1/2 in (7.3.17) as compared with (7.4.13). This arises in
the depletion of the initial scattered intensity to half its value at
saturation, as evidenced by (7.3.21).

We note in conclusion that while we have restricted ourselves here
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for the most part to the limit (7.4.7), for arbitrary intensities we
will obtain the general features of the previous section with splitting
of the spectrum at a threshold. Clearly, from (7.4.6), however, the

one-photon approximation sets this threshold at
/2
Vi = N IR (7.4.14)
indicating twice the intensity required by (7.3.12).

7.5 The Second-Order Correlation Function

We turn in this final section to the second-order correlation
function and intensity correlations. Calculation of this function is
readily available in our formalism. With (7.1.15) and (7.1.22) we

require only the solution to the equation

nu\ R Y Y 0 (L.
2 K“ ) XI’-} "6/’4— o o -H-\\ 7.5.1)

|7 b b i )Y T,
M
o) \cbr-t -V -k \T L

This follows again from the scheme outlined for atomic dynamics in

appendix H, and defining

T( :_(‘/1) ) (7.5.2)
J1

we may write

—

T =5 exp(f\.’f) S—‘ﬁ(o) (7.5.3)
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where S and A are as defined in (7.2.3) and (7.2.4), and from (7.1.19)

( e+,+({c)\

—_— O
T =C01/2) (7.5.4)
- E§3+(*)

\° )

we find

We will concern ourselves only with the steady state, and therefore,

from (7.2.12), the initial condition is specified by

S 2 2 2
Por = 47 D41/ Y+ BaIK (7.5.5)
Substitution in (7.5.3) then yields

@) (&8}

2 -2 X .
G'ss(t) = G"ss(o) [1" Q/“—X (Cos\w.ﬂ.’t-*- %K/Q.S\ﬂ\’\ﬂ’t)] (7.5.6)

(1)

Ss

where G (0) is simply the steady-state intensity

(&)
G:a%(o) = Io(??) A.?\'\XO\L/ZS):l—s'a\XO\z (7.5.7)

Now the familiar demonstration of second-order correlation
effects is, of course, the photon-bunching phenomenon in the Hanbury
Brown and Twiss experiment (Hanbury-Brown and Twiss, 1956). 1In
contrast to this there are also fields for which photons tend to be
separated on the average, producing second-order correlations which
fall below'Gé;)(o)z as T approaches zero. Such an effect.has been
termed photon antibunching and arises, for example, in parametric
subharmonic generation (Stoler, 1974). Turning then to (7.5.6) we
find just this behaviour, where, for T = 0, the second-order

correlation function vanishes. The interpretation of this is simple

and, of course, depends solely on the quantum nature of the scattering.
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Consider a photon detected at a position ; and time E. This then

sexrves to identify the atom at its lower state at time t so that we

may view this emission as preparing the atom in its ground state.
Knowing that any subsequent emission 'must begin with an excited atom,
a delay corresponding to the time taken to regain this excited
condition is naturally expected. We ask therefore: what is the
probability for finding an initially unexcited atom in its upper state?
The answer is giyen by (7.2.6) and is just the expression (7.5.6) for
Gé:)(T). It has been pointed out by Cohen-Tannoudji (1976) that this
provides an example of the principle of reduction of the wavepacket in

guantum mechanics.

In the weak field limit (7.5.6) takes the form displayed in
Fig. (7.5.1):

i

@ > Lt %
G D) = Gro (o (1- e )

(7.5.8)

Here this antibunching phenomenon is particularly significant since it
provides a purely Q.E.D. prediction in a region which is otherwise
adequately described in a semiclassical treatment. Measurement of
Gé:)(T) therefore presents the possibilities for a further test of
0.E.D. For strong illumination the correlation function is presented

in Fig. (7.5.2) and corresponds to the form
e w4 o2 44 /2

Gss(’w = Grsc,(O) (' -e®* Cosan \)(o\’t’) (7.5.9)
Here we have both photon bunching and antibunching displayed in the
one situation. This, of course, corresponds to the oscillation of
the probability for excitation through the transient régime between
values above and below that attained at saturation.

Let us now consider Gé:)(T) from another perspective; that which

sees in it a possible source for the experimental measurement of
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spectral parameters. We are concerned then particularly with the form

(7.5.9) which is associated with the three-peaked spectrum given in

(7.3.17). We see directly that contained in this function is

information on both the peak widths and the splitting frequency. With

2
the measurement of Gés)(T) we can then extract spectral detail which

has to this stage been unavailable (Carmichael and Walls, 1976a).

Now (7.5.6) applies to the scattering from a single atom
repcatedly absorbing and re-emitting photons from the incident field.
There is clearly then going to be a major problem obtaining sufficient
scattered intensity in any attempt to measure this correlation function.
In view of this fact we might usefully consider the simultaneous
illumination of many atoms. This corresponds to the experiments of
schuda et al. (1974), Walther (1975), Wu et al. (1975), and Hartig et
al. (1976), where an atomic beam is arranged to cross a laser light so
that many atoms experience irradiation at one time. The scattered

» -> N 3 . . . k3
field E (;,t) becomes the sum of fields ES (r,t) arising from individual
S k
atoms:

E@y =3 E (7Y (7.5.20)
< K

Now these scattering centres enter the laser field at random times and
may be taken to act independently. This means that the component of
Géi)(T) corresponding to the second-order correlations for individual
atoms is swamped in the 1imit of many atoms by that corresponding to the
product of first-order correlations. This reflects the introduction of

Gaussian statistics which follow from the central limit theorem. We

find a result which holds generally for Gaussian signals (Glauber, 1963):
@) W LU € 8
G(=d 7 ) = GELED + Gl AT b)) (7.5.11)

We may take the illuminated atoms in their saturated state and then the
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summec field will be stationary and the first-order correlation
function simply pProportional to that for a single atom. For weak and

strong illumination respectively we may therefore write from (7.3.14)

and (7.3.15)
)

|G & L.® 44 Na\l/ﬁl+ 3n \)40\7” (7.5.12)

and

oY — “th “QXf 1
|G e (T (@ e™ 1+ Coorn /|l)4°\1:) (7.5.13)

The property of photon antibunching is lost here as we expect,
nonetheless (7.5.13) still contains the spectral information hoped for.
Indeed it bears possibilities over and above those found in (7.5.9).
In Figs. (7.5.3) and (7.5.4) clearly the addition and subtraction of
the upper and lower envelopes makes available both the curves e-%YT

3

and e & T. Here, then, is the potential for a direct test of the

predicted ratio 3:2 for sideband broadening.
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APPENDIY. A

TWO-TIME AVERAGES AND THE QUANTUM
REGRESSION THEOREM OF LAX

We have in section (2.1) obtained the result
3} (> ) %)
(Sth+) S (jc)>€,({) = Jrcie_[/US(o) (J(’c)] S(o) (a.1)

for evaluating a two-time average after tracing over reservoir variables.
We will demcnstrate here how a direct relationship may be drawn between

this result and the quantum regression theorem of Lax (1963, 1967, 1968).

(o) (8)

This theorem states that assuming S (t + T) and S (t) belong to a

linear set of Markoffian operators, in the sense that

( Cjc&){vc)) = % C;’(Xht)‘t) <§K€Jc)> (a.2)
vwhere the ¢ (t + T, t) are some’ constants, then
(Saen)Sh) = %Cﬁ’?m,{)( SH S o5

Thus, once the Gay(t + T, t) are known two-time averages are available

from single time averages.

If we proceed from (2.1.1) we may write
CA (o0)
<C3(Jc+'t)> = in 6({4’(5) So) (A.4)

and in view of the formal solution to (1.2.35)

<ép((){+1:)> = 'krs [e’gre({)] S(x()o) (A.5)
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We now define an operatoraf’by the general requirement

297 4 2SS o6

for any two operators S(a) and S(B).

ux)

We also introduce the energy

representation |€,{K}> with

HUIE D) = 18,000 -

{1} being a set of gquantum numbers accounting for an energy degeneracy.
For simplicity we may distinguish the le,{l}> by a single index, writing
the energy eigenstate |n>. Then using (A.6) and adopting the energy

representation we find from (A.5)

(S(?vacﬁ =t Ll e £ ¢ Sio) e

\

1L

2 \_:'r;(t) S (o)n,m Q(Jf)n\,m' (3.8)

n\'m|
o n,m
where L ém (1) is defined by
[ Z .
n,mM \ T \
\_nm(’li) RS CAREPIVIRD TP (2.9)

Thus, since from (2.1.1)

X
(%Zh)

n

¥)
‘e S( (o) e({)
Z_' S(X)(O)m",,‘ G(J(),.:’m‘ (a.10)

n,m

it

the assumption (A.2), when combined with (A.8) and (A.10), leads to the

requirement

Z Z L (t) Sm)m Q(H
X Z{ O (-HT: V) S(o)m A e(‘\:) (A.11)
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For this a sufficient condition is

n',m‘ () oc_,\& X))
:L—m \_“,m(’tf) %(o)n'm = Z%_ G (s d) Sko)m\,n‘ (.12)

Let us now turn to the average (A.1l). Using (A.6) and introducing

the energy representation we may write

<Sw(Jc+’C)S(p()U> = '\:rs[ é{t Su()o)} %(To) G(D

= (Z:n \L‘n’m(t) S(D&)n)m [Sﬁfi;) (J(J()]n‘m\ (A.13)

n,m
Inserting now the requirement (A.12) we find

<) P o(,‘ X Ty
<5((Jc+1:) SPH» = Z_ ‘jﬁ— G (et t) é(L)m\ | [Cff@ Q(Jcﬂ K (A.14)

)
The summation over n and m‘ may then be simply carried out yielding

the result

«, %
(ST S = TG ke (SHS ) .15

This is just the form given by the regression theorem of Lax.
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APPENDIX B

THE PHASE-SPACE CALCULUS
OF AGARWAER AND WOLF

We present here those results from the phase~space calculus of

Agarwal and Wolf (1970) which are fundamental to the work of sections

2.2 and 4.1. At the outset, we restate the equations from section 2.

(Q)(a,a*) for an arbitrary

relating the phase-space {i~equivalent S
operator S(a,a+) of a single boson system to the operator form. For

the mapping operator §, we have

o,

Q Slx, ) = %(O,QT) (B.

and with

X i * *

Sl ) = go\l/a BB explpd-p7%) ®.
“) L A . -
F(F’,/b*) :(l/w’*)go\a(,g(a()a( )exP(/gp(_-ﬁm(_) (B.

we require

é(o,oJY) = g ollp G.—L/&,,&*)hex‘:(pot p*o) (B.

G(p, /5*) = (n/‘ﬂ)jcrs é(cn,czT

where

SV

Gl pD) = alpp) F ) s

Here (B B*) is referred to as the filter function for the -mapping
!

is restricted to the form

_Q_(p, /3*) = exp(/u,@’# v/é*L-;« A ppﬂ (B.

)exp(p*a—pojr) (5.

2

1)

2)

3)

4)

5)

6)

and

7)
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It then possesses in particular the property

alpp) = np,-g9 (5.8)

We also define the inverse to the Q-mapping as that mapping having

filter function Q(B,B*), with

nlpp) alpp™ = (.9)
Let us consider now two uses of the Dirac §-function in relation to
the above scheme. We take first 62(8-80) to be the function
7 (8,8%) of (B.2) and (B.3). We have

({9

Ss(oc,ot“) = So)?* 87(p—/3°) e_xp(/&mt*- ﬂ*o() (B.10)

81(/%/-%) = (l/ﬂl)gcﬁx é:(lc,oc*)exp(p*a(— pf\) (B.11)

In view of the Fourier expansion for 62(8-80); namely

gip -ﬁo) =( l/‘W")%of;L e X p{d(ﬂ*-ﬁ:) - o(*(/_l. -/303] (B.12)

we may write

L) .
SS oi)oc*) = exp(oc*p‘o - o(ﬁo) (B.13)

Thus, from (B.1), (B.4), (B.6) and (B.13)

Alexp (ao-a@ ) = %O‘lﬁ X SEYVEYS
'exp(/&oT~ p¥a)
= ﬂ(p,,,p:) pr(/JOQT— /3:0) (B.14)

Recognising exp(8a+ - B*a) as the familiar displacement operatoxr

B(B) for the coherent states (Glauber, 1963), we therefore have

f\-{exp(o(*p—oi,@*)] = .ﬂ.(,@,ﬁ*) 6(/5) (B.15)
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Let us consider now the Q-mapping of the Dirac 8-function itself.

Thus, in contrast to the above, here we take S(Q)(a,a*) to be 8% (a - ao)

with

S (- A) = (/) gc\Lp ex P{/&(af_p{o)_ﬂ*(,&_%ﬂ (B.16)

In the context of (B.2) and (B.3) we may write

Sl(o( - Ky) = %o\l/!: F:(Dﬂ,ﬁ*) e XPC/&(K*— K)ot 2)) B17)

Q . .
where Fé )(B,B*) is a complex function appropriate to the Fourier

expansion of 82 (a - ao). Clearly (B.12) indicates
(nd

FS (d,ak*) = (v /™) (B.18)

and hence, from (B.6)

(€18}

G (B, A = (/Y a(pp) (B.19)

We then specify A(Q)(a = Oy a+ - ag).such that
2 Q) "—
A »*
_O_g(o(—o(o) = A(Q—oﬁo)o_o(o) (B.20)

Aligning this with (B.4) we have
() 2 T »
A (o - o(o,oJV~ <) :(n/Trl)%cl[& ﬂ(ﬁ,/ﬁ*)exp{ﬂ(()- )
) “ﬁgﬁc‘- db)]
s L * * X A
= (/N g na, @expla, - <0 p) DIE) 320
Further on we will note the significance of this {l-equivalent of the

pirac S—-function.

~ 3
Now the displacement operator D(B) possesses the properties

6(/3)6(/50) = exp\:';:(/}ﬂ:- ﬁ*ﬂo)} 6(/3; +/3>°) (B.22)



150

tr AD(ﬁ') =W %1([30 (B.23)

i i . Q + %
This imparts an important property to the operators A( )[(a -a),(a -aq )].

Specifically, we take

be At (o @(o A Tasw), (ol va))
= U‘/Tr‘)go\p (g, 59 e xpl - p))
T n e xpla gl Do Degge 2
Invoking then (B.22) and (B.23) ve find
te Aut)(awd,(g o) A (ase), @rat]
=(/m( /W’“>go\1/m(/s, BILES,-Bexplila- 1) -pl- )] @.25)
With (B.8) and (B.9) we may therefore write

1 o [(XA[) (a- «) ,(OJY— L)) (Aﬁ)\:(m— %)’(QTH(:)] =(1 /) gl(a(_ ®,) (B.26)

A .‘.
We now turn to consider a closed expression for S(a,a ) in terms of

. €9))] *
its Qi-equivalent S {(o,00 ).

We write from (B.4) and (B.6)

QN
6)(0_,04() = %cﬁlﬁ ﬁ(ﬁ',ﬂ*)\:((/},/&*)exP(/:soJL/s*o) (B.27)
and, introducing (B.3), this yields
| C 2 L S .
'/::)(o,c\lr) = Sc\ﬁ ﬂ(ﬂ,/&*)ut/ﬂ)%o\oc St o explpin-p))
exp(poj’ A3 a)
de% () 1/ )gdﬂ al(p, B
exp(ﬂo( /So() D(ﬂ) (B.28)
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Taken with the statement of (B.21) we then have

%(Q,QT) = %dlac ém(oc,of) Aﬂﬁ(o- ot),(ot—oc*)—_\ (B.29)

o A® +
and the operators A [(a -a), (a- a*)] appear in a capacity relating

()

. ~ +
directly S(a,a ) and its Q-egquivalent S (a,a*).

It is now our purpose to establish the fundamental result (2.2.8)

~oo ot st

for the trace of the product of two operators Sl(a,a ) and Sz(a,a ).

We begin with the expression (B.29) and write
~ 1 .
S,(a,0) = go\)“p ém(p 3 )Am)[(a-/ﬂ (ot-/f)) (8.30)
A '\' L (I\.
S, a,a) —-—% A 2, . (-5, -A)A [(o+ﬂ°3 (a +féo)] (B.31)
It follows that
b 8o 0d) \dpSi e, ﬁ)Scfpoé?(-ﬂo )
_% e t * oY * *
Alla-p) (- Alx B, + &)

—~

B.32)

which, taken with (B.26), and in view of (B.8), yields

te S(Q OT)S(QQ) % ﬁS(ﬂ’/&)%dﬁcS (o, 3)
(/w)é(/} -f3)

=(1/m) Sd’}egi (/&,[5*) %1 (/3, /3*) (B.33)

our objective is thus fulfilled in the result

£ 8 o) 8la,a) =C /w)go\/sé (S 0) @

We are interested in one further aspect of the phase-space calculus.

~ + “ T .
For the product of two operators S, (a,a’) and S, (a,a’) we may define an

()

*
Q-equivalent S,, (oe,a¥), such that

(43D

A S, (x,) = Ca(o o)S (o, o) (8. 35)
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It is to be shown then that Sﬁ?)

() * (2 *
S; "(a,0) and s, )(a,a ) as stated in equations (2.2.23) and (2.2.24)

*
(a,07) may be expressed in terms of

of section 2. We begin from (B.4) and write

Sl(o,cih = go\L/S Gy p, [5’) 6(ﬂ>) (B.36)
and

S, (o, C:Y) = xo\’vpo Gz(po’pt) Y/\)(ﬁo) (B.37)

Thus

%1(0,01—3 g,_(o)ox) = %% &1/3 0\1/30 .G’i( A P*) Gy( ﬂo,ﬂ’: )
6(/3) AD([&O) (B.38)

and invoking (B.22)

%1(0’(;\—) gl(a’g) :gg O\xp o‘“Lpo Gl(p’ [3*) Gz(ﬁo .ﬁ:)
expli(pm-LRND(prp) =

Now we may introduce (B + Bor B* + B;) and Q(B + Bo' R* + B;) using the

result

(B.40)

QB foo, BT ITLLB o, frfe) =
we then have
éi(o,(;() %,ga,é‘ ) :&\o\’”p BYRCACY S AN SLLV N LY
ool lpps pBla (oo, Bop) DB e

d, noting (B.15): this yields, on the assertion of the linearity of
ana, hd

2 0 b o -0 \\apdnale e Dalay, £4)
. exp[lx(ﬂ/g:‘ﬁ%o)_ exp{d(/g@ﬂ: )- ,;Zé(ﬂ +/30)1E (B.42)
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Hence, from (B.35)

()
Sl ) %S o i Gl Gl o, 02
alpp,, /fﬁi) pr[_li,(ﬂ /3’: —ﬂ*ﬂo):\
e xp\__oc (ﬂ*+[$:) - oc*(ﬁ-\—ﬁo)] (B.43)

A simplification of this expression is required, and therefore
in line with (B.40), we introduce Q(B,B*)Q(B,B*) = 1 and

Q(BOIBZ)Q(BO,B;) = 1 and write
w 1 2 Y
Sy, ) =%g Spdp [Grl( AL B) exp(a(/f— <))

a8 AR e, A0 B esplil g AR
[Grz(po, fl: )fl(,%, ﬁ:) ex p(o(ﬁ:- a: /z»oﬂ (B.44)

2 ji-and 3 8
o9a’ da F0F" Ja*F

arrows indicate respectively differentiation of the function to the

We then introduce differential operators where the

right and left of the operator. Clearly

A(e,B) = explas- o(p)ﬂ(—(-)-d\ &d) (8. 45)

'ﬂ(ﬂ f30> “—O-( 8 ,ma )exp(xﬂo o(ﬁo) (B.46)

(B.47)

pr{i(pﬁ:‘ﬁ%o)] = %_P(dﬁ o(f':)Q)(P\_l( “aao( (B.48)
)1 exp(o(/&o 0(/30

for filter functions given by

aoc dol”
omitting the tedious algebra, it follows,

(2.2.7), that
(. fOR e, B e Uil oA )]
= e xpl« f- <13) exp[/\({u(d,af)]exp(acp’} <5,

-

(B.49)
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where

(-ﬂ-) <. —> <= - < —

d o
A\ (&) —-195&31_1//{% 2"*"'()‘ +1) é&dé_ .
-+ ‘é_ __55 (B.50)
(A=) Al ot °

Thus, from (B.44)

I 2 . § .

Sn(ﬂ(,d ) :%d/& Cn‘i(ﬁ’f&) Q.(/l,/f) )e,xp(o(p*—mﬁ)

eXp[/\S_de,x*)}

\ .Gl AR, Aerplafl- o) 50

In view of equations (B.2) and (B.6) we have therefore completed the
proof, and

(@0

-

(K8 " ‘233 . D "
517.(“ L) = 51(0(,04 )e XPY._/\_ (x,k )] S—,_(o(,o() (B.52)
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APPENDIX C

TWO DIFFERENTIAL OPERATOR
IDENTITIES

We present in this appendix the proofs for two identities, applied
in section 2.3 in reference to the phase-space integrals for two-time
averages. These two results appear in the text as equations (2.3.8)

and (2.3.9) and read as follows:

°i (")h/“\. : én*n(ogqun\:(o(*-g— )q,exp(— ;5: ) (c.1)

I X X et ol

("Q' —') ¢1("‘ A )951(0( L) = Z [('*I) p‘ Al (P-r)\l
{ = ¢1 N )3{(& )P ¢1(0( X )] (c.2)

We begin with (C.1) for which we may write

% /a2 .l‘ (oﬁé REV2D VAT

=0 M=0
-0 o]

n-mMm f'\

( 3" *%>~’) (c.3)

X *nm ao(-

d

where we have simply applied that general result of differential calculus

relating to the repeated differentiation of a product. The form revealed

by (C.3) clearly dictates that we divide the range of summation into two.
Y .

With n;oog, m;o’n we set R, and with n;gqg + 12, m;o>q R2 is formed, as
1 H ’

shown schematically in Fig.(C.1l). We then write (C.3) in the



T .

—

s |
-4)

n
or equation (c
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form

© “ kA )
nzzé-n/n\_%*h(oc 30() (ZZ +Z 'z‘_)

8 d n—om 0 n=Qgr\t m=0

[(—‘)n%“ /m\,(n-m)‘.(q,-m)\.laf (5 n e
ocboa

It is now a simplification to view the combined range R, + R, as the

single range R, for which m;0>qg, n;m*®., We may then write

© o q
réo(—l) /r\‘__ (Oz é ) Z Z Y_(’\) ‘/rﬂ‘(n m)\(%—m)]

a(x m=0 N=m
q'«\

< ééo( (éaﬁéo«

(C.5)

Further, defining r = n — m, we have

Z;gt)“/n\ -(.?-a(* q’j ) Z_ [( ‘)%‘/M‘P‘(q—m)‘]

=0 =0

*xqg M
X (aa@oﬂ >
w{ZcAMV/qu«N %“9 Tﬂz«n/r £

)

(c.6)
:(o( - - ) e,xp(~

and our proof lS completed.

S o™

We turn now to (C.2) and its verification by induction. To begin,

(ac—CB )¢3_(0(0( Yhi(x, ) = Pal, ot*)(af-‘?_ );61(04,08’)
,[3 ¢§1(0< X )l P, )

=i&mMo»nb i)
- [(ac*— ) qifz((xo()}

= 1, We now adopt, by hypothesis,

(C.7)

this statement is clearly true for p

jts validity for an arbitrary p, and consider then the statement for
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P+ 1. 1In this instance we therefore take

P+
(£ -

__) Bk ol ok o) - (e )[(oz* a ) Flo ) il O] .o

which, by hypothesis, yields

(f—g_m)w;zél(o(‘;of);é (£, )
R ML ABEVATE XP L<o<o<>l[<o<—5 V)
_& FERYA e 2
_..Z._{o ('DP- r,(P—r\) }{[SO{ 551(0()0(- )] {(o(~é—o() féz(oi,o&)l

- Al 2 B
.,Z [(. ol /el (p- a‘](é ;éi(oucﬂ[(oo -) ;51(« L)

P+

+Z [U) P /- \))(pu s)‘][é 74(«&1
\_(0(- )P“— }Zf(oc oc)l (C.9)

where we have defined s = r + 1 for the expression of the second term.
Now the first and last terms of the respective summations may be

extracted so we view the form
P+\
(o - é— ) ;5 (« oOﬁ (xl) = /@/1(0( e (2l ) ng,(OC,O(*)
+Z 1) P\ [\/r\_ (P_-r)‘ + l/(r- t)‘_(Pu-r‘)!] [{% . ?gl(o(,og)]
=1 K
L(«L- '§-02P+§‘2§;zo<,0°*>] +(~1)P+‘[a%i :u 551("‘""*)] ?‘x(“‘,oi*) (c.10)

Then, since

‘/r\. (P_r)\ + \/(r‘-;)!(P-H-r)\. = (P-‘-\)/(“'(\‘)-I-‘_(‘)\_ (C.11)
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it readily follows that
* (5 e+ * * e g \ )
(o= 20 Bl e i) =2 Tedlpan) /) (pu-o)!]

Y_g—r . ?51(0(,0{ )}[(0{- g-o(f“v;gl(o(,oc*)] (C.12)
&£

Having thus shown that the truth of (C.2) for p implies also its truth

for (p + 1), by induction, our probdf is completed.
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APPENDIX D

TWO APPLICATIONS OF DETAILED BALANCE CONDITIONS

We present in this appendix the manipulative algebra belonging to
the application of full phase-space detailed balance conditions to the
harmonic oscillator Fokker-Plank equation in section IV 6a, and
classical detailed balance conditions to the laser Fokker-Plank

equation in section IV 6b.

a) Full Phase-Space Detailed Balance Conditions for the Harmonic
Oscillator

We are concerned here with the detailed balance condition (4.6.5)
for the harmonic oscillator. This reads
(A "" f
P(a(o()exp( (o(o(.)

»

O Pl Dexpld S
nZ(K ) R )CXP(C) C))

(D.1)

where

(A

R, <) = 7\—‘ exp(— x J7) (D.2)

and

(A)

2 (o)
K(o( )

The fulfilment of t

(6/2,4'l.b)o)g‘o(x.o(*i-(é/l-‘ib)o)goco( +6'ﬁ 5%{60(* (D.3)

H

(6/TL+\UJ0)0< (5/1‘ W )Kfl +E n+\) 3 «(D-4)

[~ &
his condition will be established in the

demonstration that both sides of (D.1) may adopt the form



16l
(A)

ss(o(o( )Z( /”‘B(‘x/ﬂ) [ (K/l-l—lw.,)(n-\-\)/n o(
6/1 lh))o( - +5(n+\)3 }3 o

We take firstly the left hand side of (D.l), for which, on

expanding the exponential, we may write

> )Z((o(a()

R oo,
ss(O(,OC QXP< ax ao( (A) N)+
—Z(-l) /A [ é wn gs(o(,a&*)]g_ . X(o(,o(.*) (D.6)

Then, with (D.2), clearly

[ A
C—)%(*n Ec,(o(,o:) =(- d/ﬂ) H_,s 2 OL* (D.7)
Further, from (D.4), and using the identity
N -\
3 = -‘3- Ay ¥ a(é (D.8)
c)a( A dod”

we have

+
n N) *
g'o(nagéoi,d*) = [—(ﬁ/1+iwi)(n+ac.é-) ~(¥/2-1w,) £ %-o(*
+ 5 Aat) d ]é (b-9)

Jxdel " "

Thus, (D.6) becomes
é:;(d &) exp(—“ 3 )aéﬂ(
= P (oo >§0<\/n\.>(a</a>"
AFeYE ib)o)(n+oc§_o() (32 1wy) gg_fmm. ) %w]g‘a (0.10)

Now one further step is required to achieve the result (D.5). We find

Z(' e/ S = 2;:\[3/(«\ M e /a3 /n>o<§ 2 .

—ai(‘/n‘xd/n)(‘/n)o( = (D.11)

o S
nN=—

Q/
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and with this
+

A) - 7 N
Eg(x,oc*)exp(—sl % )f(()o(,oa*)

*

3 O )
=R, L (/o)) /7)

L8 /2 +we)(man)/a .« - (¥/a-iw,) o« NS -
Y ( /1. lwo)o(gog-\-mn-u)a_:(aoé] (_?;(n( .12)

Turning now to the right hand side of (D.l), with an expansion of

the exponential, we write
A ‘*‘

,{(A x) ng(cwi)exp(——— :5): )

<0 " (A) n ()]
=2 (N /a Z(o(*:o() {9\’. nP%(o( D(*):} ' (D.13)
n=0 éa(."' ? é—'o(.n
which, with (D.7), becomes

aZ?(o( a() :::cx 0&.)GZJ(¥>( )

*<50(

< Y a M ~
=3 (/) 2 ()t /3) Rl )Y wae

NnN=0 AOC
Then, from (D.3) it easily follows that

(A)

Z (oL o) o</ﬁ)n =(oc/a)n[(23/1—{wo)(n+\+o<§_2+(ﬁ/z+{wo)

(H—o(a )+6n(n/a( g_;éd*)l (D.15)

and from this, with (D.2)
(K)

2o ) Pt = o, /Y LY/ 10)

(n+1- xd/A +a<§—o() +(l&/z+iuo)(\—ocaf/ﬁ+ oc*sld )

1
+¥a(-n o /ax el /7 /4 ao(-—o(/nao( _“/na‘x c)o«}o()
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= P; ol WA [—(&/z+iwo)(n+océ)—(l§/’z.—{wa)£é
o ot

+68((’\/0{.§-—0€+ + g‘;bo@‘jl (D.16)
Now, in a like manner to the result (D.11)
Z /) /5) Bale/w)
do* c)o(
.—-Z[l/(n \)‘] _é_ _&'5:-‘
éo&éo( do™"
JENICVO N B (0.17)
dx e Jux

Hence, substituting (D.16) into (D.14) and drawing on the results (D.11)

and (D.17), we find

Z((A;too P::(d,o:)exa(jé E) = \g,(dot :}i: (\/n |)(o</n)n
'E((\/l+iu)o FFJ: —- —(8/2- W))Oﬁa *+6 A+ )60(60(]3 (D.18)

In this our objective is achieved since the results (D.12) and (D.18)

have both the right and left hand sides of (D.l) admitting the form (D.5).

b) Classical Detailed Balance Conditions for the Laser Fokker-Plank
Equation

For the laser Fokker-Plank equation, we have from (4.6.21), (4.6.22)

and (4.6.20)

)
«f(?o( 0‘) = (i—lwo 1 )oL +(<3+w)o—\o(| )0( a
é (D.19)
' Aamaoc
Z(?;( o) = Iy *<(ﬂ W *\o(\l)oc*—g_ogca-\—\'wé—\o(\l)o(
Y 4 C CB (D.20)

Sekdolt
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and
® |
R (e, o) =(N /2) e xpl- -‘;F(ygu’“_cj)l] (b.21)
It is our purpose here to show that the classical detailed balance
condition
(A)(oco&bg(o&o& ) -,,{(o( o()\(h)(o(ot) (D.22)

is fulfilled.

We begin with the right hand side of (D.22), and, on substituting

from (D.20), may write

(A)

,{(0& o()pss(okot) = é (3 YRR Py P Ps(a(o()_]

0(

E (« I )(3— W 1) a(.*a_-

0(.*
)
- a%({((j-\- iwo- \OU_L) & Pss(o()o(*)]
®» o,
- E..s(o(,o( )(T Wo- ) g.

X

+45 P (0( L) (D.23)
Qo

Now, we may expand the last term in this expression to obtain

é’- w _ f)j ) d » ssL"‘ )]5
S x AL Rofet) [ao(éa( 0( L+ Y
* a +:> é (D.24)
[g— P% 0(0()]() « | (O(d)aotaot.

Then, invoking (D.21), we have

(GY)

[a Pc) *]() = 2P (Oﬁd)(% (X ) )o( (D. 25)

X 1 * & (D. 26)
/"'[3’“ \?,5(0(,0( X\g‘ = IP (0( « )(%——\o(\ )o(
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while
al. A % A)
‘*%;ax R« = (% o) P Pl o)
a;*ﬁ—\o“)«&s(ogo«) ©-27
On substitution, these results give for (D.23)
()] A
*
L (L o() (o( L) = P (x,L )[(3_{wo_‘0u7‘)o(é
X
L
Hg+iwe- 1) 4y O
Jrite do ¥ c) dol .
(A
+iwo[c). o Eso(oc)_.-o& Ps L)) (0.28)
ok
and it remains only to note that
* (A " A » -
gm* o el el) = Rolw ol )[H—‘i(%- A1) ot (. 29)
(Ad CA)
é%( x Rolx,d) = R +“i(3— 1) ol ) (D. 30)

whence the final term of (D.28) vanishes leaving

A) (

Z (L) R (o, o) = Pg(o(oc)(((j RPS )04

+(<j+uo -1l )d() wrc)a Jooan

This, in the light of (D.19), completes our proof of the fulfilment of

(D.22) and the satisfaction of the classical detailed balance conditions

by the laser Fokker—Plank equation.
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APPENDIX E

THE OPERATOR IDENTITIES OF CHAPTER V

In this appendix we provide the proof of the four results (5.1.11)

to (5.1.14), these reading

5“;(\»“) Pos = (—‘ssgi(wv)exp(—tw»/kﬂ (E.1)
SRR Slpdespiusa/ 1) 52
%(:va)@s = Pas )(\j()\,)exp(’ﬂw\, /KT) (E.3)
(-:(b)v)@s = © (;(u)v)exp(-’ﬁwg/ T (.4)

For the first, from (5.1.1) and (5.1.7), we may write

v

H:(w ) Pec - (2 VEOA(E \gnmg ’w)
S AT A, expCH /T)

—~~

E.5)

which, on the introduction of the product exp(—Hs/kT) exp(Hs/kT) as

unity, may be restated

A

& - o exolHADIZ VEXELS,
SaW) Pss = Qos @XP S<E

)exp( He \. /KT (E.6)

Lﬁn«»

A
Sy T (7, VEXE Som B
.Q’XP E ( E )/kT]) (E.7)
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Further, with the definition (5.1.9) o

)

X
SiW) e = ess(EnZ,—méE,\XEM\ S O

a,m )
' G_x\b(-—"ﬁ W, /)
*>
= ess %)(w») exp(*’ﬁwv/ kT) (E.8)
In this our objective is fulfilled. The relationships (E.2) to (E.4)

follow via analogous arguments.
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APPENDIX F

DETAILED BALANCE CONDITIONS IN OPERATOR FORM

From section (4.1) the statement of quantum detailed balance is

found in (4.1.15) and reads

@ =71
<S(’U)S(o)> <%(’U) S(o)/e (F.1)

(o) (B)

where S and S are arbitrary system operators. In this appendix

we will show that equivalent to this is the requirement of the operator

conditions

ess = %/ss (F.2)
(5@52 Q:sx) = Xe,s C:(;DQ (F.3)

Here the operators«lf and Zf find definition in (4.2.11):

7 7L

@) () c/3>Z )
= (F.5)
r%% a{(:) -l:r% S S
gin with the expression for two-time averages given in (2.1.16),

We be

with this we may write (F.1) in the form

~F o~
o) ) ®
JLQD( ex P(,{'t ) 5((@)@3] Se) =Jccie xp( ) C\()(o)e%] S (o) (r.6)

and, from (4.1.11) and (F.4)

te Cexp(£D) <o pes) S0y = e Lexpld®) @s%coﬂ S e
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Then, with (F.5) and the cyclic property of the trace, we have

'k’"s ess[exp( Zt) S(O)]S(o) =X [QXP('{T)G%S(O %(o) (F.8)

(8) :

Now, since S (0) is arbitrary we may choose for it any dyadic and

replace (¥.8) by the operator requirement

Gss pr(g’b’) Cﬁ?c) = exp(g’t) ’é;s C(:-()o) (F.9)

Clearly, then, necessary and sufficient conditions are

ess = ’ésg (F.10)
" (x) )
egs ,{ OC(O)" ,f egg “(o) (F.11)

where n is any positive integer. It remains only to show by induction
that these may be equivalently replaced by the simple first order
conditions (F.2), (F.3). For this, we adopt (F.1ll) by hypothesis and

fake.
ess ZM‘%&%) = Gs% Z[ ,g S(O] (F.12)
Using (F.3) this yields
e 2" So) -Z e [ 7S]

::)(? [:(?53 "“ gﬁj}?)

and then, invoking (F.10)

Sar @) e on 79
Cos Z Sw© = 2L @g,%(o)]
:,f M‘ess S(“zo) (F.13)

It follows that (F.3) ensures all higher orders, and hence (F.2) and (F.3)

pecome necessary and cufficient conditions for the fulfilment of (F.1).
e =)
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In this way they qualify as the detailed balance conditions in

operator form.
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APPENDIX G

ENERGY REPRESENTATION FOR THE COUPLED
ATOM-FIELD MODE SYSTEM

Here we evaluate the energy eigenvalues and eigenstates for the
system comprising a two-level atom coupled at resonance to a single mode

of the electromagnetic field. The Hamiltonian HS' as given by (6.2.5),

has

H, =’Y\LJOQTQ +O/20)h b)oo:b +Jﬁ()(tcjo: +X°QO-+) (G.1)

As a complete set of states we may start with ln,+> and |n+1, ->,

where |n> are the usual Fock states;

‘hwo O"Q in> = n'\:\wo \n> (G.2)

and |[+> and |—> represent upper and lower atomic levels respectively:

(‘/l)‘hwoo;(l?“—> = +(1 /D) hwWe 12D (G.3)

Together these constitute the energy eigenstates for free dynamics. On

introduction of atom-field interaction, from (G.2) and (G.3) we move to

the coupled equations

W3 %
Lo+ Weln+ 1/2) (ae ) N In, +>
, *ﬂ V23 (G.4)
|ns1,=> \(n+1) X, Wo L+ 1/2) In+1->

il

H,

or

fn+> M ln,+>

(G.5)

>
v
{

fas1-> ln+t—->



172

where the matrix M is given by

1/
Wo("‘+'/7~) (A+1) L\&t
M =% /2 (G.6)
() KK, Wy (n+1/2)

Now M May be diagonalised by a collineatory transformation (Eisenschitz,

1966)

g‘ MS = A (G.7)

where A is a diagonal matrix whose diagonal elements are the eigenvalues
A, and A, of M and S is a 2 x 2 matrix whose columns form the

. . —* + 3 .
corresponding eigenvectors S; and S, of M. Achieving such a

diagonalisation (G.5) may be written

IE.D VB

H 1 = A\ \ (G.8)
s \
\ED 1=
where
L
‘En> af tn,+d
3 = S (G.9)
\Eﬂ> Inst->
will be energy eigenstates for HS with respective eigenvalues
o . (G.10)
Ea = 7\1,1 )

The eigenvalues A, and A, are to be found by solution of the

characteristic equation

olejt (™M - >\I-J = 0 (G.11)

I. being the 2 X 2 identity matrix. Thus, from (G.6) we have
2

»
['\'ﬁwo(rn- \/2) - )\1 A () \)‘\o\l =0 (G.12)



whence

2,1

W2
E. - )\1.1 = [ wo(n+\/L) Y (as) \)40\]

Wri tlng then

gu S|1
S =
52.! %11
we have
S Si
M _
Sat ﬁ;xl
and
%:7. gu

=<
("
>
N

Sll 511.

which, from (G.6) and G.13) yvields

S21 = Sy
E’ll = "'gslz
and we write
S0 T S
S =
Sil S

It then remains only to invert S;

- /ey /sy
S =(/>2)]
/S /52

and with (G.9)

lE:) =(t/52) (14> + Ak <> )
1ED =(/3T 100> - 1asi-))
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(G.13)

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)
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where S;, and S,, are chosen for normalisation to unity. 1In (G.13) and

(G.20) we find fulfilment of our objective.
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APPENDIX H

SOLUTION OF MATRIX EQUATIONS
FOR RESONANCE FLUORESCENCE

In the text we have developed a formalism permitting solution for
atomic matrix elements, the semiclassical scattered field, and first- and
second-order correlation functions by way of a single set of four coupled
equations. Here we will approach the solution of these equations, working
specifically with the atomic matrix elements pn'E of (7.1.5).

From section 7.1, in resonance fluorescence the master equation for
atomic dynamics may be written as a set of four coupled equations, these

reading

N ki e e e
a6 8- © L (u
Y 62_1 “8/7\ -6/1. —(36/1{, +2\ A \XOD ’6/4— @l

i
@) Uy SC LRI IVAYY

For their solution it is convenient that we define the vector p by
/6?11 + 6?11

(Jz.k (;’u (1. 2)

C%L + fﬁl

K&?Ll - 6}1

= - M = (H.3)
=€ e

(H.1)

—>

e =(/2)

and then write
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where the matrix M reads

([0 o o

M- o

W (H.4)
- o -8 -u?\‘/mo\

LM
o o - ) -%/z
Now the solution of (H.3) may be achieved via the diagonalisation

of M using the usual collineatory transformation (Eisenschitz, 1966).

With this, for some matrix S, to be determined, we have
-1
S MS = A (.5)

where A is a diagonal with diagonal elements Ai' i=1 to 4, given by

the characteristic equation
det (M- )\T_h) = 0 (H.6)
>
I, is the 4 x 4 identity matrix. The columns Si’ i =1 to 4, are then

the eigenvectors of M corresponding to respective eigenvalues Ai and

Mg‘ = >\'\ ?:\ (H.7)
Having this scheme g is defined by
62 = 5_\ —é (H.8)
and the matrix equation (H.3) written
O_L-._é’d = N (H.9)
dt

Thus we have recourse to the simple solution

oc@) = exp (A1) T

(H.10)
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which, with inversion of (H.8), yields

E;(U =S ex\b(./\_U %—lé;(o) (H.11)

It remains to solve (H.6) and (H.7) for the eigenvalues Ai and
. >
eigenvectors Si of M, and taking first the characteristic equation (H.6),

it readily follows from (H.4) that this admits the forxm

>\(}\+6/1>( )f+ >\ 3\6/2_ + ‘x/lir Ln l)(oll) =0 (H.12)

Thus, solving the quadratic,

o ©o o o\

@) -E/l (o) o
N\ = (H.13)
o ¢} -3\6/4—1-51_ o
o O o 2b/h—a/
where for Q we have
2 2 l/z
o o= LOVEY - ga W) ) (H.14)
Turning then to (H.7) we may write
Syt
M o = 0 (H.15)
S
512 o1 (H.16)
P4 = -‘/1
©12 | 5=




\%43/
Sy, )

M| S
Sy
and from these we find

[ <,

O

and

S, -

[ o
2

O

\ o
[ o

O

U’m‘L

£

= -(2¥/4- )

-(3¥ 4+ 0)

L (2 T3y /ﬂ‘ﬂ)%)

\ Syn /
/ Sy )
S

X

\ Sy

-( 51/ 61+ 3m 14, Sy
\ R AN Vg min e, S
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(H.17)

(H.18)

(H.19)

(H.20)

(H.21)
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[ o

_é O
L‘, - v( .—‘/2’ ' (H.22)
k 2in DAg) /T.,K-..Q_) Sy
e
h i =
where Si' i =1 to 4, are arbitrary constants. We may therefore write
S, o
O
S - -
1,2 2
S5/ Y v en ) o

/7

(2im 0 /0T Ergamid) Sy o

o o \

o O
= Ginhl/ —‘,;6-51)8:1{.23)
(27 % /58-0)S, Sy y
and after rather tedious algebra
(]S, o
4 o /S,

-%\B/ﬂ-"/%a o

(/i DG -0Ya /s, o
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o o \

o O

A (5Y-a) /e /s, VA 1K) /ol /oy

-1/2 ziﬁ‘/?)ko\ [a VS, —‘/1'(%;5——(1)/3-"/%4/

Solutions for atomic matrix elements with arbitrary initial conditions

are then available from (H.1l) with (H.13), (H.23) and (H.24).
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APPENDIX T

TRANSIENT SPECTRAL FEATURES

We present here the full form for the term I"(w,;,T) in (7.3.28).

From (7.3.2) we write

I(u T = (, /ur)(T(—:-r)/SO&I(—*Jc)) Plo=rT) @

with the intensity and integrated intensity given by (7.3. 21) and

J .
(7.3.22) respectively. P (w,r,T) is conveniently written as the sum of

four terms

i
P‘(w,’F,‘r) = -(\/Z)Io(_(?)kz_ il?(w,"r) (T.2)

1
We have /
{]O W - Way W - W n l)(o‘
1(LAJ,T) ::(l/l) EX) (w _wv) (3K)+(w wu) l—X)-t-kr\D()
T Y2 A
("‘ Coszn l)(o\"l")
(/)| “u s } ut (1.3)
/2 %)+(w W) (—K)Kw WY (—K)-H.ml\(\ ,
V/Z A
&TX5u31K IRNT
‘ ‘g (Lo-wg) (W -wp) ]
ﬂ?.(w)—r)’[ LY)* +(w w ) (O s (w- Wo) (1“) w- {Jo)"(-ﬁ) +(w-w,)
- 1¥T
(l- Coslw-w)T )
¥ (w-wy) i}
o) 7*
L3 -:.(Ku W) (fw TW'W) (—‘)“(“’ wo) X+ (- e

BT % 1n(w - u-)°)—‘—
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+(\/1)K %8 (W -Way) (W-w,)
(3‘6) +Kw w %)’“J(\w W) (36) »(w w,_,) G+ (w-w,)”
2T
(= Coolw-wa)T)
+/2) 32X (w-w.) 2% (W - We)
2 4+ (wo-w Y C“'B) Hw-wy) (""K)-v (w WY G (W -wp)”
N —-XT Slh(w-—\do)’-\_
+(‘/1){ 3y (W-wa) (w - wa)
l‘s) (- wy) (EU rw-wa) ("5 15K (w \-0,,) @%) +lw-wy)*
(\ - Cos(w U)o)—r)
'\'(\/1,){ %—‘ (UJ w‘l) ‘L+ 36 (U\J Wo)
2 Y (- W) BB +Hw-w) G +w-wa)' (G 25)s (w-w,3
,e:—“"’ Sialo- wo)\ (I.4)
E x > K (w-u.)—;_\) (w—W'u)
Rlon=t/ 73{ ST - o SO P (o) G o) GBS (w—wnﬂ
KT
'(\— e Coslw- w-u)T)
2 ( -Way)
+(\/) 3 (w u),v\) +3 ‘{K 13w1 ;)
( 6) +(w- U.).U)( » +(w (.\),'\) T‘_E) *’(W’wz,\) (E& ’*(w"’“)u)
_3\4 A
c ""&T %;n(w’wn)—r
X 6‘ (W—UJZ_\) (Ud U-)o) ‘}
/D T T T » b (0l G

_5
zg—r Coslw- wx\)—r)

(i-e

=% (UJ'U-)L\) + 5‘ (wW-Wo) ]
+/2) {(a)?m-wf ED o) GOl G “wef

-5 47
G2

S}n(w— w1|)—? (x.5)



p(w T) :( 1){- -‘%K %% (w UJ,-‘\_) ( wia)
kT ‘/ (_%\t)x't-(b)—\om)‘ (}‘;\6)1+(w_wn\) ( K) "'(UJ “’\O (3‘1))4_(“) -W, }
i
( Coolwo- Ld,,)T)

+(\/ﬂ A Lw-wn) o 2y (w-wa)
(“3)+(w W) EH5 (w- RNE 2 %) +(w-w) GV w-w,§

'—%’\T N
‘@ S\m(w—wm\T

_‘(‘/_):){ s 6 (w-wn) { Wu-L3e)
(‘B} -\—(w W) (gﬁ) +w-wy) (gm + (- W) (J)ﬂ(w—wd)

g‘T A
(i-e* Coslw-w1)
+(v[2) z8 (w-wa) 2% (- wa)
EE + (w-wo) (gk) +lw-w,)* G S+ (W-wa) ALY+ (w-wyy:

é’é ‘T S'm (w - u),J_AT

183

(1.6)
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