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Abstract

We first establish why the p-adic zeta function has a Dirichlet series expansion.
We then compute an improved expansion, which allows us to express it as a
power-series modulo p™. Using this expansion, we compute all the zeros of
L,(s,xw’) for those quadratic characters x of conductor < 200.
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Introduction

The Riemann zeta function is one of the most studied objects in mathematics.
If s = o + it with ¢ > 1, it is given by the Dirichlet expansion

()=
n=1

and can be analytically continued to the punctured plane C — {1} with a simple
pole at s = 1. This function was introduced by Leonhard Euler. He studied this
function in the first half of the 18" century without reference to the complex
numbers. He also found the connection between the Riemann zeta function and
prime numbers. This connection has its genesis in the Euler product formula.
In addition, Euler computed the values of the Riemann zeta function at even
positive integers and at negative integers, which yields a direct relationship to
the Bernoulli numbers.

Later in 1859, Bernhard Riemann extended the domain of the zeta function
to the complex plane. He studied zeros of the zeta function, which gave us a
clear picture expressing the connection between the zeta function’s zeros and
the distribution of prime numbers.

The Riemann zeta function vanishes at the negative even integers as a conse-
quence of the fact that By = 0 for odd k£ > 1. The negative even integers are
called the trivial zeros. However the non-trivial zeros have taken far more at-
tention, since their distribution is far less developed. Studying the distribution
of non-trivial zeros yields impressive results related to the distribution of prime
numbers. The non-trivial zeros lies in the strip

{s € C,0 < Re(s) < 1},

in other words the non-trivial zeros lie to the left of 0 = 1, and to the right of
oc=0.

A century later in 1964, Kubota and Leopoldt extended the domain of definition
for the Riemann zeta function to the p-adic numbers. They gave a construction
of a p-adic zeta function interpolating the classical L-function. The values of
their p-adic L-function are the essentially same as the Riemann zeta function at
negative odd integers. Beside this there is another expansion for the L-function
established by Iwasawa and Coleman. They interpreted the p-adic L-function
in terms of Iwasawa Theory.

The purpose of this thesis is to compute the zeros of the p-adic L-function



twisted by a quadratic character. Firstly, we understand the relationship be-
tween the zeros of Ly (s, xaw'™?) and the zeros of a certain power series F) (T').
The number of zeros of F, (T') is exactly the A zeros of the distinguished polyno-
mial in its Weierstrass factorization. We then compute the number of zeros as-
sociated to Ly(s, xaw'™?), and the coefficients of the p-adic power series F) (T').
Finally, we extract the Iwasawa polynomial from the computed coefficients.

Here is a detailed plan. In the first chapter, I gather the basic information about
p-adic numbers and p-adic analysis. Also the values of ((s) are expressed in term
of the Bernoulli numbers for all negative integers and even positive integers.
Moreover, we give a quick glimpse on some classical results on Dirichlet’s L-
function.

In the following chapter, Kubota-Leopoldt’s p-adic L-function is defined, which
interpolates the complex L-function associated to Dirichlet characters. Also in
this chapter, I present an overview of the relevant distribution theory, which
is an important tool in extending the definition of the p-adic zeta function.
In particular, I introduce the k-th Bernoulli distribution and associated p-adic
measure.

In the third chapter, we prove expansions for the p-adic zeta function. Quite
surprisingly the Kubota and Leopoldt zeta function also has a Dirichlet series
expansion. More precisely, we show that

1 o X
(st = 2(1 —wlHh(2) < 2 >1+9) > ( > (TP (m) <m > )
n=1  p=pn-1
ptm

The proof of Delbourgo [2] is related to p-adic fractional derivatives.

In Chapter 4, I express the p-adic L-function in the form of a power series.
We will define the M-invariant of F, (T'), and similarly the A-invariant of the
distinguished polynomial P, (T"). Chapter 5 gives our main steps for the com-
putation in a PARI program; moreover we write our implementation for the
approximations in a GP/script.

Finally in Chapter 6, we firstly tabulate A-invariants associated to Ly(s, Yaw! ).
We then tabulate the coefficients of the power series, and the Iwasawa polyno-
mial for primes 3 and 5. This yields some new zeros for the p-adic zeta-function,
additional to those computed in [4].



1 p-adic numbers

The purpose of this chapter is to develop some basic ideas of p-adic analysis.
Here, we present the concept of distance (metric) between two rational numbers
with some examples. In addition, some basic information about p-adic numbers
is given. One can express any natural number as a sequence (a;);en of p-
adic digits. Also, I will define the Riemann zeta function with the Dirichlet
character and properties of the classical Dirichlet L-function. Moreover, some
details about generalised Bernoulli numbers is given, which are needed for some
values of complex zeta function and Dirichlet L-function.

Definition 1.1.
Let X be a non-empty set, and £ : X x X — [0,00) a function. Then (X,£) is
called a metric space if for all x,y and z € X:

1. L(z,y) =0 if and only if x = y;
2. Uz, y) = Ly, x);
3. U(x,y) < Ll(x,2) +£(2,y).

Definition 1.2.
A norm ||| on a field F is a map from F to the non-negative real numbers, such
that

1. ||z|| = 0 if and only if x = 0;

2. |lzyll = ll[lllyl;
3l +yll < ll=ll + Myl 5
for all x,y € F.

It is clear that any metric is induced by a norm by the value ¢(z,y) = ||z — y||.
For example, the absolute value on the rational number field Q is a norm, while
the distance metric on Q is induced by ¢(x,y) = |x — y|. Furthermore, another
metric on Q which is related to our topic is the p-adic metric ||, where

|$| _ p—ordpac if 75 0
P 0 ifx=0
and ord,z is called the p-adic valuation; it is defined as the highest power of p

dividing x, where x is taken from Q.

Definition 1.3.
A metric (respectively a norm) is called non-Archimedean if it satisfies the fol-
lowing stronger inequality respectively:

Uz, y) < mazx(l(z, 2), (2, 9)),



llz + yll < maz(||x]], [[yl]),
for all x,y and z € F.

In other words, a metric is non-Archimedean if it comes from non-Archimedean
norm as follows:

Uz, y) = [l —yl|
=l =2)+ (z =)l
< maz(|lz = z[|, ||z = yll) = maz(l(z, 2), £(2,y)).

Therefore, a non-Archimedean norm | |, on Q induces a non-Archimedean
metric on Q. Likewise the ordinary absolute value | | which is Archimedean
induced from Archimedean norm.

Definition 1.4.
A Cauchy sequence in a normed field F is a sequence (a,) such that for all
e > 0, there exists N > 0 depending on €, such that

lan, —am| < €

for allm,m > N.

If every Cauchy sequence has a limit in F', then F' is complete. For example,
most Cauchy sequences in Q do not converge to an element in @Q, hence the
rational numbers Q are not complete with respect to the ordinary absolute
value | |.

Definition 1.5.
The p-adic rational numbers Q, denotes the completion of Q with respect to the
p-adic norm, where p is a fized prime.

All elements of @, can be expressed in the form:

m—+1 m—+2 +

amP™ + Gm41D + Q2P

where a; € {0,1,2,...,p—1} and m is any integer. In addition, all a € Q, with
lal, <1 are called p-adic integers Z, (which is a subring of Q,), so that

Zp={a€cQyp:lal, <1} ={aecQ,:ord,(a) >0}

Moreover, every element a in Z, can be express p-adically with no negative
power of p,

o0
a=ap+ap+ap’+--=> ap'.
1=0

Since a has a unique representative Cauchy sequence a;, where ¢ is the limit of
this sequence 0 < a; < p*, for all i = 1,2,3 and a; = 0 mod p".



In particular, elements a of Z, with |a|, = 1 form a multiplicative subgroup of
Z,, called “p-adic units”. These p-adic units can be identified via:

Z;:{Zaipi:ai6{0,1,2,...,1771},&07&0},
=0

while

Ly = {Zaipi:ai € {071,2,...,p—1}}.
i=0

Example 1.1.
We now describe an expression for \/—1 in Zs. Firstly, if

\/—1:a0+a15—|—a252+a353+...

then
71 = (a(z) —+ 2&00,15 —+ 52a2a0 —+ ... )2

i.e.
—1 = a2 + 2apa15 + 5%azao + . . ..

Reducing modulo 5, one obtains
~1=almod5 = ap=3
—-1= a% + 2aga15 mod 52
then
—1 =9+ 30a; mod 52 = a1 =4
—1= ag + 2apa15 + 5%asag mod 53

in which case
—1=9+120+ 75a; mod 5° = ap =0
s0/—1€ Zs.
However, \/—1 ¢ 77 because
ag =6 mod 7
is impossible to solve in integers, where a; is taken from the set {0,1,2,...,6}.

In Q, we define D,(c) = {x : |x — a|], < ¢} to be the closed disc of radius ¢
centered at a, and D,(¢) = {z : |x — a|, < ¢} to be the open disc of radius
centered at a. If b € D,(c) then

lb—al, <c



and since | |, is non-Archimedean norm on Q,, the latter implies that
|b— al, < maz([bl,, |al,)-

Then any interior point in a disc is its center.

In particular, the rational integers Z, is a disc in @, centered at zero, so that
Zp = Do(1) ={a:|al, <1},

and it is viewed as the closure of the ordinary integers Z in Q,.

Now consider the set pZ, is disjoint from Zj, and moreover Z, = pZ, U Z,.
In fact pZ, is a unique maximal ideal. Any element a € pZ, with valuation
ordya = k implies a ¢ p**17Z,, so that

Zp D pLy--- DMLy D - D Mi0p*Zy = {0}

Therefore p*Z,, k € N, gives a sequence of neighbourhoods of zero.

1.1 Teichmiiller representative

The Teichmiiller character is a homomorphism of multiplicative groups w : Z; —
Z;, where for each a € Z, w(a) is the unique (p — 1)* root of unity such that
w(a) = a mod p. Here w(a) is called the Teichmiiller representative of a. Each

a € Z,, can be uniquely decomposed in the form a = w(a) < a > where < a >

lies in the principal units
14+pZy, ={1+pa:acZy}.
In addition, any x € @, can be written as
A = Z,
and decomposed further into

x = p”u(a) < a>.

Example 1.2.
In the group Z%, we shall now compute w(2) and < 2 >= 2/w(2). Firstly

w(2) = ap + 5ay + 5%az + ...

and
w(a) = a mod p,

in which case
apg=2modb = ag=2.



Also w(a)’™" =1 in Z,, hence
1=w(2)" = (24 5a1)* mod 25

=2 +4x 2% %x5a; +... mod 25

implies that
a; = 1

and
w(2) = 7+ 5%as.

Once again w(a)’™' =1 in Zy, so that
1=w(®)! = (7+5%; +...)4mod 125
implies as = 2, and w(2) = 57.
Lastly < 2 >= 2/w(2) mod 53, which means
w(2)' =571 = —57 = 68 mod 5°
and

<2>=2x68=11mod 5°.

It can be concluded that, in Z%, one can express 2 as
2 =w(2)x <2 >=57x 11 mod 5°.

In example 1.1, we found /=1 ¢ Zz, because the congruence af = 6 mod 7
can not be solved. Solving this congruence is the same solving the equation
2?2 — 6 = 0 in Z7. In particular, let o be the solution for the above equation in
Z~, then

a=ap+aT+a?+....
Therefore, solving an equation in the p-adic integers means solving each coeffi-
cient of ag, a1, as,... at modulo p, p?,p3,... respectively. If one coefficient has

no solution, then there is no solution for the equation. This can be easily shown
by ”Hensel’s lemma”.

Theorem 1.1. (Hensel’s lemma in [8])

Let f(x) € Zy[x] polynomial with p-adic integers coefficients. Let ay € Z,, such
that f(ap) = 0mod p, f'(ap) # 0 mod p. Then there is a unique a € Z, such
that f(a) =0 and a = ag mod p.

Proof.
We must establish the existence of a sequence of rational integers satisfying:

1. f(an) =0 mod pti;

2. ap = Gp_1 mod p';



3. 0<a, <p™tln>1

The existence and uniqueness of a, can be proved by induction on n. If n =1,
then choose dy to be the unique integer in {0, 1,...,p — 1} satisfying

dop = ag mod p.

Now putting a; = dp + b1p, where 0 < by < p — 1 as a; satisfies (2) and (3),
then

fa1) = f(do +bip) = Z ci(do + bip)’

=0
— Z cidy’ + (Z icl-do”l)blp mod p?

= f(do) + f'(do)b1p-
Since f(ap) = 0 mod p implies that
f(dp) = apmod p* ,a€{0,1,...,p—1}, (1.1)

we need f(ag) = 0 mod p?. We must therefore have

ap + f'(do)bip = 0 mod p?
implies
a+ f'(do)by = 0 mod p. (1.2)
By the assumption f’(dp) #Z 0 mod p in this theorem, and (1.2) can be solved
by choosing b; € {0,1,...,p — 1}, so by is determined uniquely.

Suppose we have obtained a1, as,...,a,_1. Then as in the first case,
flan) = flan_1 +bup™) = flan_1) + f'(an_1)b,p™ mod p"*'.
By the assumption in the theorem, f’(a,—1) Z 0 mod p™ hence
flan_1) = ap” mod p"*', a€{0,1,...,p" -1}

which implies that

ap” + f'(ay_1)byp™ = 0 mod p" Tt (1.3)
and

a+ f'(an_1)b, = 0 mod p. (1.4)

As we did before, (1.4) can be solved by choosing b, € {0,1,...,p— 1}, so by is
determined uniquely. Moreover this satisfies f(a,) = 0 mod p"*?, therefore

a:do+b1p+b2p2+...

such that
f(a) = f(a) = 0 mod p"+!

and then f(a) = 0 as required.

10



1.2 Zeta functions and Bernoulli numbers

Here the Riemann zeta function is introduced, which is a key player in of our
thesis.
Definition 1.6.
The classical Riemann C-function is defined by the formula
C(s)zZl/ns7 s=o0+iteC
n>1

with o and t real numbers and o > 1.

Proposition 1.1.
The sum of the infinite series ) -, 1/n® converges when Re(s) > 1.

Proof.
If s = o + it, then
n>1
_ 1
- Z no+it
n>1
-Y
- na'nzt
n>1
- Z 67“ logn
= e .
n>1

We can see ) -, ni is convergent for o > 1, so that

o

There is a famous expansion for the Riemann zeta function

1
=17

which is known by Euler product formula.

11



Now, we present the definition of Bernoulli numbers. The purpose of that is to
express ( in terms of the Bernoulli numbers for all the negative integers, and all
the even positive integers. Consider Taylor series expansion of

tet
et —1

F(t) =

about t = 0.

Definition 1.7.
Ezxpanding F(t) into a power series of t

tn
()= By
n>0
the coefficients B, are called Bernoulli numbers.

For example, the first few B,, are By = 1, B = —%, By = %, Bs=0,By=—+

where B,, =0 for odd n > 1, since F(—t) = F(t) — t.

Definition 1.8.
Consider the function F(t) in two variables t and x :

Flta)= 4 = (3 Bng)(z (zt)

et —1

Then

i=0
where the By, (x) are “Bernoulli polynomials” with rational coefficients.

The first few B, (z) are Bo(z) = 1, Bi(z) = = — 3, Ba(z) = 2> —x + §,
Bs(z) = 23 — 32% 4 1z, It is also clear that B, (0) = B,.

N|—

1.2.1 Dirichlet characters

Definition 1.9.
Let n be a positive integer. A map x : Z — C is called a Dirichlet character to
the modulus n if it satisfies:

1. x(a) depends only on the residue class of a mod n;
2. x is multiplicative, i.e. for any a,b € Z x(ab) = x(a)x(b);
3. x(a) #0 if and only if (a,n) = 1.

12



Definition 1.10.
Let x' be a Dirichlet character to a modulus m, where m|n and m < n. The
character x is said to be induced from ', if for all a € Z, x(a) is given by

_ ! if (a,n) =1
x(a) = { 8( if (a,m) > 1.

Then x is a Dirichlet character to the modulus n. Otherwise, if x is not induced
from any character to a modulus m, then x to modulus n is primitive.

If the character x to a modulus n is primitive, then n is the conductor of y and
it is denoted by f,. Also, if x1,x2 are two primitive Dirichlet characters and
f1 and f5 be conductors respectively, then there is a unique primitive Dirichlet
character y with conductor f dividing f; fo, such that

x(a) = xi(a)xz(a), (a, fif2) = 1.

The set of all primitive Dirichlet characters form abelian group. The identity
of the group is the principal character defined as x°(a) = 1 of conductor 1.

1.2.2 Generalization of B, and B,(z)

Let x be a Dirichlet character with conductor f. Now consider

(t) = T y(a)tet
XA P eft — 1

so that

and

In particular, one can write
~(n
By (z) = Z ( ; ) B; ya" "
i=0

Let Q(x) denotes the field generated over Q by the values of x(a). Thus B,,
lies in Q(x), and it is called generalised Bernoulli numbers. Also B, ,(z) is
generalised Bernoulli polynomials in Q(x)[z].

13



In the case x = x" and f =1,
F,(t)=F(t) and F,(t,z)=F(t x)

therefore
By, yo = By, B, o(x)= By(x).

1.3 The values of ((s) at negative and positive
integers

The interesting feature of the Riemann zeta function is that it can be expressed
at negative integers in terms of Bernoulli numbers. This means zeta functions
have rational values, and therefore, we can interpolate zeta functions p-adically.
Here we present two important special values of zeta function as follows:

1. The value at negative integers:

¢(1-n)=—", neN.

n

One can see ((s) is zero when n takes even negative integers values, be-
cause Bernoulli numbers equal zero when n is odd. They are called trivial
zeros of Riemann zeta functions.

2. The value at even positive integers:
22n71 _B2n
(2n—1)! 2n ’

Moreover, the functional equation of the complex zeta function relates
¢(1 — 2n) with value of ((2n), i.e.

¢(2n) = (=1)"x*" n €N

Glom) = (1w 2 - B,
= Dn@ﬂ%%éfiﬂl)'
N
= oy BTy

14



1.4 The Dirichlet L-function

Definition 1.11.
Let x be a Dirichelet character. The Dirichelet L-function associated to x is
defined by

L(s,x) = Z x(n)n™?,

n>1
for Re(s) > 1.
If x = x° then L(s,x°) = L(s,1) = ¢(s).
Remark 1.1.

1. Dirichlet’s L-functions can similarly be written as an Euler product

Lis) =TT (- X2)

s
» p

where Re(s) > 1 and the product is taken over all primes p. In particular,
we can view ((s) as a Dirichlet L-function for the principal character
x" mod 1.

2. The values
_ Brx
k

are rational numbers where k is positive integer, and By, . is generalized
Bernoulli numbers.

L(1—Fk,x) =

15



2 The method of p-adic interpolation

This chapter contains all the necessary background material on p-adic L-functions
attached to abelian number fields, through their twists by Dirichlet characters.
We employ the language of measure theory.

2.1 Kubota-Leopldt p-adic L-function

The main purpose of this section is to construct a p-adic analogue of the clas-
sical Dirichlet L-function L(s,x). Kubota-Leopoldt solved this problem by
constructing a p-adic L-function which takes the same values as L(s, x) when
s €{0,—1,-2,...}. For the classic construction, I follow Iwasawa’s book [6].

From now let p be an odd prime number, Z, be the p-adic integers, and let C,
denote the completion of the algebraic closure of Q,. If we use |p| = p~* to
denote the normalization of the p-adic absolute value, then C, is a topological
field in the metric defined by the p-adic valuation, where the topology is the
p-adic topology of Q.

Define w(a) to be the unique (p — 1)5* root of unity in Z, satisfying w(a) =
a mod p, for each a € Zy, where w is the p-adic Teichmiillier character. In fact,
w is a Dirichlet character on Z of order p— 1 and conductor p. Let K be a finite
extension of Q, in C,, and define

K[[z]] = {A = A(z) :Zaixi:ai €K}

to be the ring of all power series in z, then A(x) converges at x = s in C,, if
and only if |a;s'|, = 0 as i — oo.

Definition 2.1.
Let Py denote the set of all power series A in K[[z]] with ||A]] < co.

According to the definition of a norm, ||A|| be a norm on Py if
1. ||A|| > 0 and ||A]| = 0 if and only if A = 0;

2. [|[A+ BJ| < max(||A]],||Bl]) and A, B € Pg;

16



3. ||lcA||l = ||||A]| and ¢ € K;
4. ||AB|| <|]A]|l x ||B|| and A, B € Pk.

Therefore, Pk is a subalgebra of K[[z]] containing the polynomial ring KJz],
ie.
K[z] C Px C K[[z]]

Lemma 2.1.
Py is complete in the norm ||A|| so that it has the structure of a Banach algebra
over the local field K.

Proof.
Let A,, be a Cauchy sequence in Pk with respect to || ||, say that

o0
k
A, = Zaka , anx €K
k=0

The lemma can be proved by the following three steps:

1. Foreach k > 0,lim,—o0ln i = ai exists in K. This means the sequence(a, k)
is convergent

2. A=Az) =307 garTF € Py if aj, = limy, 00 an -

3. lim,_,, A, = A in the norm topology of Pk.

Proof of 1.
For any ¢ > 0,dN € N, such that n,m > N

= ||4, — Anl] <e,
SO
lank — amkll <e,

so for fixed k, (an) C K is Cauchy so it is convergent.

Proof of 2.
Here (A,) is bounded, as it is Cauchy. Let (A,) is bounded by C' > 0, then
Vn, k

|ani| < [|An]|| < C,

so |ag| < C
— A€ Px

Proof of 3.
For any £ > 0,3N such that n,m > N, = ||A, — A,|| < ¢, then for any
k>0

‘an,k _am,k| Z HAn _ATI’LH <e€

17



so for fixed k
lay, — amp| <e ,m>N

Hence
|A— A, <e

so A, converges to A. O

For any n € N, we define a polynomial (7) of degree n in K[z] by:

(3:) _a@—1) . (@w-ntl) 1 ot

n n! n!

It is clear that |[(¥)|| < |%| when @ € Z,,. Now let b, be a sequence of elements

Cn = i(_l)n_l (?) bi7

of K, then we define
i=0

so that

>t = S (M)

n=0 : n=0 i=0
0 Ty pER ks
B "nl n!’
n=0 n=0
Then multiplying both side by ef,
=t =t t
Db =0 e )Y )
n=0 n=0 n=0
=30 (3
n=0 =0
so that,
" /n
b p—
=3 (F)en nzo0
1=0
Theorem 2.1.

Let r € R, such that 0 < r < \p|ﬁ, and assume |c,| < Cr™, for all n € N,
with C' > 0. Then there exists a unique power series A(x) in Pk satisfying the
following properties:

1. A(z) converges for |s| < |p|ﬁr_1;

2. For alln € N,



Proof.

1. Let

k 0o
Ak(l') = Zci <::) = Z aglk)xn’ agbk) e K
n=0

i=0

clearly Ag(n) = b,, Ak(x) is a polynomial of degree < k, so we have
aglk) =0, ifk<n.

By the given assumption on ¢,
1 —_—n_ -1
“Cn <2>“ < |Cn’ X |ﬁ‘ < ’Cn|p =1 < C(|p| p—1 )TL =" (21)

where § = |p|v;—11r < 1.
For Il > k,

||A; — Agl| §max(‘|ci<§)|| < CsH k<) (2.2)

since 6 < 1, so (Ay) is Cauchy sequence, then A = limy_,cAr € Pk
with respect to || ||. Now let

oo o0
A= g art and A = E al,kml
1=0 1=0

then a; 5 — ay as | increases, and deg(Ax_1) < k — 1. It follows that
ag,x—1 = 0 and for | > k, we use the bound in (2.2),

k| = |ar g — agr—1| <||A — Ap_1]] < CSFTL

Consequently
|al,k‘ < 05k+1’

and so A(x) converges at s € C,, with
|s| <07t = |p\P%lr_1.

2. Now fix s € C, such that |s| < §~'. Then Ag(s) — A(s). Let by =
a; — ay i, so that

A(s) — Ar(s) = Z bl)ksl as k — oo.
1=0

It is enough to show that max(|b; xs!|) — 0. If I > k

jars' — ars'] = (a1 — arg)s'| < ||A = Agllls|" < C8*s|f

19



so |bpxs!| < Co*HL|s|t and for I < k

puast] < 14 = st < ot < { G e ol S
If we call m = max(6,d|s|) < 1, then
bys| = |A(s) — Ar(s)| < CmP*, k>0
which implies

A(s) = kli_)rrgo Ag(s).

Now for each n < k,n € Z one has

Ax(n) = Zk:ci (?) = b,

=0

hence A(n) = b,,.

2.2 The classical p-adic L-function

For each integer n, define the character

n

Xn = XW

where x is primitive Dirichlet character of conductor f with values in C,, and
w be Teichmiiller character with conductor . If the conductor f, of x, is
coprime to p, then f,, divides fq. Therefore, f,, and f differ only by a factor
which is a power of p. So if a € Z, with (a,p) = 1, then (a, f,) = (a, f) and
Ya(a) = x(@)w(a) .

Let K = Q,(x) be the generated field over Q, by the values of x(a),a € Z.
Then K is a finite extension of Q, in C,, as x(a) € C C C,. Let (b,) be the
sequence of elements of K given by

b = (1= xu(®)p" ") Bn..,

where n > 0, with B, ,, is the generalised Bernoulli number. We now define

Lemma 2.2.
One has the bound

1
len] < |W||Q|n7

for allm > 0.
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Proof. For any integer k > 0 define S, , (k) = 25:1 x(a)a™, where n > 0. Now
let

f
Fy(t,z) = Fy(t,z — f) =Y x(a)t el*T=,
a=1
and
Bnx(x) = Buy(z — f —an (a+x—f)"

for n > 0. If we replace n by n+ 1 and add the equalities x = f,2f,..., kf, one
obtains

Sn’x(kf) = %H(BnJrl,X(kf) - Bn+1,x(0))a

for n, k > 0. Now if we let & = p”, one has

Suad0f) = 5 (B0 ) = Bur1(0))

then
Bpt1,x(2) — Bypy15(0) = (n+ 1)B,, y & + (terms of degree > 2 in ).

If x equals the principal character so that f = 1, then we obtain

. 1
B, = lim —hSn(ph).

h—o0 D
Therefore, in Q,(x)

1 )
n,x = hlggo prSn,x(p f)

since f, = p®f, in which case

B

. 1
By, y, = lim —Sn,Xn(phfn)

If we now return to the definition of b,,, one has

= (1 = xn(p)p" ") Bun.x.
=B, n,Xn Xn(p) nian,xn

. xa(@)p" !
li lim &=—*———
= i ph 2 ZX — fim, ey 2 xm(a)a
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p"f
sty 2 e
a=1,(a,p)=1
However
Xn(a)a" = x(a)w(a) "w(a)" <a>"
=x(a) <a>
so that
1 g"f
by, = hm —f Zx(a) <a>". (2.3)

" f

- —i n . 1 7
Cn = Z(fl)" (z) hlLrI;o s Z x(a) <a>
1=0 q a=1,(a,p)=1
g"f "
= - Z X(a)Z()( )t <a >t
h—o0 ¢ f a=1.(ap)=1 Pt )
= lim Z x(a)(< a>-1)
h
h=eo q f a=1,(a,p)=1
=1
g
where one sets .
9" f
Q= Y x@)(<a> -1
a=1,(a,p)=1

Now, we will prove that for all n > 0,

cn(h) =0 mod —— a

afr f

and
cn(h) = 0 mod ¢" "2,

22



We prove it by induction on h. In the base case h =1,
< a>=1mod q

so that
(<a>-1)"=0mod ¢"

and
¢n(1) =0 mod ¢".

Now assume h > 1, and suppose that
cn(h) = 0 mod ¢" "2,

Then “a” in the range 1 < a < ¢"*1f can be written uniquely as

a=u+q"fv
where 1 < u < ¢"f,0 < v < ¢ — 1. In particular

u = amod ¢" f
which means

w(u) = w(a).

Consequently
<a>=<u>+q¢" fwu) v

and
n

(<a> -1 =3 (1) (< u> 1) St o

i=0
since < u >= 1mod q. Note that the i-th term of last sum is divisible by
¢T3 For n —i < 1, one has
i+n—i)h=n+n-i)(h—1)>n+h-1
therefore
(<a>-1)"=(<u>-1)"mod ¢"*t"1
Moreover since a = u mod f and x(a) = x(u), then

x(a)(< a>—-1)" = x(u)(< u>—1)" mod ¢" 1.

By taking the sum over "a” in the range 1 < a < ¢"*!f and (a,p) = 1,

" p—1  p"f
Z x(a)(<a>-1)"= x(u)(< u > —1)" mod ¢"*h~1
a=1 v=0u=1,(u,p)=1

hence



then we obtain a congruence
1 1 q"
——cp(h+1) = —c,(h) mod ——
g"tf (1) a"f (%) a*f
for all h > 1, since ¢, is the limit of ¢~ f ¢, (h) and

|Cn| = liMp—oo

1 T
Wkn(hﬂ < qu -

Now we present Kubota-Leopoldt and Iwasawa’s construction of the p-adic zeta-
function.

Theorem 2.2.
There exists a unique p-adic continuous function Ly(s,x), with the following
properties:

(i) There is a Taylor series expansion

1-1 .
Lo(s,x) =4 af FXmmotn(s =" ifx=x"=1
Zf:o an(s—1)" if X # XO =1

with a,, € K = Qp(x), and Ly(s, x) converges on the disk
Di(r)={s:s€Cp,|s—1|, <7}

o
where r = |p|p*1|q| '
(i) It satisfies the interpolation rule

nfl) anXn

Ly(1=n,x)=—(1—xalp)p "
= (1 - Xn(p)pnil)L(l - 77'7Xn)7
form=1,2,3,....

Proof.
By Theorem 2.1, there exists a power series A, (x) in K[[z]| converging at every
s in C, bounded by

IS
[s| < |pl7=]al ™"
Applying Theorem 2 to the sequences b,, and c,, one has for each n > 1 that

Ax(n) = (1 - Xn(p)pn_l)Bn,Xn-

Similarly if n = 0 then

A (0) = (1 = x(p)p" ") Box = { 0 " iy #£1
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In the p-adic L-function’s interpolation property,

nfl) Bn7Xn

Lp(1=n,x) = —(1 = xa(p)p -

for every positive integer n. If p — 1|n, then L,(1 — n, x) will be equivalent to
the classical Dirichlet L-function, except for the Euler factor at p.

If x is an odd Dirichlet character x(—1) = —1, and n = 0 mod p — 1, then n is
even which implies B,, , = 0, hence L,(s, x) is identically zero. Otherwise, if
x(—1) =1, then B,,, # 0 as n = 0 mod p, so L,(s, x) is not identically zero.

Also L, (0, x) vanishes at s = 0, when x1(p) =1 as

LP(OaX) = (1 - Xl(p))L(O’XI)'

The p-adic L-function as defined above gives the values of L,(s,x) for s =
0,—1,—2,..., but what about the values of the same function when s = 1,2,3,...7
Leopoldt found a remarkable formula for L, (1, x), described as follows. If x is
a non-principal Dirichlet character, then

£y(120 = ~(1= X)) 37 F(aptog, (1 - ¢

a=1

where the root of unity
27

C:e_T € CCC,,

the Gauss sum 7(x) = 22:1 x(a)¢%, and X = the conjugate character of x so

that
~ x(a)~? if (a,f) =1
0 i (0, f) # 1

2.3 p-adic distribution

This section starts with some definitions and propositions, which describe how
to interpolate the Riemann zeta function p-adically. Firstly, fixing a € Q, and
N € Z, we introduce the set

a+pNZp:{x€Qp:|:cfa|p§p*N},

which plays the role of an interval(disc). All intervals of this form are viewed
as a basis of open sets on Q,, and are donated by a + (p).

Definition 2.2.
Let X be a compact open subset of Q,. Then p is called a p-adic distribution on
X, if u is additive map from the set of compact-open sets in X to Q.
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That means, if U C X is a finite disjoint union of compact-open subsets, {U; } ;,
say, then

MW=ZM@)

Definition 2.3.
A p-adic distribution p on X is a bounded measure, if there exists a positive real
number B such that

@)y < B

for all compact-open sets U C X.

Proposition 2.1.
Every map p from the set of intervals contained in X to Q, with the additivity

property
p—1

pla+ (™) = pla+bp™ + (")
b=0

whenever a + (pV) C X, extends uniquely to a p-adic distribution on X.

Proof.
Let suppose U be a compact-open subset of X, so U is a finite disjoint union of
interval

where I; = a; + (p") for some a; and N. One then defines

w(U) = 3" u(L).

We shall prove that u(U) is well-defined; suppose that we have two decomposi-

tions
v=Jn=1,

where {I;} and {I;} are different partitions. Suppose that

LI =1, # @,

L=J1;.

By Heine-Borel property there exists N "> N such that

SO we can write

N'—1
Lij =a; + Z ajp + (™)
k=N
for all 5. Then
p(L) =Y uliy),
J
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so that

wU) = ZM(L') = ZM(IU)'

Similarly
pU) =" (@) =" u(liy),
J 0,J

so u is independent of the choice of partitions. Now we would like to show p is
a finitely additive map. Let U be compact-open in X, and decompose

where U; are disjoint compact-open subsets. Since each U; can be written as a
finite disjoint union of intervals, say I;;, therefore

wlU) = M(U Iij)
= ZM(Iij)

= Z Zu(ﬂ'j)
= ZN(Ui)

as required. O
Let us give some examples of p-adic distributions. The first of these is kth
Bernoulli distribution (pp 1), which is defined as
_ a
uprla+ (pN)) = pNt I)Bk(pTv)-
Proposition 2.2.
For each fized k > 1, up i, extends to a distribution on Zy.

Proof.
By Proposition 2.1, it is enough to show that,

p—1
ppi(a+ (V) = Z 1p.g(a+bp™ + (V).
b=0
Now from the definition of pp k,
ity Lk a + bp™v
D npalatbp 4+ V) =pMHET Y B (— ),
b=0 b=0
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so that

Suppose a = I%N, then

|
X

O

Definition 2.4.
Let i be a p-adic bounded measure on X, where X is a compact-open set in Qp,
and let f: X — Q, be a continuous function. The Nth Riemann sum is given

by
SN,{:cai N} = Zf(xai,N”J’(ai + (pN))a
=1

where X is a disjoint union of {a;+(p™ )}, and x., N denotes a given arbitrary
point in a; + (pVV).

Theorem 2.3.
The limit of SN {a;, Nywhen N — oo exists in Qp, and is indepentent of the
choice of {xq, N}

Proof.
Let B > 0 such that |u(U)|, < B for all compact -open subset U of X. Suppose
€ > 0 with IV large enough satisfying that:

1. X is a finite disjoint union of {a; + (p?¥)}™; and 0 < a; < p™ — 1.

2. For any z and y with = y mod p”, one has the bound

€

7@) = F@ly < £
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For any N’ > N, then

can be sub-partitioned into

Therefore,

SN,{xai,N} = Z f(xaz,N)M(al(pN))
= Z f(Ta; N) Zﬂ(aij + (M)

’

= " Fawnars + )

and moreover

SN (o, n} TN g i} | ‘Z(f(%i,w) — (o )lai; + (V)
i

p

< HZIE;JX ’f(xai,N) - f(xai_,-,N/)

< e€B.

s+ M)

Therefore, the Riemann sums form a Cauchy sequence, hence there is a limit in
Q-

Now we need to show the limit is independent of the choice of points. Let y,, v
be any point from each disc a; + (p?V), so that

p

S (ot = Wt t|) = | S @) = o)+ (™))
2,7

i,
< eB.

< mase | f (e, ) = )| fula+ @M)]
The result follows. O

Definition 2.5.
Let f : X = Q,p be a continuous function, and ;1 a p-adic bounded measure on
X. One defines [ fu to be the limit of Riemann sums in the above theorem.

Corollary 2.1.
If f,g: X = Qp are two continuous functions such that

‘f(x) _g(m)lp S g,
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for all x € X and if
n(U) < B

for all compact-open U C X, then

!/fu—/gu\pSEB.

2.4 p-adic zeta function

Let f(s) = n®, where n is fixed positive real number. This function is a contin-
uous function of a real variable.

We can consider n as an element of Q,, so that n® € Z,, for every non-negative
integer s. We might naively try to extend f(s) = n® to a continuous function
for all s € Zj,.

Suppose we have the continuity of f(s) = n® with s € Z,, and assume s and s’
very close p-adically with s < s’. If n € pZ, then

’ ’
n® —n®|, = 0| [L—n" 77| = |n|
p p P P
so n® can not be continuous!

Now restrict n to be a p-adic unit; we need to show that ’ns —n¥ , converges
to zero if s and s’ are congruent modulo p — 1. Fix an integer

So € {1,2,...,])—2}
and introduce the set
As, ={s€Z,s>0:s=so(modp—1)}.

Then for all s € Ay,

|n3° —ns’ = |ns°’ ’1 —-n
p p

= i 1=
p p

s—so|

for some integer t. But
nP~! =1 mod p,

SO we can write
nP~t=1+mp

for some m. If s and sg are very close, let

s—s0=(p—1)p"s
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for some rational integer s’. Then

N
n® —n®| = |n®| |1_n(p71)p s’
p p

p
Vs’ N ./
k=1
< ‘pN-i-l‘p
1
= W

S

which establishes the continuity of f(s) = n®.

Proposition 2.3.
As, is dense in Zy,.

Proof.
We need to show that, for any s € Z,, there exists a sequence {s;} in A, that
converges to s. Let us expand

oo
s = E a;p’
i=0
and write

SZ-:Zajpj—i—(so—ao—al—--~—a—i)pi.

=0
Then s; lies in A, for all 4 since

p’ =1mod (p—1)
for all j. This follows from the progression
P=1=@-D@ "'+ +p+1)=0mod (p—1)
hence
si=ag+ay+---+a;+s—ag— - —a; =5 mod (p—1)

S0 s; converges to s, provided

o0
; , 1
si—s| =|(so—ap—--—a;)p' — E a;p’| <——=0
"‘ ’p | ? et J |p P

as v — 00.

Applying this proposition, we can extend a continuous function f(s) = n® to
Z,,. Furthermore, we have shown that, if x is a p-adic unit and

k=K mod ((p—1)p"),
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then
1

’xk_l _ xk/_1’p < W’

and so

k—1 k' —1 1
|| = ,ul,a_/ " e, €
7 z p
P p

Unfortunately, the kth Bernoulli distributions (pp k) are not bounded measures
for any positive integer k. A bounded measure can be obtained by regularizing

the Bernoulli distribution as we now describe.

Definition 2.6.

Let a € Z,, with oo # 1 and p { . The kth regularized Bernoulli distribution on

Z,, 1s defined by
pk,a(U) = pp 1 (U) — a Fpup p(al),

whereaU:{erpzﬁeU}.

Proposition 2.4.

The kth regularized Bernoulli distribution (fik,q) s a p-adic distribution.

Proof.
Let U be a finite disjoint union of intervals

U={Uy},_,.
Then aU is a disjoint union of {alU;};_, since
aU:{erngeU}
:{erngeUUi}
=J{z ez cati}.
Therefore,

tiko(U) = ppi(U) — a *upp(al)
= ZMB,k(Ui) —a”* Z ps.x(aU;)

= ZNB,k(Ui) —a *up r(ally)

- Z ﬂk,a(Ui)v

therefore pu, o is a distribution too.
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Now, for a € Z,,, we write {a}y for the unique rational integer such that
0<{a}y<p" -1

and
{a}y = amod p".

Let U =a + (pV), where a € {0,1,...,p" — 1}, then
aU:{erngeU}
—(rez,: | -, <p)
= {reZy:|2],|r — aal, <p)
= {aa}, + ().
Now we compute jiz o, when k = 0,

,U/O,a(U) = ﬂO,oc(a + (pN))
= po(a+ (")) — po({ea}n + (pV))
=p N -—pN=0

Lemma 2.3.
For k =1, pg,o s a bounded measure.

Proof.

N
a 1 1 {aa}ny 1
:W—*—E(T—Q)
1,aa 1,1
:a[pN]Jfg(a—U

Now,we need to show ‘ulta(U)‘p is bounded for a € {0, 1,...,pN — 1}.

Firstly, = € Z,, since pf a and « € Z,,. Therefore, if p # 2, then %(oﬁl -1) €
Zy. Also if p = 2, then
a ! —1=0mod 2,

SO we can write
1 o0
—_ = 1 + E a¢2’,
« :
1=0

where a; € {0,1}. Thus



In addition, for any interval a + (p%V),

pala+ (")) € Zy,

so & [2%] € Z,. We conclude that

|/~’L1,(X(U)|p S 17
hence fi1, is a bounded measure.
O
Theorem 2.4.
Let dy, be the least common denominators of the coefficients of By(x). Then
dipira(a+ (pV)) = dika™ pna(a+ (p"))  (modp™).
Proof.
From the definition of 4,
dipir,e(a+ (N) = di(ui(a + (™)) — o *up({aa}y + (V))) (2.4)
= VDB (L) gtV g (19N o )
p p
The polynomial B (x) has degree k, therefore
"k
B —_ k—i
v =Y (Z)Bx
=0
= Boa® + kBizF 4 ...
k
=k - <2>$k1 + -+ By.
Now, the first part of the right hand side of (2.5) is
k k-1
N(k—1 a N _ N(k—1) @ ka N
k
= dpa (2 =Dy, 2.
ka (pN 2) ( 6)

Also, the second part of the right hand side of (2.5) yields

—k, N(k—1 {aa}ny _ —k, N(k—1 {aa}’fv k{aa}?\f_l N
dpaFpN( )Bk(ipN ) = dgap ( )( N _ipN(k_l))modp

_ dkafkpN(kfl)((ﬂ _ [ﬂ])k ﬁ(ﬂ _ [%])kfl)

pN o N2t pN N

ko k k=1, k—1 k=1, k—1
= dpa FpNE=1) (X 0 @ aa, ko™ o N
=dpa"p (ka PpNG—1) [pN] 2( PpNG—1) )) mod p
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1 ax k1
_ k—
dypik,a(a+ (p")) = dika 1(& [p—N} 5(& —1)) mod p"
= dpka®  paa + (V)
as required. O

Now, let us take a closer look at this above congruence

dipig,o(a + (pN)) = dkkak_lul,a(a + (pN)) mod p?.

If we divide both sides by dj, we must replace pV by pN—°rd»dk  Here ord,dy, is
constant, so it does not play a role for large V.
Therefore, we can write the above congruence as

Mk,a(a + (p”)) = k’ak_lul)a(a + (pN>) mod pN—ord,,dk.

By the above theorem, we have

|0 (a+ (pN))], < max (‘%‘p’ ka" M ala+ (M))],)
< max(% limatat M),

Since (1,4 is a bounded measure, it follow that py . is a bounded measure. The
regularized Bernoulli distributions are related as follows.

Proposition 2.5.
Let f : Z, = Z, be the function f(x) = P! where k is positive integer. Let X
be a compact-open subset of Z,, then

/ Uig,0 = k/ " g g
X X
Proof.

Let X be a finite union of intervals, say X = (J(a + (p)), where N is large

enough. Then
lluk,a = / l,uk,a
/X Za: a+(p™)

= Zﬂk,a(a + (pN))'

35



From the above theorem
piko(a+ (PN)) = k" o(a+ (pV))  mod pNTorded,

so that
/ lha =k " pala+ (")) mod pN—ordrd
X a

=k f@mala+@")).
By allowing N — oo,

S f@malat 0V) = / Vg

0<a<plN X

from which we obtain the desired result.

~ 1
/ z* 1u1,azg/ 1tk s
;‘) VA

*
D

We can now write

so that
1

1
- 1 o = —pro(ZF).
k/z ik, kuk,(p)

From the definition of p, , one has
tiko(Z3) = ppr(Zh) — o pp k(aZy)

=1 —a "upi(Zy)

=(1-a )1 -p" By
However

15,k(Zy) = p’Bi(0) = By,
and
1.k (PZy) = p* 7' Bi(0) = p* ' By,

in which case

1B k(Zy) = ppk(Zp) — pip,k(PZLp)

=By —p" !By
= Bk<1 —pk_1>.
Therefore, one concludes that
By, 1
1— k—=1\/_—Fr — k—1 o
A=) = g [ o



Definition 2.7.
Let a be a rational integer with a # 1 and p t . Then for any k > 0, define

1 k-1
G(L—Fk) = ok 1/ZP*$ H1,a-
Likewise if B € Z, pt B, B # 1 then

(Bfk o 1)71/ xkilﬂl,B — (ozik o 1)71/ Ikilﬂlva.

Since both sides equal

1y, B
(1= D=0,

the right expression is independent of «.. Moreover

_1.—B
GO —K) = (-,
shows that (,(1 — k) can be obtained by removing the p-factor from the Euler
identity for (1 — k) as B& = —((1 — k).

The following result is often called the Kummer congruences.

Theorem 2.5. (Kummer)
1. If p— 11k, then |%|p <1 (this means that % is p-adic integer).

2. Ifp—1tk and k = k' (mod(p — 1)pV), then

' 4. B
=1-pF~h k'k mod pN 1,

B
K

(1-p*1h

Proof.
1. If K =1, then for any p > 2,

|B1| =1.

=

In the case k£ > 1, let a be such that 2 < a < p— 1 with p — 1 is the
smallest positive integer satisfying

a1 —1=0 modp.

Since « is a p-adic unit, it can be identified with a (p — 1)** root of unity.
Let us assume
(@*—=1)#£0 mod p,
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which implies o= — 1 is a p-adic unit. Then

-1
a k- 1’ ‘/ xkfl/il’a
p lJz P

*
P

% —1

k

_ ’1 ket
p

_//[',ocp

<1

2. Again suppose 2 < a <p—1, and

k=K mod (p—1)p".
In particular

o =aF  mod pVFt
and therefore,
_ Bk r_ Bk/
(1 —pk 1)? =(1 —Pk 1)7 mod PN+1~
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3 A Dirichlet series expansion for the
p-adic zeta function

Fractional derivatives allow the exotic possibility of taking the differentiation

operator D™ = (%)”, where n is a real number power or complex number

power. The term orders relate to the function composition, in the same way
that f2(x) = f(f(x)). In this chapter, I follow Delbourgo’s paper [2] to expand
the p-adic zeta function in such a way.

3.1 Fractional derivations

We begin by stating the full expansion.
Theorem 3.1. (Delbourgo [3]) Let s € Z, and =0 mod p — 1; then

pw(?fx)

Ly(s, xw' ™) = (2w°(2) < 2 >~¢ —1)*1><tlim ( E am (X)W (m) <m >~* ),
m=1
ptm

m—1

where @y = L(0,x) + X5 x() — 23527 ' x(j)

Here, we shall only prove this theorem in the very special case of x = 1. The
proof relates (,(—s,w!*?) to a p-adic fractional derivative.

Let K be a finite Galois extension of Q,, and O be the ring of integral elements
over Zy. Also, let A = O[[T]] denote the ring of power series. Define the poly-
nomial P,(T) = (1+T)?" — 1, where n < 1. We name A = O[[T]] the Twasawa
ring. In addition, the Iwasawa ring has a division algorithm property. More
precisely, if F(T) and @,, € A, then there are P,(T'), R, (T) € O[T] such that

where deg(R,(T')) < deg(P,(T)) = p™.

Lemma 3.1.
Let us define a polynomial

then
Ru(T)= Y Fla™" —1)0,(a(l1+1)),

acppn

where ppym denotes the group of p™-th roots of unity.
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Proof.
These two polynomials have degree < p”, so all we need to prove is that

Rn(§—1)=0n( - 1)7
at every £ € p,n. Now evaluating at T' = £ — 1, we have

Y Fla'=1)0,(a€) = F(E-1)0,(7')+ Y Fla™'=1)x0

acppn aFg!
=F(E-1)0,(1)+ > Fla™'=1)x0.
e

Since ©,(1) = 1, we obtain F(§ — 1) = R,(£ — 1), Clearly, both polynomials
agree on the set {£ —1: & € ppn }, and therefore in general too. O

For all F(T') € A define the idempotent ¢ by
1
YF(T) = F(T) — ; S F(E+T)-1).
E€np

Let T = exp(Z)—1, so that F'(exp(Z)—1) € K[[Z]]. Then differentiating k-times

“Fleap(2) — 1) = (1 +T) =) o F(T).

(ﬁ) dT

Now if we consider an arbitrary element

deg(G)
G(T)= > gn(1+T) €O[T],
m=0
then
deg(G)
YG(T) = Z gm(1+T)™,
Bim.
so that
d deg(G)
(1+ T)ﬁ) o hG(T) = mz::O m X g (1 +T)™.

Therefore, the operator (1+7')-% : A¥=! — A¥=! is one to one and onto.

Lemma 3.2.
For all k € N,

(14+T) 7)o WF(T) = ((1+ 7)) 0 wRA(T)  (mod(p, T)")

40



Proof.
Firstly, if £ = 1 then

d d
(14 T)72) 0 (PATIQ(T)) = (14 T) (o (Pu(T)Qu(T))).
One can manipulate the right hand side as follows:

RHS. =(1+ T)(diT((a +T)P" = 1)YQu(T)))

= (L4 T) (" (L + T Qu(T) + (1 + TP — 1)Ly (T))

dT
=P+ TP Q) + Pu(T)(1 4 T) iQu (1),

Now we have (1 + T)P"$Q,(T) € A, and (1 + T)-L¢Q,(T) € A, so that
P (1+T)P" Qn(T) + Po(T) (14 T) 0Qy (T) is in p"A+ P, A C (p,T)". Then
by induction on k, we have the desired congruence. O

Now let §3 be the set of positive integers congruent to 5 modulo p—1. Consider
the decomposition m = w(m) < m >, where m € Z5; then if k € §, one has

m"P = wk(m) < m >*
= wP(m) x exp(klogm).
When p { m the function m” is continuous, otherwise m” tends to zero as k — oo
if p|m.

Definition 3.1.
For any s € Zy, define the operator

Dy : O[T]"=" — O[T]¥="

to be the limit of ((1 —|—T)%)k as k — s inside Zp () §p-

This mapping is well-defined, since §3 is clearly dense in Z,. Also it acts on the
polynomial YG(T) € O[T]¥=! by

DyoyG(T) = > w’(m)<m>" (1+T)",
m=0

ptm

for all s € Zj,.
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For any F(T') € A with convergents {R,,(T)}nen, then from Lemma 3.2

(14 T)2) 0 () = (14 T) ) 0 yRu(T) - (mod(p, 7)),

so that the action of the operator D on ¢ F(T') extends by continuity, i.e.
Dj o F(T) = limy, 00 (Dj 0 YR, (T))

and is well-defined. Also for each §s the operator Dj : A¥=1 — A¥=1 is the

unique extension from G[T]¥=! to A. One can see the operator Dj has p— 1
branches, the same as the p-adic L-function.

Lemma 3.3.

1. For 31,02 € Z/(p —1)Z, and s1, s2 € Zy, we have Dgll ) Dgz = Dgiisﬁz

2. If k € 3, then D = (1 +T)4%)".
8. For all s € Zy, the p-fold composition D o ---o Dj = Dy’
4. If a,b € N such that ged(b,p(p — 1)) =1 and 8 = ab~! mod (p — 1), then

a

the b-fold composition Df o -+ o DE = (1+7)2)"

Proof.
1.
D% o D32 = lim ((1—|—T)i)ko lim ((l—l-T)—)k
B B2 k— s dT k—so dT
d \k
= 1 1+T)—
et (D) 57)
__ )S1t+s2
— B+

2. It is clear that, if k € §3

d \k d \k
D =1im (1+T7)—=) = (1+T)—)".
§= lim ((1+ 1)) = (14 7))
3. From the density of N in Z,,, without loss of generality assume that s € N;
then

p times

—_—
s s _nS+s+---+s _ ps
Dﬂo~-~oDﬁ_Dﬁ —Dﬁ.

4. Exploiting 1, the b-fold composition is as follows:

a/b a/b _ nba/b _ a
Dy’ oo Dy’ = Dy"" = D
: d \k
= b (0 D)
d
= ((14+17)-—=)"
(1+7)27)
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3.2 Approximating the zeta-function

Let F(T) € A with convergent polynomials { R,,(T) }»en-. In the A-adic topology,
if n is very large then the ideal (p,T)™ is very small.

Lemma 3.4.
For all n € N,

DjoyF(T) = Y Fla™'=1)p™ > w’(m) <m>* a™(1+T)™ mod (p,T)".
acppn m=0

ptm

Proof.
From Lemma 3.2

((1 + T)%)S o F(T) = ((1 + T)%)S o R,(T) mod (p, T)"

and if s € §p then from Lemma 3.3(2), Dg = ((1 + T)+)". We conclude that
DjoyF(T) = DjoyR,(T) mod (p,T)"
when s € Z, () §s.

Now, it is enough to show D3 o9 R,,(T) equals the right hand side in the above
lemma. From Lemma 3.1

Ry(T)= Y Fla™'=1)0,(a(1+T))

acpn
p"—1
= > Fl'=1p™ > am1+1T)™
aEppn m=0

Then from the action of Dj on ¢ R, (T'), we have

p"—1

DjoyR,(T) = Z Fla ' =1)p™" Z WP (m) <m > a™(1+T)™  mod (T,p)".
aEppn mjf:O
ptm

This lemma gives a nice numerical approximation to the fractional derivative.
This sequence also assists us to find a connection between fractional derivatives
and L-functions.

43



Proposition 3.1.

Let Lo = ﬁ and fiz a class B modulo p — 1. Then for all s € Zy,

D3 0L (0)

_CP(_57w1+B) (1 _ w1+5(2) <9 >1+s) :

Proof.

The power series £2(T") has no poles in Z, except at T = —2, so Lo(T) € A
Let us now rewrite £o(7") in a different form, namely

Lo(T) = - ’

T (1+7)2-1
Substituting T' = exp (Z) — 1, then

1 A 2Z
Z)—1) == -~ .
Lalexp(2) = 1) Z(exp(Z)fl exp(?Z)fl)
Note that ~
Z Al
— - N"B,%.
exp(Z) — 1 nz:% " n!

In the article [2] it is reworded that for all k € N,

(1+ T)ﬁ)kwﬁg(T)]Tzo = (eXp(Z)%)kwﬁz(exp(Z) -1,

B
— 1721+k 1— k 1+k
(1214 Ptk

One can see for k € §g that

(14 7)) 0a(T) gy = D 0 6L(0).

Now let x, = 1 (the principal character) which implies xy = w™. The Kubota
and Leopoldt p-adic L-function interpolates

_B,
L,(1—-n,w")=(1 —p”fl) - -
— (- "Y1 - mw").

Now fix § to be a congruence class modulo p—1. Then the each branche (,(s, w?)
is a continuous function except for a pole at s = 1, if § = —1, so that

By
(1—-p") 1 ++I<: = —Gp(—s,w'™7).

Also, the Euler factor (1 — 2!'*¥) is interpolated p-adically by

(1 —w'tP(2) <2 >1F9),
so we are done.
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Here, we give a proof for Theorem 3.1 in the special case when xy = 1.

Proof.
Recall that
L;D(sa w1+5) = Cp(57 w1+6)'

Now we will prove the expansion

o p"

1
_ 1+8y — +1,,8
C(=sw )_2(1fw1+ﬁ 2) < 2 >1+s) Z( Z )" (m )<m>s>7

= n—1

=1 m=p
ptm

(Dellbourgo [2]) where s € Z,, and =0 mod p — 1.

From Proposition 3.1 we have
(1—-w'*P(2) <2>1%)((—s,0" ) = =D 0 9.L5(0),

and by Lemma 3.3,

3

p"
Djo9L3(0) = Z WPm) <m > p™™ Z Q™ Lo(a™t —1)  (modp™).
m=1 aEppn
pfm

Let us recall Q,,(L2) = p™" Zaéupn a™Lo(a™! —1). Hence we need to show
that Q,,(L2) = #, where 0 < m < p™ — 1.

It can be proved by induction on m; we do the calculation inside the complex
numbers, since Q,,(L2) € Q(ppn ). If m = 0, then

. 1
Qo(L2) =p Z P

aclipn
—n 1+a

= p _—
a;ﬂpn 2+ 2Re(w)

_ Z (14 Re(a)) +ilm(c)
et 2+ 2Re(a)

_ ; Im(a)

o 2p7l = 1+ RG(OK) '

For any a € pyn,
Im(a™) Im(a)

1+ Re(a=1) 1+ Re(a)’
so that Qg(Ls) = % If 1 <m < p" —1 clearly m # 0 mod p™, hence

m

n !
Qm(L2) =p Z al+1

acppn
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)
. at+1
m—1
—n m «
-P Z a"t+4+1
aEppn
=0—Qn-1(L2)
Therefore, we conclude that
-1 m—1
Qr(L2) =

Let us now take a closer look at the formula

n

1 > >
C(=s,w!™) = 2(1 — wth(2) < 2 >1+s) 2 ( >, (UmTwl(m) <m >t )
n=1 " pp—pn—1
ptm

We shall define

If s = -k € Z, with f = —k mod p — 1, then

W <m>t=wP(m) <m >"F=m="

Now one can partition each summation by

n n

P P
Z (—1)™ < m > = Z (—1)m+im =k
m:p"71 m:pnfl
ptm ptm
1 1
=2 X
m= n—1 m= n—1
m=odd m=even
ptm prm

Furthermore

wTh(2) <251 = W!Th(2) <2 >17F
=w(2)<2>u(2) <2>7F
=2(27%),
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so that

Gk, w' ™) = 1_21 901 — 91—k) nﬁ;( 2 mL Z #)

= - m=p"~ 1
m_odd m=even
ptm ptm

If k=1 then 8= —1 and (1 —2'~*) = 0. Therefore the w’-branch of the p-adic
zeta function has a pole at k = 1. If £ <0, and k € §g, then

Gplk,w!™*) = (1= p~*)¢(k)

By
_ -k Bk

Therefore, we obtain a congruence

. Bi_ 1 1 1 .
(1-p k)11—252(1—217k( PO DD W)m(’dp’

m=p m=
m=odd m=even
ptm ptm

which implies

(1—2""F 1 —=p™ mod p".

unfortunately k£ > 2 we cannot interpolate the classical Riemann zeta function
from the values ¢, (k,w!=*).
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4 How to obtain a distinguished poly-
nomial from a power series

Recall that Kubota and Leopoldt introduced the p-adic L-function L, (s, x)
attached to a Dirichlet character y, which is always supposed to be primitive.
The p-adic L-function L,(s, x) is a continuous function converging on the open

disc Dy = {s:s € Qy,|s], < p%}

Here, we will express the p-adic L-function in the form of a power series. Let
K be a finite unamified extensions of Q, . Also, let O be the ring of integer of
K. For F € O[[T]] let F =772 a;T’. We need to introduce some notation as
follows: '

p:=min {v(a;) : j > 0}
and
A=min{j >0:v(a;) = p}.

Definition 4.1.
A polynomial P(T) € O[T)] is called distinguished if it has the form

P(T) = T" by T 4 4 by,

where each b; lies in the mazimal ideal of O.

4.1 Weierstrass Preparation Theorem

Theorem 4.1. (p-adic Weierstrass Preparation Theorem,)
Let F € O][T]] be a power series, with p and X as defined above. Then the power
series F' can be factored into

F(T) = p"U(T)P(T),
where U(T) is a unit in O[[T]], and P is a distinguished polynomial.

This theorem show that F' has exactly the same number of zeros as P, namely
deg(P). Also, the region of these zeros is {T € Q, : |T| < 1}.

Proposition 4.1. (Iwasawa’s Theorem)
There exists a unique F, € K[[T]] such that

F((l4p) ™ —1)=(1—-x(2) <2>"")Ly(s, x),

for all s € Q, with |s| < 1.
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It has been proved by Ferrero and Washington that the p-invariant of F(T') is
zero [4]. By the Weierstrass Preparation theorem

F(T) = F(T) = U(T)P(T),
where U is a unit; therefore one defines the A-invariant equivalently by
A=min{j > 0:v,(a;) =0},
since i = 0. Now, we can write
F(T) = Uy (T) P(T)
= Uy (T)(T* + by 1T + -+ by + bo).

where U, (T) is a unit power series in O, [[T]] and the coefficients b; are in pZ,,.
We call P, (T) the Iwasawa polynomial. Here, A, = deg(Py ), which is the same
as the A-invariant of F\ (7).

Now, let us suppose & € Qp is a zero of P,. Since P, is a distinguished polyno-
mial, we can write P, in the form

PUT) =T+ T
i<A
with ’ci}p < % for i < A. Then
P& =+ at =0,
<A

which implies

- 1
|€/\‘p = ’ZCig’p < E

i<
We conclude that )
€], <p7>

Note that F,(T') has A zeros, and they are the same as the zeros of P, (T).
These zeros exist in the disc

Dp ={T € Q, : v,(T) > 0},
which corresponds to
_ p=2
Dy={s:s€Q|sl, <pr'}

(the region of L,(s,x)’s zeros).
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4.2 The coefficients of the power series

Now let us fix integers N, ¢ > 1 such that pV < p**/) anda € {1,.. ., 2f, — 1}
satisfies
a =p *(mod2f,).

For each x, m € N with p{ m, define

O(x,m) € {1,...,2f.p" — 1}

to be the unique representative for which

0(x,m) =m + (pa)™ (x — m) mod 2f,p"~

and set
9RO
o [
k 2fxpN
Theorem 4.2. (2w”(2) < 2 >7° —1)L,(s, xw'?) = Zﬁi}l wh(m) < m >3
prm

2/
X 2202t ax(@) X (YNt + Bg(a my<ptoio —ap piay,)  mOd PV

_J1 ifa<bd
wher65a<b_{ 0 ifa>b
Proof.
Theorem 7 implies that the
pto21x)
LHS. = Y an(x)w’(m) <m>"* modp'*>/H).
m=1
ptm

In particular, the coefficients a,, () are periodic of modulo 2f,, hence

2fy
LHS =Y a,0x Y o <m > modp 3.

m=1

m=z mod 2fy

Let us now suppose that
o =p~H(mod2f,)

with o € {1,...,2f, — 1}. Then

pte@10 pte@I0
E WP (m) < S= E E Wm') <m! >7%,
m=1
B ptm pJ(m' m= 3:( mod 2fx)
m=x mod 2f, m=m' mod p~



since
WwP(m) <m >"*= P (m/)< m’ > mod pV

where m = m’ mod p".

The two congruences
m = z(mod2f, )

and
m = m/(modp”)

can be combined into the single congruence
m=m'+ (pa)™ (x —m/)(mod2f,p").

It follow that

P21 N
Z WP(m) <m >"°= WP(m)<m/ > x #'r(cwn')7
m=1 m'=1
ptm ptm’

m=x mod 2fy

where T@™) = Im| 1 <m < pCh) m=m'+ (pa)N (z—m') mod 2f,p™ }.
By inserting this in our formula, one obtains

p" 2/x
L.HS. = Z WHm')y <m!' >7% x Zaz(x) x #Y@™) mod pV.
m'=1 z=1
ptm/

To compute the number of m in T@™) let 6 € {1, o 2f N — 1} with p 16,
and define
Ty = {m|1 <m < p?2H) m =0 mod QprN}.

The interval [1,p*/)) N can be divided into equal subintervals, and the
pid>(2fx)
2fxp"N

tp(2fx)
[QprN v LPQpr;‘; J’pt¢(2fx):|.

number of subintervals is { J The remaining interval on the right is

There is exactly one solution in each subinterval, so that
pte(2fx)
2fxpN

#Tp = | |+ #7,,

where
pt¢(2fx)
2fxpN

T, = {m| 2f, 0N x| | <m < pt?CH) m = Q(monfXPN)}-

o1



Now the number T/g will be zero or one, depending on whether
pte2fx)
fopN

is greater than p'®(2/x)| or not. Consequently

0+2prN X |

) th(2fx)
Y, — 1 if g < p?Ch) —2fpN x| x|
0 otherwise
We can conclude that, if yn,; = L%J, then
X

#To = YNt + Ogepoio_of pNyy,-
As a special case,
#T(w’m/) =N, T 50($,m/)<pt¢(2fx)—2prN'YN,t,7
where 0(x,m’) € {1,...,2fp" — 1} satisfies
0(z,m') =m' + (pa)™ (x —m’) mod 2, p".

In particular, we obtain

p" 2fx
L.H.S. = Z Wm') <m' >7% x Z az(x) x #Y@™) mod pN
m'=1 r=1
i’

where #YEM) = gy, 48y, 1 prono _af ey .- Upon replacing m’ with m,
the theorem statement follows. ’ O

Recall from Theorem 3.1, we have

P10
Ly(s, xw' ™) = (2w%(2) <2 >7% —1)"!x lim ( Z am (X)W (m) < m >~* ),
n—oo
m=1
ptm
or more precisely,
P10
(2wWP(2) < 2>7° —1)L,(s, xw' ™) = Z am ()W’ (m) <m >7°  mod p"?H),
m=1
ptm

In addition, we also know

F((14p) 7 =1) = Uy (14p) =1 P ((1+p)~* 1) = (207(2) <2>7° —1)Ly (s, xw' ),
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which implies that

P2

F(1l+p) ™ -1)= Z am(X)wB(m) <m>"° modp"¢(2f><).

m=1

Hence we have a polynomial approximation in O[T], namely

pre(2x)
F(T) = Z am ()w? (m) x (1+T)*™  mod pn®2/H)
m=1
ptm
where A, (m) is an integer from the set {0, 1,...,p"—1} congruent to % mod
p"®2/x) Now, by the Binomial Theorem the
pnP(21x) An (M) A\ ( )
m
RH.S. = m (X)W’ " ‘
> anti’n) 3o (M)
m=1 t=0
ptm
PP 2Fx) Pt h0) Ao ()
n(m
= Z am(X)wB(m) Z ( ¢ >6t<)\n(m)Tt
m=1 t=0
ptm
(1 i< A(m)
where d;<x, (m) = { 0 otherwise . Thus
pre(2Fx) P (2fx) Ao(m)
RHS. = Y T'x Y 6t<An(m)< i )am(x)wﬁ(m)-
=0 m=1
' ptm
p"(b(zfx) An (m)
If we define Cyp =30 17 i<n, (m) ("7 @ (x)w” (m), then
pnd)(?fx)
F(T) = Z Tt x Cy; mod p™?2H),
t=0

Proposition 4.2.
If F\(T) € O\[[T1]] is the power series corresponding to

(207(2) < 2 7% —1)L, (s, xw'*),
then for all N such that pN < p"?(2fx) .

N

Fu) =301 mod 14+ 1) 1,

bS]

<.
Il
o
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where

PN A 2fy
CA nim
Cj 3 Z 0 (m) < J > Z az (X 9(w m)<p'®Ix) —2f, pNyy
m=1
ptm

Proof.
From the discussion after Theorem 4.2, we can write
PN 2fx
F(T) = Y P m) 1+ TP S a, (x) (vt + 80).
m’[=1 =1
pim

Since Z 7 az(x) is always equal to zero, we can rewrite the power series con-
gruence as follows:

PN Qfx

F\(T) = Z w?(m Zam )y x (1 +T) (),
m=1
ptm

By again using the Binomial Theorem,

(14 T) ) = Mf) (AN]( ))Tj

7=0
N
p
An(m .
:Z5j<AN(m)( N(- )>T]-
j=0 J

Lastly inserting this in the formula of F, (T'), one obtains

PN 2fx N AN( )
F(T) = Z wﬁ am )dg X 25]<>\N m)< )TJ
m=1 7=0
ptm
p" p" An(m 2fx
N
R zamm)( ") xS
7=0 m=1 J
ptm
pN
=N "ric)
J )
=0
as required. O
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Corollary 4.1.
If the A-invariant of F\,(T) is less than p?, then it must equal

min {j : C’J(-pQ) # 0 mod p}.
Proof. Assume that A\(Fy) < p?. Since u(F)) = 0, clearly we must have
ord,(C;(Fy)) >0

for all j € {0,..., \(Fy)— 1}, whilst ord,(Cx(Fy)) = 0. Moreover, we know that

2

> P 2 . 2
F(T) = Y C(F)T = Y C¥)T mod (1+T)7 —1

=0 =0
where
P2 2fx
2 Az(m)
09 1= 37 a2 )6 m) % X 000y gy
m=1 x=1
ptm

Furthermore (1 + T)p2 —1=7T" mod p, and TP has strictly higher degree
than T, hence the result follows. O
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5 Finding the zeros of L,(s, y,w'™)

Here, we introduce the main steps to compute the zeros of the p-adic zeta func-
tion. We use a PARI program to compute our zeros, and we wrote a GP /script
to insert data into the PARI program. We first compute the A-invariant of
Ly(s, xaw*™?) for d € N, d square-free with p { d, and 8 € {1,3,...,p—2}. Also
we compute the A-invariant of L, (s, xqw'™?) for —d € N d square-free with p { d,
and 8 € {0,2,...,p—3}. We choose d to range from —200 to 200. Secondly, we
explain how to compute the coefficients of the p-adic power series arising from
the p-adic zeta function to desired precision. Finally, we extract the Iwasawa
polynomial from this computed power series.

5.1 Computing the M-invariant of L,(s, ysw'*")
Let us first compute the A-invariant of the power series associated to
F((l+p)° =1) = (27(2) <2>7° =1)Ly(s, xw'*7),

which is the index of the first coefficient not divisible by p.

Let us examine the factor (2w?(2) < 2 >7% —1). Then
2w (2)<2>7%~1=0 at s=1

—= 2l <2>75=1 at s=1
— Q) <2517 =1 at s=1
—= J2) =1
«— 20t =1 mod p
< f=-1modp—1.

Thus there is a zero at s = 1 for the factor (2w”(2) < 2 >~% —1) if and
only if § = —1, so that A-invariants of the power series measure the number
of zeros of the p-adic L-functions, including the contribution from the factor
(2w”(2) < 2 >~ —1). Since we are looking for zeros of L, (s, xaw!'*?), we have
the following relation:

A(Fy) iffZ—-1modp—1

#of zeros foer(g,deHﬁ) — { MF) -1 if f=—1modp—1
\ =

We implement this as “laminv(beta)”.
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5.2 Computing the coefficients of power series

Let x be a quadratic character. For each m € {1,...,2f,}, one has
-1 [ 25 ]

i
am(x) ==Y x(a) x % + ) x() -2 x(j)-

Py

Jj=1
Our program computes each coefficient a,,(x) for x = x4 with
d € {—200,-199,...,199,200}.
Note that the discriminant of Q(v/d) is

D d ifd=1mod 4
T\ 4d ifd=2 or 3mod4

In fact |D| equals the conductor f,, by the conductor-discriminant formula.
Assume K is an abelian extension of Q. Let r1, 3 be the number of real /complex
embeddings of the number field K. Then

II o= (D7 xdise(K/Q).

x:Gal(K/Q)—Cx
For example, If K = Q(1/d) then
LHS. =1x fy,=RH.S. =|D|.

Furthermore by Proposition 4.2, we have the approximation
pN
N .
F(T)=Y"CP )17 mod (1+T)" ~1,
=0
where the coefficients of the power series are given by

N

N L )\N(m) 25
C](P ) — Z 6j<>\N(m)< j >w6(m) X Z am(X)59(r7m)<pt¢(2fx)_QprN,yN)t.
m=1 r=1

ptm

We implement this approximation as “coeffappr(j,beta)”.

5.3 Computing the Iwasawa polynomial

Suppose F(T) = > .2 a;T" where F(T) € O[[T]] is a power series with trivial
p-invariant. Its Weierstrass factorization is as follows

F(T)=U(T)P(T).
Here U(T) is unit power series in O[[T]], and P(T) is a distinguished polynomial
of degree A.
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Proposition 5.1 (Ellenberg, J.S., Jain,S., Venkatesh, A.,[4]).

Assume one has the coefficient a; of F\(T) to precision 0(p"+1=%). Then for
each k < |X|, one can compute the coefficient co,ci,...,cx_ar of P(T) to
precision O(p)k).

Proof.
Step 1: suppose we have

F(T) = UT)(T* + ex 1 T+ ex 2T 2 +ex 5T 4+ + o).

SO we can write

1
T+ ex 1 TV P 4o o T 24 ey 3TV 3 4+ = mF(T).
If —U(lT) = 32220 b,T7 and F(T) = .72 a;T", then
o0 o0
T +exo 1TV P en T 24 ey 3TV 3 4 g = Z b, T7 x Zam,
j=0 i=0

(5.1)
and the right hand side is
aobo+ (aob1 4a1bo) T+ (agba + a1 by +axbg ) T2 + (agbs +arbs +asby +asbo) T3 +. ...
Now we have ;. a;b; =1, so that
apby + a1by_1 + agby_2 + asbr_3 + - - - + ax_sbs + ax_2bs + ax_1b1 + axby = 1.
Since a; = 0 mod p for i < A, we obtain the congruence

T* +ex T P e oV 24 b g =T+ 0T 0T 2 4 4
=7
= (aob)\ +a1by_1+---+ax_1by + a)\bO)T/\
=(0+0+4---+axbo)T* mod p.
The latter implies that
axbp =1 mod p,
or equivalently,

_ -1
bO = CL)\

mod p. (5.2)
Because the L.H.S. of (5.1) has a trivial coefficient in 771,

apbrt1 +aiby +azby_1 + -+ ax_1bsy +arby +ax;1bp =0 mod p.
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Again a; = 0 mod p for ¢ < A, so that
axby + ax+1bp = 0 mod p.
As a consequence
by = —aj ' (ax+1bo) mod p. (5.3)
Repeating the same argument with the coefficient of T**2, we find
aobrya + a1byy1 + asby + -+ -+ axbs + axy1b1 + axy2bp = 0 mod p.

hence
axby 4+ ax41b1 + ax1200 = 0 mod p,

or equivalently,
by = —a;\l(a)\+1b1 + a)\+2b0). (54)

Proceeding inductively, one obtains

bs = —ay ' (axt1bs + axyabr + arpsby) mod p (5.5)
by = —ay '(axt1bs + arpobs + axizbr + axyabo) mod p (5.6)
bs = —a) '(axt1ba + arpobs + ariab + axisbo)  mod p, (5.7)

and in general,
i
b; = 7@)—\1 ZaA+jbi_j mod p.
j=1
Step 2: we now explain how to obtain the coefficients b, to greater and greater
accuracy. Assume we know the b;’s to a fixed accuracy modulo p* .

Firstly, since the coefficient of T? is equal to one in Equation(5.1), we obtain

A
Z ax—jbj =1
j=0
or equivalently,

A
1
bp=— x(1-— ax—ib;).
0 ax ( ;)\JJ)

This formula increases the accuracy of by by a power of p, i.e. to modulus pk/H.

Secondly, assume that s > 0. Then as the coefficient of T**¢ is equal to zero in
Equation(5.1), we now obtain

A+s

Z aibyys—i =0
i=0
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or equivalently,

A+s
1
by = —— X E aibxis—.
ax ‘
1=0
iZA

Once more the accuracy of by will be increased by a power of p, i.e. to modulus

pk/H. We now increase s by 1, and repeat the process. Finally, performing this
algorithm L%J—times, the proposition follows.

O
We have implemented the approximation of P(T) coefficients as “bvecp|[1]” and

the P(T) as “cvecp”.

We should also remark that once one knows the Iwasawa polynomial to a given
accuracy, it is straightforward to determine its zeros. If the degree of the poly-
nomial is < 4 then one simply applies either the quadratic, the cubic, or the
quartic formula. If the degree is > 5 then there is a p-adic version of Newton’s
method, that can be implemented at relatively low computational cost.
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6 Tables

Note that M-invariant associated to L, (s, yaw'*?) is given by

B [ ANFY) iff#—-1modp—1
A= Ap,d,j3) -—{ )\(Fi)fl if f=—-1modp—1

Tabulated below are exclusively the values of p,d, § where A(p,d, 8) > 0, in the
range we are searching through.

Table 6.1: A =1

lp[d [5]

3129 1 e
3143 |1
3| 58 1 5 | 82 3

3| 67 1 5 | 86 1

3| 74 1 5 | 89 3

3179 1 5 107 | 3

3| 82 1 5 1123 |1

3185 1 51129 |1

31106 | 1 5 134 | 3

311131 5 139 | 3

31122 | 1 5 143 3

311311 5 161 | 3

31137 |1 5 1183 3

3142 | 1 5 118 | 3

31173 | 1 5 187 1

31182 | 1 5 | 191 1

5| 14 1 5 191 3

5126 1 51199 |1

5131 1 5 | -127 | 2

5| 38 3 7 |-73 2

51 39 3 7 | -188 | 2

5142 [ 3| [ 7 [-188 | 4|
5151 3 7 | -145 | 4

51| 53 3 11 | -14 4

51 59 1 11 | -19 2

51| 62 3 11 | -56 4

5| 69 3

51| 73 3
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E

62

7

83

103

139

151

179

181

199

-14

-35

-47

-65

-74

-101

-107

-113

-149

-158

-173

23

37

109

127

127

149

1
—_
[

|
[\)
(=}

1
[O%)
=~

-41

1
B
D

1
(1
—_

-114

UTU!OTOTOTOTOTOT‘OTOWO‘!OTU‘OT wwwwwwwwwwwwwwwwwwwwa

MOOOODOO‘»—!C@)—*O&»—!»—‘ (=] Henl o) Hen) Renl ool Nenl Nenl Neol Neol Reol Wt IS W B A N I B

-166

Table 6.2: A =2

| p] d [B]
7] 6 |5
7117313
713410
71 -34 2
7] -65 |4
717370
71 -89 0
7111110

7 1-118]0 |
71-19510

11 21 [3
11| 8 |3
11| -14 [ 2
11 -15 [ 6
11 -19 [0
11| -56 |2
11 61 [0
11 94 [0
11 [-107 [0
11[-127]0
11 [-182 0
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- Table 6.3: A =3
-41
-86
114

-123

-166

-143

-145

-151

-194

| | | | oy o O W w
O OO OO N W OolO

Table 6.4: A =4

-]
5
[N}

Wl &

EE
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When A(p, d, 3) > 1, we compute the coefficients of the power series from Propo-
sition 4.2, as follows:

N
N » An(m) 25
OJ('p )= 2 :6j<>\N(m)< j )wﬁ(m) X § aw(X)éﬁ(x,m)<pw(2f><)foXPN"/N.,f,
x=1

m=1
ptm

for 7 =0,1,2,3,...,10. In addition, we tabulate the Iwasawa polynomial asso-
ciated to the power series. Note that deg(Py(T")) = A(Fy). As an illustration of
our notation, if we write

324243 +2%37 42537 +2%3° +2%37 +2x3% 4+ 2437 424310 2431
then we mean that the coefficient ag has been computed up to accuracy 0(3'2).

Table 6.5: The compution of coefficients and polynomials

p=3,d=29, B=1, \(Fy) =2, A(p,d,B8) =1

ag 32 4+2%x33+2%x37+2x35+2x30 4+ 2x37+2x35+2x39 + 230+ 2% 311

ai 243432433 +2%35 42437 +2439 124310

as 14+2%x3+2%324+2%374+2%374+2%3°

as | 37 +2%33+2%x304+374+2%38

ay 2%x3+2x%x32+36

as | 37+334+3°

ag | 1+2%3+374+2%35+2x37T+3°

ar 1+2%3+2%32

as 2% 33

ag | 1+3+2%3%2+2%33

aig 242%x3+33

y P(T)=T%*+ (37 + 3>+ 3T + 3%

’ p:3ad:4376:15A(FX):27)\(p7d76):1

|

ap | 2%374+33+2x374+2%3°+2%35 £ 237 +2%35+2%37 +2x310 1 2% 30

ai 33 4+2x37+2%x37+2%310

as | 1+3+32+334+354+2%37+2x%38

as | 1+2%x3+2x334+2x314+35 43612437438

as | 2+3+32+33 431436 437

as | 3243

ag | 2+3+3°+2%x334+324+2x3°

a7 | 24+2%3+2%x324+2%3% +2x37

as 34+324+2%33

ag 2

aio 0

P(T)=T%+ (32 +2%3%)T + (2% 3% + 2% 3% + 3%)
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p=3,d=058, B =1, \(Fy) =2, A(p,d,B) =1

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ap
ai 2432 4+354+324+354+2437+3
ay | 14+2x32+33+374+2x3°4+2x3°5 3%
as | 1+2%334+354+37+38
ay 2+324+2x33+2x317
as | 1+3+2%3T4+3°
ag 1+2%3+35+2x3%
az 2x3+ 3%
as 32
ag 24+2%x3+2%32
aio 0
P(T)=T?*+ (2+3HT + (2% 3% + 3%) \
p=3,d=067,3=1 \F,) =2, \p,d,B) =1 \
ap | 237+ 3354 2x37 +2%3° +2%30 237 +2%35 4237 +2x3704+ 2% 3
a1 | 3+2%334+31 435436437438
as | 24+3+2%372+33 437 +2%37+3%5+2%3°
as | 2%x34+2%334+2%x37T4+2%x354+2%x37+2x%38
as | 3+2x334+24374+2%x35+2x37
as | 1+2%3%24+2+3%43°436
ag | 2+ 32433
ar 2%3+33+2%3%
as 32+33
ag 34+ 2% 32
aio 0
P(T)=T*+ (2x3+2%3")T + (32 +2x3%) \
p=3,d="T4, B=1,NFy) =2, \(p,d,3) =1 \
ap 2%374+35+2%37+2%3° 4+ 235+ 2%37 +2%x3%5 +2%39 424310 1 24311
a; | 3+2%32+35+37+2%3° +2%37+ 35437424310
as | 243423 +3°+304+2%39
as 34+334+2%3°4+37
aq 24%3+324+2%32+243 +2%3°+2%37
as | 1+3+2x32+32+2%3"+3°
ag | 2+2%324+2x33
ar | 2+32+2%3%+31
as 1+2%32
ag 24+2x%x3
aio 0

P(T)=T*+ (2x3+2%3%)T + (37 + 2% 3%)
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p=3,d="79, =1, A(Fy) =2, A(p,d,B) =1

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ap
a; | 3+2%334+364+38439
az | 2+2%3+32+354+374+3°+2%3°
as 14+34+2%324+2%x3¥+2%3°4+304+2%38
ay | 2+33+35+2%37
as | 32 +3*+2%3°+36
ag | 2%3+374+2%33+2x37
ar 1+2%3+2%32+2x33
ag | 2+3+3%2+33
ag 2% 3+ 32
aio 0
P(T)=T%+ (2%3+2%3%+2x3%+ 30T + (37 + 2% 3% + 2 3%) \
p=3,d=282, =1, \Fy) =2, \(p,d,3) =1 \
ap | 237+ 354 2x37 +2%3° + 2430 4+ 237 +2%3%5 + 237 +2x310 424310
ar | 232 +37 435 2537+ 253542437 2310
as 1+2%x34+2%324+33+2x3°+3F
as [ 3+3%2+33+31+35+2x3°+37+2x38
Qg 2432 4+334+2%x3°+2%304+2%37
as | 3+2x31T 435436
ag | 1+3+324+33+3%
ar 24+43+2%32+2x%3°
ag | 3+32+33
ag 1+ 32
aio 0
P (T)=T%+ (2% 3%)T + (2% 3% + 2% 3%) \
p=3,d=285 8=1, ANF) =2, \p,d,3) =1 |
ap 2%374+35+2%37+2%3° 4+ 235+ 2%37 +2%x3%5 +2%39 424310 1 24311
a; | 35 +354+2%3%+2x37 310
as | 14+2%32+2%33+37+2%3° 4237 +3°
az | 3+3%2+2%334+3%+2%3°+2%37+2%3°
aq 2432 +37 4+ 235 +2x30 +2%37
as 3+2x%35+36
ag | 1+32+32+2%31+3°
ar | 2+2%33
ag | 2+3+3%2+33
ag 1+2x%32
aio 0

P(T)=T%*+ (33 + 23T + (2% 37 + 35 + 3%)
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p=23,d=106,3=1, A\(Fy) =2, A(p,d, ) = 1

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ag
ai 2432 4+354+3° 438 +2437 4310
as | 1+2%32+304+3°%
as | 1+2%32+32+2%37+2%3°4+2%x35+2%374+38
a; | 2+4+2%34+3%2+354+2x37+3° 430437
as 14+2%3°2+334+2%3°+2x%3°
ag | 2+2%3+37+2+33+2+33+2%3%+3°
ar | 1+33+31
ag | 2+3+2%3°
ag 3+ 32
aio 0
P (T) =T? + (2% 3% + 3%) \
p=3,d=113, =1, \(Fy) = 2, \(p,d, B) = 1 \
ap | 32 +2%354+2x37 +253° + 2430 4+ 237 +2%3%5 + 237 +2x310 £ 24310
ar | 233 +37 435 2537+ 253542437 2310
as | 24+3+3%2+2%3"4+2x3° +354+2x37 438
as | 2%3%2+2%31 4236437
a; | 1+2%32+334+3°4+2%37
as 1+2%x3+2%32+2x33
ag | 3+37+2x31+3°
ar 2%32 423434
as 243
ag 3+ 32
aio 0
P (T)=T%+ 33T + (2% 3% + 3% 4+ 3%) \
p=3,d=122, =1, AFy) =2, A(p,d,8) =1 |
ap 2%374+35+2%37+2%3° 4+ 235+ 2%37 +2%x3%5 +2%39 424310 1 24311
a; | 3+2%374+2%3° +2%37+37 430
as | 24+2x32+33+314+2x30 438
az | 24+2%33+2%34 4354237 +2%3°
aq 14+2%37+2%30 42437
as | 3+32+33+2%314+3°
ag 14+3+2%3%2+2%33+2x3%+2x3°
a; | 24+2%3%24+2x3%
ag | 2%34+2x32+33
ag | 1+3+32
aio 0

P(T)=T%+ (23432 +3%)T + (32 + 3% + 2% 3%)
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p=23,d=131,3=1,AFy) =2, \(p,d, B) = 1

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ap
ai 2432 4+2%3%4+374+2%3%9 4310
as | 1+3+2%374+2%354+2%3643°
as | 24+2%374+2%33+37+3°+35+30 4237
as | 24+2%3+2%x37 435437
as 14+2%3%2+2%35+2%3* +2%3°+2x3°
ag | 1+2%3+2%324+334+35+3°
ar 24324+ 2x33+2x3%
as 2+34+2%3°
ag 1+32
aio 0
P (T)=T%*+ (324+2%3%)T + (2% 3% + 2% 3% + 3%) \
p=3,d=137, =1, A\(Fy) =2, A\(p,d,8) =1 \
ap | 32 +2%354+2x37 +253° + 2430 4+ 237 +2%3%5 + 237 +2x310 £ 24310
a7 | 2%x34+2%x33+2x3¥+2%3°+2x354+3"4+243%+2%3
ay | 1+37+37+35+37+3°
as | 2+3+2%32+3°+2%37 +2x%38
as | 24+2%3+2%354+3"+3° +35 237
as 24+3+2%324+31+2x3°
ag | 37 +2%3%+ 37
ar 24+2%x324+33
as | 1+2%3%2+2x33
ag | 2+3+32
aio 0
P(T)=T%*+ (2x3+2%3")T + (3% +2x3%) \
p=3d=142, =1, \(Fy) = 2, \(p.d, B) = 1 |
ap 324+ 237+ 2%3% +2%30 4+ 2437 +2%3% +2%x3% 2310 4 24311
a; | 2%32+35 4374354310
as | 24+3+2%374+354+2%37+3°+2x30 437
a3 | 24+2x3+334+34 43> +2x%3°
as | 3+374+2+334+37+2%x3°+37
as | 2%32+33+2x374+24354+2x3°
ag | 1+3+37+2x37+2x%3°
a7 | 1+2%3+3%+2x37
as 2% 3+ 32
ag 2432
aio 0

P(T)=T%*+ (2x3%+2% 3>+ 30T + (2% 3% + 3%)
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p=3,d=173, B=1, A(Fy) =2, \(p,d,B) = 1

3+ 2x37+2%x35+2%x30 +2%x37+2x35 +2%x37 + 2310 4 2% 311

ap
ai 2x34+2%x354+2x314+354+2x304+374+2438+2%x3% 4310
as | 24+2%33 +2%x3° +354+2%37
as 24+2%x3+31+2x354+2x%x38
as | 2+2%32+37 2535 12437
as 24+2%324+334+2%3*+3°4+2x%3°
ag | 2+3+3%2+3°
ar 1+2%34+2x32+3%
ag | 1+3+3%2+33
ag | 2+3+32
aio 0

P(T)=T?+ (3+2x3)T + (2% 3% + 2% 3%)

p=3,d=182, =1, \(Fy) =2, A\(p,d,B) =1 \
ag 374+ 2+3% 4+ 2537 +2%30 42437+ 2535 +2%39 42310 424311
a; | 2x3+3*+3%54+2%3%
a; | 1+2%34+2%324+33+3%4+364+37+38
as | 242%3+32 12433 +2437 12435 +30 4243742438
as | 14+3+3%2+354+2x35+2%30 412437
as | 324+2x33+3*+2x3°+36
ag | 1+2x32+2%37 435
ar 14+2%32+2%3%4+2x3%
ag | 1+3+3°
Qg 3
(110 0

P(T)=T*+ (2x3+2%3>+3)T + (32 + 2% 3?)

p=3,d=-2,8=0,AFy) =1, \p,d,B) =1 \

Qo 0
a; | 1+2%3+3%2+2x3"+2x37+3%5+3942%310
ar | 1+32+33+3°+2x30439
az | 2+3+2%33+2%3" +2%3°+2x37+ 3%
as | 3+2%33 4232435 +37
as | 14+2%3+2%33 43" +2%3%+2%3°
ag | 2%3°
ar | 2+3%2+3%+2x%3%
ag | 2+2x3+2x32
ag 3+32
aio 0

PX(T) =T
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p=3,d=-506=0, \MFy) =1, A(p,d, ) =1

Qg 0
ai 14+3+3%24+2%x33+3*+2%354+2%3"4+2%384+2%374+2x310
a; | 2%x34+3%2+2+3*+37+2x35+2x3°
az | 1+32+3°
ag | 2%3+33+37 235437
as | 1+3+2%x32
Qg 1+33
a; | 24+2x3+32+314
as 2*3
ag | 1+3
aio 0
P(T)=T
p=3,d=—11, =0, \(Fy) =1, A(p,d, B) = 1
aq 0
a; | 2+3+2x32+2x33+37+2%3°+2%30 + 237
as 24+2%3°+2%37
as | 2431 +2%374+2%38
as | 34+2x32+33+3°+3542%37
as 32 +2x3°
ag | 1+3+32+35+2x37
ar 2+2%3+324+2x334+3%
ag | 2%3+2%32 433
ag 24+2%3+2%32
aio 0
PX(T):T ‘
p=3,d=—17,3=0, \(Fy) = 1, A(p,d, B) = 1 \
Qo 0
a; | 2+3+2%3%2+334+2x3° +2%35 437438 +3% 2310
as | 14+2%3+32+2%324+2%3°4384+3°
az | 2%3+32+3*+2%3°+3°
as | 1+3+3T+3542%37
as [ 1+32+2x33+2%3" +2%35+3°
ag | 2+32+33+3°
a7 | 1+2%3+32+317
as 3+2*32
Qg 2
aio 0
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p=3,d=-23,5=0,AFy) =1, \p,d,5) =1

Qg 0

ai 14+2%3+324+334+2x3*+3°+30 123
as | 24+2%3+2%374+354+2%374+30+374+2%39
as | 3+3°+35+2%38

ay | 2+3+2%374+354+2%3° +2%35 137

as | 3+2%324+334+3°

Qg 1

ar | 24+32+3%+2x3%

ag | 2%3+2%3%2+2%33

ag 1+2%3+32

aio 0

P(T)=T |

’p:37d:_26vﬁ:07 )‘(FX):L )‘<padaﬂ):1 ‘

aq 0

a1 | 14+2%3+334+2%34+2%3°+310

as | 1+3+2%32+35+2x3%+2%37

as | 1+3+33 4230438

Qg 2433 +2%x3°+2%x37

as | 1+2%324+334+3°+36

ag | 1+2%3+374+2x354+37

a; | 1+3+3%4+3%

as 32+33

ag 14 2% 32

aip 0

y P(T)=T \
y p=3,d=-29, =0, \(F\) =1, \(p,d,3) =1
Qo 0

a; | 1+2%3+2%3%2+2x3%5+2%x37+3° +35 425374 3%+ 310
as 2432 4+2437 1243543

as | 1+2%3+324+2x33

aq 243432 4+3% 42430437

as | 2+3+2%32+2%3"+3°+2x%3°

ag | 2+2%3+2%374+354+37+2x3°

ar 14+2%x3+33+2x3%

as 1+32

ag 2% 3

aio 0
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p=3,d=-3106=0, \MFy) =1, A(p,d,5) =1

ap 2%3

a; | 1+32+33+3*+3°+2%304+39+2%310

as | 1+2%3%2+2+3%4+3°+354+2%374+2%3%4+2%3°

as | 2+3+2%324+2%3%4+354+2x37

as | 3+37+31+37

as 1+2%x3+3%

ag | 2+2%3+374+2x374+2x3°

ar 3
as 1
ag 14+2%3+2%32
aio 0

P(T)=T+(2%3+32+2%3%+3"+3 +3°+2x37+3°) |

p:37d:_3876207 )\(FX):17 )‘(p7d76):1

aq 0

ar | 14+3+324+334+2%32+3°+2%x360 437424374310

as 1+2%35+354+2%37+3°%

az | 32 +2%33 423 +3°+37

as | 14+2%3+374+2%354+3°+30 437

as 24+3+3*+2%x3°+36

ag | 2+2%3+2%374+35+2x37

ar 2 % 32

as 3+32

ag | 2+3+32
aio 0

P(T) =T

p=3,d=-53, =0 AFy) =1, Ap,d,5)=1

Qo 0

a1 | 2+2%3+374+2%354+37+2%x3°+2%304+3%5+2x3°

as | 2437 +2%x33+3F+35+2%35+3Y

as | 2%374+2%33+3°+2%3642%37

aq 354+ 92436 +37

as | 2+3+2x3343

ag 2% 3+ 32

ar | 2%x32+2x3%
as 3+2*32

ag 2%34+2%32
aio 0

72




p=3,d=-59, =0, ANF) =1 Ap,dB)=1 |
Qg 0

a; | 24+33+37+2%364+2%374+384+2x%x3

as | 2+2%3+324+2%37 430 +2x37+354+3°
as | 24+3+37 43542437 +2%3°%

as | 24+2%3+2x374+37

as 14+2%3%2+2x334+36

Qg 3

ar 2+2%3%24+2%3%
as 2+33

ag | 1+3

aio 0

’ PX(T):T ‘

’ p:37d:_6176207/\(FX):17)‘(p7d76):1

ag | 3+ 32

a1 | 1+3+2%3724+2%334+2%32 4354374394310

as 1+2%x37+334+2%3T+2%x3°+35+35+2x%3

as | 2+2%324+354+2%3% 438

a; | 1+2x33+37

as 1+3+2%x3°+2x36

ag | 3+37+33+3F+2x3°

ar 2%3+2%32+335+34

as 2+33
ag 24+2x3+32
aip 0

[ P(M) =T+ B+3+2x3"+3°4+37+2x3%+3%)

|

| p=3,d=—628=0,AFy) =1, A(p,d, B) = 1

|

Qo 0

a1 | 2+3+2%374+3°+2%35 2535 +2%394310

as | 2+4+2%34+2%x33+2%x37+3° 42435+ 2437 +3%54+39

as | 1+2%3+334+3"+2%3°>4+3% 437438

aq 1+2x33+2%x3% 435 +37

as | 2+3+32+334+314+2x3°

ag | 2%3+374+354+3743°

ar | 2%34+324+33+2x%3%

ag | 2+2%3+3%24+2%33

ag 1+2x%32

aio 0

| P(T) =T
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’p:37d:_7176207 )\(FX):la )‘(padaﬁ)zl ‘

Qg 0

a; | 24+3+324+3* 4235437439430
as | 24+3+2%33+3%+3°4+2%x354+2%37
as 1+2%x3+2%324+2%354+2%374+3°%
ay 1+3T4+2%35+2%37

as | 2+32+33+344+3°

ag | 1+2%3+3°

a; | 3+2x32 433+ 3%

as | 1+2x3+32+33

ag | 2+3

aio 0

PX(T):T ‘

p=3,d=-T7,8=0,NFy) =1, A(p,d,8) =1

aq 0

a; | 2+3+2%3%24+2x3°+37+3% +2%37+2x310
as 2432 +354+2x37+2%x35+2%3°

as [ 3+33+31+35+2x3°+3°

as | 1+2%3+374+2+354+2%374+2%3° 430437
as | 2+32+3*+2%3°4+2%3°

ag | 2+3+2x334+314+2x3°

ar 24+2%x3+2%x3242x%33

ag | 1+2%3+3°

Qg 1

aio 0

P(T) =T

’p:3>d:_8375207 )‘(FX):L )‘(pad7ﬂ):1 ‘

Qo 0
a; | 1+3+2%32+354+2x37
as | 24+2%3+33 43143543739
as | 1+2%x3+2%324+33+37+2%x354+38
aq 14+2%x3+3T4+364+2%x37
as | 2+3%2+2%33+314+3° +2x3°
ag 2%3+2%x33+2x3%+3°
ar | 32+2%3542x37
ag | 2+2%3+3°
Qg 1
aio 0
y P(T)=T
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=1
d,B) =
Alp, d,

0, A(Fy) = L,

_895 /8 =Y,

=3,d=

p=

0
ag

39
3% +
T+2x
643

314135 4+2%3

2 %

33+

32+

2 %

+3+

aq 2

8
2% 3
37 +

64 2%

31 4+24x35+3

S+

713

3+3

+ 2%

ag 2

38
2 %
37 +

61 92x

31 4+3° 435+

2 %

33+

+3+

as 2

36
541 2%«
3 +3T+2%3° +

3%+

+ 2%

a4 3

4
as

5
2x%3
33+
* 3+
Qg 2

34
*
+32+3%+2

3

+ 2 %

ar 1

2
242x%3
o 2 % 32
a9
aio 0

|
PAT):T

|
—1

B) =

Ap, d,

B=0,AFy) =1,

—05, B =

=3,d=

p_

0
ag

310
8 1 2%
T+2%3
2%304+2%37+

35 +

31 +

34 2+%

+ 3

aq 2

39
81 2%
30 +37+2x3

1412«

+ 3

ag 1

37
5+2%
3 +31+2%3° +

2 x

+3+

as 2

37
61 2%
3T 35 +2%3

2 %

3+

*

a4 2

3+ 2x3°
1+2%x34+2%
as

7+39 431
Qg 3

4
343
2+3

+3

ar 2

33
71 2+%
+3

as 3

32
2 %
+3+

Qg 2

0
ai1o

|
P(T) =T

=1
d,p) =
=1, A(p,

=0, )‘(FX) =

—106, 8 =

— 3. d—

p_

3+32
ag

* + + 2 % 310
2 3 ! 5+j3*
+

2%3

+ 3+

ay 2

39
8 4 2x%
P+3°+3°+3

3+3

+ 2 %

ag 1

8
5192x%3
2x3T+2x3° +

3+

243

+3

as 1

37
612«

2133 +3°+2%3

3°+

+ 2 %

+3

a4 2

6
54+2%3
3F+3+3+
+3+

as 2

5
2%3
3T+
242

Qg 3

3% +34
o 3+ 33
o 2+3
ag
aio 0

2
+ +
+

3 %

2

PX(T)

5



p=3,d=—-110, =0, A\(F}) =1, A(p,d,3) =1 |

Qg 0

ai 14+3+324+2%3*4+2%x35+2%x37+2%310

as | 14+3+37+3"4+2%x3°4+3"+35+2%3°

as | 24+43+324+2x334+2%35 4361437

as | 2+3+3%2+2%3742x35 437

as 2%34+2%32+324+2x%3°

ag | 3+37+2%x3+2%3°

ar 2%3+2%x32+33

as 3 + 33
ag 2% 3
aio 0

P(T)=T |

p=3,d= 118, =0, \F) =L Ap.d. /) =1 |

aq 0

ap | 14+2%33+2+3°4+2%30 4384394310

as 14+2%37+2%3% +2%30 2437 +2435+2%3

as | 3+324+2%33+2%3*+2%x3°4+374+3°

Qg 24%3+32+3% 4230 42437

as 34+2%x324+2x3%

ag | 24+2x3+33+3142x3°

ar 2 % 34

ag | 2+374+2%33
ag 1+2%3

aio 0

PX(T):T ‘

p=3,d=-119, B =0, \(Fy) =1, A(p,d, ) =1

ag 3+ 32

a; | 24+2%3+3%2+35+374+2%x3°4+37 439430

as | 32433 +2x37+35+354+2437+3

as | 24+2%3+2%374+3°+2%x37+2%35 4230 +2%374+38

aq 24+2%x3+32+2%x314+3°

as | 2%x3+32+3°

ag 1+2%34+2%32

a7 | 24+2%3+32+2x33+31

as | 1+3+3%2+33

Qg 2

aio 0

P(T)=T+(2%3+3+3+2+3"4+2x3°4+2%3"4+3°+31) |
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p=3,d=-122, =0, A\(F)) =1, A(p,d,8) =1

Qg 0
ai 24+42%x34+2%324+2%x334+2%x37+2%3°4+2x354+2x37+2x3%5+39+2x310
as | 1+3+2%32+2%33+3%+354+2%x374+2x%3°
as 32 +2x33+2%374+2%3°4+2%x30 238
ay | 2+2%3+32+2x33 +2x37 +2x3° +2x3° + 2437
as 2432423143
ag | 2+3+2%3%3+2x3%
a; | 1+3+2%32+33
ag | 2+3+2%32
ag 242x3+32
aio 0
P(T)=T
p=3,d=-131, 3 =0, )\(FX):L Alp,d,B) =1
aq 0
ap | 24+2%34+32+354+2%x37+3°4+2%354+2%3"4+2%374310
as 24+2%3+2%x37+2x35+3°4+2%354+2%x374+3°
as | 1+2%3°+374+2x%38
as | 2%34+2x32+33+32+2x37
as 33 +2x3°
ag | 1+37+3F+2%3°
ar 1+2%x3+2%32+2x3%
ag | 2+324+ 33
ag | 243
aio 0
PX(T):T ‘
p=3,d=—134, =0, \(Fy) = 1, \(p,d, B) = 1 |
Qo 0
a; | 1+2%3+32+2+33+2+37+2x3° +354+37+2%3°
as | 24+3+324+2x334+37 4354 2x37
az | 2%3+3*+354+2%35 437
ay | 2+2%3+3°+37
as | 2%3+32+2x3*+3°+3°
ag | 1+2x3%2+2x3%+3%
ar 1+32+2x3%
as 1+33
ag 2% 3
aio 0

(s




p=3,d=-137, =0, A\(Fy) =1, A(p,d,8) =1

Qg 0
a; | 1+2%34+3*+3°+3"4+2%384+37+310
ay | 2%3+2%32+33+2%x37F+2%x3° +2x35+37+38+39
as 24+2%324+2x3*+2%x3°+354+2438
ay | 2+3+2%32+2x33 +31 437 +2%37
as | 1+2%3+2%374+35+2%37+2%x3°4+3°
ag | 2+2x3+3%
ar 2%34+2%32
ag 1+2%34+2%33
ag 2+2x%3
aio 0
P(T)=T
p=3,d=-139, 3=0, A\(Fy) =1, A(p,d,8) =1 \
ag | 2%3
a; | 2+2%3+3%24+2%3° +2%35+37+2x3%4+3°
as | 14+3+3%2+2%354+2x37+2%3°4+2x30 43738
as | 24+2%3+324+334+2%324+3°+36 42437
as | 3+2%354+37 42535 +2x36 437
as | 2%x34+32+334+3*+2%3°+36
ag | 1+2%3+2%354+2%3%
ar 24+2%32+3%4+2x3%
ag 1+324+2x%3°
ag 1+3
aio 0
P (T) =T+ (3+3%+3°5+3%+2%310) \
p=3,d=—-143, =0, A\(Fy) =1, A(p,d,B) =1 \
Qo 0
a; | 14+3+3%3+2%3°4+2x3° +2%3%5+2x394+2%310
ar | 2+3°+354+384+2x3°
as | 1+32+33+2x3+3°+2%30 +2%37
ay | 1+3+37 437 +35 237
as | 2+3*+3%+2%3°
ag 1+2%324+3°
ar | 2%x32+2x%33
as 2
ag 1+2x%32
aio 0
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[p=3,d=-146, 3=0,A(F,) =1, A(p,d,3) =1 |
Qg 0

ai 24+2%x3+32+2%3°4+374+2%x3%94310
as | 2%37+2x35+2%x35 4354351243
as | 33 +3*4+2x306 438

as | 24+2%374+2%374+2%x3°+2%37

as | 1+2%3+324+35+2x3%

ag | 2+3+2%37+3%4+3°

ar 2%3+374+2%35+2x3%

ag 2%3+2%33

ag 1+ 32

aio 0

y P(T)=T \

| p=3,d=-155,3=0,A\(F,) =1, A\(p,d, 8) =1 \
aq 0

a; | 1+2%324+33+2%3° +30 +2%3%54+2%3% 4310
as 14+2%37+2%35+2%3% 4235 +2%37

as | 24+2%3+2%334+344+37 +2x38

as | 24+3+3%24+2x354+3° 437

as 24+3+2%324+3°4+2x3°

ag | 3+2%37+354+2%37+2%3°

a; | 1+3+3%4+3%

ag | 2+3+32

ag 1+2x%32

aio 0

y P(T)=T \

y p=3,d=—157,3=0, A\(Fy) =1, A(p,d,B) =1 \
ag 3+ 32

a; | 1+3+2%33+374+35+35+37+3%+2x310
as | 1+3+324+2x314+2%35+36 137

as | 1+2%3+334+344+36438

aq 1+2%x34+2%324+37

as | 2+3+32+334+2x3443°

ag | 37 +2%33+3T+2%3°

a7 | 2+32+334+ 31

ag | 2+324+33

ag 1+3

aio 0
[P(T)=T+(B3+37+3+2x3"+2x3"+37+2x3'7) |
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p=3,d=—-161, =0, A\(Fy) =1, A(p,d,8) =1

|

Qg 0

ar | 14+2%3+2%3%+2%37+2%3°5 437310
a; | 14+3+33+3°+3°

as | 3+2%324+2%3° +2%35+2x3542%37 + 38
ay | 2+2%354+2%37+3° 235437

as 2+2%x3+2%324+354+2%3%

ag 32+34+2*35

ar 33

ag | 2+3+3°

ag 2+ 32

aio 0

PX(T) =T

| p=3,d=—-167,3=0,A\(F\) =1, A(p,d,8) =1 |

aq 0

a; | 24+2%x3+3242x35+30 437138424300
az | 2%34+32+2+33+2x37+2x3° 438543
az | 1+33+2%3°+3"+38

a; | 2%34+2%324+2%x3°4+3°

as 24+3+2%334+3°+36

ag | 2+2#%32+33+3742%3°

ar 24+2%33

ag | 1+2%3+3°

ag 2%34+2%32

aio 0

P(T)=T ‘

[ p=3,d=-170, 3=0, A\(F,) =1, A(p,d, ) = 1

|

Qo 0

a1 | 24+2%32+2%37 435437+ 2%3%5 +39 4310
ao 2%3+2%32+2%334+2%3°4+3°
az | 32+35437

as | 24+3+324+2x334+354+2%x36 137
as | 1+2%3+2%324+3"+3>+2x%3°
ag | 2+2%324+2x3°

ar 1+3+32

ag | 2+3+3°

Qg 2

aio 0
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=1 ‘
d, B) =
Alp, d,
0, AM(Fy) =1,
—179, B =
=3,d=
p_

0
ao

38
3"+
6+ 2x
334+314+2x3

2 x

3%+

2 x

+3+

aq 2

39
81 2%
3T +37T+2%3

2 %

32+

+ 2%

ag 1

38
2 %
37+

2 %
3142436+

2 x

3%+

+3+

as 2

37
3+2%324+ 2%
+ 2%

a4 1

6
* * 32 34 2%3
+
2x3+2%3

24+ + +

as

35
24 2x3 12+
+3

Qg 2

33
2 %
3+
+2x

ar 1

o (1) |
ag | = = —X( | = F)=1, A(p,d, ) =
- 0, A(Fy) ,
182, 8 =
3,d= 15}
P
ap 0

310
3% +
3° +
T4 2%

* 3

2531 4+3%+2

3° +

2192k

2x%3

3+

+2x

aq 1

9
2%3
3T+

*

2x31 43542

3+

3%+

+3+

ag 1

38
*
3B 4+2x37+2
3+

as

7
°+3
113
2435 4+2%3

Zy

2%3

+3+

a4 1

6
2+3*+3
2

243+

as

34
24+ 2%33 42+«
+3

Qg 2

34
3+2%334+2x%
+2x

ar 2

3
3 3

)
2x34+3
ag

0
ai1o

P(T) =T

=1
d, ) =
=1, Ap,

=0, )‘(FX) -

~185, B =

=3,d=

p_

0
ao

9
+ 3+ + + + +2%3
38
61 2%
543
34+3T4+2%3
+
2%3
32
2 x
3
a1 1

39
2 %
3° +

T 2%

°+3
T4+35+2%3

3

2 %

3%+

37+

+3+

ag 1

37
54 2%
32+374+2%3

2 %

3+

+ 2%

a4 1

6
°4+3
+3°+3"+3

3

+ 2%

as 2

5
+3°+33+3
+3

Qg 1

34
33+
24 2%

343

ar

2
143 -
o 1+2%
ag
aio 0
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[p=3,d=-191,8=0,A(F) =1, A(p,d,3) =1 |

Qg 0

ap | 1+324+2%3°+364+374+2x310

as | 2437 +3"+2%3°+2%354+37+2%3

az | 3+33+314+35+37

as | 3+2x37

as | 2%3* 435436

ag | 2+3+33+2x32+3°

az 1+2%3+32

ag | 3+2%33

ag 3

aio 0

] P(T)=T \

| p=3,d=-197, 3=0,A\(F}) =1L, A(p,d, 8) =1 \
aq 0

a1 | 2+3+32+3" 4235435438 +2%3942x310
as 14324+2%33+374+2%384+2x3°

as | 1+3+2%32+2%3%+3°+3°

ay 32435+ 2x37 43542437

as 1+2%3+2%32

ag | 37 +2%3T+3°

ar 2%3+33+2%3%

ag | 2+2%3+2%32+33

ag | 2+3+2%x32

aio 0

y P,(T)=T \
y p=3,d=-199, 3=0, A\(Fy) =1, A(p,d,B) =1
Qo 0

a; | 2+3+2%32+2x33 +2x37 +2x3° +2x37 +2x35 + 39+ 24310
as | 24+2%x3+372+3"4+35+2%37+2x3%54+3°

az | 1+3+3%2+2x3%

as | 3+32+33+37

as | 34+2x3>+37T4+35

ag | 2+2%3+2%374+2%3543°

ar | 1+3+2%3%2+33

ag | 32+33

ag 1+2%3+2%32

aio 0

P(T)=T+ (32+3%+2x3"+2%3%+3°4 2% 37+ 37 + 2 310)

82




p=05d=—127, =2 ANFy) =1, \N(p.d, ) =1

4x54+3%x52 +4%x55 + 457 +4x5°+4x50 +4%x5 + 455 +4x5% + 450 4 4%x511

ap
ai 34+3%54+2%524+4%x554+2x5%+2%50 +2%57 55 44 %510
az | 5+2%524+3%5° +2x51+3%5° +3%5 +35°5 +57
as | 1+2%52+4%5°5+3%57+2%5°+2%50 +3%57 +55
ay | 4%5+3%52 453+ 257 +3%5° +4%5° +2%57
a5 | 3+2%5+3%52+2%5%+ 55 4 2x%50
ag | 2+2x5+52+4%5° +4x%5°
az 34+524+4x%53
ag | 4+5+2x52+53
ag 3+3%x5+4%52
aio 2+4*5
P(T)=T+ (3x5+5>+4x5"+5°+5°+ 35"+ 55 +3x%5%)
p=3,d=62, =1, \(Fy) =3, A(p,d, ) =2 ‘
ap | 237+ 354 2x37 +2%3° + 2430 4+ 237 +2%3%5 + 237 +2x310 424310
a; | 2%34+32+33+35+30+374+2%3% 437+ 310
as | 2%3+32+3° +354+2x37+38
az | 1+32+33+2x32 438
as | 24+2%3+2%33 423743
as 24+2%x3+32+2x3% 434436
ag 14+2%37+2%35+2x3%+3°
ar 1+2%x3+2%33
ag | 1+2%3+3%2+2%33
ag | 1+3+2%x32
aio 0
P(T)=T3+ (3)T? + (2% 3)T + (2% 3?) \
p=3,d=71,8=1, \Fy) =3, \p.d, 0) = 2 |
agp | 2%3%2+334+2%37 2537 +2%35 4237 +2%3%5 +2x379+2%310 424310
a; | 2%3+2%37+2%3° +35 42437+ 38
az | 3+34+38
az | 1+2+3+2%3%2+3°+354+2%374+2%38
a; | 324+2x35 4238435430 4+2437
as | 2%37+3% +2%3743°
ag | 32+2%33+2x3F4+3°
ar | 24+2%3+2x3%
as 32
ag | 1+2%32
aio 0

P(T)=T3+ (3+3)T? + (2%3+2+3%)T + (2% 3?%)

83




p=3,d=283, =1, A\(Fy) =3, \(p,d, ) =2

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ap
a; | 2%x34+2%x32+2x33+2%314+3°4+364+384+39
a; | 32 4+2%x3°4+37+2x3°
as 1+2%x34+2%324+2%x3T4+2%x364+37
aq 14+2%x3+2%3%
as 2%3+3*+2%x3°+3°
ag | 2+3+2%374+2x354+2%3°
az 24+2%x3+32+33
ag | 2+3+2x32+33
ag 1
aio 0
P(T)=T3+ (3+2x3)T%+ (2%3+3)T + (2 3?) \
p=3,d=103, =1, \(Fy) = 3, \(p,d, ) = 2 \
ap | 237+ 354 2x37 +2%3° + 2430 4+ 237 +2%3%5 + 237 +2x310 424310
a; | 2%34+2%32+2%37 4354230 4+2%3"+2x3%54+2%310
ay | 37 +374+3%54+3°
az | 1+3+2%324+2%33 +37+2%3°+2x3% 438
as | 24+3+37+2x3°437
as 24+2%3+32+2%334+314+2x3°>436
ag | 1+2%3+2%374+2x3%
a7 | 1+3+3%24+2x3%
as | 24+2x3+32+33
ag 34+ 2% 32
aio 0
P(T)=T3+ (2x3)T? + (2% 3)T + 2 x 32 \
p=3,d=139, =1, A\(Fy) =3, \(p,d, ) =2 \
ap 2%374+35+2%37+2%3° 4+ 235+ 2%37 +2%x3%5 +2%39 424310 1 24311
a; | 2%3+3T+2x3%8 43
as | 3437 +2x33+2%374+3°+35 +2x35+39
as | 1+2%3+324+334+2%32+37+38
aq 24+324+2x3°
as | 1+3+2%32+33+31+2%3°+3°
ag | 2+3+32+334+314+3°
a; | 2+3+3°
as 2+32
Qg 32
aio 0

P(T)=T3+ (2x3)T? + (2% 3+ 2 3%)T + (2 % 3?)
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p=23,d=151, B=1, A(Fy) = 3, A(p,d, B) = 2

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ap
a1 | 2%x34+2%x324+2%x33+3°+2%x30+37+3%+2x39
a; | 2%x37+334+2x3°4+2x354+3°
as | 1+3%24+2x374+354+2%37
ag | 1+3+324+334+2%3143°
as | 2+3°
ag | 3+2%37
ar 2+2%x3+2%324+354+2%37
ag 1+2%x3+33
ag 24+2%3
aio 0
PT=T3+ (3)T%+ (2% 3+ 33T + (2 3?) \
p=3,d=179, =1, \(Fy) = 3, \(p,d, ) = 2 \
ap | 237+ 354 2x37 +2%3° + 2430 4+ 237 +2%3%5 + 237 +2x310 424310
a; | 2%3+3*+2%3%+310
as 34+324+2x3°
as | 1+2%3%24+2+334+2+32 42435436437
a; | 2%x3+2%3°+30 42437
as 24+2%x3+2x3%243%
ag | 24+2x33+37 235
a; | 2+42%x3+33+31
ag | 2+324+ 33
ag | 2+3+2%x32
aio 0
P(T)=T3+ (3)T? + (2% 3+ 2% 3%)T + (2% 3?) \
p=3,d=181, B=1, \(Fy) = 3 \(p,d, B) = 2 \
ap 2%374+35+2%37+2%3° 4+ 235+ 2%37 +2%x3%5 +2%39 424310 1 24311
a; | 2%3+2%334+37+3°+2%37+2%3% 4310
as 3+2%x324+35+2x%3°
as | 1+33+2%3*+2x%37
ay | 1+3+3542%37
as | 2+3+2x33+2%3"+3°
ag 24243433 4+2x%3°
ar | 2x34+2%x32+2x33+3%
ag | 2%3°
Qg 0
aio 0

P(T)=T3+ (2x3+3)T%+ (2x3+3%)T + (2% 3%)
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p=3,d=199, B =1, \(Fy) = 3, \(p,d, ) = 2

237+ 33 +2x3T+2x3°+2%x30 4+ 2%x37+2x35+2x39 + 2% 310 4 24311

ag
ai 2%3+2%32+2%33+304+3%5+2%39
as | 37+33+2%3T+2%304+37+2%38
as | 1+3+2%324+2x354+30 437
as | 3+37+37+2%3° 4230
as 2%32 433436
ag | 1+2x3+32+33
az 24+2x3+32
as 32
ag | 1+3+32
aio 0
P (T)=T3+ (2% 3)T + (2 3?)
p=3,d=—14, =0, \(Fy) =2, \(p,d,3) =2 \
aq 0
a; | 34+334+2x3 +2%35 4236 +37 +3%5 4+ 39424310
as | 24+2%374+2%37 43
az | 14+2%32+2%3%+2x37
as | 2%34+2%374+2%33+2%x3°+36
as 14+3+324+2%334+2%x3*+2%x3°+2%36
Qg 2*3+2*32
a; | 2+3+3+3%
as 2+3
ag | 2+3+32
aio 0
P(T)=T%*+ (2x3+2%3>+2x3N)T \
p=3,d=-3508=0,ANFy) =2, A(p,d, ) =2 \
Qo 0
a; | 2%3+2%32+33+2%37+3°+3° +2%37+ 354+ 2%31°
as | 24+2%374+2%334+2%x37+3° 4230437 +3%5 139
a3 | 1+3+3%3+2%37 423> +2%37 +2x38
a; | 2437 +2%x33+2x37+3°4+37
as | 1+33+3>+3°
ag | 2+374+2%354+2x%3°
ay 2*32+34
as 2432433
Qg 3
aio 0

P(T)=T*+ (3+ 3%+ 31T
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’p:37d:_4776207 )\(FX):Q) )‘(padaﬁ)ZQ‘

Qg 0

ai 32 4+3°+2%x35 42438 +2%x394+24310
a; | 1+3+3%3+354+2x3%54+3°

a3 | 24+3+324+2x334+354+37+2x%38

ag | 2+37+37 2535435437

as | 1+3+2%3°4+2%374+2%30

ag | 2%3+37+35+2x37

ar | 34+2%374+2%3% 37

ag | 2%3+32+3°

ag 2% 3+ 32

aio 0

y P (T) =T+ (32 +2%3%+ 23T \
| p=3,d=—-658=0AF) =2 Ap,d,3)=2 |
aq 0

a; | 3+2x32+2x3+2x3°+3%54+2x%39 4310
az | 2+3%7+2%33+2%3" +3543°+38

az | 2+3+324+2%334+37+2%3%

a; | 2%x35+2%36

as | 1+2%3+2%3%7+33+314+2%3%+2%3°
ag | 3+37+37+2x3°

ar | 2+3+2%32+37

ag | 2+3+2x32+33

Qg 3

aio 0

P(T)=T%*+ (2x3+ 35T

[ p=3,d=-T4 =0, \(F) =2, Ap,d,5) =2 |

Qo 0

a; |32 +2%33+374+2%35 435 +39 424310
as | 1+374+35+374+2%x374+2%38

as | 1+3+2%324+2%35+3%4+2%x35+2%37
aq 14233 4+2%3T4+2x35+2%x30 42437
as | 2+3+3%2+2%3342%3°

ag | 2+2%3+374+334+3°

ar | 1+3+3%2+2%334+2%37

as | 37+3°

ag 2 % 32

aio 0

P(T)=T%+ (32+2% 33+ 39T
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[p=3,d=-101, =0, A(F) =2, \(p,d,3) =2 |
Qg 0

ai 32 +2%x354+3°4+35 42437424310
as | 242x32+374+2%354+37+3°

az | 1+334+3°+3°+2%374+38

ay | 1+2%3+32+354+2%3%

as 2%3+2%x33+34+3°

ag | 1+3+2%x374+2x354+2x32

ar 24%34+2%32+2%x334+2x3%

ag | 2%32+2%3°

ag 2% 3

aio 0

y P (T)=T?+ (2%3%+2% 3>+ 30T \

y p=3,d=—-107, =0, A\(Fy) =2, A\(p,d, ) = 2

aq 0

ar | 232 +2%35 437 +2%3° +35 437 +35 +379 424310
as 14+34+2x334+374+2%x35 130 1 2%x374+2%x35+2%39
az | 1+3+2%32+33+3+37+38

ay 243432 4+2%334+2%3°4+2%x37

as 2432 4+2x33 431 43°

ag 1+2%32

ar 242%x3+2%324+33+3%
as 3+33

ag | 2+3+32

aio 0

y P(T)=T?*+ (2% 3>+ 23T \

| p=3,d=—113, B =0, A(Fy) = 2, A(p, d, ) = 2

Qo 0

a1 | 3+2%374+2%33+2%37+2%3°+2%35 +37+2x35+2%310

as | 1+34+2%32+2%33+2x37 435437439

as | 2%x34+2%324+33+3"+2x38

ag [ 2+3*+3"+3°+37

as 2*33

ag 2%3+2x32+3%

ar | 2342334234

as 2%x3+3°
ag 1+2x%3
aio 0

y P(T)=T%+ (3+3%+2x3%+ 30T
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p=23d=—149, B =0, A(Fy) = 2, AN(p,d,B) = 2

Qg 0

ai 2432 +2+3°+2+35 42438

as | 1+3+2%32+35+374+2%x3°4+35+2435+2%3°
as | 2+34+324+324+2x37+2%x3°+354+3"+2x38
as | 3+374+2%354+35+2%x354+2%37

as | 2+3+37+2%x35+2x31 430

ag | 1+2%3+32+354+2%3°

ar | 2%34+374+2%3%3 37

as 2+3+33

ag 32

aio 0

y P (T)=T?+ (2%3%2+3%+2x 30T

| p=3,d=-158,8=0,AF) =2, A(p.d,3) =2 |
aq 0

a; | 2%34+2%324+33+3°+3%+2%37+2%310
as | 24+3+2%32+35 43" +3°+37+2x354+3°
as | 33+374+2x3°+2%30 438

as | 24+3+33+31 437

as 32+33

ag | 1+37+33+3%+2%3°

ar 1+2%3%

ag | 2+ 3+2x32

Qg 2

aio 0

y P(T)=T?+ (3+2x3%+2x3T \
y p=3,d=—173, =0, A(Fy) =2, \(p,d, ) =2
Qo 0

a; | 3+2%32+2x37 423" +2%x3° 4+ 37 +3%542%30
as | 1+374+37+2%3°+2x%30

az | 2+2%3+2%3%2+2%3%+2%3%+2%3% 438
aq 24+42x3+324+334+2x3°4+2x30 4 2x%37

as | 1+3+2%32+3342%31 4253543

ag 1+2%324+3°

a; | 24+2%3%24+2%33

as 24+3+324+2x33

ag | 1+ 32

aio 0

P(T)=T*+(3+32+3+3)T
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p=2>5,d=23 =1, AFy) =2, \(p,d,[) =2

5+3%524+4%5° +2%5%+5° +4%50 £ 2%5%5 4594510

ag
ap | 4%x54+4%524+2%554+5%+2%5° 42450 158459 4510

ay | 4+2x5+2x55+4%52+3%5° +2x554+3%57 +4%5% +3%5°
as | 24+2%5+3%52+4%55+4%5° +2%5°0 +57

as | 2%54+2%x52+5% +3%52 450 457

as | 4+2x5+2x52+4%x55+3%x5%+4%5° +2x50

ag | 44+ 252 +3%5% +3%51 45

ay 2+ 5%

ag | 2%5+4 %52 +4%53

ag 1+2%x5

aio 3+5

[P(T)=T2+(4%5+2%52+2x5%+4x50)T + (4%5+ 5% + 455 +57) |

p=5,d=37,8=1ANF) =2 \p,d,B) =2 \

ag | 4%x54+2%524+4%5° +2%57+5° +4 %50 £ 2455 459 4 510
a1 | 2%5+524+3%5%+2x%5° + 56 4510

ay | 3+2%54+4%52+3%5° +4%x57+4%5° +3%x55+3%57 +5%5 59
az | 3%5+3%5%2+3%55 +4x57 + 58

ay | 4+4%5+3%5%2+3%5°+4x57 45 +57

as 34+5+3%52+3%55+4x5% 45456

ag | 2+ 3%5° +3x5T +4x5°

ar 3%5+3%52+4%5%5 +4x52

ag | 2+5+4%5°

ag 24+5+3%5%

aio 1+3%5

[ P(T)=T?+ (4x5+3+5°+3+5)T+ (3x5+2x52+2x5 +57) |

p=>5,d=109, B =3, A(Fy) = 3, A(p,d, ) = 2

|

52 4+ 2%55 +3%57+4%x50 +2%57 +3%55+3%57 +4%50 4+ 4x511

ao
a1 | 5+4%x57+3%5° +4%x55 457 +2%55 + 57 +2x%510
as | 554+ 2%5° +2%57 +2x55 +4 %57

az | 3+4x5+5%+4x55 +54 42555457

as | 3+5+2%524+4%55+3x%57

as | 2+3%5+3%52 4253 +5% 55 +2x50

ag | 24+4%x5+2x52+2%55 + 4 %57

a; | 1+4%54+2x%55

ags | 3+3x5+2x55

ag 243%5

aio 5

P(T)=T3+ (3x5+4%5)T?+ (2x5+2%5%)T + (2% 5?)
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p=05,d=127, B=1, N(Fy) =2, \(p,d, B) = 2

ag | 5+52+5° +5% 4250 £ 2457 + 3 %55 4510 4 4x51T

ai 352 +2%55 +3%x5%+3%x50 57 +4%x585 4594510

as | 3+3%524+55+4x5T+2x50 1 4%x57 +2%58 +4x5°

as | 3+5+2%5°+3%5T+3%5° +4%5°5 +3%5" +2x5°

as | 3+5+4%5°+574+4%5° +2%50 457

as | 4+2%5+4%524+2%5°5 +2% 5% +5° 43 x50

ag | 2+4%x5+2%52+514+2%5°

az 24+ 2454524+ 2x%5%

ag | 4+3%5+2%52+3%5°

ag 3+4x5+52

aio 2+2*5

P (T) =T+ (3%5+4%52+2%5°+ 51T + (2%5+ 3% 5%+ 3x57) |

p=>5,d=127, =3, \(Fy) =3, AM(p,d, 5) =2

|

ap | 3%x52 +3%55 +3%x5%+4%x5° +2%50 £ 2457 55 +4%5% + 3510

a; | 3%x54+52+3%5%5+3%x5°+50 +4%58+2x%59

as | 4x54+4%x5%2+3%55 + 457 +3%x5°+2%x50 +3%57 +3%55+2x5°

as | 4+2%x5+2%52+55 +2x57 4 2x5%

ay; | 2%52 +2%55 + 5% 4+ 4% 5% 44 %50

as 24+2%54+2%55+2%x5%+3%5°+3x%50

ag | 3%x54+2%5° + 2% 5T+ 2% 5°

ar 44352

ag | 3*%5%2+4x53

ag 44+3%5+4%x52

aio 0

P(T)=T3+ (5+4%5>)T%*+ (2x5+5%)T + (2 % 5%)

p=5,d=149, B =1, \(Fy) =2, A\(p,d, B) = 2 \

ap | 3%54+2%524+2%5T +3%5° +4%57 +2% 55 +3%5% 4 %511

a; | 3%x54+55+4%55 +3%5%5 59 4 3%50

as | 34+5+524+4%x55+3%x52+2%x5°+3x5%4+3x57 +59

a3 | 4+4%5+3%52 4455 +2%5% 4+ 55+ 4x57 +4x%58

a; | 245+52+4%55+3%x57+3%5° +2%57

as | 24+2%5%2+2%5% 4+ 5° 456

ag | 4+2%5+52+3%574+2%5°

ar | 24+5+3%52 +4x%5%

ag | 4+3%5+3 %55

ag 1+5

ayp | 2+5

P(T)=T%+ (3%5+2%5>+ 25T + (5 + 3% 5% + 5%) \
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p=>5,d=—11, =0, A\(Fy) =2, A(p,d, ) =2

Qg 0
ai 54+3%524+3%55 +585 +4%5%+4x510
as | 3+3%x52+4%55+2x5T+2x57 +2%5% +4 %57
as 44+ 3%5+3%52+2%5°+4x5%4+2%x5°5+2%56 +3x57
as | 4+3%5+52+3%55+4%5° +4%50 4357
as 34+2%x5%2+5%+3%x5°+3%5°
ag | 3+4%52+3%55+2%57 +2%5°
a7 | 44+2%5+4%52+2%5° + 52
ag | 1+5+52+5°
ag 44+54+2%5%
aio 1+4*5
P (T)=T2+ (2%5+52+2%5 + 50T \
p=5,d=-26, =0, \Fy) =2, \p,d,B) =2 \
aq 0
a; | 54+3%52+3%5%+4%5° +56 +4%57 +2x5% 4 4x%510
ay | 24+4%5+3%52 458 4+5° +2%57 +4x58
as | 14+ 4+x5+4%524+55+4%x5%+4%x5°+2%x50 457
as | 4+5+2%55+2x52 4+ 55+ 4%5%5 +3%57
as 3452 +3%5%5+3%5° +4x5°
ag | 52+ 4% 55 +4%5°
ar 2% 5+ 3%55 + 5%
as | 4+4%52+4%53
ag 444x%5
aio 3
P(T)=T%*+ (3%5+2%52+2x54T \
p=>5,d=—-34, =0, \(Fy) =2, A(p,d,3) =2 \
Qo 0
a1 | 3%54+52+55+2%5° +57 +3%5°5 +2%5°
as | 3+2%5+4%5”24+2%55+3%5T+3%5° +2%5' +2%5°
az | 3%5+2%52+3%5%5+2x5% +2%5% + 50 4+ 458
as | 1+5+5°+3%574+2%5° +3%50 +4%57
as | 1+5+3%574+3%55+524+2x5° +4x5°
ag | 2+ 255 +4x5%
ar | 3%5+3%5% +2x*54
as | 2x54+4%5%2 +4x%5
ag 54 2 % 52
aio 1+2*5

P(T)=T?+ (5+3x52+2x5")T
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p=>5,d=—41, =0, A\(Fy) =2, A(p,d, ) =2

Qg 0
ai 2%5+2%52 +2%55 +2x5% +2x5° + 505 1 2% 57 459
ay | 44+2x52+53 +2%57 +3%x5° +3x5° +3%x5543%5°
as | 4+5+2%52+57+2%5%5 £ 3%57 +3 %58
ay | 1+5+554+3%5%+2x5° +3*55 +4x57
as 44245+4+2%524+4%x5>4+3%x5°+2x%50
ag | 3+3%5+2%52 455 +57
a7 | 44+4x5+4x52+2%55 + 2 %57
ag 44+4%5+4 %52
ag 3+3%x5+4%52
aio 1+4*5
P(T)=T?+ 35+ 452 +2x5+2x5H)T \
p=5,d=—46, =0, \(Fy) =2, A(p,d,B) =2
aq 0
a; | 3x5+5%2+4%5> +2x5% + 257 +4%5% + 357 + 3510
ay | 1+3%5+4%52+4%5%54+3%5°+3%504+57 +2%5°
as | 4%x54+2%5%2+3%55 +2%5° +57
as | 4+2%5+524+2%55+ 45T+ 2%5° + 450
as 44+2+%5+4%524+3%x5%4+5°+4x50
ag | 2+5+3%52+3%55+ 57
ar 2% 54+ 2%5°
ag | 3+4%5+3 %52
ag 4%5+2x%5°
app | 2+5
P(T)=T%*+ (3x5+4%5>+2x5+2x5)T
p=5,d=—51, =0, A\Fy) =2, \(p,d,3) =2 \
Qo 0
a; | 53 +3%5T +4%5° +2x5 +4x5° +4x510
as | 34+2%5+524+55+4%5° +2%50 57 +2%554+2x%57
as | 5+3%52+2%53+2%5% +5° + 457
a; | 2+3%54+3%52+4%5° +2%x5T+55 12457
as | 4+2%5+2%524+3%554+2%52 +4x%5°
ag | 3%54+ 2% 5% + 3% 5%
ar | 2+3%524+3x5%
as | 2+4%5+52 4453
ag 1+ 52
aio 3+2*5

P(T)=T%+ (2x53+ 51T
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p=05,d=—114, B =0, A(Fy) =2, \N(p,d, B) = 2

Qg 0
ai 54+2%52 4+ 255 +4%5° +3%55+3%x5% +3x59
ay | 245F+4%5%2 455 +4%x5%+4%5° +57 +4%55 +4%5
as 24 4%x5+4%52+4%x5>+3%5%+4x5°
as | 3+5+3%52+5% 45> +3%55 +57
as | 24+2%5+3%52+4%x5 +3%57+5°
ag | 3+2%52+3x5T +3%5°
az 3+4%x5+53
ag | 4+3%5+4%52+53
ag 3+3%x5+4%52
aio 2+2*5

P(T)=T*+ (3x5+3%5+2x51)T ‘

p=5,d=—166, 3 =2, \(Fy) =2, A(p,d, B) = 2
ap | 3%5+2x52 +4%5% +4x5T +4x55 + 455+ 457 +4x55+4x57 +4%510 4 4x51
a; | 2%52+4%55 +2x57 +3%5° + 355 + 457+ 55+ 2%5% +2%510
ay | 44+4%x54+2%57+4%5%5 + 2557 +2%5° +4%55 +3%57 +2%5°5 459
as | 2%x54+3%x5%2+4%x55 +2%5° +55 +4 %57
as | 44+2%5+4%55 +3%5% 5% 50
as 24+3%5+3%524+2%x554+3%x5%+3%5°+3x58
ag | 14+2%5+2%524+2%55 +3%57 +3x5°
ar 54 5% + 2% 5%
ag | 4+5+52+4%53
ag 1+ 52
aio 2x5
P(T)=T%*+ (4%5%>+ 355+ 45T + (2% 5 + 52 + 2 % 55 + 5%)
p=17,d=6, =5 \Fy) =3, \(p,d, B) =2 \

ap G726+ +A+T TP+ 4%+ 257 46T +4%77 +4%710 425711
a; |6k T+ TP 4T+ T+ 2T +570 +4x70 +6%710
as T2 45«7 +5x75 +5%7°
az | 4+6xT+5xT>+ 3T+ 5T+ 2T+ 270 44577
aq 1+5%7T+2%x72+T3+4x7 +5%x7°+6xT70 +77
as | 3+2+TP+6+T> +5xT1+5%T° + 470
ag 14+6%x7+6%724+3%7° +5%xT5+3%7°
a7 | B+2%x7+3%xT24+6*7° 4+ 72
ag | A% 7T+3+x72+2%7°
ag 6+2%7+6x7°
ajpp | 247

P(T)=T3+ (4xT+4xT)T*+ (5xT+4xTH)T + (5% 7?)
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’p:37d:_4176207 )\(FX):S) )‘(padaﬁ):?)‘

Qg 0

ai 2%33+2%3*4+3°4+2%354+2%x3%8 310
a; | 2%x34+2%324+2%3F+35+2%36
as | 24+3+37+2%354+360+2%x37+38
ag | 2%34+32+37+2%35 42437

as 2+2%x3+2%324+354+2%3%

ag | 1+3+354+2%35

ar 0

as 2*33

ag 2+2x%3

aio 0

P (T)=T3+ (3+2x%3%T> \

[ p=3,d=-86, =0, \(F\) =3, A(p,d, ) =3 |

aq 0

a1 | 3+334+37+3°+2x360 424384374310
as | 34+37+2x33+37+2x3°+2x38+3
az | 1+3+33+37+35+243% 438

as | 1+3+2%374+2x354+3°5 437

as 34+324+2%3°+2x3°

Qg 2*34+35

ar 24+3+2x33

ag | 1+3+2%3%2+2%x33

ag | 2+3+32

aio 0

y P(T)=T3+ (3H)T?*+ (3+2*3H)T \

y p=>5,d=114, B =3, \(Fy) = 4, \(p,d, 3) = 3
ap 45524+ 455 +3%5° +4%5° +3%57 +2%55 +4 %57 + 510 4 44511
a; | 4%54+4%5% +3%57 +2%5° +2%x5% + 2557 +4 %55 + 357 + 510
as | 2%54+2%55 +5T+4%x5%5 +3 %57 +2%5% +4x%57
az | 4*%5+4%5%2+2%55 4+ 5% +5° + 5% + 357
as | 4+4%x54+2%52+55+2%52 5% +4%57
as | 5+52+3%5% +4%5° +3 %50
ag | 1 +2x524+3%55+2%5%+2x%5°
a; | 44+4%5+4%5%+4x%5%
as 53
ag 3+5+2%52
aio 44+3%5

P (T)=T*+ (4+3%5)T3+ (4%5)T°
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Conclusion

This project afforded me a good opportunity to study algebraic methods in num-
ber theory, and to compute several new p-adic L-function zeroes corresponding
to the arithmetic of quadratic extensions of the rationals. However, due to
limitations of time and resources, many avenues remain unexplored.

Given more time, I would have liked to understand more the connection between
the p-adic zeta-function, and the arithmetic of towers of class groups (over
the cyclotomic Z,-extension of the quadratic field). This connection is neatly
encapsulated in the Main Conjecture of Iwasawa theory, proved by Mazur and
Wiles.

In particular, each zero that I computed has a precise interpretation in terms
of the structure of the associated Iwasawa module; more precisely, it should be
an eigenvalue of the y-operator, where I' =< v > denotes the Galois group of
the Z,-extension.

Another interesting project would be to use the p-adic Dirichlet expansions to
tabulate A-invariant data over a large range of cubic number fields (see [4] for
the quadratic case). This would be completely new, and it would be interest-
ing to compare these distributions with those arising from the Cohen-Lenstra
heuristics.

Nevertheless, I am delighted to have achieved the aims of my project, and to
have devised a new methods of calculating these p-adic invariants by computer
algebra means.
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PARI-GP Programs

Program A

\\allocatemem(50000000);

\\ Quadratic field parameters

d = 29;

if(ged(d-1,4)==4 , D=abs(d), D=abs(4*d) );

quadjacobi(j) = {
if(ged(j,D)==1, kronecker(sign(d) * D, j), 0);

Am)= {

return(-sum(j=1, D, j*quadjacobi(j) , 0)/D + sum(j=1, m-1, quadjacobi(j),
0) -(2*sum(j=1, floor((m-1)/2), quadjacobi(j) , 0)))
¥

a = vector(2*D);
for(i=1, 2*D, ali]=A(i));
if(d==1, a=[-1/2,1/2], );

\\Default parameters

pbase = 3; \\ the prime p in p-adic
acc = 4; \\ number of p-adic places to use
N = acc; \\ where our approx. cuts out at

sumtrunc = 1+floor(N/eulerphi(2*D)); \\ the power of p to truncate

\\ Basic functions

ord_p(n)= valuation (n,pbase)

padic(x) = x + O(pbase” (acc)); \\ convert a rational to a p-adic number
pupow(x,s) = exp(s * log(x)) \\ <x>"s

pu_pow_i(x,8) = x" s/teichmuller(x)" (s%(pbase-1))

\\ Nof’s super-dooper improved algorithm which works out
\\ p-adic zeta function with twist omega ~ (1+beta), and with an
\\ extra Euler factor at 2,
q = floor(pbase * (sumtrunc*eulerphi(2*D)) / (2*D*pbase” N));
u = lift(Mod(1,2*D)/Mod(pbase,2*D));
th(x, m) = lift( Mod(m,2*D*(pbase” N))+Mod((x-m)*((pbase*u)” N)-1, 2*D*(pbase”
N)) +;
mom(m) = sum(x=1, 2*D, if(th(x,m)< (pbase ~ (sumtrunc*eulerphi(2*D))-
2*¥D*(pbase” N)*q), a[x] , 0) );
zetanofp(s, beta) = {
return((sum(m=1, pbase” (N), padic(if(gcd (pbase,m)==1, padic(mom(m))*(teichmuller(padic(m))”
beta) * pu_pow(padic(m),-s), padic(0))) , 0)
));
}
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\\ Truncation of log(m)/log(1+p) modulo p” N
lambdaN(m) = lift(Mod((log(m + O(pbase” (N+1)))/log(pbase+1 4+ O(pbase”
(N+1)))), pbase” N))

\\ Work out the j-th coefficient of the poly approx. mod p*~ N

coeffappr(j, beta) = sum(m=1, pbase” N, if( gcd(pbase,m)==1 && j<=lambdaN(m)
, padic(binomial(lambdaN(m),j)) * teichmuller(padic(m))” (beta) * padic(mom(m)),
padic(0) ) );

\\ The interpolation polynomials F_ N" (beta)

polyzeta(beta) = sum(m=1, pbase” N, if(gcd(pbase,m)==1, padic(mom(m))
teichmuller(padic(m))” (beta) * (14+X)" (lambdaN(m)), 0));

*

\\ Returns the lambda-invariant of the beta-branch

laminv(beta) = {

for(i=0, 100, if(valuation(coeffappr(i, beta),pbase)==0, return(i-valuation(gcd(pbase,2”
(beta+1)-1),pbase) ); break));
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Program B
\\ Default parameters

pbase = ; \\ the prime p in p-adic

laminv = ;

CapK = 11;

littleK = floor(CapK /laminv);

acc = CapK+1; \\ number of p-adic places to use

\\ Basic functions
ord_p(n) = valuation(n,pbase);
padic(x) = x + O(pbase” (acc));

\\ Coeflicients of f(T), to be inputted by hand, unfortunately
a = [padic(0), padic(0), padic(0), padic(0), padic(0), padic(0), padic(0), padic(0),
padic(0), padic(0), padic(0), padic(0), padic(0)];

\\ Work out the coefficients b_n modulo p

bmodp = vector(CapK-laminv+1);

bmodp[1l] = Mod(1/a[l+laminv],pbase);

for(s=1, CapK-laminv, bmodp[s+1] = Mod(-1/a[l+laminv],pbase) * Mod(sum(i=1,
s, a[l+laminv+i] * bmodp[1+s-i], 0), pbase));

\\ Work out the characteristic zero coefficients b_n
bvecp = vector(CapK-laminv+1);
for(i=0, CapK-laminv, bvecp[i+1] = padic(lift(bmodp[i+1])) );

\\ Iteratively compute better and better bvecp’s

for(X=1, CapK, bvecp[1] = (1/a[l+laminv]) * (1-sum(j=1, laminv, a[l+laminv-
jJ*bvecp[1+j], 0) ); for(s=1, CapK-2*laminv, bvecp[l+s] = (-1/a[l+laminv]) *
(sum(i=0, laminv+s, a[1+i]*bvecp[l+laminv+s-i], 0) - a[1+laminv]*bvecp[1+s])
)i );

\\ Compute ¢’s from the a’s and b’s

cvecp = vector(1l+laminv);

cvecp[l+laminv] = 1 +O(pbase” (littleK));

for(n=0, laminv-1, cvecp[n+1] = sum(i=0, n, a[i+1]*bvecp[n-i+1], 0)+O(pbase”
(littleK)) );
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