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ABSTRACT

The topic of this thesis is a theoretical study of
nonequilibrium transitions and quantum statistical
properties of nonlinear quantum optical systems driven by
an external radiation source. In certain limiting cases,

a comparison is made between these transitions and the
phase transitions found in equilibrium physical systems.

In chapters one and two, the mathematical tools are
introduced. 1In operator terms, the time development is
described by a Markovian master equation in the interaction
picture. This is equivalent to a corresponding time-
development equation or Fokker-Planck equation in a vector
space of c-numbers. In order to deal with the type of
Fokker-Planck equation that results, we introduce a gquantum-
classical correspondence resulting in a distribution
function over a complex phase-space, which is a generalisation
of the Glauber-Sudarshan P-function.

In chapter three this is applied to a model of a
coherently driven mode with nonlinear dispersion and
absorption. We find in the limit of zero temperature, that
the spectrum is symmetric relative to the input frequency,
and an exact solution is obtained for the distribution
function. For a detuned driving field and nonlinear
dispersion, optical bistability can occur.

In chapter four a model of sub/second harmonic
generation is introduced. This has several non-equilibrium
transitions, including dispersive optical bistability, and

bistable behaviour with coherent phase-locked input to both



modes. Exact solutions occur in the limit of zero
temperature and adiabatic elimination of one mode. 1In
both chapters three and four, steady-state photon anti-
bunching occurs with an absorptive nonlinearity.

In chapter five we include interactions between the
radiation mode and a fluorescent atomic system. In this
case different behaviour occurs depending on the relative
decay rates of the individual atoms and of the radiation
mode. In the case of a high-Q interferometer, the atomic
variables can be adiabatically eliminated. Both dispersive
and absorptive bistability can occur. We show by analytic
and numerical calculations (in the case of inhomogeneous
broadening) that dispersive operation has advantages in
requiring a lower atomic density and input field to observe
bistability. When the input field has Gaussian (rather
than coherent) photon statistics, there is no bistability,
but enhanced photon bunching occurs.

Finally, there is a different type of behaviour when
the field mode decays rapidly and can be adiabatically
eliminated. Within the cooperation lifetime the system can
be described by a J2-invariant Hamiltonian, giving the
special case of only collective damping. The result is a
new type of critical point transition in the thermodynamic
limit, with the appearance of a family of solutions like
Lotka-Volterra cycles for a coherent driving field above

threshold.
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boson annihilation and creation

operators (mode A )
Fokker-Planck drift function
normal ordered operator functional
vector potential

stochastic coefficient function
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integration contour
Fokker-Planck diffusion function
integration domain
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electric field vector

coupling between field and atom
Hamiltonian (operator)

atomic transition variables

collective atomic transition variables

interferometer decay rate and detuning
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number of photons (operator)
number of interacting atoms
polarisation (atomic)
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time
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scalar mode function
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variables corresponding to 4, ,4%
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CHAPTER 1: INTRODUCTION

Research into open systems and nonequilibrium
transitions is a growing part of modern physical science.
One of the earliest works to recogniée how fluctuations
can arise from the interaction of a physical system.with
its environment was that of A. Einstein (1905). In fact
these ideas are really the foundation of modern treatments
of nonequilibrium physical systems.

The essential character of a nonequilibrium system is
that a balance exists between the energy input externally
and the energy dissipated via interaction with the thermal
reservoirs. In this situation a stationary state can occur
that has a lower entropy than a similar equilibrium state
(where we interpret entropy in a probabilistic sense). This
observation was the starting point for the research of I.
Prigogine (1945) and the Brussels school (Nicolis & Prigogine
1978) . By changing the external driving fields (or energy
inputs) it is possible to cause transitions in which one
stationary state becomes unstable, and a new stationary state
occurs which may have completely different properties.

The nonequilibrium transitions that can occur are found
in many diverse fields, and similar techniques of theoretical
analyses have been applied in different situations. Examples
of nonequilibrium transitions are found in hydrodynamics,
chemical systems, quantum optics, biochemical and ecological
systems (Haken, 1974, 1975).

One of the best known nonequilibrium transitions is that
of the single mode laser, which is caused by an increase in the

energy input to the laser via optical pumping of the atoms.



This has been treated by many researchers, and results are
reviewed in the books by Haken (1970), Louisell (1973),
Sargent, Scully & Lamb (1974).

In the present thesis, the topic of research is
nonequilibrium transitions in quantum optical systems. We
will be interested in transitions between nonequilibrium
steady states caused by an external source of radiation
directly driving the "order parameters" or field modes. The
results are summarised in the next section: we do not give
a comprehensive survey, but instead have studied straight-

forward cases where a relatively exact theory is possible.

1.1 SUMMARY OF RESULTS

The motivation for this research was in recent advances
in experiments on optical bistability and on atomic
fluorescence. These are experiments in which a stabilised
single-mode laser is used to drive a fluorescent atomic
system (or other nonlinear medium) with measurements being
made on the transmitted or fluorescent radiation.

The first observation of differential gain and
bistability in a fluorescent atomic system was made by Gibbs,
McCall & Venkatesan (1976) as was earlier predicted
theoretically (see McCall (1974) and references in the paper
by Gibbs et al). This is a nonequilibrium transition in a
driven quantum optical system. Of some interest are the uses
of these types of transition in communications and logic,
which gives a possible practical application (Venkatesan,

1977) .
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The observation of the basic quantum statistical
property of photon antibunching in atomic resonance
fluorescence wvas made by Kimble, Dagenais and Mandel {1977,
1978) as originally predicted by Carmichael & Walls (1976).
This occurs in the fluorescent radiation of one atom, and is
a completely non-classical property of the radiaticn field.
For this reason it is of great interest as an intrinsically
quantal description of the interaction is necessary.

Clearly the physics of other nonlinear optical processes
involves more than the classical description, which is
presumably accurate only in the limit of large photon numbers.
The objective of this thesis was therefore to attempt to
unify the theory of nonequilibrium transitions like optical
bistability with the theory of quantum fluctuations in the
radiation field. The quantum fluctuations are of especial
interest in nonequilibrium transitions, in that they provide
a basic theoretical limitation to the stability and output
coherence of a nonlinear device. We remark here that in the
semiclassical description there is no limitation of this
type: a bistable device at zero temperature would be

indefinitely stable and have a completely coherent output.

In addition to optical bistability in atomic systems,
other types of nonequilibrium steady states and transitions
can potentially occur: some of these are investigated in
the present thesis. Of special interest are the existence
of photon antibunching in the steady-state (Chapter 3); the
bistability and antibunching occurring in sub/second harmonic

generation (Chapter 4); and the existence of solutions like



Volterra cycles above a critical-point for cooperative
fluorescence on time-scales less than the cooperation
iifetime (Chapter 5). The thesis is organised by starting
in Chapters 1 and 2, with the mathematical tools involved,
and moving on to specific calculations on physical systems
in Chapters 3, 4 and 5.

In Chapter 1.2 we introduce the theory of an open
quantum system interacting with an environment of thermal
reservoirs, following the standard treatments of Louisell
(1973) and other authors. The purpose of this theory is to
eliminate the large numbers of dynamical variables involived
in energy dissipation from the nonequilibrium system. With
the use of projection operators it is possible to eliminate
these "reservoir" operators and to obtain an exact time-
development equation in terms of system operators only.

This can be further simplified by use of the Markovian
approximation, to give a time development equation in terms
of operators at the same time, called the master equation.

In Chapter 2, we introduce various classical-guantum
correspondences used to solve master equations, including the
Glauber-Sudarshan coherent state P-representation. This
representation is in terms of a distribution function detined
on a real phase-space with variables (p,q) or (& , &¥). This
has the advantage of following relatively simple time
development equations, and having moments of the phase-space
distribution that are equal to normal-ordered correlations
of physical observables. However in some cases the
representation does not exist except in terms of generalised

functions. This is reflected by a time-development equation



having the form of a Fokker-Planck equation, but with non
positive-definite diffusion, giving a singular distribution
in the steady-state.

In order to deal with this situation, we prove the
existence of a "complex P-representation", that is defined
on a complex phase-space of 4n dimensions for n field mecdes.
This can either be defiﬁed as a generalised line-integral
within the ccmplex phase-space, or as a probability
distribution without singularities on the full complex
phase-space. The representation is closely related to the
R-representation of Glauber (1963b), but is defined with a
different normalisation and has time-development equations
similar to those of the Glauber-Sudarshan P-representation.
The advantage of this representation is that it exists for
any quantum optical system without singularities. We show
that in special cases potential solutions exist for Fokker-
Planck equations with non positive-definite diffusion, that
are defined as line-integrals in a complex phase-space. In
addition, any Fokker-Planck equation may be transformed to
a positive-(semi)definite Fokker-Planck equation on the full
complex phase-space. This proves to have practical advantages
when obtaining physical observables that include quantum
fluctuations. We also show how complex P-representations
can be defined for atomic coherent states and for other
operator algebras, and derive the results for correlations in
these representations.

In Chapter 3, we turn to the specific problem of a single
field mode interacting with a medium with nonlinear (cubic)
polarisability. Both dispersive and absorptive nonlinearities

are included, corresponding to an intensity-dependent



refractive index and tovtwo-photon absorption processes
respectively. The mode is driven externally by a coherent
driving field, and is damped by single-photon losses as

well as by nonlinear absorption. A Fokker-Planck equation
is obtained with a complex parameter describing both
dispersive and absbrptive nonlinearities, in a unified way.
In the deterministic limit, we derive the state equation and
obtain the boundaries of bistability as a function of the
damping and detuning. Small fluctuations can be treated by
linearising the Fokker-Planck equation close to the
deterministic stable branches. As the Fokker-Planck equation
in the Glauber-Sudarshan P-representation has a non-positive
definite diffusion, the complex P-representation is used to
obtain a positive-definite Fokker-Planck equation in a
4-dimensional phase-space, and hence a linearised stochastic
differential equation.

The results regarding fluctuations depend on the
relative sizes of thermal and quantum fluctuations. In the
limit of a large thermal background, the driven nonlinear
system behaves like a classical anharmonic oscillator with
nonlinear damping. The spectrum is essentially asymmetric
relative to the input frequency, with symmetrically displaced
sidebands of different peak heights, as well as a coherent
line at the input frequency. The transmitted fluctuation
spectrum has the greatest intensity at the effective
interferometer tuning. This varies with the input intensity,
so that the spectral line-shape is a function of the

intensity of the driving field.
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Far belcow the bistable threshold, the,fldctuation line-
shape is identical to that of a linear interferometer, with
a single Lorentzian at the linear interferometer tuning
point. With increasing input intensity an extra symmetrically
displaced Lorentzian line. appears. The lines merge below
threshold, and one of the eigenvalues vanishes at the bistable
threshold with characteristic critical fluctuations. Above
the threshold the reverse situation occurs. There are
symmetrically displaced sidebands that merge, this time with
decreasing input intensity. However a crossover occurs above
the bistable threshold, and the largest intensity sideband
is on the other side of the input frequency, relative to the
linear case.

In the case of dominant gquantum fluctuations,. the
spectrum is different. While the eigenvalues (peak
frequencies) are unchanged, the relative weights éf the
sidebands are equal, giving a symmetric spectrum. As far as
we know, the existence of a symmetric spectrum in lossless
dispersive optical bistability in the quantum limit, has not
been calculated previously. However this behaviour has a
remarkable similarity to that of the spectrum for atomic
fluorescence (Mollow, 1969) in that this is also symmetric
for a coherent driving field. 1In addition, just as in atomic
fluorescence there can be photon antibunching, there can also
be photon antibunching in the transmitted field of the non-
linear interferometer. This last result also depends on the
type of nonlinearity, and is most noticeable for a purely
absorptive nonlinearity.

In order to deal with the quantum limiting case more
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precisely, the Fokker-Planck eguation is solved exactly for
the steady-state,in this limit. The result is singular on
the real phase-space domain of the Glauber-Sudarshan
P-representation. However when the complex P-representation
is utilised, an integrable solution is found as a:generalised
line-integral on a complex phase-space. This solution heclds
for an arbitrary dispersive or absorptive nonlinearity, and
for arbitrary detuning of the coherent driving field. The
exact solution has a different character from the Landau-
Ginsberg solutions of equilibrium Fokker-Planck eguations
and of the laser Fokker-Planck equation; it includes

(under certain circumstances) correlation functions giving
photon antibunching. We show that photon antibunching is
most readily observed for an absorptive nonlinearity with
minimal thermal background and low one-photon (linear)
damping. For a dispersive nonlinearity with a bistable
region, there is enhanced photon bunching throughout the
bistable region, showing increased steady-state fluctua-
tions.

In sections 3.3 - 3.5 of Chapter 3, the general
results for a nonlinear polarisability are applied to
different physical systems. In 3.3 we show that the laser
with an injected signal can be treated with the present
theory, and has different types of entrainment (phase-
locking) transitions that depend on the detuning. These
results are largely of a standard nature, as laser
entrainment has been observed in experiment. In 3.4 we
treat the case of a purely absorptive nonlinearity in

detail. For a coherent input, photon antibunching occurs,



and this can be treated exactly in the zero—£emperature
limit. In the case of a fluctuating input, a réductionrin
the fluctuations occurs, as has been observed by Krasinski
& Dinev (1977). 1In section 3.5 we treat the case of purely
dispersive optical bistability. While a classical treat-
ment has been previously obtained by Marburger & Felber
(1978), this is the first treatment to include quantum
fluctuations, with the calculation of the distribution
function in the zero-temperature limit, as well as the
linearised spectrum and intensity correlations close to a
stable branch.

In Chapter 4, we treat an interferometer with a non-
linear (quadratic) polarisability and wave-vector matching,
so that the mode-mode coupling problem occurs. The
theoretical treatment is similar to that in Chapter 3,
with the inclusion of the extra mode operator. A Fokker-
Planck equation is derived to describe quantum fluctuations
in the coupled-mode system, with the inclusion of coherent
driving fields at either frequency. The deterministic
analysis of the full coupled system involves a real. four-
dimensional phase-space for the classical fields, so we
restrict the analysis to the case of zero-detuning for the
full coupled equations. However we are able to show that
in addition to the subharmonic generation critical point
(Graham, 1973), and the second harmonic generation hard-
mode transition (McNeil, Drummond & Walls, 1978), there is

also a region of bistable behaviour with coupled, phase-

locked driving fields.
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To calculate fluctuations in this case, we use the
adiabatic limit of a rapid decay of the second-harmonic
field. 1In this situation the deterministic analysis can
be extended to arbitrary detuning. We show that the
resulting equations are completely equivalent to the non-
linear single-mode problem of Chapter 3, provided only the
lower-frequency mode is driven. This leads to a prediction
of dispersive optical bistability in second-harmonic
generation (in addition to the transitions mentioned
previously) .

In the case of subharmonic generation, we derive
results for the spectrum, correlation function, and
distribution function in the adiabatic, zero temperature
limit that have not been obtained previously. Finally some
interesting behaviour can occur with coupled (phase-locked;
driving fields. 1In this case bistability and antibunching
statistics on inputting a driving field at both frequencies
will occur, depending on the relative phase and amplitude
of the driving fields. With in-phase fields one obtains
bistability for a large second-harmonic input. On the other
hand a low intensity second-harmonic, input 180° out of
phase, will cause induced emission out of the lower
frequency, resulting in photon antibunching. This is a
similar phenomenon to that predicted by Stoler (1974) in
the transient case, although it seems more likely as a
practical experiment to be observed in the present
situation.

In Chapter 5, interactions with an atomic transition

are included, giving a specific model of the nonlinear
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medium. In sections 5.1 and 5.2 we give a general discussion
of atomic fluorescence in one atom and in cooperative atomic
systems, leading to the coupled Maxwell-Bloch equations.

We include both inhomogeneous broadening and a general mode
function to give a realistic model of experiments (Gibbs et
al (1976), Sandle (1978)). A single-mode treatment, as given
here, has the advantage of giving more tractable equations
than those of McCall (1974) so that the bistable region and
critical points can be readily obtained in most cases.

In section 5.2 we treat atoms within a high-Q Fabry-
Perot interferometer, with adiabatic elimination of the
atomic variables. 1In the simplest case (homogeneous 1line,
travelling wave mode, resonant interactions) this leads to
the semiclassical theory of absorptive optical bistability
advanced by Bonifacio &'Lugiato (1976) . Of more practical
interest in experiments, is the problem of dispersive
optical bistability. We give a complete treatment of the
region of bistability in this case, as a function of the
detuning of the atoms and the interferometer. In addition
a discussion is given of the effects of standing-waves in
the mode function. In the large detuning limit, the
deterministic stability theory reduces to that for a medium
with intensity-dependent refractive index, as obtained in
Chapter 3.

In section 5.4 the effects of inhomogeneous broadening
are included to give a more realistic situation. The
theoretical result in absorptive bistability, is that a large

increase in the cooperativity parameter (or effective number of
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interacting atoms) is required to observe any bistability.
The critical point is obtained for Gaussian broadening as

a function of the inhomogeneously broadened atomic line-
width. We find by exact numerical study, that bistability
can be obtained both at lower driving fields and with lower
atomic densities with the input laser detuned relative to
both the Fabry-Perot interferometer and the atomic transition
frequency. In the dispersive limit, once again a relatively
simple theory can be obtained similar to the treatment of
Chapter 3.

In section 5.5 a treatment of quantum fluctuations in
dispersive optical bistability is obtained. A generalised
Fokker-Planck equation results, that includes both field and
atomic fluctuations, based on the treatment of gquantum
fluctuations in a single-mode laser (Haken, 1970). We make
the approximations of neglecting higher order derivatives,
and adiabatic elimination of the atomic variables, to obtain
a Fokker-Planck equation in field variables alone. While
this type of approximation is not always valid for a high-
intensity laser, we expect it to be valid certainly in the
dispersive limit. The off diagonal terms of the diffusion
array are found to approach a constant at high intensity,
similar to the result of Willis (1978). We also find
diagonal terms in the diffusion array. These results agree
exactly with the quantum fluctuation terms found in Chapter
3, in the dispersive limit.

In section 5.6 a treatment is given of the results
when Gaussian fluctuations in the input field are significant.

For a completely Gaussian input, a potential solution is
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obtained to the resulting Fokker-Planck equation
(neglecting quantum fluctuations). While no bistability
occurs, there is enhanced photon bunching over a certain
range of input intensity. This may be of value as the
enhanced higher order correlations obtained in this way
would give increased multiphoton interactions in the device
output, relative to single photon interactions. That is,
the nonlinear device can be regarded as a correlation
filter, which alters the statistical composition of the
transmitted field.

In section 5.7 a rather different problem is discussed,
where the decay rate of the field is fast enough to
adiabatically eliminate the field modes. This gives a
model for an "angular momentum oscillator" as proposed by
Senitzky (1972) , with a collective decay similar to that
of superfluorescence. By the use of the variables of the
atomic coherent state representation, it is possible to
exactly solve the semiclassical equations. The result is
an extremely fast response below a threshold point
(similar to the superfluorescent behaviour of a group of
atoms with a population inversion). Above the threshold
(which is shown to be a critical point in the thermodynamic
limit), the higher driving field results in a family of
Lotka-Volterra cycle type responses. We emphasise that
this model is a J2-invariant model, with a collective decay
mode: it is therefore applicable within the cooperation
lifetime, but cannot describe J2-breaking behaviour.

In section 5.8 the semiclassical method is used to

derive an exact result for the semiclassical fluorescent
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spectrum, showing multiple sidebands occurring above
threshold. This calculation neglects gquantum fluctuation

and line-width effects, which are of order () in the
thermodynamic limit of N =¢.. The full quantum spectrum

is therefore still an open question. The new result obtained
here is the semiclassical calculation for a finite driving
field in the region above threshold. We show that this is
the optimal region for a physical experiment to detect

extra sidebands.

Finally, in section 5.9, we treat quantum fluctuations
in the model for cooperative fluorescence with a collective
decay. We use the complex representation derived in 2.2 to
obtain a stochastic differential equation in a four-
dimensional phase-space. This is used to obtain an exact
result for the distribution function, in the thermodynamic
limit. Below the threshold, the distribution has the form
of a generalised function in the (©,¢ ) variables of the
atomic coherent state-representation. Above the threshold,
the distribution is spread over the entire sphere of (€.,® )
variables. We find that critical slowing down occurs in the
cycle period, and that spontaneous emission breaks the
invariance of the cycle parameter. This gives an interesting
analogy between this case and the spontaneous symmetry
breaking characteristic of equilibrium critical point phase
transitions.

Some of the results obtained in this thesis have been

published, and the reader is referred to the following

papers:
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1.2 THEORY OF OPEN QUANTUM SYSTEMS

(a) Quantum Electrodynamics

In the standard treatment of quantum electrodynamics,
the free field operators are expanded in terms of transverse

mode functions in the radiation gauge where:

Aq_ = V;Q = O
In terms of the radiation gauge mode operators, we can

write (Bjorken & Drell (1965), Louisell (1973)):

A “ A % % A
a = g[aw,.eo ]Eﬁz“a(ﬁ)qa“‘ 23 Ua(£) a5 ]

 w) Yz A "
. A
l§ [')_E° [,%;\U\,\(‘{)C\)\- E; Uy () Q;

Nng!
1l

. .
Here &, are polarisations defined so that &p€,=i

while the W) are mode functions defined so that:

I

2 43

Sluneer /"o

In the simplest case of a plane wave we would define:
W= explikx)/Jve

By means of the mode expansion, the quantum mechanical
operators are all in the form of harmonic oscillator

operators aj which obey the usual relations:

[a,\,a;'] 87\7\’
A - Ap A
H = § W05 A)
Xn = (h/2mwa)"2 (8% + an)

P - D
= IC‘HM‘JA/Z)%(Q%“QV.)

=)
bS]
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A A
The operators X,P are introduced here as they are
the momentum and position operators of the corresponding

harmonic oscillator of mass (m).

At this point, it is worth noting some facts about

coherence properties. We shall define coherence in terms
of mode operators: that is, the n-th correlation function
of a mode function is: (Glauber 1963a) -

(n) —_ T A At Ay A A g

(1) r%pa (1) ... oA alag) LAt

Normalised functions can be defined as:

(n) n) 20 ) Yo
g = G/ (157 ,1)
3= !
Oof particular interest to the physicist are the

spectrum and photon correlation functions:

* Q) -
G(w) ’an-La (t0) e 1ol’t

(2

g = (jmco,u,o))/(5“)(0,0).‘;3,m<+,+))

Here the order of time-variables has been specified to
correspond to a photo-count correlation experiment. Now
the value of 3u&b, has some interest in quantum physics,
because the corresponding classical correlation is always
greater or equal to 1. For a fully coherent (quantum)
system we also have gzﬂﬂ =1 . However for a quantum
system it is possible to obtain 3100 less than | . The

following:relation.holds for any quantum state:

3@(0) 7 (- Jﬁ-)
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Ag N\

— «l
where: N= % (0,0) = <a’a>

This can be proved simply by expanding in number
states:

FO= TR <nl&Ta*In><n piny

28 il (AP AT - (8B D Pon

1
bile

= = <AW-0>,
A
7 |I-% (A1)
In any experiment for which gzﬂﬂ‘<| , the photons

are "antibunched" at time 4 = of since for + % o,even a
classical process could have an anticorrelation with

31(f)< | . 1In the limit of n<l , we still have the
relation §(0)> 0O :- it is in this limit that non-
classical properties due to quantum mechanics become
significant. (The fact that classically one can have
31ﬁ)<' is mentioned by Jakeman et al (1977)).

Finally it is worth emphasising that antibunching
photon statistics have recently been observed in experiment.
The possibility of antibunching was predicted in atomic
resonance fluorescence by Carmichael & Walls (1975, 1976).
This was recently observed in experiments by Kimble et al
(1977, 1978) although there were problems initially in the
interpretation of Kimble's data, relating to atomic number
fluctuations, as pointed out by Jakeman et al (1977),
carmichael et al (1978). However, after correcting the
data for the atomic number fluctuations it seems that photon

antibunching with 7‘a»<l can be inferred from these

experiments.
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(b) Open classical systems

The foundation for the theory of open systems was in
the work of A. Einstein (1905) on a classical system of
diffusing particles. This was later generalised to include
specific models for fluctuating forces due to interaction
with thermal reservoirs, and external forces. An isolated
system has the following equations of motion for the

position and momentum:

P« = -dH/3x4

In an open system the Hamiltonian includes extra terms
describing an interaction with the environment and any
external energy sources. This can be described by adding
external time dependent forces. An equilibrium system

with linear damping dissipates energy at a rate proportional

to x| , and is described as follows:

pa = —RH/X)— T(2H/2p) « 2Dy §4(D

It is normally supposed that the thermal fluctuation
term, fd(f), has rapid fluctuations relative to the system
response time, and can be approximated by a delta-correlated

Gaussian random function:

<§Wft)) = Sap §C4-47)
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Non-Markovian theories have also been developed which
include a "memory functional" (Y. Pomeau & P. Resibois,
1975); although in practice provided the set of
dynamical variables (E’ §) is large enough, the Markovian
equations will be sufficient. Equations of the above sort
can be used to describe equilibrium critical point phenomena
(Ma, 1976).

It can be readily shown that the phase-space
distribution function approaches a Maxwell-Boltzmann

distribution, provided the Einstein relation holds:

D = RTT

Now the same equations that hold for the equilibrium are
also able to be extended to non-equilibrium systems when
external driving forces are included. In general one would
obtain in this way an equation of the following form; where

¢& are dynamical variables:

éo\ = —A“‘(?i) + 8,(@ g@(f)

This is equivalent to a Fokker-Planck equation, as pointed
out in Appendix (A).

In the case of open quantum systems we will obtain
similar types of Fokker-Planck equation via the use of a
normal-ordered classical-quantum correspondence. The
differences are that the diffusion array can now be a
function of the system variables, and in addition may be
non-positive definite. In order to deal with this problem

we will find it useful to define a normal ordered
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P-representation on a complex phase-space, which has a
Fokker-Planck equation with positive semi-definite diffusion.
In this case, the corresponding stochastic equations have
complex fluctuating terms, so that the variables corresponding
to the classical (E’i) variables will be complex in general.
We will find that nonclassical correlations like photon anti-
bunching directly correspond to the multinomial moments of a
complex phase-space probability distribution, which enables

them to be evaluated in a straightforward way.

(c) Open guantum systems

The theory of open guantum systems involves, Jjust as
before, the addition of Hamiltonian terms to describe an
interaction with an environment of thermal reservoirs. This
is thoroughly discussed by Louisell (1973), Picard & Willis
(1977) .* We therefore give a brief account of the method of
Louisell, involving tracing over the reservoir variables. We

suppose the system is described by the following Hamiltonian:

A A A AN
H o= .« G + 4 TA
N
Here ﬁo is the system Hamiltonian, H¢ the reservoir

la) A
Hamiltonian, (; are the reservoir operators and A; are

N
system operators. We let W) be the total density operator
in the interaction picture, with a coupling perturbation

between the reservoir and system:

* Other work on master equations include Nakajima (1958),
Prigogine & Resibois (1961), Zwanzig (1964), Haake (1973),

Lugiato (1976).
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~ A A AN A

W= [Aw] =[5 RHA, W]
We also define a reduced density operator for the system,

by tracing over the reservoir variables:

A

p = TrR[V,:/]

The next step is to integrate the equations of motion

A
for W' to give:

awd= GR[ A0, W)

+
+ GRY go[ H W), [H() S W a

We assume that the interaction has no diagonal terms in

A
the representation that diagonalises Hy, that the density
operator factorises initially, and that the coupling is a

small perturbation. We then obtain:

-t A A
21PM=Te (G2 5, L e (), [ B, AU ReTlas!)

Here fr is the initial reservoir density operator,
assumed to remain in equilibrium at all times. Next, we
make the Markovian approximation that 2 only depends on

ﬁ(ﬂ at the same time. Hence we finally obtain:

A

2P = -ﬁé(w;,—wﬂg[?\:f\jﬁ—Aj’ﬁﬁr]vo"

-[ Afﬁﬁj - ﬁ,&;,ﬁ;]w};%

Here the unj terms are correlation functions of reservoir

A
operators; ( wW; is the frequency of A; ):

[ 4
M);; = OS exp(ﬂl«) t) Tr& [‘Fﬂ (ﬂ j (0)-] dt/#

A

wii = jS exp (+iw; *)Tr&[“c (") I, ()di/ R
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In particular, we will be interested in the cases

N
where rﬂ are a set of field operators with very closely

spaced modes, as in radiative damping. Hence (neglecting

light shift terms) one obtains:
a.fP = ZJK;‘[U*“?)([AH/S)AI] "'[AJ:(,D\A:])

+"?([K3~ﬁ Al S LA, ’(3?\,])]

'.% ;ﬁ;= .‘éizﬁigha,, +A"§9§a;§

+h -
a; = [ exp(Ruw/kT)-I]
‘
Thus Kj is the decay rate due to the reservoir coupling,

N
hg is the (laboratory frame) frequency of the operator Fy,
Yﬁ is the thermal occupation number of the reservoir

photons at this frequency.
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CHAPTER 2: COMPLEX P-REPRESENTATIONS

In general it is a nontrivial problem to solve a
master equation of the type derived in Chapter 1 using
either operator techniques or representations in an
onthogonal basis for the density matrix. In some cases
where the master equation is in terms of diagonal number-
state matrix elements, the equations become soluble
utilising generating function techniques. A survey of
some of these methods is given by McNeil & Walls (1974),
McNeil (1976).

However in most of the cases we wish to study here,
the nondiagonal number-state matrix elements are significant.
Elegant techniques have been evolved by several researchers
to study quantum time-development equations as represented
by a distribution function over a real vector space, in
these cases. For the harmonic oscillator (obeying boson
algebra) a representation was developed called the P-
representation, by Sudarshan (1963) and Glauber (1963b). In
this representation, the distribution domain is a two-
dimensional real space with coordinates (x,p) being the
analogs of the non-commutating operators §,§ (alternatively
a single variable with a complex domain is used).

Similar techniques for atomic collective transition
operators were developed by Arecchi et al (1972), Narducci
(1974), Glauber and Haake (1974): in this case the
distribution domain could either be the surface of a sphere
(the "Bloch sphere") or its map, the complex domain. Just
as with the Glauber-Sudarshan P-representation, the density

operator representation is an expansion in terms of
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hermitian projection operators on a set of minimum
uncertainty states.

For general operator algebras, similar phase-space
descriptions were developed by Agarwal & Wolf (1968),

Lax (1968), Louisell & Marburger (1969), Haken (1970).
However perhaps the earliést phase-space description was
that of Wigner (1932) who used the method to describe an
N-particle quantum system. The advantage of the phase-
space descriptions developed in recent years, is that by
choosing an appropriate operator ordering, it is possible
to obtain very simple time-development equations (as
generalised Fokker-Planck equations), and equations for
observables similar to classical phase-space means or
correlations. In particular, normal orderings (and the
generalised normal ordering of atomic operators of Haken,
Risken & Weidlich (1967)) have proved useful in practical
problems.

It was recognised by these authors that the distri-
butions on a real phase-space need not always exist éxcept
as generalised functions. In fact, while the antinormal
representation of the harmonic oscillator exists, the
normal ordering representation (or P-representation) is not
always positive-definite and does not exist except as a
generalised function in some cases (Cahill & Glauber (1969),
Glauber (1970)). Yet the P-representation is appealing
because it transforms away the quantum fluctuations of a
coherent state, while still having a classical limit as a
probability distribution in phase-space. In addition the

normal-ordering (P-representation) has an advantage relative
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to the antinormal-ordering (Q-representation), in that
physical observables like the spectrum directly result
from a correlation function calculation in phase-space.

Problems arise with the P-representation when the
diffusion terms in the Fokker-Planck equation become non-
positive-definite. Similar Fokker-Planck equations in the
theory of nonequilibrium chemical processes are mentioned
by Chaturvedi, Gardiner & Walls (1976) and Chaturvedi &
Gardiner (1977). These authors handle this situation in
some cases by allowing the representation variable to have
complex values.

For this reason we introduce a generalisation of the
Glauber-Sudarshan P-representation called the "complex
P-representation". This is a representation in nonhermitian
projection operators, defined on a manifold in a complex
phase space. Different representations can be obtained by
choosing different integration domains. 1In the case of a
complex contour integration, exact solutions to the Fokker-
Planck equation are obtained when potential equations apply.
In the case of integration over the whole complex phase-
space, we prove rigorously that at least one real positive
P-function exists for an arbitrary density operator. 1In
this case, we show that provided a Fokker-Planck equation
for the diagonal (Glauber-Sudarshan) P-representation exists,
there is an egquivalent equation with positive-(semi)definite
diffusion terms for the complex P-representation. This
means that the propagation of the P-function is equivalent
to a stochastic process on a complex phase-space. The

advantage of this generalised P-representation is that it
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allows the calculation of physical observables in a
straightforward way, for normal-ordered operators, even
when the Glauber-Sudarshan P-function is singular.

The same technique of representation on a complex
phase space can be generalised to other operator algebras.
This is treated in 2.2, 2.3 for the cases of the atecmic
coherent state representation, and the general phase-space

descriptions of ordered operators.

2.1 COHERENT STATE REPRESENTATIONS

(a) The diagonal'P-representation

A coherent state is defined to be an eigenstate of the

S-operator: An explicit representation is -

n A
S ~Lgo* +dat

% 0°
ddéwl'o:'e | oY

4
2

) = e

It is possible to prove that these states form a complete

non-orthogonal basis of the Hilbert space (Glauber 1963b,

Sudarshan 1963):
I<pl (= expl-ls-6I)

(lavcaf =
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The states are also minimum uncertainty states, in the
sense of Heisenberg's uncertainty principle:
@ap) = <p 23
Pl = <p>c’<—<P>,(
A
X

h
2 ~ 2 DpDx =
(A= <Rayy - <x34 % F *

These states form an extremely useful basis for an

expansion of the density matrix, called the P-representations:

g = g‘f“a'§><i°(A~S\P(i°(hvS)Q°\t<a

Here the set fdgg represents a complete set of modes. 1In
the case that P({dag) is a delta function, the quantum
system has some interesting properties. 1In fact this density
matrix is the one produced by the radiation into a vacuum
of a classical current distribution. The n-th order
correlation function in this case factorises completely, so
the quantum field is coherent to all orders.

We frequently wish to expand operator products of form
ﬁfsg in the P-representation, so the following identities

will be useful:

Qla><atl = alad<al 5 Jad<xlat = ™ lad<al

-, A —
atley<el = [au 4™ lod<at) o T o><xla =[agx + o]\ o
Given a time development equation of the form:
A\ 2 A
51p = i{:P]
it is possible to define an equivalent time development

equation for the P-representation of form:

3uP= KL, «1P(2)
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In the case of a normally ordered operator function

A At 2
A (a )q) the one time operator averages are:

AP = T (AP TP

S P(x) A(v(*,og) dex
where we suppose that P(« ) is normalised to give -

(P dx = |

For two-time averages, it is necessary to know the
{
propagator function P(d'f /df) . In this case we can

show that (Agarwal & Wolf, 1968): C4'>1)—
CHUVADY =[Pt A ) Al )P (o) it ol
<A N A A (1) AL

= ([ Plart'l 1) A (e ) Al (7 o)

<A (°l¥,°<-ad*>Az («*—3«, o) P(«,1) St

In particular, this gives very simple results analogous
to a classical correlation function for normally ordered,
time-ordered correlation functions: the proof is a special

case of a more general result given in 2.3.
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We note that the propagator function is defined to
be the solution to the c-number time development equation,

relative to an initial delta function:
2 Plxf|at) = L3 &) P('1' I x1)

Pt (gg'f) = Sn(ﬁ’_ﬁ)

(b) The complex P-representation

While the diagonal P-representation has many useful
applications, as mentioned earlier it is not well-defined
for an arbitrary quantum system (except as a generalised
function). In many cases, the use of this representation
leads to a simple Fokker-Planck equation. However the
steady-state solution to the Fokker-Planck equation is
singular in some cases, due to a non positive-definite
diffusion operator: this can be the case when there is
photon antibunching.

In order to overcome the problem, we extend the domain
of definition of the P-function to a complex phase-space.
Now in the Glauber-Sudarshan P-representation, the density
operator is expanded in hermitian projection operators. The
complex P-representation is therefore defined as an expansion

in terms of nonhermitian projection operators:
Al @)= 1< gH/c 1 o) = B ool <P
3= P(«,6) A p) du(x,p)
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In the case of an n-mode problem, define:

n [k, An3 DCIBY - Bn |
Iyt B) = <A R3[4, - 4ns>

Il

At

N

P § P A () [ (o, )
=1

In either case, the following normalisation holds:

| = Tr(ﬁ)z Spp(ﬁ)‘q o‘Mm(d;,lg;)

This follows trivially as the trace of the projection
operator is one.

Here (Rbﬁﬂ are non complex-conjugate variables, and
it is readily verified that-ﬁlﬁ) is a projection operator
that reduces to [§43><{#3/ in the case of Bi=<* . The
integration measure dﬁnﬁt,ﬁﬂ and integration domain D are
undefined at present: we leave these free to be adapted to
individual problems. It is readily shown that one choice
possible is just the usual diagonal choice, although § can
be a general manifold in c2n

Other possibilities are:

I- Sgdﬁxor@ Sﬁ(*"ﬁ*) (Diagonal case)
A A'
II—— R d o SB:Jﬁ (Open integral)
A
]I[- BS o ot & 0‘(3 (Closed B -integral)

[Y" ¢Jq§ 016 (Closed &, - integrals)

- 2 2
SZ 5504“ ol @ (Complete complex phase-
space)
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In general the choice depends on the properties of
the Fokker-Planck equation, which has to have a bounded
integrable solution that can be integrated by parts. This
can be attained by using measure (V ), but in many cases
a simpler result will be defined in one of the lower
dimensional manifolds: the prime example of this is
measure (I) which is the measure for a Glauber-Sudarshan
diagonal P-representation.

It is useful to note that the density operator is

uniquely defined by its characteristic function (Glauber,

1970):

D/
0>
+
124
PY )

xXN= T Lp & e
Hence the complex P-representation is also a representation
for the characteristic function: in section 2.3 the
characteristic function will be used as a common denominator
to define general representations. This approach is also
used by Cahill & Glauber (1969).

We can now compare the present representation with the
R-representation of Glauber (1963b, Equn 9.5):

L P . e
ﬁ = SK%':)(%&SIR.({J&)I;I[QZ +18 ,o(d,riﬁ]

R_ is an analytic function of (4f,@;) and exists for an

arbitrary quantum system. It is uniquely defined by:

A s(1; 41817
R(«*p)= <fz<¥lpfie§>r.,1[e )]
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Now the R-representation is also a representation for the

characteristic function, and we can prove the following

identity:

XD= SR(x*, nem) [ 7150 L2

We can now prove some useful theorems relating to the
existence of the complex P-representation. All the
following results hold for a single mode, but can be readily
extended to n-modes. In proving the theorems, extensive use
is made of the fact that R,.ﬁL are analytic functions in

both variables.

Theorem: At least one complex P-representation exists
relative to the line-integral measure, for a density

operator expanded in a finite set of number states.

Proof: We expand the density operator as a finite series

as follows, using Cauchy's theorem:

5 = Z pun (8 (0><0l (B

n

éan[a, oA dot  d

Iml
:]&§>J\_(“ ﬂJ ety 'Eﬁ%n

U

Hence a P-function exists with the following definition:

L ml
P(O(,B):: (4-!1‘) dﬁé an AN ‘E,—_

The path of integratlon is for any line integrals enclosing
the originsin both & and B .

The above theorem shows that this type of complex
P-representation is useful in representing operators expanded

in a finite number of number states, which would have a
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singular representation in the diagonal (Glauber-Sudarshan)
P-representation. We will show in Chapters 3 and 4, that
the representation also is useful in obtaining exact
solutions for nonlinear quantum systems with photon anti-
bunching. In fact, the restriction to a finite number of

number states, can be relaxed as follows:

Theorem: At least one complex P-representation exists
relative to the line integral measure, for a density

operator expanded in coherent states with bounded support.

Proof: By bounded support we mean a domain P exists in the
( c* ) space within a finite radius from the origin, so

that the density operator can be expanded as:

i

B bep(d,p) [a>< B d ot o B
—1 —tﬂ- (o, (3‘) d«' dp' 2 a
= (Eﬁ*);)gp(«, )< @“lo{){% (*-a0(p-@") ]Aof dp

Here the integration paths must be defined so that any
(d,ﬁJ e d are enclosed within both line integrals. The
corresponding P-function is then:
2
— =L ‘ ! I ’jfﬁL ;iJéL
P(«,8) = (4n1>§P<°(,(s)<ﬁ>*(cz> -4 (p-p)

We next are interested in the complex P-representation
defined as an integral over the full complex space ( (1 ) .
It is trivial that one complex P-representation exists in
this case, for arbitrary ﬁ . This follows by noting that
the Glauber R-representation exists in all cases, and we

can define P as follows:
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P(o(,(%) — R(d.*, 6%)[ :&-\ou“-_lél?-] 1

'/z[\eu“n(sl’]] 2
T

_ A 2 -
= <P4\F)‘B*>{_g

Of much more interest, is the possibility of obtaining a

real, positive probability distribution in the ( €*)

space. This leads to the following result:

Theorem: A real positive P-function on the complete ( C )
space can be defined whenever a diagonal (Glauber-Sudarshan)

P-function exists.

Proof: The density operator has positive eigenvalues and
is hermitian. Hence the following function is real and
positive:

4&311

Pa,) = [ enpl T30 J<F@) 1 51 H,p)>

=~

where:

| 2 2
[$(s,p)>= 11 a> €7<P[(°<+@*)d7‘/2 ~ eyl /l] d o
= exp[la+p*(*/8] |[«+8%]/2>
It is necessary to show that P(«,B8 ) as defined above,

gives a representation for the density operator. Let P,(d)

be the diagonal P-function, then:
= ] P [-lasat® _ipta®] g
P(d)@) — l4n? P(d\')MP 2 2 -dd

Next, we note the following identity for an analytic

function:

fa) = (@) o) sp T Tt
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Hence on integrating over ( «,@ ) we obtain:
5 = A P o
S A, ) P(«,p) dsd

The above theorem holds whenevér a Glauber-Sudarshan

|

P-function exists. 1In view of the work of Sudarshan (1963)
on generalised function P-representations, this is sufficient
for all density operators. As the theorem is of some
interest, it is worth proving it directly as follows, without

using generalised functions.

Theorem: A real positive P-function on the complete ( c*)

space exists for any quantum density operator.

Proof: We can define a real, positive P-function as
previously. To show that this represents an arbitrary
density operator, it is sufficient to demonstrate equality

of the characteristic functions. The characteristic function

defined relative to P(«,B ) is:

X= SS BT Pl ) o o
{ 2

= ('z;_‘rT‘#)S.Ufoxp[?\(%ﬂ*o{-%"z*%l‘ S IEAT-)

6 (L) ()R (o) ) s dp Lo

We now make a variable change by defining:

¥y = («4+8™)/2
§ = (4-p%)2
a = (F+8)
gr = (¥-8)

4d*¥ 4°§

w
S

»
]
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Noting that R is an analytic function, the following

identity is useful:
. J_ h’ ’ﬁ-l l?.
REEN= w38 e-e R(&5B) B

Hence the above expression for the characteristic function

can be simplified to give:
X{A= ﬁjff exp [A(8-83-% (g+8) =157 w8 1R J,X)fxd’g da’
= Fa8f expl InPans X g o r TR A ) oy
= ’1L1"j expl - Ao — 1a*] R (o™ 2n4ek) o't

rA+ -.*A
Tr [FS é\q e:h ? ]

I

The last step follows from the identity for the character-
istic function defined relative to the Glauber R-
representation, as given previously.

In summary, the above results define the existence
properties of the complex P-representation. The most useful
result is the last theorem, which states that a real
positive probability distribution exists over the complex
phase-space of ( (z ), for an arbitrary density operator.

This can also be used to prove the following result:

Theorem: An arbitrary density operator can be generated

from its diagonal coherent state matrix elements.

Proof: From the previous theorem, it is possible to write:

Pl«,g)= (fw—) e/xp(-bﬁ;‘_lﬂt><f(=(,p))ﬁ( £ («,8)>

= G ep(-1EE)C2E] Bl 1555
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Hence we can immediately obtain the following identity:

B = SAER P, Rads

I

, 1+5><¥-81 7 |51
(i‘)”[w-slx +§> }9151 K18 d¥d 8

This theorem has also been obtained in a different
way by Lonke (1978) whose result for 6 is slightly
different from the expression above. The above theorem is
more elegant as it can be obtained from analyticity
properties only, without the use of special functions.

Having established the existence of various complex
P-representations, we note that the representations of this
type are not necessarily unique. However a set of operator
identities can be obtained for defining time-evolution
equations; and given a complex P-representation at any time
the resulting operator expectation values are uniquely
defined as multinomial moments of the distribution over the
complex phase-space. It is worthwhile to obtain the
relevant operator identities using the coherent states of
Bargmann (1961), These are defined as:

AL

A4
la) = e o> = e [«
For simplicity, the following results are obtained for a

single mode, with ( &, ) written as (« ) when necessary.

It is straightforward to develop the following

identities (where d=dytidy ;5 P =fx+ify)

Allp> = exp(a®p)
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~n4 — 2 k=R

allay = gllad> = aa, Na> = -3 30(3“0(>
n 2 .2

Glla = FEI = a4kl = b 3 <l

aflLy = Allo>

[l gtT= o]

Hence in terms of these coherent states, the projection

operator and elementary operator products are:
A = ns><pen &P

aN () = dﬁ(g()

A = (w0 = (2ur ) A () = (=¥t + VA (o)

Al®s = (o<+ap)f\(:<3=(o<+at30]\(5)'—“—(o<-1ae:,3/’\\ ()
Ad = pA)

These operator product identities are useful in
obtaining c-number time-development equations for the
complex P-representation. It is instructive to compare the
identities with those for the diagonal P-representation.
Clearly the chief difference is the replacement of &4 by 2
in each equation: and we note that ( «,8 ) are not complex
conjugates. In addition it is clear that several different
time-development equations can be obtained by replacing 3«
by 2dx or -iddy (and similarly for ?f ). Any equation

obtained in this way has a different time-development, but
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is equivalent in terms of physical observables: this is
due to the nonuniqueness of the complex P-representation.
We finally give an explicit formula for the

expectation value of a normally ordered product:

<A@ a= J Plu@) ACe,«) dnlx,p)

This result follows trivially from the operator identities
obtained above. Similarly one can obtain results for multi-

time correlations analogous to those obtained previously:({>)—
<A AN = ;5 Pla's'l 4,4) A'( ) Al-24,00) »
x P(g1) dm(4) dpul«")
<A MAWALWA,mMY= J,; Pl [ 44) A8 <) A ().

<A CP,-2p) R,((ﬁ—Bo(,oOP(ﬁ,ﬂaiH(g) dm(«?)

These results will be proved in 2.3, for a general operator

ordering.

(c) Time development equations

In the usual master equation treatment, the time

development of ﬁ in the Schroedinger or the interaction

picture will be described by:

#p = f[@]



42

A .
Where L 1is an operator functional that. can be represented

by left and right multiplications of ﬁ' in power series cof

a2+ 2 . . ‘o
(@,9 ). 1In either case the identities of operator

products are used to obtain a differential functional acting
N

on N :

N

1p = g)F(;Q 12T a,47 (D3 dn(a)

Now provided P is chosen appropriately, and it is possible
to integrate with (P, 9«-P) vanishing at the boundary of

integration this can be written:

A

[ A
SPOA due) = { $L032, 1P A (i)
D b

This equation is still an operator equation: at least
one solution of the operator equation can be obtained by

equating the c-number parts of both integrals to give -

20 P) = Loz, 2] P(&)

In particular, in many cases the derivatives of third
or higher order do not occur or are negligible, and this

equation reduces to a Fokker-Planck of form:
— - 12 2
24 P& = [ s, AL + 7370030 DW(‘;‘)_} Pl

Here we note that the vector of coordinates ¢4 can in

~s

general include (&, #2,B2, -...-. <, bn ) for an n-mode problem,

so that there is no loss of generality.
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In practice an overall factor of (SaT;H =, )
is obtained: this is equivalent to the conservation of
the trace of 6 which follows from the form of the original
operator equations for ﬁ. In the case of one Qf the
domains of integration I-IV it is useful to leave the
differential operators in the present form, as complex
differentials. It is easii& demonstrated that the same
time development equations for any observables expressed as
power series in (d,B ) are obtained regardless of the
integration domain, provided integration by parts is
permitted.

In many cases an exact solution for the steady-state
P-function will be obtained on utilizing potential equations:

that is provided -

owvm T Vv
where: -
h = DMP (".i) [lAP(‘i) + oy DVP (i)]

In the case of a potential solution, the following result

is obtained:

Pl)= N expl-§ vi(2) dety ]

Here JY is a normalisation factor; and it is in evaluating
the overall normalisation that the alternate integration
domains become useful. For some quantum systems n is
undefined ( infinite) on the usual diagonal domain of
integration with BEOK%. However it is possible to adapt

the integration domain to the quantum system, and by
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choosing an appropriate manifold an integrable normalis-
ation will be obtained. The above remarks can also be
generalised to include cases of terms of different time-

reversal symmetry and singular diffusion arrays.

(d) Stochastic equations

The time development properties of P(4 ) can also be
described by a stochastic differential equation for ¢ .
In this case the probability of the stochastic process
developing in time from ( &, ) to ( «',+ ) equals the
propagator P(ﬁﬁf'lﬁ,f), provided a stochastic process
exists. In the simplest case (for (354* ), one obtains an

Ito stochastic differential equation provided Dnv(ﬂ)

is positive-semidefinite (Arnold, 1974):

21%p= ~An() + Buy(e)-§(4)

Where:
DiFl=  Bu& By

The stochastic process realises a path in a real phase-
space (p,x), and ( o,® ) remain complex conjugate. Thus
there always exists a diagonal representation of the density
operator relative to the coherent state basis, provided
there is a diagonal representation initially.

However when D&S’ is not positive-semidefinite, a
stochastic differential equation cannot be directly obtained

from the Fokker-Planck equation defined in (2 ¢1lc). Instead



it is necessary to develop a Fokker-Planck equation and a
stochastic differential equation defined on a éomplex phase-
space. We show in (2.3) that this is possible because of

the equivalence among differential operators:

2 2
ddy <> 30&: =>.

—i9

AN

Therefore one can define P(« ) on a 4n-dimensional space
for n-modes;of iuﬁhgﬁ,ﬁﬁ,ﬁ1&Nngn)§. This gives a complex
phase-space in (p,X) where:
p= ELf(o(—eD , X = Ji(ﬁ(—\-&)
Because the 4n-dimensional Fokker-Planck equation has
positive-semidefinite diffusion, there is an equivalent
stochastic differential equation defined on the complex

phase-space:

_ X
3 |dn |= - AXM (<) + BMV(i) ?v(*) (m=1,2n)
ot |, Al () B ) §,(4)

Where the coefficients are real functions:

Aw = Al +"AYM
(M:!’Zn3
Duv = [Blg +1Bl-1[BYr + 1By ]

The significant point arising here is that we have
explicitly derived equations for the real and imaginary parts
of both % and @’. The equations show that for an arbitrary
diffusion array D”V , the variables (<x,@ ) have different
(possibly independent) stochastic behaviour. They do not in

general remain complex conjugate, even if they are complex
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conjugate initially. This therefore gives a direct reason
for the development of nondiagonal terms in the coherent
state representation of ? .

In addition, the occurrence of complex phase-space
paths with a finite probability provides a way of obtaining
nonclassical photon statistics within a normally ordered
operator representation (Chaturvedi, Drummond & Walls, 1977).
The advantage of this method is that all observable mean
values and correlations are obtained using the moments and
propagator functions of a real, positive probability
distribution (or stochastic process) in a straightforward

way.

2.2 ATOMIC COHERENT STATE REPRESENTATIONS

(a) The diagonal A.C.S. representation

We earlier defined a representation for bosons in terms
of "minimum uncertainty" linear combinations of states. A
similar representation is possible for collective atomic
states. However there are several differences which are
worth mentioning. Firstly the most direct analog of the
boson coherent states is obtained by selecting states that

have a fixed "angular momentum".* This gives the atomic

* By "angular momentum” is meant the observable corresponding

2
to [4,8;
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coherent state representation, which only represents a
subset of all possible atomic states. The next difference
between the ACS representation and the boson coherent state
representation, is that there are only a finite number of
energy levels in the collective atomic system. This is
reflected in the different algebra obeyed by the raising and
lowering operators 31, relative to their analogs 3+, A in
the boson system. Because of this the algebraic details of
the representation are different. The factorisation of
correlation functions which is very useful for boson coherent
states, no longer holds in the case of the atomic coherent
states, and in particular observable correlations of order
greatér than 2J all are zero. This is the reason for the
well-known antibunching in the fluorescent radiation from an
individual atom, which has J=% (Carmichael & Walls 1976).

A similar result of a vanishing correlation function of
order n for n$ 2J holds for any collective atomic system

of "angular momentum" J. Noting that the maximum value of

J is N/2 for N atoms, we see that this simply means that

at most N photons are emitted simultaneously from N 2-level
atoms in the dipole approximation.

The analog of the number states for a boson system are
the Dicke states for an atomic system. These are a basis of
eigenvectors of the collective operators iz, 33. For
eigenvectors with JK N/2 it is necessary to define additional
indices X to distinguish states of different permutation

~

symmetry: the basis is then -

(Dicke states) 1T, m, A >
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In the following treatment, we suppose that J = N/2
provided N is a positive integer. Our derivation follows
that of Arecchi et al (1972).

Corresponding to the coherent states of the boson
system are the atomic coherent states (sometimes called
Bloch states) of the atomic system. Like the boson coherent
states, these can be generated from the ground state by a
symmetry operator. In geometric terms the symmetry operation
is a rotation on the Bloch sphere (which semiclassically is
a sphere whose coordinate points are Jx ,J} ,Jé

for an atomic state). We define:

R(6,8) =  expl-io(Fasing -7, o)

expl §77 - 511

1

%P[If‘*] expl 6r»(|+\t\"7'35'] exp [-1¥f-]

Where:

)

The equivalence of these forms is shown in Arecchi (1974),

(g)é;(p : T = (*l'm%) e.i(P

1]

Arecchi et al (1972).

The atomic coherent state is then defined to be:

N

le> = R(e,P)IT,-37

(1+1T2Y? WP(I?+) |3,-32

1l

These states form a nonorthogonal basis for the sub-

space of atomic states of fixed J:-

- J
<o glep>= s PUPLerT Liner]™y



49

It can also be shown that these Bloch states form minimum
uncertainty states, in the sense of rotated operators

j:l = a.i ?L—\

These operators obey a commutation relation

of the type:
.A/
I%)j{j]—- |]’}

Hence - < T2STYY 24437

The equality sign holds for the Bloch states, which have
the minimum uncertainty property.
The 6,9 states can be written in terms of the \J,m)

states as follows:-

%
23

J A
e, 9> = (l+|t|*)”£ T [m+]'] 1T, m>

m= —J

A similar definition of atomic coherent states can be
obtained by rotating the fully inverted state LJ,J ),

follows (Glauber & Haake, 1974):

/

|}j>

l

(:+l}l‘)-J exﬂp[;?'] 17,17

V2

= 2 J-m
= (|+I;l) 2 L m]f’l, m>
If we set 3= /T we find:

J J ? T4+m 27

/ 1— -J +

(TT*) (retTl®) 2 T [Jm]”, m>
m=-J

QLY
e<p le,p>

o
A4
N
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Hence we see that with 3= e;¢ d‘g(%) , the two
definitions of an atomic coherent state are identical apart
from a phase factor. However this phase factor disappears
on defining the diagonal atomic coherent state representation,
so that the two types of atomic coherent state can be used
interchangeably on making a variable change.

At this point it is worth pointing out that the
distribution of m -values in an atomic coherent state is a

binomial:

] om (27
I<TimdP= (1+1t™) 7 (o™ (.MJ)

This distribution is the analog of the Glauber coherent
state photon number distribution, which is well known to be
Poissonian.

In order to use the ACS representation, it is necessary
to obtain operator identities and represent the density
matrix as a distribution. We first introduce the ACS

distribution for the density matrix:

ﬁ = SP(Q).;\.(Q,}‘) a\"}

A —
NG6E=E 132<3]
An alternative to this representation, is the use of a

distribution over ( 93¢ ) variables (Narducci, 1974):

po= [ Do, ¢) 16,05<0,0! - dodp

However this representation is equivalent to the one for
}—variables, and can always be obtained by a straight-

forward variable-change. For this reason we shall utilise
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the }-variables which give simple operator identities as

follows:

AG39= Gagay? ep (31 TNI3543,9) aap (7' F)

= (113P77 0 (3 5) 13,353 71 exp (5 )
51630 = Gagm -5 Al,s0
(555 +37) A

Hence we obtain directly the following results; in

terms of a differential operator ﬁj[},%‘g] .
PAa = DG =182 33160
A 5)]- N (3 3"7 - [ B +Cl+l}l’)]/\ (3 3.")

>

)

I

TNG3)=
/\(3,‘5") ]-f—- ﬁj- /\ (‘5)3“)
AGaT= 854 639
The equivalent formulae for ( 6,¢ ) variables are rather
cumbersome, and can be referred to in Narducci (1974). We

similarly define operator products using the standard methods

of calculus of phase-space:

A A A
BBA = Da e

* . 4

2 ‘BAT ﬁA’{A
N

s B N\
ﬁ;’f Be, ./\.

>

A

AR
A

o>
> =
il !

n
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Finally the expression for J3 is ' readily deduced as

fellows:

A

A= 03T A G a0
= 3095950 - 90951 /’\\(323*)
= (3(53%R) - 353 ) A (3,3%)
N3P = B, A3

Using these expressions for operators, it is possible to
translate an equation of motion for the density matrix
(master equation) to a Fokker-Planck eguation for the
distribution function P(}), or (with a variable change) for

the distribution function D(&,¢® ).

(b) The complex A.C.S. representation

In the previous section, the diagonal ACS represent-
ation has been obtained following the work of Arrechi et al
(1972), Glauber & Haake (1974). 1In the work of Glauber &
Haake, a master equation and Fokker-Planck equation are

obtained for super-radiance, giving a non-positive definite

diffusion term. However these authors make the approximation

of neglecting the non-positive definite terms (Glauber &
Haake (1974) Equation 5.9). While this approximation is
probably acceptable in super-radiance (because the relevant

terms are small close to complete inversion), it cannot be
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made in general for a driven gquantum system.
We therefore turn to the definition of a complex ACS
representation, similar to the complex P-representation of
2.1, in order to obtain a positive definite Fokker-Planck
equation. We first define a non-hermitian projection

operator:

A3 = 132}<21/<n¥/3>

—1} A AN
= [1+9.32]  enpl2,3] 125><5,3 expl 3. T*]
The definition of the complex ACS representation is as

follows:

'6 = Sp P(Z’u}z) -/A\- (21 :3’1) AM (5"3}”-)

In exactly the same way as previously, operator
identities can be obtained, which transform to the diagonal
representation identities in the case of (3=}J; (3} = %)

In particular one obtains:

A A E_b’_l 1.}_ A A
TJ‘A.(}/,, )~ [‘*}"3’1. k/ 2}]/\(?1.;3’1) = ﬁf‘j\'(}'u}i)

A A 2% Y2 ’ A
Aly, 5T = ['*?:31 %921]/\(7,% = D3-A G

A-A S 2I3%2 T A A
]/\(%, D= [a}, + 1+;,,;J/\ (7.,9.) = 93—/\ (%,,2,)
f\(g‘,;,)]‘z [f;z + Tr,,}g]/\(ac,m - $3"/\(3’,,3/,)

f”f\(},,y): {T[“'b’f?z_]-3'?—3:];\(711%.] = 9 A (g, 3)
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Using the above identities it is possible to write
down either 2-dimensional (line-integral) or 4-dimensional
Fokker-Planck equations. The 4-dimensional equations are

obtained just as in 2.1, by utilising the equivalence:

2 pit ]
&> 3 }’/

B < %"
Therefore these equations will have positive semi-definition
diffusion and we can develop a stochastic differential
equation in a four dimensional phase—space.

In order to obtain physical observables, we will be
interested in the weight functions for normally ordered

products. These are well known in the case of the diagonal

representation (Arrechi et al 1972, Glauber & Haake 1974):

Q4!

CEFENY = SIPG) a3 3t (g™ ) dy

We now proceed to demonstrate that exactly the same
forms can be utilised for a nondiagonal representation with

the replacement (¥ = 23,, 3* = 32 ):
<(3*3((3‘)">F'-'- Te1§ Py 30 JA\-(‘Z/HVJ JM(m,w 3453-4%

T.[ /',\Y‘Q 3-27\]: T.{F (Hy,h-)ue/x.o(}',f')h,}x.'lﬂ ‘?’7‘{’(}';3“) 'jﬂ'g

— ~1J .ii‘_e. A A

=T § (a3 3 33 eoxp(3,17) 11,370,3\34,0(3110}
BQ*Q'

= Tef ) o308 Gopgd? Mg,z 8
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Using the identity:

T (A5 =

We then obtain -

!
‘ §+

4
S[Pcm Y20 o o Gyt Dty 30

5+ 3-

3

For future use, some of the common weight functions

are listed below:
oM ATy /e
A
J° ~ T3 /C1+%,%,)

T o~ (W) s3I AR ez, Y

Nana 47(23-1) [I 2%,%,(23-2) . (23-2)(233) (3,3,
T~ ey Ut vy e 200+, 0

I~ TU-%3,)/C47,3,)

Earlier in this section the fact that correlation
functions do not factorise exactly in a coherent state was

mentioned. These can now be calculated explicitly as follows:

13
Ql%’fj"\b?: Leigl™ 4 23(23-1) 131*/Cia 13®)

G = [T+<30) 4 Q-13)4T<TY
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We note at this point that this expression is identical
to that obtained in the case of atoms in an uncorrelated

state; provided 2J = N

(I
N
" M-2Z
e
QP
Y
q>
-
\V4
+
I\
N
S|
AV
N\
q
(3
A4

<33,

I

A A A A_
(5 +<T73) 4 Q-RNIKTT >,
However this correspondence is not a general one: in
particular 32 is invariant in a coherent state, but it

varies with the mean polarisation and inversion in an

uncorrelated state:

il

Aa Aa. A+/\- n

1

BN o+ G-I <T D, ¢+ <333,)

In the uncorrelated state it is possible to show that we
obtain <Q2> = J(J+1) in the collective ground state, but
not in general.

The next correiationAfunction of interest is the one
corresponding to correlations of fluorescent photons:

as A2 41301 21312 (3-D(2-3) \31_4]

Gl I+ Tl = Tramm (e 1320 ¥ Ty g2t

Clearly as mentioned earlier this vanishes at J = % (in
general all correlation functions of order greater than 2J
vanish). However the behaviour at large J values is also
of interest, as this corresponds to correlations of photons

emitted from an atomic system in an atomic coherent state.
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We therefore proceed to calculate the normalised

correlation function 3"(07 in the case of J> %:

D oo 4323-D o 3-) PR gmnit
3(.,\‘(3(0)) = ’(l+l3l’-)"[1‘§_] Y. 131"- * e 11t

V.90 = 1 4 | @Ia3-) T edS ¢ (BT wet %
b

13/23-1) 44T % +27(27-) et %

Thus we see the following limits occur; depending on the
degree of atomic inversion ( &= O corresponds to the

ground state, © = T to the completely inverted state):
(a) =0 -, 3.’(07 = | -3 4 0(Y3%)

(b) ©=%: §%e) = | - 232 +O(Y3%)

(c)® = “'?fifjt@= 1 t% + olYr)

(a)6= T: 31'(0):_" 1"'/1 4 OC_'/j‘*)

It is interesting to see that over most of the range

of © the system remains approximately coherent: for

0 £OLT/2 there is a degree of antibunching of order at
most (1/J). For atomic systems that are inverted, we have
a degree of photon bunching for "a<esg 1 . Then

finally, close to complete inversion there is a rapid change
with nearly chaotic photon statistics in the completely
inverted state. The behaviour of the atomic coherent
states is completely different here from the boson ccherent

states, which of course have completely factorised
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correlation functions with 3,&9 =) for all values

of « .-

(c) Correlation functions in the A.C.S. representation

The expression for correlation functions in the
diagonal ACS representation has been obtained for time-
ordered multitime correlation functions by Narducci (1974).
In fact as we will show in 2.3, these results also hold for

the complex ACS representation: (> 1) -
I A —
<AUN ADY =
={I PG, N DD P13, N <A >y dulg)-duly)
9 ~
A A A A
<CADA WA WIAL D> =
= SI P(3 1) i)A,.(?v) DA, (g) x
" Y,
« P(2'4 l}”‘f) » <A Az>}/ -JM(Z)-dﬁ(}’)
While these results can be used to obtain the time-
correlation functions, they do not simplify in the same way
as the corresponding expressions for normal ordered, time-

ordered correlations in the P-representation: it is

necessary to include derivative terms to obtain the full

quantum fluctuation spectrum.
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2.3 GENERAL OPERATOR REPRESENTATIONS

(2a) Operator representations in a general phase-space

We now wish to extend the operator representations of
sections 2.1 and 2.2 to a general set of noncommuting
operators a.,.- Qn. The derivation is similar to that of
previous authors, except that the generalised P-function is
defined relative to a complex phase-space. Special cases
include the ACS representation, the Glauber-Sudarshan
P-representation, and the associated classical descriptions
of Agarwal & Wolf (1968), Lax (1968), Louisell & Marburger
(1969), Haken (1970).

The general P-representation is defined by specifying
an operator valued function '32(;)) and a complex function
X< /),,30 . The function ﬁ‘g\) in turn defines the quantum
characteristic function 'X(EQ of the density matrix relative

to a particular operator ordering:

A
(M= Tl pX(D]
The (complex) P-representation relative to a given measure
dpﬂgl is then obtained by defining a corresponding

P-function l%i) that must satisfy:

X= § Pea) XA, 4y dm()
P

A
We suppose that [}Z, X,JM] are defined (for the coherent
state case see section 2.1) so that P(i) exists; and these
functions are normally selected so that:

Q(o):. /ﬁ . XCQ)?‘(_) = |

~ /
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This leads to the normalisation equation:

@)= 1= 5 PO dui
In most cases X is obtained from ‘/1\’_ by substituting a
variable c-number for the corresponding operator: but this
is not necessary in general.
In order for the representation to be well-defined, it
is necessary that '3(—(") is a complete basis for the system
A

operators; i.e. for any system operator A , there is an

A
expansion as a linear functional of x(A) :

N

A = SAO XM RO

®
Here Jﬁ(z\) is an integration measure (which could be a
discrete summation) in the space of ,)‘.. variables. In many
cases AQ‘,) is a generalised function that corresponds to
a linear differential operator.

We now list some representations that can be written

in the form defined above.

22 XA, «)
(a) exp( A ﬁ*)qp(-*a)' ad»p( )\d*- Ra ) (P-representation)
(b)q,,('o(-)'\‘a‘)%p( A &”) oqtf( Akt R ) (Q-representation)
(c) 7:\ ( i) 7': ( 9, ¢) (ACS-representation)

(Arecchi et al 1972)

(d) %P( x’&*)uf('* a) 24,0( ).p -A_‘d) (Complex P-representation)

(e)P (IA,G,)...MP(}A,\'&,J %,o( A :(‘) (General representation)
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The last representation (e) is the general associated
classical description of Agarwal & Wolf, Lax, Louisell &
Marburger and Haken. However, while these authors have a
real variable corresponding to an hermitian operétor, we
will define a general representation without this
restriction, so that a complex variable corresponds to an
hermitian operator. This gives a natural generalisation of
the complex P-representation defined in section 2.1. As
pointed out in 2.1, the integration domain for &4 can be a
line integral or the whole complex plane, provided integra-
tion by parts is possible.

In order to find the expectation value of the operator

N
A ;, we write:

i

A% = SIPOAN) X, @) du(<) da())

Il

[P(2)A () dula)

Where:
A= AN X)) dat)
In many cases of interest (normal ordered operators in a
normal ordering representation) the associated classical
function P: is simply obtained by replacing G; by 4;: in
the normal ordered operator power series expansion.
We also often wish to represent expectation values

using differential operators:
X) T L RON] am(X)

T3ARM) = § P00, T LER ] dacy)

~ )

H
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In the usual representations, the expectation values in
the above form can always be transformed to a differential

operator acting on X( A, « ), so that:

TCAPRAN = [ Px) Dp 3, ) XY, 1) ()

Te(ARMIA) = §PC2) Dp () X ) dinls0)

It is now possible to use the operator identities to
evaluate the time-development equations. We have given the
relevant identities for the complex P-representation and
complex ACS-representation in 2.1, 2.2: further useful
identities for atomic operators are given in Haken (1970),

Louisell (1973). We note the following product rule:
TLABAX O] = § DA (x, X T IBAXONT AR (X)

= JPD) Dp g, ) Ba o, ) X (3, %) dnle)
In general the time-development equations can be

written with the use of the operator identities in the

following form:

LR X(01=§ TCx, 3D %X dit))
=SP(5)IIC3;¢,5)X(};,5) dAm(at)

Hence on integrating by parts and equating the coefficents

of X, one obtains a time-development differential equation

in P( 4 ):

3 Px) = L0« a]P(x)
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It is useful to define a propagator function in % space

by setting:

a3 P44« 4)

LOdxr, 2 IPC, 4] 2,4

U

Platft]« +) 5" (4l %)

Where the delta-function is defined in the usual way

relative to the measure dﬁ(ﬁ\. For later use, we define

a hybrid propagator:

KN 2 4) = JPla14,0) XY 20) dulsn)

We note that at +’==+ the propagator is given by:

H . I} :
X (X 41x1) = X (A, )
While for +'> 4+ it is necessary that the hybrid propagator

follows the time-development of the characteristic function:

XA 4T ) = SLOA NN+ 4,4) A ()

As pointed out previously (in 2.1, 2.2) the time-develop-
ment is not unique: that is, there can be several different

( £ ) functions with corresponding propagators.
In order to determine correlation properties we define

A :
a time-development operator U (Louisell & Marburger, 1968):

A4 = C\u,{')ﬁ\(ﬂ U+, 1)

. . {
Any time-correlation function can be written, for + 9 +, as:

(AW B(f)>f, = Tr [ §(47{2(+)f Qu,w) /?«(f) G(#,f)f]
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This equation is exact in the absence of reservoirs. We
also suppose that on a long enough time scale (relative to
the reservoir correlation function) it also holds after
tracing over the reservoirs, and that the operator 0‘ is
a function of system operators only. (These assumptions
can be regarded as the definition of a gquantum Markovian
system, and they imply the quantum regression theorem of
Lax (1968)).

In particular, we can apply the time-development
operator to the kernel &(b) , and the result must be a
linear functional of ;((é') ; owing to the completeness of

%(,\') as a basis:

$ &(’s*') X (X,n&(i‘ﬁ)}aj’ X [yif« ]')v\,{]??();,ﬂ Jﬁ(f\.)

This defines the characteristic propagator function, for
A
f’") 4. The propagator functions for X, P have similar

properties:
i(é',f) = 5%‘[2‘,,*"5:’] 3‘(()_\);),1,;(5)
F(:{l)_’l) = 5 P(‘il,‘,‘l:s)-’) P(i,'})("ﬁ(i)

We can also redefine the hybrid propagator as follows:

20T J XA Xy, 1) diay)
=[P (a2, ) XN, 2) duly)

Clearly: (in each case) -

gD = XY )
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We note that this is well-defined for +' > 4 since
both definitions have the same time-development as a
function of ( Al), and they are equal to each other at
+=1).

Next, it is helpful to evaluate a specific correlation

function:

<la\ () ﬁ(f)% = Tri%(‘*)ﬁ(*)”/—g Q‘)Xt(.i\':”étf) % (2‘11) dﬂ(z“) 4p (3") -'\

TLBWAM X N = S Py, L DX (N, ) dhu ()

Combining the above equations we obtain, with the use of

the hybrid propagator:
CAWBM> =AW Ky 413, 1) P2, [DglX A ) dnl ) dm(N i 2)
= [JAQ)P(2, D Da ) X (W4T 2,4) L) A (X)

= S A (£ VPO, 1) D) PLatd' [,1) Apale) iy

A similar expression is also found by Agarwal & Wolf
(1968), Lax (1968), Louisell & Marburger (1969), Haken (1370)
for the usual operator representations. The above expression
extends these results to complex representations, where it
is not possible to express the P-function uniquely in terms
of the density operator: similar results hold for n-fold
correlation functions.

We finally point out that for normally ordered, time
unctions in the general ordered representation (e),

ordered £

these expressions reduce to the correlations of multinomial
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products similar to a true classical phase-space description.
The one difference is that in this case, it is a complex
phase-space. For n dynamical variables (operators) this is
a manifold embedded in ‘?‘} instead of the classical phase-

n
space of R.

(b) Fokker-Planck and stochastic equations

In general the procedure outlined above, leads to a
differential equation with derivatives of all orders. In
practical applications, derivations of third or higher order
are often not present or very small. In these cases the
P-function obeys a Fokker-Planck equation of the following

form:

ot P(:Q = i ;H AM(;{) + 3 ép\)\? Dnv (;‘S,) } F(i)

The discussion of 2.1 holds for this type of Fokker-
Planck equation; and just as previously, different equations
occur on different integration domains. When potential
equations hold, it is sometimes possible to obtain exact
solutions by integrating in a real phase-space of (n)
dimensions for an (n) operator representation. In cases
where these solutions are not normalisable*, it may be
necessary to use a line integral in a complex phase-space.

However it should be verified that complex potential

* We assume that this is not because of a global
instability in the deterministic equations; but is

due to a non positive-definite diffusion array.
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solutions obtained in this way have physical moments,
resulting from physically accessible initial distributions.
When potential equations are not applicable, and the
array (Duv) is in general not positive-definite, it is
useful to transform the deker—Planck equation to a form
that has positive semi-definite diffusion. The following
equivalence relation holds whenever X( b,i) is an analytic

function of g

p) 2 -39
Yy > xu Yo
Where:
3 y - 2
du = Ku+1Yu ; AT Am G In = Ym
Define:

f\u = F*; +iP:F
DMV = BMV' BVV'

— X . p”
BMT—- BMT+ lBur
Then the following time-development equation holds for

P(« ) defined on a complex phase-space:
— b4 X Yy b4 i x K X =%
b}P(f,\/.) - [gMAH + QM AM + /ﬂ.(awéN(B“er’) +

+ b:\ )Z! (B:v B’;v-)“' S,M s‘v(%:v Bt’ F)*ingv(ﬂw B\:N)).] P( = '3'()

Thus we see that it is possible to define a time-development
equation in the complex phase-space that is positive semi-
definite and therefore allows the distribution to have the
characteristics of a complex phase-space probability.
Utilising the theorems of Ito stochastic calculus, we see

that the overall diffusion array of the new Fokker-Planck

equation is:
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X T T
o B*

Y
g
~

(o) o) o

)

Hence we obtain the following Ito stochastic differential
equation (provided the coefficients obey the usual

existence restrictions) :

3 | Xu| = - KN(‘.’O + B,:\v(f.(.)gv(")

7 L Ak (1) B (%) §, ()

This equation is equivalent to the Fokker-Planck
equation in the sense that the probability of an initial
value ( o, +) propagating to ( 4!, 1) s equal to the
propagator of the Fokker-Planck equation, P(iﬂi'[ i,? ) .
(Arnold, 1974.)

Methods of solving the stochastic equations generally
rely on an asymptotic expansion in the diffusion variance
(Appendix A). In the present thesis, we shall use the first
order (linearised) terms in this expansion, as outlined in
Appendix B. An alternative is the direct numerical
simulation of the equations using a computer-generated
discrete time random function. In this technique problems
arise occasionally due to the nonlinear deterministic
eguations which have "spiking" trajectories in the complex
phase-space. However a very careful use of numerical
integration routines can overcome this problem and good
agreement is obtained with the complex potential method and

with the asymptotic expansion in the relevant limits (Steyn-

Ross, 1979).
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We emphasise that the positive-definite Fokker-
Planck equation and the stochastic differential equation
defined here, are defined on a space of larger dimension
than usual (for non-classical operator statistics). In the
case of a single radiation mode, the space is (l which is
isomorphic to a four-dimensional real space. By comparison,
a classical process would be defined on 'fk - a real
space of lower dimension. The positive-definite Fokker-
Planck equation on the four-dimensional space has four
different differentials (24%,34Y, 3@%, 337 ). Normally
this would generate a stochastic differential equation with
four random functions. However by choosing a nonsymmetric
matrix square root, only one random function is needed for
each operator. Now the random functions are uncorrelated,
so that the variables representing ( 3, G*) are non complex-
conjugate. It is often useful to write them as ( o, ¥ )
to distinguish them from ( et d* ) as normally used. Because
the ( d,1d+ ) variables are non complex-conjugate, they
require to be defined on a space ( (1) which is of larger
dimension than the space ( € ) or (‘cW that would be
sufficient for a classical process. However we will see
later, that calculations in the space (€*) are straight-
forward, especially in the physically relevant case of

normally ordered correlations.
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In summary we have defined several different types
of complex P-representations. When the measure (V)

(see 2.1) is utilised, the complex P-function has many of
the characteristiqs of a probability distribution defined

on a complex phase-space. In particular the normally
ordered representations are useful, as they give the
physically observable quantities of interest, in terms of
straightforward complex phase-space moments or correlations
in most cases. Overall, the representation has an advantage
over the usual real phase-space representations, in that
when a Fokker-Planck equation exists, it will have a positive
semi-definite diffusion array.

Non-classical statistical properties (like photon anti-
bunching) can arise when the distribution develops finite
values for d*4=¢¥ in the radiation field representation;
however no singularity occurs in the distribution. In terms
of the position and momentum variables, this corresponds
to a complex equivalent position and momentum occurring with
a certain weight. If the initial distribution was complex
valued, then the stochastic process only describes propa-
gation effects, and the probabilistic interpretation is no
longer valid (except possibly in the steady state).

However we have proved rigorously in the case of the
radiation field, that a real positive probability
distribution on the complex phase-space exists for all

initial density operators.
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CHAPTER 3: SINGLE MODE TRANSITIONS

In this chapter, the theory of a coherently driven
boson mode with nonlinear dispersion and absorption is
presented, with emphasis on quantum statistical properties.
The principal application is to an externally driven quantum
optical system where a single mode is selected by an inter-
ferometer. For this reason the discussion is in terms of
quantum optics, although the Hamiltonian and Fokker-Planck
equation would equally apply to other driven gquantum systems
described by boson algebra.

The classical theory of nonlinear optical phenomena
results in a linear, quadratic or cubic polarisation relative
to the input field. Naturally it is possible for higher
order nonlinearities to occur, but these will be assumed to
be small in this chapter. It is well known that a linear
polarisation results in an alteration in the refractive index
and a linear absorption: but the linear response does not
change the guantum coherence properties of the field (Shen,
1967) .

The nonlinearities will couple different field modes,
and quantum statistical properties are altered by the medium.
However mode-mode coupling only occurs when wave-number
matching requirements are met (in practice, with the use of
birefringent crystals or other means). The simplest case is
therefore a single mode with a quadratic or cubic polaris-
ability and that is the situation we treat here. In general
there is both nonlinear dispersion and absorption, so we

treat both these situations in a unified way.
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In 3.1 the general Hamiltonian is obtained and this
is used to develop a master equation and Fokker-Planck
equation for the complex P-function following Chapters 1,
2. 'General expressions for correlations are obtained, in
the case of small fluctuations close to a stable branch of
the deterministic state equation. In 3.2, exact steady
state results are obtained in the cases where potential
solutions exist. In particular the usual Landau-Ginzberg
result is obtained for a resonant excitation and thermal
fluctuations. However a new type of exact solution occurs
in the limit of zero-temperature, which has a nonclassical
behaviour and gives antibunching: this also holds for a
detuned driving field.

In 3.3 - 3.5 the general results are used in specific
problems. We first turn to the laser with an injected
signal, where some well known results for the driven van
der Pol oscillator can be used to describe phase entrainment.
In 3.4, the driven nonlinear absorber is studied, giving
fluctuation reduction and photon antibunching. Finally in

3.5, the problem of an interferometer with nonlinear
dispersion leads to optical bistability. This can be
described by the linearised results of 3.1; while in the
limit of zero thermal fluctuations there is an exact non
Landau-Ginzberg potential solution for the complex P-

function, giving the steady state moments.
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3.1 UNIFIED NONLINEAR THEORY FOR A SINGLE MODE CPERATOR

(a) Nonlinear dispersion

We start with the Hamiltonian for a nonlinear optical
system, with the polarisability expanded to third order in
the mean electric field amplitude. As a single mode treat-
ment is intended, it is possible to omit the frequency
dependence of the susceptibility. The expression for the

Hamiltonian is (Bloembergen, 1965):

A (DA

b= falm Bk foadiEn apEEna(EELAS] -

(n) .
Here X is an (n+l)th rank tensor. Now subtracting the
. A A
zero point energy and transforming to the a,q+ represent-

ation with boson operators leads to:

A A A A ;)AAA
= it s e i LA

o e A A
[Gu -4 ¢

WM
L
—
o |&
[ W—

The mode function yY¢) is defined to satisfy the

orthogonality relation:

1l

fécorDnxinluco - o !

Now we have only included a single mode term in the
expansion, so that there is just a single frequency

involved. This is appropriate provided the modes have a
large frequency spacing, relative to the detuning of the
input field and the nonlinear frequency shifts. 1In additiocn,
all harmonic generation is neglected which is valid when

there is no phase matching (harmonic generation will be
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treated in Chapter 4). It can readily be seen that for
mode functions with spatial oscillations (like cos k'YL )
any product of three mode functions averages to zero. For
this reason the quadratic nonlinearity can be neglected:
this term is only significant when second harmonic
generation.is possible due to phase matching.

For simplicity we now suppose Y is plane polarised and
the medium is isotropic, although an analogous effective

Hamiltonian would occur in more general cases:
2.
A () ) A A 4,
H = 4wda + 1be ;SX. 0 [Qu@ -8 wr ] de -
Q
We can also simplify the normalisation equation by defining
a refractive index of n2 = l+7(.m . We now make the
rotating wave approximation, of only including terms of the
A . . . .

form (a“q ). Noting that the Hamiltonian is defined to be

normal ordered, we obtain:
A

H = +Hwat

nA4T A
+hxq' a

o>

Where the anharmonicity parameter is defined as follows:

[38,\5] fx“’cm lu|* g
= [8 S (S) I (

. . s
and Ve is the active volume in which X is non-zero.

X

i

Here I is a constant depending on the mode function. For a
plane wave, we would have IY=1. However, this is unrealistic:
in general I will depend closely on the resonator geometry.
A somewhat more realistic case is obtained for a mode function

of the form  sin¥KX-%nKY-5inkyy .In this case one has:



U = 2012 Sink,% - vinK, g - inky 3 -/ [V,

(

" =

Similarly, one can obtain different values for I?depending
on the spot size in a Gaussian beam with spherical mirrors.
The above treatment is only valid for a high-Q cavity
where the beam loss on traversal of the interferometer is
small. We have also supposed that no self-focussing occurs:
i.e. the relative anharmonicity must be small enough not to
cause a large change in the refractive index, in order for
the single mode theory to be applicable. In Marburger &
Felber (1978) it is shown that there is a critical power
for self-focussing, and these results are only valid for
transmitted power densities much less than this critical
limit. A point of interest in the above result, is the
dependence on the system volume: clearly quantum effects
(due to large x") will increase with a decreasing
quantisation volume.

We point out here that the Hamiltonian we have derived
is the anharmonic oscillator Hamiltonian in the rotating
wave approximation. This can have broader applications
than just to optical systems, and in fact the relationship
of the anharmonic oscillator to optical bistability is not
extensively discussed in the literature. The nonlinear
polarisability model is used to discuss optical bistability
by Marburger & Felber (1978) without mention of its relation
to the anharmonic oscillator, although bistable behaviour

in the classical anharmonic oscillator is well known.
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Another application of the quantum anharmonic
oscillator Hamiltonian is to the problem of molecular
multiphoton ionisation. Here the Hamiltonian is used to
simulate the vibrational level spacing in the infra-red
spectrum of a small molecule. This problem is of interest
in determining laser stimulated dissociation rates and is
discussed by Bloembergen (1975), Narducci et al (1977),
Steyn-Ross (1979). However, we shall be chiefly interested

in the application to optical problems here.

(b) Nonlinear absorption

In the classical theory of nonlinear polarisability,
both nonlinear dispersion and nonlinear absorption can
arise: therefore one would expect that it should be
possible to have a quantum theory of nonlinear absorption
that corresponds to a multiphoton process. This can be
achieved by following the treatment of McNeil & Walls (1974),
Shen (1967) for the nonlinear absorption. The general

gquadratic Hamiltonian would be:

N N ~
Va) A+ + ]
= /~4r AL "ftr A“\r
Ha all o+ &t +Gra. + Q' +9al,
N . N
Here [, gives a one photon absorption, L a two photon

absorption, and fL gives an absorption-emission which
results in phase damping. By the use of the two-photon
absorption term, it is possible to obtain a model for non-
linear absorption from a field inside a cavity (Chaturvedi,

Drummond & Walls, 1977). Investigation of the nonlinear
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absorber leads to a prediction of antibunching photon
statistics for the radiation field in a single-mode inter-
ferometer, provided thermal and driving field fluctuations
are small.

When the Fokker-Planck equation for the nonlinear
absorber is obtained, there is a great similarity to the
equations for a laser operating near threshold. For the
laser above threshold, the one photon reservoir acts as an
amplifier. This can be formally regarded as a negative
temperature reservoir, and is developed more fully when the
atoms are included in Chapter 5. 1In the meantime however,
the analysis of the Fokker-Planck equation for the nonlinear
absorber can be readily adapted to the problem of a laser
with an injected external signal, in order to give a unified
approach to both these problems. The main change necessary
is that in the laser above threshold, a linear gain
coefficient occurs instead of a linear loss coefficient. An
increased fluctuation term also occurs due to optical
pumping. However the nonlinearity is similar to that
occurring in the case of a straightforward nonlinear
absorber. Thus the overall Fokker-Planck equations have
a very close similarity for both a nonlinear absorber and
a laser above threshold. This can be justified by a
detailed treatment of the laser including atomic operators

(Louisell, 1973), as shown in Chapter 5.
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(c) Hamiltonian and master equation

We now wish to study the behaviour of the system with
both nonlinear dispersion and absorption as well as an

external driving field. The total Hamiltonian is therefore

as follows:

A A A A
H = H,+ Hy + Hy + H¢ + Hg

A
H, = H" @) a)r

B, = w4 _Tw v 41

A A A.*
Hy = a*l e\n
A A 2 9 S+
Hs = atal, + & [ 4 &Ly

Here w, is the fundamental cavity resonance, «'" is the
anharmonicity, E(f] is the driving field amplitude and
the driving frequency: while ﬁj are the reservoir
operators. This Hamiltonian is exact within the single
mode and rotating wave approximations. We expect the
rotating wave approximation to be a good one provided the
level shift caused by the anharmonicity is much less than w, ;
i.e. provided'(‘ﬁxﬁ<<h%) where fi is the mean excitation.

It should be noted also that %" can be negative in some
situations which would lead to a non-positive definite

Hamiltonian. However, this is not a fundamental problem,

as it is due to neglecting higher order terms in the
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polarisability. Provided (w@Al%"l«wW,) the level spacing
remains positive, and no instabilities will occur from
this cause in the present treatment. 1In the following
work we shall neglect the phase damping (?o) which is
expected to be small in an optical medium. (The effects
of this in molecular systems are discussed by Bloembergen
1975, Narducci et al 1977, Steyn-Ross 1979.)

In a reference system rotating at a frequency wy , the
total master equation for the density matrix is, on utilising

the techniques of Louisell (1973):

i
M
R
—
>
=

p
f[p] = _:cw,-w,-)[a*a,?,}

>

[fpl= —ixn [ ama®, 3]
LIAE L[Ena™ -E'ms,p)

LIFE wiaapae58d _a42p L am 048] 4}
BIg= wfapatpare —anesd

Here K' 1is the energy relaxation rate (from the one
photon loss term‘ﬁ ), and ﬁ* is the thermal occupation
number due to Gaussian fluctuations in the thermal reservoir

ﬁ . Similarly, x' is the two photon relaxation rate due
to the two photon loss term fi , which is assumed to be a
zero temperature reservoir.

The above master equation is a general model for a

single mode, driven boson system with both nonlinear

dispersion and absorption. In the absence of phase damping,
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the model has minimal quantum fluctuations, which is of
theoretical interest as well as having possible practical
applications. The model also includes Gaussian fluctuations
of a thermal type, due to the term ?. that determines the
thermal occupation number in equilibrium. As we shall later
include thermal type noise of a general type, we define the

c-number [, to be the coefficient of the thermal fluctua-
tions:

G = 2«'mh

(d) Fokker-Planck equation and stochastic equations

The Fokker-Planck equation corresponding to the master
equation can now be obtained on using the standard methods
of the Glauber P-representation (Glauber 1963b, Louisell
1973). However the resulting Fokker-Planck equation does
not always have solutions except as generalised functions:
that is, the diagonal P-representation does not always
exist (Glauber 1969). For this reason, we prefer to use
the nondiagonal "complex P-function" representation outlined
in Chapter 2, as this always has solutions on an appropriate

domain. The Fokker-Planck equation is as follows:

31P(.;3) = {h(w + 1x a4t —EW) - xi,,#
o (Rt 4 Lot —EH)) ~ a4

+ rl aqad*g P(:‘)
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Here o = (cndf) is the vector in C2 giving the
argument of the complex P-function P(d). We also have
defined complex parameters K =W 4+iR" giving the linear
dispersion and absorption; and x=xlix" giving the non-
linear dispersion and absorption. A table of the Fokker-

Planck equation parameters is summarised below:

K' Energy relaxation rate

K' Z w,-wr Detuning parameter

x Nonlinear relaxation rate

x" Anharmonicity parameter

EW Driving amplitude

N Zawnphh Coefficient of thermal fluctuations

We note here that all the parameters except 0,X
can have either sign: however we must have f>o ,?dzCL
The coefficient of the thermal fluctuations is positive,
as this always has a positive variance. Also, we must have
XL><9 to have overall stability. However the dispersive
components can have either sign (if x'< 0 , then the
Hamiltonian is non positive-definite: when higher order
terms are included in the Hamiltonian, positivity is
restored.)

In the case of a finite temperature (absorbing)
reservoir, K' is positive. Nevertheless the Fokker-Planck

equation with K'<o | «'>0 also corresponds to a physical

situation. This is just the Fokker-Planck equation for a
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laser in an external field, up to the lowest order non-
linear terms significant in the threshold region (Louisell
(1973) , Haken (1970)). This will be discussed together
with absorptive optical bistability in Chapter 5: for the-
mean time the case of «co can be regarded as due to an
amplifying (negative temperature) reservoir.

We now turn to the derivation of stochastic differ-
ential equations from the Fokker-Planck equation. When the
normal (diagonal) P-function representation is used, with
«* = ot it is readily shown that the presence of nonlinear
terms means that the Fokker-Planck diffusion is nonpositive
definite. This means that the usual Ito theorems for
stochastic differential equations are not applicable (Arnold,
1975). However, as we show in Chapter 2, the Fokker-Planck
equation in ( c(,«+') can be transformed to a four-
dimensional equation with positive-definite diffusion.

The exact stochastic differential equations in the Ito
calculus are obtained on transforming the Fokker-Planck
equation into the Ito form:

V2
PR E@) - Kt -2 xa® ot 4+ | -2, r f,m
<" @) -t 2 a Pt | A C))

Here $,(), §.(4)  are delta correlated random Gaussian
functions so that ‘#,d+ are complex conjugate in the mean.
The above equations cannot be integrated analytically for
arbitrary E(#) Qdue to the nonlinearities. However a
computer simulation with a Gaussian random noise generator
is a possible approach and this has been implemented for

the case of fixed E(4) by M. Steyn-Ross (1979). In the
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present treatment, we will utilise these equations in the
case of small fluctuations to obtain the deterministic
state equations and the linearised response to fluctuations.
At this point, we turn to the time dependence of the
driving field. 1In the simplest treatment, we may suppose

the driving field is completely coherent:
EH = &

However any physical radiation source will have fluctuations

associated with it. One model for the fluctuations is:

E@) = Eo + SEMW

GEWSEW) =T sG-19

This can be treated very simply within the framework of the
above equations, by including this additional fluctuation
term with the fluctuations already present, to give a total

nondiagonal term of:

-
1

[T

Thus the overall stochastic equation would be:

Ya.
a [«]_ Eo - Kot =2 &%t -2xet T [ X6
>t = +
ot Eg - Rt —22 e ro, s .4
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In a more complete treatment, a single mode laser has

phase and amplitude fluctuations: in this case the driving

field would be (Haken, 1970):
Ed) = [E, +E,(0] egpptn)
CWEUD=  a(E,) exp[-14-116(EL)]

PHGEN= c(E) SC+-1)

This type of fluctuation in the input can also be treated
within the framework of linearised theory, as shown by
Chaturvedi, Drummond & Walls (1977). 1In a situation where
this type of fluctuation is significant, it can be included
by adding an extra stochastic term with the following

properties: 6(“ > ‘:‘(H + ["M'(.n 7[ p.: - (ra, \—.,+)] —_
(MU W= al€e) expl-11-HIBIE)T = c(€.) 4 §C4-49)

SPUHITHDT  alEd) axpl-l-t1bIENT 4 ¢ (Ead 5C4-17) Cele)

In the remainder of section 3.1 we suppose that the
input laser is sufficiently well stabilised for these phase

and amplitude terms to be negligible.
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(e) Stability properties of the deterministic solutions

Deterministic behaviour can be obtained in the limit
of small ', X , where the noise (random fluctuation) terms
are negligible. 1In this limit, if we choose A¥= ¥
initially this relation will be time invariant. Therefore
the system can be described by a deterministic differential

equation of the following form:

3l [ = | Bl4) = aaf(aa)
ot | % 3 o
o« B - K (™)

Here: F(aat)=Karxsa™ ; provided otz oF initially,
they remain complex conjugate, so that deoft = 11>, If we define
ddt = n (the mean excitation or photon number), one readily

obtains the equations for the steady-state:

IEX = nlfmi*

= n [ exk'42 20 +(K"+‘).')C"n)"]

However not all values of n that satisfy the state
equation defined above give rise to stable behaviour. One
must include the stability of the differential equation to
small perturbations in order to determine the physically
relevant steady-states. In fact the problem defined above
for a function {f(n) has a general significance: differential
equations of this type turn up in the steady-state stability
problem for nonlinearities of a general type, as well as for

the simple case of cubic polarisability.
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It is therefore of most interest to determine the
regions of stability of the differential equation relative
to an arbitrary "state function" f(n); where n is an
arbitrary solution of the state equation. Since noncomplex
conjugate fluctuations are possible in the stochastic

equation, we include these in general by defining:

a(i) — Ko N a(4)
o) a aC)
In this case the fluctuation term g@(f) obeys the

following linearised equation:

2 E‘H) — %ﬁ*)]
Ml TALLm

~
~

of 2 3f
A = n3n +¥n) 5 %o 21 — a , b
= of Y %
o 5h ann 45 n A

Using the Hurwitz criterion for stability, one finds that

to obtain stable eigenvalues it is necessary to have:

)

.L(@) 2R L £() +t\%§f] >0

2f g*
0t (8) = 15l +nlfm 3 s fmFn 1> o0

A change in the stability properties can only occur if
either Tr(ﬁ) or M(ﬁ) changes sign. The points where M(Q»
vanishes ;;e soft-mode instabilities (since one of the
eigenvalues is zero): while if &J(Q) is nonvanishing but

Tf(A) is zero, there is a hard-mode instability with the
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onset of oscillations. In fact Ad(ﬂ)=c> is equivalent
to finding a turning point in the state equation, because:
l‘l.

|E

In T dd(A)

Thus to determine stability, it is first necessary to
find the turning points (AJ(Q)=6) and the hard-mode
instabilities (Ti‘(g‘)‘-'-‘)) . Any intermediate value of n
has a fixed stability, which can be found by evaluating
&J(Q),Tr(Q) at any point on the branch to give the overall
stability of the branch.

In the present situation, of a cubic polarisability,

one obtains:

K+4xXN 5 2%x<s

i

T (A) [k + 4%n) s BE 2"z, KT gn

Dk (A) = nalxln* +4n(2K" + K] 4 Ik

First of all, it is necessary to have kao for overall
stability. In addition to this, in the usual cases one has
K'>0 (for a linear loss mechanism) so that T?(Q)>O always.
However in some cases one can have linear amplification
(as in the laser with an external field). As we shall see
later the linear amplifier can have T}(Q)<<> resulting in
instability for low photon numbers.

Of greatest interest are the points that correspond to
Deﬁ(@} = O , which are the threshold points for dispersive
optical bistability. Solving for N one obtains the

following threshold values:
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+
n- = 2 (Kl,x_' 4K"’X_”):H'1K'zfz"tK“2'1-?x‘x"K'K"“3K'1'#"’-‘3“"1?
ACTIETS

BN = ntlsn)

Clearly these coordinate points are the turning
points of the state equations. Of interest in later work
will be the value of the critical point parameters. These
are the parameters that determine the existence of a bistable

region. That is, for bistability it is necessary to have:
AR LRI B ATKIKN —3 Bt 3t >0
However in addition to this, as stated earlier one must

have T(A)>0 on both upper and lower branches to prevent

hard-mode oscillations that would preclude bistability.

(f) One time correlations close to a stable branch

We now proceed to analyse the behaviour of the
stochastic differential equations close to a stable branch.
This is an asymptotic expansion valid for small
fluctuations (in Appendix A this is treated formally as

an expansion in ¢ , where ¢% is the fluctuation variance).
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In the case of a multiple valued state equation, the exact
steady-state moments can only be obtained by solving the
Fokker-Planck equation. However the asymptotic expansion
is useful in giving behaviour close to a stable branch,
that would be observed in a transient experiment. 1In
addition, the asymptotic expansion can be obtained where
potential equations are not satisfied.

We suppose that the deterministic solution is <, ,

and the fluctuating variable <) is given as before by:

4 (ﬂ — Ao + d(“('i )

+ *
& (1) A dz)(‘,)
Then to first order g((.)('ﬂ obeys the following equation:

2y
4 = —Ag + DL« FH)

Here A is the linearised drift and D is the diffusion

array evaluated at & =<0 : these have the general form:
A = a b
= - ,,
L b" , a
-
D = |* 7
= *
r ., -o

The correlation matrix g can be evaluated using the

method of Chaturvedi et al (1977a):

]

<ad> 5 <o >

<y, < Lt>

&
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C = R-ad(@) + (A-T+@ND(A-1- t(gY
2 - 4(8) . dut ()
= [ ' }-o\(q«iuq:‘uu")-a“s-za*br J2(Plai*sRe(abdl*))
[}
4a'Blo) 2([lal*sRe (abd *)),-d*(q"‘.. lal1b1™) -db"z—'lql:*r
Where:
a’ = Re(q) - AlNE  [al*-|bl*

’

The above expression is one of general applicability.
It is valid for an arbitrary single mode bose operator in
the linearised approximation, as any linearised single mode
system will be characterised by these parameters a,b,da, .

In the situation of the present problem, we have:

a = K+ 4xn 5 a' = K'+ 4¢Yn
b=d = ax«%

Where n = ldol® is the solution to the deterministic state
equation. The expression for the correlation function can

now be simplified to give:

nM

— ¢
= [_L_ || -da*[r+ea” T | Tra® 4 raital
2a’A (o) .
Cla*s1di™al -d*a [ M+a']
This is then, the general expression for the first
order term of the correlation function of the bose system.

In operator terms, we would have:
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>

<ary-<a>

nm
il

, <A*A> - <E>I1F

<A+ aA>-I<8>% <8*°> - < a4+

The total intensity in the cavity (or total photcn

number) is; to first order in the asymptotic expansion*:

e Y R e o

Il

n + (Plai*sldi®a")/(2a'Ate)

Thus there is a coherent and an incoherent part to the
total intensity. We first look at the linear cavity limit,
where X220 ., 1In this limit the incoherent intensity is due
to thermal fluctuations. Provided the driving field is

coherent, .we obtain:

h

il

n n o+ nt

That is, the intensities of the coherent field and the
thermal background are additive in a linear cavity; this

is to be expected as they are uncorrelated.

In the nonlinear situation we obtain:

1> lo“q-)
= Nn + n“‘(%&ﬁ) + (2”A(ﬂ

S

* We omit terms in T due to second order corrections

in <«*2.
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Thus this analysis would predict an increase in the
background fluctuation due to the nonlinearity, with a
maximum at tal*=1d1™ . This maximum is the critical
point divergence, which is the point where the linear
analysis breaks down.

Finally, there is an additional term proportional to
] This‘gives the intensit& of quantum fluctuations
in the system,and is due to the nonlinearity in the
polarisability.

The effect of both quantum fluctuations and thermal
fluctuations is to increase the total photon number.
However the next order correlation function that is
measurable, (the second order correlation function)
shows that these are physically different types of process.
While thermal fluctuations always increase 31“9 above the
input value of 1 for a coherent driving field, the guantum
noise terms can decrease fTﬂ to cause antibunching photon
statistics. We show this by calculating the correlation

function to first order in the asymptotic expansion:

Jor = |+ 2(<qpd> + Relolo <D/ %o))/ n

+ [Clal*+1d"a’ —2Re(xa*[T+alln)
al A(e)n

1}

Here the coefficient of [' is positive-definite, while the
other terms involving quantum fluctuations can be negative.
Of course, the total value of 9¢%(6) must obey the

[}
fundamental restriction of : g*(@) > 1-7R{
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A table of the relevant parameters is summarised

below, where d=a'i iall

[dI* = 4(x* ¢xt*)n*
a = «' + 4x'n

>
<

{l
Q

+ Q™ — 14*

= axk'ng, + ry

(g) Time dependent correlations close to a stable branch

Just as the one-time correlations have been calculated
using the linearised method, so can the spectrum be
calculated. This is most simply obtained by Fourier

transforming the differential equation to give (Appendix B):

I

S (Wt w) n$(w) +(%r_)Ra[(@+1w)-‘g_]u

I\

néw) +[ | )Rz (d%a* (Ms o) 4 (iwea)(Tlals [ ')
\2ma'A(o) A Giwo)

Where:

A(é) = (3+a*)(z+a) —ldl*
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This is the general expression for the linearised
spectrum of a coherently driven single mode nonlinear
boson system with a finite temperature thermal reservoir.
The behaviour of the spectrum is governed by the roots

. ot

of A(}) which are -A", where:

r ' a 2
N = a T JidlT - qgn
Here a', d,a" are defined as in section 3.1 (f). In
general the roots are complex, resulting in a double peaked
spectrum with two quasi-Lorentzian lines. The lines
coalesce to give a single peaked spectrum when the roots are

real, which occurs for:

.

n(x*-3x"*) -ak"2"n - gW'* 3 o

7

In addition to the Lorentzian lines, there is a delta
function part of the spectrum, which corresponds to radiation
transmitted at the input frequency.

In order to understand the effect of the nonlinearity
on the spectrum, we first compare this result with the case
of a linear interferometer. In this case we have X=d=o0

so the earlier formula simplifies to give:

Tw4 Jkl*
S(“”'“’i): n§w) + [m] Rz((z(r?:)x

where:

N

n [EV/[ w™+ w™]
AGw) = Ciw+ )i + K¥)
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In this case we see that the pole at -iw=K vanishes,
leaving only a pole at -iw=K*_. on taking the real part
this has a Lorentzian peak at W= w~-Wy . Hence the final

result is obtained (Louisell, 1973):

LEVS (w-wp)

| I
plw) = [ K'* o+ K ] + (E‘){K"‘Hw—wﬂl}

Thus the overall spectrum is nonsymmetric for W,+Wjy.
There is an "elastic" peak at the driving frequency W,, and
a Lorentzian peak at the interferometer tuning W,, due to
thermal fluctuations. If we compare this result with the
nonlinear interferometer, it approaches the linear case at
a low enough driving field.

However ale‘ is increased, the tuning point varies, as
the cavity refractive index is power dependent, when x" is
non zero. In addition, both symmetrically placed peaks can
develop a finite peak height. The frequencies of the quasi

Lorentzian peaks are at:

Il

w We t Sw

Sw = JrT48nvx 4 43X ')r.'z)l
In the case of thermal fluctuations, the spectrum is
nonsymmetric in general, with a peak in the fluctuation
spectrum at the effective cavity tuning point. Aan
additional part of the spectrum originates from the quantum
fluctuations. This is not proportional to I*, and is due
entirely to the nonlinear polarisability. This spectrum is

completely symmetric relative to Wg: so that the total



96

spectrum becomes symmetric in the limit T=0, ror M>o
there will be an additional thermal fluctuation spectrum
which is nonsymmetric when the roots of ﬁd}) are complex.
A similar behaviour is noted by Wodkiewicz (1978) in
the case of detuned atomic fluorescence with a fluctuating
driving field. 1In this case, there is a symmetric spectrum
with a coherent input, that becomes nonsymmetric when
fluctuations are included.
The next measurable time dependent correlation
function is the second order correlation function:
. <8*(0) G*(x) a(x) A
3@ T EHTD 8 (D>< A0 A o>

= | 4 2RL §l0) + §u(22)1/n

Here 3 is the time dependent correlation matrix for ¢,
The Fourier transform is calculable using methods similar

to those for the spectrum, with:

A

5uv(N) = ilﬁ[(é *i“’j'é (o) + 2(0) (QT_EN)—‘-] MY

We note that gyais symmetric, and the first part of
the Fourier transform just gives the familiar spectral terms
which are positive-definite. These are the terms (31()
which correspond to a classical process with thermal
fluctuations, and would result in §1hﬂ>4) everywhere.
However the other terms must be negative for some frequencies,
to result in antibunching. It can be seen that g‘(wﬁ is
more interesting from this point of view than 31(13, as

any"thJ for a classical process can have an anti-
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correlation with {Tﬂ<i}t*° . It would be sensible to
attempt to generalise the idea of antibunching to anti-
bunching at a frequency (wW): on the other hand it is
meaningless to talk about antibunching at a time 0C#=C9,
since any classical process could come under this
definition, if it were oscillatory. The final result for
the laboratory frame transform qwuf) does not involve the

rotating frame frequency Wo , and is symmetric under W-=-W :

~ ~ ~ N OF do
§1(uf) = S(w) ‘P[S\‘L (W) + Su(W) * (]n(“"\(é\:) +61.1_(“’)(—:(,:';) ]/n

This can be calculated explicitly to give a result
similar to the spectrum (to first order in the asymptotic

expansion) :

. Vdi'af (Meal) 4 Gwead(Clal® [dita!
’i,_(w) = §w) an'A(ﬂ]R"{[ . ~ Z}.(:L7 JEILIED, .e.(uu;.-w):l -

[lal*+1dl'a’+ (iwea®)a’ (Pra’) -w:]
‘lx[ & Civod M )E

The first term in this result gives the part of §zCa97
from the spectrum: this is always positive, and therefore
would result in 3"(.0)>O . In the case of a linear
interferometer, only this term is present, so that

%ﬂ(d)zfl . On the other hand for a linear interferometer
it is possible to have é%t)<.\ for TF O - this is a
classical anticorrelation property and should not be confused
with antibunching.

The next term in the result has the possibility of
either sign, as it is not positive-definite. This is the

part of the correlation function that corresponds to quantum
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fluctuations, and has a nonclassical behaviour. Thus we
see that antibunching in frequency space can be inferred
if g‘00)<10 : this is the correct generalisation of

antibunching at T=o

3.2 MOMENT CALCULATIONS WITH POTENTIAL SOLUTIONS

(a) Existence of potential solutions

In previous sections, the Fokker-Planck equation for a
single mode nonlinear system was obtained in the complex
P-representation, and quantum corrections were obtained to
first order in the fluctuation variance. It is also of some
interest to carry out the calculation of moments in the
steady-state, in regions where the linearisation technique
is not applicable. This is especially valuable when there
are large departures from coherent photon statistics, as in
the nonlinear absorber or in a bistable system.

The calculations can be carried out by means of an
exact solution of the Fokker-Planck equation, known as a
potential solution, which exists whenever the following

"potential equations" are satisfied (Haken, 1975):
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MW T dqyVm

Where:

vp(d) = -\-&DPV(M]-\[?-A,,(?O + 35 Doy (:‘.)]

3-}?(:‘(‘): [_QM AM(‘:S) + k)_éHQ\’ DM\’ (i\]P(ﬁ)

On applying these to the previously obtained Fokker-
Planck equation, one obtains straightforward results in
the limits of U>>1xnl or [‘<< |xnl . These are the
"thermal" or "quantum" noise limits respectively. In the
"thermal" limit, the Fokker-Planck diffusion is due to
thermal type fluctuations in the driving-field or reservoirs.
In the "quantum" limit, the fluctuations are quantal in
nature, and originate from the commutation properties of
boson algebra.

Thus the "thermal" Fokker-Planck equation is similar
in many respects to the classical equations of Brownian
motion described by a Langevin equation. On the other hand,
the "quantum" Fokker-Planck equation has no direct classical
counterpart..

We therefore treat these different limiting situations
on an individual basis, and find very different behaviour
both in the relevant integration manifolds, and in the

photon statistics.
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(b) The "thermal" limit: Landau-Ginzberg potential

We first deal with the thermal limit where we

approximate the diffusion array by:

D = (o ,F
= 0o

In this case, we have:

A = | ra + 22a4" -,
-~ 2 *®
Kt 4 2%aat™ - E]

so that the potential equations reduce to:

3

24 [Ko( + lxo(‘aﬁ] = a4t [ K * s 2x.*ofoc*‘]
It is easily seen that a solution is only possible when
K = K* , X = 7C*; that is for purely absorptive nonlinearity
and an input field tuned to the interferometer frequency.

In this case, the solution to the Fokker-Planck equation is:
<
Pa) = exp - vialg)-dul |

= oxp [ % ( E,o* +E:‘o< - Kool -x(““f)z)]

We note that for E.=o0 , this just gives the well known
Landau-Ginzberg form of the laser distribution function:
that is,the theory reduces to single mode laser theory with
K < O above threshold and K >© below threshold. 1In the case
of a finite Eo, the potential is again well known as the

potential for a single mode laser with a coherent, tuned
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driving field (Haken (1977); Chow, Scully & van Stryland
(1975)). It is interesting that the potential of the

laser below threshold is the same as that of a two photon
absorber with thermal fluctuations; this demonstrates that
the cause of laser saturation is similar to two photon
absorption.

The potential has the property that it is bounded and
integrable on the domain of at = &* , «e€ . For this
reason the Glauber-Sudarshan P-representation is well
defined, and the moments can be obtained on integration in

the usual way:
P((,@: qup[ 3\:‘- (QEO'F':\ we® - kR "X‘R?):]

o — J?C Cie

Here we suppose the input phase is defined so Eo is real,

and on integration over © the n'th moment is:

m

To = [ erplElrrer)S (R e ]un

The integration over R can be made numerically, or

expressed as a parabolic cylinder function (Gradshteyn &

Ryzhik, 1965):
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Here V =(ntm+1) and Vy 1is a parabolic cylinder
function. This expression reduces to the well known result
for the laser in the case of E°==O , while giving a series
expansion for the corrections due to the external field in
the case €o»© . 1In general the moments have increased
coherence for Eo»0 relative to the results for Eo=0O ;
i.e. the fluctuations are reduced. The expressions for the

mean photon number and 31(6) are as follows:
—ﬁ = I|/IO

32(0) = (lz lo)/(I.\)z

These expressions only hold for purely absorptive K, %
and it is readily seen that there can be no bistability
under these circumstances. From earlier work we know that
there is no turning point in the state equations for real
K,X unless K<O . However in this case (the laser above
threshold) the lower branch of the state equation is
unstable.

In terms of the potential, it is readily seen that the
potential function (in terms of phase and amplitude) is of

form:

VRE) * V(R - JR.wea® (E.s 0)

Thus the global attractor is at €&=0 , as this gives
a minimum with respect to © . There is no local minimum
at © =T , which is unstable under phase drift. On
investigating the behaviour under variations in R, it can

be verified that only one stable positive minimum exists.
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In summary there is no bistability for the laser with an

injected resonant signal (in this model).

(c) The "guantum" limit: use of a complex manifold

In order to handle problems like dispersive bistability
or photon antibunching in a nonlinear absorber, it is
necessary to turn to the limit of " o to obtain
potential solutions. This is physically reasonable as a
limit, since there is no incoherent optical pumping (as in
the laser) to give a large degree of thermal fluctuations.
In these situations, ' can be expected to be small provided
KT << Rw, , and the input driving field is well stabilised.
In the limit of T®®© , the diffusion array is:

-2x ™ o

)

R
Il

o 5 -1:xf'%*1

Ko + 22 4% - E,

3>
)]

Kt + 2 g el ot —EF

The calculation of ¥ is straightforward:

(-'7‘1')(% raxXat - E.,/aq‘)

<
\l

w = G55 s - EX/an)

Vi Nz
ddt — I ~ -2
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where we have defined W = K-2X . The calculation of K*
is similar, and the equality of crossderivations is then
obtained directly.

The next step is to integrate the generalised"force"
i) to obtain the potential function; once again from

Appendix A we obtain:

)

P1) = v;cp[— { Ve (<) olo("ol
< t o K
= Jb,(p[g Z(a +2%o - Bof of?) dot
L .l_»_&f * *
t2o (G 2ls —Eo/u?) dat ]

— - A
= ""‘P[(é)b\d + (%ﬁnd” +('7§':T +(7%J*) +2o<o<*]
Now this expression is the potential solution for the
steady-state distribution function. We simplify this by
defining the driving phase so that (Ee/X ) is real. This
can always be obtained by redefining the relative phase of
o, df'and does not alter the final results. Hence the

following expression is obtained:

P(«) = é“-ﬂdgv—ﬂ °’7‘P[ (2N +%) +‘Lo<of*}

where:

" [ %]
v = [2]7

It can be seen immediately that the usual integration

1!

domain of the complex plane with ov¥=d¥ is not possible:

the potential diverges for \qu-;'oo . Instead it is
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necessary to choose alternative domains so the distribution
function vanishes correctly at the boundary. This means
choosing new paths of integration for 0(,0(-t that are to be
line integrals on the individual (a’,df) complex planes.

In other words, the new domain will be a complex manifold
embedded in the space C2. Firstly a variable change is made
to B = 7 , @ VS The normalisation integral is then

obtained (where € is the integration path):

Lonr= 56" 677 enel S Cpre) 4 Gl apapr

(S é [%7'] g gt " %r[  (p+5*)] aBas

The integrand is now in a recognisable form as
corresponding to a sum of gamma function integrals. It is
therefore appropriate to define each path of integration to
be a Hankel path of integration, from (-0°) on the real axis
around the origin in an anticlockwise direction and back
to ( —®). With this definition of the integration domain,
the following gamma function identity holds (Abramowitz &

Stegun 1964) :

= et
T (pan) 'J_ﬂl ]g 0( ' %P(Cdv do [:C)OJ

Hence, applying this result to both F' and @*

integrations, one obtains:
m+v +2(n-1?

Eo
I(H,\ﬂ = "4“12 [Y\‘ [:\"(rillm) M (vin) ] [%>°]

n=o
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The series is a transcendental function which can be
written in terms of the generalised Gauss hypergeometric
series. That is, there is a hypergeometric series called

oE_ which is defined as follows (Gradshteyn & Ryzhik,

1965) :
°F1(H)Vlb.)= é(ﬁ\n(")n Ny
n=o
Where:
_ TCm4n)
(Mn = pmlpan) - - (M+n=1) = T

From now on for simplicity we will write just
F‘(ﬂ,V,ﬁ) instead of .‘1 . Now the normalisation

integral can therefore be rewritten in the following form:

M4V-2

_4u*(Be/x)
1wy = [ rim) T ]t(M,v,}7

Where:

3 = 2lE/x/*

The moments of the distribution function divided by
the normalisation factor give all the observable one time
correlation functions. Luckily the moments have exactly
the same functional form as the normalisation factor (with
the replacement of ( M,V ) by ( m+: 4 v+ ))so that no new
integrals need to be calculated. The i'th order correlation

function is therefore:

() . .
§7 5 <@n@i>,
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sz el [ T F o M, iV, 3 )
C(ue) Plv+i) F C My V, }7

This is the general expression for the i'th order
correlation function of a nonlinear single mode boson system
with a coherent driving field and zero temperature heat
baths.

Of particular interest are the average intensity (or
photon number) and the correlation function 516) (which

gives the relative degree of photon bunching or antibunching) :

A= [ 1ZEFGematev, 3)
LMy FCOm,v,2)

31(0)= r MV F(H Vq ) F<M+1 \’+1’3)
L (M (V4D [ Flmaty v+l ,})]L

These can be obtained either directly from tables of
the relevant hypergeometric series, or else by numerical
summation of the series which is reasonably efficient
(Appendix C). Specific graphs of these functions are given
in sections 3.2 - 3.5, where the individual physical

situations in absorptive and dispersive cases are discussed.
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(d) Discussion of theoretical results

In the previous sections, results were obtained for a
theory of the single mode boson system with an externally
coherent driving field, and both nonlinear dispersion and
absorption. In the case of relatively small fluctuations,
results can be obtained using an asymptotic expansion in
the fluctuation variance.

For a "thermal" system, with dominant thermal
fluctuations, the results are very similar to a classical
oscillator with thermal fluctuations, a nonlinear damping,
and an anharmonic Hamiltonian. In the general case of finite
dispersive terms, the spectrum is asymmetric with a coherent
peak at the driving frequency and an incoherent intensity
maximum at the effective cavity tuning. The distribution
function can be obtained exactly only with zero dispersion
(that is, gain or absorption only), in which case it has the
Landau-Ginzberg type of dependence, with & as the order
parameter.

For a "quantum" system, with dominant quantum fluctua-
tions, the spectrum is completely symmetric relative to the
driving frequency: asymmetric spectra can only come from
external fluctuations. This type of result, with a
symmetric spectrum from quantum fluctuations and an
asymmetric spectrum from external fluctuations is also
obtained in the case of atomic resonance fluorescence with
a detuned driving field (Wodkiewicz 1978, Hassan 1977), thus
showing a similarity between these two types of driven

quantum systems.
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In the case of the driven nonlinear cavity the
distribution function can be obtained exactly in the limit
of zero thermal noise; but it has a completely different
character to the Landau-Ginzberg type resuit obtained with
thermal fluctuations.

In fact the distribution cannot be defined on the
same integration domain as the laser distribution, as it
would not be normalised. Instead the distribution is
defined on an integration domain with oY ¥ dﬁ: As
mentioned in Chapter 2, this corresponds to a density
matrix with a nondiagonal representation in terms of coherent
states.

This shows the utility of the complex P-representation,
which can be adapted to provide exact solutions to Fokker-
Planck equations that include dispersive bistability and
antibunching. No exact distributions for this type of
situation were found previously using the Glauber-Sudarshan
P-representation.

We now proceed to discuss the results relative to
specific physical situations. It is worthwhile to group
the results according to the underlying physics involved,

so the following cases will be treated individually:

Section 3.3 - The laser with injected signal - «x’z0  k'<o
Section 3.4 - The nonlinear absorber - ¥'=0 ,k's>0

Section 3.5 - Dispersive optical bistability - ®'=0 ,K‘>.o
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3.3 THE LASER WITH INJECTED SIGNAL

(a) Intrcduction: The laser

The single-mode laser is a physical problem that has
been studied by many researchers both in theory and in
experiments. Good summaries of the theoretical treatments
are given in Haken (1970), Louisell (1973). 1In the
notation of this chapter, a laser above threshold has E=0,
K'=z=x"=o0 , Kl<o and X'>0 . wWith this notation, the
Fokker-Planck equation is then similar to the well known
rotating wave van der Pol oscillator model of a laser:
with the addition of quantum noise terms proportional to
x| Exactly the same gquantum noise terms are found in
a thorough treatment of the laser to lowest order in %™
(Louisell 1973). However in the laser these terms are
normally much less than the "thermal" type terms proportional
to ' ; which are enhanced by the optical pumping of the
lasing atoms.

The laser with an injected external signal corresponds
to the same situation, but with E#¥O .| This is treated by
Chow, Scully, van Stryland (1975) and Haken (1977). This
situation is of interest because with an injected signal it
is possible to entrain the laser oscillations to the same
frequency and phase as the input field. As the problem has
been treated previously, we shall give a brief description
here. One point of interest in the present treatment is
that it is possible to use the stochastic equations to

describe frequency entrainment when the cavity frequency is
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different from the input frequency. This is not possible
with the distributions of Chow et al (1975), Haken (1977):
these are restricted to the frequency matched case, as
shown in section 3.2.

We note that, while in previous sections a potential
was derived holding in the 1limit ' 0 , this is not
applicable in the laser case. In fact the laser always has
a finite "thermal" type of background fluctuation due to
the pumping mechanism. Thus the presence of this type of
fluctuation prevents a potential solution from existing
except in the case of zero detuning. We shall see later
that this is related to the presence of a hard-mode
instability that always exists in the laser case for a
finite detuning of the input field. In the vicinity of
the hard mode, it is therefore necessary to directly
integrate the nonlinear equations of motion by numerical
means, as neither linearised perturbation theory nor
potential solutions can be utilised.

However other techniques of analysis of limit cycle
stability exist, that have been utilised in the study of
the van der Pol equations. Deterministic techniques of
solution are summarised in Minorsky (1962), Stoker (1950).
Methods based on cyclic averaging of stochastic terms are
treated in Kolomietz (1972): however this subject has not
been treated in detail for the injected signal case.

The methods used in the van der Pol equation were
utilised by Tang and Statz (1967) in the earliest
theoretical treatment of phase-locking: these authors

obtain expressions for the small detuning limit similar to
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those in the next section. Phase-locking was first
observed by Stover & Steier (1966). However the different
types of transition at medium and large detuning do not
seem to have been observed in laser systems yet.

We now summarise the relevant formulae from section
3.1 for the case of an absorptive nonlinearity ( Xﬂ=<?):
the same formulae also apply to 3.3 apart from the

different sign of W,

State equation and turning points:

2

lEI"= nlx"* + (2xn + k)

nt = [_Q_K'?.W]/("x)

Mean correlation and photon number:

I [ kn”4(k'44zn]" } [ 10"
P = n + 2Lkganiaid + A (o)

= x(Pag'+4%xn)
= 1 + 2L (B-) - Aoy
A (o) = K"t +KE ¢+ 8x'¥'n 42t

Spectrum: peaks at frequencies:

13

w = Wt }(w,-w,)‘-ofx"n"'
(fw,-wol >2%n)

We now discuss these formulae for the laser case.
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(b) State equation and turning points

In this case, of an externally driven laser, the
stability properties will depend on the detuning relative
to the laser linewidth parameter ( K. We therefore
treat different ranges of the detuning parameter (X%)
individually. In the classification of different regions
of limit cycle stability, we follow the work of Stoker

(1950) on the van der Pol equation.

(i) Zero detuning (X" = o )

This is the situation treated by Chow et al (1975),
where potential solutions exist for the full Fokker-Planck
equation. The state equation is:

2.
|

el = k' s22n)”

This is illustrated in fig (3.3.1l) where it can be seen
that the upper turning point is at EF=°© , 2Zn = -K! :
this is the laser operating point. The lower branch has
T((Q\>O , and is always unstable. In other words, no
bistability occurs in this case due to the amplifying
nature of the medium: this is a completely different
situation to that occurring in optical bistability
(Chapter 5).

However it is possible to have a discontinuous
transition in an order parameter, even though there is no
bistability. This would be achieved by letting the external
field reduce to zero and change in sign ( E o = —\E) ).
In this case the internal field amplitude would have a

discontinuous transition in the deterministic limit.
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(ii) Small detuning ( 0<K' g k72 )

The graph of the state equation is shown in fig.
(3.3.1) relative to the previous situation. Clearly a
turning point occurs at le*l>0 | However the lower
branch is unstable with T’(§73>° . The physical meaning
of this is that with a small driving field, the laser
oscillates close to its natural freguency: this appears
as a hard-mode relative to the injected signal frame of
reference. Entrainment (synchronisation) of the laser

occurs at a threshold of (vﬁ‘,E+ ) where:

nt = T2kl + Jx?aw* 1/(ex)
(E‘.]L = V\+[K"7' + (xtn+ K'T"] =~ Kuq' n‘f

Thus the input power for entrainment increases as the
square of the detuning in the limit of [Ik"l<<IiK!{

Above the transition, the state equation correctly
predicts the stable points. However below the entrainment
threshold, the solution is a stable limit cycle. 1In this
case, the equation of motion can be solved numerically
(fig 3.3.2, 3.3.3), showing an increasingly nonlinear
behaviour close to the entrainment point, with a longer
period. 1In fig 3.3.4 we investigate the frequency of the
cycles as a function of the injected signal. This shows
that while the amplitude has a discontinuous (first-order
type) transition, the frequency has a continuous (second-

order type) transition as a function of the injected coherent

signal power.
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(iii) Medium detuning ( KV& <" <x'/@ )

In this case the graph of the state equation appears
qualitatively similar to the previous situation: that is,
there is still a multiple valued region. However the lower
branch stability is different in this situation. 1In fact
it is readily verified that in some parts of the lower
branch one can obtain 'h-(ﬁ3>’0 , with stable eigenvalues.
Thus it is clear that at least part of the lower branch is
locally stable, leading to a bistability in the laser
intensity. However only part of the lower branch is stable,
while for smaller (lEl) the lower branch is in fact unstable.
A detailed study of the limit cycle in this case by Stoker
(1950) predicts that it is possible to have a bistable
region where either a limit cycle or a stable point occur,
depending on the initial values of the equations.

The value of "=Y/{3 in this case is a critical
one, that divides a region of bistability from a range of
detuning where only continuous (second-order) transitions
in the amplitude are possible. This gives a state equation
(as shown in fig 3.2.1) which has an inflexion point, but

is never multiple-valued.

(iv) Large detuning ( K">K'/JT )

In this case the graph of the state equation is single-
valued (fig 3.3.1). However the entrainment threshold still

occurs, at:

nt = [«k'74x]|

e = nt [« + %k?]
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This is a different type of threshold from that
obtained with small detuning, even though there is once
again no bistability. The frequency of the limit cycles
does not vary continuously from zero (relative to the
rotating frame). Instead there is a definite non-zero
frequency at threshold due to the eigenvalue being complex.
However the amplitude does vary continuously: that is, the
transition can be thought of as second-order with regard to
the field amplitude as an order parameter.

We finally note that for large enough detuning, other
modes of the Fabry-Perot will become entrained so that the
original lasing mode will be quenched. This offers an
alternate form of switching the laser frequency, that
necessitates a multimode theory. For reasons of space, we
do not treat this problem here. However, the possibility
of optical bistability in a mﬁltimode laser system is

pointed out by Lugovoi (1978), Lamb (1964).

(c) Correlation function and photon number

In the case of the laser above threshold, the correlation
function and photon number have been calculated previously
and are well known (see Haken 1970 for a review of this field).
We therefore shall restrict ourselves to the case of
IEl >IE*| , where the laser is entrained by an injected
coherent signal. In the laser above threshold, I is

large: and "™ must include the photon number due to the
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optical pumping of the atoms. The present theory therefore
reduces to an externally driven van der Pol oscillator with

thermal fluctuations. In reality higher order terms occur

in the exact Fokker-Planck equation for the high intensity

laser: these will be mentioned in Chapter 5.

The final expression for the mean correlation and

photon number is therefore:

(—r_l__)["‘(u" + (%' +4xn)*
n + yx (K'44xXN) ()

>l
W

ge) = |+ 21(5% )

Clearly there is a singularity at D (o) =0 , which

corresponds to the entrainment point. However when the
input signal increases above the entrainment point, the
output becomes increasingly coherent provided the intra
cavity laser is operating above the laser threshold. It
should be noticed that the singularity at D(0)=0 can
only occur for Ikl < Ik'l/{3 so that the state equation

is multiple valued. No corresponding singularity occurs

for VK"l SIkI/IF,
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(d) Output spectrum

We first calculate the spectral peaks which occur at:

w = Wot J?w,-w,i‘-qx‘n‘]

Thus the spectrum is single-peaked for |K"| <2%Xn . At
this point we note that for the natural laser operating
point, we have XN = K! . In the vicinity of the laser
operating point, we can say that there is a single peak at
the input frequency for ik") < [K'|/f3 provided the input
power is above the entrainment threshold.

In the case of large detuning ( K" >K'/{3 ) we have a
hard-mode transition at 4XNn= K' followed by a spectral
transition from double-peaked to single-peaked at A XM= x"
Thus a double-peaked spectrum can be observed for (K" >u¥3 )
within a certain range of input power. As mentioned in
section 3.1, the double-peaked spectrum has the greatest
intensity closest to the effective cavity frequency. The
appearance of the double-peaked spectrum in the entrainment
threshold region for K">K'/J¥ indicates the different
nature of the hard-mode transition with a large detuning of

the input signal, relative to the small detuning transition.
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3.4 THE NONLINEAR (TWO-PHOTON) ABSORBER

(a) Introduction: Photon antibunching

The nonlinear absorber has become of recent interest
owing to the photon statistical properties expected in this
situation. In an analysis of two-photon absorption in a
single-mode interferometer, both fluctuation-reduction in
the driving field, and the possibility of photon anti-
bunching are predicted (Chaturvedi, Drummond & Walls, 1977).
This model differs from previous classical (Weber 1971) and
quantum (Chandra & Prakash 1970, McNeil & Walls 1974,
Simaan & London 1975, Every 1975, Paul et al 1976)
treatments which have no driving field. A steady-state is
obtained in a related model of two-photon absorption within
a laser (Bandilla & Ritze, 1976). However experiments to
date on nonlinear absorption and fluctuation reduction use
an external laser to provide the input to the nonlinear
absorber (Krasinski et al, 1977).

Investigation of the coherent driving field case leads
to the prediction of antibunching photon statistics for the
mode, provided thermal and driving field fluctuations are
small. The prediction of photon antibunching is of great
interest as this can only be obtained within a quantum
theory of the electromagnetic field. A classical theory
would always predict 31(d)>;| : therefore the
observation of antibunching ( 3“(03 < 1 ) would be a
verification of present Q.E.D. theory.

Now antibunching has been inferred from experiments

on resonance fluorescence (Kimble et al 1977,1978) . However
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in this situation the extent of antibunching is masked by
Poissonian fluctuations in the number of illuminated atoms
(Jakeman et al 1977, Carmichael, Drummond, Meistre & Walls,
1978). 1In addition, it has been suggested that in this
case, photon antibunching is purely a result of atomic
operator properties, rather than due to the gquantum nature
of the radiation field (Bullough, 1977). For this reason,
it is worthwhile to understand in detail the gquantum theory
of the nonlinear or two-photon absorber for a single-mode
interferometer, as in this case quantum field theory is
needed to obtain results.

The formulae for the linearised theory are identical
with the results given in section 3.2. The chief difference
is that in the two-photon absorber we can expect r to be
small (for a coherent driving field). In addition the one-
photon loss term is always absorptive, as no amplification
occurs in this case. While the linearised results are
valid for 1large M, they cannot predict antibunching to a
greater extent than ( I -Y% ) due to the limitations imposed
by quantum theory. Therefore in order to treat the large
antibunching obtained for n< I, it is necessary to utilise
the potential solutions of section 3.1 that hold in the

limit of U 2o,
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(b) State equation and correlation function

In the nonlinear absorber, the state equation is
always singlevalued, without instabilities. For this
reason no nonequilibrium transitions arise. The photon
number increases steadily with increasing I|E|

, to reach

an asymptotic value of:

/
n = \E,/z'xltg

S —
In this 1limit, the wvalue of 3&% n can be calculated as an
asymptotic series in ( Vh). From the formulae of sections

3.1 and 3.2 we obtain:

A
A = D+ % + (gxn) + O
1 ! "‘:‘ £
3(07 = |-35 <exn") + OCn=

Thus to leading order in (V@\) it is possible to obtain
antibunching. Now this is possible in optical systems when
' is due to the thermal backgrouﬁd. However in typical
experiments, the phase and amplitude fluctuations in the
input field are appreciable due to the high input intensity
necessary for large nonlinear absorption. This situation
is discussed by Chaturvedi, Drummond & Walls (1977), where
phase and amplitude fluctuations are included in the driving
field for a comparison with the results of experiments by
Krasinski & Dinev (1976).

The results obtained with the inclusion of phase and

amplitude fluctuations are:
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_ N D 2. a(E.)
Jalo) = | -3% + (exn“-) + Y_BXn(éxn +b(E,))
Here we have included the terms discussed in section 3.1,
as coming from a simple model of fluctuations in a single-
mode laser: phase fluctuations do not contribute to this
order.

We now suppose that bD(E,) is small, i.e. there are
long correlation times in the input amplitude fluctuations.

In this case we have:
N = 2= 2l ~+ 4 2.
g = | -3R + w*[(‘x. 7 x ]

It is interesting to note that the term in a(E,) can also
be obtained directly from the state equation, by letting
follow E(+) adiabatically in the limit of a long
correlation time.

In order to compare the output of a nonlinear with a
linear absorber, we compare this result with the case of a

linear interferometer of the same output intensity; that is -

/3 2
n = ]Eo/le (nonlinear) = lEolKl (linear)

In order to make a valid comparison we express the

correlation function in both cases solely in terms of Eg

and N:
|l ﬁq(eo)
31(0) = |- 3—1?'-\- 1 3R/ ¢ 7 €5 (nonlinear)
r 4 alEo)
3"(0) = | -’E,J’?’s’ + E;‘;o (linear)
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The difference between a linear and nonlinear

absorber is as follows (for the same input and output

intensity) :

- the nonlinear absorber introduces antibunching for a
coherent input field.

- thermal (rapidly correlated) fluctuations are reduced
by a factor of 3 (asymptotically).

- amplitude (slowly correlated) fluctuations are reduced
by a factor of 9 (asymptotically).

- to first order, phase fluctuations do not alter glﬂﬂ.

(c) Output spectrum

The general expression for the linearised output
spectrum is given in section 3.1. For simplicity, we
suppose that M=K =0 ,; this is the asymptotic region
where the nonlinear absorption is large. In this limit,
the expression for the spectrum simplifies somewhat, and

we obtain:

I 16 (zn)? ]
flwswd = nsG) + L1 (w?+302n) (wr+ 42707

In this 1limit, therefore, the spectrum is a product of
Lorentzian lines, with the spectrum varying as ( Yw4 ) for

large detuning. Since an ordinary Lorentzian varies as
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( w* ) for large w it is very clear that this

corresponds to a narrower line than usual (in that it
gives a finite second moment after the asymptotic limit has
been obtained).

An additional measurable quantity that is of interest
is the Fourier transform of the correlation function, ’éz(wD.

From section 3.1, this is given by:

j:“v):: S(uj7 — ALK
T (w* + (6xn)*)

Thus in this case, the Fourier transform of the correlation
function displays an antibunching behaviour in frequency

space while the spectrum is of course positive.

(c) Potential solutions

In the 1limit of zero temperature and a coherent input,
potential solutions are very useful in studying the non-
linear absorber. They are able to be extended to all input
fields, rather than being restricted to the high field
limit as with asymptotic expansions. In this respect the
potential solutions are limited only by the restriction to

zero external fluctuations. In reality fluctuations from
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thermal backgrounds will be significant near the limit of
zero driving field, so the present theory only holds in an
idealised situation.
No nonequilibrium transitions occur, although there

is some unusual behaviour for E;*C>, where there is a
rapid change in the mean photon number from zero to one-half
for low linear absorption (fig 3.4.1). 1In fact the case of

N=E,= K=o has been studied previously by Loudon
& Simaan (1975). These authors find that there is a steady-
state that can occur with TW=Va , 31'(0) =0 ., This is due
to the fact that the nonlinear absorber cannot absorb a
single photon. The present results generalise the exact
results of Loudon & Simaan to a finite driving field
and finite linear absorption, which is more physically
realistic. In fact we find the following limits for a

finite linear absorption:

im
E*)O n = o (K’>o)
]

= Vo, (k'=0)
Lim . k! 92
E~0d 0= L4 K']

The above limits are restricted to a coherent driving field

at zero temperature.

In practice external fluctuations will always be

present. The effect of finite temperature depends on the

ratio of N to nt*™ . The present results apply for:

/ —

XN >> K'ng
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Thus while in typical optical experiments it is straight-
forward to obtain N>>nth , we also require a high-
quality cavity with a very nonlinear medium (withﬂ%&>K'2%?)
in order to achieve this. 1In practice, the above results
will only hold for E.>© , since even low-temperature
thermal fluctuations would become significant for Ee=©0 .
The limiting values are useful in indicating the order of
antibunching expected, at low driving field: while it is

straightforward to evaluate moments numerically for a

finite driving field (Appendix C).

3.5 THE DISPERSIVE CAVITY WITH BISTABILITY

(a) Dispersive bistability

The development of the laser as a coherent light
source has encouraged the study of light propagation in non-
linear media. The motivation of much recent study has been
that logic or communications devices utilising coherent
radiation as a communications medium would be a very useful
possible application.

In particular interest has been directed toward optical

bistability as the basis for switching or other nonlinear
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devices (Venkatesan, 1976). While initially research was
directed toward an absorptive nonlinearity, it was found
simpler to have a detuned interferometer with a dispersive
nonlinearity in practical experiments (Gibbs, McCall,
Venkatesan, 1976). The semiclassical theory of a purely
dispersive bistability is discussed by Marburger & Felber
(1978) .

In this section, the origin of the bistability is
essentially the same as that of Marburger & Felber; although
restricted to a single mode. The semiclassical treatment is
then identical to the theory of an anharmonic oscillator,
which is well known to have bistability. This single-mode
treatment also permits a detailed investigation of the
quantum statistical properties of the bistable transition,
which cannot be obtained semiclassically.

The relevant formulae from section 3.1 are summarised

below, for the case of a dispersive nonlinearity ( x'=0).

State equation and turning points:

EF = wlk™ + (2X"n + k]

Il

nt [..21,(‘1 + _j—l;”z—'5b<’1 ]/(6%")
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Mean correlation and photon number:

_ Wiy (w"+4¥"n)"] 2t n*

N = n + nwml A Cod) + [ A (o) ]

* = 2.0 2% i - L "

3(0) I s ]2nam||ix*8 2" tenk x"] 41" +2%"g"
n 1 (o) _1 I\ (o)

I

Al = (k™4 g™ e girx® A 4 1axt™ n)

Spectrum: peaks at frequencies -

w = ot ’x"" ¢ 8K"X'n o+ 2"t n*

"I X'+ 12X n*>0)

( Provided 138
We now discuss these formulae for the case of the
dispersive cavity with bistability s( K"¥Ul<.0 ), and

without bistability: ( kK"%7 > o ).

(b) Discussion of results

Just as in the externally driven laser, the stability

properties depend on the detuning parameter. However the

results are much simpler as there is no hard-mode instability.

A bistable behaviour is only obtained for u"'y’<o. In
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fact the bistable region depends closely on the detuning,

which must be greater than a critical value:

;(ll‘l > 3K‘7-

Once the detuning parameter is large enough, there is a
bistable state equation, with upper and lower turning points
given by the formulae of section 3.4. However this does
not give the steady-state behaviour which is determined by
the extent of the quantum fluctuations. 1In fig 3.5.1 we
graph both the semiclassical equation, and the exact result
for the photon number with quantum fluctuations (which has
no hysteresis). The extent to which bistability is observed
in practice will depend on the fluctuations: which in turn
determine the time for random switching from one branch to
the other.

A sharper transition is obtained at a larger detuning,
and with a smaller relative value of nonlinearity (to reduce
guantum fluctuations). On the other hand, a larger non-
linearity gives a lower threshold to observe the transition:
this is a significant factor in practical applications
(Marburger et al 1978). The relative effects of different
detuning are shown in figs 3.5.1, 3.5.2. In these figures,

the exact results are obtained from the potential solutions

of section 3.2.
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(c) Spectrum and photon statistics

We now turn to the transmitted light spectrum, which
was obtained in section 3.1. 1In general the spectrum is
double-peaked, although there is a certain range of photon
numbers where the lines coalesce to give a single line.

These points are at:
TR . &
n = [3=x¢]l%

Thus, the region of a single line spectrum includes the
range of vn where bistability is observed. As the threshold
point is approached from below, the spectral lines first
coalesce then one line diverges at the threshold point. The
reverse situation occurs above the threshold. 1In this case
there is a double line above the bistable region. On
reducing the driving intensity, the lines coalesce then
diverge, as before.

Of special interest is the relative behaviour of the
spectrum with and without thermal fluctuations. 1In the
case without fluctuations the spectrum is symmetric relative
to the input frequency. When thermal fluctuations are
included the line closest to the effective interferometer
tuning is enhanced: at low driving intensity this
corresponds to the linear result. However when the input
intensity is increased, the spectral lines coalesce, and
then a crossing-over effect occurs: above the bistable
threshold the line farthest away from the original linear

tuning becomes relatively enhanced. The physical reason
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for this behaviour (shown in figs 3.5.3 - 3.5.5) is that
the effective refractive index of the medium is changed by
the driving field.

The correlation function is also given (in the limit
of M=o ) in the figures 3.5.1, 3.5.2. It can be seen
that the correlation function displays photon bunching in
the bistable region, due to larger fluctuations in this
region. In a linearised analysis, one would obtain a
similar result, except with divergences at the turning
points. This is due to the instability in the state
equation, which makes the linearised analysis break down
here.

Finally we note that from the linearised result for
31(07 , it can be verified that the thermal fluctuations
always result in photon bunching (in a stable region).
However while the quantum fluctuations cause photon bunching
for a low driving field (if x'k"< 0 they also give rise
to antibunching at a high enough field. 1In fact at a very

high driving field, the result is:
P -
31&0—9 l— 3%

It is interesting to note that the result in this limit
becomes identical to that for the nonlinear absorber. In
the monostable detuning direction ( x"w"> 0 ), it can be
noted that the quantum fluctuations will result in photon
antibunching for all driving fields, provided external
fluctuations are small. The physical reason for this

behaviour is that a fluctuation tending to increase the



0.4+

I(w)

0.2- /
/ \
/ \
\
/ \
0.1 / =~ N
7 \'f\
qQ
L, o= - f/\ /\\\;F_-q
0 T T T T T S
-20.0 -10.0 0 10.0 20.0
w
Fig (3.5.3) Dispersive bistability spectrum; quasilinear region
(arbitrary units).
—

(b) finite temperature

(a) zero temperature



1.0-

0.6

I(w)

0.4+
0.2
s e
0 T
-10.0 -5.0
Fig (3.5.4) Dispersive bistability spectrum; subthreshold region

(arbitrary units).

(a) =zero temperature (b)

0vT

finite temperature



0.5

0.44

0.3-
I(w)

0.2-

0.14

~40.0 ' -20.0

Fig (3.5.5) Dispersive bistability spectrum; upper branch region

(arbitrary units).

(a) =zero temperature (b)

VT

finite temperature



142

field intensity also changes the effective refractive
index, causing a detuning of the interferometer. For a
high enough input intensity, therefore, both the dispersive
and the absorptive nonlinearities tend to reduce

fluctuations.
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CHAPTER 4: COUPLED MODE TRANSITIONS

In Chapter 3, we dealt with a nonlinear medium, in
which the cubic polarisability led to various nonequilibrium
transitions, including bistable behaviour. We now turn to
the quadratic term in the polarisability which leads to a
mode-mode coupling between different frequencies, provided
there is wavelength matching. In fact the first experiment
in modern nonlinear optics was the generation of ultraviolet
radiation (.347nm), from a ruby laser (.694 nm) focussed on
a quartz crystal (Franken et al, 1961).

In this chapter we include a quadratic polarisability
leading to mode-mode coupling, with both modes defined by a
Fabry-Perot interferometer. In the theoretical treatment,
we take account of depletion in the driving field, quantum
fluctuations, and damping. A treatment of this type has not
been obtained in earlier work on subharmonic generation and
second harmonic generation. A deterministic analysis of
stability of the coupled mode equations in second and sub-
harmonic generation was originally given by McNeil et al
(1978): some of these results have been included here for
completeness. However the chief aim of this chapter is to
include quantum fluctuations and to obtain the distribution
function in the limit of adiabatic elimination of the second
harmonic. This allows a direct comparison with the results
for a cubic polarisability in the single mode treatment of
Chapter 3, and an exact solution for the complex phase-space

P-function in the zero-temperature limit.
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A full discussion of classical nonlinear optics is
given by Bloembergen (1965). Solutions to the coupled
classical equations were given by Armstrong et al (1962).

A quantum mechanical treatment of the coupled modes

(without a driving field) was given by Walls (1970) and
Walls & Tindle (1971, 1972). Further treatments have been
given by Crosignani et al (1972), Dewael (1975), Perina
(1976), Kosierowski & Tanas (1977), Nayak & Bohanty (1977).
Stoler (1974) predicted the possibility of transient anti-
bunching in subharmonic generation. Recently Mostowski &
Rzazewski (1978) have pointed out the possibility of
transient photon antibunching in second harmonic generation,
although this was implicit in the earlier papers of Walls

& Tindle (1971, 1972). A system of nonlinear interactions
inside a Fabry-Perot cavity including damping and an external
driving field was considered by Graham (1968, 1973), who
studied subharmonic generation in particular, although
without a detailed treatment of the quantum fluctuations.

The new feature in the present treatment is the
inclusion of quantum fluctuations and mode-mode coupling
between the input frequency and the output frequency. This
leads to new features depending on the type of input used.
As well as the well known critical point transition in sub-
harmonic generation, there can be limit cycles in second
harmonic generation (as pointed out by McNeil et al 1978);
and bistability, or antibunching statistics when both modes
are excited with different phase relationships. When the
second harmonic mode decays rapidly enough to be adiabatically

eliminated, there is a great similarity between this
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situation and the model of nonlinear dispersion and
absorption treated in Chapter 3: with a detuned driving

field,dispersive optical bistability occurs.

4.1 THEORY OF THE COUPLED-MODE SYSTEM

(a) Hamiltonian and master equation

In this case, the nonlinear polarisability to order

)(Cﬂ is sufficient to result in a mode-mode coupling. The
procedure of deriving an effective Hamiltonian is virtually
identical to that presented in section 3.1, so we need not
repeat this. Just as previously, the rotating wave
approximation is employed to eliminate rapidly varying
terms. The chief difference between this and the one-mode
problem is that the quadratic polarisability becomes
significant, and it is necessary to have wavelength matching
between the modes for a significant coupling to occur. We
obtain an interaction Hamiltonian (assuming real, plane-

polarised mode functions) of:

H, = [&](ar4, - aran)
Where -

'hwg ‘/2 (2)
“\2¢&, g(;c)fl (z)ig(:)u(g) N

~

-
n
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Here we have assumed that only the modes at frequencies
w, and W, = AW, are significant, with a coupling via the
nonlinear crystal polarisability. We now suppose the non-
linear crystal is placed within a Fabry-Perot interferometer.
Both modes are dfiven with external coherent phase-locked
driving fields, and damping of the cavity modes is included.

We suppose in general that the input frequencies are at
exactly «w, , AwW; ., However, in a realistic situation where
there can be frequency dispersion or mistuning, it is possible
that the input frequencies are not the same as the inter-
ferometer resonances.

The interaction Hamiltonian describing this system is

written as:
A [ A

H = H}'

I>
I
';_,_
™M
m
0>
-+
n
|
m
Tk
O3
m—
R
-+
 N—

>

»
1

. ~2iw;t * 27wt
t’f\[EzQZe' "EQ_C/"\,,_eI ]

—_— - A.*z'/\ /\Q_/\,f
HS - (lt‘V)/Z)[q\ AL — a, a, ]
Here 5}, az are boson operators for the field modes

at frequencies W, , W,. The input fields at frequencies

w; , 2w, are E‘, Ez , and are assumed to be coherent.

A
The operators E,z are reservoir operators, with correspond-

/ 7 . .
ing decay rates of K¢, H2 | Finally the nonlinear
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medium gives the nonlinear coupling term n , where the
N
phases of ai,» are defined so that 1 1is real.
In the case of no losses, the Heisenberg equations of

motion would be readily obtained (assuming perfect frequency

matching) :

o>
-+
o>

bfa:: B+ 1

Bfamz E. - (’)/273.1

It can be seen that with FE, as the driving field, second
harmonic generation occurs: while with E. as the driving
field, there is subharmonic generation. In order to study
this in detail, it is necessary to include loss terms,
giving a master equation in the Markov approximation
(Louisell, 1973). For simplicity we include detuning
together with damping:

‘
KJ" KJ

i

+ 1) - Jui) [i=1,1)

The interaction picture master equation for the reduced

density operator 5 is:

f.[ﬁ]= [ear-£74,, 2)-ilw-w) 474, 5]
Lip= [Ea-Ea,,8)-16a,20)[44,,5]
L= «((a,47]+18,580) ka4, 5] a/]
LB K4, a1 L4, paiTlacind [[a.,3)42)

L(A= (W(arg,-42ar, 7]
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Here K| , Ki are the cavity half-widths at
frequencies W; , w, respectively; while ﬂfh ,n{h are
the thermal photon numbers. As we will be mainly interested
in mode (1), which experiences the greatest effect due to

4k . .
2 =0 in this

thermal fluctuations, we assume that n
chapter. The above master equation is similar to those
derived by Graham (1968) for parametric oscillations. We
now introduce the Fokker-Planck equation in the complex
P-representation following the method of section 2.1. After

partial integration the following equation is obtained for

the complex P-function:
iLP g +] + [ I S ]
FP = Z 34, [ et -, - o]+ 3t [WIT ) - i,

+ yal Kacky-E, + v;or,"/z] o3t [l Er oy *.*/?J

[}

+ 3[ )24,(7::{1) + 52;,*(74{) + 2’13#,3«,’]% F(ﬁ)
Where:

an

= 2x,n o« = Lo, < oA, o]

7
In general this Fokker-Planck equation is not soluble

by potential methods. We therefore turn to the stochastic

equations in order to have a method of solution that is

at least valid in an asymptotic limit. 1In addition, the

stochastic equations can be used to adiabatically eliminate

the stable mode in a simple way, although this can also be

obtained directly from the Fokker-Planck equation (Gordon,

1967) .
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Following the method of section 2.3, the following

stochastic equations are obtained:

_ A

d4 | oy = El + ')didr‘ K, <, + | N2 s P [‘}, ()
4 B+ mafe, - kTat I [m)
dile | = | Bu (1) &7 - Kyt
|, B -2t - kf <7
Here 7,“), 720) are delta-correlated Gaussian random

processes, so that Gﬁ,d}) are not complex conjugate
except in the mean. These equations therefore define a
probability distribution in a four-dimensional complex
phase-space. If we were to regard each complex variable

as a pair of real variables, the underlying space would be
an eight-dimensional real space. The extra dimensions,
relative to a classical description, allow nonclassical
processes like photon antibunching to occur. However any
normal ordered moment or correlation function can still be
obtained in a straightforward way as a complex phase-space
moment or correlation, evaluated relative to a real positive

probability distribution.
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be

stochastic terms are real and we can put o = of

A2

150

Deterministic analysis

In the deterministic limit of 7> 0 (which can also

regarded as the thermodynamic limit of V =02 ), the

’

= d{ . This simplifies the global analysis of the

equations, which now correspond to those of classical non-

linear optics. A deterministic analysis is given by McNeil,

Drummond & Walls (1978). This analysis is included here,

in

a more complete form.

It is first necessary to solve for the steady-state

behaviour: for simplicity we assume that E,,E,. , are

real. Hence one obtains (with onresonance driving fields):

AL = (—‘RJ[E-:. - "l"‘fl/?.]

s *
AZ o = (w‘)[E(*- Ny «° ]
K, K’L szE
dd + 2( )o( ’2( )o( -— v]:_ = O
Now, solutions exist either for A= or A+ AT . We
call these in-phase or out-of-phase respectively. 1In

general, therefore, it is necessary to define:

to

Y€;¢

(e 8 =

2»<1

= )ieop = 0

v oy 2| K'Kz)r —1( )rcool¢

fin1d + (151‘-)[: Sin® =

We first study the in-phase solutions, which correspond

@$=0 , so that:
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E E
3 +Ly%§1 2 z}r __[1K1| - o

The number of roots are classified according to the

value of A , where:

A = K:.EIJ _‘_[372(1,41«(1 ']Ezﬂ

Now for DN>90 , there is one real root, while for A<O,
there are three roots giving the possibility of bistability.
The bifurcation occurs at A=0 . This describes a locus
in the ( E, ,E, )plane which gives a boundary of bistabilit

according to:

x5
In - Ka €,
Eo= (%]« (F)(FE)

In the case of E, =0 (which is ordinary subharmonic
generation) the locus reduces to a single point which is the
critical point of subharmonic generation (Graham, 1973).

In the bistable region, there are three real roots.
With a large enough driving field ( Ez>E; = K, Ko/ n )
there is bistable behaviour in the cavity (fig 4.1.1).
The stable branches have field amplitudes (o ) of different
sign, giving a behaviour reminiscent of a magnetic system.
That is, there is the following analogy with a magnetic

phase transition:
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B H
S <> B
£, < T
KKy /e T

The turning points are obtained on differentiating
the state equation, and setting 9E,/dr = O | Hence we

obtain:

BV ~Ealn) + (ki) = ©

We will see later, that this is identical with the
boundary of stability. That is, the central branch is
unstable and the upper and lower branches are stable.

The previous solutions were obtained with p=0 (i.e.
in-phase solutions). However in fact it is possible to
also obtain solutions with @#0 , in the case of

E1'<6-E§) . This also gives a bistable region, which

is closely related to the in-phase region by the symmetry

transformation:
A A
E —~ -E - 9, > -—a,
. AN > o A
E| - ‘El ° a, +1Q,

It is readily verified that this leaves the master equation
invariant; so that one expects a related bifurcation to

occur for E, < (-Ef) as we shall show.
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In this case, the cavity mode has a non-zero

relative phase so that:

wop= - (2Es)/r

o= (e o)

Thus we see that the out-of-phase solutions can only exist

for:

E?. < "’E:

There is a clearly symmetric relation between these
solutions which give a bifurcation for negative ( E, ) and
the bistable solutions for positive ( Ez ). In each case,
for a second harmonic driving field of large intensity
there is the possibility of multiple steady-states.
However, to determine which of the solutions is stable, it
is necessary to evaluate the eigenvalues for the decay of
fluctuations which we turn to in part (c).

It is also possible to analyse the steady-states for
an arbitrary choice of the relative input phases; however
we have restricted the analysis here to the case of real

input amplitudes, for simplicity.
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(c) Stability properties

While the previous analysis gave the steady-states,
it does not of itself yield information on stability. We
therefore turn to the stability of fluctuations close to
the steady-state, following the analysis of McNeil et al
(1978). 1In this case, as before, we suppose the driving

fields are on resonance. The linear stability equation is:

- - . T
§dky Ky 1Y Moy, O 8,

2 |8l =942, 4w, 0 o2 | |Sad

ot §oka Ha? | 0 4K |, O Sty
éde | © ,+ng, o, +Ka | qul

This gives an equation for the determinant that

factorises to yield the following four eigenvalues:

(A +k)ED k) + Inapl™ £ Ia2](-a4K) =0

Applying the Hurwitz theorem to these quadratics, gives

the following criteria for stability:

KKy + Magl™ > Ky lnag| C e e . (B

K, + Kq > Indg; .« . . . (B)

The corresponding eigenvalues are as follows:

A= "f[-']lo(:hw.\ux,_i_ﬁ-qla{l +K-Ky) -4 (oo ]® ]

A

}\,,7\;‘"‘ "2?[ " lO(.ﬂ + K, +K.zij(']“’(:]-%K‘-Kz)l—q.lv,o(g 2 ]
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Stability occurs when both 3(A) and 3(B) are satisfied.
As shown in McNeil et al (1978), violation of relation
3(B) leads to limit cycle behaviour. However it is
readily seen that the violation of relation 3(A) leads to
a bistable region.

This can be seen by substituting for cxf in equation

3(A), giving:
KKz ¢ Iqapl™ > nlE; - ao?/2l

If we compare this with the equations in the previous
section, it is clear that for E.>©O , the turning point
in the bistable state equation agrees with the boundary of
stability. Thus we can identify the middle branch in

fig 4.1.1 as the unstable branch.

In the case of E, <O the situation is slightly
different, as both out-of-phase and in-phase solutions can
potentially occur. We first take the case of a real
amplitude ("in-phase") solution. From the Hurwitz

criterion, one obtains for stability:
e
2 2NN o
El > (K%) Eq_ lEZI —EC]

This gives a line of critical points in the ( El, E1 )
plane, which reduces to the critical point for subharmonic
generation, when the primary driving field is zero.

It is also possible to obtain complex amplitude ("out-
of-phase") solutions. In this case one obtains the

following relation for stability:
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e [ 2] e(ea - &)

In summary, for Ez< ‘Ec there is a line of
critical points. This line is a boundary between a stable
real amplitude solution, and a pair of (in general complex
amplitude) solutions. The different types of solution
have an exchange of stability along the critical 1line.

The bifurcation behaviour in this case is analogous to
spontaneous symmetry breaking in an equilibrium critical

point phase transition.

(d) Adiabatic elimination of the harmonic mode

So far we have treated the stability properties of

the coupled mode system, from a classical equation approach.
In general it is possible to treat the coupled equations

as (4 x 4) matrices and obtain the correlation properties
due to thermal and quantum fluctuations. However in order
to obtain a comparison with the results of Chapter 3, we
shall in the following, work in the limit of |KoI>> 1K, .
In this case the variables ( c*z,df-) can be adiabatically

eliminated from the stochastic equations. This leaves a
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simpler set of equations to work with, that readily allow
a comparison with the single-mode case treated previously.
The equations obtained on adiabatic elimination of

(dp %) are as follows:

|
dﬁ' I n &, h.
2|4 = E 417, (E.-1 %) -k, +;<-l(e -"—z—) £
2 'l.
o | LY e B (el -y ] LT, Bler -2 (5,0

A new Fokker-Planck equation can also be defined relative

to the reduced stochastic equations, which is:

5 P(«i): {gz((xlo(a—El "')(%)(Ez‘q‘%))

*2(3« xz[Ez h D a.p w[Ez %] ))+ ot P(«,)

At this point we can make a direct comparison with the
case of nonlinear dispersion and absorption for a single
mode. In the case of zero second harmonic driving field
(i.e. Ezﬁz © ) we obtain identical equations provided we

define:
O

n* -
x‘e’ = (4«,_) = 4 (K42 + k¥

Thus both nonlinear dispersion and absorption occur.
Exactly the same bistable behaviour and antibunching will

occur in this case: and the complete analysis of
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Chapter 3 can be utilised. The linear dispersion ( K(’)
depends on the detuning of mode (1l); while the nonlinear
dispersion (1?”) depends on the detuning of the second
harmonic mode (but with the opposite sign). This
therefore provides a technique of obtaining dispersive
optical bistability in a medium with a quadratic non-
linearity (that is, a medium with no centre of inversion).
Clearly, when E7_=o , the introduction of detuning and
arbitrary input phase poses no new problems and steady-
state behaviour obtained in section 3.1 will occur. 1In
particular, as noted previously, the system can be bistable

when the following relation holds:

«xa"Kﬂ' +fxll7'|,<ll"+ g1l k! K" —3K'1'X”1'—3K"1'Z‘='> o

In terms of the detuning parameters, this defines a critical
locus in the ( K", K,' ) plane which gives a boundary of
bistability. When the above relation holds, dispersive
bistability will occur for a certain range of input field
intensities,

We now proceed (for E,+ O ) to analyse the properties
of the reduced equations. First of all, we note that the
actual steady-states available are identical to those of
the full coupled equations. (In the case of a detuning in
the input fields, the state equation would involve
additional phase parameters relative to those discussed
earlier.) The correlations close to a stable branch are
obtained by linearising the stochastic equations just as

in section 3.1, with the following results:
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d'(ﬂ = q0 + 50( (+7

o} oAy Sat (1)

-~

A
3 350= -A.sa) 4 Q) £

Here the linearised coefficients Q ' e\ are given by:

-

d o,

o
I
—
o
*

wr>
Il
Q.
*®
Q
*

Where:
kS
d = (%1}(1;:—E1)
o = w [T ]

The interesting point resulting from this is that the
nonlinear interferometer with second harmonic generation,
obeys virtually the same equations as the single-mode
nonlinear interferometer in the limit of [K2] >> 1k,

The chief difference is that there is the possibility of

an extra driving field, as well as the primary field ( E,).
Despite this, all the formulae developed in section 3.1

can be used, when expressed in terms of the parameters
(d,a).

In the case where all the parameters are real (i.e.,
for resonant excitation and in-phase driving fields) the

results obtained in section 3.1 can be simplified:



le6l

Ll -d(P+a) | Tq +d™
2L Ma+d™ -d(P+a)

an
I

n = n =+ (zrcz*:z))

a2

31&ﬂ:1 (I Q-rd
J(w‘m): N $(w) +(4_1_) r-d . _Tad
w e (a+d)” w4 Ca-d)

Here N 1is the deterministic photon number for the in-

phase solution, so that:

K, K = 2 K. E
Bt -8 e (258) L
n€a
d - Z'KY\- Wa

a = K, +4%Ln
These results illustrate that in the adiabatic limit,
the only difference in the fluctuations between the case
presently treated and the case treated in section 3.1 is
the presence of an extra gquantum fluctuation term due to
the driving field ( E, ). This term is significant in
subharmonic generation, but not in second harmonic

generation.
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4.2 POTENTIAL SOLUTIONS IN THE ADIABATIC LIMIT

(a) The "thermal" limit for potential solutions

As the previous discussion of potential equations is
directly applicable to the coupled mode system in the
adiabatic 1limit, the reader is referred to section 3.2.
One obtains straightforward results in the limits of:

nEa
@ >> | w. -2xnl

Ez
F<<l5——-

(b) <, — 2xn |

The first case is the "thermal" limit, where the Fokker-
Planck diffusion is due to thermal type fluctuations 'in
the driving field or reservoirs. In this case, one

obtains potential equations in the following form:

2 ot
pYS [w,d +2xd* % ~-F | - DE .EJ
2

- I net
= 3#*[“:‘—4’* sy -ET - wI E:]

A solution is possible only if K,= KX , K, = Ky :
that is, for both modes tuned (to w; & 2w,
respectively). 1In this case, on integrating, the solution

to the Fokker-Planck equation is just:
-2 2 *
P(ﬂ—‘- %‘of r [Kdo(l +xX 1l ~ E o - E o

-(%)d“z - 7—%)«*]}
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This is identical to the result obtained by Graham (1973),
for subharmonic generation: except that his result only
includes the driving field E, , without the input term
E..
This potential in fact is applicable to the bistable
situation, and can be directly compared with the laser
potential of section 3.2 (we suppose E‘, Ez are both

real) :

(Laser) : PQR)Q)_—_ %P[%(K‘R’ +'X.R7-_2_E|{E.co¢9)]

( led -2 €
o es) : P(R,6)= ex p[ (KR +2R* —2E,{R .00 -(I"K:)Rwle)]

In the case of the laser, it was not possible to have
bistability (even for K,<O ) as there was only one local
minimum with respect to variation in ©. However in the
coupled mode case, it can be seen that more than one

local minimum in the & -variable can occur, due to the
extra term describing coupling to the input field. For
this reason, it is possible for bistability to occur, with
both input fields coherent and phase-locked relative to

each other.
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(b) The "quantum" limit for potential solutions

In this case, we must take the limit of small thermal
fluctuations. The potential is derived as in part (a),
with the use of the quantum fluctuation terms only (i.e.,

" =0 ). Hence the following result is obtained:

vi = -ala?® +2ka(E K/ - par)]
vy = —Z.E"<| +2K:(ET-\-<.;#°<,+)/( C*" _ ')7_0{’*1.7]
Where:

Mz
, Ko = KX 2R - 2K,

C = \| lﬂE\z
The equality of crossderivatives follows immediately,

and the potential is therefore obtained on integrating:
<y Kiy*
P(:Q:: %p§ 2T 4 (g—x_)lm(cq'-'f'o(’? +(E‘72> Cn(cf.q’-a;ﬂ-)+
2K2E, < 4N 2K.E, V¢ Manat
-\-( < )Qn(c—-qq) +( cn )bﬂ(c"‘-')aﬁ)g

In order to obtain observable moments for this case,
it is necessary to integrate on a suitable manifold
defined so that the distribution and its derivatives all
vanish at the boundary of integration. First of all, for
pure second-harmonic generation it can be noted, that the
result is identical to that of section 3.2.

Next we suppose that sub-harmonic generation occurs.
In this case it can be seen that the distribution has
singularities at a = I(nkg. In order to integrate
the distribution function, a similar method can be used

to that of section 3.2.
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As the exponential factor does not introduce any
new singularities, we expand this in a power series.

Hence the expression for the n'th moment is:

oo . .
m ir e et i Jr-1
21 2{’((#}45 (-7dh) [ ](c v)o{*) (c4na) dadd™

On making a variable change this reduces to:

-¥ ¥
maenN J~|

ST
2‘%2, (l-Z) [G-%2)0-22] G- Zz) Zz olzdzzx

JGDES)™™ 6 qed™]

Where:

i

K 2K
k) + (2ak)

K‘/x = 4K‘K1‘/V)7-
%(l+ ﬂﬂ/C)

.
paalire
STRT]

32 = 31U+ natic?)

It is now necessary to find an integration path for
the function. Fortunately, these integrals are identical
to the expression defining a Gauss hypergeometric
function. The line integrals are defined on a path that
encircles each pole and traverses the Riemann sheets so
that the initial and final values of the integrand are
equal, which allows partial integration operations to be

defined. The result is (MacRobert, 1938):
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(¢ (el *
IV\ - [é.o -4 v\r\l.rL )LE(—(mm),j.)jz)'/z)B(‘jl,jrjl)‘x

.- Cx .. O 2
< QO et |t aniged [f]

The above expression is an exact result for the
moments in the guantum limit of the coupled mode system.
It holds in the limit of a coherent driving field, a zero
temperature heat bath and adiabatic elimination of the
second harmonic. The special functions can be evaluated
either from tables or by direct numerical summation of
the relevant series.

A comparison of the present result with the result of
section 3.2 shows a very similar series, expressed in
terms of gamma-function integrals instead of the present
integrals which are related to the beta-function and
hypergeometric function. We believe this shows an elegant
relation between quantum fluctuations in nonlinear boson
systems, and the theory of functions of several variables
in the complex plane. As far as we know, the exact
solutions of this type have not been obtained in earlier
work; and could prove useful in other fields as well as
guantum optics, where nonlinear boson interactions occur.
In previous treatments of quantum fluctuations in sub-
harmonic generation, the nonlinear fluctuation terms were
neglected in the steady-state; so that only the thermal
type of potential solution for resonant excitation was

obtained (Graham, 1973).
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4.3 SECOND HARMONIC GENERATION

(a) Stability properties and state equation

In the case of second-harmonic generation, a
relatively straightforward state equation is found that
is identical to the state equation of section 3.1, for the

mode at the input frequency:

2

IE = nlx, + 22nl"

Wheres

|

x W/(4K) 5 N = et

Now given that the above equation is solved for the
lower frequency phase and amplitude, the second-harmonic

phase and amplitude is then obtained from:

a = (3e)(g«tr2)

In the case of a resonant driving field, both fields
increase uniformly in amplitude with IEJ . When detuning
is included, it is possible to have dispersive bistability
in the state equation. Now the detuning of the first mode
changes the linear dispersion parameter ( KY) while the
detuning of the second mode changes the nonlinear dispersion
parameter (X")y. It is clear that bistability occurs in
this case for a large enough detuning, as obtained in
section 3.1. 1In practice, it would be feasible to alter
the detuning of either mode with the use of a medium of
frequency-dependent refractive index. It can be noted

that the bistability in this case occurs in the output at
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both frequencies while previously it was only present at
the input frequency (section 3.5).

In order to determine the stability properties
relative to a solution for the state equation, it is
necessary to satisfy the Hurwitz criterion for the eigen-
values. In the adiabatic limit discussed previously, this
is straightforward: exactly the same stability properties
hold as in section 3.1, with stable, unstable and stable
branches of the state equation.

In the general case, we can find a solution for the
eigenvalues most simply with both modes tuned to the input
frequencies. In this situation, the Hurwitz criterion is
given in section 4.1(c). It is easy to verify that the
first relation (3A) is always satisfied. However the

relation (3B) is violated at a large driving field:

Kieki> Idal = 1n"a/¢radl . . . . (B)

This gives a hard-mode instability for a large driving
field, as pointed out by McNeil et al (1978). The

strength of the input field at this threshold is:

Ka ‘l'lK!

[
ES = [ n }(ZK.L(K\J,K,_))IZ

Above the threshold, a limit cycle behaviour occurs.
Interestingly, this cyclic behaviour involves coupling of
phase as well as of amplitude in the cavity modes. Limit
cycles do not occur, for the case of purely real
amplitudes. This is different from the spiking behaviour

in a strongly pumped laser (Risken & Nummedal (1968);
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Haken & Ohno (1976)) which occurs in the real amplitude
equations. In fig 4.3.1 we give a numerical integration
of the deterministic equations above threshold, showing
the limit cycles in both mode intensities. The initial
value in this case gives ( &, ) a complex part to start
the cycles.

It can be noted that the ground state has a neutral
stability relative to the limit cycles, owing to the real
amplitudes that occur in time-development. It is
necessary for an out-of-phase fluctuation to occur (from
thermal or gquantum noise sources) before limit cycles can

develop.

(b) Correlation properties

In the adiabatic limit, the correlation properties
and spectrum, for second-harmonic generation are given by
the results in section 3.1. 1In general in this limit,
there is a "split" spectrum when any detuning is present,
while a single line occurs without detuning. 1In all

cases, photon antibunching results at high driving fields
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provided the external fluctuations are small. Physically
this is due to enhanced production of the second-harmonic
when the primary field increases in intensity. This
results in a reduction of fluctuations in the primary
field. We note that these calculations apply for the
primary field only.

In the general case, it is necessary to diagonalise
(4 x4) arrays to obtain the correlation properties; this
can be obtained in a similar way to the single-mode case
discussed previously. We note however that in this case a
"split" spectrum can occur without any detuning. The

eigenvalues in this case are:

AN 7 [""]Hfl +K 1K & \/alc({’|+K,-v(1_')7'-8']K-,_le(:| ]

Ay Dg™ J')‘.[’)\a(.;’l % +K, £ J(']H;’l + Ky~ Ky V-89 Ka 2] ]

Thus a frequency splitting occurs below the hard-mode

instability, at a field amplitude given by:

InKylesl=  (K,-Ky £ nlag])”

This frequency splitting is the precurser to the limit
cycles that occur above the hard-mode transition, and was

first predicted by McNeil et al (1978).
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4.4 SUBHARMONIC GENERATION

(a) Stability properties and state equations

We now turn to the case of subharmonic generation,
which gives the following state equation (we suppose

Ky » Ko ,E2 are all real parameters):
(i) &) =0 -, 42 = Ea/Kye  Ed< ES)D

Iy,
2 2 K
(ii) &V =1[’5(1Ezl-E§)] L Ry = ’v'ﬁ (1E.I>ES)

It can be verified that case (i) is stable for B, ] < Ef
while solution (ii) is stable for lEz|>.E:'. No additional
instabilities occur when the full coupled stability
equations are used, so that the critical point E: is the
only nonequilibrium transition in this case.

The problem of subharmonic generation is analysed
using an approximate potential function by Graham (1973).
In McNeil et al (1978) it is pointed out that in addition
to the critical point transition, there can be spectral
transitions in which damped oscillations in the two-time
correlation functions appear. These are due to the
appearance of imaginary terms in the eigenvalues of the
coupled linearised deterministic equations. However, in
the adiabatic limit there are no spectral transitions. In
the following treatment, we will work in the adiabatic
limit to obtain the spectrum and correlation function of

subharmonic generation, with the inclusion of nonlinear
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quantum fluctuation terms. These terms are omitted in

the treatment by Graham (1973).

(b) Correlation properties in the adiabatic limit

In the general case, all correlation properties for
the quantum limit are obtainable from the potential function
of section 4.2. These solutions, which are exact in the
limit of the steady-state and zero temperature reservoirs,
give all the one-time correlation functions for arbitrary
detuning and driving fields. By comparison, the potential
function of Graham (1973) includes only the fluctuations
due to the finite width of the distribution for a coherent
state in the Wigner representation, neglecting the non-
linear quantum fluctuations that are included in the
present treatment.

While the potential solutions require numerical or
tabular means to obtain the moments, it is possible to
obtain approximate results by linearising the stochastic
equations. From section 4.1 the linearised equations are

(for the resonant case with K,, X,, E5 real):

> +

st d* ) oa* | | $47] ro-d*]5.d)

3 Scl( — | 4 d 4, -d ) r fl('})
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Where:

d = [4_%:—.1.]0(: - [12—::.

Ky + ['ﬁz]ld,f‘

Here we suppose the deterministic equations have been

I

q

solved to give the deterministic values for a stable

branch. Using the results obtained in part (a) the values

for cﬂ, Q can be simplified:

(i) (EJ<ES)
§d = "V]Ea./Kz

q = K

(ii) (4> ES)

d = =K,
5‘—\ = K, + q(lE,J-E:)/(lK-;_)

The results obtained in section 3.1 can now be used

to obtain the correlation function and spectrum (d, a are

both real in this case):

(\"a iy

A = n + 2 Cq=d?%)
a2 S ! "__-d (4
3(0)= |+ Y\(c\+d ,....(E':-->Ez)

Ly r-d Tad
S(ww);\: ns(w) + (411) w+Casd)> T wty (q-J)"_]

Thus it can be noted that the fluctuations result in

a finite mean photon number (even when the deterministic
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result is zero, below threshold). Similarly the
fluctuations always result in photon bunching relative to
the coherent state. This is the complement to the case
studied in section 4.3 where the quantum fluctuations
resulted in photon antibunching with a coherent driving
field on resonance (and zero-temperature reservoirs).

The spectrum is obtained similarly, by substituting
the above values of (d, Q) in the expression derived in
section 4.1. Clearly in the on resonance case, the
spectrum has a single peak at the input frequency. However
it can be noted that in the neighbourhood of the critical
point one of the eigenvalues vanishes, giving divergent
critical fluctuations. In this vicinity, the linearised
analysis is not valid and must be replaced by an exact
solution of the relevant Fokker-Planck equation. The one-
time correlation functions or moments are in this case
obtainable from the potential solutions of section 4.2.

Finally, we point out that for a subcritical driving
field (withlEzl<E:) the expression given above for the
intensity correlations should be corrected as follows

(in a Gaussian approximation for large ry:

L <gardt  + LA2>LAFE>

1 A
‘j&ﬂ ~ < A, X% >*
< AP HF*D
= p] + < & AF DT
x 2 + [('lK,_E.;_(P-kKnﬂ/(')zE:_ t FK,K;’_')J

This analysis should be replaced by the complete potential
solution, for ( > O ) and in the vicinity of the

critical point.
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4.5 SUB/SECOND HARMONIC GENERATION

(a) Sub/second harmonic bistability

In the case of both modes driven by external coherent
phase-locked fields, we note that bistability can occur as
pointed out in section 4.1. For simplicity, we treat the
case of real, resonant input fields. 1In this case for a
large enough second-harmonic driving field there can be
bistability for:

K Ko
el > Ef = o

As pointed out earlier, this can best be regarded using the
analogy with a magnetic phase transition. On varying the
primary input ( €;) it is possible to obtain a bistable

characteristic with turning points at:

rx = (%))(Ez -€%)

The stable branches have amplitudes of a different sign,
so that to detect the bistable output it would be necessary
to use a phase-sensitive detector (i.e. the fringe shift
could be detected).

While in this case the second harmonic driving field
has a minimum value, there is no minimum threshold, as the
threshold intensity(for the primary input),tends to zero
at the critical point. It is possible that this device
could have potential as an optical switching unit, in
which the phase is switched rather than the amplitude.
Being a solid-state device, this could have advantages

over the bistable operation demonstrated by Gibbs et al
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(1976) using an atomic vapour with nonlinear refractive
index inside a cavity. Electrical circuit switches based
on sub/second harmonic bistability have in fact been

suggested in computer logic applications (von Neumann) .

(b) Correlations and photon antibunching

We note that the linearised results for correlations
are identical to those found in section 4.4 except for
changes in the deterministic amplitude (& ) due to the
extra input fields. For the real amplitude solutions, the
deterministic amplitude is obtained by solving the cubic

equation:

C = ¢ 4 r(B-A)

Where:
a = 2%,/ n
B = 2’““1/‘1"

C = QKQ_E‘/V)Q'

The mean photon number is then given (in the limit

of T2 0 ) by:

L[ (n-A)* ]
N+ 2L(2n+BY* + (n-A)®

=)
n

Where:
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The boundary of stability is given by the vanishing of
the denominator in the above expression for (W). In the
vicinity of these regions (which have been analysed in
section 4.1) the linearised analysis diverges and can be
replaced by the exact solutions derived in section 4.2.
Apart from this, the denominator in the above expression
is always positive so that the quantum fluctuations
increase N relative to the deterministic value.

The intensity correlation function can be obtained
in a similar way. This gives a result valid for real
amplitude solutions, except in the vicinity of n=o0
solutions and in the vicinity of the critical divergences
mentioned previously. The first terms in the expression

for %”(O) as an asymptotic series in (%) are:
K, 0
31(0): | + wi (%,T)+A”“]/[3n~9+g']

As the denominator is positive in the region of
stable real, single-valued solutions, we see that the
existence of photon bunching or antibunching is determined

n
by the sign of ( 25%F +tA-n) -

n < n * > —photon bunching

n > ") I* —photon antibunching

The boundary for the change in photon statistics is at:

(TsANT+BY* ( rT= QK:):)

mn
N
U

= (g, « A ) )"

m
Il
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Thus the phase diagram for the system can be thought of

as being defined by five lines:

I

&n 3
(a) E?_ (7-') K?_') ( E,-EL ) (bistability boundary
for E,.>0 )

D= (B (ensr)
(b) E'l - K Ez ~E.—E2 (bistability boundary
for E,<o0 )

Il

= z K2l 2
(c) E, " (Ez"' ) )( s K,) (change in photon
statistics boundary)

(d) \'\ ds|= K, +%q (E,>o) (hard mode instability
for €,>o0 )

(e) \“]o(-fl = K,+ K, (g, <o) (hard mode instability
for E’ < O )

This "Phase diagram" is only a true phase diagram in
the limit of zero fluctuations; which corresponds to a
coherent driving field, zero temperature reservoirs, and
the infinite volume limit. In addition, a complete phase
diagram would include complex input amplitudes, resulting
in a four-dimensional space of input parameters. This
would mean that the boundaries of stability would be three-
dimensional manifolds embedded in the four-dimensional
space of input amplitudes. However in the present work
we have included only real input amplitudes, which gives
the main features of the nonequilibrium transitions

that occur in the coupled mode equations.
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In the case of ( A A YY), as remarked earlier,
photon antibunching with ( gm(o7 <1 ) is possible. This
effect can be maximised by letting Eg_ have negative
values. 1In this case the antibunching is enhanced relative
to the result in section 4.3. This requires that the
second-harmonic driving field is input (180°) out-of-phase
relative to the real phase solutions discussed in part (a).
In the case that E,; has large negative values, it is clear
that the intensity correlation function would tend to the
quantum limit of ( I- 7% ), which corresponds to a pure
number state. However this limit is not physically
accessible due to the existence of a critical point
instability for large negative values of E, .

In order to analyse this more exactly, we note the
following solution to the state equation in the relevant

region:

n =& [C/(B-a)]"

provided:

l<<n << |B-A |B-Al* << ¢* << iB-A

A Y

Provided E, ==-—E: , it is clear that stability
properties are satisfied, and the result for the intensity

correlation function is, (with (=0 ):

—_—

37'(0)’-‘—‘ | — an
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Now normally, when a second harmonic is frequency
converted to give a field at half the frequency, one
obtains a photon bunching effect, as would occur here at
large enough (lEd). However in this case the field is
input in addition to a primary field, and 180% out-of-
phase. 1In this situation the additional field causes
induced emission of photonsout of the primary mode, thus
enhancing the antibunching effect relative to the case of
a single primary input. This is a similar mechanism to
that proposed by Stoler (1974), for a transient situation.
Here we have the possibility of a measurement being made
in the steady state.

The interesting feature of the nonclassical
correlations obtained in this way, is that they are
essentially a property of the interacting radiation modes
only. The nonlinear medium has only entered the
Hamiltonian via coupling between the field modes, and the
type of correlation obtained is a function of the phase
and amplitude of the input driving fields. A verification
of these correlations would provide evidence that non-
classical correlation properties are inherent in the
structure of the radiation field, rather than due to a

neoclassical mechanism in which the field is a classical

one.
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CHAPTER 5: COOPERATIVE FLUORESCENCE

In Chapters 3 and 4 the aim of the theory was to
deal with a quantum field, where interactions were all
included in the Hamiltonian of the field. This procedure
is reasonable in much of nonlinear optics, provided atomic
saturation is negligible. In this chapter we turn to a
specific model of the nonlinear interaction, a dipole
interaction with N two-level atoms within an inter-
ferometer. 1In this case, some new types of nonequilibrium
transitions can occur that are due specifically to the
atomic transition properties.

In sections 5.1 and 5.2 we give an introduction to
cooperative fluorescence theory, and to the atomic
operator algebra resulting in the Maxwell-Bloch equations.
In sections 5.3 to 5.6 we treat the case of adiabatically
eliminating the atomic variables. We first treat the
nonequilibrium transitions and bistable region for
homogeneous broadening, including detuning of the atoms
and the interferometer. In section 5.4 the inhomogeneous
broadening of the atomic line is included. In section
5.5 the theory is extended to include quantum fluctuations
by adapting the well known laser Fokker-Planck equation
(Haken, 1970). In section 5.6 a Gaussian input field is
treated, in which case augmented photon bunching occurs
instead of bistability.

In sections 5.7 to 5.9 we treat the case of

adiabatically eliminating the field variables, giving a
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collective decay mode. Within the cooperation lifetime,
the collective atomic "spin" is invariant (J2-invariance)
allowing the use of atomic coherent states in treating
this problem. This allows us to solve the semiclassical
(Maxwell-Bloch) equations exactly in the adiabatic,
J2-invariant limit, as shown in section 5.7. In section
5.8 this is used to solve for the exact semiclassical
spectrum, demonstrating the existence of multiple side-
bands in this approximation above threshold (although the
extra sidebands vanish in the strong field limit). In
section 5.9 we turn to the quantum fluctuations in this
case, and obtain the exact distribution function in the
thermodynamic limit. This shows the existence of a non-
equilibrium critical point, with a distribution over a
family of "Lotka-Volterra" cycles above the critical

point.
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5.1 INTRODUCTION: COOPERATIVE FLUORESCENCE AND OPTICAL
BISTABILITY

The term "cooperative fluorescence" is a lengthy
title for a simple process. It is well known that when
an atom is irradiated by a near-resonant field,
fluorescent radiation is emitted close to the transition
frequency. When a collection of atoms is similarly
irradiated the fluorescence is modified by cooperative
effects that depend in a nonlinear way on the number of
atoms present. There is a corresponding nonlinear
modification of the propagating field. In this chapter,
effects that arise in this way are termed "cooperative
fluorescence", to distinguish them from the well known
behaviour of one atom fluorescence.

In order to give some background to this topic, we
recall that early perturbation theory treatments of
resonance fluorescence of one atom were given not long
after the introduction of nonrelativistic gquantum
mechanics’by Weisskopf and Wigner (1930, 1931). These
treatments were restricted to low intensity radiation:
for monochromatic excitation at low intensities the
fluorescent light is monochromatic, and at the same
frequency. Earlier results were obtained using the
correspondence principle by Kramers and Heisenberg,
who calculated the scattering cross-section of atomic
electrons. At long wavelengths the elastic scattering
cross—-section varies as wt (Rayleigh's law). At short
wavelengths a classical analysis predicts a constant

cross-section given by the free electrons (Thomson
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scattering). When the final atomic state is different
from the initial, the scattered light will have a
different freguency (Raman effect): this leads to the
Stokes line in atomic absorption spectra, which is a
red-shifted line.

The achievement of Weisskopf & Wigner was to
introduce radiation damping into the theory of Kramers &
Heisenberg, which would have predicted an infinite cross-
section on resonance. The Wigner-Weisskopf theory on the
other hand, gave a finite Lorentzian absorption line.
Other line-broadening effects occur in practice, including
collision-broadening, and inhomogeneous broadening due to
Doppler effects and spatial inhomogeneity.

Nonlinear effects were initially neglected in the
study of resonance fluorescence, possibly because of the
lack of high intensity sources prior to the development
of the laser. The spectrum of fluorescent light at high
input intensity was calculated by Mollow ( 1969) who
analysed a coherent light source interacting with a two-
level atom, and predicted a three-peak spectrum.
Experiments by Walther et al (1975) and by Wu,Grove &
Ezekiel (1975) verified this calculation. Other
calculations were made by Oliver, Resayne & Tallet (1971),
Hassan & Bullough (1975), Swain (1975), Smithers &
Freedhoff (1975), Cohen-Tannoudji (1975). The next topic
of interest was the intensity correlation function, which
was first calculated by Carmichael & Walls (1975,1976).
These workers predicted photon antibunching in the

fluorescent radiation’which was observed by Kimble et al

(1977,1978) .
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While the above work was for one-atom interactions,
there was also great interest in nonlinear cooperative
atomic interactions. In an excellent early work, Dicke
(1954) showed the possibility of cooperative super-
radiant effects, which were first observed by Skribancwitz
et al (1973). While superradiance is a transient
phenomenon, of greater interest to workers at this time
was the observation of laser oscillations, predicted by
Schawlow & Townes (1958). The similar phenomenon of the
maser, in the microwave region, was first proposed by
Weber (1953). A good summary of the early theoretical
work on the laser, and corresponding experiments, is given
by Haken (1970).

More recently, interest has arisen in cooperative
nonlinear atomic fluorescence with an external coherent
driving field, because of the possible applications as
nonlinear quantum optical devices in the fields of optical
communications and computer logic (Venkatesan, 1977). The
interaction of identical two-level atomic systems with a
coherent driving field, and a collective reservoir of
radiation modes, was discussed by Senitzky (1972) who
obtained approximate results valid for very strong and
very weak fields, showing the existence of a threshold
for oscillations. Exact results valid for all input
intensities in the thermodynamic limit were obtained by
Drummond & Carmichael (1978), showing the existence of a
critical point phase transition for this Hamiltonian, in
the thermodynamic limit and rotating wave approximation.

These results are discussed in detail and extended, in the
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present thesis. The problem discussed by Senitzky
represents a highly cooperative situation with a J2-
invariant (collective) decay mechanism similar to the
decay mechanism in super-fluorescence: for this reason
the results obtained in this case would apply within a
"cooperation lifetime" from the onset of interaction.
The relationship between J2-invariant and J2-breaking
decay is discussed by Walls et al (1978).

A lot of the current interest in cooperative
fluorescence was stimulated by the idea that optical
bistability could occur in a nonlinear medium enclosed
within a high-Q Fabry-Perot interferometer (Seidel; S=zoke
et al (1969); Austin & De Shazer (1971); Spiller (1971,
1972); McCall (1974)).

Optical bistability was first observed by Gibbs et al
(1976). However, while a great deal of theoretical work
was directed toward the problem of absorptive (resonant)
bistability (Bonifacio & Lugiato (1976, 1978), Meystre
(1978), Narducci et al (1978), Carmichael & Walls (1977),
Willis (1977)), it was found in practice that it was
simpler to observe optical bistability in a dispersive
experiment, with detuning of the laser relative to the
atomic transition and Fabry-Perot interferometer (Gibbs et
al, 1976). More recently, the dispersive nonlinearity in
a Kerr medium was proposed as a source of bistability
(Felber & Marburger (1976); Marburger & Felber (1978)).
This has been already discussed in a Hamiltonian model
including quantum fluctuations, in section 3.5 of this
thesis. One of the objectives of this chapter is to unify

the work on a Kerr medium with cooperative fluorescence
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models of optical bistability, by obtaining exact
expressions in various cases for the anharmonicity
parameter. We are able to show that with a high-Q
interferometer, in the dispersive limit (of large detuning
of the atomic transition), the nonlinear polarisability
results - including gquantum fluctuations - are obtained
exactly. This gives a microscopic justification of the
Hamiltonian model used in Chapter 3.

When both dispersion and partial atomic saturation
occur, the problem of the region of bistability is more
difficult. This was discussed by Bonifacio and Lugiato
(1978), Willis & Day (1978), who did not however derive
the complete bistability region. The bistability region
for a running wave and homogeneous broadening was obtained
originally by Hassan, Drummond & Walls (1978), and also
by Agrawal & Carmichael (1978 a,b). These results are
extended in this thesis, as we include an arbitrary mode
function (which is more realistic than a running wave) and
also investigate inhomogeneous broadening.

Both inhomogeneous broadening and transverse mode
structures were included in the work of McCall (1974),
who obtained expressions for the differential gain without
calculating the bistable state equation in these cases.
Effects due to a Lorentzian inhomogeneous broadening are
mentioned by Bonifacio & Lugiato (1978), while Doppler
broadening is mentioned by Willis & Day (1978). However
these authors do not give details of the bistability regions
in these cases. Work in this direction (including
numerical results) has been obtained by Sandle (1978). In

the present thesis we give general expressions for the



189

single-mode state egquation including inhomogeneous
broadening and an arbitrary mode structure. Exact
numerical results are obtained for the case of Gaussian
broadening and a running wave. In this situation, the
effect of inhomogeneous broadening is very significant.
The numerical studies show that dispersive bistability
can be achieved with lower atomic densities and lower
threshold intensities than in the inhomogeneously
broadened absorptive case. This is in general agreement
with the observations of Gibbs et al (1976), Venkatesan

(1977).
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5.2 ATOMIC OPERATORS AND BLOCH EQUATIONS

(a) Atomic operators

In the guantum theory for an n-level atom, an
n-vector of complex numbers represents any pure state.
The statistical properties of a mixture of states is

represented by a density operator defined as:

?) = KQéP&QIK><2\ ,KngKK =\

Any observable property is obtained on taking the trace
with the corresponding operator.

The interaction of the atom with the electromagnetic
field is obtained from the interaction Hamiltonian that
takes account of individual particle-field interactions
(Sakurai, 1967). To lowest order the interactions are
dominated by electric dipole terms in optical regions.
However not all transitions are dominated by electric
dipole terms, which can be forbidden when there are parity
or angular momentum selection rules. In these cases, other
transitions become significant, like the magnetic dipole

(M 1) or electric quadrupole(E 2) transitions. These have

typically longer lifetimes (IO’35) compared with life-
-8 . .

times of order ( |©O s ) for the electric dipole

transitions.

In the dipole approximation, the electric dipole
operator (g) is expanded in a basis of eigenvectors of
~
the atomic Hamiltonian. This gives a total Hamiltonian

that includes interactions with an external field:
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For two-level atoms,

—

atomic raising and lowering

operators are defined as follows:

Tt = <ol
o~ = (o<

Where 10> is the ground state, and 113 is the atomic

excited state. These can be used to define operators with
spin - % commutation relations, which are proportional to

Pauli matrices:
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Other useful operator relations can be found in Agarwal
(1974). In this case the dipole operator is expressed as

follows, where R is a vector with complex components that

specifies the polarisation transition properties:

A
= BVG"“ + pO-

>
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Hence the total Hamiltonian in the dipole and

rotating wave approximations is as follows, for

interacting atoms:

A N A A

H = Ha ¢+ He 4 Hae
A N A

\—‘A = AWy U-p?'

M=

T>
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= +
l_\AF #\é% ﬂ?m 07\ U-M + 37\Ma7\ U.M
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= & [.2£l——i x — -+
3 am R 14 (tu)ll2we B W (L)
Here Yu, Wn are the position and transition

frequency of the M'th atom. Atomic velocity can be
included by a change in the effective transition frequency
(Haken, 1970), or by allowing for time-dependent
positions.

In some cases, it is useful to deal with collective
spin operators. These are especially useful when the atoms
are in a volume small compared to a wavelength, or if

interactions with a single travelling wave mode are

included. For this purpose, we define:
AV Ar TiKy L
I T oS T e
N /\}
I} - Upm
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Where %) is the single-mode wave-vector. These operators
are useful as they correspond to field mode operators in
the adiabatic limit of rapid field decay. In this limit,

as shown by Bonifacio et al (1971), the field correlaticns

are:

n A A A
G ayy e <3370

(b) Maxwell-Bloch equations

The Maxwell-Bloch equations are semiclassical
equations that include field-atom coupling and damping.
Reviews are given by Haken (1970), Kryukov & Ketokhov
(1970), Lamb (1971). Here we derive the equations from
a Hamiltonian method following Louisell (1973). 1In fact
the equations treated are similar to those of a single-
mode laser, and a Fokker-Planck equation can be derived
also (see Haken,1970,and the references mentioned there).

We suppose the atoms have a pencil-shaped
distribution in the }—direction; so that the field modes
in the ( X,y directions are treated as reservoirs, for
atomic decay. The total Hamiltonian is therefore:

5

P/:I:.él—/—‘{);

J=1

N
N A
H._‘r\[éAwhat’.\qh +M%‘WMU'E
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Here WH,wWu are as defined previously, while E (+)

1>
S
|!

is an external driving field of frequency wy. The
reservoirs for energy dissipation are '[:‘h ;?17.: for the
field mode A, and /\'\‘M)f‘;,f‘M—b’ for the individual atoms.
In this treatment each reservoir describes an individual
decay process, without coupling or correlations between
reservoirs. The above Hamiltonian does not explicitly
include collision processes, which can be significant in
some situations. These have been treated from a master
equation approach also. However collisional broadening
generally results in a Lorentzian line-shape of a similar
type to that of this model (Louisell, 1973).

The master equation for this process is obtained as

G LR Her Hy, B+ 40 +fs[,‘>]
6 3085 5,83) 408, §87] + a0 [ 51, 8513
to1= WSl ot l8:p,5:1+085, 56210
s [ [0 601060, p 6l 3=
oA (5, 52]+ 152, p 6413

il

Y
[ | r‘)‘l )
J
I
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Here K% Hg

) are the decay rate and thermal occupation

number of mode ( A ). Similarly, ¥o is the Einstein

.. +h
A-coefficient for the atoms,N the thermal occupation

nurber of the atomic decay reservoirs, and ¥p is the
coefficient of any extra phase decay processes. The

- . . . +h
equilibrium atom inversion depends on N as follows:

Gy & = i[5

"= [ exp(hw RTY =117

The above description applies to an arbitrary group
of N distinguishable atoms. The combined Maxwell-Bloch
equations are obtained on utilising a semiclassical
decorrelation. In fact these are similar to the Heisenberg
equations of motion, with the addition of decay rates

arising from the energy dissipation into thermal reservoirs:

F<an= -ka<d> —1&n gan<ti> +E@ (3 <
S<T= —yu<tuy +2i%, T <Aad<82y (& eed

5<6T= —h[<EI>-& ]+ ag597,“<a;><v;,>-3’;ﬂ<ah><a,:>§
The above equations are the semiclassical Maxwell-
Bloch equations, which form the basis for much current
theoretical work on optical bistability, as well as
describing superradiance, atomic fluorescence and the
semiclassical behaviour of a laser. The equations have
been written in the rotating frame relative to the input

frequency @We . The definition of symbols is as follows:



Ka = Ka + i(wWa-w;)

<
\

YP* Yo(r{"‘ + ) 4 .\(QH-U,')
¥nu = Yo (1 -l’J.nM)

These equations clearly reduce to the Einstein rate
equations when there is no longitudinal coherent field
(i.e. <€7\)= O ). However in much of the following work
it will be useful to work with a single coherent field
mode, thus neglecting spatial fluctuations. This
approximation is related to the spatial mean field theory
approximations used in statistical mechanics. The validity
of the single-mode method is investigated by Meystre
(1978) using a numerical method. In his work it was found
that the single-mode method is valid for low mirror
transmission and low absorption, when used to study coptical
bistability. A similar resultwas also obtained by
Bonifacio & Lugiato (1978).

A particularly simple equation results when the
single-mode is a travelling wave, so that all the coupling

parameters are equal. Here it is useful to set:
g = 9 /IV
In this case one obtains:
$ (B> = —K<a7-i2,4§<0';7 JEw (8 <)
3 KEDT  S¥w<Ony 421 3% <8r<GL (8 <)

2 <= ANTE>-d, 1+ 1T3<AEL -FRETLT
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In the above equations, the atomic operators have
been redefined by a phase factor to remove the spatial
phase-dependence of the travelling-wave mode function. In
this case, the only difference between different atoms
arises from inhomogeneous broadening. This can be
described by an inhomogeneous atomic frequency distribution.
One of the most common types of inhomogeneous broadening
is the Gaussian line-shape (either due to Doppler
broadening, or in the solid-state, due to inhomogeneity in
the medium). Here the equations can be written in terms of
a line-shape function, and we will treat this case in
section 5.4. We will suppose that there are N atoms
distributed over an active volume \% , with density Pe .
In cases where the active volume is different from the mode
guantisation volume, it will be useful to define an

effective atomic density by setting:

p = S lute) 1
= pof lut P

We note that this coincides with the usual definition of
the density in the case that the active volume is the same
as the total volume. The integration relative to VZ means
integration over the active volume Vo , which is less
than or equal to the total interferometer volume V,. The
effective density of atoms (P) is less than or equal to

the actual density (Fp within the active volume.
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5.3 DISPERSIVE BISTABILITY IN A HIGH-Q INTERFEROMETER

(a) Adiabatic elimination of atomic variables

In the case of a high-Q cavity, the atomic variables
can be adiabatically eliminated provided PUPE I ST
that is, provided the atomic variables relax on a much
faster time-scale than the interferometer modes. Thus we
will analyse the problem of a high-Q interferometer with
an external coherent driving field, and an internal
medium of two-level atoms, with the atoms decaying
independently by spontaneous emission. We suppose that
the atoms are driven off resonance, so that dispersive
nonlinearity dominates over absorptive nonlinearity. It
is in this case that optical bistability has been most
easily observed (Gibbs et al, 1976).

Effects that can be significant due to spatial
propagation (Saunders et al 1976, McGillivray & Feld 1976,
Saunders & Bullough 1977) and self-focussing (Marburger &
Felber 1978) are neglected. We expect that ignoring
spatial propagation is a good approximation in the

present situation for these reasons:

(i) In a high-Q interferometer, the nonresonant modes
are damped rapidly: we suppose that mode spacings

exceed the nonlinear frequency shifts.

(ii) The spatial mean field approach has been shown to
be valid for low transmission and absorption.
(iii) In dispersive operation, the atomic absorption is

indeed low.
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(iv) In a solid state medium, the mode structure can

be included directly in the state eguation.

(v) In a Doppler broadened medium, atomic velocity can
be included by direct integration. This is shown

in detail in section 5.4.

The model treated here is similar in its treatment
of atomic variables to that of McCall (1974): however,
by utilising single mode approximations it is possible
to obtain state equations which enable a direct
calculation of the bistable region. The state equation
for a travelling wave on resonance is identical to that
of Bonifacio & Lugiato (1976). Here we generalise these
results to dispersive bistability, and include the
effects of the standing wave mode functions. While most
experiments take place in a standing wave interferometer,
we emphasise also the results for a travelling wave (ring
cavity). These give the simplest equations, and the
critical region can be obtained in detail.

We also give a derivation of the equivalent
anharmonicity parameter in the limit of large atomic
detuning (dispersive limit), for comparison with the
results of Chapter 3.

From section 5.2, the general result for the steady-
state of the atomic variables is (in the case of no

Doppler broadening) :

JH = <6':4>=[Q-.‘§MO‘M O(ll\b/u
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du = KTZY = 4°/Nu

Where:

x = <a>

Muw = [0+ 2\gua™Dva « ¥ 1 /4" ]

Hence the result for the field wvariables is as
follows, when the atomic variables have been adiabatically
eliminated:

° 2

| gul
S “
Mo = ke 4+ BN 4 lqégM e

This result can include both inhomogeneous broadening

and an arbitrary mode function. As we shall treat

inhomogeneous broadening in section 5.4, the following

results will assume homogeneous broadening only. 1In

this case, one obtains, for a mode function m(gL the
. . - *

following equation (where 3M = 3\1 (¥m)) :

fu1* J
ﬁo( = ko +E() 4 lord°(polgl/x)g [ r;w)

Il

[ [ s 4|3ql7'|u(£)l°')(‘l'/[¥uIXl‘]]

It is useful to analyse the equations resulting with
reduced variables, defined in terms of the threshold

photon number ( Neg ), as follows:



A
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Vo= [Vepasp]
C = [—lgl‘po\o/(w‘b’ﬂ]
ne = [ man/(mgl‘)]

Eo/(x'dne] o+ X = «/0m,

oC
"

¥ = Y = ¥4i8) = ¥ 4 i (w,-wy)
K = K0U+id) = K+ i(w,-w)

Here (W, ) is the atomic frequency, ( wW,) the
interferometer frequency, Eo is the driving amplitude
for a coherent driving field without fluctuations, \/ is
the effective volume, and P the effective atomic density.

The expression for the steady-state values of ( X )

is as follows:

| (LH-:.(_P_&) dg,f =
hjl"—:.. V) Gei ) +1C‘[l-38]s/ [Iu-‘t- 5"-&\7[\4\({)\10@'}’

This is the general expression for the state
equation of the field amplitude, given an arbitrary mode

function U(YL) , which is normalised so that:

ey =1 5 Oy lue P ()Y =



202

It can be seen that the stability properties largely
depend on €, A, 8§ . J - These four parameters are
the system cooperativity (C), the interferometer
detuning (‘A), the atomic detuning (5), and the input
field (Y). 1In section 5.4 we will introduce a fifth
parameter, the inhomogeneous broadening (U°). In the
remainder of the present section, we determine the

stability properties of the high-Q interferometer, for

various mode functions.

(b) Stability properties of the deterministic equations

We now analyse the stability properties of the
deterministic equations after adiabatic elimination of
the atomic variables. It is possible to use the analysis

of section 3.1, relative to a general "state function"

+):

QA | = Eo - 0(¥(VW)

q* EX - o*$(n)

Here the "state function" can be defined to include

both a mode function and inhomogeneous broadening, by
including a different coupling (3H) for each atom, as
well as a different atomic detuning (¥n ). The state

function (from 5.3a) is:
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_ “}MP“XJ
fon = K — 2d°M2[lYMI"+4n(3MI1XJ./Yu]

As demonstrated in section 3.1, the Hurwitz

criterion for stable eigenvalues is obtained to be:

Q&
(2) LR L[FA) + n3h]) > o
25 N
(B) LIV + nlf* M 3n + £ 3n 1 >0

The first criterion for stability usually corresponds
to the onset of a hard mode. Stability occurs in this

case provided:

. [ gl (¥nl™ Yo ]
K'—-2d é Ciypy*+4nlgui*¥L /¥, ) > O
M

Now for optical bistability, the atoms are not
inverted and d’< © at all (positive) temperatures.
Hence there is no hard-mode instability in optical
bistability, in the high-Q limit. It is worth pointing
out that instabilities can occur in the full coupled
atom field system. This is shown by an analysis of the
full coupled equations including spatial fluctuations,
by Bonifacio & Lugiato (1978).

In the case of d’°> o , there is a totally different
type of stability property. This is the situation that

evolves when the atoms are optically pumped (i.e. the
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atomic reservoirs are at negative absolute temperatures).
In this case, the present set of equations is identical
to the simplest model of a laser with an injected
external signal (Haken, 1970,1977). Clearly there can be
a violation of the Hurwitz criterion for positive ol :
this is just the situation of laser oscillation. 1In
section 3.3 this was treated with the use of a gain
coefficient: i.e. ( Kl<oO ). In the present situation

we see that oscillation can occur at threshold for:
(_ 2
Kery= K’ —1d°§, lgul™¥u/I¥ul* < ©

Here K€ is the effective cavity decay rate (which is
negative for laser action). If the input frequency is
different from the natural laser frequency, then as shown
in section 3.3, a hard-mode instability can occur due to
free oscillations that are not entrained to the injected
signal. Thus we have shown that the stability properties
of optical bistability are different from those of the
single-mode laser. For optical bistability, the first
Hurwitz criterion is always stable. In this respect

our results differ from those of Gilmore & Narducci (1978),
who suggested that additional terms had to be added to

the Hamiltonian to obtain phase stability in this problem.
However, the results from the Hurwitz criterion demonstrate
that this is not necessary, as the optical bistability
equations already have local stability relative to phase
drift, in the adiabatic limit of a high-Q interferometer.

We next turn to the second criterion. As shown in

section 3.1, the unstable regions 1in this case are
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determined by the turning-points of the state equation.
These are therefore determined in detail (for a

travelling wave mode) in the following calculation.

(c) Bistability with a travelling wave mode

The simplest treatment of stability properties is
obtained in the case of a travelling wave or ring cavity,
4
v

with tul*=~ . The steady state equation is obtained to

be in this case:

\Lj\ = xllt+in +1C[\—€s]/[\+s"+\x\’~]x
This state ;quation was obtained by Hassan, Drummond &
Walls (1978) and by Bonifacio & Lugiato (1978).

Now the simplest possible situation is obtained for
§=A=0 where purely absorptive bistability can occur
for C‘>4- (Bonifacio & Lugiato, 1976). The state

equation in this case is:

Yy = X[l + l?;lif"]

This is shown in fig 5.3.1. 1In fact for homogeneous
broadening the value C=4 is a crucial one: no bistability
occurs for G <4 even including detuning. Of more interest

is the region of bistability as a function of ( 5,7\) for
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()74- . We note that on resonance, the lower threshold
is at laft =N, for ¢>>4: so N, is indeed the
threshold photon number.

In order to find the limits under which bistability
may be observed we find the turning points of the state
equation, and hence the equation for a point of inflexion.
In the case of a ring cavity this defines a boundary of

bistability given by:

|

(QZ’I—)C(HS")(HH’J = ($§H+ c—-1)P can

It is possible to discuss the ring cavity problem in some
detail as it is analytically tractable relative to the
standing wave problem, which we shall return to later. We
therefore calculate the region of bistability in the

following cases, for a ring cavity:

(i) &=A=o0 . In this case we obtain absorptive
bistability for ¢>4 for a certain range of driving
field. This result was first obtained by Bonifacio

& Lugiato (1976); see fig 5.3.1.

(ii) A=0, §+0O . In this case the atoms are detuned
and the cavity response is less cooperative. For

. o 2 218* .
¢>>| bistability occurs for > 7  (fig 5.3.2).

(1ii) §=o0, AN *o0 . In this case the cavity is detuned
relative to the driving field but the atoms are on
resonance. The transmitted field X is reduced

relative to case (ii) by the detuning of the cavity,
27N

——

ic3
and bistability occurs for < > g
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(iv) A% €O . 1In this case both the atoms and the
cavity are detuned in opposite directions. For
C,Ial, 181 >>| one finds that bistability occurs
for ¢>4182] . 1In this case a large driving field

is regquired to reach the critical point, with:
ro= (2 2 2 _ 3& 2z
go = (Te) >, Xe= Fls/al

(v) NSO . In this case, the atoms and cavity are
detuned in the same direction. One finds that
bistability occurs for C>% 1$A] ; thus lower
values of <€ than in case (iv) are needed, for the
same value of 1S . In this situation the input
field at threshold for a given value of ( is lower
than in the previous examples. Overall, the minimum

critical driving field occurs with: (Fig 5.3.3)

S$=7 = J:L?E\-J3/2C]

Yelmin) = (647312073
Ko (min) = 4 J2¢/3

The overall region of bistability for a given value
of ¢ as a function of ( &,”n) can be obtained on solving
equation (5.3c.A) numerically. However in the limit of
large € , the region is given almost entirely by the
cases (iv) and (v). This is shown in a sketch of the

bistability region in fig 5.3.4.
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(d) Bistability with a standing wave mode

In the following, we will suppose that the mode
function corresponds to the simplest standing wave case,

with:

E :
U= Jdvr - sin kv

In this case the state equation is as follows:

\ _ AN G d-dd /am
|3l = WXV G+ i) +4C[\—“S]gox+sl«—2#m1¢

Here the volume integral has been replaced by an integral
over the standing wave phase. The integrations can be

calculated to give the following final result:

2.C [n-‘.sl[ ! :H
lyl = Ix1TC+in) + [ 1% N PRI T

It can be shown readily that the above result gives
very similar behaviour to the travelling wave case for
resonant atoms and interferometer. 1In this case, the
equation reduces to:

<

y1 = 174\[( + ncCl’-{I —-J’Tfi‘f{ﬁ‘”

A similar equation is obtained for the single-mode laser
with a standing wave mode by Haken (1970), without an
external input field, and with the opposite atomic
inversion.

A similar type of threshold behaviour and
bistability occurs as in the travelling wave case of
optical bistability. In addition, the limiting behaviour

at both very large and very small driving fields, is
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identical to the case discussed previously. The
threshold behaviour is also similar on resonance. The
chief difference between the different field modes
occurs for dispersive optical bistability. In this

case, an approximate treatment is available even for a
general field mode, so this will be discussed in relation

to the case of an arbitrary mode function.

(e) The dispersive limit: general field modes

In the case of large atomic detuning, the dispersive
effects dominate over absorptive effects. In this case,
dispersive optical bistability can occur through a change
in the refractive index of the medium due to nonlinear
polarisability. This provides an exact, microscopic
derivation for the anharmonicity parameter of the model
described in section 3.5. We expand the state equation
as an asymptotic series in 14/5lz where &8 is

proportional to the atomic detuning:

S = Eo- Ko a - 2%alsl* + O %5)

where:

P qui™ 2ck’
K¢ = K—ldoéM%: = K +(|+:s)

lgnityy 1: =

X.e —I‘“ho‘ MB’MXHWM}l: X(S)I“
3 CKlsl.
I E[%]\glu(r)l"dgf ;0 X(S)E foCiss™
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All the deterministic results on bistability from

Chapter 3 can be now utilised with the above parameters

LU%’?K%Jdescribing the effective decay rate and
anharmonicity. The effects of different transverse and
longitudinal field modes in the active region are all
described by the guartic mode integral I“. This integral
was also obtained in the calculation in Chapter 3 of the
anharmonicity parameter. We note that the above
expansion is only used provided: \dfﬁ[n,(u&ﬂ]<<\. In this
limit, from Chapter 3, the boundary of bistability is

obtained by:
(XA=28C/C148*N* = 3 (1 4 2¢/Ci+8N)7

For large >\8,C this reduces to:

< = 2152 , §a>o0

Thus in the dispersive limit, the same boundary of
bistability is found for a general field mode and active
region as for the travelling wave case (with the
cooperativity parameter defined appropriately).

However the details of the behaviour of the system
for a given input intensity depend on the anharmonicity
parameter, which in turn is defined by the quartic

integral ,I“. In particular, one obtains:
. u
(Travelling wave): 1 = = |

-3
(Standing wave) I“* ="

Other cases can similarly be calculated, and the quartic
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integral is further modified when the active volume
(Vo) is different from the interferometer volume (Vy).
We note that the input intensity at threshold is
proportional to ( X%)”' . Thus a reduction in the
threshold input intensity of about 33% can be expected
for a standing wave mode, relative to a travelling wave
mode.

The main point of this section, is therefore that in
the dispersive limit one recovers the straightforward
theory of Chapter 3. 1In fact we will show later that
this similarity can also be extended to include gquantum

fluctuations.
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5.4 INHOMOGENEOUS BROADENING IN A HIGH-Q INTERFEROMETER

(a) State equations

In the case of inhomogeneous broadening, there is a
distribution over the transition freguencies of the
individual atoms, which we write as N(w). This can be
either due to Doppler broadening (where the frequency
shift is from a velocity distribution)or due to spatial
hetercgeneity in a solid-state medium . The actual
frequency distribution depends closely on the details of
the medium involved: however a generally applicable
distribution is the Gaussian distribution. This is

certainly applicable for Doppler broadening, where one

obtains:
W ~Wo
NG = N Ao iE - ene L2 (352)']
UT¥, = Imer -wWo
Here N = IN(w) dw is the total number of atoms,

W, is the central frequency of the inhomogeneously
broadened atoms, and ¢ 1is the relative width parameter,
defined to be dimensionless. The same distribution can
also be used for some cases of a solid-state medium
(with a redefinition of g).

If both inhomogeneous broadening and a standing wave
mode function are included, one can obtain a set of
Maxwell-Bloch equations, to involve integration over
space and frequency simultaneously. This means that the

atoms are assumed to be fixed during an interaction

lifetime. However for the case of large velocity
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components in the propagation direction of the field,
this assumption would not be valid. In these cases of
large Doppler broadening, an alternative treatment is
necessary where one assumes that the atomic velocity is
constant (i.e. there are no collisions) on a time-scale
long relative to the atomic decay rate. This case will
be treated in section 5.4(d). Apart from this, the
results from a fixed-atom approximation are applicable to
the solid-state case, and to the Doppler broadened case
with a travelling wave.

The "fixed-atom" approximation results in the

following Maxwell-Bloch equations:
Q ‘- 1= .
ﬁj(f_)w)‘-‘- ~¥(wW) [ U, w) + 2197« dlg w) ulx) (& ce)

ga; dir,w= -¥uldiw)-d°] + ifgof‘ jzg,uﬂu‘(ﬂ -]

¥l

1o = KA —ig({N(w) u"(‘f)j-(;’)w) o‘:o'w Cd4 c.c.)

With adiabatic elimination of the atomic variables
one then obtains:
fgw = Lighad(r,w) ot /¥ (w)
d (Zw) = 4°/ Mg w)
Where:

nluld*Vv
H(;,w)—‘- L1« noc‘»f;*—)] (nz qa*)

F(w) = ¥YiL + ilw-w;) = ¥ (14i§)



Hence the final state equation after adiabatic

elimination of the atomic variables is:
2 3
Nw) Twi£))” & dw

-ko + ECH) +ucr\3\*£3 ¥ (W) ML w)
o

Sl
2
i

The state equation with reduced variables is then

obtained on defining a new inhomogeneous broadening

function S(S):—

gsfj(s-s.)(u-is) luM5) e o' % I
Iyl = X1} L+i2 + 2C Ui+ 8% 4 Ixun iV

§($-8)= %’ N3 +w)

For the case of Gaussian broadening treated in this

chapter, the distribution function is given by:

) S-So 2]
5(3-3,)7- J').'n v? - %P[’/Q-(T) |

So = (wWy-wi)/l¥L

A similar state equation was obtained by Bonifacio
& Lugiato (1978), although these authors neglect the mode
function, and calculate the state equation only for
Lorentzian broadening. In the remainder of this section
we treat the case of Gaussian inhomogeneous broadening.
This is applicable for Doppler broadening, and holds for

some other types of inhomogeneous broadening as well.
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(b) Travelling wave case

In the case of a travelling wave, the equation for

the steady state is:

kS

LC cR
lyi* = lxl"[(l wramr UaCug 1) s (- FSVa(u m]

Here the integrals in frequency are specifically obtained

in terms of Voigt functions (Sandle 1978, Reichel 1968):

2 duUu

{ AV a4
Uo (u?4) =J4m+ S 94\0( —‘_"(“ T 1au

®

o0

I eur* udu
Vo (4°4) =Jgqm+ Swp( $>'l+m"'

where we have made the following variable change:

w = s/J1ix*
11 T o/ (1)

W = S/

The state equation above is easily evaluated by
numerical integration of the Voigt functions. An
approximate result, valid for large v-%,can be found on
utilising the asymptotic expansion described by Reichel

(1968). This leads to the following critical point:

C = u*/2

Il

e
o 2
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This is the critical point in the large v 1limit,
for zero detuning of the atoms and interferometer
(A= 8°=0) . It should be noted that a much larger

cooperativity parameter is required now, since with
homogeneous broadening bistable behaviour was obtained
with C%4.

This implies that for the absorptive case, a much
greater cooperativity parameter is required to observe
optical bistability with inhomogeneous broadening,
relative to the homogeneous broadening situation. This
prediction is verified by numerical results (fig 5.4.1).
In this figure, we graph the critical case with large
inhomogeneous broadening, on resonance. This is compared
with the homogeneous case, and the dispersive bistability
case. It can be clearly seen that dispersive operation
allows observation of bistability even when this would
not be observable in the absorptive case. This theoretical
result also agrees in general with the experiments of
Gibbs et al (1976), Venkatesan (1977).

Further numerical investigations were made of the
effect of varying € with fixed detuning parameters (fig
5.4.2). The largest value of C was chosen to correspond
to the absorptive critical point, where there was no
bistability. By including a detuning of the atoms and
interferometer of a similar order of magnitude to the
inhomogeneous broadening, bistability was regained (in
experiments of course, the laser and interferometer
would have to be detuned). The effect of varying C , the

cooperativity parameter, was then investigated. It was

found that with decreasing values of C, the threshold
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input field intensity steadily decreased, although
bistability was retained. Finally a new critical point
was reached at lower values of (¢ and Yc¢ than with the
resonance case. This demonstrates clearly that
dispersive operation in the inhomogeneous broadening
case has advantages in requiring both a lower atomic
density and a lower input amplitude at threshold, to

observe bistable behaviour.

(c) The dispersive limit: solid-state case

The previous results give a general picture of the
influence of inhomogeneous broadening on the state
equation for optical bistability. However these results
all apply to the case of a travelling wave mode. In many
experiments, the use of a Fabry-Perot interferometer
results in a standing wave mode. We therefore wish to
investigate the effects of different interferometer
geometries: in the simplest case, we treat a solid-state
medium so that the fixed-atom approximation is applicable.
In the case of a mode function of ,S'l'n5~f , one obtains
the following state equation:

iyl = x| \ (Laid)  + %{%’-SY\"'.ll+7.l11‘/(n3*)]5(3~3,‘)(;-.;‘g)o{g“
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In general this type of integral can only be
evaluated numerically. We therefore, turn to the case
of the dispersive limit for a general mode function. In
this case the nonlinear polarisability equation of

Chapter 3 is recovered:

3
o = B - KX - 2 g )™

Here the linear term is given by:

G(5-§.)dS
K¢ = A +'J.Cl<'§|+'|g

This term is in fact the same for any mode function,
whether standing or travelling wave, provided the overall
volume of the cavity is fixed. The reason for this is the
overall normalisation of the mode function, which means
that the linear term only depends on the effective atomic
density. The physical effect of the atomic density is to
alter the (complex) refractive index of the intra-cavity
medium, in the linear limit. The integrals over the
inhomogeneous broadening can be expressed in terms of
Voigt functions, as before.

The nonlinear term is obtained to be:
e = 1000550 X(D-A8 ;X9 = G
where 2X.(§) is defined as in section 5.3. Here the effect
of the different mode functions factorises out of the
equations, while the integral over the inhomogeneous
broadening is related to the Voigt functions utilised

previously. These integrals are best evaluated either
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numerically or with the use of tables, for a given
detuning ( §,) and inhomogeneous line-width (©°). Finally
it is worthy of note, that in the dispersive limit
obtained above the theory of optical bistability has a
strong resemblance to the theory of a single-mode laser.
The chief differences arise in the sign of d’® (which is
positive for a laser, negative for optical bistability)
and in the external injected signal E (+). These
equations can therefore be regarded as a microscopic basis
for the theory of Chapter 3, where the laser and the

dispersive absorber were treated on a unified basis.

(d) The dispersive limit: Doppler broadened case

We now wish to analyse the effects of different mode
functions in the case of a standing wave and large Doppler
broadening. This case is interesting simply because it
was in a situation of this type that optical bistability
was first observed (Gibbs et al 1976, Venkatesan 1977).
Further experiments are also taking place (Sandle, 1978)
showing that this is a realistic situation to investigate.

In fact laser action on a steady-state basis was
first observed in this type of situation, and the theory
for the laser case was discussed by Haken & Sauermann

(1963), Lamb (1964) . In the dispersive limit, an approach
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can be used that is similar to the laser theory, with
the changes mentioned previously.

We suppose that the mode function is a standing
wave, described by an overall envelope function (that
could represent a Gaussian quasi-mode in a spherical

Fabry-Perot interferometer):

U= A« 7 (os k- x)

The normalisation is chosen so that to a good approxima-

tion (with a "slowly varying envelope") one has:

\,glﬁq,)(1 e =

Here the notation IV{ means integration over the
volume of the interferometer, which can be different
from the volume of active atoms. In order to describe
Doppler broadening, each atom is treated on an individual
basis with a fixed velocity (that is, the velocity is
changed by collisions on a time-scale much longer than the
free decay time). This imposes a limitation on the atomic
density that can be described by this theory. We also
assume a fixed orientation of the atomic dipole moments
relative to the vector of polarisation of the light mode,
for simplicity.

In this case, the interaction parameter g,k for the

M'th atom at position Ih , and velocity Vu has the

form (Haken, 1970):
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Iu = -IG(,(MB-%"[e(ﬂ + e* ()]

Hhl

Q)= exp ik (e 4 yut))

The equations for the atomic polarisation and inversion

from section 5.2 become:

D’t*x]ju = -l gxdy Ulgw) Cet) + e*(4)])

D4e0)dy™  Fudo + (1%.-') [ (£M7[]Md*+j:o\][€(ﬂ + ¥ ()]

We assume that the envelope function is slowly varying
so that the time dependence of Tﬂ:;}due to the atomic
velocity can be neglected (this is not always the case
in practical experiments - see Venkatesan (1977)). In the
dispersive limit, the above equations can be solved
iteratively as the steady-state inversion remains close
to its thermal value. Therefore the first approximation

to the time dependent polarisation of the atoms is:

N o — e ) e* (+)
J,‘,'(ﬂ— SNENCE X U(Ipﬂ[x“nsm * x-'.nsn]

o= ALK Um 5 e = erplikM 4 iNSu )

Here KESH represents the Doppler frequency shift,
and it is significant that there are Doppler shifts both
to positive and negative frequencies relative to the
original atomic transition frequency. Similarly, a first
order correction to the atomic inversion can be

calculated:
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G) — [ 0( e(+)1—
dy W)= VW) ga | d” L ivs Il #2090 8m)

1
NEFTENS YT (SM—»-—S,“)] + C.cC

There are a total of eight terms in this expression,
which is abbreviated with the use of the symmetry in
( S > — Su ) and ( ¥ = ¥* ).

Finally, this first order correction in dm is
used to generate a second order correction in jM . In
the following expression, rapidly varying components

that disappear on phase averaging, are omitted:

eCt) {
J(:R(‘l): E 33°(I°”2’a(,":,4)’3 do [X+iXLSH i&-#iY.LSM.)(XH -62-'3’,1_8;4) +

2

BT AT N 2 *(7{49)’*73 + (gye —Su)}

These expressions for the polarisation are then used to
generate an equation for the field amplitude (o). We
note that the assumption that the field amplitude varies
slowly relative to the atomic decay time corresponds to
the high-Q assumption that has been used before, to
adiabatically eliminate the atomic variables. The final

expression, for the field amplitude, is:

s o = —Wiof + EW) - 2ol

Here the equivalent linear and nonlinear polarisability
terms ( K%, ¢ ) are obtained by summing up the
individual induced polarisations of atoms, and noting

that any rapid time variation will disappear on averaging
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over the relative phases of a large number of active

. . . )
atoms. The linear term is obtained from },A. Due to
the symmetry of the Maxwell-Boltzmann distribution (under

VM —> —Vu) this is the same as that obtained previously:

G(§-5.) A
KO — K+ 1c\<'g 1 6

{ _gt')
5(3) = [aner  eyp ( 202
The nonlinear term is obtained from }g?, and this

is as follows:*

. § |
x@ = 31, 4] A"é (a0l Exumm [(mamm(xnﬂimrﬂ
M

2Ys
+ Y (¥24¥1(5m Sy ¥ —n’*):} + (Sps -SM)S

o [ e ITvecge)ds [ -
:‘Im[ 3 N, _-)S{ I +i(8eg,) (Hi(bd.))(um) + (v 4(8480)") +

+'(s,—>—s°)] + (s —»-87§

It is interesting to notice that the first term in the

integrand is due to the time-dependent response of the
atoms, and the second term is due to the same type of
inhomogeneous broadening as obtained previously. However
the terms with the opposite sign in (So) are new terms
that originate from the interaction of the standing wave
with the atoms at a finite velocity. These give a

different behaviour to the terms in a fixed-atom

* We assume in these equations that ¥w =241, and

include only dispersive nonlinearity which dominates

in the dispersive case.



approximation, and give rise to the "Lamb dip" tuning
response in the case of a single-mode laser.

Once again, the significant point of this development
is that in the dispersive limit the equations for optical
bistability with Doppler broadening and standing wave
modes, reduce to the nonlinear equations treated already
in Chapter 3. This gives a microscopic basis for the
Hamiltonian treatment given in that chapter. The value
of the nonlinear polarisability term ’X“’depends on the
degree of atomic detuning, and can be found numerically
from the above integral expression, which holds for large
values of detuning and all values of the inhomogeneous
line-width (provided the expansion parameter is not too

large) .
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5.5 QUANTUM FLUCTUATIONS IN A HIGH-Q INTERFEROMETER

(a) Introduction

In this section, the problem of quantum fluctuations
in optical bistability is treated. The significance of
the quantum fluctuations in this problem, as mentioned
earlier, is that these fluctuations provide a limitation
to the operational possibilities of a nonlinear device
based on optical bistability. The fluctuations will cause
phase and amplitude fluctuations in the device output, and
also can result in spontaneous switching between the
locally stable branches of the state equation.

Earlier treatments of this problem have been given
by Bonifacio, Gronchi & Lugiato (1978), and by Willis
(1977,1978), Willis & Day (1978). These authors have
derived Fokker-Planck equations describing the quantum
fluctuations, in the Glauber-Sudarshan P-representation.
Their methods involve the adiabatic elimination of the
atomic variables from the master equation itself (Lugiato,
1975 , and Picard & Willis, 1978). However while these
authors haye mainly been interested in the absorptive
case, their results are somewhat different (despite
starting from similar Hamiltonians). In the present
treatment, we will instead use a c-number representation
of the complete interacting atom-field system, before
adiabatically eliminating the atoms. This method is well
known, and has been used in the case of the single-mcde
laser. The results obtained for optical bistability

differ from the single-mode laser, due to the absence ot

any optical pumping in the present problem.
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The advantage of using the full Fokker-Planck
equations, is that it is simpler to determine the type
of approximations that have been used. The method also
has limitations, as it is necessary to truncate a
differential equation of infinite order to obtain results.
This truncation may not be accurate for a high intensity
laser, as pointed out by Mandel (1974); However,
truncations or other approximations have also been used
in previous work on optical bistability. The truncation
should be a good approximation in the dispersive limit,
where the distribution of atomic variables is relatively
well-behaved.

We are therefore mainly interested in the dispersive
limit of this problem, in order to obtain a microscopic
justification for the results obtained using a nonlinear
(quartic) Hamiltonian in Chapter 3. Some degree of
comparison will also be obtained with the results of
previous authors.

The Fokker-Planck equation is obtained from the
normal ordered representation of atomic and field
operators. We will use the complex P-representation of
Chapter 2, as in general the resulting Fokker-Planck
equation would not have positive-definite diffusion in
the usual ("diagonal") representation. The quantum-

classical correspondence then has the following form:

L2 Q 2
gP(‘,’Q X( /},fﬂd o, d oy Aoty duig d L5
P

==T}'[(3 5Z( a)‘]
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We have written the equations in this way in order to
make it clear, that (J+, J) are not complex-conjugate,
while D can be complex and ( d+‘,4 ) are not complex-
conjugate. Thus the distribution is defined on €
(not "\5 as usually defined).

The derivation of the Fokker-Planck equation
proceeds exactly as in the case of a single-mode laser.
However we have explicitly used the complex P-representa-
tion, as this provides a better foundation for equations
that can result in "complex noise" processes.

The result for the single-mode laser can be referred
to in the work of several researchers including Haken,
Risken & Weidlich (1967), Gordon (1967), Lax (1968),
Haken (1970), Louisell (1973). These authors treat two
and three level systems with optical pumping; while for
optical bistability the underlying Fokker-Planck
equations can be simplified by treating two-level systems
without optical pumping.

Here we follow the notation of Haken (1970). The
result for a single running mode, homogeneously broadened

line, without extra phase-destroying processes ( X; = O )

and with the atomic reservoirs at zero temperature is:
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=)
t ! (‘ﬂ—‘ §X_L[N(e —\)+33'I+ 31*3 ...2(2 ]

“"3{[ Q_;D'f- 3%5-1‘3'- + 13;‘3--[)]0( -
-3 2
"’[.Q 90.3 - 3%}"']" + 2.3;—34 D]et +
+L- 3« +of -]3-- ('f;ﬁq-]r} +

2 2 3

+K [57:{'0'{ + 3Ig+cat 4 2040 S';S',,-r]BP(ﬁ)
This equation is essentially the Fokker-Planck equation
of a laser without optical pumping. It is easily
verified, that while the above equations omit detuning
and an external driving field, the inclusion of these
factors only alters the first order differential terms
in the above equations. Hence the final Fokker-Planck

equation after truncation is as follows:

2 2 3 2 3
‘a—‘\' P(:S): { [ Xé:’.]- +X* )‘3" ’3+ - 2;'5 (AI.Dq -AI?-Dq.r)

aq*Eﬁ]

A
+lg( 372 Jo
‘*[ Xué%)([)4%%) + ;gifé(]fd -SZX4) +

Even though the diffusion array in this problem is
not positive-definite, we recognise from the results of
Chapter 2 that it is possible to define an equivalent
Fokker-Planck equation with positive-semidefinite
diffusion. Hence a stochastic differential equation can

be then defined with complex noise terms. This ig on a
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rigorous basis, as long as it is recognised that (J7 J%)
+
and («,a") are not complex-conjugate while D also has

values that can be complex. The resulting equations are

as follows:

Y

7= YT 429D 4T

530 = T -2 Dot + Tye
HD = D NI - iTCTH Tu) 4 D
FoA = —wel —i3T 4 Ty

o — T *
ot T -Keat £i3] 4+ Tqg

In the absence of the stochastic terms, these
equations simply reproduce the semiclassical results of
section 5.2. The present set of equations includes
stochastic terms, and in addition is defined on a larger
dimensional space than the semiclassical equations. The
relationship between the classical phase-space and the
complex phase-space that includes quantum fluctuations,
has already been discussed in Chapters 2 and 3. Finally,
it is worth pointing out that the only approximation in
these equations is the truncation of the higher order
derivatives in ( 3/3D). While in the present thesis, we
will be interested in the adiabatic limit of a high-0Q
cavity, it should be recognised that this set of stochastic
differential equations in five complex variables can also
be utilised to investigate situations where the atoms are
not adiabatically eliminated. The non-zero correlations

for the stochastic terms, are as follows:



236

GWOT;EN= 21T $C-+)
TR TpUD= =253 Tt §CG-49)

< (‘D(‘l') To GYd= [-ig (3% -Tt*) 4+ Y (Dawv/2) 15040

T TXUD=  2k'Nan SH-11)

Thus it is clear that while the field equations by
themselves have the usual character of a damped harmonic
oscillator with "classical" noise terms (Louisell, 1973),
it is the stochastic behaviour of quantum fluctuations
in the atomic variables that make it necessary to use
a complex phase-space. The physical origin of this non-
classical behaviour is related to spontaneous emission
and atomic resonance fluorescence, which are known to have
a nonclassical statistical behaviour (Carmichael & Walls,
1976; Kimble et al, 1977). The statistical behaviour in
this case is greatly different from the laser case;
where the incoherent optical pumping provides the dominant
source of fluctuations, which are similar to those from

a classical noise source (Haken, 1970).
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(b) Adiabatic elimination of the atomic variables

In the limit of YL >>K', the atoms decay on a
much faster time scale than the field variables, and can
be adiabatically eliminated. This procedure is really
an asymptotic one, that results in an asymptotic series
in ( X'/¥L ). However we shall be only interested in
the leading terms of this series. Discussion of the
adiabatic elimination method with stochastic variables
or Fokker-Planck equations is given by Gordon (1967),
Haken (1970, 1975, 1977), Louisell (1973). The
elimination technique involves setting 57 &-, b equal
to zero, and then solving for the atomic variables. The
resulting values of J*, J°, including stochastic terms,
are a function of ( o, o ) and can be used in the field
equations to give results that only involve the field
variables.

As the first step we set 3’, b equal to zero
(results for J* follow from the symmetry properties of

the equations) :

i\

7- (2ig D + T31/Y

D = -N/2 + ( ig(]—d+-3+°() + ro)/Yll

!

T 13 [ (2igpa + PP ot (213 Dot =T34) o
N2+ +§?{[-3 —L= ]

1 e ™
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Solving for the inversion (D) gives:

-

R L = r’;:]gﬂ-(‘s)

o
1l

_ o(q“‘ ot
(1(5) = [‘ + IYI"" ] L ‘*<\+S"‘7"o]

T o= s[RI (e 32 -3

These results give the adiabatic values of the atomic

variables in terms of the field variables ( 0[)#* ) and

the stochastic functions (‘13)|3+‘,‘19 ). We will use
the notation of ( agat = n ) in the following
equations.

We note that the correlation properties of the

stochastic terms, themselves depend on (g*, g , D). The

next step is to therefore approximate these correlations

with the use of the semiclassical values of (J+, J , D).
In other words, we use the zero'th order approximation
for the atomic variables to evaluate the correlation
coefficients. This is an asymptotic procedure that
depends on having relatively small stochastic fluctuations
compared to the semiclassical values. This can be
regarded as the first term in an asymptotic series in

(/N), for N atoms. With this approximation, the

correlation properties are:
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We can now write down the complete stochastic
equations, for the field variables. (We only give the

results for o, as those for o+ follow from the usual

symmetries) :

—1dN
24 = EW -k — RIGEEREY

Here the full stochastic term [ (+) is as follows:

ot i‘%‘}*
o = a-1En+ om0 - 2]

A stochastic term corresponding to gt is similarly

+
defined to be [') , where:

R‘:) = Ty ’f[y#][r}f [nﬂ(ﬂ]( 30‘[}* ‘—5'“;[\1)]

. 4
The correlation properties of ﬁbﬂa)are then

obtained from the atomic variable correlation properties:
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Using the functions defined above, the complete

Fokker-Planck equation would then be:

iP(ﬁ) = Im [ Ay\(‘;‘) + 7 dy DMV (ﬁ)J P(ﬁ) {i':' Cct,o(*]}

7.c:<‘

A, («) = K +(mi)ma) S+ - E()

_2CKk
A, () = f K* + (o .nnu)?« B
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Here AH is the usual semiclassical term involved in

optical bistability, and the other terms Dia, D2,

are defined by:

[hl(“) = Fa = [)g|(§)

~

th(i) = -dt = DT|(ﬁ+,d)

The chief difference between these results, and the
results of Willis, and of Bonifacio & Lugiato (loc. cit),
is that in our equations there are additional terms
that are diagonal in the diffusion array, while previous
authors have only obtained off-diagonal terms. We note
that these diagonal terms are present both for large
and small field amplitudes. 1In fact in the dispersive
limit, they are the dominant terms. As this is the
physical region of interest to us, it will be significant
to compare the dispersive limit results obtained here,
with results obtained earlier (in Chapter 3) using the
nonlinear polarisability model.

By comparison, the result of Willis and Day is as

follows:

0]

o 2Acex! 1x 1+ }
Du = Cvas*) L4 ste\v?

These authors have used approximations in deriving the

Dll

Fokker-Planck egquation that are valid for large photon -
number: in fact the technique of adiabatic elimination
via the master equation seems to have been first used to

treat the high intensity laser. For this reason, their
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approach may be regarded as complementary to the present
one, which holds in a different physical region
(especially in the dispersive limit). We note that
our Duv approaches a constant at saturation, which is
similar in this respect to the result of Willis & Day
(1978), Willis (1978). However the coefficient is
numerically different in the present result, which may be
due to the approximations used by Willis & Day in deriving
their Fokker-Planck equation.

We now turn to the dispersive limit of the present
result, where the atoms are not saturated, so any error
introduced by truncation of the Fokker-Planck equation

would be expected to be minimised. In this case the

leading terms in an expansion in la/$l are:
Tk A*
- o
D, = s* N, + o[l 4]
|.7_(K'0,‘ o
Dn = §® Mo M OY—\ /5'4]

Do = Doy = 2% Va4 0[\0'/314]

This can be compared with the result for the dispersive
limit obtained in section 5.3 (e) and the results of
Chapter 3. We note that in the dispersive limit, the

deterministic equations become:

EH) -Keat -~ 2XS Al

Q
I\

* +*
* E{) - wSo® —2%% o* |al?
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vhere:

_ 2¢K!
K¢ = K 3 (|+;3)
e yew!
X = $3 N,

Hence the full stochastic equations in the

dispersive (lossless) limit are:

Ve
2279 2K'Nin § 1
+ ) !

3 | % | = ,- E() - K - 2 X% ot
%
at L E*(ﬂ - Keq* ——lxg.‘"*l"( 2K"'lu, ) ‘11:0\? jz(ﬂ

2t

These are the stochastic equations that are equivalent
to the Fokker-Planck equation obtained above, in the
dispersive limit. We note that these equations are
exactly identical to the equations derived in Chapter 3
from a nonlinear polarisability model.

Thus in the dispersive limit, the problem of
dispersive optical bistability in a fluorescent atomic
system, reduces to the equations treated in Chapter 3
for the case of a nonlinear polarisability. This can be
regarded as a justification for the Hamiltonian model of
dispersive optical bistability obtained previously. Both
the nonlinear polarisability model and the present model
of a fluorescent atomic system, reduce to exactly the
same Fokker-Planck equation and stochastic differential
equation (including quantum fluctuations in the field),
once we have taken the limits of large atomic detuning

and a high-Q interferometer.
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Another limit of interest, is the case of purely
abscrptive nonlinearity. In this case, the equations

reduce to:

3%* F(i)z {3’% (X(H |+m‘7 ‘3—1

=,
+ a*‘\’[ﬁ*(l + \fl%lzﬁ \g ]

—YX*
+ no [87& [(l»f\ﬂ 3 (1 '/q.\x\q)] + (xe> x?)

N C()&I
taxoxt] 2N4n + (nm*\'*(“ﬁlxl)]]z P(*)

Here, as previously, we have defined:

C = N 3g*/(2x¥y)

X = a /Ino
Xt = X*/J o

"3 = Eo/(Krf—\-o)

We note that the relative size of the fluctuations in

the reduced variables, scales as: C/No .
Therefore this increases with an increased number of
atoms, but is decreased with large Xﬁ_(i.e. in the
adiabatic limit). We finally remark that in the limit of
large atomic saturation, the effect of atomic correlations
is small and the results obtained above reduce to the
same equation that would be obtained from the master
equation adiabatic elimination method of Mandel (1974).

This is demonstrated explicitly in Appendix D.
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(c) Correlations and spectrum

We can obtain the correlations and spectrum for
small fluctuations close to a stable branch, on following

the method of Chapter 3. Let %o be the solution to the

deterministic state equation so that:

Aul d.)qf) = o

On linearising the stochastic differential equation

obtained previously, one has:

Vo
sa | = -@ s« | 4+ Dlad|dW
ot Tl Sat £.(4)

Yo
P

Here D N E} are as defined in Chapter 3. These have

the general form:

) = -d , Ta
= Ta , -d

a )
é\ - b* , qN»
Where:
2 c K x*
4 = -D,(«.a¥) = Trrrr e J(Goi6)? 4 haloet )

_ _ t;cx‘(xw)"]
T = Dalee,atd) =ltrsmrans J( 1+ % (xxr)
2 ek’
a = K » aunne*

-a3 2z ]
b = Cla 82706 LQsig) N2

M= L+ e s )

4 . .
Here c, X ,7‘)3,n° are as in section 5.5(Db)
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The expressions for the correlation function and
spectrum then follow from the equations given in
Chapter 3. 1In particular, in the dispersive limit, one
has d==b , so the results from the nonlinear
polarisability model follow directly. Outside the
dispersive limit, the more general expression obtained

in Chapter 3 must be used:

Slwiw)=  nSw) +[4n a'A(o)]&z [Z&lﬂ S‘E‘d(qi"mﬁlul) +

+bd 1bI* 420t bR 41 iw1a)( Plai* + Relabd™)) ”

where:

A(iw\——:‘ (iw+a)liw+a¥) — Ibl™

In the absorptive case, the spectrum becomes:

. [ Ta-cl Cq+d ]
J(W‘rw;\: nSo) + 4T Lw*4Catb)* * wr+ Ca-b)*

]

cK'x* [ X1 /1 5 |
né(w) +(z1ﬂ(l+$’7 (1+x*)* (w"u(ub)" * w4 (q-b)*

The spectrum in the absorptive limit is identical
to the result of Lugiato (1979; Nuovo Cimento; preprint)
obtained from a different but essentially equivalent

calculation for the absorptive case only.
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5.6 COOPERATIVE FLUORESCENCE WITH A GAUSSIAN INPUT

(a) Introduction

In the previous sections, the emphasis has been on
the statistical properties and nonequilibrium transitions
found, with a completely coherent input. However in scme
cases (as with a multi-mode laser input) there can be
large fluctuations in the driving field. It has been
shown by Chrostowski & Krasinski (1978), that the
interaction of a Gaussian field with a saturable dye cell,
leads to large values of the normalised intensity
correlation (photon bunching) in the transmitted field.
It is therefore of interest to calculate the response of
the high-Q interferometer with a cooperative fluorescent
medium, and Gaussian fluctuations in the input field.

We therefore analyse a model in which the input
field is a mixture of a resonant coherent part, with a
part having "thermal" (delta-correlated) statistics
relative to the interferometer response time. It is still
possible for the input to be reasonably monochromatic,
even with a band width greater than the interferometer
bandwidth; so a single-mode calculation is reasonable
provided the interferometer resonances are sufficiently
broadly spaced relative to the input bandwidth. In the
1imit of completely Gaussian input statistics, this can
represent a model of a multi-mode laser input to the non-
linear interferometer.

We assume that because of the large fluctuations in

the input field, the effect of quantum fluctuations (due
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to the nonlinear medium) is negligible. Thus the
analysis is rather similar to that of sections 3.2 and
4.2 for the case of a large thermal background. The
case of a combination of ccherent and thermal photon
statistics is presented here, to give a comparison with
the potential solutions obtained earlier. 1In fact, as
far as we know, this may be the only case in which a true
potential is available in absorptive bistability {the
case of dispersive bistability has already been treated
in sections 3.2, 3.5). The reason for this, is that the
quantum fluctuations derived earlier (either in our
approximation, or in the approximations of Bonifacio &
Lugiato (1978), Willis (1978» do not readily allow the
use of potential solutions. It is possible that some
exact solution will be found: in the meantime the case
of dominant Gaussian fluctuations in the input provides
a useful first step towards the study of the distribution
function in absorptive bistability.

The main point of interest in this section, is
therefore the response of the nonlinear system to a

fluctuation in the input field where:

E@) = E, 4 E, D
CEMEXUA> = [8G-1)

<EM E, U)> = o

In general with this type of input, a distribution is

obtainable even including arbitrary mode-structures and
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(solid-state) inhomogeneous broadening: provided the
broadening is symmetric relative to the input frequency.
However the simplest case will prove to be for a
travelling wave, without inhomogeneous broadening. We
give a detailed treatment of this case for E.=© , and
derive asymptotic correlation functions to all orders,
showing the existence of enhanced photon bunching.

We also show that the threshold for enhancement
depends on the order of the correlation function: this
suggests that the device is a correlation filter that can
change the photon statistics by enhancing the n'th order
correlations relative to lower order correlations. This
could have possible applications in multi-photon
spectroscopy, where enhanced higher order correlation
functions would augment higher order multi-photon

processes relative to lower order ones.

(b) Distribution function

In the case where both mode structure and symmetric
inhomogeneous broadening are present, one obtains after
adiabatic elimination of atomic variables:

¥o lgM”t
j};o( = Eo KA +1o<cloé,|x.«|‘ﬂ,. + E.
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This can be regarded as an Ito stochastic differential
equation, with E, as the random function. It therefore

corresponds to the following Fokker-Planck equations for

the Glauber-Sudarshan P-function:

> 2 Yol gml®
51 Pla)= [ S« (ka —E,_deoﬁé,m )

1) él
"'iréqéq* + cc] Pl«)

Following the standard potential methods of section

3.2, one can integrate to obtain:

. d° 41941 Y1
P(gg): %P£}1"—(-Kl4lz'+5,o(*+5.°r+ %éh(\hf’-& 3;! )ﬂ
M

The above equation is the general expression for the
distribution function in purely absorptive optical
bistability, and can include both the field mode structure
and symmetric inhomogeneous broadening via the coupling
terms ( g” ) for each atom. This applies when the input
laser and the interferometer are tuned to the atomic
frequency, with Gaussian fluctuations in the input
radiation and only one mode interacting with the input
field.

In the case of homogeneous broadening and a

travelling wave (uniform) mode function, this simplifies

to:

P(:() = wxp[’\z:'"(-t(lo/lz +E ool +th -2CKN, Qm(lqﬁ no\)]

Here C)ﬂo are as defined previously: they are the

cooperativity parameter and threshold photon number

respectively.
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It is straightforward to graph this numerically,
versus the real and imaginary part of o . The result
is, as expected, a distribution with twin maxima in the
bistable region, with each maximum being locally stable.
This is completely different from the pseudo-potential
suggested by Gilmore & Narducci (1978), which had a
"sombrero" shape with no bistability. The "sombrero"
distribution is correct for the laser with an injected
signal, but not for the physically different situation
embodied in optical bistability. We finally note that
in the case of the homogeneously broadened travelling
wave, our result is similar to the thermodynamic potential
mentioned by Bonifacio & Lugiato (1978) who derived it

from a different point of view.

(c) Correlation functions

We now wish to calculate the correlation functions,
in the case of a purely Gaussian input with a travelling
wave and no inhomogeneous broadening. This gives the

following distribution function:

al

-t (‘l_}]
P(4)ex (1ai* s+ ne) expl =
where:
A = Tk
E = 212Ln.InN
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On integration, the j'th moment of the distribution is

obtained to be:

I

oo

: e )
TT§ Y CR+0.) exxp( %") .dR

il

(=%) (£2) n.
= w0 me b Wiz inee ()
= ) T2

Here the mcment integrals have been expressed as
Whittaker functions (Gradshteyn & Rhyzik, 1965).
In order to demonstrate that photon bunching can

occur, we will turn to the behaviour in the limit of

N - o of this equation. 1In this limit of a
large number of atoms, € becomes a very critical
parameter, and the behaviour of the moments depends on
the size of ( j+\ Yrelative to € . The limiting values

are as follows:

(1) Clej)<E:
J4R
v : € . (ja1-€)
IJ. = nfo[R"nO] = ﬂB(J*‘)E"j"‘)‘no

(341-€)
¢ nj, [ Ga) Fle-j-0/ T

(i1) (14j)>¢ 2
o0 j"& -‘8-:
1 = ﬂjo R e .dr
—(jal-¢ _
= 1Y pGaio

The above results are true asymptotically, for
N>e with & finite. We now examine the behaviour of
J

the n'th order intensity correlation function:
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S(n\: ]“ [I;']

In this case, there are three distinct regions.

(1)  €>¢js0)

§9P = nd «jl Cle-jo I PCe-n)

(ii) (j+0>i>l
G = RGN (Y P (n-0) fe-D

(iii) 1>¢&
(" = A PGa-8)/ TG-D)

We note here that with decreasing (€ ) which
corresponds to increasing r , each correlation function
is uniformly increasing. However there is a much greater
rate of increase in the middle range, for large values
of C (because N >>No ). Therefore this region can
be regarded as the threshold. For the j'th correlation

function the threshold point is at:

- [r
A [a%] = (2CNna1/Cjen)

For all the correlation functions, the region (iii) gives
a saturation behaviour, in which none of the correlations
increase very rapidly. Instead the effective nonlinearity
of the medium is reduced (as 50% of the atomic populations
are approaching inversion). The saturation point is at:

PSQ"‘ -
Nsal = K = 2CNe D> Nanwr
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We can illustrate this more clearly in the case of
39%03 by calculating gq)(d) to leading order. In
this case due to the normalisation factor it is necessary
to deal with four individual regions. These correspond

. . <) _ ¢)
to sub-threshold; increasing g (0); decreasing g (o} ;

and saturated behaviour respectively.

(i) subthreshold: (&> j+1) n g(j)(o) ~ 0
(ii)  Increasing: (j4+1>¢>2) n 3(,‘)(0) ’-‘-’(ju-i)%( %‘J
(iii) Decreasing: (2>£>1) n 3(3)(0) z(&-t)(j-nbn({,‘i,)
(iv)  saturated: ( g£< 1) cng‘J’(o) ~ o

In the asymptotic limit, we therefore have all

correlation functions with a maximum at:
A = CNo

The input field and value of the correlation function at

maximum will be approximately:

(;A¥7: 2CK Mo
e/na(j)moa; ~ (j-‘) n C

Thus there is a very close relationship between the
cooperativity parameter as defined earlier, and the
degree of intensity correlation with a Gaussian input

field (in the large C limit).,
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We finally point out that the present analysis
predicts that there will be a different threshold for
correlation functions of different orders. 1In fact
this means that for low input intensities, there can be
an enhancement of gq) relative to 39;0 (and other
lower order correlations as well). This could have scme
use as a correlation filter in practical applications,
for augmenting higher order multi-photon processes in
the output of the interferometer relative to lower order
multi-photon and single-photon processes. One limitation
however is clearly the reduction in intensity due to
dissipation in the nonlinear medium.

Preliminary numerical work has verified the results
obtained above for the lower order correlation functions,
and the results of this work will be reported elsewhere.
However the results obtained analytically have some
value in showing that dramatic changes in correlation
functions can be obtained in cooperative systems of this
type: it is possible that one could regard the
correlation functions themselves as "order parameters”" in

this type of situation.
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5.7 VOLTERRA CYCLES AND THE COOPERATIVE FLUORESCENT
CRITICAL POINT

(a) Introduction

Cooperative fluorescence in its most nonlinear form
involves a quantum state evolving like an "angular
momentum oscillator" of a fixed cooperation number J. 1In
this situation the atoms have a definite phase relation-
ship and are described completely by the collective
operators 33, 33 . Now this is the driven version of a
superfluorescent collective system (Bonifacio & Lugiato,
1975), and is characterised by an extremely fast response
time below threshold, as the atoms follow a collective
behaviour and emit radiation broadened by a factor of N
(for N atoms) relative to the one-atom case.

In fact true cooperative behaviour in an atomic
system is difficult to achieve, being limited by factors
known as the "coherence length" { and the"cooperation
lifetime" T¢ . However super-radiance has been observed
in practice: this is the cooperative spontaneous
emission from an excited collective atomic system (Dicke,
1954) which was first observed by Skribanowitz et al
(1973) . The observations actually give somewhat different
behaviour to that originally predicted by Dicke, with
more than one pulse being produced (Dicke's original work
gave one directed pulse of (secwn )™ intensity). The
reason for this behaviour is the propagation effects in

an extended dielectric rod (Saunders, Hassan & Bullough,

1976) .
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The Dicke theory is strictly correct only for
atoms without dipole-dipole interactions in the small
volume limit (i.e., a point system). 1In the case of a
driven system, similar limitations hold: a simplified
theory is obtained by ignoring spatial propagation
effects. Now it can be asked if this will give a
realistic model for an experiment. In fact there is no
doubt that spatial propagation effects will be relevant
in practice in observing "driven super-fluorescence".
However even the single-mode model has not been solved
for this case, so it is worthwhile to obtain solutions
for the simple case as a first step toward understanding
this situation.

The gquantum mechanical master equation we work with
simply has a driving field and a reservoir coupled to the
collective operators (Agarwal, 1974). Therefore, it has

the following form in the rotating frame:

>

o/

il ~ ¥ A A A
= 0505, 8] ¢ ThEp s 3p-p R

-+

We emphasise that the same master equation (at least, in
the collective damping) was obtained by Glauber & Haake
(1974) for an extended system with the single-mode method.
This is simply the generalisation to spin-J operators of
spin-% resonance fluorescence.

Similar but more general master equations are
treated approximately by Bonifacio & Lugiato (1978),
Agarwal et al (1978), Walls et al (1978). These treatments

have all involved various factorisation assumptions: and
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it is the advantage of the present equation that it can
be treated using the atomic coherent state representation
without factorisation assumptions. An early treatment of
this problem is given by Senitzky (1972) who however did
not solve the classical equations of motion or give the
quantum corrections except for approximations only valid
for very large and very small driving fields.

By the use of the ACS representation, it is possible
to solve the semiclassical equations exactly, and obtain
the quantum corrections to the distribution function in
an asymptotic expansion valid for large J, and for all
driving fields. This is the region where we shall see
behaviour analogous to a critical point phase transition,
with the development of Volterra-Lotka like limit-cycles
above the threshold.

Below threshold the system has a "super-fluorescent"
behaviour with fluorescent intensity proportional to J .
This cooperative branch is stable until a critical driving
field is reached, when an ordered dissipative structure
is created like a family of Lotka-Volterra cycles
(Glansdorff & Prigogine, 1971, Lotka, 1920, Volterra,
1931). Critical slowing down occurs close to the
threshold point which is identified as a nonequilibrium
critical point in the thermodynamic limit. Above threshold
the polarisation average decreases with increasing driving
field, and the average inversion is zero above threshold
in the limit J - <° .

Using the large J limit, and a semiclassical

factorisation, the correlation functions and spectrum can
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also be calculated. Below threshold, the spectrum is a
coherent delta-function, at the input frequency. Above
threshold, the spectrum spiits into multiple sidebands.
With the inclusion of quantum fluctuations, it is
shown in secticn 5.9, that the semiclassical factorisation
is correct to leading order (on a time scale of less than
¥-' ) with guantum corrections being of order 1/J.
These results therefore do not contradict the calculations
for J =1, 3/2 of Agarwal et al (1976) where quantum
fluctuations are large. However the full spectrum in the
large-J limit, including finite line-widths due to

guantum fluctuations, remains an open question.

(b) Semiclassical results

The semiclassical (Maxwell-Bloch) equations are as

follows (no inhomogeneous broadening, on resonance) :

3> = -i1§<3Y + E -w<a>

(3D= ¥ <T» +2ig<T¥><a>

(j}>= (<35> +3) +15[<T‘><"\+§ -<3*>¢ad]

We now eliminate the cavity field adiabatically by

setting K>> ¥ , Y\\
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Hence (for £ with a real phase) :

<a>= wlEe - i3<3->]

A 219 ~ -
—FL<T-> 4+ [E—‘|T3<3->]<3}>

2 A A i9
B2 <39 471 + RLEGIH><30) ¢2i5 <5155 ]

time less than the individual atom decay times

In the
we have the possibility of super-

-1 -
( t << ¥y LYY )
radiant behaviour, described by the following semi-

classical equations:

o

213 E 2 A ~
(-_?2_7<33> + -I?(— <‘S*><Il>

$i<To>
~ i3€ z 3*
ﬁ<:¥17= ( w )f<1->-<:+>'§ - _,3' <'§+><—§‘->

This result which is derived for an extended system

can be compared now with the corresponding point system
(Note

equation, derived from the master equation.
that all atomic variables are in the interaction picture.)

In this case we obtain:

F3v= ey o+ ¥ <305
2= )T -F-9- ¥ <5+ 3->

This leads to the identification:

a = 238/ 5 ¥ =23k
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Thus we see that the operator equations of motion (and
in fact also the master equation) are the same for
either the cavity model of Glauber & Haake or the point
system (without dipole-dipole coupling). Other terms
also cccur in the full equations of motion, like dipole-
dipole coupling (Friedberg et al, 1972) or individual
atomic decays, that can break the J2-invariance symmetry
on a long time scale. However we wish to analyse the
behaviour during the cooperation lifetime, so these terms
are therefore omitted.

In the semiclassical method, the operators are
factorised using the direct factorisation <%'§6:>=<3*7<%’>
We will show this to be justified (below threshold) in
section 5.9, at least in the limit of large J. This leads
to a system of nonlinear coupled differential equations

that are J2-invariant, that is:

P a A A
SO <5 L3 L 3T
o A A
= HKTLI 4+ <T39><T>])
= <3377(.-:.n.<‘x*-3'7 - 2% K IS 3’)%
A N
J il <pacixamt s e
= o
The property of 32-invariance allows the use of the
atomic coherent state representation. In fact the

. Ay . . . _
original master equation was J2-invariant in the guantum-
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mechanical sense of operator invariance. However at this
stage it is possible to take advantage of the "semi-

. Aoy . . . .
classical" J2-invariance of the factorised equations, and

eliminate one variable in the process. We therefore

define:

3= 233 /Cl+33%) - <F-> = 23 5%/ C1433%)

GD= TU-33%)/Cie33%)

It is trivial that in fact one obtains the invariance

properties required, i.e.:
A2 A2 o A a
<3%= <35 4+ KTHKID> = 3

We note here that quantum-mechanically one has

<iz>' = J(3+1) ; thus the approximation breaks
down for small J-values as one would expect. Of course
the use of the full quantum atomic coherent state

representation does give correct commutation relations,

as discussed in section 5.9.

The dynamical equations now transform to the

following very simple form:

ff} = () (3= o+ Y7
2= (EY(od vy gy

It is simple to verify that this will reproduce the semi-
classical equations of motion, and is clearly a much more

elegant system to work with. 1In fact we will use similar
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equations (with stochastic terms) for the fully guantum-
mechanical problem in section 5.9.

Since this equivalence leads to a solution of the
semiclassical equations which have not been solved
previously, it is worthwhile to prove it directly.

We prove this in detail as follows:

23 (f,} _ % ¥
F R v i
3*[\*}3’ = (kg3

[ ]
Using the equations for 3,3* we obtain:

S . it - ) L ey = .
H<<TH= [(Hm*)’]["‘i 1.0.(‘5"— I) +‘ﬂ'} +’inﬂ3 ('5'* -N-Y 33 T‘]

= [Tf?* ][—- Jin ((-53*)] + 27¥ 3 (1-33%) [<l+;‘s“ )‘]
5

n

i <85> o+ ¥ <TESCT

A
Similarly the equation for ?}(3’3> is:

I - XN/ s s .
5= [Cl+33ﬂ"][ Cazf )(ais +339) + (1-330(3 3 *33*7]

- LT (3-2%) _ 4T7Y 3%
(1433$) C v 4ygd*

\l

A ~ PN
= -[x1in<c3-3-0 - ¥ L309<3-2
Thus we have shown the equivalence between the

original set of semiclassical equations, and the dynamical

equations in the atomic coherent state representation.



264

The great advantage of this representation is that

the dynamical equations are completely soluble; cne

obtains:
}i ady 3 adgt
(4-ta) = I HCORL [CR ) = *S -in.(j‘.r*)(y’ ar)
o 3

+
Here r~ are defined as the stationary points of the

deterministic equations:

.
toz ()i -vT 2 [err- %

= i72X

where X,Y are defined as follows:

No
N ; No= ¥T

1

b

o= Iy /v (nenld

Oon integrating, the results are:

1-v2' (asa,)

\l

K

b4 _ 3% ‘-
(= ‘a‘“‘t""’“(%) = | (i)

3

Hence, we obtain:

A
- _
[Z—sz i<, corp CinXt - HAXlte) = o)
Here Co,t. are real parameters describing the initial
values. We note that there is a very different behaviour

depending on the amplitude of the driving field relative

to the threshold at n=Ne, For -Jl“11°, there 1is a



®
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Global attractor at 3 =¢" , with decay time-constant
T= (Inx- *N"" | In fact for =0 this corresponds
to the (sech?) result of single-pulse super-fluorescence.

Above threshold the solutions are a family of cycles,
characterised by g, the initial cycle parameter. We find
that cois in the range Os (o ® . The solutions all
have the same period 2WT | Now the cycle parameter is
a Hamiltonian-like invariant of the deterministic
equations, similar to that of Lotka-Volterra cycles that
are found in chemical and ecological systems (Nicolis &
Prigogine, 1977). For this reason we have used the term
"Lotka-Volterra" cycles to describe these solutions, to
distinguish them from the isolated limit cycles that are
found in some other nonequilibrium systems (see Chapters
3 and 4). The general behaviour of the system, with a
thermodynamic branch below threshold and a dissipative
structure when the driving field is increased beyond
threshold is typical of many nonequilibrium phase
transitions.

In the complex plane the cycles are in fact circular,
with solution paths satisfying:
EE-a

et

3 — v

-—
—

C.

On simplifying this expression, one obtains:
-~ -\
33"(!-—(.7 ~3*(rtocy) —3(r‘-cr ) = Ce-|

% — 2
l3~§l—- P



That is, the cycles are circular with centre at 3=

and radius P where we define:

s o= [ Ly k()

pr= §8% -

In summary we have completely solved the
deterministic equations for arbitrary initial values,
described by real parameters J,¢, 1, .

It is worth pointing out that the point N =1fLo
is analogous to the critical point of a phase transition,
as both the cycle period above threshold and the decay
time below threshold have a critical slowing down near

N =1lo . Furthermore, we will see later that in the
thermodynamic limit of J->¢> , the derivatives of the
observables relative to <)L (but not the observables
themselves) have a discontinuity at L=, . This gives
a close similarity to the definition of an equilibrium
critical point transition, and is the reason why we

describe this as a new critical point transition in non-

equilibrium statistical physics.
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5.8 MULTIPLE SIDEBANDS IN COOPERATIVE FLUORESCENCE

In the previous section we have obtained the
sclutions to the equations of motion for arbitrary
initial values. We now turn to the problem of evaluating
observables, in particular the mean values of the
polarisation and inversion, as well as the semiclassical
spectrum. New results are obtained for an arbitrary
driving field above threshold. The results for the
steady-state semiclassical mean values below threshold
agree with those obtained by Senitzky (1972). Above
threshold results were only obtained approximately by
Senitzky in the strong field limit: in this limit, the
polarisation and inversion are both zero. Approximate
results for the spectrum in the strong field limit were
obtained by Senitzky (1978), giving extra sidebands
compared to the three peaks found by Mollow (1969) for
one-atom resonance fluorescence. Unfortunately the extra
sidebands in fact vanish in the strong field limit.
Therefore it is of much greater interest to calculate the
spectrum for a finite driving field, and this is the main
objective of this section. The results are of greatest
interest in the region of a driving amplitude slightly
greater than the threshold point, where the extra side-
bands have a maximum fluorescent intensity. The optimum
driving field for observation of a five-peak spectrum is
predicted to be .ﬂ.=J€; o : it seems that this
observation would be of great value in confirming present

theories of cooperative fluorescence.
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We first evaluate the semiclassical behaviour below
threshold (noting that this factorisation is expected to

be valid for large J values); and obtain the following

steady-state results:

Inversion: LT3/ T2 = - J(—\—JL"/.-D:“'.v

Polarisation:< Jy/ J.2 = N/ N,

un
o)

Dispersion: <J./7T.D>

u

Spectrum: J(“’) S$(w-w,) T*(N/00)*

Correlation function: 3"(0) = |

These results are only valid relative to the semiclassical
factorisation, and within a time-scale where the J2
operator is invariant. In fact in section 5.9 we will
include the quantum fluctuations that are relevant here:
we will prove that the results gquoted above are the
leading terms in an asymptotic expansion in ( /3 ), and
the semiclassical factorisation is correct including terms
to order (/3 ), below threshold.

In physical terms, the system behaves as a classical
oscillator below threshold, with all atoms in phase.
However the fluorescent radiation from a real extended
system would not be all in phase: it should be recognised
that for an extended system the adiabatic elimination of
the radiation field means that only the high intensity

fluorescence of the "end-fire" mode has been included.
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The perpendicular, low-intensity fluorescence from the
medium is also present, but is neglected in the
approximations leading to the JZ-invariant equations.

We next turn to the observables above threshold. An
integral over. a Volterra cycle is necessary to calculate
the polarisation. As these integrals are similar for
the calculation of any observable above threshold, we
shall look at this calculation in detail. Any observable
will be a function OCqy 23%) , which can be computed

as follows, for a cycle distribution function f(c):
o°
KO = { de.5CO §< 0(3,3%) 4T (3)
o

I@=E Kdg /[ ni(3-v03- )

Although this function is nonanalytic (being a function of
3 and 3* ), we can utilise the cycle equation to define
5‘ in terms of 3. and thus obtain a meromorphic function
which can be integrated by residues. The cycle equation

is simply obtained, for cycles of radius p, centre é

3‘ = $* 4+ p7/(3-8D

Hence we write the Volterra cycle integral in the

following form:

(o> = § o(3 , s¥ + 2/ (3-8)) Xda
. rri(g-r*‘)(g_r-)
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. +
This clearly has poles at 3-‘-‘-("' , and it is straight-

forward to verify that cycles with ¢<| enclose ¥+,
while cycles with <>\ enclose Y~ . 1In fact it is only
necessary to make the calculation for 0<<¢< |, as the
results for <>1 are obtained using the symmetry
transformation Ccn ;7 3 > —3"]

The function O will usually have a pole structure,

which we now determine. In general, the denominator of

O has a factor of form:

[l‘lS'}‘]: C (3-8)C1L+135%) i3P"]/['S~S]

Il

$* (3*_ g2/ (3-8)

Here we define €=5/18) and utilise the

following identity:

It is now necessary to determine which if any of the
poles 2 &€ are included in the residue theorem. This is
straightforward, as the cycle is a circle of radius P

around the centrepoint $ . Thus we merely have to

determine the distance I1te -3 :
I2¢~§] = 181 % |
Noting that sl = Jup~ the following relation holds:

Cigia 1D > p% > Gist=-1)°
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It therefore follows that the cycle encloses the pole
at ¢ only: the cycles never enclose the -& pole.
The calculation for the polarisation is obtained on

using Cauchy's integral theorem:

X g 23 (3-5) 7 dy
<= [Tfi ] A f(f:.i")(g-t‘")(‘l,—t")

:13_(3—-5)

23X & (e (3-rG-)
Aes

[}

The residue at 3::(‘+ is evaluated at first; with the

following identities:
-$)=  —2¢%X/C1-)

2 — [ ,_ 1
G‘*-{‘)= G-l ry(er, ) -, )

2.

<rs .
= $*U-AL T —f'-]

41CRY Oy
o 4rchI o
§*C1-¢)

Hence the residue reduces to the following simple result:
1

Rﬁbgff: 2. KNY

The residue at 3=¢ is evaluated in a similar way

with the following identities:
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(¢-$)= % Ci—is)

$STCe-r(ev) = §* (s/5% ~2iYe ~1)

2(YCt-181)

Hence once again there is a simple result:

—_—

Rescsy  2:Y

The overall result is therefore:

i Ci=) +CQ+cYX7iY)
<34><= WX[?:/' o Jds c"-+7.c(~.<7-..yt7'

Now the "pendulum" result is the situation where
the inversion goes through both the north and south poles

of the Bloch sphere. 1In this case we obtain ( g¢=c=|):

<T>= J:L /e - Jiﬁﬂn} -\4j]

This solution displays a lot of the character expected
above threshold, with a gradually decreasing polarisation
as the driving field increases and the system is close

to the poles of the Bloch sphere for longer times on the

average.

We next calculate the mean inversion for the cycle:
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) (3 57 -3(p* 4+ §%(3-5))
= 1'5)(2 §* (3% e2)(3 = (g -r-)

é Ly —§ - 328¥
= 23X $¥ (2% _¢2 — )2 = -
3 3t - €2 W3z~ r4)(z - ¢-)

)= [ 55 1Py ]

Now we can simplify the numerator as follows:
(2e*)C1-¢) + rY — (o _(':' (qr”_ )
= —cer (o0l Ce = —11ey)

- 4Tt

,' p\u(‘.«): —1"7—/

(-4

25 -5 — <% 85
Rea(g)= | 4eiY Ci=151)

[ 28 C1—-181)
L 47y <1 - 181)

i

This result implies that the cycle-average inversion

is zero for any cycle above threshold. One expects

naturally that this should be true for -.->o2, but the
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result that 4%3>< =0 for all N> N, is rather
unexpected. In particular, it is not true for J = %.
The reason for this discrepancy is the use of the semi-
classical factorisation, which is only asymptotically
correct, in the large-J limit.

In order to summarise the results obtained above

threshold, it is useful to define an auxiliary function

as follows:

)
V() = Irt_cv-|

|
= Ja-ery +4ex*

The time average results can be summarised using this

function:
Inversion: < J3/73 > = o0
. . A S
Polarisation: < 3'-3 /3> = Tlo[‘ -V X"(HC)]
A
Dispersion: <Tx/3I> = v Xi-¢)

All these results were obtained with a cycle parameter
€ <l ., However the results are invariant under the
transformation ¢ =>1/c, X —-X and therefore hold
equally for <>1 .
In the limit of N 202 , it is interesting to
note that for the central cycle ( <=1 ) both the mean
polarisation and dispersion vanish. However for the

cycles with <¥1| , the dispersive term tends to a finite
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valueof (1 -¢c)/( 1 +¢ ) ,whose sign depends on the

cycle parameter. It will be shown later that this implies

the existence of a central spectral peak for those
cycles with < ¥ in the limit of a large driving field.
The correlation function above threshold is of

interest as it determines the fluorescent spectrum. A

general expression for the spectrum is:
.,.
Gm __'_) SS wlt=t) A
.f(wm.)—-: t+> 00 (1ﬂ‘f S J"'(oH'z e < TH4,) IO

This will first be calculated semiclassically to
give a simple expression for the peak areas and frequencies
while neglecting quantum noise effects. The system is
cyclic of period 2% T , so the spectrum will be a sum

of delta functions in the semiclassical decorrelation;
-\
where W =T = AX

anl
[ ' f WnG-t) R
;(wa. = 2 S (wo- Wn) L4n* T"] e <CTHH) DK I’(“J> d‘\,eH,_

Here the mean values cannot be steady-state values, but
must be defined relative to a specified initial state in
order to determine a spectrum. In particular it will be
of interest to determine the spectrum relative to the
initial state J =N/2, ¢=1 . This corresponds to
all the atoms initially in the ground state which is
likely to be the simplest possible experiment. From

previous results, we know that -
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IRYCUR E%—“* Wt
Q = 2 (z-v7)

[ 3 40" ~wT
= 4—5‘(3"4-0’)]

Thus the spectrum corresponding to initial values of

)3, to can be obtained on transforming to

integration over },:

{c(y- r7
S(uoud,, = 2 SCw- Wﬂl?((qg‘*)[ (g - r*) O‘Tc(§7l

This integral is another Cauchy theorem application.
The path of integration is a Volterra cycle path in the
complex }-plane. Therefore on integrating we have a

term corresponding to each pole inside the path of

integration. Define the relevant integral as follows:
m
Te,m= 27X % (3-6) [ {&C3-¢c")| ds
¢ S.‘ (37'- €*) (3 _pt) (m ;)(3-r‘*)(3_r')

= (43‘Xc ] 2 3(3-5) 3-0"
(3-e*)(z-v")(3>- %) 3_r"

Now for ¢ < | the poles inside the path of integration

are at } =€ g:r"’ . Hence the result depends on the

value of m as follows:

(i) m< O In this case only the pole at 3=€& is to

be included, so one obtains:



m

Jlom= JeX (e-c)(C

iV (e -y
(ii) m=0O. This case reduces to the previous result

for the polarisation:

iJ
Jor = 7](1~a><7
(1i1) wm>O0 In this integration we take advantage of

a theorem of integral calculus that states that

if a uniform function has a finite number of
singularities then the sum of the residues (including
the one at infinity) is =zero. In this case the
residue at infinity is zero, so the result is (minus
the residue at 3=*-5); because as stated previously

this residue is always outside the cycle path:

— Lg}
Tem= | -473 X ™ €Ce48) €+ Ca
LS*(€+P+)(Q+V‘")(—1E) € a7y
- m
- J s X (S +0e) I
i Y Ca'lf\*)

In order to simplify the results, it is useful to have

the following identities:
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2.
letv]” = 2015 V() (2 %2 & c-N1]

et = 204 Ev)C1-cr2¢cx2)]

Hence we obtain:

(m<O):

TP [+ v(Q(2%x*+c=1) "
[3¢e,ml= y* :

- V() (I =ca2¢x?)

(m>o)

T x* cm* :’ | = v)(2%x*+C=1)

[jcc,...\le"-'-‘— Y I+ vO(l -=cs20x2)

In summary the spectrum is as follows, for «c¢<l:

k5

-3-1.
}Si(wmo) = = [ S 1 = veax (et e e

n
2 % [ F V(I (2xP4c-0)
S(w-wn)Xc
I £V (l-c+2¢%%)
n=% x3,..
where the uppermost sign of (%) refers to n>o .
The spectrum for ¢>| is related to the one for
<< | bpy the symmetry relation referred to previously.
That is the spectrum for <=1 is obtained as follows:

IS:I(W'“UO) = [fc (-wuo.,)
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Both spectra are geometric progressions, with one the
mirror image of the other when reflected about the
central peak at Ww,. 1In general it is also clear that
the fluorescence is asymmetric given a value of c% | .
We will see in the next section, that this is essentially
a transient feature due to the particular initial value
chosen. In the true (quantum) steady-state, there is a
distribution over the cycle parameter which produces a
spectrum with both wings.

Of greatest interest is the semiclassical result
for «¢=\ , which corresponds to an initial ground state.

In this case the following completely symmetric result

is obtained:s

Inl
,f.(w+u.n= T3 8D Q-%1 + & §S(w-Wn) x‘[l—x)
v* n o 1+X

The total power radiated is proportional to the sum of

the geometric series:
I~
P = (7”') (1-x)

= (_3}{_1_0 )?-( ( = Ji-caoin®)

In the strong field limit, we obtain the following

result:

um . &
are0-X) = £ (5
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Hence the spectrum to order (1&1)2 is of form:
&im 2(1nf-1)
oz Jdlo nl
N2 Y (Wi w,) =I2£5(0)["1ﬂ.— ]+425@-nm[m }
nEo

This agrees with the asymptotic result for n=%| =2
obtained by Senitzky (1978) noting that our <& = |
corresponds to his x=1.

The interesting feature of this limit is the
vanishing central peak and vanishing sidebands for inl>| .
In reality we will see later that the vanishing central
peak is due to neglect of quantum fluctuations: even for
an initial ground state, the distribution in ¢ will
broaden on a time-scale of Y’J due to spontaneous
emission, resulting in a final steady-state with a non-
vanishing central peak in the strong field limit. In
fact the above result corresponds to a classical
sinusoidal oscillator in the rotating frame, with frequency
/L , in the strong field limit.

The vanishing sidebands are a different problem
altogether. Senitzky (1978) suggests that this could
make the extra sidebands too weak to detect. However in
the present result which is valid for all JSL, it is
clear that while the extra sidebands vanish in the strong
field limit, they have a maximal fluorescent intensity at
a much lower driving field. The optimal driving field

can be calculated as follows: Suppose we wish to obtain

a maximum in the first pair of extra sidebands (giving at
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least five peaks that can be detected). Then we have:
[-X*/L1 +X

23 x(\—lxl)

p

1

3P

yX (1+%x)4

®
The maximum sideband intensity occurs at 3¥ ~ . This
corresponds to: X=Y . The driving field is therefore

N =Jd¥% n, . At this point we have:

S,(ww.): T‘f $C) /3 4

o 5 SCwo T[]

nfo

Hence this would give a ratio of peak areas of

[ 1Y : Vq: Va9 , and a spacing of ( /2 ) in frequency.
As a finite total of (4/18 ) of the total fluorescent
power is radiated into each of the first extra pair of
sidebands, this should be strong enough to be detected
(provided Doppler broadening problems do not interfere).
A graph of the relative power of each sideband is given
in fig 5.8.1.

We finally wish to make some comment about previous

work on this subject. As already pointed out, our results
verify the asymptotic approximations of Senitzky (1972,

1978), who obtained results valid in the limit of a large



0.25

0.20

015+

0.10

0.05+

10 1.2 1.4 1.6 18 /Mo 20

Fig (5.8.1) J2-invariant cooperative fluorescence; relative semiclassical

peak areas (for multiple sidebands) vs input amplitude (J »ee ).
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driving field only. By comparison, our results use the
same factorisation, and give exact results for all driving
fields relative to the semiclassical factorisation.
The validity of the factorisation will be discussed in
section 5.9. Essentially quantum fluctuations are
expected to change the cycle phase and amplitude on a
time-scale of order Y-\. As each cycle has the same
period, this should not change the peak positions in the
spectrum: but it can alter the relative peak heights
and widths. 1In particular with a broadening of order ¥ ,
it is likely that the less intense sidebands will
disappear in the full quantum treatment. Thus while the
full quantum spectrum is an open question, we have
obtained an exact semiclassical result which is expected
to have some of the features of the full quantum spectrum
in the limit of a large number of atoms (J= e ).

Other previous work includes the work of Agarwal
et al (1976), Carmichael & Walls (1977). In the former
work, numerical results were obtained for two and three
atoms. These authors found no multiple sidebands up to
a maximum value of J=3/2 : as this is an extremely
small value of J, the question of multiple sidebands for
much larger values of J still remains open. In the work
of Carmichael & Walls (1977), a J2-breaking factorisation
was used in the calculation of the spectrum, to give a
three-peaked (Mollow) spectrum. This therefore applies
in a different physical region to our results, which use
a J2-invariant method. In particular, the J2-breaking

factorisation is only expected to be valid on time-scales
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much longer thar the atomic cooperation lifetime.

In summary, the results obtained here are
calculations for a J2-invariant decay, with a large
number of atoms and a finite driving field above
threshold. It is in this region that our semiclassical
calculation predicts multiple sidebands. It would
therefore be desirable to direct research toward this
region of interest (either in experiment or theory) as

the optimal region for observation of multiple sidebands.
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5.9 QUANTUM DISTRIBUTION FUNCTION IN THE COOPERATIVE
THERMODYNAMIC LIMIT
(a) Introduction to the Fokker-Planck equation method

In the previous sections on the collective decay
Maxwell-Bloch equations, we have utilised a semiclassical
factorisation to solve the master eguation without as yet
discussing the question of quantum fluctuations. In fact
this master equation is a special case of a more general
master equation that includes J2—breaking decays as well as
collective decays. This general master equation is discussed
by Agarwal et al (1977,1978); Carmichael & Walls (1977);
Bonifacio & Lugiato (1977); Willis (1977). These authors
have used various factorisations to treat the problem, with
adiabatic elimination of the field variables, giving results
comparable to the semiclassical theory (including bistability).

The factorisation approximations call for reassessment
when used with a J2-invariant master equation as we wish to
deal with here. A master equation of this type would arise
under similar restraints that hold for super-fluorescence
and super-radiance (Skribanowitz et al 1973, Dicke 1954).
The system would have to initially be in an eigenstate of J2
(1ike the ground state), with the decay time for J2
being longer than the observation time-scale. It is clear
that in a physical atomic system, J2-relaxation processes
would occur on a long enough time-scale, and our results are
only valid within a cooperation lifetime. The theory can be
regarded as describing N two-level atoms; either in a small

volume relative to a wavelength of the coherent field and
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without dipole-dipole coupling (Agarwal,1973); or in a
large volume and interacting with a single field mode
(Glauber & Haake,1974). We emphasise that corresponding
results in super-radiance are known to be modified by
spatial geometry (Bonifacio & Lugiato,1975; Saunders et al,
1976; MacGillivray & Feld, 1976) and by dipole-dipole
interactions (Friedberg et al, 1972).

The interest in investigating a system of this type is
that the highly cooperative decay mechanism causes atomic
correlations, that can produce new physical effects (Willis,
1977). We have already seen that there is a critical driving
field in the semiclassical equations, and that the semi-
classical spectrum has multiple sidebands. We therefore
focus in this section on deriving a rigorous foundation for
our treatment of operators in this problem. The theory
developed in this section does not require any factorisations,
for the correlations of operators are all included in an
exact Fokker-Planck equation representation of the master
equation. This is possible because the special case of
J2-invariant collective damping treated here, allows the use
of the atomic coherent state (A.C.S.) representation. Unlike
the equations of section 5.5, the present results do not need
truncation to yield an equation of the Fokker-Planck form.
However it is necessary to utilise the complex phase-space
method of Chapter 2, as the distributions resulting would be
singular on the usual phase-space. The resulting Fokker-
Planck equation describes the cooperative fluorescence of
an "angular momentum oscillator" of cooperation number J,
illuminated by a coherent field and without any J2-relaxation

processes, although including a collective decay mechanism.



287

The Fokker-Planck equation is solved in the limit of
J o2 , using a stochastic method, with the inclusion of
quantum fluctuation terms of order ( Y2). At the end of
the calculation the limit J > ¢ can be utilised: however
terms of order (Y3 ) are included during calculation of
the distribution function. We mention this point as the
order of taking the limit of J > o2 is important. As
different factorisations only differ in terms of order
(¥F) it is necessary to retain these terms throughout the
calculation, and take the limit of J 50 when the final
distribution is obtained.

Below threshold, the distribution is Gaussian in the
thermodynamic limit, with a negative variance in the
P-variable. This can be treated using a complex phase
space distribution. The fluorescent intensity is
proportional to J2, similar to that in super-fluorescence.*
Critical slowing down occurs near threshold, which is
identified as a nonequilibrium critical point for cooper-
ative fluorescence (within the cooperation lifetime).
Above threshold, the distribution is obtained using a cycle
averaging procedure. A variable change is made to
"rotating-frame" variables corresponding to the cycle
phase and amplitude. A new cycle-averaged Fokker-Planck
equation is then derived, which is solved exactly to give

the asymptotic distribution function above threshold.

* The term "super-fluorescence" was first used to describe
transient cooperative spontaneous emission from an
inverted collective atomic system by Bonifacio & Lugiato
(1975). Here we adapt their term to describe a driven

collective system, with fluorescence proportionai to J

2
-
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Our results are different from those obtained with the
uncorrelated atom factorisation of Carmichael & Walls (1976).
This factorisation approximation gives, instead, a bistable
transition at a lower driving field. This is due to the
fact that the uncorrelated atom factorisation neglects
atomic correlations and breaks the J2-invariance symmetry.
The difference between the uncorrelated atom results, and
the exact results, shows that the inclusion of atomic
fluctuation correlations can change the order of a transition,
which supports a prediction of Willis (1977).

However the uncorrelated atom factorisation should not
be discounted: instead it can be regarded as simulating the
J2-breaking effects that can physically occur on a long
enough time-scale (Walls et al, 1978). Thus this factor-
isation would have greatest applicability on time-scales
long compared to the cooperation lifetime, and for large
driving fields, to reduce the relative size of the inter-
atomic interactions. In the present section we will be more
interested in events occurring within the cooperation life-
time, so processes that are J2-invariant will dominate the
time-evolution of the atomic system.

In an earlier work of Senitzky (1972), a similar
Hamiltonian was proposed, with a J2-invariant interaction.
This author obtained results valid for (fL=>0 ] L = o )
and recognised the existence of a threshold. The new
results obtained here are the exact solution of the semi-
classical equations, with the inclusion of quantum
corrections (to order ‘YY) for all driving fields, so that
the existence of a critical point is proved.

Within the limitations of the J2-invariant Hamiltonian
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with single-mode interactions between the atoms and the
field, the following interaction picture master equation

is obtained (Agarwal 1974, Glauber & Haake 1974):

a\Q-
o
I
N
™
)
-
[
]
o)
-
Y
P

[23-57+ -3+5-5 - 37+3-)
Here %3 are collective atomic raising and lowering
operators, (L is the Rabi frequency, and ¥ the Einstein
A-coefficient. The thermal reservoirs are assumed to be at
zero temperature, the field modes have been adiabatically
eliminated, and the coherent driving field is assumed to

be tuned to the atomic transition frequency. Using the
atomic coherent state representation (Arecchi et al, 1972),
the following Fokker-Planck equation is obtained in the
variables of Glauber & Haake (1974):

(S%F(}): [—ba},(i.fl('g’;-l)/z + Y(:\'u)})

S
- Qsz(ﬁﬂ(;;—l)l‘). + X(’SH)},_)

Here J is the cooperation number (that is,(f&>= JG+1) ).
For N atoms initially in the ground state, we have J = N/2 .
The diffusion matrix is non-—-positive definite, so that
solutions to the Fokker-Planck equation would only exist in
a generalised function space, using the standard (diagonal)
ACS representation of the density operator.

For this reason, it is desirable to use the complex
ACS representation of Chapter 2, so that (31,7£ ) are not

complex-conjugate. This will generate an equivalent
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Fokker-Planck equation with positive-definite diffusion,
on a four-dimensional phase-space. This is therefore

equivalent to an Ito stochastic differential equation

(section 2.3):

Y
J{ L inG2-N/2 o+ X(Iu);ﬁ AT f;'l | fl(i)
lu S0l -0z ¢ ¥ (T 0z, b 5.
Now '?( , ?1 are delta correlated independent

Gaussian random functions, so that %,, %2 are not complex-
conjugate. In this section, the distribution will be
obtained to order ( /Y3 ), by expanding in (!//J ) and
assuming that - ,J are both large. We note that the
variables < ,Y can be related to the interferometer
properties (from section 5.7), and the effective field - <=2
which is proportional to the interferometer transmitted

field - is given by:

q R J
<«4> = 15?_{}—3'- - s]

T
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(b) Deterministic solutions

As a first step toward obtaining transient and stability
behaviour, we neglect the stochastic terms of order ( V/T ).
This gives the zero'th order term in an asymptotic system
size expansion. The solutions obtained are then identical
to the semiclassical results obtained previously, with the
replacement of (J) by (1 + J). Thus the deterministic
solutions and the semiclassical results are identical apart
from terms of order ( Y3 ) in the limit of J > .

The solution behaviour depends on the size of S
relative to the threshold Mo=¥(J+1) . Below threshold
there is a characteristic decay time 7T, and a global
attractor f- . While above threshold, there is a family of

cyclic solutions of period 21 ; where:
7 = n.n
x = Iy -1 /i (e, =iy (nsad)
. = i7tX

| n=—nz|~"2

—
i

The solution paths have already been obtained in
previous sections. However, we recollect that there is a

critical point analogy at threshold* with Sl analogous to

* This is a different critical point from that found in
optical bistability, which occurs at small N values

(not large N values).
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the temperature: both the decay time below and the cycle
period above threshold, have critical slowing down near Jle.
The cycles above threshold are like the Lotka-Volterra
cycles found in ecological and chemical systems, because
the cycle parameter (c) is a Hamiltonian-like invariant of
the deterministic equations. One difference however is
that the cyclic solutions have the same period in this

case; which is not true for Lotka-Volterra cycles. The

cycles enclose either YV (c< 1) or V- Ce>1) , with

the symmetry of ( <—» %< , 3 -» -3* ), where we define

the cycle parameter as:
3.-—P+ [ 3,_ + V- ]
< = [ 31"".-] XS +('4

We recall from the previous section, the solution

path:

~
Z)(i)-’:- (¢4 0= — 4+ )( ) -1)

add) = JT explin¥t -ilnxi+.]

This decays rapidly below threshold, to:

- = A ('Y 4 ,‘Y;—l )

Above threshold there are circular paths with centre

and radius ( 5)10 ) :

S)= (4 —cy N/ Ci-¢<)
(,)Cc)':- (e -0/ -¢)



We note that in the ( @, ) variables of the Bloch

sphere, we would have:

r- = eﬁ¢h 4;(’25
o = T1/2
80 = Sﬂ.n“<%o) ( .ﬂ.<.ﬂ.°)

Thus the paths obtained in the Glauber-Haake variables can

be readily transformed to the familiar Bloch sphere variables.

(c) Solutions below threshold

The inclusion of diffusion terms allows the distribution
to be calculated in the limit of J, 4L 2% ., Below threshold
it is useful to make a variable change to the (©,d@ )
variables which are coordinates on the Bloch sphere:

iP

3. = e <Jg<’9£) e

; 3, = e dg(%)

Hence, one obtains the following stochastic differential

equation:

P'e /—&Qe‘
e 0 ving-5( 506 ) -y 34n0|, 7] frwb - f,m]
-0

—_—

a1 ¢ Sl e P utO [PEIVICEE ?1(*);
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The global attractor is now at ( O., @, ) where:

R
b= /2 7 0. = sin' (1) + 0(F)

On linearising, the solution is a Gaussian
(asymptotically): except in a neighbourhood of (=0 or
L =dLlo . The variance in @ is negative, so the
distribution can be expressed as a Gaussian for imaginary

values of ( ¢—-¢o ) . If we define a Gaussian with mean
< and variance o? as S(X—ﬁﬂ V‘) , then this can

be written as:
A | - e Go ¥ vinBo
4.,"20 D(e,p) = 5(9 = ‘ 27 coo 9.) S( (p- tpa)l 2.1'].((4%40)7

This is approximately a delta function in the limit
J, /L 202 ., 1In particular, the following results are

obtained asymptotically:

A Yo
Inversion: < T}>/J' = -Ci= n*.n>)
N<SLo
A -
Polarisation:<3Iy/T = Nn/nNo
<%{>/J - (o]

It is now of some interest to evaluate the product
<<5‘§‘7 , in order to determine how the operators will
factorise. We specifically include terms of order ( /3 ).
Operator products are determined from the atomic coherent

state identities:
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~AN -1
G5 = D(QQS)[J—'JL«»O + T(3-%)sit 0] do 4@
by

We note incidentally that if D(8,¢) was a true delta

functicn, one would obtain:
A A _ A A A
32 = Tadp> + U-YNIKTHH<T-D

This is also the result corresponding to an "uncorrelated
atom factorisation" as it holds for N uncorrelated atoms.

However when terms of order (Y/J ) are included, it
is necessary to include the finite width of the Gaussian
in the ( G/¢5 ) space. One obtains asymptotically the

following result; for an observable‘A(6)¢):

|\

<A> AB.) + % v;[’a%/\(em] *w;[s:"‘;zmgn]

Hence:

TS = (3= TweBo + T(T-Y2) san=O0)

x3 vqé'(Xuaea + T(S—‘/z_)-'i.cod‘).B.) + o032}

ibo

I

<3+ T 4inB. ([ -5 0% -oi)e

Here we have defined the variances in the ( (9/¢ )

directions to be:
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[ | - c0aCo
2 -8 Fo,
e = 7-]'90-48::]

Uy = [’-5(1::04 9,)]

On inserting these values into the above expressions,

it is easily verified that:
FID = <3*><3> + o0 /32)

In other words, below threshold the semiclassical factor-
isation is an improved factorisation relative to the
uncorrelated atom factorisation. This is a very significant
difference: even though the terms involved are of order
(Y3 ) they are of vital importance in determining the mean
values. When the uncorrelated atom factorisation is used,
a totally different behaviour is obtained with bistable
behaviour instead of a critical point (Carmichael & Walls,
1977) .

Thus the inclusion of atomic correlations has indeed
changed the order of the nonequilibrium transition. This
is a possibility that is mentioned by Willis (1977) and
shows that the use of factorisations in interacting atomic
systems of this type does merit a very careful study. The
above results have been also verified by computer
simulations of the stochastic equations for J =20,
showing a similar behaviour, with no sign of the bistability

inherent in the uncorrelated atom factorisation (although
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transition rounding at finite J values does of course
occur). Finally, some recent computer studies of H.J.
Carmichael (private communication) have also been in general
agreement with these results, although obtained with a
different technique involving differential-difference

equations in the number state representation.

(a) Distribution above threshold

We now wish to calculate the distribution above
threshold, and once again it is useful to make a variable
change. Noting that each deterministic solution has the
same period T, it is clearly reasonable to use a rotating
frame method, following a cycle averaging procedure similar
to that of Kolomietz (1972).

We therefore scale the time variable and the driving

field by ¥ , to obtain:

3
. 2
’é_ ﬁ" = 1.0_(3?'-4)/2 +(]*”}/| 3 by | fl(”
ot éL N ¢ 1-3:)12 + (3413, l }; §1G)
Above threshold ( JL > I+l ), there are limit cycles in

the deterministic equations, with:
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+

2003 )
2 =
o= fiﬂ(s..r")(j)l-r‘) = intere) n 3‘_{4.] + ok

o

t
5 2 dy. _ 2 [ 3,40
= SAGAAIG ) T e oY) n 3, ('.\] v wdk

o

The above deterministic equations are not exact
however, in the presence of the stochastic terms. We

therefore define new variables as:

3, -t ] - T
e

d| = 3|—-f-
[ 31.*‘-—_] WHilT
42 = 2. +0+ ] e
(T . . )
Here the factor e gives a transformation to a rotating

frame, as desired. We note that SH\QQ) changes sign under
time reversal, while cos@%) does not. We now can obtain
exact equations in ﬁ , by utilising the Ito theorem. We
note that the deterministic part of the equation in is
only due to the Ito variable change terms, which arise from

the diffusion part of the Fokker-Planck equation (Appendix

Aj Arnold, 1974):

J

2 %
Y A dodu Ity
g 5[37;3}},] D () *[3}; 3% %59 £,

\

\Y

where:
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This equation is an exact equation in the rotating
frame variables. That is, ( d;,®2 ) have been defined to
transform away the rapidly varying cycle behaviour of
( 3 ,% ). The next step is to therefore average over a
cycle, to obtain equations solely in terms of the values
(cycle-averaged in time) of ( <, ,4. ). This is possible
only in the limit of (N ,J) - o° , where the relative
fluctuations of ( o,, 4~ ) within each cycle tend to zero
because the cycle period tends to zero. However, the above

equations are all expressed in terms of both < and 3 -

We wish therefore to re-express ? in terms of <& as follows:

(T
+ ]
A = 3-C = <.
- Thall
/ [ - Ay
L 31_ + ('*
}'( = t'-°§|’ - (‘+
/
<, =1
- + {
51 - \g - Y °{g
=l & Ay

With these variables, we find that the above equations
can be expressed in terms of slowly varying coefficients,
plus rapidly varying coefficients with factors of eﬁp(i}”T)
that all average to zero. In the limit of (. ,J)-> ,

these rapidly varying coefficients can be neglected in the

calculation of the asymptotic distribution function.
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The final, cycle-averaged, equation is:

d *
d 4| = ixz(fq 1) ) (_il_);) d;"((},,(}-dr) ,(474:'.44-(5(2“) §,(+)
at |4, Zsz( >-2) (ct’;of.,f+44,41n‘),°f: Colact-4) £

This equation now describes a gradual diffusive
behaviour in the cycle phase and amplitude, on a time-scale
of order X-l. Thus all the rapidly varying cyclic
behaviour has been averaged out, and only a relatively
gradual diffusion in the cycle phase and amplitude remains.
In order to determine the final distribution, it is
necessary to solve the above equation for the distribution
in ﬁ , and then transform back to the original
variables.

We know from the work of Haken (1975), that it is
necessary to include the time-reversal behaviour of the
variables in determining potential solutions of the above
equation expressed in Fokker-Planck form. In fact, while
Rz[%;/d] is time-reversal invariant, we know that ]MI:$§IA]
changes sign under time-reversal. We therefore define new

drift terms as follows:
(
An = Am + K
d}A]
/
AM = [4*1 Re( rF-2)

[%z] Im Ce3-2) Sttt

)
z
1
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Here the reversible part RH can be omitted on calculating

the potential. It is straightforward to show that in fact,

potential equations are satisfied, and the steady-state

distribution is, therefore (from Appendix A):

© O-So _ f 1
P(:O = m‘o[‘ S D‘M‘J‘(il) [2 Ay(i') +39DPV(:“‘)] Jdla ]

The final distribution can be calculated to be:

-1
P(i): [ 1 4 (7.—47”') of A, + (dnqz)z]

So far, we have not specified the manifold of integration:
however it is readily verified in this case, that the
choice Y, = 3f will result in a normalisable
distribution function. In fact the distribution only
depends on (o, ofy) which is just the cycle
parameter mentioned earlier. It is also true that we can

. . * .
write this distribution in terms of ﬁ})}'). We readily

obtain:

P
P = [l:;-m"' L gy O s el

All the above results were obtained without including the
time-reversible parts of the Fokker-Planck equation.
However it can be verified that the inclusion of the terms

( RH ) do not alter the steady-state distribution function.
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As the cycle parameter only depends on (4141) or
(d:q{) . this provides a useful way to calculate
observables analytically. Given an operator representation
0(213*) , one obtains the following formula:

o°

> = SR80 s ¢ folly-s071) de-dtiy)

Here ‘rﬁ) is the distribution function relative to the
cycle parameter :
KXY

£ M‘(‘//x)] (Crecl-4y%)”

The notation §¢ means integration on a Volterra

cycle path, with integration measure:

dlc(y) = Xal}/[ Tri(g—r*)(g—r‘)]

Some of these integrals have already been calculated in
the work of sections 5.7 and 5.8. The new result obtained
here is simply the distribution in the cycle parameter to
be found in the thermodynamic limit (in the steady-state).
The following results are obtained for the inversion and

polarisation:

I0/3 = o A

[__j}_ _ Jl_(.n.l-fL]“ ]
AO s,"n"(-f\-olan-)

<1,2/3
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These results are graphed versus the input field in fig

5.9.1, which gives the limit N ,3 = ; N/J

4

finite. Similarly, in fig 5.9.2, we have graphed the

n 31D
e T 3 ) -

In this case both the exact results (showing a critical

effective (or transmitted) field given by (

behaviour) and the approximate results obtained with the
uncorrelated atom factorisation (showing bistable behaviour)
are given. It can be seen that the uncorrelated atom
factorisation gives a very different picture from the

exact result, and that the effect of the atomic correlations
is to change the order of the nonequilibrium transition
(Willis, 1977). However, the uncorrelated atom approximation
can be regarded as simulating the J2-breaking decays that
would occur on a time-scale much longer than the cooperation
lifetime (Walls et al, 1978).

Turning to the time-dependent results, there is a very
different behaviour below and above threshold. There is a
very rapid approach to the static distribution well below
threshold, with a critical slowing-down near threshold in
a time of order T . Above threshold the approach to a
static distribution has a fast time-scale of order 7T , and
a slow time-scale of order X'l. Clearly the semiclassical
equations provide an excellent description for events
occurring within the fast time-scale, when J is large (so
that the quantum fluctuation terms of order '/J are
relatively small). Thus these equations can be used to
derive approximate expressions for the transient spectrum
observed on a time-scale less than ¥ . 1In practical

experiments, the transient spectrum may be the simplest to
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observe. However in theoretical terms, the full quantum
spectrum in the steady-state is still an open question,
and further work is in progress.

Nevertheless, it is worthy of note, that the full
spectrum must average terms corresponding to each individual
cycle. As each cycle has the same period, this would alter
the weight of each peak, while leaving the frequency of
the sidebands unchanged. In addition, terms corresponding
to phase and amplitude diffusion would result in a broadening
of the sidebands. We would expect only a finite number of
sidebands to occur with widths of order ¥ , in the true

quantum spectrum.

(e) Discussion of results

Rigorous results have been obtained for observables,
that do not depend on any operator factorisation assumptions.
We have shown that the master equation of this section
describes a nonequilibrium phase transition, when the
system evolves from a state of definite J value. The
appropriate thermodynamic limit where the phase transition
occurs, is for N,J —=> ¢ ; with (.n/J) finite. This can
be regarded as the cooperative fluorescence critical point,

as it generalises one-atom fluorescence to the case of
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spin-J collective operators. The results involve a number
of approximations (including the dipole and rotating-wave
approximations) in the derivation of the master equation:
while these have not been discussed in detail, the dipole
and R.W. approximations are usually accurate for optical
transitions.

It would clearly be interesting to observe this new
critical point transition in an experiment; and it seems
that techniques developed in the study of super-fluorescence
or optical bistability could be adapted for this purpose.
One point of particular interest is the rapid response of
the interferometer in the region below threshold, relative
to the one-atom decay rate. This could possibly find use
as a nonlinear device in logic or communications
applications. In any case, the observation of this critical
behaviour would improve our understanding of nonequilibrium
transitions in quantum optics. Further work,both in theory
and in experiment, would be of value, in particular toward
understanding the full coupled field-matter equations; as
J2-changing processes and spatial fluctuations provide a

limitation to the treatment presented here.
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APPENDIX A: FOKKER-PLANCK AND STOCHASTIC DIFFERENTIAL
EQUATIONS

(a) Fokker-Planck Equations

By a Fokker-Planck equation, we mean a linear partial

differential equation defined on a manifold, that obeys the

following equation:

n

n d £L )
AP0, D) =51k Aulad) +S deude, D (e Pl )

M=1 y=1\
Here the complex function P( « ;+ ) is defined on an (n+1)
dimensional space of R@ Q where ﬁ is the manifold of
"phase-space"”; so that 4 & 3) . In general, ¢+ is a real
variable while the o« are complex. We usually write the
above equation without the summation, as this is implied by
repeated indices.
When Q,AQ are invariant in time, it is possible to

obtain stationary solutions in some cases, for the limit

+ >0 . Potential equations that result in solutions are
obtained by splitting the drift term (A) into dissipative

and reversible parts; and defining a "force" function -
— {

- 1 é_ ]
vo = Dupl2Ap + 4is Dpo
The potential equations (which allow integration of the

potential) and final distribution are:

_ 4
A;?é .VV - ddy VM

P&F MP['fVH(;-L')-d«A]

R
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In addition, the following equation in Ru must be satisfied:
4 o
gin LRuls) Pl ] = o

In order to obtain normalisable solutions, we usually require
that the distribution be normalisable, and that ( F%g), %P(f))

vanish at the boundaries of integration. This gives

additional restraints on the manifold that the distribution

is defined on.

A simple example of the above, is the one-dimensional

Gaussian distribution:

FY &
AP = [ax-ax 55 d] Plea)

I
$
3
N
.
z.

I
$
2
s

. PO

The variance of X in this case, is clearly ( d/2a ).
The above remarks can also be generalised to hold for

the case that DHV is singular. In this situation, the

potential is defined without using the inverse of Dmv .

This is true in many cases for Hamiltonian systems; where

the following Fokker-Planck equation is found:

d -2 . 3—"—*) 3 r2H sH
iprrxd="[ 3 (5 Up.‘(n« *Qap«)
st
+ D 3par* ] PCe,x,+]
In this case, the solution is:

o

Pre,x)= exp[— H(f,é)/k—r]

J

~ ~
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The reversible part of the drift terms is:

1F+ 2
w27 =[5y + Spaoxs |

LT 2 A 3M b 99 e
RTL Swg 2pu " 3ps 3x4]]F =o

C . ! . / . . .
Similarly, the %enerallsed force'(whlch is only defined

relative to momentum variables) is:

-\ r oH
Va = +Dy - lq dp«
Hence for the solution to exist, we must satisfy the

Einstein relation:

Dy = RT rq

The above equations are the equations and potential
solutions of Hamiltonian systems in thermal equilibrium.
Nevertheless, the Fokker-Planck method is readily adapted

to the study of other open systems, in this thesis.
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(b) Stochastic differential equations

In the case that the Fokker-Planck equation is defined
on a real manifold with DMV a positive semi-definite
matrix, the propagation of probability is equivalent to a
stochastic differential equation. This equation can be
defined using either Ito or Stratonovic calculus (Arnold
1974), which result in different stochastic equations. The
Stratonovic term is in fact equal to the result obtained on
taking the limit of a sequence of finite band-width noise
terms, and obeys standard calculus. On the other hand, the
Ito term, which has advantages in analytic work, needs to
have extra terms included on making a variable change.

In this thesis, we have used only the Ito equations.

A discussion of these is given by Chaturvedi (1977) in
relation to the Stratonovic method. The Ito equation
corresponding to the standard Fokker-Planck equation of

part (a) is:

i

n
Yep Al 8Bl 1) 5
V=i

Here Buv(‘i‘;”r f,(ﬂ are defined to satisfy the following

equations -

Dwv (2,4) = ‘é BHU"(?S,,'” va‘ (ﬁ ,‘l)
< f\’ (")fu(‘l‘D: SMV $¢ - 41)

<§,@>= o
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Thus éfu (”g are delta-correlated, independent,

Gaussian random functions: in the Ito calculus they are

also uncorrelated with the dependent variables

at the same time. The variable-change formula for Ito
calculus is as follows, where we wish to define equaticns
in a new set of variables BM(Q(,‘}) Y

_ 31BMqr 8 3 B
ﬁr'ﬁp\ = [ ée(:][?# %] + %_3:1 + ao(,,;ot—}(),{,(« 1)

The above equations are also discussed for more general
Fokker-Planck equations in section 2.3 of this thesis, giving
similar results for variables that are complex.

In solving stochastic differential equations (i.e., if
the potential equations of part (a) do not apply) it is
useful to obtain asymptotic results by expanding in terms of
the variance. To do this, we follow the method of Chaturvedi

(1977), and introduce a formal expansion parameter (o ):

d_d‘l—“M = -Aula ) + 0"2 Buv (4§, (1
y=i

The calculation proceeds by expanding §(+) in powers of 7 :

oo

«(f) = £ " o (1)

n=o

The calculation relies on having relatively small stochastic
terms ( BMQ ), so that at the end of the calculation we take
0= . 1In the linearised results of this thesis, only the

first order terms are obtained; although higher order

calculations are possible.
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The zero'th order result is clearly just the

deterministic steady-state:*

Am(j) = O

In order for this to be stable, it is necessary to
determine the eigenvalues of the drift matrix

which must have positive real parts. This is determined
as usual by the Hurwitz criterion (Fuchs & Levin, 1961;

Haken, 1977).

The first order result is then just the linearised

equation:

2al= [y Aw()]«® 4 Buyia) 5o ()

This is now a linear diffusion equation, which is discussed

in Appendix B.

* Except for the cyclic case discussed in section 5.9,
where the zero'th order result is transformed to a

rotating frame of reference.
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APPENDIX B: CORRELATIONS AND SPECTRUM OF A LINEAR
DIFFUSING SYSTEM

We frequently wish to solve for the correlations

arising from the following Fokker-Planck equation:
S
Pl = L3
) = S bl Aty 33 D] Pl 1)
V=i

Where P is a function of the variables g(v , and 9 ) Q

~
-~

are (in general) complex matrices. That is we wish to

determine:

Um
‘H Rl <°‘“("h°‘\}(“1)> SMV (*l - +) = 51.’0\4 ('*1."'“)

We also are interested in the spectrum, or Fourier transform

of the correlation function:

oo

gnv(”) = "2-‘?] (é;wTSM\?(‘OO\f

-

In the case of gquantum optical systems in the coherent

state representation, the usual measureable spectrum is:

~

1) = Jutd = whS & G

Corresponding to this Fokker-Planck egquation one finds the
following linear stochastic differential equation, which

is the same in either Ito or Stratonovic calculus:

331% = -Aw-4v <+ aniv(”
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(We use the Einstein summation method for repeated indices.)

The B-matrix is defined by the following equation:
DM\) = BM\T BVU"

SyMFa)> = S §G-an)

That is, the noise terms are delta correlated independent

Gaussian processes. Hence we can easily obtain the

following result:

by ) = Bym- $a (1)
CbyMbuad= Duy - S¢G-19)

We can now solve the differential equation for ¢ in a

straightforward way:
+
dn = oxpl-Auwt]ayo) + [t spp[-Auoh-1] b0

Now provided the real parts of the eigenvalues ofAQ are
positive, the initial value term vanishes exponentially for

large T giving the following result:

+ 4

jw(*r*a.) = + -7«0 OS

2 T
$- -AG,-1")
[ A e QG" ! ],.o $(4-40 dt ot

no

In fact these equations are still valid, when the diffusion
matrix can be nonpositive-definite so the noise is essentially

complex. In this case the steady-state distribution would be
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a Gaussian in the complex phase-space of section 2.3.
On simplifying by integrating the delta function, one

then obtains the correlation functions in terms of the equal

4
_ G (T Ay ]
j(‘?) = 450 ), dd e” ge~ =

time correlation array S(d) :

N

Il

gf‘:’) ’fﬂ%fiwqﬁi‘ ri(o) -ig(o) [‘iw‘té\r]"‘guv

A+
e~

X
M(\’” = i e—é-‘ 2 (o). O4) + é (o) O(—‘ﬂ}nv

In the work of Chaturvedi, Matheson, Gardiner & Walls
(1977), this is analysed for the case of a (2x2) matrix,
giving:

[dt 21D + [A-T-A)20A-TAD7
o = (T, 2)C det )

and hence, for the spectrum, one obtains:

I(“’) = ’.;‘:, DW. [ (iud-l-/z\s‘ zfo]]—“

For more general cases, it becomes necessary to

diagonalise Aé , giving a diagonal array of eigenvectors

~

A = u'A Y

~ ~ P

~ ~ ~ =~
* We define the [ - function as:

(>0): ©U) =\ 0Cod= Y2 5, O©C4) = O
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Hence the correlation matrix can be written in terms of the

transformed diffusion array -

d = Uy
"(VO] = MHP [ 7\{) +AP‘] ulo'\]

T d , T
M(:’) = (lﬂ)unf dop! Mp’v
Guwaap)=iwedg)
p P
These formulae provide techniques for obtaining the

linearised spectrum in all cases of guantum systems with

stable branches, that are represented by a normal-ordering

operator correspondence.
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APPENDIX C: NUMERICAL METHODS

As many of the results obtained in this thesis were
illustrated by numerical graphic plots, a sample of one of
the computer programs utilised is included. The logic of
the graphics programs is simple. A routine was written for
curve-plotting that was linked to the standard graphics
routines of the computer being utilised. This was an
interactive master program, that received input data about
the type of graph required, from the operator via a C.R.T.
screen and keyboard. The master program in turn was linked
to the numerical routine required. This was called (as a
sub-routine) for each graphic point that was output to the
graphics terminal.

A simplified flow-chart is as follows:

keyboard master ; | graphics screen hard
input program routine output copy

numerical numerical
data input routine

The program following is a numerical (Fortran) routine,
that was used to generate the data for the correlations
from potential solutions in section 3.2. The program has
attached to it, a subsidiary routine, that evaluates the
hypergeometric functions used in calculating moments from

the potential solutions. For simplicity the graphics master
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program has been omitted (as this is rather lengthy).

A brief summary of the functiog of the master program

is as follows:

(1) The master program accepts input through the keyboard

specifying the number of dimensions of the graphics
output, the size and scale of the graph to be displayed,
the range of the independent variable (T), the

resolution or stepsize of the independent variable (AT),

and the number of iterations.

(2) The subroutine F( ) is called to initialise the
numerical input data array. The integer variable J is
set equal to zero to indicate that the subroutine call

is for initialisation purposes.

(3) The subroutine F( ) accepts input through the keyboard
specifying all necessary input parameters, which are
placed in the vector array PA( ), to be used during

numerical computation.

(4) The master program outputs initial graphic data and
prints the parameter list PA( ) for reference
purposes. The subroutine F( ) is then called with
the variable J set equal to 1 for the first iteration.
During each iteration, the independent variable (T)
is initialised at its lowest value, then incremented
by (AaT) for each call until the highest value is
reached. Each iteration results in a line output to
the graphics screen. Successive iterations are

indicated by incrementing J by 1 each time.
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The subroutine F( ) or numerical routine, returns a
coordinate point (X,Y) or (X,Y,Z) for each value of

the independent variable T. Different values of J are

used to indicate different types of calculation or
data that are required for successive iterations. In
three dimensional operation, hidden lines are removed

for true perspective output.
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SUBROUTINE F(JsXsYsZ1yTsFA)
COORAKOK K KOK 3K KK K 3OKOK K K K KK KK KKK K KOKHOKKOR KK KK

C MOMENT FROGRAM FOR THE
C CALCULATION OF INTENSITY AND G2
C IN A NONLINEAR EOSE SYSTEM

3 K Ok K K R KK A K s K K KKK OK SRR K K KoK KKK kR K K
ODIMENSION FACLO)
COMMON AYEByCyOMsGyD)ELSED
COMFLEX F2yAyRByCyAOsROsAL1sRB1yA2»B2
IF (J.GT.0) GO TO 100
TYFE 1
1 FORMAT (/ PLEASE INFUT DRIVINGFIELD,IECAY RATEy’
1/DETUNINGy ‘/’ ARSORFTIVE ANDI DISFERSIVE NONLINEARITY’)
ACCEFT 10+0OMsGryDyELIE2 :
FA(1)=0M
FA(2)=G
FA(3)=D
FA(4)=E1L
FA(S)=E2
10 FORMAT (SF?2.5)
C=G+(0.0y1.0)%D
A=E1+(0.0y1.,0)XE2
R=C/A
C=(CABS(AYX%X2)/2.0
A=(R) )
B=REALC(AY+(0.0y-1,0)XAIMAG(A)
RETURN
100 X=T
Z=X/C
AO=A
BO=R
Al=A+1.0
El1=R+1.0
A2=A+2.,0
E2=RE+2.0
IF (J.G6T.1) GO TO 200
Y=ZXF2(AlyB1sZ)/ (2, 0KAXBXF2(A0yBO+2Z))
RETURN
200 IF (J.GT.2) GO TO 300
Y=A%E/(A1XR1)
Y= ﬁLUC(Y)+Gl00(F2(A07E09Z))+QLUG(F°(ﬁ2!Bﬂvz))
Y=EXF (Y- Qo*ﬁLUG(F”(Ql Bl1y2Z)))
RETURN
300 Y=T
X=(CARS (A+2 . 0XT) > %k%k2
X=TXXKC%2.0
RETURN
END
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FUNGCTION F2(AsEsZ)
COMFLEX F2sAyEsATsETsFTyANsENsFNyD

380K KKK KOk Ok K K KK 0K K KK 3Ok K 3K K 0K K K kokoKk KOk kKK kK

Cc
C
C

COMFUTES THE HYFERGEOMETRIC
SERIES CALLED OF2(AsEsyZ)
CALLED BY MOMENT FROGRAM

C*********X********************gk******

100

200

F2=1.
0D=1.0
AN=A
EN=B
FN=1,
00O 100 N=1,1000
O=(Z/FN)XI/ (ANXEN)
AN=AN+1.0 :
EN=EN+1.0
FN=FN+1.0
IF (CARS(D).LT.0.0001) GO TO 200
F2=F2+D
TYFE 1
FORMAT (’ NONCONVERGENCE ERROR FROM FROGRAM F27)
RETURN :
END
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APPENDIX D: QUANTUM FLUCTUATIONS OF THE HIGH-Q CAVITY
IN THE LARGE INTENSITY LIMIT

We wish to obtain results for absorptive fluorescence
in a high-Q cavity; in the case of large input intensity.
In this case, it is possible to approximate the
fluorescent atoms as being uncorrelated, and the master
equation technique of Mandel (1974) can be utilised. This
was originally developed to deal with the high-intensity
single mode laser. Starting from the laser equations (as
obtained by Mandel, 1974), and including an external field,

one would obtain:

Q%P(ﬁ)':- § i\[—'r: + K(H‘LOO(]

b oantloE* 4 w e Qat]

b S S 2 -1
4 'L(K[S:aqf-L-e; ‘ifd*][h'j", -fno("‘aéa; M*}v)]:’g P(<4)

The above equation is identical to that of Mandel (1974)
with the inversion ( do) at thermal equilibrium, equal to
the ground-state, and with the addition of an external
coherent field (E).

We now wish to expand the above equation to include
only diffusion terms like (_37’341) , while truncating
terms of higher order. This can be accomplished with the

use of (Vno\ as a formal expansion parameter; let:
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We will only include the leading terms of order ( '/Mo)
in this expansion. The terms of ( '/na ) or greater, will
be neglected: as they involve either higher order
derivatives (which will be truncated) or terms due to
commutation of differential operators, which can be
neglected for large Mo .

The overall result, after truncation (and neglect

ie 8
of terms of order e ) is:

J%F(:Q = {59'«[43 + K (1ot r\() + 0% ]

S
2 3t L -E" s k™1 5 @) 4 00A)]

3 olgl™ q+|ql

= e (4
o | a.,,a.,n(m.—;;m*) M anne -aqum i 8 P(<)

This equation describes resonance fluorescence in a

high-Q cavity, provided the atoms are uncorrelated. 1In

I-h
0
=

particular, this would be expected to have validity
large atomic saturation ( & »oe ). In this limit, the

equation becomes:
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5P = 11 (ko) Salia €% ]

K 2 R * ot
+ 7 (250~ 3a (34) - 552 (5 3Pc)

The deterministic equations can be seen to
asymptotically correspond to a linear cavity, with
additional fluctuations due to the interaction with the
fluorescent atoms. These fluctuation terms are due to
the random (quantised) nature of the spontaneous emission
from inverted atoms interacting with the radiation mede
in the cavity. We note that in this asymptotic limit,
the equation resulting is identical to that of section 5.5.
Both equations however incorporate a truncation approxima-
tion, which would alter the exact distribution in the
high-intensity limit (Mandel, 1974).

We wish to emphasise that in the limit treated in
this appendix, both the methods of Mandel et al and the
method obtained with the equations of Haken et al, result
in identical Fokker-Planck equations, after truncation.
These theoretical treatments only differ in the terms
that include atomic correlations (which are negligible in
the limit of large atomic saturation).

The correlations and spectrum are readily obtained

from formulae derived in section 3.1, with the

substitution:

1
o

d :.F = <K ’ K



Hence one directly obtains; on linearisation:

C = <Kdpdy> = (%.) -F ‘
-

‘54 CK
(WiWo)= W S(w)  + 27 (wors K?)

j%o}'l |

This spectrum is equivalent to the spectrum of a
linear interferometer with a large amount of "thermal
noise", as treated in section 3.1l. The corresponding
linear interferometer would have Nin = ¢/2 . That is,
the effect of the fluorescent atoms on the spectrum is
equivalent to a thermal noise source of occupation
number ( €/2). These fluctuations are intrinsic (quantum)
fluctuations which cannot be removed by using a stabilised
input, or by reducing the reservoir temperature. Finally,
we note that the linearising procedure would require that
the guantum fluctuations are small relative to the

deterministic photon number (i.e. ¢ << T ).
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