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Abstract

Hamilton-Jacobi theory provides a powerful method for extracting the equa-
tions of motion out of some given systems in classical mechanics. On occasion
it allows some systems to be solved by the method of separation of variables.
If a system with n degrees of freedom has 2n — 1 constants of the motion that
are polynomial in the momenta, then that system is called superintegrable.
Such a system can usually be solved in multiple coordinate systems if the con-
stants of the motion are quadratic in the momenta. All superintegrable two
dimensional Hamiltonians of the form H = p + p. + V(z,y), with constants
that are quadratic in the momenta were classified by Kalnins et al [5], and the
coordinate systems in which they separate were found.

We discuss Hamilton-Jacobi theory and its development from a classical
viewpoint, as well as superintegrability. We then proceed to use the theory to
find equations of motion for some of the superintegrable Hamiltonians from
Kalnins et al [5]. We also discuss some of the properties of the Poisson algebra

of those systems, and examine the orbits.
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Chapter 1

Introduction

Hamilton-Jacobi theory is a powerful and advanced form of classical mechanics.
It can be used to find the equations of motion for some systems, by solving a
first order non-linear partial differential equation. It also can provide a means
of approximation to quantum mechanics, for example through the Eikonal
approximation, where the Hamilton-Jacobi equation is converted to a non-
linear variant of the quantum mechanical Schrédinger equation.

If a particular system is superintegrable and has constants of the motion
which are quadratic in the momenta, then it can be solved by separation of
variables in at least one coordinate system, and usually more. The aim of this
thesis is to describe Hamilton-Jacobi theory from first principles in a classical
framework, to explain superintegrability, and to demonstrate Hamilton-Jacobi

theory applied to some two-dimensional superintegrable systems.

1.1 Hamilton-Jacobi Theory

Hamilton-Jacobi theory arises from classical mechanics, which was created by
the great English scientist Sir Isaac Newton and published in his 1687 work
“Philosophiae Naturalis Principia Mathematica”, or “Mathematical Principles
of Natural Philosophy”. The three laws of motion which were proposed within
it, known as Newton’s Laws, allowed the paths of motion for many different

systems to be calculated, and provided the first real mathematical description



of forces and their effects on objects.

In 1788, the Franco-Italian mathematician, Joseph Louis Lagrange, refor-
mulated classical mechanics by considering that the path of an object could be
determined by finding the path on which the integral of a quantity, known as
the Lagrangian, would be minimised. This produced second-order differential
equations which could be solved for certain systems. In classical mechanics the
Lagrangian of a particle is the difference between the kinetic and the potential
energies. This formulation, known as Lagrangian mechanics, simplifies many
problems, as there is often no need to calculate all the forces on the object

throughout its motion. For example, consider a bead on a hoop (Figure 1.1).

6,4

(CAS)

Figure 1.1: The system of a bead on a hoop under the influence of gravity. R
is the action of the hoop on the bead, v is the bead’s velocity, and g is gravity.
The bead travels from the position 6, at time ¢; to the position 65 at time 5.

Two different possible paths are shown in the graph on the right.

In classical mechanics we would have to consider the forces on the bead at
all times, i.e. gravity and the action of the bead on the hoop, which would
result in a set of equations to be solved to find the equations of motion. In
Lagrangian mechanics we simply have to look at the possible paths the bead
can take between the two points, 6; at time t; and 6y at time ¢, calculate the
kinetic and potential energies, and find the path that minimises the integral

of the Lagrangian.



The Irish mathematician, Sir William Rowan Hamilton, used Lagrangian
mechanics to create another useful description of classical mechanics, called
Hamiltonian mechanics. In 1833 he replaced the generalized velocities found
in Lagrange’s formulation with generalised momenta. This produces 2n first-
order differential equations, which could be more easily solved than the second-
order equations of Lagrange, and it centres around a quantity known as the
Hamiltonian. In classical mechanics the Hamiltonian is the sum of the ki-
netic and potential energies of a particle. However, in some cases there is no
real advantage in solving a problem using Hamiltonian mechanics instead of
Lagrangian mechanics. What Hamiltonian mechanics does provide is a plat-
form for advanced results within mechanics, by treating the coordinates and
momenta as independent variables. This allows for more freedom in selecting
which physical quantities can be labelled “coordinates” or “momenta”.

Carl Gustav Jacob Jacobi, a prominent German mathematician, created
Hamilton-Jacobi theory in his 1866 work “Vorlesungenber Dynamik”, or “Lec-
tures on Dynamics”. The central equation in the theory, the Hamilton-Jacobi
equation, is another reformulation of classical mechanics and comes from the
Hamiltonian formulation, hence the ‘Hamilton’ in ‘Hamilton-Jacobi’. Jacobi
created it by considering how certain special transformations, known as canon-
ical transformations, could be applied to the system in such a way that Hamil-

ton’s equations become trivial to solve.

1.2 Superintegrability

A constant of the motion for a classical mechanical system is a quantity that
is constant in time or throughout the motion of the system. These constants
could be, for example, the momentum in a particular direction, the angular
momentum or the Hamiltonian of the system. In particular, a system with
n degrees of freedom is said to be superintegrable if it has 2n — 1 constants

of the motion that are polynomial in the momenta [5, 9]. It should be noted



that all systems have at least 2n — 1 constants of the motion, but those which
have constants polynomial in the momenta have properties that make them
better to work with. A superintegrable system can be easier to solve, and can
often be solved in more than one coordinate system. An example of this is the

Kepler problem in two dimensions, with its Hamiltonian given by [1, 4]

H:pi%—pi%—

o
This can be solved in more than one coordinate system using Hamilton-Jacobi
theory and separation of variables. It is because of this flexibility that we study
this system, as well as some other two-dimensional superintegrable systems

with similar properties.

1.3 Thesis Outline

Chapters 2 through 5 are concerned with the formulation of Hamilton-Jacobi
Theory. Chapter 2 covers classical mechanics, which Chapter 3 extends with
Lagrangian mechanics. This follows on to Hamiltonian mechanics in Chapter
4 and finally Hamilton-Jacobi theory is described in Chapter 5. In Chapter 6
we discuss superintegrability and in Chapters 7, 8 and 9 we look at some ex-
amples of two dimensional superintegrable Hamiltonians which can be solved
in multiple coordinate systems. We solve them in some of those coordinate
systems and look at their constants of the motion, as well as some other prop-
erties of the systems. We also examine their orbits. Chapter 10 contains our
discussion.

Maple was used for some of the more lengthy calculations, as well as for
the graphs of motion for the systems. Illustrations were done in Xfig. Some
of the harder integrals were found on EqWorld [8]. The previous section (1.1)
relies somewhat on what can be found on classical mechanics and associated
topics on Wikipedia [10]. Chapters 2 through 5 rely on what can be found in
Goldstein [4] and, to a lesser extent, Evans [3]. Chapter 6 uses Perelomov’s

book [7] for the section on integrable systems. The examples in Chapters 7



through 9 come from the paper by Kalnins et al [5].



Chapter 2

Classical Mechanics

Classical mechanics is a way of describing the general motion of bodies, either
along a path or rotating around the centre of mass, or a combination of these
motions. To do this it considers point-like particles, with large bodies being
made up of many individual point-like particles. This is a good approximation
for most situations which we see in everyday life, as the equations of motion for
the object can be found by considering the motion of each one of its constituent
parts. Classical mechanics does not describe the motion of very small atomic-
sized particles or of objects with velocities approaching the speed of light.
Quantum mechanics and relativity respectively deal with these cases.

The mass of a particle in classical mechanics does not change in time, and
is therefore a constant. It is represented as m.

To find the path of motion of a point-like particle we need a way to represent
the particle’s position. This position is found with respect to an arbitrary point
in space, called the origin. The position is defined as the vector from the origin
to the particle, and is usually denoted r.

The position of the particle can change in time, and so the vector r is a
function of time, or r = r(¢).

The velocity of the particle is defined as the rate of change of position with

time. This is given by the derivative of the position with respect to time, and



is denoted v.
i

v I (2.1)

The dot in the last term represents differentiation with respect to time.

The acceleration of the particle is defined as the rate of change of velocity
with time. This is given by the derivative of the velocity with respect to time,
and is denoted a.

dv  d°r

The two dots refer to double differentiation with respect to time.
The linear momentum of the particle is defined as the mass of the particle

multiplied by the velocity, and is denoted p.

d
p=mv= md—; (2.3)

The law of conservation of momentum states that the momentum of a system
must remain constant, unless it is acted on by an external force.

It must be noted that these laws only hold for inertial frames of reference.
This means that the laws only hold when the origin is not under any accel-
eration. Usually the origin is chosen to be a stationary point, but even if it
is moving at a constant velocity then the laws still hold. Only when it is

accelerated do the laws break down.

2.1 Newton’s Laws

In 1687 Sir Isaac Newton gave three laws of motion which describe the rela-
tionships between the motion of an object and the forces acting on it. Force
is a vector and it commonly represents a push or a pull on an object. It is

denoted by F.

Newton’s First Law: An object at rest will remain at rest unless acted
upon by an external and unbalanced force. An object in motion will remain in

motion unless acted upon by an external and unbalanced force.



Also known as the law of inertia, this law basically states that the change

in velocity of an object is due to forces applied to it.

Newton’s Second Law: The rate of change of momentum of a body is pro-
portional to the resultant force acting on the body and is in the same direction.

This law implies that if more force is applied to an object, then the rate of
change of momentum with time will be higher. Using SI units, the constant

of proportionality in that relation is unity, and so the relation is written

po®_ &l (2.4)

“a "ar T

Newton’s Third Law: All forces occur in pairs, and these two forces are
equal in magnitude and opposite in direction.
This law states that if a force is applied to an object, then the object will

exert an equal force in the opposite direction.

2.2 Work and Energy

The work done W by the force F on a particle going from some point a to
some point b is defined as

b
Wab:/ F - dr, (2.5)

where dr points along the path. From Newton’s Second Law (2.4), equation

(2.1) and using

dv v?
-V = —
dt 2"’
we then have
b
d
Wy = | mS.vdt

and therefore



The kinetic energy T of the particle is defined as
T=—vl=-— (2.6)
and we see that the work done is just the change in kinetic energy, or
W =Ty, —T,.

The potential energy of a system is the energy released due to some physical
property of the object. In classical mechanics, the potential energy usually
refers to the energy which could become kinetic energy due to the object’s
position in a force field. It is denoted as V.

The law of conservation of energy states that if all the forces acting on a
system are conservative, then the total energy, being the sum of the kinetic

and potential energies, must remain constant in time.

2.3 Conservative Forces

A conservative force is one in which the work done in moving a particle around
a closed circuit is zero. Examples of conservative forces are gravity or the
electromagnetic force, while friction is a non-conservative force. If a force is
conservative, we can write it as the negative gradient of a scalar function. It

is only a function of position, and in that case we obtain
F=-VV(r).

We call V(r) the potential of the system and it represents the potential energy

of the system. From equation (2.5) we then obtain
b
W= — / YV -dr,

and therefore

Wab - Va _‘/177

or

AW = —av. (2.7)
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2.4 Summary

Classical mechanics provides a method for calculating the paths of motion
for point-like objects. Specifically, Newton’s Second Law allows the rate of
change of momentum to be calculated if the forces on the object are known. It
creates a set of second-order ordinary differential equations and they can then
be integrated to find the paths of motion. Central to this method, however, is
the knowledge of all the forces exerted on the object. Calculation of the paths

can sometimes be difficult.



Chapter 3

Lagrangian Mechanics

Lagrangian mechanics looks to generalize Newton’s Second Law to any coordi-
nate system. This can greatly simplify the calculations as it can produce less

complicated equations than the standard classical mechanics approach.

3.1 Generalized Coordinates

The generalized coordinates of a system of particles are given by ¢ (t), g2(t),

.., qn(t). These coordinates are used to describe the position of the particles
at a certain time ¢t. Formulating the equations of motion in terms of these
generalized coordinates makes it easier to solve problems in any arbitrary co-
ordinate system.

The n coordinates each correspond to one particular degree of freedom for

a particular particle. For example, a particle’s position in a two-dimensional
space at a certain time can be characterized by just two generalized coordi-
nates. We could use cartesian (x,y) or polar (r,6) coordinates, and indeed
there are many different possible coordinate systems. A certain choice of coor-
dinates for a system, however, can make the equations of motion much easier
to derive. For instance, polar coordinates are suited to circular or elliptic mo-
tion, whereas cartesian coordinates are more suited to motion in a straight
line.

As time evolves the particle would trace out a curve in the space. Time
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(944, 9,0)

CICKIO))

a4

Figure 3.1: The space-time curve of a particle with two degrees of freedom.

The particle starts at time ¢; and ends at time t,.

can therefore be considered as a parameter of this curve, and the position of
the particles at a certain time t, would be given by (q1(t0), g2(t0), - - -, Gn(to0))-

Figure 3.1 shows the path of a particle in two dimensions.

3.2 Transformation Equations

In a specific (1, x9,...,x,) coordinate system the positions of the particles

would be given by the transformation equations

Ty = xl(ql(t)>q2(t)> . '>qn(t)vt)7

ro = mo(qi(t), qa(t), ..., qu(t), 1),

Tpn = xn(ql(t)> (J2(t)a ceey qn(t)a t)7
or in vector form
r= r(Ql(t)> q2(t)> B 7QH(t)v t)

For example, a particle which has two degrees of freedom could be described

as having the position in cartesian coordinates given by

z = z(q(t), (1), 1),

Yy = y(‘h@)? Q2(t>> t)v
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or in vector form

r = (x((h (t)v Q2(t)7 t)? y(‘h@)? Q2(t>7 t))?

= r(q(t), ¢(t),1).

3.3 Generalized Force

Newton’s Second Law (2.4) is formulated in terms of a certain set of coordinates
(often cartesian). Suppose then that we wished to know the component of the
force in the direction of our generalized coordinates. We define the generalized

force (Q; associated with the generalized coordinate g; as

or
0g;

Qi=F (3.1)

which is simply the component of the force in the direction of the i’th gener-

alized coordinate.

3.4 Lagrange’s Equations

We now rewrite Newton’s Second Law in terms of the generalized force. We

have from (2.4) that

d?r
F=mam
and so
or d’r Or

But we note that
d(dr or) & or drod(on
dt \dt 9¢;)  dt2 0g; dt dt \Og
d_2r or +g 0 [(dr
de? 8qi dt aqi ’

and therefore we can see that

d’r Or d dr Or dr 0 [dr
,: (o d . & ar) 2
Gi=maE 5, = @ (m dt 6qi) & ag, (dt) (32)
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From equation (2.6) we note that the kinetic energy T is

1 5 mdr dr

T=-m? =2
2" T ar
Then
orT dr 0 (dr
oq; e 0q; (E) (3.3)
and
orT dr Or dr Or
- m— - - m— - . 3.4
og; "t dg  dt og (3:4)
Substituting equations (3.3) and (3.4) into equation (3.2) finally gives
d [oT oT
=S (Y 3.5
Now from equation (3.1),
or
i =F. 2
“ dq;
For a conservative system, we had from equations (2.5) and (2.7),
dV = —dW = —F - dr,
and so
ov
s 3.6
a--2 (36)

Equating equations (3.5) and (3.6), and rearranging, gives

4 (ory _or ov
dt \ 9¢; oq; g

or

d (o _aT-v)
dt \ 9¢; og;

Now if the potential V' is not dependent on the generalized velocities (¢;), we

can see that the equation

d <6(T— V)) AT V)

E 9q; 0g; =0

would also hold. The function defined as

L(qi, i, t) =T =V (3.7)
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is called the Lagrangian and the corresponding equations

d (0L oL
dt (aqz') g ! (3:8)

are called Lagrange’s equations. We can see that the Lagrangian is the differ-

ence between the kinetic and potential energies for a conservative system.

3.5 Generalized Momenta

We can find the generalized momenta in the same way that we did for the
generalized force. We define the generalized momenta p; associated with the

generalized coordinate ¢; as
Jr
dq;’

pi=p (3.9)

which is simply the component of the momentum in the direction of the ¢’th

generalized coordinate. p; is said to be conjugate to ¢;. We then have

or
i = mv: 5
P dq;
_dr Or
but from equation (3.4) we had
dr or 0T

ma ' dq;  Og;’

and so we obtain
B oT
- 04

Di

If the potential energy does not depend on the generalized velocities then we

can write
AT +V)

p’i = an Y

or
)
04

Di (3.10)

Lagrange’s equations (3.8) then become

. 0L
Di g

0. (3.11)
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3.6 Summary

Lagrangian mechanics reduces the second-order ordinary differential equations
of classical mechanics to simpler forms because it allows the use of different
coordinate systems which could exploit the symmetry of the system. However
the Lagrangian, as defined in equation (3.7), has as variables the generalized

velocities (¢;), which is not always useful.



Chapter 4

Hamiltonian Mechanics

In this chapter we look to replace the generalized velocity ¢; in the Lagrangian
with the generalized momenta p;, and we come up with a new formulation of

mechanics. We also study the formulation using a variational principle.

4.1 The Hamiltonian

From (3.7) we had that the Lagrangian was
L= L(QZJ Qia t)7

i.e. a function in terms of the generalized coordinates, velocities and time. We
now want to replace the generalized velocities ¢; with the generalized momenta

pi, and so we look for a function H such that
H = H(QZ?Z)ZJ t)?

from which the equations of the motion are determined. To find such a function

we look at equation (3.10). It can be written

oL
04

Pi-
If we integrate with respect to ¢; we obtain

L = pig; + F(q, pi, t),
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and we notice that F' is in terms of the required variables. We call the quantity
H = —F the Hamiltonian, and so the Hamiltonian of the system H is defined
as

H(qi, pi;t) = pidi — L, (4.1)

where the repeated suffix ¢ denotes summation from ¢ = 1 to n. The Hamil-
tonian is a function of the generalized momenta p;, generalized coordinates g;
and time . We can see that it is not a function of ¢; as if we differentiate the

right-hand side with respect to ¢; we get

oL
p 2 aql Y

which equals zero by equation (3.10).
If we are given a Lagrangian for a system and wish to find the Hamiltonian,
we must eliminate any ¢;’s from the function. This is done by using equations

(3.11) and (3.10).

4.2 Conservative Systems

In a conservative system we saw that the Lagrangian was written as L =T -V

(3.7). In this case the Hamiltonian becomes

H = pg—-T+YV,

_ b g
g ar LtV

- 2% Ly
oG ar

as V has no ¢; dependence. From equation (3.4) we saw that we could write

oT dr Or
g m— .
d4q; dt  Oq;’

which gives

dr Or dg;
H = m— ——=_-T+7V,
T dq; dt Y
dr d
Sl T /4
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and since
B mdr dr
Co2dt dt

by equation (2.6), we have
H=2T-T+V =T+V.

So we can see that for a conservative system where the potential does not
depend on the generalized velocities, the Hamiltonian is exactly the kinetic
energy plus the potential energy of the system, i.e. the total energy of the

system.

4.3 Hamilton’s Equations

The Hamiltonian (4.1) is given by
H(pi, i, t) = pigi — L(qi, Gir t)-

Taking the differential of this equation we obtain

oL oL oL
dH =p;dg; + ¢;dp; — m—dg; — w—dg; — —-

dt
dq; 7

and using equations (3.11) and (3.10), we can write

) ) ) . oL
dH = Pz‘d%—i‘%dpz‘—pid%—pz‘d%—Ed@
oL
q; Ap p:aq ot

As the Hamiltonian is a function of p;, ¢; and ¢t we have

H H H
:a dpi—i-&—d%‘—f‘&—dt-

H
d Opi I ot

Comparing the two equations gives the relation

oH _ 0L
o ot’
and the relations
. oH
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and
. oH
pi = 04, .

(4.3)

These last two equations are called Hamilton’s equations, and they are a set
of 2n first order equations of motion for the system.
In a system where the Hamiltonian does not contain t explicitly, the dif-

ferential of the Hamiltonian becomes
dH = ¢;dp; — p; dg;,

and therefore

dd . . .

dr =qipi —DiGi = 0,
and we can see that the Hamiltonian, which for conservative functions repre-
sents the total energy, is constant in time. That constant is often called F,
giving

H=E. (4.4)

4.4 Euler’s Equations

In many physical situations we are concerned with finding the path between
two points, a and b, with which an integral of the form
ta
I= [ 00, 00, 00,00, 800, nle) 0

takes an extreme value. Time ¢; corresponds to the time when the system is
at point a and time ¢, corresponds to the time when the system is at point b.
For example, we could be looking for the path between two points on which a
particle travels by the shortest distance.

Consider the above integral for a particle with only one degree of freedom.

It is then

to
I= / (g, d, ) dt.

t1

Suppose the curve that minimised this integral was given by

q=Q(t).
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t

Figure 4.1: The change in action of a system. This shows two possible paths

of a particle with one degree of freedom.

A neighbouring curve through a and b could be given by

q=Q(t) +G()

where 0 is a small constant and G(a) = G(b) = 0 (See Figure 4.1). The integral

I for this curve would be
t2 . .
1) = / W(Q + 5,0 +6C, 1) dt.
t1

We know that this is an extremum for 6 = 0. The necessary condition for
finding the extreme values of I is

df

—| =0
ds

6=0

and so we obtain
_ [ (e oo
5—0 N ” dqg 06 90¢0y)’
2 /oW aqf.)
/tl (3q dq
t2 9 ov | 2 q [0V
= —Gdt—l——Ga—/t1 G& (8—q) dt,
t2 ovr d [0V
- [e(Ga(5)) =0

t dq dq
using integration by parts and the fact that G(a) = G(b) = 0. Since G could

df
dod

be many different functions we obtain

o _a (ouy
dqg dt\og/)
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This can easily be extended to systems with many degrees of freedom, and

then we obtain the n equations

d [0V ov .
—(aq,i)—aqi—O, 1=1,2,...,n. (4.5)

These equations are called Euler’s equations, and they are often straightfor-

ward to solve.

4.5 Hamilton’s Principle of Least Action

From equation (3.8) we notice that the Lagrangian L(g;, ¢;,t) = T —V satisfies
Euler’s equations. This implies that, for a system where the potential has no
dependence on either ¢; or t, it will move between times ¢; and ¢, in such a
way that the value of the integral
ta
I = / L(gi, Gi, t) dt
t)
is an extreme (or stationary) value.
Hamilton’s Principle is a general principle stating the above. A conservative
system with a Lagrangian L will move from times ¢; to t5 in such a way that

the action integral

to

t1

has an extreme (or stationary) value. That value is often a minimum, so this

principle is often refered to as Hamilton’s Principle of Least Action.
Hamilton’s Principle can be stated in another form. Saying that the value

is stationary is equivalent to saying that the variation in the line integral I is

Z€ro, or
ol = 5/ (i, Gi, ) dt = 0. (4.6)

Substituting equation (4.1) into (4.6) gives
t2
5/ (pi¢i — H(qi, pi, 1)) dt = 0.
t1
The quantity p;¢; — H(q;, p;, t) must satisfy Euler’s equations (4.5), but we see

that it has 2n degrees of freedom, the n p;’s and the n ¢;’s. Therefore the 2n
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Euler equations are

d O(pigi — H(qi, pit)) _ I(pigi — H (g, pi, 1)) 0
and
d (0(pigi — H(gipi 1)\ Opidi — H(gi,pirt)) _ 0
dt Op; Ip; ’
These give
dt \"" dd; dg; ’
and
a < op: Wty Y

which finally give

bi — (qupzat) -0,
9q;
and
aH 79 i7t
L )

Op;
These are exactly Hamilton’s equations, (4.2) and (4.3), derived from a varia-

tional principle.

4.6 Summary

Hamilton’s equations are often easier to solve than Lagrange’s equations, as
they are first-order as opposed to second-order. What Hamiltonian mechanics
does offer is a deeper insight into mechanics. As it presents both coordinates
and momenta as independent variables, it allows for more freedom in the choice
of which physical quantities can be labeled ”coordinates” and "momenta” in

a system, and therefore allows for a more abstract formulation of mechanics.



Chapter 5

Hamilton-Jacobi Theory

In this chapter we look to use so called canonical transformations from a set
of canonical coordinates and momenta ¢; and p; to a new set (); and P; with
the aim of converting the Hamiltonian into a form which makes Hamilton’s
equations easy to solve. The general method leads to the Hamilton-Jacobi
equation, which can sometimes be solved using the method of separation of

variables.

5.1 Cyclic Coordinates

Sometimes one of the generalized coordinates does not appear explicitly in the
Lagrangian, and therefore it is also not in the Hamiltonian, by equation (4.1).
These coordinates are called cyclic coordinates and, as they do not appear we

then have
oL B oOH _0
dq; B dq; -

and therefore, by Lagrange’s equations (3.11), we have
pi = 07

or that p; is a constant if the corresponding ¢; is cyclic. This result also fol-
lows from Hamilton’s equations (4.3). If we look at the other set of Hamilton’s
equations (4.2), we see that if the generalized momenta does not appear ex-

plicitly in the Hamiltonian then the corresponding generalized coordinate is
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constant. The momenta is then also a cyclic coordinate.

5.2 Canonical Transformations

A certain choice of coordinates can make the equations of motion easier to
derive. For example, it is more natural to describe the motion of a bead on a
hoop using polar coordinates centred at the origin rather than cartesian coor-
dinates. We now consider a transformation from the ’old’ canonical variables
q; and p; to a new set. The new’ position and momentum coordinates will be
denoted @); and P; respectively, and the invertible transformation equations

are given by
Qi = Qilq1---Gn,p1---Pn>t),

P, = P(q1---GnsP1---Pnyt),

in analogy with section 3.2. Specifically, however, we want (); and P; to obey
Hamilton’s equations for a new Hamiltonian associated with these new co-
ordinates, as that would simplify calculations. We call such transformations
canonical transformations, with the ); and P; being called canonical coordi-

nates. Therefore they satisfy the transformed Hamilton’s equations

. oH . OH

The new Hamiltonian H = H(Q;, P;, t) is given by

H=PQ;,— L

where £ = £(Q;,Q;,t) is the Lagrangian of the new coordinates.

5.3 The Hamilton-Jacobi Equation

Consider if the transformed Hamiltonian was identically zero (H = 0). Then
by the transformed Hamilton’s equations (5.1) we would have that @); and P,
are both constants, i.e. they are cyclic coordinates. From the transformation

equations we could then find p; and ¢; and would therefore know the motion of
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the system. We need to find a way of transforming to these new coordinates.
Consider Hamilton’s Principle (4.6) in the form
t2
t1

This must also be simultaneously true for the new Lagrangian, i.e.

5/t2 L(Q;,Q;,t)dt = 0.

Therefore there is a relationship between the old and new Lagrangians of the

form

ds
L=L+— 2
dt’ (5:2)

where S is called the generating function of the transformation. Therefore we

have

ds
— = L-C
dt ’

= pidi—PiQi+H—H;

or

From equation (5.2), as L = L(g;, ¢;,t) and £ = £(Q;, Q;, 1), we have dS/dt is

a function of ¢;, Qi, ¢;, Q; and t. Therefore we obtain

oS as .. oS s . oS

Comparing the coefficients of d¢; and d@; in equations (5.3) and (5.4) we

obtain
95 o ana 22—y
94 oQ

i

which show that S is not a function of the generalized velocities, i.e. S =

S(qi, Qi,t). Comparing the other coefficients gives

a8
p=-22 (56)

0Q;’
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and
oS

From equation (5.7) we see that, if the transformed Hamiltonian is zero, we

must have
oS
H(gi,pi,t) + T 0,
or
oS oS
Ha 22 o )
(@ o)+ 5 =0 (55)

using equation (5.5). Equation (5.8) is known as the Hamilton-Jacobi equation.

5.4 Solving the Hamilton-Jacobi Equation

As the transformed Hamiltonian is zero then the @);’s and the P,’s are cyclic

coordinates, and therefore they are all constants. We can write
Qi:ai7 7::1,...,”,

and therefore

S=5(q1, -y Gn, 1y 0, t). (5.9)

We also have that the P;’s are all constants, i.e.
Pi:_ﬁh 7;:17"'777'7

and then equation (5.6) becomes

e o

These equations can then be solved for the ¢;’s, giving

qi = qi(ala"wanaﬁla'"7ﬁn7t)7

which are exactly the n equations of motion of the system. We can then use
equation (5.5) to find the generalized momenta, and so have completely solved
the system. So we can see that solving the Hamilton-Jacobi equation also

leads to the equations of motion of the system.
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5.5 Time Independent Hamiltonians

If the Hamiltonian does not contain time explicitly, we can separate out the
time dependence as follows. We try a solution to the Hamilton-Jacobi equation

of the form
S=51(q,..,q.) +T(t).

The Hamilton-Jacobi equation then becomes

oS oT
H(g, 52) = =5,
@ 5 = o
and as the left hand side is a function of the ¢;’s only and the right hand side
is a function of ¢ only then both sides must be equal to a constant, which we

will call E. On integration, the right hand side then gives

T(t) = —Et,
and so S becomes
S=5(q,...,q)— Et. (5.11)
Therefore we can write
S =S, Gn, 01, 001, E 1), (5.12)

taking ¥ = «a,,. The Hamilton-Jacobi equation becomes

m%ﬁpw. (5.13)

The fact that we have called the constant E' comes from equation (4.4), where
we saw that if the Hamiltonian does not contain time explicitly then it could
be interpreted as being equal to the total energy of the system. The Hamilton-
Jacobi equation for systems can sometimes be solved using seperation of vari-

ables, and we will examine some of those systems in Chapters 7, 8 and 9.

5.6 The Poisson Bracket Formulation

Suppose we looked for the total time derivative of some function v = u(q;, p;, t).

We have
du_ou,  ou. o
at o T e T o
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but by Hamilton’s equations (equations (4.2) and (4.3) this becomes

du OuoH OuoH Ou

dt — dg; Op;  Ip: Ig;

+E'

By defining the Poisson bracket of two functions of the generalized variables

and time as

_ Oda 0b

{a(Qia Di, t)? b(QZa Di, t)}
then we can write the time derivative of u as

du ou

5.6.1 Constants of the Motion

Oa 0Ob

B dq; Op; ) Opi aqi7

(5.14)

(5.15)

We have some properties which the Poisson bracket satisfies. Obviously we

have

{ava} = 0,

{a,b} = —{b,a}.

If w and v are constants and ¢ is another function of the generalized variables,

then

{ua+vb,c} = {ua,c}+ {vb,c},

= w{a,c}+v{b c}.

We also have

{ab, c} Oab Oc _8ab80
W= dq; Op; Opi a%”

aa% Op; N aapi dq; "
= a{b,c} + b{a,c}.

ob Oc ob Oc b@a Oc _baa Oc
0q; Op; Op; 0q; 7

Harder to prove is Jacobi’s identity (see appendix B), which is

{a,{b,c}} +{b.{c,a}} + {c,{a,b}} = 0.

If a function u is a constant of the motion then

du
E_O'

(5.16)
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Therefore equation (5.15) becomes

ou
Since {u, H} = —{H, u} we have
ou
{H,u} = 5 (5.17)

We now have a condition for constants of the motion of the system. If a
constant of the motion does not involve time explicitly, then equation (5.17)
reduces to

{H,u} =0. (5.18)

We can see how this works for some choices of uw. If we take u = H then

equation (5.17) becomes
OH

{H,H} = o
The left hand side of this equation is zero, so the Hamiltonian is a constant of
the motion if it has no explicit dependence on t. This was also seen in equation
(4.4), where the time independent Hamiltonian was found to be the constant
total energy.

Now if we take u = pg, pr being some particular momenta with conjugate

coordinate qz. Then

{H’ pk} B dq; Op; op; 0q;’
0OH 5

dq; ok

0OH

a1,

and we see that py is a constant of the motion if and only if the Hamiltonian
does not involve ¢ explicitly (H is cyclic in ¢x). So momentum is conserved
if it is conjugate to a cyclic coordinate. This is what we saw in section (5.1).
Also consider the Poisson bracket of two coordinates conjugate to each other.

We would have

{ar,pr} = 1.
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If two cordinates have the property that their Poisson bracket is unity, then
they are conjugate to each other.

Under a canonical transformation the Poisson bracket is invariant [4] and so
we have that a Poisson bracket in terms of the conjugate variables ¢;, p; is equal
to the Poisson bracket in terms of other canonically transformed conjugate
variables Q);, P, i.e.

{A> B}%Pi - {A? B}Qi,Pi'

Now suppose that we have two functions v and v which are constants of

the motion. Then

ou
{H>U}— E’
and
ov
{H,U} = E

Substituting a = H, b = u and ¢ = v into Jacobi’s identity gives

{H> {U7U}}+ {u7{U7H}}+ {UJ{H7U}} =0,

or

ov ou
O - {H7 {U7U}} + {u> _E} + {U7 5}7
ou 0%v ou 0%v ov O*u ov O%*u
= Ao = 5 o ap:  opiotag | 9q, 0top  9pi 9tdg

9 (v du v du
= {HA{u v} + ot (3%’ Opi  Op; aql') ,

= {H (w0} + o),

= [ {u o)) — o)

and so we obtain
0
{H,{u,v}} = —{u,v}.
ot
In other words the Poisson bracket of two constants of the motion is also a

constant of the motion.
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5.7 Summary

By using canonical transformations we have shown that a Hamiltonian system
can be transformed into a simple system and solved. This involves the solution
of a first-order, non-linear partial differential equation, the Hamilton-Jacobi

equation (5.8).



Chapter 6

Superintegrability

6.1 Integrable Systems

If, for a particular system, the Poisson bracket of two of the constants of the
motion is zero, then those constants are said to be in involution. If a system
with n degrees of freedom has n functionally independent constants of the
motion which are all in involution, then that system is completely integrable
[7]. This means that the equations of motion for the system can in theory
be determined, although it might not always be possible in practice, i.e. an
integrable system might be solvable using the method of separation of variables
and reduced to integrals, but it does not have to be. A description of how to
solve a completely integrable system using action-angle variables can be found

in section 10-5 of Goldstein [4].

6.2 Superintegrable Systems

Sometimes for integrable systems there can be found more than n constants
of the motion, and these extra constants can simplify the calculation of the
equations of motion in a system. In fact it was proven in Eisenhart [2] that
there can only be at most n constants which are in involution. A system with n
degrees of freedom is said to be superintegrable if it has 2n — 1 functionally in-

dependent constants of the motion, not all in involution, which are polynomial
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in the momenta [5, 9].

6.3 Two Dimensional Superintegrable Systems

The systems which we use to display Hamilton-Jacobi theory come from the
work of Kalnins et al [5]. The examples are of two-dimensional superintegrable

systems, which have a Hamiltonian of the form
H =p}+p;+V(z,y). (6.1)

Superintegrability for a two-dimensional system requires there to be two extra
functionally independent constants of the motion, as well as the Hamiltonian
[3, 9]. In the paper [5] all of the two dimensional classical superintegrable
systems which specifically have constants of the motion that are first or second
order in the momenta are classified. They list which coordinate systems can
be used to solve the system by separation of variables. These superintegrable
systems can all be solved in more than one coordinate system.

For our examples we find all constants of the motion which are first or
second order in the momenta, and have no explicit ¢ dependence. Our condition

for these to be constants of the motion (from equation (5.18)) is
{H,A} =0,

where A is the constant of the motion. We initally look for constants of the

form
Ai = a(x, y)pz + b(l’, y)py + C(QZ’, y)?

l.e. constants which are first order in the momenta. Then we look for constants

in the form

A = a(z, y)ps + bz, y)pi + c(z, y)papy + d(z,y),

i.e. constants which are second order in the momenta. For our examples we
actually find three extra constants of the motion. We can find a functional

relation between them, however, so that the system is indeed superintegrable.
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6.3.1 Poisson Bracket Algebra

Once we have found the three constants of the motion, we find a Poisson
bracket algebra between them by taking the Poisson bracket of them with

each other. We then find a functional relation between them.

6.4 Summary

Completely integrable systems are solvable in theory, though it can be difficult
to do in practice. Superintegrable systems with constants of the motion that
are quadratic in the momenta can be solved by separation of variables in at

least one coordinate system, and usually more.



Chapter 7

Q
x2+y2

Example 1: H = p% +p§ +

For the Hamiltonians given in the next three chapters, we are going to find
constants of the motion which are either first- or second-order in the momenta
and find a Poisson bracket algebra for those constants. We will then proceed
to solve the systems using Hamilton-Jacobi theory in two different coordinate
systems, find a relation between the constants in those coordinate systems and
show that we can find a Poisson bracket algebra in terms of those constants
which mirrors the original algebra. We will also discuss the orbits for those
systems.

In this chapter we consider

H=p2+p+

a
NZZERTE
This is the well known Kepler problem [1, 4] of planetary motion in Hamilto-

nian form. We will be solving the system in both polar and parabolic coordi-

nates.

7.1 Constants of the Motion

Firstly we look for constants of the motion for this system. As these constants
have no explicit ¢ dependence, then our condition for these to be constants of

the motion is

(H, A} = 0.
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We initally look for constants of the form

Ai - Cl(l’, y)px + b(x7 y>py + C(Z‘, y>7
i.e. constants which are first order in the momenta. When we calculate
{H, A} = 0 we obtain the equation
aza—+oyb+ (2% + %) (2a.p2 + 2DaDybs + 2DaDyy + 2paCo + 2030y + 2pycy) = 0.

When we look at the coefficients of the momentum terms we find that a, =
by = ¢, = ¢, =0, or that a = a(y), b = b(x) and c is constant. The other
relations are

xa +yb =0,
and

ay + b, = 0.

When we rearrange the first equation we obtain

za
b=——,
Yy
or therefore
a
b, = ——.
Yy

This has the solution

a = —my,
where m is a constant. Solving for b we obtain
b=my,

which gives
A; = —myp, + map, + c.
We can see that c is trivial, as we can always add or subtract a constant to

the constants of the motion, and we can normalise so that m = 1 to give

Ay = zpy — YD,
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We note that this is the angular momentum, and it is therefore conserved for
this system. We can see that there can be no other first order constants of the

motion which are not trivial. Now we are looking for constants in the form

A = alz, y)ps + bz, y)pl + c(, y)papy + d(z,y),

i.e. constants which are second order in the momenta. When we calculate

{H, A} = 0 we obtain the equation

—2azap, — axcp, — 2aybp, — ayep, — 2(z* + y2)%(azpi + bzpzpi
+Copapy + dupe + aypip, + bypz + cypxpz +d,p,) = 0.

When we consider the coefficients of the p? and pg terms we find that a, =0

and that b, = 0. Therefore we must have

and

The equation simplifies to

3
2

—2azap, — axcp, — 2aybp, — ayep, — 2(z* + y?) (bzpzpi

+Copapy + dupe + aypip, + cypxpz +d,p,) = 0.

When we consider the coefficients of the p,, py, pzpj and p2p, terms we obtain

four equations:

pe = —20ax — acy — 2(x* + y2)%dm — 0,
p, = —acr—2aby —2(x* + yQ)%dy =0,
pep? = b+, =0,
2o, = ay+c,=0.

If we take the last two equations then we obtain

ay =—c, and by = —¢,.
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Using the fact that ¢;, = ¢, we obtain
Qyy = bxwu

and as the left hand side of this equation is a function of y only and the right
hand side is a function of x only then both sides must be equal to a constant,
which we will call m. We can integrate those equations twice to obtain a and
b as

2
m
aly) = - +ny+o,

2

max
b(x) = T+px+q,

where n, o, p and ¢ are constants of integration. Returning to the equations
ay = —Cqg and by = —cy,

we find that

¢z =-—my—n and ¢y, =—mx —p,

and so

c(x,y) = —may — nx —py +,

where r is a constant of integration. If we now take the first two equations

which we obtained from considering the coefficients of p, and p, we obtain

2
d = — ozax—i—ozci; and dy:
2(x% 4+ y?)2

20by + acx
2(22 + )2

Substituting a, b and ¢ into these equations and using the fact that d,, = d,,,

gives

na® — 2y*xn — 2pyx® + yp + ra® — 2y°r — 6ayo

= 22’y + y3p + na® — 2y%an — 2ra® + y?r — 6ayg,
which when simplified is

r(@® —y?) = 2zy(o — q).
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As o, ¢ and r are constants then we must have that » = 0 and that o = ¢q. The

constants a, b and c¢ simplify to

aly) = m2y
b(z) = m;
c(z,y) =

Substituting these into

2car + acy

—mxy — nT — py.

2aby + acx
d, = -4 T
2(22 +y?)>
g - _apry + 20y — nx?)
Y 22 + y?)? '
a(pr + ny)

= 3 and
2(2* +y?)>
gives
d - a(—nzy — 2o0x :—pr) and
2(2* +y?)>
We can find that
a0
d(x,y) =
Y = )

2(2? + y?)>

We see that the constant of integration s is trivial. Therefore all second-order

constants of the motion have the form

Ai = a(y)ps + b(x)p;, + c(x, y)papy + d(,y),

where

my2

aly) = T+ny+0’
2
max
b(x) = T+px+o,
c(z,y) = —may—nz—py,
dlr.y) — Qo a(pr + ny)
T @ 2

where m, n, o and p are constants. We can get different independent constants

by setting m, n, o and p to different values. For example, if we let m = 2 and

let n, o and p be zero we obtain
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and we have
A; = y?p + 2%pl — 2xypapy,

which we note is just A?.

If we let n = —1 and let m, o and p be zero we obtain
a(y) = Y,
b(x) = 0,
c(z,y) = z,
oy
d(l‘,y) - - )

and we have
ay
2(22 + yQ)% '

If we let 0o =1 and let m, n and p be zero we obtain

Ay = xpep, — yp2 —

aly) = 1,
b(z) = 1,
c(z,y) = O,
e}
d.fl'f, = T 1>
o) (a2 +y2)2
and we have
Ai=pi+p+—,
T (a4

which is just our original Hamiltonian.

If we let p =1 and let m, n and o be zero we obtain

aly) = 0,
b(x) = =,
cry) = -y,
ax
d(z,y) = m;
and we have
ax

Ay = xpl — ypapy +



42

7.2 Poisson Bracket Algebra

The constants of the motion

H = 72 + 2 + o«
- pz py /7:1:2 + y27
Ay = xpy — Y,
ay
2(x2 4+ y2)%
axr
2(a? +y?)?

form a basis for all first- or second-order constants of the motion. Their Poisson

Ay = xp.p, —yp: —

)

As = apl — yp.py +

bracket algebra can be calculated using the Poisson bracket defined by
OM ON OM 8_]\7 oM 8_]\7 oM 8_]\7

M, N} = _ gMon 24
{M, N} Ox Op, Op, Ox * dy dp, Op, Oy’
as
ax
AL Ay = ypepy — ap, — —————— = —As,
{A1, Ay} YDzDy Yy 222+ 7)1 3
ay
AL Asy = apepy —ypi — ————— = A,
{1 3} y — Y 222 + 7)1 2
a
{As, As} = (zpy —ypa)(P) + 1) + ——=) = AiH.
V2 +y?

We also notice that there is a functional relation between the constants of the

form

042

A+ A3 — A2H — 7

= 0.

7.3 Orbit Equations

To proceed we solve the Hamilton-Jacobi equation using separation of vari-
ables in both polar and parabolic coordinates. According to Kalnins et al [5]
this example can also be solved using hyperbolic and elliptic coordinates (see

appendix A.3).

7.3.1 Polar Coordinates
The Hamiltonian is converted to the form (see appendix A.1)

1 o'
H=p2+5p;+—
T T
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We look for a generating function in the additive separable form
S =R(r)+0(0) — Et,

and so the Hamilton-Jacobi equation becomes

a_R 2_|_i 8_6 2_|_g_E'
or r2 \ 00 ro

OR\? 00\ >
2 (OLLN 5 9 __ (Y&
T (87‘) Ere+ar (89)'

As the left hand side is a function of r only and the right hand side is a function

or

of 6 only, we can write that both sides are equal to the same constant which

we will call —c? for convenience, and we can write the two equations

OR\’
r? (—) —Er*+ar = —c,

or
00\ ? )
<@) -

Solving these equations for R(r) and ©(6) gives

R(r) = /%\/E?“Q—OH’—CQdT’,
o) = /cd@zc@.

Therefore we have found S to be

1
S::/—\/Erz—ar—c2d7”+09—Et.
T

The equations of motion are given by

a8 dr
r = a3 = + 97
Bro dc /T\/ETQ—ON’—CQ

—c
1 rdr
2) VEr? —ar—c2

— 1.

_ 95 _
Yro = 6E_

We can integrate the first equation by using the integral

/ dx | ( nx + 20 )
= sin _ .
zvmx?+nr+o /o xvn? —4mo

Then we have
—ar — 2¢2
0—(3g=sin"!| ——— ,
Bro (r\/aQ + 4Ec2)
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and taking the sine of this equation gives

—ar — 2¢2
rva? +4E2

By rearranging, we see that the orbit equation can be written as

sin(9 — ﬁrg) =

Va2 +4Ecrsin(f — B0) = —ar — 2¢°. (7.1)

7.3.2 Parabolic Coordinates

The Hamiltonian is converted to the form (see appendix A.2)

1

I 20
IR

&+n

2 2
2Pe T €2 +n2pn +

We look for a generating function of the form
S =Z(§) + U(n) — Et,

and so the Hamilton-Jacobi equation becomes
1 9=\ 1 o\’ 2«
a2\ ) Tearals) tareTE
& +n* \ 0§ &+n* \ 9 £+

0=\ 2 oI\ 2
— —E2+a:—(—) + En* —a.
(86) ¢ oy ) T

As the left hand side is a function of £ only and the right hand side is a function

or

of n only, we can write that both sides are equal to the same constant which

we will call —\ for convenience, and we can write the two equations

9=\ > )
(6_5) —E&f+a = =)

Solving these equations for Z(¢) and II(n) gives

=0 - [VEE-Brayde,
I(n) = /\/En2+>\—ozd7].

Therefore we have found S to be

S::/\/E§2—()\—Foz)d{—i-/\/EnQ—i-)\—adn—Et.
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The equations of motion are given by

PSR S SR
& oA 2) VEE€—-N+a) 2J JEPR+A-a
oS 1 £2d¢ 1 n3dn

— _— = — —|'-— —
e OE 2/\/E§2—()\+a) 2) VEP+X—«

We can integrate the first equation by using the integral

t.

dx x
——— =sinh ' (=)
| v = (2)
That puts the equation in the form
Ben = — L sinh ™! VE + L sinh ™! nVE .
2V E —(A+ ) 2V E A—«

We can rearrange this to get

2@5@7 = —sinh ™! <7_£(\<§ a)) + ginh™* < U)\\/_Ea) )

and taking the hyperbolic cosine of both sides gives

/ ’E ’E E
COSh(Q\/Eﬁgn) - ﬁ +1 )\7]_ a +1-— \/%

We rearrange this equation to be

{nkE PF n*E
coh@VB) + =5 =\ T T Wasa Y

and then square both sides, giving

é—nE 52,’72E2
cosh®(2VEBe,) + 2 cosh(2VEfe,) JoZ e + o2 — 22’

22E2 2E 2E
_SwE SR vE
a2—X At+a AN—«

This can be simplified to the form

@F | €5 pE
vVaz — )2 A« A—

and so the orbit equation can be written as

sinh?(2v/Eg,) + 2 cosh(2VE Be,) =0,

(a? — A?) sinh®(2VEB,) + Va2 — N2 cosh(2V'E e, )énE
+(A—)&?E — (A +a)n*E = 0.

(7.2)
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7.4 Finding the Relationship between the Con-
stants

Using the relations z = rcosf = %(52 —n?), y = rsinf = &n, we can write the

parabolic orbit equation (7.2) in terms of the r and 6 coordinates

(a® = \?) sinh?(2VEBe,) + Va2 — \22 cosh(2V E,) Ersin 0

+2Er(Acosf — a) = 0.
The polar orbit equation (7.1) can be written as
Va2 + 4Ecr(sin(f) cos(Brg) — cos(f) sin(Brg)) + ar 4+ 2¢* = 0.

Comparing these two equations we see that the parabolic orbit equation plus

a constant times the polar orbit equation must be zero, i.e.

(a* = N?) sinh?(2VEBe,) + Va2 — X22 cosh(2VEg,) Ersin 6 + 2Er (A cos 6 — a)

+J <\/ a? +4Ec?r(sin(0) cos(Br9) — cos(0) sin(Brg)) + ar + 202) =0.

When we examine the constant terms we obtain

(a? — A2) sinh®(2V'E B,

J=-
2c2

If we now compare the coefficients of the r terms we can solve for sinh?(2v/E 3¢, )

and we obtain
4B
a2 — \2

sinh?(2VEBe,) = — (7.3)

Finally we look at the coefficients of the r cos 6 terms, and using equation (7.3)

we obtain

A=vVa?+4Ec?sin fy. (7.4)

7.5 1D Poisson Bracket Algebra Realisation

If we take
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then by using a Poisson bracket defined with respect to ¢ and its conjugate

variable [,
of 99 _ 9f 9g
dc aﬁr@ aﬁr@ 607

{f.9}= (7.5)

it is possible to obtain a realisation of the Poisson bracket algebra which de-
pends on only one generalized coordinate and its canonical momenta. This can
be seen as follows. In making a canonical transformation from ¢y, ¢o, p; and
P2 to @1, @2, P and P, the Poisson bracket relations remain unchanged. In
particular if we use the canonical transformation implied by Hamilton-Jacobi

theory H = ()5 we find that if A is a constant of the motion,

0A

0={H,A},,, ={F,A}g, p, = —
{ ) }qupz { ? }Q’L:PZ apQ?

or that A only depends on @)1, ()2 and P;. As a consequence the Poisson

bracket relations occuring in the Poisson bracket algebra can use the reduced

bracket
_O0f 99 Of Oy
U9t =50,9p ~ ap 00,

If we choose Q2 = E and take P; = 3,4 and )1 = ¢ we get our example.

The original algebra is

{A1, A2} = —A43,
{A17A3} = A2a

{As, A} = AH.

The equation

{A17A2} = _A?n
implies that
0A,
= —As.
aﬁré‘ °
The equation
{Ah A3} = A27
implies that
0A3

= As.
aﬁr& 2
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Combining these two equations gives

0? Az

=y,
957

which has solution given by
As = A(c) cos(Brg + g(c)).
Therefore A, is given by
Ay = —A(c)sin(Brg + g(c)).
The left hand side of the equation
{Ay, A3} = A1H,
is then

{A2, A3} =

(=A'(¢)sin(By0 + g(c)) = A(c)g'(c) cos(Bro + g(c)))(—Alc) sin(Brg + g(c))),
—(=A(c) cos(Brg + g(c)))(A'(¢c) cos(Bre + g(c)) — A(c)g'(c) sin(Bre + g(c))),
= A(c)A'(c) sin® (B + g(c)) + A(c)A'(c) cos*(Bro + 9(c)),

= A(c)A'(c).

So now we have

which can be written

%(%ﬁ):&.

This can be integrated to give

A(e)*  EC+k
2 2

where k is a constant of integration, and can be rearranged for A(c), giving
Alc) =VEc+k.

When we put the constants into the functional relation

Oé2
AL+ A - AH - % =,
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we find that k& = a?/4. We have now found that the constants

H = FE,

Al -

¢,
a2
Ay = —\|Ec2+ T sin(Gr0 + g(c)),
a2
Ay = Ec? + e cos(Brg + g(c)),

satisfy the original Poisson algebra. The function g(c) is present due to the
arbitrary nature of having a variable conjugate to c¢. From section (5.6.1) we

had that the requirement for two variables to be conjugate to each other is
{a,b} = 1.

So while we can see that c and 3,y are conjugate to each other, likewise would
c and (B9 + g(c).

If we look back to section (7.4), we notice that A as given in equation (7.4)
is related to As, as we expected. Indeed we see that if we set g(c) = 0 then we

get

A / a? .
A2 = —5 = —\/ Ec? + Z Sll’l(ﬁﬂg),
o2
As = Ec? + T cos(Brg)-

This is a one dimensional representation of the original Poisson bracket algebra,
and we notice that the relations between the constants can mirror the original
algebra. What we have shown is that if we use a Poisson bracket in terms of
the polar constants (¢, (,¢) we can find from the Poisson algebra one of the
parabolic constants (\) in terms of the polar constants and the energy (E). We
can mimic the process by using a Poisson bracket in the parabolic coordinates

to find one of the polar constants in terms of A, 3,4 and E.
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7.6 Studying the Orbits

We will use the polar orbit equation and will classify for what values of the
constants the orbit is elliptical, parabolic or hyperbolic, or where the equation
breaks down. We will assume the constants are real.

The polar orbit equation is (from equation (7.1)):
Va2 +4Ecrsin(f — B,9) = —ar — 2¢°.

We can see that the orbit is rotated by an angle —f3,9. So we introduce the

variable 8 = 6 — (3,9. Then we have a new set of cartesian axes given by

¥ = rcost,
y = rsinf,
2 2
r o= " +y°,

and the polar orbit equation can be written in cartesian form as

Va2 + 4By = —an/2? + % — 2¢%.
We rearrange this to read

Va2 +4Ecy +2¢* = —an/2? + ¢,
and then square both sides to obtain

(0® +4EA)y? + 4PV a2 + 4Ecy + 4c* = o®(2? +y7).
We collect the 2/ and ¢y’ terms and obtain
—a?2” + AEy? + 4V o2 + 4Ecy + 4c* = 0. (7.6)

If both E and ¢? are not equal to zero, we can divide equation (7.6) through
by 4Ec? to give

4FEc? E E '

Completing the square on the y’ terms gives

2
o R I a? +4Ec? a?
1EC y 2F
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and we can write this in the standard form

2
E , AE? ( , Ve —|—4Ec2>
—_ _ y e —

sz + o2 2F

We use x’/ = x cos 8,9 + ysin 3,9 and 3y’ = y cos (5,9 — x sin (3,9 to write

2
Va? +4Ec2> _
2F -

E . 4E? .
—g(ﬂf cos frg + ysin Brg)* + el <y o8 Brg — wsin By +

There are two possible cases here, either £ < 0 or £ > 0.

76.1 E>0

If £ > 0 then the sign of the first term is opposite to the sign of the second
term and the orbit is hyperbolic. In our new set of axes it would be centered

around the point

2= 0 ,_ Va2t 4Ec®
- y = 2E )

and the turning points would have positions

voa?+4Ec? n «
2F 2F

E%\
Il
o
@\
Il

In our original set of axes, the orbit would be centred around

Va2 + 4E¢c? va? 4+ 4Ec?
€T = ——005(57«0)7 y= T

2F Sil’l(ﬁ,«g),

and the turning points would have positions

va2+4Ec2 o vaZ+4Ec2 o ) .
=" cos(Br), Y= BTy + 5E sin(Br),

2K 2K

and

°2E  2F °E ﬁ) sin(fre).

A graph of this for some given constants is shown in Figures 7.1, 7.2 and 7.3.

Va2 +4Ec? o Va2 +4Ec? o
— cos(Bre), y=|-——55—

7.6.2 FE <0

If F < 0 then the sign of the first term is positive and the orbit is elliptic.
For an orbit with real z and y values we must also have |E| < a?/4¢. In our

original cartesian set of axes, the orbit would be centred around

Va2 +4Ec? Va2 +4FEc?
€T = ——005(57«0)7 y= T

ok Sin(ﬁ,«g).
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The length of the semi-minor & axis would be

2c

i

and the semi-major y axis would have length

o
—E

A graph of this for some given constants is shown in Figures 7.4, 7.5 and 7.6.

763 E=0

If £ =0 then from equation (7.6) we have
—a?2”? + 4PV a2y + 4ct = 0.
We can rearrange this to obtain

= — s
y 4c? «

and use ¥’ = xcos B9 + ysin B9 and y’ = y cos B¢ — xsin B9 to write

C2

(8]
Y COS g — 8N frg = — (2c0S Brg + ysin Brg)? — —.
42 «

This is an equation of a parabola which intercepts the y’ axis at ¢*/a. This
parabola is just rotated by (3,9 in the original cartesian set of axes. A graph

of this for some given constants is shown in Figures 7.7 and 7.8.
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beta=0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 7.1: The hyperbolic orbit for H = p? + pf/ + —=2— with changing f,.

Z2+y2
The graph corresponds to the values of the constants being £ = 1, ¢ = 1,
a=1and B9 =0, 7/2, m, 31/2.

c=1
c=2
c=3
c=4

Figure 7.2: The hyperbolic orbit for H = p? + pz + \/% with changing c.
z24y

The graph corresponds to the values of the constants being F = 1, a = 1,
Grg=0and c=1, 2, 3, 4.




o4

E=1/4
E=1/2
E=1

E=23/2

Figure 7.3: The hyperbolic orbit for H = p2 + pg + \/% with changing F.
a2 +y

The graph corresponds to the values of the constants being ¢ = 1, a = 1,
Brg=0and E=1/4, 1/2, 1, 3/2.

beta=0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 7.4: The elliptic orbit for H = p? + pf/ + \/xSTy? with changing (,g.

The graph corresponds to the values of the constants being £ = —1, ¢ = 1/2,
a=2and B4 =0, 7/2, 7, 31/2.
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-0.2-0.1 0 0.1 0.2
c=1/10
c=1/8
c=1/6
c=1/4

Figure 7.5: The elliptic orbit for H = p2 + pz + \/ijy? with changing c. The

graph corresponds to the values of the constants being £ = -1, a =1, 8,4 =0
and c=1/2, 1, 3/2, 2.

05 1
E=-1/4
E=-1/2
E=-1
E=-3/2

Figure 7.6: The elliptic orbit for H = p? + pz + \/% with changing F. The
a4y

graph corresponds to the values of the constants being c =1, a =1, 8,y =0
and E = —1/4, —1/2, —1, —3/2.
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beta=0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 7.7: The parabolic orbit for H = p2 + pf/ + \/ijy? with changing [,4.

The graph corresponds to the values of the constants being ¢ =1, « = 1 and
Beg =0, /2, T, 37/2.

-15

c=1/2
c=1
c=3/2
c=2

Figure 7.8: The parabolic orbit for H = p? + pz + —=— with changing c.
z Var?

The graph corresponds to the values of the constants being a = 1, 5,9 = 0
and c =1/2, 1, 3/2, 2.
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764 c=0

If ¢ = 0 then from the polar orbit equation (7.1)
Va2 +4Ecrsin(f — Brg) = —ar — 2%,

we obtain

arsin(f — B.9) = —ar,

or

ar(sin(@ — Br) + 1) = 0.

As r = 0 would be a trivial solution, this equations implies that # is constant.
This would correspond to a particle travelling in a straight line into or away

from the origin.

7.7 Summary

We found the constants of the motion for this system (section 7.2), and solved
it in polar and parabolic coordinates. We then found a relationship between
the constants and showed that they could be found as a special case of the
original Poisson bracket algebra. Finally we examined the orbits and sketched

them for certain values of the constants.



Chapter 8

8

Example 2: H = p% +p§ + 3

In this chapter we consider
H 2 2 o

We will be solving the system in both cartesian and polar coordinates.

8.1 Constants of the Motion

Firstly we look for constants of the motion for this system. As these constants
have no explicit ¢ dependence then our condition for these to be constants of

the motion is

{H, A} =0.
We initally look for constants of the form
Ai = CL(J,’, y>pﬂc + b(l’, y>py + C(J,’, y)?

i.e. constants which are first order in the momenta. When we calculate

{H, A} = 0 we obtain the equation
aa + zia,p? + :B?’bxpxpy + 23 cupe + x3aypxpy + :B?’bypf/ + :B?’cypy = 0.

When we look at the coefficients of p, and p, we find that a = b, = b, = ¢, =

¢y =0, or that @ = 0 and that b and c are constants. This gives

A; = bp, +c.
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For A to be a constant we must have that p, is a constant. We can see that ¢

is trivial and we can normalise so that b =1 to give
Al = Dy-

This also follows from the fact that H does not depend explicitly on y. There-
fore the conjugate momenta is a constant of the motion. We can see that there
can be no other first order constants of the motion which are not trivial. Now

we are looking for constants in the form

A; = a(z,y)pl + bz, y)p;, + (2, y)papy + d(z,y),

i.e. constants which are second order in the momenta. When we calculate

{H, A} = 0 we obtain the equation

2acap, + acpy, + apd + x?’bmpmp; + x3cxpipy + 23d,p,

+x3aypipy + :B?’bypz + x?’cypxpz + x?’dypy =0.

When we consider the coefficients of the p? and p} terms we find that a, = 0

and that b, = 0. Therefore we must have

and

The equation simplifies to
2acap, +acp, +x3bxpxp§ + x?’cxpipy +23d,p, +x3aypipy +x3cypxp§ +x3dypy = 0.

When we consider the coefficients of the p,, py, pxpj and p2p, terms we obtain

four equations:

pe = 2aa+2°d, =0,
3
py = ac+ad, =0,
pxpz = 25, + x3cy =0,
pipy = x3ay +2%c, = 0.
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If we take the last two equations then we obtain
ay = —Cqg and by = —cy.
Using the fact that ¢, = ¢y, we derive

Ayy = bzza

and as the left hand side of this equation is a function of y only and the right
hand side is a function of x only then both sides must be equal to a constant,
which we will call m. We can integrate those equations twice to obtain a and
b as

my2

aly) = 5 + ny + o,
2
b(x) = % + px +q,

where n, o, p and ¢ are constants of integration. Returning to the equations

we find that

and so

c(x,y) = —may — nx —py +,

where r is a constant of integration. If we now take the first two equations

which we derived from considering the coefficients of p, and p, we obtain

Using the fact that d,, = d,, we obtain

20, —23ac, + 32%ac

3 20

Substituting a and ¢ in this equation and rearranging gives

—22%(my +n) = —2*(—my — n) + 32*(—may — nx — py + 1),
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which when expanded and simplified gives

py=r,

and as p and r are constants then we must have p = r = 0. The constants a, b

and ¢ simplify to

my

aly) = 5 +ny +o,
2
mx
2
clz,y) = —mzy —nx.
Substituting these in
2ca ac
gives
m 2
d, — 2a(%5- —i—gny +0) and  d, — _oz(—mx?; — nx)
x x
and so we can find
2
may nay o
d(ZL’,y): 2%2 ?‘FE—FS.

We see that the constant of integration s is trivial. Therefore all second order

constants of the motion have the form

A; = a(y)p + b(@)pl + c(x, y)papy + d(z,y),

where

2

m
aly) = Ty+ny+o,
2
max
c(z,y) = —mxy—nz,

moy?  noy o
212 x? 72’

d($7y) =

where m, n, o and ¢ are constants. We can obtain different independent

constants by setting m, n, o and ¢ to different values. For example, if we let
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m = 2 and let n, o and ¢ be zero we get

a(y) = v,
b(a) = a%
c(r,y) = —2uxy,
diry) = L

and we obtain

ay
Ay = y?p? + x2p§ — 22Yp.py + 7

If we let n =1 and let m, o and ¢ be zero we get

aly) = v,
b(z) = 0,
cla,y) = -,
d(z,y) = %

and we obtain

ay
Az = yp? — xp.p, + g

If we let ¢ =1 and let m, n and o be zero we get

aly) = 0,
b(x) = 1,
c(r,y) = 0,
d(z,y) = 0,
and we obtain
Ai:pf/:Af.

If we let 0 =1 and let m, n and ¢ be zero we get

aly) = L,
b(z) = 0,
c(z,y) = 0,
d(z,y) = %
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and we obtain

(%

8.2 Poisson Bracket Algebra

The constants of the motion
9 2, @
H - px + py + ?7
Al = Py,

Oéy2

Ay = Y4 2°p — 2zyp.py + —

ay
As = yp:—ap.p, + o

form a basis for all first- or second-order constants of the motion. Their Poisson

bracket algebra can be calculated using the Poisson bracket defined by

OMON OMON OMON  OMON

M,N} = — — -
{M, N} Ox Op, Op, Ox * dy dp, Op, Oy’
as

20y

{A, Ay} = 22pspy — 2?/273 T2 = —243,
o
{A17A3} = _pi - ﬁ = A% - Hv
2
o

{A5, A3}y = —2p,(v*p2 + x2p§ — 22YpLpy + x—yQ +a)=—-24A,(A+ a).

We also notice that there is a functional relation between the constants of the
form

A3 — As(H — A?) + aA? = 0.

8.3 Orbit Equations

To proceed we solve the Hamiltonian in both cartesian and polar coordinates.
According to Kalnins et al [5] this example can also be solved using parabolic

and elliptic coordinates (see appendix A.3).
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8.3.1 Cartesian Coordinates
The Hamilton-Jacobi equation is of the form

o

P+ pf, + - =E.

x

Using separation of variables we look for a generating function of the form
S =X(z)+Y(y) — Et,

where
_os 08
pz_ ax7 py_ ay

The Hamilton-Jacobi equation can then be written
0X\?* N oY \? N o _ g
Ox Ay x2

a_X 2_‘_g_E—_ 8_Y i
Ox x? B oy )

As the left hand side is a function of z only and the right hand side is a function

or

of y only we can write that both sides are equal to the same constant which

we will call —c2, and we can write the two equations
X\’ «a
- — _F = —2
( ox ) T “
2
(YN e
dy
Solving these equations for X (x) and Y (y) gives
a
X(x) = /”E—c2— ;dx,
Y(y) = / cdy.

Therefore we have found S to be

S = /,/E—CQ—%dx—i—/cdy—Et,
T
= /”E—CQ—%dx—i-cy—Et.
i
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The equations of motion are given by

oS dz —c
Py = %:‘C/—,m+y:mV<E—C2>x2—a+%

1

oS 1 dz
Vay 9E 2/ o t 2(E—c2)\/(E )x? —a—t.

Rearranging and squaring the first equation gives the orbit equation

(E = ¢)*(Bey — y)*

c2

=(E -1 —a.

8.3.2 Polar Coordinates

The Hamiltonian is converted to the form (see appendix A.1)

1 a
H=p?+ -pi+ 2
prt 7’2p6 + r2cos20’

and then we look for a generating function of the form
S = R(r)+ ©(0) — Et,

and so the Hamilton-Jacobi equation becomes

8_R 2_‘_i @ 2_‘_L—E
or r2 \ 00 r2cos2f

OR\? 00\* «
2 (O o (09 &
" <8r) Er (89) cos? 6

As the left hand side is a function of r only and the right hand side is a function

or

of 8 only we can write that both sides are equal to the same constant which

we will call —\ for convenience, and we can write the two equations

OR\’
2 i o E 2 -
r <8r) r A,
00\*  «
(%) = A
Solving these equations for R(r) and O(6) gives
/ A
R(r) = / E — e dr,
/ a
o) = / A — Y de.
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Therefore we have found S to be

A o
S_/”E_ﬁd“L/’M_cos29d9_Et‘

The equations of motion are given by

%__1/ dr +1 cos0df
O\ 2) rvJEr2—)\ 2 Acos2h — o

oS 1/ dr ;
Y6 = [T = 3 —F— — L.

We can integrate the first equation by firstly using the substitution v = sin 6.

ﬂrQ =

That puts the equation in the form

4 __E/Lg/d—u
T rVErZ—)X 2J) Vi—a— 2

We rearrange this to obtain

4 1 / dr n 1 / du
rg — — & s
2) rVErZ=X 2VAJ [aa _ 2
Py

then we use the integral

/ dz 1 cos_l( bx + 2c )
rvax? +bx + c V—c |lz|v/b2 — 4ac)’

in the first term and the integral

/ dx . _q (m)
—————— =gin -,
[a2 — 72 a

in the second term so that we obtain

6 —LCOS_1 VA + ! sin~* VAsing
SPNGY VE) 2 \Vh—a)

Rearranging this gives

=V 1 [V Asing
2v/\B,9 = cos <ﬁ>+sm <7m>,

and taking the sine of both sides gives

) _ sind Vasind )’ ~)
5111(2\/Xﬁ7~9)——m+ 1-— (m) 1-— (r\/E) .
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We rearrange this to obtain

Asin 6 Asin? 0 A
Sin(2VABg) + — =1 = 2y 1 — ’
(2VABre) ED — ) \ A—a V' Er?

and then square both sides to obtain

Asin @sin(2v/AB.9)  A?sin®6 A sin?f A A2sin% 6

in®(2 2 =1 - :
sm(\/Xﬁre)ﬂL VEO = o) +r2E()\—a) o Er2+r2E()\—a)

When we simplify and multiply through by Er?(\ — ) we obtain

Er*(\ — ) sin?(2VABrg) 4+ 2A\/E(\ — a)rsin 0 sin(2v\G,9)

= Er*(A —a) — EMxr?sin?0 — A\(\ — a),
and using sin?6 = 1 — cos? @ we can write

Er?(\ — a)sin?(2VAB,9) + 2A/E(\ — a)r sin 0 sin(2VA53,¢)

= Er*(a — Acos® ) — A\ — a),
and so the orbit equation can be written as

Er?(A — a)sin?(2VAB,9) + 2A/E(\ — a)r sin 0 sin(2VA53,¢)

+A\ — @) — Er*(a — Acos® ) = 0.

8.4 Finding the Relationship between the Con-
stants

Using the relations * = rcosf, y = rsinf, we can write the polar orbit

equation in terms of the x and y coordinates

E(@* + 1) (A — a)sin®(2VABg) + 20/ E(X — a)ysin(2V\B,4)

+AA —a) — E(2* + y*)a + Exx* = 0.

The cartesian orbit equation is

(E = ¢*)*(Bey — y)*

c2

—(E—-c*2* —a=0.
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Comparing these two equations we see that the polar orbit equation plus a

constant times the cartesian orbit equation must be zero, i.e.

E(@® + 42 (A — a)sin?(2VABe) + 22/E(\ — )y sin(2VAB,9) + A\ — «)

—E(@® +yY)a+ Exa® + J <<E — 02)26(26% ) —(E—c*)a* — a) =0.

When we examine the coefficient of 22 we obtain

E((\ — a)(sin?(2v/AB,9))
E—c2

J:

If we now compare the coefficients of the y? terms we can solve this for

sin?(2v/A\B,9) to obtain

A2 — EX+ Ea
in?(2 = 1
sin(2v/A5,0) EOv—a) (8.1)
If we compare the constant terms we can solve for 3,, to obtain
VEA — a)(Asin?(2v/A,9) — 2asin®(2V/AB,6) — 20)
Py = E\sin?(2vVAB,9) — asin®(2v/ABrg) — ) ’
and then use equation (8.1) to obtain
VA2 — EXN+ Ea — 2ac?
Py = c2—F '
We can solve this for A to obtain
9 0 ac?
A=a— zy(E—c)—E_C2. (8.2)

8.5 1D Poisson Bracket Algebra Realisation

If we take
H = F,

Ay = py=c

then by using the Poisson bracket defined by

0f o9 9f 9
O0c 0By OBy Oc

{f.9} = (8.3)
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we can find constants A, and Az which satisfy the original Poisson bracket

algebra. The original algebra is

{AlaAQ} - _2A37
{41, A3} = A%—H,

{AQ,Ag} = —2A1(A2+Oé)

The equation
{Al,Ag} - A% - H,
implies that

0As 9
=c" - F.
aﬁxy

This gives A3 in the form

A3 = —(E — 02)ﬁmy + f(C)

The equation

{Ala AQ} = _2A37

implies that

gg; = 2(E — *)Byy — 2f(0).

This gives A, in the form
Ay = (B = )83, = 2f(c)Buy + g(c).

The equation
{AQ, Ag} = —2A1(A2 + Oé)
implies that

0A; 0A3  0A; 0A;
dc 0By, 0By Oc

= —2c(E — Cz)ﬁgy + 4cf(c)Bay — 2¢g(c) — 2ca.
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The left hand side is

5 (8= )8, =200, +0) 57 (~(B = ), + 1(0)
g (= ), =200 +9(0) g (~(B = )8, + )

= (—QCﬁiy - 2f’ﬁxy +g)(—(F — 02)) —(2(F — CQ)ﬁxy —21)(2¢Bsy + /)
= 2c6§y(E — )+ 2f' By (E — ) — g (E—c*) - 40@§y(E — )
_Qf/ﬁzy(E - 62) + 4C.fﬁ:cy + 2ff/
= _20<E - 62) gy - g,(E - C2) + 4C.fﬁ:cy + 2ff/>
and so we obtain
—g(E — )+ 2f f' = —2cg — 2ca.
We rearrange this to read

g(E —c*) —2cg=2ff + 2ca,

and then we can write

% (B —c)g) =2ff+ 2ca.

When we integrate this we obtain
(E—c*)g=f*+cca+k,

where k is a constant, and so we find g(c) to be

(C)_f2—|—02a+k
NO="TE "2

This gives A, in the form

fle)? +Pa+k
E — ¢? '

Ay = (B — )3, — 2f(c)Bay +
When we put the constants into the functional relation

A3 — A3(H — A?) + aA? =0,
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we get that £k = 0. We have now found that the constants

H = E,
Al = Py =¢,

c)? + Ca
Ay = (E-¢Y) gy—Qf(C)ﬂnyr%,

Ay = —(B =)y + flo),

satisfy the original Poisson bracket algebra.
If we look back to section (8.4), we notice that A as given in equation (8.2)
is related to As, as we expected. Indeed we see that if we set f(c) = 0 then

we get

H = F,

Al - py:C;
2

Ag = Q—A:(E—Cz) iy‘f‘%,

Ag = —(E—C2)ﬁzy.

This is a one dimensional representation of the original Poisson bracket algebra,
and we notice that the relations between the constants can mirror the original
algebra. What we have shown is that if we use a Poisson bracket in terms
of the cartesian constants (¢, (,,) we can find from the Poisson algebra one
of the polar constants (\) in terms of the cartesian constants and the energy
(E). We should be able to mimic the process by using a Poisson bracket in
the polar coordinates to find one of the cartesian constants in terms of A\, (3,4

and F.

8.6 Studying the Orbits

We will use the cartesian orbit equation and will classify for what values of the
constants the orbit is elliptical, parabolic or hyperbolic, or where the equation

breaks down. We will assume the constants are real. There are two cases,

either F # ¢* or E = 2.
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8.6.1 £ #¢?

The cartesian orbit equation is

(£ =) (Bey — y) :(E—cz) 2

¢ — a,
2

which is only valid if E # ¢%. The orbit equation can be rearranged to read

E-c , (E=c)(By—y)

= 1.
«Q ac?

There are two possibilities, either E < ¢? or E > ¢2.

If F < ¢ then the sign of the (3,, — y)? term and the z* term would both
be positive as long as o was negative. If a was positive then there would be no
orbits with real values of x and y. If o was negative, the orbit would describe
an ellipse. It would have the centre at coordinates (0, 3,,), and would intercept

the y axis (having the maximum and minimum y values at those points) at

v/ —ac?

— YT
y E —c?

+ 6acy-

The maximum and minimum x values for the ellipse are at positions

(0%
= Eoa V=

A graph of this for some given constants is shown in Figures 8.1, 8.2 and 8.3.
If E > ¢* then the sign of the (8,, — y)? term would be the opposite of

the 22 term, and the orbit would describe an hyperbola. It would be centered

around the point (0, 8,,), and the turning points would have positions

«

I
v E—c?’

Yy = ﬁ:cy'

A graph of this for some given constants is shown in Figures 8.4, 8.5 and 8.6.

8.6.2 FE =¢?

If E = ¢? then from section (8.3) the orbit equation is

dx
ﬂxy - _C/_g"i_y?

2

¢ dz +
= —— [ xdz+y,
Ja Y
)
= - $+y,

2V
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and the equation of motion is a parabola that can be written

c
—a? 4 Bay-

V=7
This parabola has its turning point at coordinates (0, 3,,). A graph of this for

some given constants is shown in Figures 8.7 and 8.8.



74

- ———
— o

e "
e .

-0 6
beta =0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 8.1: The elliptic orbit for H = p? + pz + =% with changing (3,,. The
graph corresponds to the values of the constants being £ =1, c=2, a = —1
and f,, =0, 7/2, 7, 37/2.

=2
c=3
c=4
c=5

Figure 8.2: The elliptic orbit for H = p2 + pf/ + - with changing c¢. The graph
corresponds to the values of the constants being £ =1, a = —1, 3, = 0 and
c=2, 3,4, 5.
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E=0
E=1/2
E=1
E=23/2

Figure 8.3: The elliptic orbit for H = p2 + pz + -5 with changing F. The graph
corresponds to the values of the constants being ¢ = 2, o = —1, 3, = 0 and
E=0,1/2, 1, 3/2.

beta =0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 8.4: The hyperbolic orbit for H = p2 + pz + =5 with changing 3,,. The
graph corresponds to the values of the constants being F =2, ¢ =1, a =1
and (3, =0, 7/2, m, 3mw/2.
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c=1/3
c=2/3
c=1

c=4/3

«

Figure 8.5: The hyperbolic orbit for H = p2 + pz + =% with changing c¢. The
graph corresponds to the values of the constants being £ =2, o =1, 3,, =0
and c=1/3, 2/3, 1, 4/3.

E
E
E
E

1
a W N

Figure 8.6: The hyperbolic orbit for H = p? + pg + % with changing £. The
graph corresponds to the values of the constants being c =1, a =1, 8, =0
and £ =2, 3, 4, 5.
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2 -1 0 1 2

beta =0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 8.7: The parabolic orbit for H = p? + pg + % with changing 3.9. The
graph corresponds to the values of the constants being ¢ = 1, @ = 1 and
Buy =0, /2, m, 37/2.

c=1
c=2
c=3
c=4

Figure 8.8: The parabolic orbit for H = p? + pf/ + % with changing c¢. The
graph corresponds to the values of the constants being o = 1, 3,, = 0 and
c=1, 2, 3, 4.
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8.7 Summary

We found the constants of the motion for this system (section 8.2), and solved
it in cartesian and polar coordinates. We found a relationship between the
constants and showed that they could be found as a special case of the original
Poisson bracket algebra. Finally we examined the orbits and sketched them

for certain values of the constants.



Chapter 9

Example 3:

H = pg +py +w?(@” +y°)

In this chapter we consider
H=p2 +pl +w’ (2 + 7).

This is the harmonic oscillator [4, 6] in Hamiltonian form. We will be solving

the system in both cartesian and polar coordinates.

9.1 Constants of the Motion

Firstly we look for constants of the motion for this system. As these constants
have no explicit ¢ dependence then our condition for these to be constants of

the motion is

{H, A} =0.
We initally look for constants of the form
Ai - CL((L’, y)px + b(fL’, y>py + C(fL’, y>7

i.e. constants which are first order in the momenta. When we calculate

{H, A} =0 we get the equation

2wira — 2a,p — 2byDeDy — 2C2pg + 2w yb — 2aypapy — 2byp§ — 2¢ypy = 0.
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When we look at the coefficients of p,,p,,p? and pZ we get that a, = b, =

¢y = ¢, =0, or that a = a(y), b = b(z) and that ¢ is constant. This gives
A; = a(y)ps + b(z)p, + c.

The coefficients of the p,p, terms give

ay = —by,
and of the remaining terms give
yb
a=—=.
x

If we differentiate the second equation with respect to y we obtain

ay = —E,
and therefore
b
bx =
x
or
1
b, ——b=0.
x
This has the solution b = mz, and therefore a = —my which gives

A; = —myp, +map, + c.

We can see that c¢ is trivial, as we can always add or subtract a constant to

the constants of the motion, and we can normalise so that m = 1 to give

Ay = zpy — YD,

We note that this is the angular momentum, and therefore it is conserved for
this system. We can see that there can be no other first order constants of the

motion which are not trivial. Now we are looking for constants in the form

A = alz, y)pi + bz, y)pl + c(, y)papy + d(z,y),
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i.e. constants which are second order in the momenta. When we calculate

{H, A} = 0 we obtain the equation

dw?zap, + 2w2xcpy - QaIpi — QprIpz - QCxpipy — 2dps

+4w2ybpy + 2wyep, — 2aypipy — Qbypz — QCypxpz — 2d,p, = 0.

When we consider the coefficients of the p? and p} terms we obtain a, = 0 and

by, = 0. Therefore we must have

and

The equation simplifies to

dwrzap, + 2w2xcpy — Qprmpi — QCxpipy — 2d,p, + 4w2ybpy

+2wyep, — 2aypipy — QCypxpf/ — 2d,p, = 0.

When we consider the coefficients of the p,, p,, pzpj and p2p, terms we obtain

four equations:

pe = 4wlza— 2d, + 2wyc =0,
py = 2wzt dwiyb—2d, =0,
pept = —2b, —2¢, =0,
plpy = —2c, —2a, =0.

If we take the last two equations then we obtain
ay = —Cqg and by = —cy.
Using the fact that ¢, = ¢y, we obtain

Qyy = bxwu

and as the left hand side of this equation is a function of y only and the right

hand side is a function of x only then both sides must be equal to a constant,
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which we will call m. We can integrate those equations twice to get a and b as

my2

aly) = 5 + ny + o,
2
b(x) = % + px + q,

where n, o, p and ¢ are constants of integration. Returning to the equations
ay =—c;, and by = —¢,,

we obtain

g =—my—n and ¢y =—mx —p,

and so

c(x,y) = —may — nx —py +,

where r is a constant of integration. If we now take the first two equations

which we derived from considering the coefficients of p, and p, we obtain
d, = 2w’ra + w?yec  and dy = wire + 2wiyb.
Using the fact that d,, = d,, we obtain
szxay + w?c + wzycy = wlc + wize, + 2wiyb,.
This is simplified to give
2xay, + yc, = xcy + 2yb,.
Substituting a, b and ¢ in this equation gives
2z(my + n) + y(—max — p) = x(—my — n) + 2y(mz + p),

which when expanded and simplified gives

rn = yp.

As p and n are constants then p = n = 0. The constants a, b and ¢ simplify

to
2
my
a(y) - T + o,
2
mx

clx,y) = —mxy+r.
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Substituting these in

dy = 2w’za +w?yc  and d, = w?ze + 2wyb,

gives

2 My 2 2 ,  mx?
d, = 2w x(T+O)+w y(—may+r) and d, = wx(—mry+r)+2w y(T—i—q),
or

d, = 2w?0r +wry  and dy, = 2wiqy + wirz.
We can then find
d(z,y) = wrry + wor® + Wiqy® + s.

We see that the constant of integration s is trivial. Therefore all second order

constants of the motion have the form

A = a(y)p2 + b()p; + c(z, y)papy + d(z,Y),

where
2
my
CL(y) - T + o,
2
mx
b(z) = — +4q,
2
clr,y) = —mzxy+r,

d(z,y) = wrzy+wor® + wiqy?

where m, o, ¢ and r are constants. We can obtain different independent
constants of the motion by setting m, o, ¢ and r to different values. For

example, if we let m = 2 and let o, ¢ and r be zero we get

aly) = y°
b(z) = 2
c(z,y) = —2uwy,
d(z,y) = 0,

and we obtain

A =y} + 2°p] — 2xyp.p, = Af.
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If we let » =1 and let m, o and ¢ be zero we get

ay) = 0,
b(x) = 0,
c(z,y) = 1,

and we obtain

Ay = papy + w%y.

If we let 0 =1 and let m, g and r be zero we get

aly) = 1,
b(z) = 0,
c(z,y) = 0,

and we obtain
Az = p2 + w2’

If we let ¢ =1 and let m, o and r be zero we get

aly) = 0,
b(x) = 1,
c(r,y) = 0,

and we obtain
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9.2 Poisson Bracket Algebra

The constants of the motion

H = pi+p+w’(@®+y7),
Ay = xpy — Y,
Ay = pup, + Wiy,

AS = p:25+w2x27

form a basis for all first- or second-order constants of the motion. Their Poisson

bracket algebra can be calculated using the Poisson bracket defined by

OMON OMON OMON  OMON

M, N} = —
{M, N} Ox Op, Op, Ox + dy dp, Op, Oy’

as

{Al, AQ} = pi - pi + w2y2 - w2x2 =H — 2A3,
{A1, As} = 2pep, + 2way = 2A,,

{Ay, A3} = 2WPyp, — 2wrp, = —2w2A,.

We also notice that there is a functional relation between the constants of the

form

Ag — Ag(H - Ag) + sz% =0.

9.3 Orbit Equations

To proceed we solve the Hamiltonian in both cartesian and polar coordinates.
According to Kalnins et al [5] this example can also be solved using light cone,

hyperbolic and elliptic coordinates (see appendix A.3).

9.3.1 Cartesian Coordinates

The Hamilton-Jacobi equation is of the form

pi+p+ (@t + ) = E.
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Using separation of variables we look for a generating function of the form
S =X(z)+Y(y) — Et,

where

Los o8
pI_ax7 py_ay

The Hamilton-Jacobi equation can then be written

oxX\*> (oY’
(%) +(a—y) +w2(x2+y2):E,

2 2
() - () v

or

As the left hand side is a function of z only and the right hand side is a function
of y only we can write that both sides are equal to the same constant which

we will call ¢, and we can write the two equations

X\ 2
(Z_x) +wia? = c,

Y\’
E — (8—y) — w2y2 = C.
Solving these equations for X (x) and Y (y) gives

X(x) = /mdx
Vo) = [VE-e-oidy

Therefore we have found S to be

S:/\/c—w2x2dx+/\/E—c—w2y2dy—Et.

The equations of motion are given by

DR IR
Y 9c 2 c—wi? 2) JE—c—wy?

_ 5_5_1/ dy _¢
’Yﬂcy 8E - 2 /E—c—uﬁy? .

We can rearrange the first equation so that we obtain

90 / dx / dy
WPOgpy = — 9
’ Viz =@ Vit -y
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and using the integral

| g (),

we obtain

2w By = sin (:E_w) —sin~! ( ded )
We take the cosine of both sides of this equation and using the trigonometric

identity cos(A — B) = sin(A) sin(B) + cos(A) cos(B) we obtain

it oo () oo (35))

Rearranging and squaring both sides gives

cos(2w xy—sz
( (20 C(E_C))

ot o () o ()

and since cos?(A) = 1 — sin?(A) we obtain

e 225 (-22) (- £2).

Expanding and simplifying we obtain

20% cos(2wly)  TPyrw?
E-o dE-0

c0s®(2wfBy) — Y

, 2? 2? oylwt
B c E—c ¢E-c¢)
and the orbit equation is
R Ve 2w? cos(2wByy)

+ -
c E—c Y ¢(E —c¢)

— sin®(2wf3,,) = 0. (9.1)

9.3.2 Polar Coordinates

The Hamiltonian is converted to the form (see appendix A.1)
1
H = p2 + —=p; +w™r?
r
and then we look for a generating function of the form

S = R(r)+ ©(0) — Et,
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and so the Hamilton-Jacobi equation becomes

OR\> 1 [00\® ,,
() +5:(%) +o=r

OR\* 00\ ?
N 2.4 2 _ _ [ ¥
r (87") + wr Er (89) .

As the left hand side is a function of r only and the right hand side is a

or

function of # only we can write that both sides are equal to the same constant

which we will call —\?, and we can write the two equations

2
r? (G_R) +wirt — Er? = )%

or
90\> )
Gﬂ )

Solving these equations for R(r) and O(6) gives

Therefore we have found S to be

\2
S:/\/E—w2r2——2dr+/>\d9—Et.
r

The equations of motion are given by

oS Ad
Bro = a:—/ L + 0,
7’2\/E—w2r2—7)j—§
_ ﬁ_l/ dr .y
Yro oF D) \/E_wzrz_)\_; .

We can rearrange the first equation to obtain

r2

Adr
0—%:/ N
rey/ E — w?r? —

and making the substitution u = r? in the integral we have

A du
0 — By =— )
Bro Q/U\/—w2u2+Eu—/\2
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Using the integral

/ dx 1 sin_1< bx + 2c )
rvax?+br+c —cC Vb2 — dac)’

we obtain

2 032
29—25T9:sin_1( Er” —2) )

r2V E? — 4w?)\?
and therefore the orbit equation is

Er? —2)?
12/ E?2 — 4w2)\2’

sin(20 — 28,¢) =

or

207 — Er? + r*VE? — 4w2X2sin(260 — 2f3,4) = 0. (9.2)

9.4 Finding the Relationship between the Con-
stants

Using the following trigonometric identities
sin(A— B) = sin(A)cos(B) + cos(A) sin(B),
sin(2A) = 2sin(A) cos(A),
cos(24) = sin?(A) — cos*(A)
we have that
sin(20 — 28,4) = 2sin(0) cos(#) cos(26,6) — (sin®(6) — cos?(#)) sin(23.9),
and therefore we can write the polar orbit equation as
X2 — Er? + 2V E? — 402 X\2 % sin(6) cos() cos(20,4)
—VE? — 4022 1% (sin?(0) — cos?(#)) sin(206,9) = 0.

Now using the relations x = rcosf, y = rsinf, we can write the polar orbit

equation in terms of the cartesian x and y coordinates
X% — E(2® + %) + 2V E? — 4w?)\2sin(B3,9) cos(Brg) >
+2VE?2 — 402 X2y — AVE? — 402 )\? cos®(Brg)zy
—2VE? — 4w X2 sin(B,4) cos(Bre)y* = 0.
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The cartesian orbit equation is

r2w? N y2w? 2w? cos(2wByy)

—x — sin?(2wf3,,) = 0.
C FE—c y C(E—C) ( 63/)

Comparing these two equations we see that the polar orbit equation plus a

constant times the cartesian orbit equation must be zero, i.e.

207 = B2 + %) + 2VE? — 4w2)?sin(fyg) cos(60)2”
1oV 2Ry — AVEE 2R cos? (g )y
—OVE? — 4,2)\2 sin(3.9) cos(Br9)y>

2 92 2 2

2w? cos(2wf,
AT S cos(2wlzy) in2(2w8,,)) = 0.

+J +
( c E—c c¢(E—c)

Taking the coefficient of 22 gives

J =S (B - 2VE? — 2322 sin(B,9) cos(Byg)).

==
If we now compare the coefficients of the y? and constant terms then we obtain
the relation (remembering that ¢ and f3,, are the cartesian constants and A

and [, are the polar constants)

c= % + VE? — 4)\2w?sin(f,¢) cos(Brg). (9.3)

9.5 1D Poisson Bracket Algebra Realisation

If we take
H = F,
Al - )\

then by using the Poisson bracket defined by

_9f 99  9f 9g
o oA aﬁre aﬁr@ oA

{f.9} (9.4)

we can find constants A; and Az which satisfy the original Poisson bracket

algebra. The original algebra is
{Al, AQ} - H — 2A3,
{A17 A3} = 2A27

{Ag,Ag} = —2w2A1.
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The equation

{Al, AQ} — H - 2143,

implies that

04,
=F —2A,.
9Bra ’

The equation

{Ah A3} = 2A27

implies that
0A3
aﬁr@

Combining these equations gives

= 2A,.

10%A4;

This has a solution of the form

Ay = T cos(20g +9(N) + .

which gives As in the form
Ay = —f(A) sin(25,9 + g(A))-
From the equation
{A27 A3} = —20021417

we have that the left hand side is

0A; 0A;  0A; 044
oA aﬁr@ aﬁr@ O\ 7

= (=" (N)sin(2B,0 + g(A)) — F(A)g'(A) cos(20rs + g(A))) (=2 (A) sin(26,0 + 9(A)))
— (=2 (A) cos(28r0 + g(A))) (f'(A) c08(26r0 + g(A)) = F(N)g'(A) sin(26,0 + g(A))) ,
= 2f(N)f'(N)sin* (28,0 + g(N)) + 22 (N)g'(\) sin(28,6 + g(A)) cos(25,0 + g(N)),
+2f (N f'(N) cos® (28,0 + g(N)) — 2/*(N)g'(A) sin(28,6 + g(A)) cos(28r0 + g(N)),

= 2NN,

{Ag, A3} =

The right hand side is —2w?)\ so equating these gives

2f(N)f'(\) = —2w .
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This can be written
d
ax (fQ()\» = —2w),
and then integrated to give
2N =k —w?A?
where k is a constant. So we find f(\) to be
FA) = VEk —w?A2.

This gives Ay and Az in the form

Ay = —Vk—w2XZsin(26,9 + g(N),

E
As = Vk—w?Xcos(26,0 + g(N) + 5

When we put the constants into the functional relation
Ag — Ag(H — Ag) + szf = 0,
we find that k& = E?/4. We have now found that the constants

H = FE,

Alz)‘7

E2
B2 E
A3 = \/ﬁCOS@@«@ + g()\>> + 57

satisfy the original Poisson algebra.
If we look back to section (9.4), we notice that ¢ as given in equation (9.3)
is closely related to As. Indeed we see that if we set g(c¢) = 0, and use the

identity sin(26) = 2sin(f) cos(f) then we get

H = E,

E E? :
A, = 5= _msm@ﬁre),
2 E
As = WCOS@ﬂw) + 5
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This is a one dimensional representation of the original Poisson bracket algebra,
and we notice that the relations between the constants can mirror the original
algebra. What we have shown this time is that if we use a Poisson bracket
in terms of the polar constants (A, (3,4) we can find from the Poisson bracket
algebra one of the cartesian constants (c) in terms of the polar constants and

the energy (FE).

9.6 Studying the Orbits

We will use the polar orbit equation and will classify for what values of the
constants the orbit is elliptical, parabolic or hyperbolic, or where the equation
breaks down. We will assume the constants are real.

The polar orbit equation is (from equation (9.2)):
202 — Er? + 1V E? — 4w2)\2sin (20 — 283,9) = 0.

We introduce the variable 6/ = 8 — (3,4. Then we have a new set of cartesian

axes given by

¥ = rcost,
y = rsinf,
2 2
r = " +y°,

and, using the trigonometric identity
sin(2A) = 2sin(A) cos(A),
the polar orbit equation can be written in cartesian form as
X2 — BE(z”? + )% 4+ 2VE? — 4w2\22'y = 0.

To write this in standard form we must remove the x'y’ term using a rotation

of the coordinate axes. We use

T = Tcosvy+ ysin-y,

Yy = ycosy—xsinvy,
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in the equation and then to remove the %y term we need v = /4. The

equation then reads
—E(i* + %) — VE? — 402)\2i% + VE? — 4w?A2)* + 20% = 0.

We can write this in the standard form

E+VE? —4w?)? N E — VE? — 4w?)\?
T

.o
N2 N2 y=1

If F is negative or zero then there are no orbits with real values of z and y.
So for positive F this describes an ellipse, as the sign of both the & and the y
terms is always positive, except in the case where A = 0. We also notice that
|A| must be less than E/2w. We solve the rotation equations to find & and y

in terms of x and y as

. 1 ' '
i = ﬁ (2 cos Bro + ysin Brg — y cos Brg + xsin Bry)
1

y = —=(xcos S+ ysin P+ ycos By — xsin Frg) .

S

This ellipse will be centred around the origin, and would be rotated by an
angle of (3, + m/2 from the x axis. The length of the semi-minor & axis will

be

) 2\2
E +VE2 — 402)2

and the semi-major y axis will have length

, \/ 2)2 |

E — VE? — 4u2)2
A graph of this for some given constants is shown in Figures 9.1, 9.2 and 9.3. If
|A| = E/2w then the orbit equation reduces to the equation of a circle, which
can be written

2+ y2 = %\2
This circle would have radius

2

)\E.

A graph of this for some given constants is shown in Figures 9.4.
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9.6.1 MA=0

The orbit equation we just derived does not hold for A = 0. In this case, from

equation (9.2) we have
—Er? +r?Esin(20 — 283,9) = 0,
or
Er?(sin(20 — 28,9) — 1) = 0.

As r = 0 would be a trivial solution, this equations implies that # is constant.
This would correspond to a particle travelling in a straight line into or away

from the origin.
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beta =0
beta = pi/2
beta = pi
beta = pi*3/2

Figure 9.1: The elliptic orbit for H = p? +p§ + w?(z? 4+ y?) with changing 3,¢.
The graph corresponds to the values of the constants being £ = 3, A = 1,
w=1and G, =0, 7/4, 7/2, 3w /4.

lambda = 1/4
lambda = 1/2
lambda = 3/4
lambda = 1

Figure 9.2: The elliptic orbit for H = p2 + p} + w?(2* 4+ »*) with changing \.
The graph corresponds to the values of the constants being F = 3, w = 1,
Bro=0and A =1/4, 1/2, 3/4, 1.
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E
E
E
E

1
© N O W

Figure 9.3: The elliptic orbit for H = p? + pf/ + w?(2? + y?) with changing
E. The graph corresponds to the values of the constants being A =1, w =1,
Bio=0and E=3,5, 7, 9.

L.
mrrrrrrrrvprrrrrrrrrirg

{

Figure 9.4: The circular orbit for H = p? 4 p} 4+ w?(z* 4+ y®). The graph
corresponds to the values of the constants being £ = 2, A = 1, w = 1, and
ﬁr& = 0.
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9.7 Summary

We found the constants of the motion for this system (section 9.2), and solved
it in cartesian and polar coordinates. We then found a relationship between
the constants and showed that they could be found as a special case of the
original Poisson bracket algebra. Finally we examined the orbits and sketched
them for certain values of the constants. We found that while the examples in
Chapters 7 and 8 could have hyperbolic, parabolic, elliptic and straight line

motion, this Hamiltonian admits only elliptic and straight line motion.



Chapter 10

Discussion

The aim of this thesis was to describe Hamilton-Jacobi theory from first princi-
ples in a classical framework, to explain superintegrability, and to demonstrate
Hamilton-Jacobi theory applied to some two dimensional superintegrable sys-
tems. The development of Hamilton-Jacobi theory was discussed starting from
a classical mechanics framework, moving through Lagrangian and Hamiltonian
mechanics, and then the formulation of the theory was given. We then dis-
cussed superintegrable systems, and used three of them to display Hamilton-
Jacobi theory.

For each superintegrable system we found all constants of the motion which
were first or second order in the momenta, and found a Poisson bracket al-
gebra for those constants. We solved the system in two different coordinate
systems, and found a relationship between the constants of the solution in one
system with the constants in the other. Then when we solved the Poisson
bracket algebra to get a one-dimensional representation in terms of one set of
conjugate constants, we found that the relationship between the constants was
a special case of the one-dimensional algebra solution. This was because we
used a canonical transformation from our canonical variables to our canonical
constants, we kept H fixed and we used the invariance of the Poisson bracket
to create a one-dimensional bracket. Finally we examined the orbits of each

system, and sketched them for some given values of the constants.
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In summary, Hamilton-Jacobi theory is a powerful way to get the equa-
tions of motion from some Hamiltonians, using transformations to simplify
the problem. Superintegrable systems are often straight forward to solve us-

ing this method, and they have other properties that make them worthy of

further study.



Appendix A

Coordinate Systems

The examples given in this thesis are solved using cartesian, polar and parabolic
coordinates. The examples can also be solved in some other coordinate sys-
tems. A short description of the other coordinate systems is given at the end

of this appendix.

A.1 Polar

Polar coordinates (r, 6) are related to cartesian coordinates in the plane by

the relations

r = rcosé,

y = rsind.
From this we can obtain the further relations

= tané,

22 +y2 = rZ

To convert a cartesian Hamiltonian to polar form we use the relations

0 g0 w00
or o or r 00’
0 . 0 cosf 0
— = sinf—+ —

oy or r 00
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So, a cartesian Hamiltonian of the form

H(z,y) = pi+p,+ V(z,y),

becomes
Hr0) = (costp, — 2050 4 (sintp, + 0p0 + v(r0),
= cos?Op? — QMI%W + Siiﬁpg
+sin? 0p? + QMMW + CO:; 91?3 +V(r,0),
= cos?Op? + Siiz epg + sin® Op? + 00:22 epg +V(r,0),

and therefore the Hamiltonian can be written as

1
H(7“> 9) = p72~ + T_sz + V(T7 9)

A.2 Parabolic

Parabolic coordinates (£, 1) are related to cartesian coordinates in the plane

by the relations

r = &n,
1 2 2
Yy = 5(5 —77)-

From this we can obtain the further relation
2 o 1,9 2\2
v"+yt = (&)

To convert a cartesian Hamiltonian to parabolic form we use the relations

o _ _& 9 _n 9
or 240208 4n20n
0 n o0 )

y E1 P Eron

So, a cartesian Hamiltonian of the form

H(x,y) = pa+p, + V(z,y),
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becomes
H(&n) = (52 i 2P @ Z n2p")2 + (52 Z APt E i nzpn)Q +V(mn),
- 52 2 &n 2
= T e E
n? 577 52

MR R G A e S

E+n 5, &+
= + +V(&,n),
€t g et V)
and therefore the Hamiltonian can be written as
1

241

H(n) =

1

A.3 Other Coordinate Systems

A.3.1 Light Cone

Light Cone coordinates (z, Z) are related to cartesian coordinates in the plane
by the relations
z = x4+,

zZ = T —y.

A.3.2 Hyperbolic

Hyperbolic coordinates (r, s) are related to cartesian coordinates in the plane

by the relations

r? 4+ 52 +r2g?

xr g
2rs
24 8% —r?s?
y = i—.
2rs

A.3.3 Elliptic

Elliptic coordinates (u, v) are related to cartesian coordinates in the plane by

the relations

ro= V(u-1)(v-1),

Yy = —Uuv.



Appendix B

Jacobi’s Identity

Here we prove Jacobi’s identity. Jacobi’s identity (5.16) is

{CL, {b7 C}} + {bv {C, CL}} + {Cv {a7 b}} =0,

where the Poisson bracket (5.14) is

~ 9a 9b  Oa Ob
B 0q; Op; Opi an"

{a(qi, pi,t),b(qi, pist) }

Due to the lengthy nature of the calculations we introduce the following nota-

tion:
da da 0%a

— =AUy, = = Qp, —5 = Ugq €lC.
dq; 7 Op; P 6’%-2 *

Then Jacobi’s identity becomes

0 = {a, bycp — bpcq} + {0, Cqlp — Cpaq} +1{c, aqby — apbq}

= aq(chp - bpcq)p - ap(chp - bpcq)q + bq(cqap - Cpaq)zo - bp(cqap - Cpaq)f]

+cq(agby — apby)p — cp(agby — apby)q

= aq(bqpcp + bgCpp — bppCq — bpcqp) - ap(bqqcp + bgCqp — bepCq — bpcqq)

+by(Capp + Cqlpp — Cppq — Cplgp) — bp(Caqlp + Cqlgp — Coplyq — Cplyq)

+cq(agpby + agbpp — appby — apbey) — cpageby + agbep — agpby — apbeq)

e (:]7

and we have our result.
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