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Abstract

Eliciting expert uncertainty is a complex task with many caveats. Its usefulness
in high-level decision-making and Bayesian inference makes it a necessary task
that must be completed accurately. This thesis explores uncertainty elicitation
in terms of prior elicitation for Bayesian inference and the wider knowledge
elicitation field. It describes methods currently available for prior elicitation
and proposes a new typology, highlighting lesser-known methods. Based on
the limitations of current methods, a new method for prior elicitation is intro-
duced. This new method allows an analyst to model expert decision-making
data to elicit a probability distribution that reflects expert uncertainty. An
example of parole board decision-making is used to elicit a prior distribution
of a prisoner re-offending upon release from prison. This example shows ana-
lysts how to elicit distributions for tabular data; however, more complex data
types, such as images and reports, are often used for decision-making. To elicit
distributions capturing expert uncertainty from more complex data, this thesis
introduces a deep learning approach and uses an example of eliciting cancer
risk, in histopathology, to illustrate this approach for the wider knowledge

elicitation field.



Note on Publications

This thesis is with publications. The details of the publications are as follows:
Chapter [3} Published Online

Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.
Methods for eliciting informative prior distributions: A critical review. Deci-
sion Analysis, 19(3):189-204, 2022

Chapter [4 Accepted for Publication

Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.
Eliciting informative priors by modelling expert decision making. Decision
Analysis, 2023

Chapter [5 Submitted

Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.

Utilizing deep learning to elicit expert uncertainty. Submitted to The American
Statistician, 2023



Acknowledgements

Firstly, I want to acknowledge my supervisors, Doctor Chaitanya Joshi, Pro-
fessor Eibe Frank and Professor Devon Polaschek. Thank you for the countless
hours you spent reviewing, editing, and engaging in in-depth discussions with
me. This thesis would not have been possible without your support and assis-
tance. I would also like to thank the staff and students in the Department of
Mathematics at the University of Waikato who made my time there thoroughly

enjoyable and for the endless advice and support when times were tough.

I would like to express my gratitude to Andrea Haines for her help with
my writing. From running workshops to reviewing my article submissions,
Andrea has been instrumental in helping me become a better writer. 1 am

forever indebted to her for taking the time to support me.

Lastly, I want to say a huge thank you to my support crew, my loving
family, who shared in the highs and lows of this experience; especially my

husband, Scott, thank you for being my everything.



List of Figures

[2.1 Simple Neural Network Architecturel . . . . . ... ... ... 11
[2.2  Convolution step in a CNN| . . . ... ... ... .. ... .. 12
23 Structwreof a RNN|. . . . .. .. ... .. o 12
[3.1 Graph showing the Model Structure.| . . . . . ... ... ... 26
[3.2  Online Tool MATCH displaying the Trial Roulette Method| . . 38
[3.3  'Training Step of the Graphical Elicitation Method.| . . . . . . 39
[4.1 Influence Diagram for Eliciting Prior Distributions from Expert |
| Decision Makingl . . . . ... ..o 66
[4.2  Distributions of p; for three Individuals that would obtain the |
| same label assigned based on mean probability prediction.| 69
[4.3  Entropy Plots for the Prisoner Re-oftending Example] . . . . . 7
[4.4  Model Diagnostic Plots for the Prisoner Re-offending Example] 78
4.5 Prior Distributions for Three Different Prisoners . . . . . . . . 80

nicity Variable Changed| . . . . . ... . ... ... ... ... 83
[>.1  Multiple passes through a NN with dropout layers for a single |
input will produce different results.| . . . . ... .. ... ... 100
[5.2  Basic Model Structure and Incoporation of Dropout Layers| . 105
(5.3  Entropy Plots for Cancer Diagnosis Example] . . . . . . . . .. 107
(5.4 Model Diagnostic Plots for Cancer Diagnosis Example| 108
[5.5  Entropy Plots of the Elicited Distributions of all Test Points. |
oplit by Agreement Levels.|. . . . . . ... ... ... ... .. 111
[5.6  Elicited Prior Probability Distributions for Individuals Diag- |
nosed with SSAl . . . . . . ... o o 113

[5.7

Elicited Prior Probability Distributions for Individuals Diag-

nosed with HPl . . . . . . . . ...




List of Tables

8.1 Definitionsl . . . . . . . ... 23
[3.2  Opinion Matrix for the AHP Method for Building Location in |
Example 2| . . . . . . .. 35

[4.1  Definitions Expanded from a Tablein 2] . . . . ... ... .. 60
[4.2  Model Diagnostics we Suggest to Help Select an Appropriate |
[ Model for Prior Elicitation) . . .. ... ... ... ... ... 71
[4.3  Variable Names and Descriptions] . . . . . .. ... ... ... 74
[4.4  Average Performance Measures from Five Models.| . . . . . . . 76

[4.5  Prisoners” Attributes used for the Prisoner Re-offending Example| 79

[4.6  Accuracy Measures of Models where the Variables of Interest |

are Removed|. . . . . . .. 81

[5.1 Model Diagnostics Descriptions Taken From [1| . . . .. . .. 104
[5.2  Average Model Performance Measures for Ten Test Data Sets| 106
[5.3  Diagnostics for Differing Pathologist Diagnoses| . . . . . . .. 110




Contents

(1__Introduction!

M1

Thesis Objectives| . . . . . . . . . . ... . L

.2 Contrbutiond . . . . ... ... ... ...

W W NN =

(1.3.1 Chapter Outline. . . . . .. ... ... ... ......

2" Background|

P

Decision Making Applications| . . . . . . ... ... ... ...

P2

Bayesian Inference| . . . . . . . ... ..o

© N o O

P23

Deep Learning|. . . . . . ... ..o 10

[2.3.1 Probabilistic Deep Learningl . . . . .. ... ... ... 13

P!

Uncertainty| . . . . . . . ... .. ... 15

[3 Methods for Eliciting Informative Prior Distributions: A Crit- |

[_ical Reviewl| 21
3.1 Introductionl . . . . . . . . ... 22
[3.1.1 ~ Challenges in the Elicitation Process| . . . . . . . . .. 23
B.1.2 Motivationl. . . . . . . .. ..o 26
.1.3 Outlinel . . ... ... ... .. ... 26

[3.2  Cognitive Biases in Expert Knowledge Elicitation| . . . . . . . 27
[3.3 Interrogation Methods| . . . . . . ... ... ... ... ..., 30
[3.3.1  Direct Interrogation|. . . . . . .. ... ... ... ... 30
[3.3.2 Indirect Interrogation|. . . . . . .. ... ... 33

[3.4  Graphical/Visual Methods:|. . . . . . ... ... ... ... .. 36
[3.5 Using Historical Information| . . . . . . . ... ... ... ... 41
[3.6  Eliciting Priors from Multiple Experts] . . . . . .. .. .. .. 43
[3.7  Summary and Conclusionl . . . .. ... ... ... ... ... 47
[3.7.1  Persistent Challenges| . . . . . .. ... ... ... ... 47




viil

[4  Eliciting Informative Priors by Modelling Expert Decision Mak- |

59
4.1 Introductionl . . . . . . . . ... 59
4.1.1  Motivationl. . . . . . . ... .o 63

[4.2  Eliciting Uncertainty from Decision |

| Making|. . . . . . . .. 64
[4.3  Model Selection Diagnostics| . . . . . .. ... ... ... ... 68
[4.4 Examplel . . . ... 72
HAT Datal . . . . . . . o 72

EZ2 Modell . . . . .o 74

[4.4.3  Model Diagnostics| . . . .. ... ... ... ... ... 75

4.4.4 FElicited Prior Distributionf . . . . . . . .. .. ... .. 77

4.45 Influential Variables| . . . . . ... ... ... .. ... 79

[4.4.6  Summary| . . ... ... 82

4.5 Conclusions and Future Workl . . . . .. ... ... ... .. 84

[>  Utilising Deep Learning to Elicit Expert Uncertainty] 91
b1 Introductionl . . . . . . . ..o 91
(5.2 Uncertainty| . . . . . . . . . .. ... 95
(5.3 Deep Learning|. . . . . .. ... .. .. ... .. ... ... .. 97
[>.3.1  Probabilistic Deep Learningl . . . . . . ... ... ... 98

[5.4  Diagnosis Example] . . . . ... 101
B4AT Datal . . . . ... 101

h4.2 Modell . . . ... 102

Hh.4.3  Model Performancel . . . . . . .. ..o 103

Hh.4.4 Flicited Distributionl . . . . . .. ... ... 112

h.5  Conclusions and Future Researchl . . . . . ... ... ... .. 113
6 Conclusionl 123
6.1 Discussion| . . . . . . . ..o 123
6.2 Future Researchl. . . . . . ... ... ... . oL 126
Append 129

[A° Co-Authorship Forms| 129




Chapter 1

Introduction

In the first years of schooling, we teach children to understand basic uncer-
tainty through words, such as certain, possible or impossible. When the human
life is intrinsically uncertain, having a good understanding of uncertainty is im-
portant and sometimes crucial for critical events [I]. Quantifying uncertainty
may help in understanding uncertainty for some real-life applications, but im-
portantly, it also allows for uncertainty to be implemented into computational
algorithms. When uncertainty is quantified in the form of a probability dis-
tribution an outcome can be assessed to be uncertain or certain by looking at
the central tendencies of the distribution (mean, mode, median) and the shape
of the distribution; for example when assessing the probability of an outcome,
if the central tendencies are around 0.5 and distribution is wide then the out-
come can be interpreted as more uncertain than if the central tendencies are

closer to zero or one and the distribution is narrower.

Where there is no data available to quantify these distributions, it is com-
mon practice to elicit these distributions from expert knowledge (ezpert knowl-
edge elicitation). Experts can be used to elicit both aleatoric (uncertainty from
random variation that is irreducible [2]) and epistemic uncertainty (uncertainty
from lack of knowledge that is reducible [2]). Expert knowledge elicitation re-

search tends to focus on eliciting uncertainty through interviewing experts [3].



While this approach has demonstrated its reliability in various scenarios, there
are instances where it may not be suitable. Other methods for knowledge elic-
itation are less known and, hence, not used as frequently in practice. Methods
that use experts to elicit probability distributions have many limitations [3];

however, methods that require no expert input are often impractical [4].

This thesis outlines existing methods that can help an analyst elicit prob-
ability distributions that capture the uncertainty surrounding an event and
introduces a new method that reduces some of the limitations found in other
methods. This new method uses information from a related decision-making

task to infer a probability distribution.

1.1 Thesis Objectives

The main objective of this thesis is to develop a novel approach for quanti-
fying expert uncertainty that addresses the limitations of existing methods.
This method is first introduced under the field of prior elicitation and then

extended to the wider knowledge elicitation field.

To achieve this, the following research objectives must be implemented:
1. Align the field of prior elicitation by:
e Giving an accurate overview of the current state of methods of
obtaining informative prior distributions.
e Creating a typology for the different types of methods.

e Highlighting the drawbacks of current methods and giving precise

direction for future research.

e Exploring the relationship between prior elicitation and decision

making.



2. Propose a method that eliminates some of the drawbacks of current

methods and helps in addressing potential biases.

3. Provide modern statistical solutions to the proposed method.

1.2 Contributions

The main contributions of this research are:

1. Expanding the field of prior elicitation by including all forms of obtaining
an informative prior; and creating and formalising definitions for groups
of existing methods to facilitate better understanding and communica-

tion among researchers.

2. Introducing a new method of prior elicitation, utilising expert decision-
making, that eliminates the need for an expert to have statistical knowl-
edge, eliminates the need to interact with experts (reducing bias) and
puts an emphasis on obtaining accurate informative prior distributions.
Our method also allows analysts to explore variables that may be con-

sidered to introduce bias in the decision-making process.

3. Using methods of artificial intelligence to elicit and quantify expert un-
certainty, allowing our methods to be used when decision-making is based

on more complex data, like reports and images.

1.3 List of Publications

During the course of this research, the following articles have been published

in and accepted for publication in peer-reviewed journals:

Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.
Methods for eliciting informative prior distributions: A critical review. Deci-

sion Analysis, 19(3):189-204, 2022



Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.
Eliciting informative priors by modelling expert decision making. Accepted to
Decision Analysis, 2023

The following articles have been submitted to peer-reviewed journals:

Julia R Falconer, Eibe Frank, Devon LL Polaschek, and Chaitanya Joshi.
Utilizing deep learning to elicit expert uncertainty. Submitted to The American

Statistician, 2023

1.3.1 Chapter Outline

The thesis is organised as follows:

Chapter |2| provides background information that is beneficial to understand-
ing the need for prior elicitation and the key aspects of artificial intelligence
that are used in this thesis.

Chapter [3|sets out to review the field of prior elicitation by reviewing current
methods and highlighting their limitations.

Chapter [4] introduces a new method for prior elicitation.

Chapter [5] extends the method in Chapter [4]to the field of knowledge elicita-
tion and provides solutions in deep learning to address the limitations discussed
in Chapter [4]

Finally, the thesis is concluded in Chapter [6] and further research paths are

introduced.
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Chapter 2

Background

This thesis delves into quantifying expert uncertainty through expert knowl-
edge elicitation. It explores methods that can be used for both prior elicitation
and future decision-making and introduces methods that utilise Bayesian lo-
gistic regression and deep learning models. This chapter provides readers with
background information that will aid in comprehending the concepts discussed

in upcoming chapters.

2.1 Decision Making Applications

When it comes to high-level decision-making, it is important for decision-
makers to understand the uncertainty surrounding potential outcomes [1]. A
probability distribution quantifying uncertainty can be used as one piece of
information for decision-makers to come up with important decisions. When
attempting to have rational decision-making, decision-makers should have all
the available information to make a rational decision and should be consis-
tent across all their decisions. However, there are a lot of decision-making
processes that require decision-makers to make decisions the best they can
with limited information and time, such as those made in the criminal justice
field. These decision-making processes may be considered bounded rational
decision-making because although the decision-maker is aiming for rational

decisions they are limited by time and may not have all the information to



make the most rational decision [2]. Some methods for knowledge elicitation
are not well suited to these bounded rational decision-making tasks as the
elicitation method itself requires a lot of time to form a useful distribution.
However, using quantified uncertainty in bounded, rational decision-making is

still important and should be considered in research.

In this thesis, the term “expert decision-making” [3], 4] is used to define
a decision-making process that is completed by the expert whose uncertainty
is to be quantified. This helps in distinguishing between the decision-making
process that is used to elicit uncertainty (expert decision-making) and the

future/high-level decision-making task for which the uncertainty may be used.

2.2 Bayesian Inference

Statistical inference has two main branches: frequentist inference and Bayesian
inference. While the frequentist approach uses only the observed data for in-
ference, Bayesian inference allows analysts to use both the data and prior
information [5]. There is continual debate over which method is more suitable
for specific tasks [0, [7]. This thesis focuses on a unique scenario where there is
limited or no data to make predictions. In such situations, the frequentist ap-
proach is not appropriate due to the requirement of data for inference. Instead,
Bayesian inference is more suitable as it permits the use of prior information

to make inferences, even with limited data.

Bayesian inference follows from Bayes’ theorem, which is a theorem that
gives the conditional probability of A given B, also known as the posterior
probability of A. This theorem utilises the prior probabilities of A and B and
the conditional probability of the event B given A (as shown in Equation [2.1)).

P(B|A)P(A)

P(AIB) = =55

(2.1)



This can be simplified to the posterior probability of A given B being pro-
portional to the prior probability of A multiplied with the conditional proba-
bility of the event B given A (the likelihood) (Equation [2.2)).

P(A|B)  P(B|A)P(A) (2.2)

For inference, we wish to obtain posteriors on model parameters, 6, from

the data, D. Equation [2.2] can be rewritten as

P(0|D) x P(D|0)P(6). (2.3)

When data is limited or nonexistent, the likelihood P(D|#) will not have a
significant impact on the posterior distribution. Instead, the posterior distri-
bution will be strongly influenced by the prior information, P(#). It is common
practice in Bayesian inference to use a non-informative prior distribution for
P(0). However, when we have limited information from the likelihood, the
prior must provide information to obtain a reasonable posterior distribution.

These types of priors are called informative prior distributions.

The posterior distribution for many inference problems is intractable. To
complete Bayesian inference for these problems, an analyst will have to find an
approximation of the posterior distribution. This thesis refers to two posterior
approximation methods: Markov Chain Monte Carlo (MCMC) and variational
Bayes. MCMC is a simulation method that is a step-by-step process. At each
step, a sample will be drawn from an approximate distribution; then, the
sample will be corrected to better align with the target posterior distribution

[8]. The goal is that the approximation will converge to the target posterior



distribution. Variational Bayes is a method to approximate the posterior dis-
tribution, P, by taking a distribution, @), from a family of distributions of a
simpler form than P [§]. The goal of variational Bayes is to find a ) that
minimises the Kullback-Leibler divergence (Equation .

Dit(Q. P) = Y Qlog(2) (2.4

2.2.1 Prior Elicitation

Obtaining a precise and informative prior distribution can be a daunting task,
especially when time is a constraint. However, accurate results are achievable
with the right approach and methodology. One common method for obtain-
ing informative prior distributions is to seek input from an expert. Analysts
may conduct interviews with an expert and ask probability-based questions
to determine the quantiles of the distribution [9, [10]. This approach has been
extensively researched and widely used in practice [11), 12 [13], despite its
drawbacks that can lead to inaccuracies in the elicited distributions. Analysts
seem to prefer this method, either because they believe it is the only option
available or because it can yield positive results for specific applications. How-
ever, this is not the only method for eliciting informative prior distributions.
There exist alternative techniques that involve experts performing hypothet-
ical decision-making tasks that can address some of the limitations of asking
probability-based questions. These techniques involve asking experts specific
questions that they can easily comprehend and then having the analyst derive

a prior distribution from the expert’s responses [14], [15, [16} 17, 18] 19].

The term “Prior Elicitation” typically pertains to the process of obtaining
informative prior distributions from experts. However, there are also methods
that do not rely on expert judgement to attain informative prior distributions
[20, 21], which should be included in discussions alongside methods that lever-

age expert judgment. Analysts should be aware of all available methods to
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acquire informative prior distributions and choose which one to utilise based
on their specific task requirements [22]. For this reason, the term elicitation
in this text is taken from its root meaning, to obtain something [23]. Prior
elicitation methods refer to methods that obtain a prior distribution from a
source (be that source human or otherwise).

More information on current elicitation techniques can be found in Chapter

2.3 Deep Learning

This thesis explores the process of eliciting expert uncertainty and proposes
a new approach that models expert decision-making. To aid experts in their
decision-making, they are typically presented with reports or images, which are
difficult to model using regular statistical methods. Therefore, deep learning
models are suggested as they can handle complex data. Deep learning is
a sub-field of Artificial Intelligence (AI) that uses deep neural networks to
learn. Understanding the human decision-making process is crucial in the
field of AI [24]. These networks are similar to the structure of the human
brain and its information processing [25]. The network has layers of neurons
that process information and pass it to the next layer until it reaches an output
layer. Figure illustrates the basic structure of a single hidden layer network
with one neuron. In this network, the X; nodes represent inputs, while their
associated parameters (weights, w;, and bias term, b) are used at the neuron,
7, to multiply and sum over all inputs. The resulting value is then passed
through an activation function to produce the output, § = g(Z). This basic
structure can be built upon to make more complex models with many layers

that can process more complex data.

An analyst can use a convolutional neural network (CNN) as a base model

for images. A CNN is a neural network that can analyse grid-based inputs,
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Figure 2.1: Simple Neural Network Architecture

such as image/2D grids of pixels [26, 27]. It consists of convolutional layers,
pooling layers, and an output layer. During the convolution step, a filter (a
matrix of smaller dimensions than the input) is applied to a section of the
input matrix by multiplying element-wise and adding together all the outputs.
The process is repeated for other sections of the input matrix, resulting in
a smaller dimension matrix representing the input matrix (Figure . This
filter serves as the “weights” of the convolutional layer and is the parameter
the model tries to learn. Pooling layers are used between convolutional layers
to help stop small changes to the input changing the input of the next layer
[27]. Max-Pooling is an example of a pooling layer, which takes the maximum
value of a section of the previous layer’s matrix. The last layer of a CNN is
fully connected (the output layer), meaning that all previous layer nodes are

used to calculate the output. This final layer is used to classify the input.

An analyst can use a recurrent neural network (RNN) for modelling decision-
making processes that involve assessing text documents. An RNN is a neural
network that can analyse sequential data, e.g. sentences and times series data

[27]. RNNs have inputted values at each time step and can either output val-
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Ixl +2x0 + 1x0+2x1 =3

112 3| a g
102 | 2| 4 ® 10| _ 3 7
112 3| a S 3 7

Figure 2.2: Convolution step in a CNN

ues at each time step or have a single output at the end of the sequence. We
wish to have only the output at the end of the sequence to elicit a distribution.
When each input is processed, past information from previous inputs is passed
to the next step (Figure . An extension of the RNN is the Long Short
Term Memory Network (LSTM), which can control what information is being
passed through the network. A bidirectional RNN is also helpful, as not only
does it have knowledge from the past at a given state but also knowledge from

the future; this can be particularly useful for language processing [28].

@0 o

Figure 2.3: Structure of a RNN

Learning/training of the deep learning model is done by what is known
as stochastic gradient descent [27]. Back-propagation calculates gradients and
then parameters are adjusted in stochastic gradient descent. An analyst will

select a loss function and a learning rate for each model. The learning rate is
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the factor by which the model will update weights to minimise the loss. The
goal is for the model to learn the weights that minimise the loss function while
maintaining good accuracy for a given holdout set, the validation data set (so
the model is not over-fitting to the training data set). Training data is often
split into smaller sets, referred to as batches, of data for the model to process.
The entire training set is fed through the network a certain number of times,
referred to as epochs. The number of epochs is selected to ensure the model

training maintains the balance between minimising loss and not over-fitting.

The field of deep learning is rapidly growing, and it has many different
models which can handle many different types of data. This section only
introduces the basic structure of two of the main models; many other complex
pre-built models may help the analyst produce better results [29, 30]. We
suggest the reader read [27] for a more in-depth review of the topic than what
we provide in this research. These models make it possible to process complex
data. However, we must extend these models to be able to elicit a distribution.

These extensions are discussed further in Chapter [3]

2.3.1 Probabilistic Deep Learning

This thesis discusses two probabilistic deep learning models, Bayesian neu-
ral networks and neural networks that contain Monte Carlo dropout (MC
dropout). Bayesian neural network models are neural networks that follow
Bayesian principles. First introduced in 1989 [31], Bayesian neural networks
require prior distributions to be placed over the weights of the network, re-
sulting in learning a posterior distribution over said weights. This allows a
Bayesian neural network to represent uncertainty, which is one reason why
they are selected over standard neural networks [32]. The posterior distribu-
tions of Bayesian neural networks are often intractable, like other Bayesian
models. These posterior distributions can be approximated, similarly to stan-

dard Bayesian models, using MCMC methods or variational methods (as dis-
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cussed above in Section [2.2). MCMC methods require samples to be taken and
update algorithms applied to each parameter of the neural network. Imple-
menting MCMC methods for large neural networks with numerous parameters
can be computationally expensive and often infeasible [33]. Variational Bayes
(also known as variational inference) is the preferred method for approximating
the posteriors in Bayesian neural networks because it is computationally eas-
ier to compute approximations; it requires less time and memory than MCMC
methods [33]. Standard back-propagation algorithms are not suitable for the
use of variational inference in Bayesian neural networks due to the stochastic
nature of the weights. Alternative methods have been put in place to perform

back-propagation [34] 35].

MC dropout [36] is another probabilistic deep learning feature that allows
an analyst to output a distribution that captures uncertainty. Dropout is a
component of a network that randomly “drops out” nodes from a layer during
calculations. An analyst will select the value of the dropout probability, ¢;,
when building the model. For each pass through the network, every node has
a probability ¢; of being excluded from calculations. A neural network with
MC dropout can produce distributions that capture uncertainty by incorpo-
rating dropout into each layer of the network and then running inputs through
the network multiple times, with each run through the network dropping out
different nodes. MC dropout is considered a Bayesian approximation [36] of a
neural network and is less computationally expensive to implement than stan-

dard Bayesian neural networks.

This thesis aims to quantify expert uncertainty by modelling decision-
making data. Bayesian neural networks and MC dropout are both suitable

for capturing uncertainty and are discussed further in Chapter [5]
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2.4 Uncertainty

The goal of this research is to elicit expert uncertainty on the probability of
some event, F/. There are two types of uncertainty that we discuss in this the-
sis; aleatoric uncertainty and epistemic uncertainty [37]. Aleatoric uncertainty
is the uncertainty caused by natural random variation and is irreducible (or
cannot be reduced in the near future [37]), such as a coin flip. Each time we
toss a “fair” coin, we are uncertain of its outcome. Epistemic uncertainty is
caused by a lack of knowledge and is reducible; the more knowledge or infor-
mation we obtain, the more certain we become. In this thesis, we classify the
type of uncertainty based on the event, F, itself. If the goal is to elicit the
aleatoric uncertainty of E from an expert, then we expect the uncertainty of
E to be irreducible at the time of elicitation and to be caused by randomness.
If the goal is to elicit epistemic uncertainty, then we expect the uncertainty of

E to be reducible and caused by some lack of skill or information.

It is important to note that in other research fields, these concepts have
different terms assigned to them. Occasionally, aleatoric uncertainty and epis-
temic uncertainty are known as objective uncertainty and subjective uncer-
tainty, respectively [38]. Although they have the same meaning as above, we
do not want to confuse the reader by using these terms, as the word “subjec-
tive” means anything that is based on personal opinion, so any uncertainty
that we elicit from experts would be considered subjective. In deep learn-
ing, aleatoric uncertainty and epistemic uncertainty are referred to as data
uncertainty and model uncertainty, respectively [39], as at the time of model
building, the uncertainty in the data cannot be reduced, yet the model uncer-
tainty can be reduced by improving the model. However, in this research, the
uncertainty we wish to elicit is in the decision-making data that we put into
our deep learning model, so our uncertainty in the data can be either aleatoric
or epistemic, dependent on the application.

It is important to keep this distinction in mind when reading through the
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remainder of this thesis.
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Chapter 3

Methods for Eliciting
Informative Prior Distributions:

A Critical Review

Eliciting informative prior distributions for Bayesian inference can often be
complex and challenging. While popular methods rely on asking experts
probability-based questions to quantify uncertainty, these methods are not
without their drawbacks, and many alternative elicitation methods exist. This
paper explores methods for eliciting informative priors categorized by type and
briefly discusses their strengths and limitations. Most of the review literature
in this field focuses on a particular type of elicitation approach. The primary
aim of this work, however, is to provide a more complete yet macro view of
the state of the art by highlighting new (and old) approaches in one clear,
easy-to-read article. Two representative applications are used throughout to
explore the suitability, or lack thereof, of the existing methods, one of which
highlights a challenge that has not been addressed in the literature yet. We
identify some of the gaps in the present work and discuss directions for future

research.
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3.1 Introduction

Bayesian inference can be thought of as the process of updating prior knowl-

edge once the data, y, has been observed. Bayes’ rule gives

p(0y) o< p(0)p(yl0), (3.1)

where p(#) is the prior distribution on parameters of interest, 6, and p(y|0) is
the likelihood function for data, y. The prior distribution could be considered
to be informative, that is, elicited based on available information and beliefs,
or non-informative, where no such prior information or beliefs may be avail-
able. If there is a large amount of data, then the inference will be influenced
more by the likelihood function. The opposite of this is also true; if there is a
limited amount of data, information from the likelihood will be weak, and the
inference will be influenced more by the prior distribution. In this case, the
choice of the prior, p(f) is of greater importance. Ideally, an informative prior
would be used because the decision-making and inference for this problem will

primarily rely on the prior.

A simple example of when an informative prior may be required is as fol-

lows,

Example 1. A pharmaceutical company wishes to predict whether or not pa-
tients will develop blood clots after taking a new drug they are developing. Let
Y € {1,0}, therefore Y ~ Bernoulli(f), where 0 is the probability of a patient
developing blood clots after taking the new drug. Data on existing patients is
limited due to the new formula of the molecule. The goal is to obtain a prior

distribution on 6, which can be used for further research.

For Example[l], a common approach for obtaining an informative prior dis-
tribution would be to elicit information from an expert, i.e., to perform expert

prior elicitation. The process may require multiple individuals with different
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expertise and roles. A set of standard definitions of these, as used through-
out this paper, can be found in Table Although obtaining information
from experts may seem straightforward at first glance, it often is anything
but. Several challenges may arise, complicating the process. We discuss the

key challenges below.

Table 3.1: Definitions

Name Description

Prior Elicitation This paper refers to prior elicitation
as the process of obtaining knowledge
from a source to form a prior distri-
bution which can be used for further
Bayesian analysis. Also referred to in
texts as " Probability Encoding”.

Ezpert An expert is an individual who has ex-
tensive knowledge on a certain subject
matter. Also referred to some in texts
as a ’judge”.

Analyst An analyst is an individual who per-
forms the task of forming a prior dis-
tribution using prior elicitation tech-
niques.

Facilitator A facilitator is an individual who per-
forms the task of eliciting knowledge.
In some cases, the Facilitator and the
Analyst may be the same individual.

3.1.1 Challenges in the Elicitation Process

Cognitive Biases

[1] pointed out that natural thought processes may create inaccuracies in
the obtained priors by introducing cognitive biases not observable by the ana-
lyst. As these cognitive biases are present in the mind of the expert, it is often
complicated to adjust for them in the elicited distribution. While many meth-
ods have been proposed to mitigate these biases, it could be argued that the

biases can never be completely eliminated. An overview of key cognitive bi-
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ases and bias reduction methods for prior elicitation are outlined in Section[3.2]

Using Multiple Experts to Elicit Priors

It is good practice to use multiple experts to elicit a prior distribution [2][3].
Doing so may ensure that the elicited distribution is better aligned with the
entire field of interest and that individual biases present in one expert are re-
duced. The process of obtaining a prior distribution that aggregates the inputs
from multiple experts provides a new set of challenges. Two main approaches
to aggregating the prior beliefs of multiple experts have been proposed. Each

approach has its benefits and drawbacks; these are discussed in Section |3.6

Dealing with Little or No Updating Data

Many applications exhibit non-trivial complications. These include appli-
cations where there is unlikely to be much data available to update prior beliefs
as needed when using Bayes’ theorem. The absence of data for updating can
occur because the data collection mechanism is too complex or expensive or
because the data pertains to an occurrence of a highly undesirable event (e.g.,
a major accident or a security threat, etc.). In such situations, the decision-
making will be predominantly based on the elicited prior distributions since
the data will have very little or no influence. A simple example is a problem

in the security field:

Example 2. A company wishes to predict whether or not its new security
system will fail, Y € {1,0}. Therefore Y ~ Bernoulli(0) where 6 is the proba-
bility of a system fail. For inference, data on how well the system performs is
not present because that would mean security threats have already happened. If
the security threat was to materialize, this will result in a single observation on
Y. While p(0)y) can now be computed, it is likely to be only slightly different
to p(0). Further, in practice, such a breach of the security system will likely

result in changes being made so as to prevent such occurrence in the future.
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This may mean that the circumstances on which the original prior was elicited
are no longer present and therefore eliciting a fresh set of prior distributions
could be considered more appropriate rather than using the posterior obtained

on the original prior.

Another important facet of such applications is that while it may not
be possible to update the prior beliefs on 6, there likely exists some back-
ground/ additional information, x, that may help in eliciting p(f). Hence,
p(0) can be written as a function of  and other model parameters 5. That is,
p(#) = g(z, B) (see Figure[3.1). This could be thought of as a standard regres-
sion problem; however, there may be situations where background information,
x, is disjointed and can contain different data types; such as image data, text
data and expert opinion. Also, some of this information may only be vaguely
relevant. Therefore, treating this example as an elicitation process may seem
more reasonable. It is important to note that this type of application does not
seem to be discussed much in the prior elicitation literature. Yet, it represents
a practical decision theoretic problem whose solution may rely on the elicited

probabilities.

Example 2 (contd.). The company brings in experts to provide informa-
tion on system failure. The company provides the experts with all information
on their system (e.g., system type, location,...). The experts are able to give
opinion on system failure based on the information provided and historical in-
formation they have obtained from other establishments and different security
systems, x. Because each establishment is unique, what happened elsewhere
may only be vaguely relevant to this company. The experts would aim to utilise

all this related information to elicit a prior distribution on system failure.
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Figure 3.1: Graph showing the Model Structure.

3.1.2 Motivation

This paper outlines methods used for eliciting informative priors and the ben-
efits and drawbacks of these methods. Review articles in this field tend to
focus on direct interrogation methods (Section (see for example [4, 5] [6]
and [7]), without exploring the other available methods presented in the liter-
ature. Other review articles focus on "good practice” and answering questions
that may arise in the overall elicitation process but do not expand on actual
methods for eliciting priors [§].To the best of our knowledge, there has been
no work to date that outlines all of the available approaches and provides an
overview of the current state of art. In this paper, we aim to provide such an

overview and also to identify some of the gaps in the current literature.

3.1.3 Outline

The elicitation methods are classified into three approaches: Interrogation
Methods (Section [3.3)), Graphical/Visual Methods (Section [3.4), and Histori-
cal Information Methods (Section [3.5). Interrogation methods are elicitation

methods that involve asking an expert questions to obtain a probability distri-
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bution. Graphical/Visual Methods involve plots of distributions or data that
the expert can visualise and thus compare with their individual knowledge.
Methods that are labelled Historic Information Methods are those that may
not rely on expert input and instead utilise information from past research
studies. An overview of cognitive biases is presented in Section [3.2] Tech-
niques for combining information from multiple experts are reviewed in Section
3.6l The paper concludes in Section [3.7, by discussing some of the persistent

challenges of informative prior elicitation and proposing further research paths.

3.2 Cognitive Biases in Expert Knowledge Elic-
itation

The following are considered key cognitive biases that may be present in the
expert elicitation process (for a comprehensive list of issues that arise in hu-

man judgement, see [9]).

o Judgement by Representativeness; this may be present with questions
such as “What is the probability that an object A belongs to a class B?”
[T0]. Often with these questions, the expert will focus on the conditional
probability and completely ignore the unconditional probabilities. [I]
outline a clear example of Judgement of Representativeness in assigning
the probability of an individual having a certain job, when the expert
knows the individual’s personality. The expert ignores the number of
people in the population in the jobs and instead relies solely on the con-
ditional probability, that is, they judge the probability of an individual
having a certain job given the fit between the individual’s personality

and the job [I].
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e Judgement by Availability; this is when an event is given a higher prob-
ability based solely on the fact that it occurred more recently for the
expert [I], so they are able to easily bring it to mind. Considering Ex-
ample[I] an expert may have recently come across a case where a patient
developed blood clots from the new drug. Even though the example may
be rare, because it is fresh in their mind, the expert may believe that the
risk of developing blood clots is higher, in turn, influencing the elicited

prior.

e Anchoring and Adjustment; here, an expert is given some value (the
anchor) and adjusts it to achieve what they think is the correct value.
Experiments have shown that an expert who starts with a higher anchor
is more likely to give higher estimates than experts who start with lower
anchors [I]. In Example [1]if the facilitator states a value for the mean of
the probability of a patient obtaining blood clots, the expert may then
adjust this value to what they think is suitable, producing results that

are inaccurate due to the initial anchor value presented to them.

e Quer Confidence of the expert; Overconfidence is easily observed in stud-
ies where experts were asked for an interval [I1]. For example, where ex-
perts were asked for 95% probability intervals, it was found that as little
as 65% of those intervals actually contained the true values [2]. Thus,
the expert often narrows down their judgment of uncertainty, display-
ing overconfidence. [I2] gives an overview and comparison of methods
that help evaluate an expert’s overconfidence, which may be helpful to

researchers.

e Range Frequency; this bias is seen when an expert is asked to assign the

probability of each category and they evenly assign probabilities between



29

categories [13] 2]. This means that categories believed to be more likely
are given less probability than required and others are given more, creat-
ing a significant bias. For Example [I| an example could be when asking
for the probabilities for a male developing blood clots and a female de-

veloping blood clots; the expert assigns equal probability to each group.

e Faxpert Fatigue. When an expert is required to take in and store copious
amounts of information or complex information to complete the elici-
tation process, the process can become cognitively tiresome and time
consuming for the expert [I4]. Analysts can reduce this burden by sim-
plifying the model’s parameters, by splitting the task up into different
parts and by explaining complex quantities in layman’s terms for the
expert [I4]. All the while, analysts must keep in mind the trade-off be-
tween easing expert fatigue and still having models that represent the
real-world complexities. Expert fatigue varies from expert to expert and

is heavily dependent on the level of expertise needed for the task [15].

Because cognitive biases are present in any human thought process, one
goal of the expert elicitation methods should be to reduce these biases as much
as possible. These cognitive biases can be reduced by changing the types of
questions asked [16]. However, the way questions are asked may still affect the
elicited prior. Another approach to reducing cognitive biases is a calibration
technique, first introduced by [I7]. The goal of this technique is to calibrate
the expert’s opinion based on the biases that they have shown in past opinions
they have provided [I8, 19]. The technique involves using information from
past estimates given by the expert where the true value is now known. [19] use
hierarchical Gaussian processes to model the expert’s biases from their past
estimates. The models are trained on the calibration data (historical estimates

and the true values) and then used to correct for bias in the new estimates
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given by the expert [19]. Although a promising technique, the obvious disad-
vantage is, when calibration data is limited or non-existent, that this technique
becomes impossible.

Others have suggested that the best way to address cognitive biases is to
give the expert feedback and make them accountable for their responses [20].
Training them to give more appropriate responses in the future [18]. Cogni-
tive biases have been outlined in detail in terms of expert prior elicitation in
[10, 2, [§].

Methods to elicit an informative prior, discussed in Sections and
aim to reduce such biases; however, the biases above may still occur in each

method.

3.3 Interrogation Methods

Interrogation methods are those in which an expert is interviewed to obtain

knowledge on a parameter of interest [21].

3.3.1 Direct Interrogation

Distribution or probability based questioning is the most common form of prior
elicitation [B, [7]. Classified as direct interrogation methods, these techniques
use a questionnaire or interview with an expert, with questions that are specif-
ically related to probabilities and/or distributions. [22] provide a systematic
review of papers that involve direct interrogation methods for prior elicitation,
outlining specific papers and the questions used. [16] outline procedures for
researchers to create their own questions for their specific task and refine them
where necessary, taking into account potential biases that may arise. Tech-

niques for direct interrogation include:
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¢ Questions on Probabilities: Asking questions on probabilities that
could directly link to the Cumulative Distribution Function (CDF) or
Probability Density Function (PDF) [6]. For instance, when eliciting a
prior for Example[I], a possible question could be “What is the probabil-
ity that the proportion of those who get blood clots is less than or equal
to 0.37”, i.e., P(Y < 0.3). Once a few points have been collected, the

researcher can obtain an outline of the CDF or PDF.

¢ Questions on Distribution Quantiles: Asking questions on the quan-
tiles of the CDF or PDF [23]. In the case of Example [l a possible ques-
tion could be “At what value is the probability of a patient obtaining
blood clots equally likely to be less than or greater than that value?” (

i.e., estimate the median).

Under each of theses techniques, the facilitator can either ask the expert to
give a value for the variable given a fixed probability or ask the expert to give
a probability for a fixed value or ask questions where to expert is expected to
give both probability and value [24]. Some analysts prefer to ask questions di-
rectly on the parameter of interest. This is known as Structural Elicitation [25],
this should not be confused with Structured Elicitation which is a step-by-step
process of elicitation which may contain Structural Elicitation. [0] (Chapter
5) give an extensive review of such techniques, detailing acceptable methods
and how to use the expert’s responses to form a probability distribution (also
summarised in [I0]). Tools such as SHELF [26] and MATCH [27] are suitable
for forming distributions from this line of questioning. These tools also pro-
vide instant visual feedback of the expert’s opinions in the forms of fitting a
distribution which has been found to be beneficial to the elicitation process
[6, 22]. Techniques which directly involve graphical and visual components are

discussed separately in Section [3.4] of this paper.
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[28] argued that in some cases parameters are arduous to think about con-
textually, which can create difficulties in the elicitation process; as the expert
will find it difficult to form a belief on the parameter’s behaviour. Therefore,
questions should be asked on observable values, i.e., the predictive distribu-
tion. This approach is known as Predictive Elicitation. While some experts
may find it hard to understand the real-world applications of model param-
eters, experts should, by definition, have copious knowledge on the field of
expertise data. Predictive Elicitation has been explored further in [25 29] and
[30], with [25] providing a comparison of Structural and Predictive Elicitation,
showing examples of when each technique is appropriate. [25] emphasise that
creating a predictive elicitation process is task specific and must be adapted
for each task undertaken by the analyst. Predictive elicitation techniques are
also more complex and time consuming to perform than structural techniques
[25]. It is worth noting that these techniques essentially treat prior elicitation
as an inference problem. Consider a basic example for a regression model, a
facilitator would ask the expert about their uncertainty around the dependent
variable given different values of the response variable. Once the uncertainty
is captured, the analyst would then have to infer the range of values for the
model parameters and their prior distributions that would be consistent with

the expert’s elicitation [25].

Applying direct interrogation methods to Examples (1| and [2| may be appro-
priate if the expert has good comprehension of statistical concepts needed. But
even if they do, common cognitive biases, such as Fxpert Fatigue, Judgement
by Representativeness, Judgement by Awvailability, Anchoring and Adjustment,
Over Confidence and Range Frequency, may still affect the process. This is
when calibration techniques, as discussed in Section may be of use.
Direct Interrogation Methods also have the additional obstacle of first requir-
ing the facilitator to teach the expert to understand statistical concepts, which

can be complex. Even once the elicitation process has started, the expert may
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still not understand key concepts needed, nor be able to apply them to form
an accurate probability statement. [25] state ”The goal of elicitation, as we
see it, is to make it as easy as possible for subject-matter experts to tell us
what they believe, in probabilistic terms, while reducing how much they need to
know about probability theory to do so”. Hence, other types of interrogation
methods exist that can reduce the statistical knowledge required to complete
the task of eliciting a prior from experts, discussed next in Section [3.3.2] Some

other relevant methods are discussed in Sections B.4] and 3.5

3.3.2 Indirect Interrogation

Probability-based questioning is not the only form of questioning in interroga-
tion techniques. There are approaches to form distributions from other types

of questioning, known as indirect interrogation techniques.

e Betting method: In this method, a series of bets are placed to form a
distribution [31]. The process starts by presenting the expert with two
bets and asking the expert to select the bet based on the event they
believe is more likely to occur. An example from [31] is as follows: Let
Bet One be “Win $A if Event E occurs, lose $B if E doesn’t occur”
and Bet Two be “Win $B if E doesn’t occur, lose $A if E occurs”. The
expected values of each will be Bet One: Ap — B(1 — p), Bet Two:
B(1 — p) — Ap. 1If the expert chooses Bet One , then for this expert
Ap—B(1—p) > B(l1—p)—Ap=p > B/(A+ B). By letting Event, E,
be any combination on the real line, analysts can elicit information on a
probability distribution. Another approach is to use a probability wheel,
split into two colours, where an expert can select between two scenarios;
either they win $X if the probability wheel lands in a grey area or they
win $X if an event occurs [24]. The facilitator then changes the area of

the grey area and/or the event specifications to present a new question
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to the expert. This is repeated until the expert finds both situations
equally likely [24] [32]. The number of bets to form an appropriate dis-
tribution could be relatively large, causing expert fatigue; to avoid this,
betting can also be used alongside direct interrogation methods to check
the certainty of assessed probabilities [31].

Using the betting method for both Example [1] and [2| may require exten-
sive thought and time. Setting up suitable bets will be the first obstacle,
but then the analysts must create enough bets to form a more com-
plex distribution, which can be time consuming. Betting situations may
prove more useful in the case where an analyst needs to elicit an indi-

vidual probability rather than a complete distribution.

Pair-wise Comparison: In this approach, experts compare pairs of
categories and quantify their beliefs regarding which category is more
likely. This action is carried out for each possible pair in the study.
An Analytic Hierarchy Process (AHP) [33] [34] is a pair-wise comparison
process that can also be used for prior elicitation [35]. For comparisons,
experts are asked to give a number on a scale (from 1 - 9) based on
which event they believe is more likely to occur. Using Example [2| an
AHP approach could be used to obtain prior distributions for different
locations of sites where the security system is used. For example, let
building location be the set {“Country”, “City Centre”, “Suburbia”,
“Industrial” }. The expert can then compare which system is more likely
to fail for each pair of building locations. This forms an opinion matrix,

as shown in Table [3.2].

Line four in the opinion matrix reads [35] that the expert believes build-
ings in Industrial areas are very strongly more probable to have security
failure than buildings in Country areas and strongly more probable to

have security failure than buildings in the City Centre and Suburbia ar-
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Table 3.2: Opinion Matrix for the AHP Method for Building Location in
Example 2

Building Location | Country City Centre Suburbia Industrial
Country 1 1/3 1/3 1/7
City Centre 3 1 1 1/5
Suburbia 3 1 1 1/5
Industrial 7 5 5 1

eas. By taking the maximum eigenvalue of the opinion matrix above and
calculating the associated eigenvector, the analyst can obtain the vector
of weights of the building areas [33] [34], where the weights are the ex-
pert’s security failure likelihood (or propensity-to-failure in [35]) for each
building location. [35] then calculated the mean and standard deviation
of the expert’s opinions and used these to obtain the parameters of a
Gamma distribution for each class.

Although there may be some use for this method in the case of Exam-
ple [2{ (where there is potential for sub-classes and experts have observed
examples from each class), for Example , reducing the case down to
specific sub-classes may not necessarily be possible. This method obvi-
ously becomes impractical when there are no sub-classes in the research

task.

e Ranking/Rating Method: in this method, experts are asked to rank
or give a rating on the likelihood of events presented to them [36], 37]. [38]
give an appropriate example of this method in terms of decision analysis.
In the application of understanding terrorist attacks, they asked intel-
ligence officers to rank the attractiveness of selected potential targets.
They then used probabilistic inversion and Bayesian density estimation
to elicit the distributions [38]. This method can also be used for prior
elicitation under time pressure [39]. A ranking method may be hard to
implement for Example |1} where the analyst may find it difficult to split

the problem into sub-groups that would be rank-able. For Example
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this method may work quite well. The analyst has the additional infor-
mation on the property so they could come up with other properties that
have different attributes to the property of interest and ask the expert

to rank a list of properties.

These techniques are designed to avoid having to teach the experts about
statistical concepts, which can be a drawback of direct interrogation meth-
ods [38]. They can also simplify the process; however, analysts need a strong
grasp on the subject matter to be able to form a suitable set up for elicitation
(e.g., forming sub-groups and different attributes which may effect the elicited
distribution). Indirect interrogation methods also clearly remove the cognitive
biases of Judgement of Representativeness and Range Frequency, by not asking
questions relating to probabilities. However, other cognitive biases may still

be present.

3.4 Graphical/Visual Methods:

Graphical/Visual Methods are methods that involve graphical representations
of the probability distribution and/or data that may be used to form a distri-

bution.

e Trial Roulette method: First established by [40], this method involves
a graphical representation of the parameter space of the parameter of in-
terest being split into subsections. The expert then assigns blocks to the
subsections, essentially building their own probability distribution. The
trial roulette method has been used in practice in [41].

In Example [I] the online tool MATCH [27] can be used to elicit the
expert’s belief via the Trial Roulette Method. The MATCH tool for the

Trial Roulette method is shown in Figure In the particular example
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scenario considered in Figure [3.2] the expert has placed the majority of
the blocks towards the zero end of the scale, meaning they believe the
probability of someone developing blood clots is small. They still, how-
ever, have some uncertainty, having placed blocks as far out as 0.5 to
cover this uncertainty regarding the location of the true value. In this
scenario, the tool has found the Gamma(1.03,6.25) distribution to be
an appropriate fit for the expert’s distribution. The user may change
this distribution if desired and select (say) a Scaled-Beta which may be
considered to be more appropriate given its support and conjugacy to
the Bernoulli likelihood.

Although the Trial Roulette method is a great visual tool, it still requires
the expert to have sufficient statistical knowledge to be able to place the
blocks to form an appropriate distribution. Also, the user needs to un-
derstand probability distributions to avoid inaccuracies in the default
selections. For instance, in the example discussed above, conceptually,
a Gamma distribution is not appropriate for proportions as it can take

values greater than one.

Graphical Prior Elicitation: [42] outline a simple graphical tool for
prior elicitation in univariate models. This tool initially teaches the
expert about the different distribution types and what effect the distri-
bution parameters have on them. Explaining this method with Example
[1 the user begins by selecting an initial model distribution; the distri-
bution on Y, a Bernoulli distribution. The tool automatically selects a
conjugate prior distribution on the parameter, a Beta Distribution. The
user will then select the expected number of successes out of 100, auto-
matically generating plots of what the number of successes vs. failures
would look like, see Figure [3.3] Changing the number of successes, the
expert can then see how the resulting plots will change. This can be

thought of as a Predictive Elicitation technique, as the user is observ-
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Figure 3.2: Online Tool MATCH displaying the Trial Roulette Method

ing plots of the data, not the parameter. After training the expert, the
tool then displays a collection of sample data histograms, of which the
expert must select those that are similar to what they believe the data
would be. From there, the prior distribution is formed from the selected
histograms. [42] suggest this method simplifies the statistical knowledge
required to produce a prior distribution, significantly reduces the time
of training the expert and the processing time of forming a prior dis-
tribution. However, experts still need partial statistical understanding
to complete the task of outputting a prior that is consistent with their

beliefs.

Interactive Excel Spreadsheet: Starting with a plot of a selected
prior distribution (for example, the user may have selected a Gaussian

distribution), this method involves the expert moving the “sliders”, in
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Figure 3.3: Training Step of the Graphical Elicitation Method.

the corresponding excel spreadsheet, to see the effect of changing the
value of the parameters on the prior distribution [43]. This approach
allows the expert to adjust the parameters until they find their ideal
prior distribution. For the case where parameters are not “intuitively
meaningful” [43], the interactive spreadsheet, used in this method can
show multiple plots of the observable quantity’s distributions, allowing
the user to see the effects of changes to these distributions when param-
eters of the original prior distribution are changed. This variation can
be thought of as a Predictive Elicitation form of this method.

This spreadsheet based method is similar to the Graphical Prior Elici-
tation Method in that it allows for experts to first learn the effects of
distribution parameters on the given distribution. Also, like the Graph-
ical Prior Elicitation Method, experts still need to have comprehensive
knowledge of statistical concepts to be able to understand the distribu-
tions themselves, including knowledge of which distribution to initially
select. [43] provide example spreadsheets in their supplementary mate-

rials and give an overview of different applications where this technique
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has been applied.

e Computer Simulated Data: [44] introduce a method which involves
a plot of simulated data. They illustrate two techniques; in the first
technique, the expert observes a plot of simulated data and responds as
to whether or not this data could be from a real data set. The second
is where pairs of simulated data are compared to one another. Again,
this can be thought of as a Predictive Elicitation technique. From there,
the expert’s responses are used to train a Gaussian Process (GP) classi-
fier that captures the expert’s belief [44]. Exploring the first technique
further, an expert is shown a simulation Yy ~ p(Y|0, M), conditional
on model parameters #, drawn from model M. The response from the
expert is binary, zg = 1 or 0. These responses are then used to train a
GP classifier, C', to model p(z|0) [44]. Using Bayes theorem, Thomas et
al. describe how they can estimate p(f|z = 1,C, zg, M). GP classifiers
work by placing a GP prior over a latent function, f, and then applying
a logistic function, o, to f to obtain a prior for class probabilities, 7,
that is 7(z) = o(f(z)).

This method is similar to Graphical Elicitation. The main difference is
the selection of the prior distribution type, as this method does not as-
sume a conjugate prior. It is noteworthy that in this method, the expert
does not need a strong knowledge of statistical concepts to obtain an
accurate prior distribution, as they should have a strong understanding

of subject matter data.

Although graphical methods are helpful in providing instant visual feed-
back to the expert, and, in some cases, simplifying the statistical knowledge
required to perform the task, they are still subject to the cognitive biases
discussed in Section [3.2L The Computer Simulated Data method and the

Graphical Elicitation Method, are interesting approaches, because they aim to
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generate a distribution by modelling the decisions of the expert. This may be

an interesting topic for further research.

3.5 Using Historical Information

Methods discussed thus far aim to elicit the uncertainty that the expert has
into a probability distribution. Thus, they could be considered to be similar
to a standard translation tool, with the objective of translating the expert’s
knowledge, including their quantified uncertainty, into a probability distribu-
tion. In practice, a standard translation tool that translates a text from one
language into another, requires the text to be available in the first place. In
the same way, the prior elicitation methods discussed so far require the expert
to quantify their uncertainty first. However, there are applications where rele-
vant historical data exists, and the analyst may prefer to quantify uncertainty
using such data instead. In this section, methods that elicit prior distributions
using available past research are reviewed. The main theme of these methods

is that they require minimal human intervention to obtain a prior distribution.

e Utilising Historical Research Posteriors: One way to obtain a prior
without expert intervention is from similar historical research that pro-
vides a posterior distribution. This posterior distribution can then be
used as a prior distribution in a new study [45]. However, many similar
studies will not provide a concrete posterior distribution, but may have

similar data.

e Power Prior: The power prior [46] provides a way to obtain a prior
from historical data, Dy = (ng, v, Xo), where ny denotes the sample
size, 1o denotes the response vector and Xy denotes the matrix of the

covariates. In a basic form, the power prior is the likelihood of the
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historical data, L(Dy|6), to the power of a scalar, ag, multiplied by an

initial prior mo(6|co),

7(0| Dy, ag) o< L(Dy|0)*mo(0]co). (3.2)

The scalar, ag, quantifies the uncertainty in the data, Dy. It allows the
analyst to control how much the historical data influences the prior. The
initial prior parameter, ¢y, allows the analyst to control the influence of
the initial prior on the prior, i.e, how much information from the initial
prior is influencing the power prior. As selection of these parameters can
change the final power prior, analysts should take careful consideration
when deciding these values [46]. Other variations of the power prior [47]
may be of use to some practitioners, along with methods to form priors
from not only historical data but also historical research that only pro-

vides summary statistics of the data [48].

These methods help mitigate cognitive biases as they do not rely on the
human thought processes to quantify uncertainty. For instance, in Example
[ before releasing the drug for human tests, the drug must be taken through
animal trials [49]. The trials done on animals could be relevant historical data,
which could help formulate a prior distribution for human patients. Similarly,
data from Phase I clinical trials can be used to formulate a prior distribution
for Phase II/III clinical trials, and so on. It could be argued, however, that
biases may have arisen in the creation of the historical model and data selec-
tion.

The disadvantage of these techniques is that they require access to similar
research and/or historical data. Many subject fields may not have similar
studies to the current research task, and/or access to historical data is re-
stricted, rendering these methods futile. The problem of not having access to

historical data is relevant to Example 2l Although it may be possible to find
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information on a similar security failure in a similar organisation, the amount
of data needed to form an appropriate distribution may be lacking. Also, as
stated in Section [3.1.1] once a security threat has been observed, the system
may be altered, making the new system of the similar organisation different

to the original system in any potential historical data.

3.6 Eliciting Priors from Multiple Experts

The methods outlined in Sections |3.3K3.4| give an overview of appropriate tech-
niques to elicit prior distributions from an individual expert. However, as
outlined in Section [3.1.1], analysts should use multiple experts to form a prob-
ability distribution representative of the whole field of research [2 [3]. When
selecting an appropriate method, the analyst must trade off the simplicity of
the method and the likely accuracy of the resulting prior. Extensive reviews
of methods for combining multiple expert beliefs can be found in [50, 511 6]
and [52]. A comparison of some aggregation techniques can be found in [3].

An overview of methods to combine information from multiple experts follows.

Behavioural Aggregation Methods: These methods involve groups of

experts discussing their beliefs and, in some cases, reaching a consensus.

e Delphi Method [53]: This method most commonly starts with a ques-
tionnaire that is sent out to all the selected experts. Opinions from the
initial questionnaire are then sent out to the same experts along with a
new questionnaire, thus giving experts the option to update their own
opinions based on their peers responses [54]. This process may be re-

peated until consensus is reached [50].

e Interactive Group Methods: In these methods, experts and a facili-
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tator meet to discuss and come to a consensus on a probability distribu-
tion [50} 6]. The SHELF method [26] is a very common interactive group
method. It is a framework for facilitators to follow that allows experts

to reach a consensus.

Although behavioural aggregation may appear to be an ideal way to aggre-
gate expert opinion because it allows for shared expertise, the goal of reaching
a ‘consensus’ can be problematic. This is because social psychological fac-
tors can distort the process of reaching consensus [55]. Interactive groups
are particularly vulnerable to groupthink, seniority, titles or social hierarchy.
For example, people who are high on personality characteristics such as so-
cial dominance or who are considered by other experts in the group to have
more expertise (e.g., more citations) can influence a consensus prior so that
it resembles the dominant individual’s prior and doesn’t actually capture the
variability in certainty across the group. This problem can be overcome in
some variants of the Delphi method where experts are anonymous to each
other (e.g., online methods).

Over-confidence may also be an issue for consensus priors from behavioural
aggregation. In an evaluation of methods of aggregation, [3] compared the
SHELF method with mathematical methods. They speculated that over-
confidence may have been present in the SHELF method because it yielded
narrower distributions. Moreover, not only is forming a consensus difficult,
but the whole process of behavioural aggregation can take time [3]. For the
interactive group technique, there can be difficulty in aligning work schedules,
deciding on an optimal time to meet and the discussion itself. For the Delphi
Method, there may be a significant wait time during the process of having to
send responses back and forth to expert group members. All of these issues

may be resolved through mathematical aggregation discussed below.

Mathematical Aggregation Methods: These methods involve mathe-
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matical techniques to combine individual expert priors elicited by methods in

the sections above.

e Bayesian Method: This approach treats each expert’s prior as new
data. The analyst updates their prior with the “new data”. The re-
sulting posterior consists of the combined prior beliefs [56, 57, 58]. This

process can be complex and time consuming [6].

e Opinion Pooling: These methods form a consensus distribution f(0)
as a function of the individual distributions (f1(6), f2(9), ...) [6, B9]. A
simple example of this is Linear Pooling where the consensus distribution

is equal to the weighted sum of the individual distributions. That is,

f(9) = Z wifi(e) (3~3)

where n is the number of experts. Other common pooling methods can

be found in [6]. Key methods for finding weights are listed below:

— Equal Weighting: Give each distribution the same weight, 1/n.

— Self-Weighting: Each expert gives themselves the appropriate weight-

ing.

— Expertise/Performance weighting: Not all experts may be consid-
ered equal. Some methods suggest weighting experts based on their
expertise or performance in their field [51], |6l 60]. As an example,
an analyst may decide that the longer someone has been working in
the field, the higher the weight their prior receives. Cooke’s Method
[61], is a performance weighting method that gives the experts an

added task (a smaller elicitation process where the subject mat-
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ter parameter is known) to assess performance. An application of

Cooke’s method is outlined in [62].

— AHP Weighting: Also encountered in Section [3.3, an Analytic Hi-
erarchy Process [33] is a process where an analyst can compare all
solutions against a decision criterion [63]. In the case of weighting
expert priors, [63] used three criteria for expert assessment: “years
of experience”, “number of observed failures”, and “level of train-
ing”. The weights obtained from the process are used in two ways:
firstly, to create a shortlist of potential experts and secondly, as the

weights for the aggregation process.

Selection of weights is a very important aspect of mathematical aggregation.
Selection methods like equal weighting and self weighting are the easiest meth-
ods to apply. However, equal weighting treats all experts as being equally
knowledgeable on the subject matter, which is generally not applicable to real
life. Self-weighting methods can also be inaccurate. It has been found in the
past that with self-weighting, women ranked their expertise lower than men
[64]. This is still the case today where men tend to be more self-promoting than
women [65]. Also, with overconfidence already being a bias present in expert
elicitation, it may become particularly detrimental in this selection method.
In contrast, methods based on performance, or some other objective criterion
seem appropriate, as they take into account the level of expertise of any given
expert in a less subjective manner. For an overview of selecting weights, in

mathematical aggregation, see [50].

Hybrid Methods:
To utilise the benefits of behavioural aggregation and mitigate the drawbacks,
there have been hybrid methods created that incorporate both behavioural

and mathematical aggregation techniques [66]. One such protocol is the IDEA
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protocol [67]. "It encourages experts to Investigate and estimate individual
first round responses, Discuss, Estimate second round responses, following

which judgements are combined using mathematical Aggregation” [67].

3.7 Summary and Conclusion

When information from the likelihood is limited, obtaining an accurate and
informative prior distribution is especially critical. This paper outlines some
of the important approaches for eliciting prior distributions along with their
merits and limitations. Each elicitation task is unique and so are the experts
involved in that elicitation. Therefore, while it may be possible to find a suit-
able and appropriate prior elicitation approach for a given task, none of the
approaches is arguably superior overall [25]. Moreover, there could be appli-

cations for which none of the existing methods are appropriate.

3.7.1 Persistent Challenges

Where expert involvement is required, there will always be persistent chal-
lenges in obtaining an informative prior. This paper does not address the issues
surrounding selecting experts. However, experts need to be highly knowledge-
able in the relevant content area, and for a number of the methods, they also
need to both understand the relevant statistical concepts, and be able to think
in a statistically valid manner.

Another related area of challenge is in minimising the influence of the com-
mon cognitive biases outlined in Section [3.2] They are part of natural human
thought processes that have proved adaptive in other contexts, particularly
when making decisions under pressure. It is not realistic to expect that they
can be eliminated. But a key goal of any expert elicitation method should be

to reduce them as much as possible.
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Recall Example 2, where the task is to elicit a prior distribution using re-
lated information x that could be heterogeneous both in type and relevance.
Common methods discussed in Section and look at getting information
solely from an expert, methods in Section look at solely getting informa-
tion from the data. However, methods that enable the analyst to elicit a prior
distribution using all of the heterogeneous relevant information available, as
well as including expert knowledge, do not yet exist.

Translating the uncertainty of an expert into a probability distribution may
always remain a challenging problem. As discussed, there are many ways to do
this. However, the most suitable method is usually task specific and should be
thought of as such. There is no one superior way to quantify someone’s uncer-
tainty. The process used for each elicitation task should be selected based on
the problem at hand, the resources available, the experts available, and their
ability to quantify their uncertainty, as well as, the availability of any past
research/data or relevant information.

It is possible that an elicited prior distribution may not accurately capture the
expert’s beliefs and can be considered to be only an approximation at best.
Importantly, it may never be possible to ascertain how accurately a prior distri-
bution reflects an expert’s beliefs. Inaccurate elicitation of prior distributions
may lead to inaccurate posterior inference and therefore, to inaccurate data
analysis. This problem is exacerbated when the prior dominates the likelihood
because of insufficient data.

A possible solution to inaccurately elicited prior distributions is to implement
a prior robustness analysis. This typically involves defining a class of prior dis-
tributions that encompass the uncertainty around the original prior [68]. Prior
robustness analysis studies the sensitivity of the posterior distribution to the
choice of prior distribution. Several prior robustness approaches have been
developed; see [69] for a general introduction to prior robustness analysis and
an overview of various approaches therein. A recent approach to implement

prior robustness, which is also straightforward to implement, uses distortion



49

functions [70] to form a distorted band class of priors. One of the challenges
in implementing a prior robustness analysis is in quantifying the uncertainty
in the elicitation of the original prior. Methods to quantify such uncertainty
have also been proposed. For the distorted band class of priors, [71] suggests a
simple interrogation approach that can determine the length of the distorted
band class of priors to accurately quantify the expert’s uncertainty around the

original prior distribution.

In this manuscript, the focus is on how an informative prior can be elicited,
that is, capturing an expert’s beliefs to form a probability distribution. This
should not be confused with obtaining forecasts or estimates from an expert,
which although can contain aspects of what is discussed in this paper, is not
forming a probability distribution from their beliefs. For approaches of this
nature, we suggest the reader look into the “Good Judgement Project” and

the research related to it |72, [73] [74].

3.7.2 Future Research

Persistent challenges open the way for research into new methods. Suggestions
for potential research avenues are as follows.

There is a need to find the most appropriate method for a given task. There-
fore, the field of prior elicitation could benefit from having more research into
comparisons of different methods. Although some research on comparing dif-
ferent methods is available, it often focuses only on one type of elicitation
technique, see for example |25 B32], or [3]. More research into comparisons of
a range of approaches will not only help practitioners gauge which method is
more appropriate for their task, but it will allow for continual discussion on
the topic of elicitation.

Research could also consider situations similar to the specific case of Example
2, where data for the likelihood is unlikely to occur and when it does occur, it

leads to system change. This implies that the initial prior needs to be reliable
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and, may need to be updated as the system changes. Redoing the same initial
elicitation process could be a solution, but this process will be time consuming
and not always a viable option, so, other methods should be explored. Ad-
ditionally, how to incorporate all the heterogeneous information available for
the elicitation, would be an interesting topic for exploration.

New prior elicitation techniques that focus on addressing some of the key
challenges should also be researched further. One such technique could be on
producing priors from modelling the expert decision making process. There do
exist methods that model a simple decision making task, such as the graphical
elicitation method discussed in Section 3.4 and also methods briefly consid-
ered in Section m (e.g. the ranking method). However, these methods rely
on hypothetical decision making; that is, making decisions on circumstances
that are not real. Research could instead focus on eliciting priors from real life
decision making.

Using real situations could lead to a more realistic prior than a hypotheti-
cal decision making task, because decisions made in real life carry far greater
consequences than those in hypothetical situations, leading experts to make
more effort to be accurate in the information they provide. It is worth not-
ing that this decision making task may not be performed under the scope of
prior elicitation; there may be past decisions that have been made that can be
used to elicit priors from the decision makers. Using past decisions could help
in creating a calibration technique, like those discussed in Section |3.2] as the
data may include the real life outcome after the expert’s decision. This could
allow for the analyst to compare the decision against the actual outcome and
adjust for any biases that may arise in the decision making process, resulting
in a fair prior. Another benefit of such a method is that the expert requires
no statistical knowledge to elicit a prior, which can be a drawback of other
methods.

The role of prior robustness in prior elicitation should also be explored fur-

ther. Focus could be directed towards the expert’s uncertainty surrounding
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their prior and using different approaches to obtain this uncertainty to form

bounds on the elicited prior distribution. One way could be to use a perfor-

mance based criterion, like those discussed when combining multiple expert

priors (Section [3.6)), in which experts who are considered “more knowledge-

able” in the field will have narrower bounds on their elicited prior.
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Chapter 4

Eliciting Informative Priors by
Modelling Expert Decision
Making

There are significant limitations to current methods for eliciting the prior be-
liefs of experts. To combat some of these limitations, this paper proposes
an alternative approach that infers an expert’s prior beliefs about an uncer-
tain event, A, from the expert’s past decisions. We show that an analyst can
use past information on an expert’s decision-making task, contingent on an
expert’s prior of A, to model the decision-making process and infer an approx-
imation of the prior for A. This concept is illustrated by an application to
recidivism. We conclude this work by highlighting important directions for

future research.

4.1 Introduction

Beginning with some prior knowledge (a prior probability distribution), Bayesian
inference updates the prior by taking information from observed data (a like-

lihood) to build a posterior distribution over the parameters of interest, 6:

p(Oly) o< p(O)p(ylo), (4.1)
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A prior distribution that has minimal influence on the posterior distribu-
tion, a 'mon-informative’ prior, is often used. Where there is large amounts of
data, the choice of prior is largely irrelevant since the likelihood dominates the
posterior distribution. However, if there is limited data, the influence from the
likelihood becomes minimal, producing a posterior that relies heavily on the

prior information. For such instances, an informative prior distribution could

be used [1].

Table 4.1: Definitions Expanded from a Table in [2]

Name Description

Prior Elicitation 'The process of obtaining knowledge from a source to
form a prior distribution that can be used for further
Bayesian analysis.

Fxpert An individual (or a group of individuals) who has ex-
tensive knowledge on a certain subject matter. The
expert is also referred to as the decision maker in this
text.

Decision Maker  The individual who performs a decision making task.
In most cases, the Decision Maker and the Expert will
be the same individual.

Analyst An individual who performs the task of forming a prior
distribution using prior elicitation techniques.
Facilitator An individual who performs the task of eliciting knowl-

edge. In some cases, the Facilitator and the Analyst
may be the same individual.

We consider scenarios exhibiting an event, A, that is of serious consequence
and where data on A is limited as the event rarely occurs. An analyst (see Table
for definitions used throughout this paper) wishes to obtain an informative
prior distribution for A. Although there may not be any data on A, there
may be some other related source of information that can be used to obtain a
prior for A. The most common way to do this is to elicit a distribution from
an expert in the relevant field of interest. Methods to obtain an informative
prior distribution from an expert are described in [2], which assigns methods
to three categories; 1) Direct Interrogation Methods, 2) Indirect Interrogation

Methods, and 3) Graphical/ Visual Methods. Direct Interrogation methods
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[3, 4, B] involve asking experts about the probability distributions directly.
This can be challenging because experts must first have a firm grasp of proba-
bility theory and distributions. There are circumstances where an expert can
first be taught key probability concepts [3, [0, [7], but this can prove difficult
and create inaccurate prior distributions [8, @9]. This issue can also be seen
in some graphical/visual methods [2]. Indirect Interrogation methods have
been introduced to help combat the requirement of experts needing knowl-
edge of probability theory. Indirect Interrogation methods involve asking the
expert questions that are not directly based on the probability distributions
themselves, but instead are easy for the expert to comprehend. From there, an
analyst will use mathematical logic to infer a prior distribution. Two examples
of Indirect Interrogation that display the simplicity of questioning are: getting
the expert to place bets on which event they think is more likely [10] and
getting the expert to rank the likelihood of events [11], 12, ©]. As highlighted
in [2], some Indirect Interrogation methods can be thought of as hypothetical
decision-making tasks. Hypothetical decision-making implies that whether the
decision is correct or incorrect has no real consequence for the expert. There-
fore, prior elicited in this way may not accurately reflect the expert’s thinking

in real life.

The use of experts during the process of elicitation has the added complex-
ity of introducing cognitive and motivational biases. In Direct Interrogation
elicitation, the simple mistake of asking a question a certain way can produce
cognitive biases which influence the experts response (e.g., anchoring and ad-
justing [I3], where values in the questions are used by an expert to anchor
their response value). Prior elicitation methods that use experts may also
have cognitive biases based on an expert’s work experience (e.g., judgment by
availability [13], where an expert will put more weight on an event just because
the expert witnessed that event more recently) or, to put it more generally, an

expert’s life experience, that includes biases they have formed over time (e.g.,
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gender bias, racial bias). Using a group of experts to elicit one prior distribu-
tion can help an analyst gain a wider view of the whole field of interest [14]. A
common way to do this is to get a group of experts to discuss opinions to form
a consensus, however, this method can also come with cognitive biases that
an analyst should be aware of, such as groupthink [15]. Groupthink is where
the need to reach a consensus, while maintaining harmony within the group,
means individuals do not voice alternative perspectives that may be outside
the social "norm” or maybe against the perspective of a strongly influential
individual, skewing the group’s elicited prior in one direction [I5]. Instead of
having experts reach a consensus, some methods allow analysts to combine
experts’ individual priors mathematically [3] to avoid cognitive biases that are
formed from group consensus, such as groupthink. Some methods can elicit
a prior distribution without an expert’s input by using historical data (e.g.,
use the posterior from a similar historical study [16]), however, in most cases
this historical data will not exist. Also, historical data is not immune from
the effects of biases, and it is not just an individual expert’s cognitive biases
that an analyst must be aware of. Sometimes available data might encompass
societal biases [I7]. A famous example is the Correctional Offender Manage-
ment Profiling for Alternative Sanction, COMPAS [18]. COMPAS was a risk
assessment tool that was used to obtain a recidivism score for defendants. Al-
though ethnicity was not a factor in the model, the tool was still more likely
to class black individuals as high risk than other individuals [I8]. This was
because the model had learned from historic discriminatory court cases and
enhanced the prejudices in the judicial system [I7]. Another example is a
tool that was used to rank the top five applicants based on their resumes for
job vacancies at Amazon; it was found to be penalising applicants that were
women and favouring those that were male [19, [I7]. This was because the
model learned patterns from historic data where women were not hired for
positions at tech companies [I7]. The societal biases of blacks being more

likely to commit crimes and females being less adequate for specific jobs were
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shown in the data applied to these models and influenced the outputs. Lack
of information or inadequate information can also produce a bias [20]. If the
available information is heavily dominated by information on one group then
it is obvious that the results produced with this information could be consid-
ered biased, like in the COMPAS example. Often the available information
is tabular data, which may be missing key information that is needed to give
accurate outputs. Tabular data variables may also represent multiple factors
of interest that are not directly collected in the data (confounding variables),
making it hard to understand what variables are truly influencing the output.
Reducing the impact of biases on the elicited prior is a key interest in prior

elicitation [14] 3].

4.1.1 Motivation

We believe the key limitations of current methods are: a) the statistical knowl-
edge required of experts to perform elicitation by Direct Interrogation methods,
b) the "hypothetical” decision-making tasks in Indirect Interrogation methods
that have no real-life impact and could affect the accuracy of the elicited
prior, and, c) the difficulty of identifying biases when eliciting an expert prior.
We introduce a concept that eliminates some of these limitations by eliciting
an approximation of a prior distribution through modelling an expert’s past
decision-making tasks. Our method eliminates the statistical knowledge re-
quired by utilising a decision-making task that an expert performs as part of
their duties. Often this decision-making task has real-life implications, mean-
ing more importance is placed on the decision, and the experts will strive to
be more accurate in their decisions. Thus, by modelling their past decisions,
we may be able to capture their thinking more accurately than methods that
rely on hypothetical decision-making. Also, modelling past real-life decisions
eliminates biases that could be introduced in direct interrogation methods.

Although, because we are using experts, there may still be cognitive biases af-
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fecting the elicited distribution. Modelling data from the past decision-making
tasks may allow analysts to identify variables that may be considered to be
inducing bias in the decision-making process. Our goal is to introduce the
broader concept to the reader and provide a simple example that highlights
the use of this concept. The method is explained further in Section 1.2 We
discuss ways to assess model behaviour in Section with Section out-
lining a simple example application. Finally, we close in Section with a

summary of conclusions and further work.

4.2 Eliciting Uncertainty from Decision
Making

We introduce a method that combines concepts from Indirect Interrogation
methods as well as those that use historical data, by forming a prior distribu-
tion from an expert’s past decision-making task. We are concerned with an
undesirable future event A. The expert wishes to prevent A from occurring and
considers a (preventative) decision Y. Let X be the information that is avail-
able to the decision maker at the time. The expert is interested in being able to
quantify the prior probability on A|X, that is, what is the probability that A
will occur given the available information X. Using the expert’s past decisions,
the decision process Y| X can be modelled. We conjecture that given X, the
uncertainty in the outcome of Y reflects the experts’ uncertainty on whether
A would occur or not if no preventative measures were taken. Therefore, A|X
and Y| X are intimately related. For simplicity, we assume that the event A is
binary (occurs or not), so also is the preventative decision Y (prevention put
in place or not). Let Y|X ~ Bernoulli(p) and A|X ~ Bernoulli(q). To be
able to model the decision-making process Y| X accurately, the process should
be repetitive (carried out often) and its outcomes and the information used to

make the decision should be available.
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Let Y; denote the decision made at the i instance (hereafter referred to
as a case) and X; be the information used by the decision maker to make
that decision. Suppose that the data on n cases is available so that we
have Y = {¥},Y5,...,Y,} and X = {X, X5,..., X,,}. Let 8 be model pa-
rameters that link the decisions Y to the available information X such that
Y ~ f(Y|X,0). Given, Y, X and a prior distribution m(0), we can find the
posterior distribution 7(0]Y,X). Assuming information on a sufficient num-
ber n of similar cases and an appropriate model f, it is reasonable to believe
that using the information X* for the next case, we could accurately predict
the decision Y* that the decision maker is likely to make using the posterior

predictive distribution.
P(Y*| X", Y,X) :/P(Y*|X*,9)7r(0|Y,X) de. (4.2)

Let A; be the undesirable consequence for the i*" case, which may or may
not materialize. The data on (some or all of) past A; may be available, but
that is not considered here at this stage. Since Y] is the preventative decision to
mitigate the risk of A;, it is clear that Y; reflects the decision maker’s prediction
on A;. That is, that a preventative decision was put in place implies that the
decision maker believes that A; is likely to occur. Similarly, if the preventative
measures were not put in place, this would reflect the decision maker’s belief

that A; is unlikely to occur. That is,
AilX; R Yi|X,. (4.3)

Therefore, given the information X* for the next case, the conditional
predictive prior for A* can be approximated using the posterior predictive

distribution in Equation (4.2). That is,

T(A*|X*) ~ P(Y*|X*, Y, X). (4.4)
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See the accompanying influence diagram (Figure that depicts the relation-

ship between the variables.

Past E New
X | X
Ol
Y s R
| !

Figure 4.1: Influence Diagram for Eliciting Prior Distributions from Expert
Decision Making

As an illustrative example, let A be the event that a property in an in-
dustrial area will be burgled. This threat could be potentially mitigated by
employing the services of a security consultant who would review the relevant
information, X, make an assessment, Y, about the imminent risk and provide
recommendations of security features that could be installed to prevent the
threat from eventuating. If the data on n recent property evaluations by the
same consultant are available, then we can model the consultant’s risk percep-
tion using a statistical model. The goal is to obtain the probability distribution
of a new property being burgled using the relevant information available X.
This probability distribution can be considered as an approximation to the
consultant’s prior probability distribution on whether the event A will occur

given X.

Note that our goal is not to accurately predict A. Instead, we want the
model to accurately mimic the experts’ decision-making process, and capture
the experts’ uncertainty about the event A, by considering the uncertainty in

the model for the surrogate event Y. To ascertain whether the model is accu-
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rately mimicking the expert’s decision-making process, an analyst can observe
at least one of the measures of central tendency of the elicited probability dis-
tribution and assess whether it correctly predicts Y; in most of the cases (see
Section . Moreover, we conjecture that the aleatory uncertainty captured
by the model reflects the aleatory uncertainty of the expert on whether A will
occur or not given X. Our conjecture assumes that the decision maker rec-
ognizes that due to natural variability, an event may or may not occur even

when it is very likely to occur and vice versa.

While this approach doesn’t mandate an expert to have sufficient knowl-
edge of statistics, it puts a heavier burden on an analyst’s statistical skills.
This is because the analyst must be capable of precisely modelling the decision-
making process. Choosing and refining the models will necessitate a solid sta-
tistical foundation. We will illustrate the use of this method with an example
in Section {4.4| using Bayesian logistic regression. Given Y;|X; ~ Bernoulli(p;),

the logistic regression model, with a link function g(.), is represented as,

g(pi) = 0o + O1z1; + ...

For example, with a simple logit link function and one predictor variable,

2

7

logit(p;) = log(l =0y + O12;

0o + 01z;
= exp(Gy + 01x;)

= 4.5
1+ exp(by + 01x;) (45)

A Bayesian approach is implemented by placing prior distributions on the
model parameters, 8 = {6y, 01, ...}. Sampling methods, such as MCMC meth-
ods, can be used to approximate the posterior distribution of 8. An analyst can

select the prior distribution for model parameters and the sampling method
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and adjust them to build the most appropriate model (Section . To ap-
proximate the probability distribution for p; from this model, we can sample
from the posteriors of the model parameters, m(0|Y,X). These samples will
be used in the model equation (for example Equation to obtain samples
of p;. An approach such as the methods of moments can then be used to fit a
Beta distribution to these samples, which forms the elicited prior distribution

of ¢; for the model A;|X; ~ Bernoulli(g;).

There are many models that are used to predict rare or undesirable events,
including Bayesian logistic regression models (e.g., for predicting recidivism
[21], 22], 23] 24]). However, these models, to the best of our knowledge, have
not yet been used to model expert decision-making or, to elicit an experts’
prior distributions. We reiterate that our goal is not to predict a rare or un-
desirable event, instead, we wish to capture the uncertainty surrounding said

event occurring.

4.3 Model Selection Diagnostics

To be able to elicit expert uncertainty accurately, we expect our model to
behave like a decision-maker. We want it to be more uncertain when it sees
data it has never seen before (wider distributions of p; that could be centered
around 0.5) and less uncertain when it encounters familiar data (narrower dis-
tributions). Looking at the accuracy of the model is standard practice when
assessing model performance (how accurately the model is predicting the re-
sponse variable, Y, for a given test data set). If we wish to obtain the accuracy
of a model which predicts the probability, p;, of a binary decision, Y;, labels
are typically assigned as follows. If p; is less than 0.5 then the decision is
labeled "no” and if p; is greater than 0.5 then the decision is labelled ”yes” (or

whatever the labels may be). When we are taking samples of p;, it is common
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practice to take the mean of those samples as our estimate of p; that assigns
labels. However, to assess how well the model captures the experts’ thinking,
model accuracy is not the only diagnostic that is of importance, as we must
also take into consideration the variability of the elicited distributions and the
uncertainty that they capture.

It is easy to show that using the mean, of the sampled p; values, to assign la-
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Figure 4.2: Distributions of p; for three Individuals that would obtain the same
label assigned based on mean probability prediction.

bels for model accuracy may not give a fair representation of the variability of
the distributions. For example, Figure shows three distributions where the
model would assign the same label if the means of p; were used for assigning
labels. However, we can see that using the mean does not accurately capture
the difference in variability of the distributions and that using the median or
the mode of the distribution of p; would have assigned labels differently. We
could also gain further insights by looking at the credible intervals of the dis-

tributions and assigning labels on whether the value of p; needed to assign a
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certain label, lies within the credible interval. The credible interval also allows
an analyst to assess the uncertainty of the elicited distributions, which is of
importance when selecting an appropriate model. If the credible interval is
wide and contains 0.5, then we can assume that our expert is fairly uncertain,
and if it is narrow and on either side of 0.5, we can assume they are fairly
certain. In the same way, the area area under curve (AUC) of the distribution
can be used. To further assess the model’s capabilities to capture uncertainty,
an analyst can observe the entropy of the elicited distributions. If the entropy
value is close to zero, then we assume the expert is fairly certain; if it is close
to one, then we assume they are fairly uncertain. Assessing whether or not
the model is behaving appropriately is case specific. If the analyst knows the
decision making task has a lot of uncertainty, then they would expect high
entropy values and will need to assess the trade-off between high entropy and
high accuracy values. However, if the task is fairly certain, involving black and
white responses, then we would expect low entropy values and aim for high

accuracy from our model.
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Table 4.2: Model Diagnostics we Suggest to Help Select an Appropriate Model

for Prior Elicitation.

Name

Description

Mean Accuracy

Percentage of correct predictions the model makes by using the
mean of the sampled probabilities p;.

Mode Accuracy

Percentage of correct predictions the model makes by using the
mode of the sampled probabilities p;.

Median Accuracy

Percentage of correct predictions the model makes by using the
median of the sampled probabilities p;.

Percentage of correct predictions the model makes by taking the
largest area either side of 0.5 as the measure to form the model
prediction.

Area Under Curve
(AUC) Accuracy
95% Credible Interval

(CI) Accuracy

Percentage of correct predictions the model makes by observing the
95% CI of p;. If the 95% CI contains 0.5 then the assigned label
can be either ”Accept” or ”Reject” and is a correct prediction. If
the 95% CI is contained below 0.5 and the true label is ” Accept”
then it is a correct prediction. If the 95% CI is contained above 0.5
and the true label is ”Reject” then it is a correct prediction.

Percentage of the 95% CI
correct predictions that
contain 0.5.

This will allow the analysts to see how many central distributions
are elicited.

Percentage of the 95% CI
correct predictions that
are either side of 0.5.

This will allow the analysts to see how many skewed distributions
are elicited.

F-Score [25]

A measure which shows the specificity (true negative rate) and sen-
sitivity (true positive rate) of the model. The mean of the samples
of p; is used to assign labels. The highest possible value of an F-
score is 1.0, indicating perfect specificity and sensitivity, and the
lowest possible value is 0, if either the specificity or the sensitivity
is zero.

spect ficity x sensitivit
p _ oSpecificity y

speci ficity + sensitivity

Confusion Matriz [26]

Shows the percentage of the mean predictions by whether the pre-
diction is a true negative, true positive, false negative or false posi-
tive, showing the specificity and sensitivity of the model. The mean
of the samples of p; is used to assign labels.

Entropy [27]

A measure of the amount of uncertainty in a distribution. A narrow
distribution will give a value close to zero (showing a certain predic-
tion), and a wide distribution will give a value close to 1 (showing
an uncertain distribution). To make sure the model is behaving
correctly, it will be helpful to observe a histogram of all entropy
values for the training set, as well as observing the histograms of
the entropy values of correct and incorrect predictions separately.

Calibration Plot

A calibration plot shows how well the prediction probabilities match
the true percentage probabilities of the data. The mean of the
samples of p; is used as prediction probabilities.
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These suggested diagnostics help an analyst assess the performance of the
model, without looking at every single distribution produced. We advise an-
alysts to look at multiple different model diagnostics to make sure the model
is suitable for the task of prior elicitation and, also, to ensure they have a
well-fitted model (Table . The analyst’s goal should be to maximise the
model’s accuracy (how well it is predicting the response for a given data set)

while also producing distributions that accurately capture uncertainty.

4.4 Example

Let A be the event that a prisoner commits a crime upon release from prison.
Information on a specific prisoner re-offending is limited and often censored,
as we only know if a released prisoner commits a crime if they were caught.
However, there exists an expert decision-making process that can be used to
infer a prior distribution on the event A. This is the parole board hearing pro-
cess. The parole board considers a report from a prisoner’s case worker and
decides whether or not to give a prisoner parole. When making a decision,
the parole board is already taking into consideration the risk of the prisoner
re-offending upon release, so this decision-making process can be used to infer
a prior distribution on A. For example, if parole is not granted, this implies

that the risk of re-committing a crime for an individual is high.

4.4.1 Data

We use a publicly available data set from the New York State Parole Board’s
interview calendar made available by The Parole Hearing Data Project E] This

data set contains information on the prisoner, the hearing process, and the

!Data source https://github.com/rcackerman/parole-hearing-data


https://github.com/rcackerman/parole-hearing-data
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final decision?l It has 46 variables in total. We choose to take a subset of
this data set by only looking at the initial parole board interviews. That is,
the first time a prisoner appears before the parole board. The final data set
has 9580 observations (Not Granted - 6962, Granted - 2618). The variables
selected for our model are shown in Table [£.3] Variables were selected based
on their perceived relevance to the decision and if a variable had no impact
on model performance it was removed. Logistic regression assumption checks
were completed. The posterior of each variable was also observed to see if the
95% credible interval contained zero (meaning it has little to no impact on the

model).

2Data library https://publicapps.doccs.ny.gov/ParoleBoardCalendar/About?
form=datadef#Decision


https://publicapps.doccs.ny.gov/ParoleBoardCalendar/About?form=datadef##Decision
https://publicapps.doccs.ny.gov/ParoleBoardCalendar/About?form=datadef##Decision
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Table 4.3: Variable Names and Descriptions

Variable Name

Variable Description

Parole Board Decision

Simplified labels to a binary response: Granted =
{Open Date, Granted, Paroled}, Not Granted =
{Denied, Not Granted}.

Gender Male, Female
Ethnicity Black, White, Hispanic, Other
Age Years from birth date to interview date.

Crime 1 Class

Felony codes A, B, C, D and E. A felonies being the
most serious and E felonies being the least serious.

Number of Years to Release Date

Years from interview date to release date.

Number of Years to Parole Date

Years from interview date to parole eligibility date.

Aggregated Mazimum Sentence

Maximum aggregated amount of time a prisoner
must serve for the crimes they are convicted of.

Aggregated Minimum Sentence

Minimum aggregated amount of time a prisoner
must serve for the crimes they are convicted of.

Crime Count

Number of crimes a prisoner was convicted of un-
der the given sentence (not all criminal history,
just crimes for the current prison stay).

Crime 1 Conviction

Simplified down to the following set: {Possession:
Crimes involving possession of an illegal substance
or firearm; Grand Larceny: taking of goods in ex-
cess of $1000; Assault: Crimes involving assault,
excl. sexual assault; DWI: Driving under the influ-
ence of drugs or alcohol; Court: Crimes involving
court proceedings(e.g., perjury, contempt); Sale:
Crimes involving sale of an illegal substance or
firearm; Sexual: Any sex related crime (e.g., sexual
assault, rape); Fake: Crimes where an individual
has faked something (e.g., forgery, identify theft);
Death: Any crime where an individual has caused
death excl. murder (e.g., manslaughter, homicide);
Stalking: including surveillance and harassment;
Conspiracy, Murder, Robbery, Arson, Fraud, Kid-
napping, Other: All other crimes which do not
come under any of the other labels}. Reducing cat-
egories in this way is common practice in statistics
and is done throughout crime modelling [2§].

4.4.2 Model

We wish to model the Parole Board Decision (response variable) using all

other variables as explanatory variables (Table .

Numeric variables are

standardised and categorical variables are changed to dummy variables. The

model is fitted and posterior distributions are found on a training data set

that consists of 80% of the full data set (7664 observations). The performance
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measures are assessed for a test data set of observations the model has never
seen. The test data set consists of the remaining 20% of the full data set
(1916 observations). For a more accurate picture of how the model behaves,
we randomly sampled five different testing and training sets and fitted the
model separately in each case. We then took the average of the five different
accuracy readings produced to get the final values. The structure of the model

is shown in Equation [4.6]

Decision; = [+ 1 X gender_male; + P X age; + P3 X num_years_release;
+ 04 X num_years_parole; + [5 X crime_count; + [ X agg-min_sent;
+067 x agg-max_sent; + Bs X eth_hispanic; + [g X eth_white;
+B10 X eth_other; + B11 X crime_class_B; + 12 X crime_class_C;
+ (13 X crime_class_D; + (14 X crime_class_F;
415 X crime_conviction_assault;

+ (16 X crime_conviction_burglary; + . .. (4.6)

1

bi = 1 + eDecisioni

All parameters were initialised with a Normal(0,0.001) prior. All trace

plots of the parameters were acceptable.

4.4.3 Model Diagnostics

Accuracy readings were taken for the five different test sets and can be found
in Table The model obtains about 79% classification accuracy overall.
The CI accuracy is approximately 84%, with 87% of the Cls being on either
side of 0.5, showing that the model is making more certain predictions than
predictions that could be either ”Granted” or ”Not Granted” (corresponding

to CI's containing 0.5). The F-score is around 0.87, which is close to one,
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showing that the model has relatively good specificity and sensitivity. Figure
shows the entropy of all observations in a single test selﬂ There are two
peaks, one around zero and another around 0.5. From this, we can conclude
that our model has some very certain predictions (peak around zero) and some
less certain or very uncertain predictions (peak around 0.5). To gain further in-
sight into the behaviour of our model in terms of entropy, Figure displays
the entropy of correct predictions the model made and Figure displays
the entropy of incorrect predictions. We can see that for incorrect predictions
the large peak at zero is not present (Figure , whereas it is still present
for correct predictions (Figure meaning our model is less certain with
its predictions when it is incorrect. The model looks relatively well-calibrated
to the data (Figure [f.4a)). The confusion matrix (Figure shows that
the model has a high true positive rate, that is, the model is predicting ”Not
Granted” well, which is to be expected due to the disproportionate amount of
"Not Granted” versus ”Granted” parole decisions in the data-set. Overall, we

believe the model show acceptable behaviour for the proposed task.

Table 4.4: Average Performance Measures from Five Models.

Accuracy Measure Average
Mean Accuracy 79.538%
Mode Accuracy 79.498%
Median Accuracy 79.51%
AUC Accuracy 79.488%
95% CI Accuracy 84.542%
Percentage of the 95% CI correct predictions that contain 0.5 12.832%
Percentage of the 95% CI correct predictions that are either side of 0.5 87.164%
F-Score 0.867

3NB:outputs were similar for all five test sets
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Figure 4.3: Entropy Plots for the Prisoner Re-offending Example

4.4.4 Elicited Prior Distribution

After selecting the appropriate model, we can now obtain the elicited prior
distribution for a new case. To produce a distribution of expert uncertainty
for a single case, we obtain samples of p;, the probability of a prisoner re-
committing a crime, using the available information on the prisoner. We do
this by sampling 100 times from the posterior distributions of the model param-
eters. These samples are then used to calculate samples of p;, the probability
of a decision Y;|X;. Then, the method of moments is used to fit a beta distribu-
tion to the samples of p;, producing a final distribution capturing uncertainty.
An analyst can also choose to fit other distributions to the data by MLE. They

can then select the best distribution by the Kolmogorov-Smirnov test [29].
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Figure 4.4: Model Diagnostic Plots for the Prisoner Re-offending Example

Consider three prisoners: Prisoner 1, Prisoner 2 and Prisoner 3 (the pris-

oners’ attributes are found in Table |4.5). The elicited prior distributions are

shown in Figure [1.5] Prisoner 1 yielded a Beta ~ (74.111,266.202) prior dis-
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tribution (Figure [{.5a)). Prisoner 2 yielded a Beta ~ (382.491,154.224) prior
distribution (Figure [4.5b)). Prisoner 3 yielded a Beta ~ (1181.395,7.210) prior
distribution (Figure [£.5d). These elicited distributions can now be used as
prior distributions for recidivism for the given individuals and can be used to

aid further decision-making.

Table 4.5: Prisoners’ Attributes used for the Prisoner Re-offending Example

Attribute Prisoner 1 Prisoner 2 Prisoner 3
Age: 34 years 23 Years 29 years
Number of years to re- 0 years 0 years 1 year
lease date:

Number of years to pa- 0 years 0 years 0 years
role date:

Aggregated  Maximum 3 years 3 years 4 years
Sentence:

Aggregated ~ Minimum 1 year 1 year 1 years
Sentence:

Gender: Male Male Male
Ethnicity: White Black White
Crime Count: 1 1 2

Crime 1 Conviction: Burglary Possession DWI
Crime 1 Class: D E E

Decision: Granted Not Granted Not Granted

4.4.5 Influential Variables

For this example, we have shown how an analyst can elicit a prior distribu-
tion from an expert decision-making process using tabular data. However,
can an analyst trust that this elicited distribution is reliable? Can they trust
the expert’s decisions? Could some variables be wrongly influencing deci-
sions? We chose to consider these questions by exploring variables seen in the
decision-making process that should not have a cause-effect relationship with
the decision. The variables we chose to explore are ethnicity, gender, and age.
To explore the effect of these variables, we first created models without these
variables and compared them to the original model. Each model was run five

times with different testing and training data sets to produce an average of all
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Figure 4.5: Prior Distributions for Three Different Prisoners

accuracy measures.

The model without ethnicity obtained the lowest average accuracy, and in
fact, all five testing data sets gave lower accuracy than the full model (Ta-
ble . It is also interesting to see that the model without Ethnicity has a
higher percentage of 95% CI correct predictions that contain 0.5. The model
without age behaves roughly similar to the full model and the model without
gender is only slightly less accurate. We also look at the behaviour of the
elicited distribution of a test point from each model (Figure [4.6)). It can be

seen that for each prisoner the full model and the models without age or gender
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perform similarly, however, the model without ethnicity produces a different
distribution (Figure . This finding is consistent for all prisoners consid-
ered. We can further explore the impact of the variable ethnicity by using
the full model and looking at a single prisoner and changing their ethnicity
(Figure . Again, there is a clear difference between the different ethnic-
ity’s elicited distributions. This shows us that ethnicity has an impact on the
decision. Removing ethnicity from the model may reduce bias in the elicited
prior distribution, but, it should be noted, that sometimes variables in tabular
form can be representing other information that may be valuable to elicit an
accurate prior distribution (confounding variables). For example, the variable
ethnicity may be a proxy for socioeconomic status [30]. This is a limitation
of incomplete tabular data, as an analyst can only assume what this other
information is. In this context, it is worth noting that there may be other
methods that can go beyond tabular data and allow an analyst to use all the
information a decision maker considered to elicit a prior distribution so that

all the necessary information is kept in the model to elicit a prior distribution.

Table 4.6: Accuracy Measures of Models where the Variables of Interest are
Removed

Accuracy Measure Full Model Model Model
Model without without  without
Ethnicity age gender
Mean Accuracy 79.538%  78.286% 79.77% 78.988%
Mode Accuracy 79.498%  78.283% 79.488%  78.904%
Median Accuracy 79.51% 78.298% 79.72% 78.988%
AUC Accuracy 79.488% 78.298% 79.72% 78.978%
95% CI Accuracy 84.542%  85.564% 84.394%  84.3%

Percentage of the 95% CI correct 12.832% 17.608% 12.074% 14.168%
predictions that contain 0.5

Percentage of the 95% CI correct 87.164%  82.388% 87.904%  85.83%
predictions that are either side of
0.5

F-Score 0.867 0.857 0.868 0.86356
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4.4.6 Summary

This example shows how to elicit expert uncertainty present when considering
whether a prisoner will re-commit a crime upon release, using a Bayesian lo-
gistic regression model to model parole board decision-making. The proposed
process enables an analyst to also observe the impact of variables that may
be influencing the decisions. The example has limitations; the parole board
usually makes its decisions based on a report submitted by a prisoner’s case
worker. The only available data considered in the example was tabular data,
which does not provide all the information that would be in the report. It

would be interesting to see if modelling the report data would provide dif-
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ferent results to those obtained above. Also, as with any elicitation method,
there may be questions regarding the accuracy of the elicited prior distribu-
tions. For this example, we assume that all historic decisions are indicative of
future decisions. This may not always be appropriate and may create inaccu-
racies. The accuracy of elicited prior distributions is an ongoing concern of the
prior elicitation field [31] and should be a continual path for future research

(discussed further in Section [5.5)).
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4.5 Conclusions and Future Work

We introduce a new method to elicit prior distributions for an event, by mod-
elling an expert decision-making task. We assume that a decision, Y, is closely
related to the event A so that samples from P(Y|X, 6), for different values of
f, can be used to approximate the prior distribution for A given a particular
case X. This method allows an analyst to elicit a prior distribution from a
real-world expert decision-making process, without the expert needing knowl-
edge of probability concepts. This method can also be easily implemented for
multiple experts where a decision is made in consensus because it models one
decision, no matter if an individual or group makes the decision. We introduced
this method with an example of recidivism using tabular data. This example
used Bayesian logistic regression to model the parole board decision-making
process. Once an appropriate model was fitted, samples from the posterior
distributions of the parameters were taken to form a distribution that can be
used as a prior distribution for recidivism.

It is important to note that our approach is valid beyond just regression mod-
els. As summarised in Section we use predictive modelling of a decision-
making task to infer the expert prior. Therefore, as long as i) there exists
an event A, a decision Y (that reflects the decision maker’s beliefs about the
value A will take) and related information X to make the decision Y, and
ii) there is a sufficient number of recorded past decisions to infer a posterior
distribution on 6, this prior elicitation approach can work. There is also an

implied assumption that the past decision-making is still relevant.

We introduced this method with a simple example that only requires bi-
nary outcomes. However, there are many situations where the decisions are
not binary but categorical. In such situations, an analyst can use Bayesian
multinomial logistic regression ([32, B3]) to elicit distributions. This can be
done in a similar way to that discussed in Section by producing a sample of

P(Y = ResponseA) by sampling from the posterior distributions of the fitted
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model parameters. However, here an analyst must truly understand which of
the decisions aligns with the event uncertainty that they wish to elicit. This
process may require a lot of careful consideration and if not done correctly may
create an inaccurate distribution. If multiple decisions could align with the
desired uncertainty an analyst wishes to elicit, then an analyst could create a
new binary response variable, Z. Where Z = 1, includes all decisions that align
with the desired uncertainty (that is if decision D = {Responsel, Response2}
and Z = 0, includes all the decisions that do not align with the desired un-
certainty (that is, D = {Response3, Responsed}, allowing an analyst to use a

simple Bayesian logistic model.

Using this method also enables an analyst to explore variables that may
be strongly influencing the decision-making process. What to do with this in-
formation should be a topic of future research. Should an analyst remove this
information, or should it be shared with the experts to help train for future
decision-making? A limitation of the logistic regression example considered in
this paper is that the use of tabular data makes it challenging for an analyst
to truly ascertain what is influencing the decision-making as this type of data
only provides limited information and is often not what an expert would use
to make their decisions. It would be interesting to explore modelling decision-
making tasks that involve more complex data, such as images or reports. Basic
statistical models cannot perform these tasks; instead, machine-learning ap-
proaches will have to be implemented. It would also be intriguing to investigate
how this approach can be expanded for scenarios where time may impact the
decision-making process and how time affects the elicited distributions. We
acknowledge that this method will not work where there is no data (or not
enough data) from an appropriate decision-making task. A concern in the field
of prior elicitation is how accurate the elicited prior distribution is in terms of
the true prior for an event; further research could be taken to see how accurate

this method of prior elicitation is and, if there is a method to calibrate the
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elicited distribution against any biases introduced by the experts (See example
in [31]). By using a number of accuracy measures (discussed in Section
and the full machinery of Bayesian inference to model past decision-making,
we know how well the inferred priors capture the expert’s uncertainty in a

manner that is consistent with their past decision-making.

It’s important to note that using all past decisions as a predictor of future
decisions may not always be appropriate and could lead to inaccuracies. An
analyst could select only decisions that would be considered relevant. How-
ever, if an analyst does include all past decisions to infer a prior distribution,
then calibration techniques could be utilised. If there exist cases where the
outcome of the event A has been observed, these could potentially be used to

calibrate the elicited prior distribution.

Overall, although we hope to have argued successfully that the proposed
method is a promising candidate for prior elicitation in practical applications,
further research should be performed to improve the practicality and general-

ity of the approach.
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Chapter 5

Utilising Deep Learning to

Elicit Expert Uncertainty

Recent work [I] has introduced a method for prior elicitation that utilizes
records of expert decisions to infer a prior distribution. While this method
provides a promising approach to eliciting expert uncertainty, it has only been
demonstrated using tabular data, which may not entirely represent the infor-
mation used by experts to make decisions. In this paper, we demonstrate how
analysts can adopt a deep learning approach to utilize the method proposed
in [I] with the actual information experts use. We provide an overview of deep
learning models that can effectively model expert decision-making to elicit dis-
tributions that capture expert uncertainty and present an example examining

the risk of colon cancer to show in detail how these models can be used.

5.1 Introduction

When choosing from a set of actions, it is important to understand the level
of uncertainty surrounding an event in order to make informed decisions and
assess risks [2]. Analyzing numerical data or visual representations of un-
certainty can assist decision-makers and risk assessors in providing insightful
evaluations. However, quantifying uncertainty in this way can be a difficult

task, especially where there is limited data on the event. This is where expert
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knowledge elicitation is needed, defined here in the statistical sense where the
goal is to elicit a probability distribution that encapsulates expert uncertainty

regarding some uncertain quantity or event, £ [3] 4].

Knowledge elicitation techniques can be technical and time-consuming to
apply. Standard techniques of knowledge elicitation focus on interviewing ex-
perts to obtain probability distributions reflecting their uncertainty. An an-
alyst can interview experts and ask them questions on the probability distri-
butions (Direct Interrogation) [3, 5, [6] to capture their uncertainty. Questions
may be on the probabilities [3], such as, “What is the probability that the
proportion of F is less than or equal to 0.87”(i.e., P(E < 0.8)); or focus on
the quantiles of the distribution [7], “at what value is the probability of FE
equally likely to be less than or greater than that value?” (i.e., estimate the
median)[§]. Direct Interrogation methods may induce bias from the types of
questions asked (e.g. Anchoring and Adjusting, where giving a value in the
question may bias the expert’s response [9]) and require statistical expertise
on probabilities and distributions, which is often not feasible. To reduce the
statistical knowledge required from experts, an analyst may alternatively ask
them to perform hypothetical decision-making tasks (Indirect Interrogation)
[10, 1T, 12 13, 8]. Some examples are getting experts to rank the likelihood
of events or getting them to place bets on which events they think are more
likely. Hypothetical decision-making tasks like these often do not place sig-
nificant importance on the accuracy of the decisions, so they can potentially

produce inaccuracies in the elicited distributions [§].

As highlighted by [3], not only can expert knowledge elicitation be used
for risk assessments and decision-making, it can also be profitably applied
in two statistical contexts: experimental design and elicitation of informative
prior distributions for Bayesian inference. In the context of Bayesian statis-

tics, [I] introduces a method for prior elicitation that combats some of the
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challenges faced in knowledge elicitation. Their method focuses on eliciting
informative priors from expert decision-making tasks that are repetitive and
carried out regularly, often under real-life circumstances. They explore the
relationship between a rare event E and a decision, Y, made by experts, se-
lecting a decision-making task by considering whether the decision Y reflects
the uncertainty in the event E. [I] illustrates this method with the event of
an individual prisoner recommitting a crime upon release from prison, where
there is limited data on this event occurring, and this event is hoped never to
happen. A decision-making process that reflects the uncertainty around said
event is the parole board decision-making process. The parole board assesses
the risk of a prisoner committing a crime upon release when making their de-
cision. Falconer et al. explain how to model the decision-making process using
Bayesian inference to elicit a probability distribution capturing the uncertainty
of the decision makers. Explained simply, if Y ~ Bernoulli(p) and there is
tabular data available from the decision-making task, then a Bayesian logistic
regression model can be used to model Y, with p = f(X, ), where X is the
information describing an event E. An analyst can use this model to elicit a
distribution for p by sampling multiple times from the posterior distribution
of model parameters, 3, to obtain a sample of p. The method of moments can
be used to fit a distribution for p. The prior probability distribution for an
event F is obtained by inputting the information for the event, X™*, into the lo-
gistic regression model, sampling repeatedly, and using the distribution found
using the method of moments as the prior probability distribution for E. This
method eliminates the statistical knowledge required to elicit a prior from an
expert, as the expert is just completing their usual decision making. Ideally,
all decisions are made in real-life circumstances, meaning more thought is put

into making the right decision.

Although initially introduced in a Bayesian context, this method has wider

applications in the field of knowledge elicitation. By relying solely on the data
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used for decision making instead of requiring interaction with experts, we can
simplify the process of eliciting expert uncertainty. This approach is particu-
larly useful when experts are already engaged in daily decision-making tasks.
However, although promising, this method has only been investigated in the
context of tabular data so far [I]. Tabular data can introduce bias by only
considering measurable /recorded characteristics [14]; this means that informa-
tion that is important to the decision-making process may be lost. Real-life
decisions are usually made on more complex data, such as images or reports.
For example, following the example in [I], the parole board considers whether
a prisoner will commit a crime upon release from prison to decide whether or
not to grant parole. To come up with this decision, the board reviews a report
created by the prisoner’s case worker and testimonials from others. This report
contains all the information the board needs to make an informed decision. To
obtain the appropriate distribution, we must first model the decision-making
process. To do this, we must use all the information available to the decision-
maker to elicit their uncertainty. Obtaining a distribution from complex data,
like a report, cannot be achieved by standard statistical models. Instead, ma-
chine learning and artificial intelligence models can be utilized. In particular,
deep learning is a branch of machine learning that allows analysts to model
complex data. Although deep learning has been used for both uncertainty
quantification [I5] and for modelling decision-making [16], it has never been
used, as far as we are aware, to elicit expert knowledge in the form of a prior

probability distribution.

In this paper, we extend the work in [I] using deep learning to obtain a
model that captures an expert’s uncertainty in the form of a probability dis-
tribution. Before delving into the specifics, it is essential to understand the
fundamental concepts of uncertainty, which will be discussed in Section 5.2
Section [5.3| outlines how to capture uncertainty using deep learning methods.

We will then outline an example in Section that assesses whether or not
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a patient is at risk of developing cancer by modelling a histopathology data
set [I7] with the majority diagnoses from seven pathologists. This example
showcases the power of deep learning models to model complex data to obtain

a probability distribution.

5.2 Uncertainty

Understanding expert uncertainty can be a challenging task. When it comes
to elicitation of uncertainty, an analyst must first identify the type of uncer-
tainty they wish to elicit and ensure that their models reflect that uncertainty:.
In particular, considering the method proposed in [I], it is important for the
analyst to balance two factors: accurately mimicking decision-making and en-
suring that the elicited distributions align with the expected behaviour with
respect to the types of uncertainty deemed relevant. There are two primary
types of uncertainty to consider: aleatoric uncertainty and epistemic uncer-
tainty [18,19]. Aleatoric uncertainty, also referred to as objective uncertainty,
arises from random variation. An example would be tossing a fair coin. At
the time of the coin toss, we can never be 100% certain that the coin will
land on heads due to the random nature of the event. Aleatoric uncertainty
is irreducible, meaning it cannot be eliminated from the system. In contrast,
epistemic uncertainty, also referred to as subjective uncertainty, is reducible
and stems from the lack of knowledge about an event. Epistemic uncertainty
occurs commonly when we have limited information on an event and is de-
creased when more information is provided. Although identifying what type
of uncertainty is present in a particular task may seem straightforward, it is
not. Identifying uncertainty is dependent on the task at hand. What is labeled
as a particular type in one study may be labeled as the other type in a different
study [20]. Kiureghian and Ditlevsen [19] suggest that classifying uncertainty

type may be more based on the immediate situation, which uncertainties can
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be immediately reduced and which may be more difficult to reduce in the near

future. The reader should refer to |19, 20] for more information.

The work in [I] aimed to quantify the aleatoric uncertainty of a released
prisoner committing another offense by creating a model of the parole board
decision-making process, which considers the uncertainty of a prisoner com-
mitting a crime after being released. To fit an appropriate model, this work
explored model accuracy measures that take into account the elicited uncer-
tainty and ensure that the model does not elicit certain distributions where
it should be uncertain. The primary concern in the parole board application
is to quantify aleatoric uncertainty based on the history of the prisoner. By
considering parole board decisions, it may be impossible to completely elimi-
nate epistemic uncertainty even if complete historical data on the prisoner is
available because of expert bias (which is shown in the analysis performed in
[1]) and the difficulty of representing data comprehensively in tabular form.
The goal should be to reduce the epistemic uncertainty as much as possible
to highlight the aleatoric uncertainty. This may be achieved by using bias

adjusting techniques or using other data types [I], 211, 22, 23].

In certain scenarios, eliciting expert epistemic uncertainty is a priority
[24, 25]. A prime example is the uncertainty surrounding a patient’s diag-
nosis. One expert may provide a diagnosis that differs from that of another
expert due to differing knowledge, experience, and training or insufficient time
to form a comprehensive opinion. While obtaining the opinion of a single ex-
pert can be useful, acquiring the uncertainty of a group of experts adds crucial
insight and context. If we can gather the group’s uncertainty, we can better
understand the uncertainty of a particular diagnosis based on the group of
experts consulted. The importance of obtaining this uncertainty cannot be
overstated, especially when it comes to making informed decisions about a pa-

tient’s future. In Section an example is presented that showcases the use
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of eliciting epistemic uncertainty. The example involves seven experts who are
diagnosing patients, but they do not always agree on a single diagnosis. We
can use the expert agreement levels to check if our model is behaving appropri-
ately in eliciting epistemic uncertainty distributions (Section . Where we
have opposing opinions, we expect our model to produce distributions that ex-

hibit less certainty than those for patients who had a full agreement by experts.

Our objective in this paper is to use deep learning to elicit the experts’
uncertainty, taking a conservative approach when deciding whether the model
is eliciting appropriate distributions. The goal should be for the model not to
produce a narrow distribution where the probability mass is centred near zero
or one (the model is ‘certain’ in its outcome) in cases where the experts exhibit
uncertainty about the outcome. If the opposite occurs, i.e. the model produces
a distribution with a wide credible interval possibly containing 0.5 (the model
is ‘uncertain’) when all experts agree, this is less concerning and consistent
with a conservative modelling approach. We would rather the model take this
conservative approach than be overly certain and not follow the behaviour of
the experts in cases where they are uncertain.

In Section [5.4.3] we outline measures that we use to ensure our model

behaves appropriately for the specified task.

5.3 Deep Learning

Understanding the human decision-making process is of interest in the field
of Artificial Intelligence (AI) [26]. Deep learning is a sub-field of Al that
utilizes deep neural networks to learn. A neural network (NN) structure is
loosely based on the human brain and how it processes information [27]. It
has layers of neurons that process information and pass it to the next layer
until it reaches an output layer. This basic NN structure can be built upon

to make more complex model architectures with many layers that can process
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more complex data, such as images and reports [28, 29]. The most common
deep learning models are deterministic, but to quantify uncertainty, we need

to make the deep learning models probabilistic.

5.3.1 Probabilistic Deep Learning

The key to obtaining a representation of uncertainty from a deep learning
model is to apply some probabilistic features to the models. These proba-
bilistic features are commonly used in deep learning to obtain the uncertainty
surrounding model predictions by considering the uncertainty in the model
parameters given the finite amount of training data available [30]. Two main
approaches can be applied to deep learning models to elicit the corresponding
probability distributions: Bayesian neural networks (BNN) and Monte Carlo
(MC) Dropout.

BNNs place priors on the parameters of the neural network and learn the
posterior distributions of these parameters [31]. Classical Markov Chain Monte
Carlo (MCMC) methods to obtain samples from the posteriors of the param-
eters can be used in Bayesian deep learning, but they are computationally
expensive (require large memory and a lot of time) [32] and are often challeng-
ing to implement. Applying MCMC methods to large data sets for complex
networks is often impossible, given current technology. Variational inference is
more commonly used in BNNs; as it is easier to implement and does not require
as much memory and time as MCMC methods [32]. Variational inference is a
method to approximate the posterior distribution, P, by taking a distribution,
Q, from a family of distributions of a simpler form than P [33]. The goal is
to find a @ that minimises the Kullback-Leibler divergence (Equation .
When applied to a neural network, variational inference finds the parameters,
6 of the approximate distribution on the weights, ¢(w|) [34]. Bayes by back-
drop is a method that can be used to train a network that applies variational

inference [34]. MCMC methods and variational inference both have their spe-
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cific applications in neural networks, [32] give advice on which method to use
for a given deep learning task. They state: ”Thus, variational inference is
suited to large data sets and scenarios where we want to quickly explore many
models; MCMC is suited to smaller data sets and scenarios where we happily
pay a heavier computational cost for more precise samples. For example, we
might use MCMC in a setting where we spent 20 years collecting a small but
expensive data set, where we are confident that our model is appropriate, and
where we require precise inferences. We might use variational inference when
fitting a probabilistic model of text to one billion text documents and where

the inferences will be used to serve search results to a large population of users”.

Dis(QIIP) = 3 Qlog(2) (5.1)

MC-Dropout is a simple method that can produce the desired distribu-
tion. It applies random dropout to the layers of the neural network. Dropout
is a function that randomly eliminates nodes from the neural network for-
ward calculation; each forward pass will eliminate different nodes. Nodes are
eliminated with a probability, ¢;, specified as a hyperparameter by the user
when the model is built. Although initially not described as a probabilistic
method, MC-Dropout, in fact, provides a Bayesian approximation [35]. Gal
and Ghahramani show that dropout mathematically approximates a proba-
bilistic Gaussian process by minimizing the Kullback-Leibler divergence be-
tween an approximate distribution and the posterior of a deep Gaussian pro-
cess [35]. An analyst can obtain a distribution by applying dropout not only
at training but also when making predictions, running the input through the
model multiple times, with each run randomly selecting different nodes to drop
out (Figure [5.1)). [35] not only show that dropout is a Bayesian approxima-
tion but, crucially, also improves model performance compared to variational

inference.

The key step to obtain a probability distribution from decision-making
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(a) First pass through a NN with dropout (b) Second pass through a NN with
layers. dropout layers.

Figure 5.1: Multiple passes through a NN with dropout layers for a single
input will produce different results.

tasks through deep learning is to furnish the neural network with a mecha-
nism to produce an output that can be viewed as a probability ( i.e., a value
between zero and one). This can be achieved by applying a softmax function,
o, (Eq. to the outputs of the NN, z; (or a sigmoid function for binary
classification). If the model outputs a probability, p;, of the decision, Y;, we
can obtain a sample of p; through the probabilistic deep learning methods de-
scribed above. Subsequently, the Method of Moments can be used, as in [1], to
fit a Beta density function to the samples of p;, producing a final distribution

capturing uncertainty.

e*
0(z) = —/—, 5.2
=5 (52)

To produce a probability distribution, analysts have various deep learning
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methods at their disposal. We recommend starting with a deep learning model
that includes dropout layers, as it is a simpler and less computationally expen-
sive approach that still delivers good model performance compared to other
methods [35]. It is important to note that these deep learning methods are
complex models with numerous parameters; analysts must carefully consider
model accuracy measures when selecting the best method while taking into
account the time and memory consumed by each model. While there is still
much research to be done in making these methods compatible with cutting-
edge programming tools, the field of deep learning is constantly evolving, and

better techniques are constantly becoming available.

5.4 Diagnosis Example

To make the proposed mechanism for eliciting experts’ uncertainty using deep
learning more concrete, we will run through a simple example with the reader

to show the practical uses for prior elicitation.

5.4.1 Data

Let A be the event that an individual develops colon cancer in the future. We
wish to elicit a probability distribution reflecting expert uncertainty regard-
ing the probability of this event occurring, given imagery from histopathology.
To elicit this distribution from specialists, we can model the data from the
histopathology decision-making process [I7]. The data set contains 3,152 im-
ages of microscope slides of colon tissue (hematoxylin and eosin (H&E)-stained
Formalin-Fixed Paraffin-Embedded (FFPE) of colorectal polyps) from the
Department of Pathology and Laboratory Medicine at Dartmouth-Hitchcock
Medical Center (DHMC) [I7]. Each image is assigned a diagnosis of either
Hyperplastic Polyp (HP) or Sessile Serrated Adenoma (SSA). The SSA di-
agnosis is the presence of a pre-cancerous cell which can turn into cancer if

untreated [36] [17]. Each image was observed by seven different pathologists,
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and the majority vote was taken as an image’s diagnosis. The data set also
contains the number of pathologists who agreed with the diagnosis, showing
that the diagnosis of SSA is not a certain decision and there is uncertainty
among specialists in the decision. Pathologist agreement level is not included
in the model building (only images and diagnosis are used) but can be used to
assess model performance. There are 990 images labelled as SSA in the data

set (= 31% of the full data set).

This data, and similar histopathology data sets, have been modelled by
deep learning models in the past under the context of image classification
[17, 37). The goal of these classification models is for the model to correctly
identify the presence of SSA in every image. We use this data set in the con-
text of knowledge elicitation, where the goal is to accurately quantify expert
uncertainty. To do this, we can follow the basic structure of one of the models
used in previous research [17] and expand this model with the probabilistic
features discussed in Section [5.3| to obtain a distribution that captures uncer-
tainty. After training this model, we then, in Section complete a set of
model diagnostics to make sure our model is aligned with the goal of eliciting

expert uncertainty.

5.4.2 Model

[17] models this data with a Resnet18 model. Resnetl8 is a residual learning
model that utilizes 18 convolutional layers, suitable for processing imagery.
Residual learning solves the problem of vanishing gradients that can be found
in large multi-layer networks, providing a method that will quickly train these
networks and obtain better accuracy [3§]. Residual models contain ”blocks”
of small neural networks that learn features and utilise ”shortcut connections”
[39]to perform identity mapping. That is, where the outputs of the previous
block are added to the output of the current block[3§]. For more information

on residual learning refer to [38]. To fulfil the required probabilistic feature
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to output distributions, dropout layers were added between each block of the
model and a sigmoid function was applied to the output layer (See Figure .
Each image was scaled down to 100 x 100, and pixel values were normalized.
The initial learning rate was set to 1073; after the first ten epochs, this was
reduced by 0.01 for each epoch. The network was trained for 100 epochs. The
batch size for the model was set to 32, and stochastic gradient descent was
used as the optimizer. The model was trained with the Binary Cross Entropy

(BCE) loss function in the Pytorch library [T}

5.4.3 Model Performance

We use the performance measures outlined in [I] (Table to assess whether
the model is appropriate for the task of uncertainty elicitation. To improve
the reliability of the estimates of performance, the model was run ten times
with different training and test sets. Accuracy readings were taken for the ten

different test sets, and the average of the ten results can be found in Table

The model obtains roughly 78 % model accuracy over mean, median, mode
and AUC performance measures. For the 95 % credible interval accuracy, we
get an accuracy measure of 92.57%; roughly 60 % of these credible intervals
are on either side of 0.5, with the other 40 % containing 0.5. This shows us
that our model is making some certain and some less certain decisions. We
can also observe the behaviour of the entropy of test points in the testing
data set (Figure [5.3). Entropy is a measure of uncertainty, which can give us
more information on how well the model captures uncertainty. Values closer
to zero indicate a narrower distribution, and values closer to one indicate a
wider distribution [42]. We obtained a histogram of entropy values for all test
points, a histogram of entropy values for test points that assigned the cor-

rect label by the 95% credible interval and a histogram of entropy values that

L All code for model training and testing can be found at https://github.com/jrg2223/
Utilising-Deep-Learning-to-Elicit-Expert-Uncertainty


https://github.com/jrg2223/Utilising-Deep-Learning-to-Elicit-Expert-Uncertainty
https://github.com/jrg2223/Utilising-Deep-Learning-to-Elicit-Expert-Uncertainty

104

Table 5.1:  Model Diagnostics Descriptions Taken From [I]

Name

Description

Mean Accuracy

Percentage of correct predictions the model makes by using
the mean of the sampled probabilities p; for each observa-
tion.

Mode Accuracy

Percentage of correct predictions the model makes by using
the mode of the sampled probabilities p; for each observa-
tion.

Median Accuracy

Percentage of correct predictions the model makes by using
the median of the sampled probabilities p; for each obser-
vation.

Area Under Curve Percentage of correct predictions the model makes by tak-

(AUC) Accuracy ing the largest area either side of 0.5 as the measure to
form the model prediction.

95%  Credible Interval Percentage of correct predictions the model makes by ob-

(CI) Accuracy

serving the 95% CI of p;. If the 95% CI contains 0.5 then
the assigned label can be either ” Accept” or ”Reject” and
is a correct prediction. If the 95% CI is contained below
0.5 and the true label is 7 Accept” then it is a correct pre-
diction. If the 95% CI is contained above 0.5 and the true
label is ”Reject” then it is a correct prediction.

Percentage of the 95% CI
correct predictions that
contain 0.5.

This will allow the analysts to see how many central dis-
tributions are elicited.

Percentage of the 95% CI
correct predictions that
are either side of 0.5.

This will allow the analysts to see how many skewed dis-
tributions are elicited.

F-Score [40]

A measure which shows the specificity (true negative rate)
and sensitivity (true positive rate) of the model. The mean
of the samples of p; is used to assign labels. The highest
possible value of an F-score is 1.0, indicating perfect speci-
ficity and sensitivity, and the lowest possible value is 0, if
either the specificity or the sensitivity is zero.

B 2specificity X sensitivity

speci ficity + sensitivity

Confusion Matriz [{1)]

Shows the percentage of the mean predictions by whether
the prediction is a true negative, true positive, false nega-
tive or false positive, showing the specificity and sensitivity
of the model. The mean of the samples of p; is used to as-
sign labels.

Entropy [42]

A measure of the amount of uncertainty in a distribution.
A narrow distribution will give a value close to zero, and
a wide distribution will give a value closer to 1. To make
sure the model is behaving correctly, it will be helpful to
observe a histogram of all entropy values for the training
set, as well as observe the histograms of the entropy values
of correct and incorrect predictions separately.

Calibration Plot

A calibration plot shows how well the prediction probabil-
ities match the true percentage probabilities of the data.
The mean of the samples of p; is used as prediction prob-
abilities.
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Figure 5.2: Basic Model Structure and Incoporation of Dropout Layers

assigned the incorrect label by the 95% credible interval. Figure shows
clearly that the model is making some certain (values close to zero) and some
uncertain (values close to one) predictions. There is a peak at zero and then

an exponential increase in values up to around 0.9. The histogram of correctly
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labeled test points shows roughly the same distribution of entropy values as
the plot of all test points (Figure . The histogram of incorrectly labeled
test points no longer has a peak at zero. Instead, a small peak at 0.4, and
most points lie between 0.6 and 0.8 (Figure . This shows that our model is
not certain when it assigns an incorrect label, placing a wider distribution on
these points. Our model is well calibrated to the data (Figure and has
reasonable sensitivity and specificity (Figure [p.4a] and F-Score in Table [5.2)),
when using the mean of our probability samples to assign a prediction (Table
5.2). This model behaves reasonably well for the task of expert knowledge

elicitation.

Table 5.2: Average Model Performance Measures for Ten Test Data Sets.

Accuracy Measure Average
Mean Accuracy 78.84 %
Mode Accuracy 78.59 %
Median Accuracy 78.91 %
AUC Accuracy 78.92 %
95% CI Accuracy 92.57 %

Percentage of the 95% CI correct predictions that contain 0.5 39.15 %

Percentage of the 95% CI correct predictions that are either 60.85 %
side of 0.5

F-Score 0.623
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Figure 5.3: Entropy Plots for Cancer Diagnosis Example

We can further assess model performance by assessing the behaviour of
our model based on pathologist agreement levels on the entire test set. This
is often referred to as inter-rater or inter-annotator agreement. When mod-
elling data that has some inter-rater disagreement, it is important to have a
well-calibrated model and a model that reflects any disagreement [43], 44]. In
our case, we have a reasonably well-calibrated model, as shown in Figure
If an analyst’s model is poorly calibrated, they can use methods like label
smoothing to help calibrate it [43, 45, 44]. Additionally, we need to ensure

that our uncertainty estimates reflect the varying levels of inter-rater agree-



108

True Negative False Positive
58.95% 7.92%
]
fe}
]
/]
3
=
False Negative True Positive
<
14.1% 19.02%
& &
Predicted label
(a) Confusion Matrix
104 * ™9 4
.JI
0.8+
£ -/
o / e
5 7
3 . 4
£ 064
z /
2 /
g J
% 0.4 4 //
= e
. /
7,
0.2 1 /
/'
//
P
0.0 -
0.0 0.2 0.4 0.6 0.8

Predicted Probability

(b) Calibration Plot

Figure 5.4: Model Diagnostic Plots for Cancer Diagnosis Example

ment. To do this, we calculate the entropy of the probability samples for each
observation in the set and also check whether its credible interval is centred.
Observations are grouped into an ”Agreement Level” category based on the
number of pathologists who agreed on the diagnosis. If all pathologists agreed,
the case is classified as "Full Agreement,” if one pathologist gave a differing

diagnosis, it is classified as "One Opposing,” and so on. The results of this
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analysis are presented in Table [5.3] Our findings indicate that the mean en-
tropy increases as the number of opposing pathologists increases, indicating
that overall there is greater uncertainty in the estimated distributions when
the pathologist group is uncertain. Furthermore, in most cases, the number
of credible intervals that are centred increases with the level of disagreement
among pathologists. This is a strong indication that the model is in line with
the agreement levels of pathologists, exhibiting more uncertainty in cases where
the group of pathologists exhibits greater disagreement. Figure provides
further evidence of this. Violin plots are useful when displaying this type of
data as they easily display the summary statistics of the data (median: white
dot, interquartile range: thick black bar) while also showing the shape of the
density [46] (Figure and [.5a). We can see that for ”Full Agreement” and
”One Opposing”, we have thicker tails (values closer to zero) in the plot of all
test set entropy values, meaning that for these classes, the model is making
more certain decisions; this is reduced for " Two Opposing” and ”Three Op-
posing” where the tail is thinner and more values are in the higher end. These
results show that overall the model is exhibiting conservative behaviour, which
is appropriate when eliciting uncertainty for critical decision making, as dis-

cussed in Section 5.2

The entropy we have considered so far has been the entropy of the whole
distribution; we shall call this distribution entropy. Distribution entropy is
important in assessing the width and height of the elicited distribution. How-
ever, there is another common entropy metric that is used for a categorical
probability distribution, which can be computed by taking the mean of the
sampled probabilities p; as an estimate of the probability that the (Bernoulli)
event will occur, and the mean of 1 — p; as the estimated probability that it
will not occur. If an event has a mean probability of occurring, ¢, equal to
0.5, then we can assume that the model is uncertain whether the event will

occur (high entropy value). However, if ¢ is 0.9, then we can assume that it is
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fairly certain the event will occur (low entropy value). We will call this point
estimate entropy. This information is also captured in stating if the credible
interval contains 0.5 (Table , but we can get a more specific view by look-
ing at the point estimate entropy. We can assess the point estimate entropy
for observations in each agreement level by taking the mean of the elicited
distributions (Figure . Figure reiterates what we saw in Figure
with the full agreement and the one opposing group having more values closer
to zero than the other groups. Also, the interquartile range gets smaller, and
the median of the violin plot increases as the number of opposing pathologists

increases. Overall, our model is aligned with differing agreement levels.

Table 5.3: Diagnostics for Differing Pathologist Diagnoses

Agreement Level Mean Entropy Percentage of
centred CI’s

Full Agreement 0.6314 36.41 %
One Opposing 0.6433 32.47%
Two Opposing 0.7027 47.97%

Three Opposing 0.7110 52.08%




111

|

o ®

Entropy
S

0.0

2 3
Number of Opposing Pathologist Diagnosis

(a) Distribution entropy of test dataset points by
agreement level.

1.0
0.8
0.6 1
0.4
0.2
0 1 2 3

Entropy

0.0 4

Number of Opposing Pathologist Diagnosis

(b) Mean point estimate entropy of test dataset
points by agreement level.

Figure 5.5: Entropy Plots of the Elicited Distributions of all Test Points. Split
by Agreement Levels.
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5.4.4 Elicited Distribution

After successfully training our model, we can now elicit distributions for spe-
cific individuals. This is done by inputting an image into the trained model 100
times, with dropout layers activated, to obtain a sample of 100 probabilities.

The Method of Moments [47] is used to fit a beta distribution to the samples.

To show examples of elicited distributions, we chose four individuals from
the data set and excluded them from any of the training and test data sets.
Two of them were diagnosed with SSA, while the other two had HP. Images
from each of these individuals were passed through the trained model, and dis-
tributions were obtained. We further evaluated our model’s performance by
selecting two individuals for each diagnosis based on the pathologists’ agree-
ment. One individual had a high number of pathologists agreeing on the
diagnosis (seven out of seven), while the other had a low agreement (four out
of seven). For individuals with high agreement, we expect the elicited distri-
butions to resemble a certain expert decision, with a narrower distribution on
either side of 0.5. Conversely, for individuals with low agreement, we expected

our distributions to be wider and more centred around 0.5.

For Individual A, who was given the same diagnosis by all seven patholo-
gists, our model elicited a Beta(15.718,2.502), and the probability distribution
was left-skewed and relatively narrow (Figure . In contrast, Individual B,
given the same diagnosis by only four out of seven pathologists, had a more
centred and wider distribution (fitted Beta(3.656,3.784)). These results show
that our model’s predictions for SSA diagnosis align with pathologists’ uncer-
tainty in diagnoses. For patients given the HP diagnosis, there are similar
results, albeit perhaps exhibiting slightly more uncertainty than for individu-
als with the SSA diagnosis. The distribution elicited for Individual C (fitted
Beta(3.953,7.450)) is less central than the elicited distribution for Individual
D (fitted Beta(4.591,5.174)), with the Individual C distribution being slightly
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left skewed. Both distributions have similar widths (Figure [5.7)).

True Class: SSA True Class: SSA
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(a) Individual A: diagnosed with SSA (b) Individual B: diagnosed with SSA
where seven out of seven pathologists di- where four out of seven pathologists di-
agnosed SSA agnosed SSA

Figure 5.6: Elicited Prior Probability Distributions for Individuals Diagnosed
with SSA

5.5 Conclusions and Future Research

This article demonstrates the usage of the method for prior elicitation pre-
sented in [I] in the wider context of eliciting expert uncertainty, particularly
for decision-making tasks with complex data like reports and images. We
illustrate how by introducing probabilistic features in deep learning models,
we can use records of expert decision-making to elicit expert uncertainty. In
particular, applying dropout layers to a deep learning model is a simple yet
effective method to obtain a probability distribution that encapsulates ex-
perts’ uncertainty. As an example, we use dropout to elicit a distribution for
estimating the risk of cancer in a patient’s future. This example showcases
how deep learning models can imitate decision making and capture experts’
uncertainty. The dropout model performs well by eliciting both certain and
uncertain distributions that align with the experts’ uncertainty. The goal is

for these models to conservatively capture expert uncertainty in the elicited
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Figure 5.7: Elicited Prior Probability Distributions for Individuals Diagnosed
with HP

distributions.

Our example highlights the simplicity of using historical decision making
data for uncertainty elicitation in healthcare. Medical literature typically uses
expert elicitation methods that involve interviewing experts about distribu-
tion probabilities and quantiles [48] [49]. Analysts often set up the elicitation
process using established protocols such as the SHELF protocol [50, 48] [51].
These methods tend to take a lot of time to produce sufficient results, as
a considerable amount of preparatory work must be undertaken before the
interviews with experts can proceed [51, 52]. Getting accurate results from
interviews takes time and caution. First, an expert must be trained in proba-
bility theory, and then time must be set aside for experts to be interviewed and
followed up with if required [51]. Then analysts must take precautions when
asking questions, to ensure the elicitation process does not induce bias [49].
Modelling decision making data to elicit distributions requires little prepara-
tory work, only for data to be collected and models to be built. It also does

not induce bias through the elicitation process itself. This provides a simpler
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option for implementation compared to typical methods. It is worth noting
when considering applications to healthcare, the field of knowledge elicitation
would benefit from more research into comparing currently available tech-
niques. It would be useful to see the exact differences (if any) in distributions

elicited through other methods and those elicited from expert decision making.

Expert knowledge elicitation is often a key component in critical and strate-
gic decision-making. As such, our proposed deep learning based expert elici-
tation approach can be used in decision-making approaches based on decision
theory, risk analysis or adversarial risk analysis (ARA) [53]. This is espe-
cially so where the decision-making is repetitive and frequent, yet each case is
unique in its own way and the decision has important implications. ARA, in
particular, is based on game Theory principles and aims to find the optimal
actions for a defender, while taking into account prior uncertainty surrounding
an offender; any uncertainty must be elicited from experts before ARA can be
applied. The method presented in this paper can be used to elicit these distri-
bution for ARA models for repetitive decision-making as highlighted in [54].
Yet, the potential applications are beyond those in the justice and medical
diagnosis fields and also includes applications related to actuarial and security
risks, for example. Future research should be undertaken to show how the

proposed expert elicitation approach can be used in such models.

Lastly, it is important to note that deep learning is a proliferating field
with many different research avenues. Analysts should expect research to
significantly improve models in the near future, which will make applying

deep learning models to knowledge elicitation tasks easier.
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Chapter 6

Conclusion

Expert knowledge elicitation can be used for many tasks, including eliciting
distributions that capture uncertainty and prior distributions for Bayesian in-
ference. This research aims to rejuvenate the field of uncertainty elicitation
by highlighting the limitations of current techniques and providing modern

solutions.

6.1 Discussion

The field of prior elicitation previously directed a lot of attention to one
method, Direct Interrogation. Although this method has proven itself credi-
ble in many applications, there are times when it is not appropriate. The key
shortcoming is that it requires experts to have sufficient probability knowledge
to elicit their prior, and the analysts must directly interact with experts to pro-
duce this prior. Other methods, such as Indirect Interrogation, eradicate the
requirement of experts needing knowledge of probability theory, however, they
do not place importance on experts to be accurate in their responses. Dealing
with experts to elicit uncertainty also requires analysts to address cognitive
biases. Using methods that limit the biases or help an analyst to address them
would be beneficial. Ideally, an analyst would want to reduce the dependency

on experts, to obtain a distribution that captures uncertainty. However, meth-
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ods that involve no experts and instead focus on eliciting distributions from

data are impractical when no data is available.

This thesis introduced a method for prior elicitation that combines the ben-
efits of using experts and using historical data while reducing the shortcomings
of current methods. The basic structure of the method involves using prob-
abilistic modelling to elicit uncertainty from an expert decision-making task.
If there is a tabular dataset of appropriate structure that encompasses useful
decision-making data and the decision outcome, an analyst can use Bayesian
logistic regression to elicit a distribution that captures uncertainty from the
dataset. Chapter 4] showed how this method can be used in practice with an
example involving the parole board decision-making process. This data was
used to elicit the uncertainty surrounding a prisoner recommitting a crime
upon release from prison. Caution needs to be taken when selecting the best
model for elicitation, and a conservative approach should be considered (ex-
plained in Chapter . Model accuracy and the appropriateness of the elicited
distributions need to be weighed up. An analyst must also consider if there are
any biases present in the decision-making process. Using tabular data, there is
a simple way for us to explore if there are any biases present by removing the
corresponding variables from model building. This allows an analyst to easily
see the effects of the variable on the elicited distributions by comparing two
distributions, one elicited with the corresponding variable in the model and
one elicited without the corresponding variable. For the parole board example,
it was shown that the ethnicity variable was having an impact. Determining
whether or not ethnicity is actually inducing bias is a little more challenging
with tabular data, as ethnicity could be a confounding variable, meaning that
the variable could be capturing information that is not explicitly represented

in the dataset. For ethnicity, this could be socio-economic circumstances.

Tabular data is limited in the information it can provide to the model to
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elicit distributions. Variables that may be considered biased could, in fact, be
confounding variables. However, modelling all the information used to make
the decision will not exhibit this problem. The issue is that the information
used by experts to make decisions is usually not in tabular form and instead
may consist of images and reports. Chapter [5| explored eliciting distributions
that capture expert uncertainty from images using a deep learning approach.
The key to using deep learning to elicit these distributions is to add some prob-
abilistic features to the models. We advise using drop-out layers as they are
simple to implement yet still produce good results. If the data is analysed by
multiple experts and there is disagreement among them in making a decision,
this can help determine how accurately the elicited distributions align with

expert opinions, as shown in [f

The field of expert uncertainty elicitation needs new methods to be ex-
plored, using modern statistical techniques. Past methods have many limita-
tions and are not appropriate for many tasks. The new method outlined in
this thesis, eliciting uncertainty from expert decision-making, combats many
of the challenges faced by existing methods and provides new ways to look
at bias in decision-making. Although the proposed method has some limita-
tions, particularly when decision-making data is not available, it provides an
attractive option in many practical applications. Alternative solutions, such
as direct and indirect interrogation, are outlined in Chapter |3 It is acknowl-
edged that deep learning models have their own limitations, such as processing
power, but given the rapid advancements in this field, we are optimistic that

these constraints will be addressed in the near future.

Modern literature on prior elicitation often follows Garthwaite et al’s [1]
definition of elicitation, "the process of formulating a person’s knowledge and
beliefs about one or more uncertain quantities into a (joint) probability dis-

tribution for those quantities”. This thesis aims to bring prior elicitation to a
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wider audience and explain in detail all the methods for obtaining informative
priors that an analyst can use, for this reason, the term elicitation is taken
from its root meaning, to obtain something [2]. Hence, the definition of prior
elicitation is "the process of obtaining knowledge from a source to form a prior
distribution”. As discussed throughout, the method in this thesis aims to form
a prior distribution from expert decision-making through probabilistic mod-
elling. Although standard probabilistic models are used, this method is an
expert knowledge elicitation/ expert prior elicitation technique because expert
decision-making is being modelled to form a distribution. This means experts
are inputting their own subjective opinion to form their decisions, this infor-

mation is modelled to infer a distribution that captures expert uncertainty.

6.2 Future Research

In this thesis, we propose a new method for eliciting expert uncertainty that
can be extended to various tasks. Further research could apply this method
to more complex situations than those discussed in this thesis, including those
with a decision-making task that has non-binary or multinomial responses
(briefly discussed in Chapter {4| Section 4.5) or those with multi-modal data.
Multi-modal data, data that contains multiple formats such as images and re-
ports, is commonly used for decision-making, and there already exist solutions
in deep learning to model it [3]. It would be valuable to see how our proposed
method can be extended to many different real-life situations.

We make a point of highlighting the limited amount of work done on com-
paring currently available elicitation methods. Current work [4, 5l [6] has fo-
cused on comparing methods of one type of elicitation technique, for example,
interrogation methods [4]. In contrast, in this work, we have highlighted many
different elicitation methods and also introduced a new method. Although
theoretically, we know the limitations of all these methods, it would be ben-

eficial to see what (if any) differences are in the elicited distributions from
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each method in practice. Future research should focus on comparing a range
of different elicitation methods. This will help practitioners to know which
method works best for their task and may even highlight further shortcomings

of some methods.

The parole board example in Chapter [4| presents a unique situation for
prior elicitation tasks, where data can be observed in the future and may lead
to a system change. For the parole board example, if we have elicited a prior
distribution for a specific prisoner recommitting a crime upon release from
the parole board and said prisoner is released, we can observe whether or not
they do commit a crime. Future research could be undertaken to see if the
model used to elicit the distribution can be calibrated to account for the now
observed data. Calibration techniques that use past estimates given by the
expert where the true value is now known have been explored [7, [§]. It would
be beneficial to investigate if a calibration technique can be applied to the
method introduced in this thesis. It is hoped that incorporating this feature
into the model will allow future elicited distributions for other prisoners to be

calibrated to the observed events and reduce the effects of expert bias.
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