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The theory of R-separation of variables is developed for the time-dependent Hamilton—Jacobi
and Schrodinger equations on a Riemannian manifold ¥ " where time-dependent vector and
scalar potentials are permitted. As an application it is shown how to obtain all R-separable

coordinates for the n-sphere and Euclidean n-space.

I. INTRODUCTION AND TECHNICAL
CONSIDERATIONS

In the study of additive separation or R-separation of
variables for Hamilton—-Jacobi equations on pseudo-Rie-
mannian manifolds one naturally distinguishes three types
of equations:

D Sg"W.W,. =E,
Lm

(D Y gmWW,. +24W, =0,
ILm

(D) S g W, W, =0.
Lm

Here (g™™) is the contravariant metric tensor with respect to
the coordinate system {x‘} on a Riemannian or pseudo-Rie-
mannian manifold and E, A are nonzero parameters. (We
can also add vector and scalar potentials to the left-hand
sides of each of these equations, since this is only a minor
complication from the viewpoint of variable separation.) See
Refs. 1 and 2 for discussions of the relevance of these equa-
tions to classical mechanics. Although (I) can be considered
as a special case of (1), and (II) as a special case of (III) (in
a space of two more dimensions), the three types of equa-
tions exhibit distinct forms of behavior. In particular, (II)
has proved much more difficult to analyze from the view-
point of variable separation than have (I) and (III).

For a given Hamilton-Yacobi equation, variable separa-
tion research has typically divided into three categories: (a)
explicit determination of separable systems and application
of these results to derive explicit solutions of the equation;
(b) intrinsic, i.e., coordinate-free, characterizations of sep-
arable coordinate systems and their relation to completely
integrable Hamiltonian systems; and (c) studies of the
“quantization problem,” the relationship between additively
separable solutions of the Hamilton-Jacobi equation and
multiplicatively R-separable solutions of the associated
Schrodinger equation,

(I') Ay =Ey,
(1) Ay + 2y, =0,
(IIr'y A¢ =0,

where A is the Laplace-Beltrami operator on the pseudo-
Riemannian manifold.
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For equations of types (1) and (III) considerable recent
progress has been made in all three of the preceding categor-
ies. (See Refs. 3 and 4 for reviews of this work.) The present
paper is a contribution to category (a) for equations of type
(II). Shapovalov has already announced the solution to the
category (b) problem for all these equations, see Ref. 3.

In the latter half of this section we point out the sense in
which (II) (with added time-dependent vector and scalar
potentials) is a special case of (1II) and use this connection
to work out the technical conditions for a coordinate system
to be R separable for (II). We show that corresponding to
each R-separable coordinate system { y' } for (II) on a Rie-
mannian manifold V" there is associated a unique “time”
coordinate y' and that the transformed equation in these new
coordinates is again in Hamilton-Jacobi form (II) on the
same manifold V". The transformed Hamiltonian and po-
tential may, however, depend on the new time coordinate y*.
If there is no dependence of the Hamiltonian and potential
on y' (the regular case) then we can use Lie theoretic meth-
ods to analyze such coordinates.’”’

In Sec. II we turn to the principal topic of this paper, the
case where the transformed Hamiltonian #°(y") is strictly
»' dependent. We determine all such time-dependent Hamil-
tonians for the n-sphere S” and Euclidean n-space E”, and in
Sec. III we show how to compute all of the associated R-
separable coordinate systems for II (with added time-depen-
dent potentials) on these manifolds.

The solution of the regular case for §” and E " is taken
upin Sec. IV. In Sec. V it is shown that all our results extend
to the time-dependent Schrodinger equations on.S™ and E ™.
Finally, in Sec. VI we give an intrinsic characterization of
those equations of type (III) for which coordinates {¢,x'}
can be chosen such that (III) restricts to (I1I). All functions
appearing in this paper are assumed to be locally analytic.

Technically our task is to analyze the possible R-separa-
ble solutions for the time-dependent Hamilton—Jacobi equa-
tion

W, + 3 gmOW W+ 20 Y AW,

m=1 =1

+ A2V (x,t) =0, gm=g". (1L.1)

Here A is a parameter, {x} is a local coordinate system, and
g™ (x) the contravariant metric tensor on the Riemannian
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manifold V" In particular, the matrix {g""} is positive defi-
nite. A solution of (1.1) is afunction W = W(t,x) that satis-
fies this equation.

We must first state precisely which transformations will
be permitted in the search for separable solutions. We will do
this by considering (1.1) as a special case of the (conformal)
Hamilton-Jacobi equation

n+2 .
Z K*“(z)Z,.Z, =0, (1.2)
up=1
where
Z=x, i=1l,.,n z"*'=t, z"t?=7,

Z=/I7'+W, Ki,n+2=Kn+2,i=Ai’
Kij=g‘7,

Kn+1,n+2=Kn+2,n+1 — 1,

1<, j<n,
Kn +2,n+2 — I/,

and all other matrix elements of K “’ vanish. Thus, the solu-
tions of (1.1) can be identified with those solutions Z of
(1.2) for which Z_ = A (after which we set 7 = 0).

The general theory of variable separation for the Hamil-
ton—Jacobi equation (1.2) (and its relation to Lie symme-
tries) is well understood®® and we need only modify this

theory to the special requirement Z, = A. In the following
paragraphs we present the modification.
We pass to separable coordinates y',...,y" !, u, where

xF=x*y), k=1,.n,
t=uy), 7=p—R(y),

and R is a function to be determined. Then (1.2) transforms
to

(1.3)

2Z,(I¢'+ £'1Z, + G'R.Z)) + G'Z,Z,
+ Qlé'+ @R, + V+G'RR)Z,Z, =0, (14)

where we observe the Einstein summation convention, the
variables /, jtake the values 1,2,...n + 1; Z, = Zy'_,R,. = Ry‘_,
and 4 '(dy'/dx") = &/". Note that

S &TXW W, =Giy)Z

Im=1

V4

iZ, Z,=A4. (L5)
The separable coordinates y,u are of three types: there are n,
first kind variables y°, n, second kind variables y", and n,
ignorable variables y* and y; n, +n, +n;=n+ 2. The
contravariant metric tensor for Eq. (1.4), expressed in these

coordinates, must be of the form

n, n; ny—1 H
", H %5 0 0 0
n2 O 0 fo(yr)Hr_z ri (yr)Hr_z
A . (1.6)
ny— 1§ O OfiOHH* QS K¥(yHH? QY FiOHH* .
p 0 Qk,(OH,;* QYFIOHH* QY F.OHH*
I
Here there is no summation on 7 repeated indices unless £°+ &/°+ QH [ ?R, =0,
explicitly indicated, and the indicated sums are
i =1,..,n, + n,. (This expression follows immediately from &'+ &+ QH [ *Y f°R; = Qk, H 2,
Theorem 5 of Ref. 9.) The metric #
(1.9)

n, n, + n,
ds? =Y HIQ'W) () + S HX) (@)

a=1 r=n,+1

(1.7)

must be in Stéckel form. The matrix elements are indepen-
dent of the ignorable variables y* ,u.

Comparing (1.4) with (1.6) we have the following con-
ditions:

Gab=QHa—28ab’ Grs=Gar:O’

G"‘B=Q2K}’BH,-_2, G =0, (1.8)

G™=QfrH,?

and
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£+ A+ QY K¥PH 7 ’Ry + QY fiH [ °R,
B.i s
=QY F{H?

2y [+ IR, +V+YGRR, =03 F,H 2
i ij 7

Here Q = Q(y) #0and each of /%, k,, K %5, F*, %, depend
only on the variable denoted by the subscript. Finally, we
have that £ ‘p, is a Killing vector for the Hamiltonian G %p,p;,
ie.,

{9, Gpp} =0, (1.10)
where {-,-} is the Poisson bracket in the canonical coordi-
nates ), u;p,,p,, and there is a closed one-form dt
=df =f; dy' such that

fEi=1, £,G'=0, j=1,.n+1 (1.11)

Conditions (1.7)—(1.11) are necessary and sufficient for R-
separation of (1.1) in the coordinates y*. The R-separable
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solutions take the form

n+1
W= +AR(y) + 2 weuh,
i=1
where R satisfies conditions (1.9). (It is the presence of a
possibly nontrivial R which leads to the term R-separable; if
d,,R =0, i#j, the system { y* } is separable.)

We can simplify our problem somewhat by noting from
(1.5) and (1.8) and the requirement (g"™ ) positive definite
that n,<1.

Theorem 1: If the time-dependent Hamilton—Jacobi
equation (1.1) is R-separable in the coordinates { y* } then
the transformed equation (1.4) can be put in time-depen-
dent Hamilton—Jacobi form (with potential)

(1.12)

0UZ,+ Y G'Z,Z,+1 Y U°Z, +A°U=0,
i, j#f a#tf
(1.13)

where df = dt. There are two possibilities:

Case I1: n,=0. Then f=)°® is ignorable and
9,GY=9,U*=3,U=0. The metric (GY), i, j#6& deter-
mines the same Riemannian space ¥ " as does (g"").

Case 2: n, = 1. Then f = )’ is a second kind coordinate
and at least one of G ¥, U4, U has nontrivial f dependence.
For each fixed value of y* the metric (G ¥(y*)), i, j#s, deter-
mines the same Riemannian space ¥™ as does (g™).

Proof: Suppose (1.1) is R-separable in the coordinates
{»}. Then from (1.11) there is a function f such that
df =dt = f, dy', where /;,6 ' = 1 and

£Gi=0, j=1,.,n+1 (1.14)

It follows immediately from (1.8) and (1.14) thatf, = Ofor
a = 1,...,n,. Furthermore, since Rank(G?) = n and 8y,G"j
=0 for each ignorable variable y” we must have
ay,, (fi/f;) = 0 whenever f; #0. It follows that f must be of
the form f = h(u,v) where

u=3y C,(n", v=y.

(If n, = 1 then f,C, may depend on the single second kind
coordinate y"; if n, = 0 then the C, must be constants.)

Now suppose n, =1 and d, 4 = 0. Then f= f(y") and
from the requirement f;£ ' = f,£ "= 1 we see that 9,£"=0
for is#r. Thus, by a change of second kind coordinate
¥~ = k(") if necessary (which preserves separation), we
can assume £ '=1and &/"=0. Further, the condition
f,G" = 0implies G7 = 0forj = 1,...,n + 1, so the n X n ma-
trix (GY), i, j#r is nonsingular. Thus Eq. (1.4) takes the
form (1.13) and since =y is not ignorable, at least one of
GY, U, U has nontrivial f dependence.

Next, suppose n, = 1 and d,h 70 where at least one of
the C, is nonzero. Without loss of generality we can assume
C, = 1 for fixed ignorable variable y*. Then

. h,C5y° +h,
(7))
fy hu
h

u)=0
h,
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=Cy+G, a“(

1007

since f,/f, is independent of each ignorable variable »P. Set-
ting = ywehave d, (h,/h,) =0.Thus C;=dCyz/dy’=0
for each B and the C, are constants. Further, we have
f=h(uyw) = H(u + K(v)) for some function K. We can
now pass to a new set { y* } of equivalent R-separable coordi-
nates such that y* = C, y® + K(p"). (See Ref. 10 for a dis-
cussion of the pseudogroup of transformations taking sep-
arable coordinates into equivalent systems of separable
coordinates.) Dropping the primes, we have f = f(3° ) and,
using (1.11), £4=£°(°)#0,G%=0,i=1,..,n + 1 and
/% = 0. From the third equation of (1.9) we have

n 4+ n,
=0 Y F{O)HH*=QF #0.
i=1
Since Fis a Stickel multiplier (see Ref. 9) we can pass to an
equivalent Stiickel form H > = FH ?so that Q = £ °. Dividing
(1.4) by the common factor £® = Q [see (1.8) and (1.9)]
we obtain (1.13), where each term is independent of f = .

Finally, suppose n, = 0,50 f = h(u) with 8, h #0. Then
a simplification of the argument in the preceding paragraph
shows that we can take f = y° and obtain (1.13), where each
term is independent of y°. Q.E.D.

We have shown that corresponding to each R-separable
coordinate system { y’} for the time-dependent Hamilton—
Jacobi equation on a Riemannian manifold V" there is asso-
ciated a unique time coordinate f = y° or f = y’. The trans-
formed equation in the { '} coordinates is again in time-
dependent Hamilton—Jacobi form for a Hamiltonian on V",
The transformed Hamiltonian is strictly time dependent if
and only if f = y".

In the following we will regard the problem of finding all
R-separable solutions of a given time-dependent equation
(1.1) as solved once we reduce it to the problem of finding all
separable solutions of explicit time-independent Hamilton—
Jacobi equations of the form

> G‘jZ,.Zj+AZ UZ, +A*U=E, (1.15)
=1 i=1

where (G Y) is the metric on ¥V ".
For f=y® this problem was solved in Ref. 7. There we

studied all mappings of the form
t=T(fy), x=X(fy), W=Z+Ah(fy) (1.16)

that take (1.1) into another evolution equation (1.13), a
“related” evolution equation. It was shown that there is a
one-to-one correspondence between (equivalence classes of)
related Hamilton—Jacobi equations and conformal symme-
tries for (1.1) of the form .2 =gq(1,x)p, + ¥/(t,x)p,
+ Ak(t,x), where g5#0; alternatively,

L=qd,+7 3, +Akd,. (1.17)

If L is a conformal symmetry with g0 then one can show
that d _,q = 0 and that we can introduce new coordinates £}y
and a new dependent variable z such that

3 =qd,+v'a,
t=T(f), xX=X'(fy),
W =2+ Ah( fy),

and (1.1) transforms to the related Hamilton—Jacobi equa-

(1.18)
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tion (1.13) with f~independent Hamiltonian.

Conversely, if case 1 of Theorem 1 occurs for (1.1) then
the variable f = y° is ignorable. This means that the operator
8y5 is a conformal symmetry for (1.13) which in turn trans-
forms to a conformal symmetry for (1.1) of the form ¢J,

+v/4d , + Ak d,, with g#0.

Note that when f is ignorable we can require
Z, = — E /24 and reduce (1.13) to the time-independent
equation (1.15). Thus, to find all R-separable coordinate
systems {£,y} for (1.1) corresponding to case 1 we first enu-
merate the conjugacy classes of symmetry operators in the
conformal symmetry algebra & for (1.1)."" Choosing a rep-
resentative operator L in each conjugacy class we make the
transformation (1.18) of (1.1) into a related evolution equa-
tion and then find all R-separable systems { y/} for the re-
duced equation (1.15). (Of course, for some choices of L the
reduced equation is not R-separable in any coordinate sys-
tem.) See Ref. 7 for more information concerning this proce-
dure, and Ref. 4 for a more general point of view.

We can thus regard case 1 of the preceding theorem as
well understood from the viewpoint of Lie symmetries.

ll. TIME-DEPENDENT HAMILTONIANS

We now turn our attention to case 2 of Theorem 1, the
case where /= y" and the transformed equation (1.13) hasa
time-dependent Hamiltonian. Our aim, not entirely
achieved, will be to enumerate the instances where this type
of R-separation occurs for the Hamilton-Jacobi equation

1.1).

( Iz‘or simplicity we will limit ourselves to coordinate sys-
tems that are orthogonal on ¥ " . In other words, the metric
tensor (GY), i,j#f, in (1.13) should be diagonal. (For
many spaces, such as Euclidean spaces or spaces of constant
curvature, only orthogonal separation can occur, so this is
no restriction at all.'?) Since orthogonal ignorable coordi-
nates can always be considered as special cases of type 1
coordinates, without loss of generality we can assume that
the separable coordinates are labeled y* (a = 1,...,n), ¥, y;
n, =n,n, = n,y = 1. [Thisis true so long as we restrict atten-
tion to (G Y) and ignore the vector and scalar potentials. ]

With the above assumptions our problem simplifies sub-
stantially. The second equation in (1.9) becomes
1 = Qk H [ Replacing the Stiickel form H ~% H [? by
the new Stickel form H' > =k H L H';*=H ;> we
can assume k, = 1. Furthermore since H ' ? is a Stickel
multiplier’ we can pass to a new Stickel form with
H"'7*=1, H'";*YH'7,Q0"=QH';/*=1. Thus in
terms of the coordinates 3°, y", u we have (dropping the
primes)

Hr_zzlr H072=Ha—2(yb’yr)’ o=1 (2.1)

The transformation from *‘standard” to separable co-
ordinates becomes

k= , a’ g ’ k: 13-'-,’1)
x5 =x"0'Y") (2.2)
t=yr, T=#—R(ya,yr),
and the metric becomes
“ ij —_ - -2 b 2
Y &pwpu= 3 H*0\p, (23)

Lj=1 a=1

1008 J. Math. Phys., Vol. 28, No. 5, May 1887

so for each fixed ¢ the right-hand side of (2.3) defines a
Stickel-form metric on V' ".

To analyze this one-parameter metric we recall a few
facts about Stiickel form metrics. An n X # nonsingular ma-
trix S(y) is said to be in Stackel form if S, = §; ( y') and each
of the elements (S )", I = 1,...,n, is nonzero. Set

Fiyp) =3 (S (2.4)
=1
Then
{7,590} =0, ij=1,.,n, (2.5)

where {-,-} is the Poisson bracket on the 2(n + 1)-dimen-
sional symplectic manifold with canonical coordinates
(', p:,t,p, ). Here 7, is the Hamiltonian associated with the
Stiackel matrix S.

Theorem 2: Let

X =H p;+ Y H;(y1)p;

a=1
be a Stickel form Hamiltonian with # 72 = 1 and n>2, and
suppose f, is in the domain of ¢. Let

H() =Y H;*yt)p.

a=1

Then there exists an 7 X # Stackel matrix S(y) such that

#W0 =3 60X,

k=1

(2.6)

where the /%, are defined by (2.4) and the g, are scalar-
valued functions with g, (7,) = ;.

Proof: Since 7 is a Stdckel form Hamiltonian there
existsan (n + 1) X (n 4+ 1) Stdckel matrix T’ (y,t) such that

Too(t) To](t)"'Ton(t)

T' — Tu?(yl) Tn(}’l)"'Txn (yl) 2.7)

TnO(yn) Tnl(yn)”.Tnn(y”)

and (7' "N =H '=1,(T""Y=H;%a=1,.nlt
follows that

1 Ty - T,

0O T T
T,, — ' . 11 1n

O Tnl Tnn

is also a Stidckel matrix for &, since (7'~ )% = (T"~1H)%
i=0,1,...,n. We can multiply column / of 7" by a nonzero
constant ¢ and column j by ¢! where i#j, i,/ i, j>0, and
obtain another Stickel matrix for 77”. Furthermore, the in-
terchange of two such columns T;, T; or the replacement of
T, by T, + ¢'T; again leads to a Stickel matrix for 7. It
follows that there is a Stickel matrix for 77 of the form

I —g(0) — 8, (1)
1 S 1
T— 0 Su.(y ) ln'(y ) ’ (2.8)
O Snl (y'l) Snn (y'l)

where g, (t,) = &,, - Thus 7°(¢) is given by (2.6) where the

E. G. Kalnins and W. Miller, Jr. 1008

Downloaded 30 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/ijmp/copyright.jsp



&, are computed from the nXn Stickel matrix

(Sap O))- Q.E.D.
Corollary: {#°(t,), 7 (t,)} = 0.
Since F7°(t,) = 7, and
i gijxi = H(t) 2.9)
Lj=1

we see that 7, is a Stickel form Hamiltonian for V" and
that 7#°(t) is a one-parameter family of such Hamiltonians.
The requirements that #°(¢) corresponds to V" is a very
strong condition on the functions g, (¢) for any choice of
separable Hamiltonian 77°,.

To show how restrictive these conditions are we consid-
er the “generic” separable coordinates in Euclidean space
E " and on the unit sphere S'*,

X 1= z f W) 2 H 3 ZP’Z,
.~=11r,-#(y y’) i=1
where f is a polynomial with distinct real roots. This is a
separable Hamiltonian on S " iff deg f=n + 1 (Jacobi ellip-
tic coordinates), and on E " iff deg f = n (ellipsoidal coordi-
nates) or deg f = n — 1 (paraboloidal coordinates). The re-
lated n X n Stickel matrix is'?

= ()" /0N,

In general, the orthogonal coordinates {x'} are separa-
ble on E" provided the metric ds* = 37 _, H2(x) (dx")?is
in Stickel form, i.e.,

(2.10)

ij=1,.,n. (2.11)

dy logH? —3;log H}d, log H; + J, log H?9, log H?}
+d, logH?d; log H; =0, j#k, (2.12)
and R, = 0 where R is the Riemann curvature tensor. For

S™ (of constant curvature — 1) this last condition is re-
placed by

Ry = —HIH}, i#),
R,.. =0, Ak distinct.

Eisenhart' (p. 269) has shown that for both E"and "
these conditions imply

dy logH; *=0, (2.14)

Suppose n>>3. Then condition (2.4) applied to 7#°(2), (2.6),
where 7, is given by (2.10), becomes

I 108( 2 & () H Y- 'yi"l>
I=1 << <ip_
in#i

(2.13)

i, j,k distinct.

=0, i,j,kdistinct. (2.15)
The solution is
Hi_z(y,t)
=f—(’IV)——g €] H (1+A(t)y), i=1,.,n.
x#j(y i#j

Clearly, g, #0. Suppose & #0. Under the change of coordi-

nates x’ = y'/(1 + hy‘) the metric transforms to
—2( ) = M(l hx')"+ 2. (D),
Ty (X" — %)

1009 J. Math. Phys., Vol. 28, No. 5, May 1987

which is again of the form (2.10), except that the polynomial
in the numerator is of order n + 3, which does not corre-
spond to E"” or S". Thus & = 0 and

FACIIGR

Tixtj 67  — y ’)

It is well known that for g,(¢) #1 and V" = .5 " the factor g,
changes the curvature, so that the transformed metric is not
one on §". We conclude that for Jacobi elliptic coordinates
on §" the only possibility is #°(¢) = 7, whereas for ellip-
soidal or paraboloidal coordinates on E " the only possibili-
ties are dilatations #°(t) = g,(¢)57,. For n = 2 a similar
but simpler argument than the preceding one yields the same
result.

We can now treat the most general separable coordinate
system on S”. In Ref. 12 it is shown that the most general
separable system can be constructed by “nesting” collections
of the generic Jacobi elliptic coordinates. The infinitesimal
distance on S ", expressed in a separable system, can always
be written in the form

H.'_z(y,t) =

4 (y —er)
do*= Y do?|—= ]
© I;l wl[ m;e](e )
n, L YY)
L9 ——"”“(y, YDy (2.16)

4 S 7N —e)

Here the { '} are Jacobi elliptic coordinates on.S ™ and each
dw? is the infinitesimal distance of a S’ I where 32 i Py
+ n, =n, and p<n, + 1. The coordinates on each SF are
again separable and the metrics dw? can be expressed in
terms of separable coordinates by using (2.16) recursively.
[The case of Jacobi elliptic coordinates on .S " corresponds
top =0,n, = nin (2.16).] In Ref. 12 a graphical procedure
is presented to elucidate that construction, and the separa-
tion equations for the Hamilton—Jacobi equation are written
explicitly. Thus for every separable system on S”" it is
straightforward to compute the Stickel matrix and to con-
struct the quadratic forms 5, (2.6). The y coordinates in
(2.6), since they are separable and J#°(¢) is analytic in ¢,
must be of the same type (2.16) as the coordinates of
| = 7 (t,). Though the details are somewhat tedious, it is
not difficult to use the argument of (2.15), and its following
paragraphs, recursively in (2.16). The results of this argu-
ment, followed by imposition of the curvature conditions
(2.13), is the following.

Theorem 3: Let S be a Stickel matrix corresponding toa
separable coordinate system on S ", n>2, and define the cor-
responding Hamiltonian 5, and constants of the motion
Hyi=2,.,n,by(2.4). Then#(t) =Z27_,g,(t)F7 isan
S " Hamiltonian with 77°(¢,) = 7, iff g, (¢) = 6.

The most general separable coordinate system on E ” is
also determined in Ref. 12. It is shown there that in the co-
ordinates of such a system the metric ds? on E " can be ex-
pressed as

2= 3 ds,

I=1

(2.17)
where each ds? is an Euclidean space metric itself. In turn we
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have

ds'}-_— i 77;21()71_6’,1)

do? + do?,
=1 7 (g — €)) '

(2.18)

where do; is the infinitesimal distance corresponding to el-

lipsoidal or paraboloidal coordinates { y' } for E™, and each
da? is the infinitesimal distance corresponding to a separable
system on the sphere S7". Here n = 32 (N, +p,) and
n; <N, for do} ellipsoidal, n, <N, for do} paraboloidal.
Thus the most general separable system on E " is constructed
by first decomposing E " as a direct sum of Q mutually or-
thogonal Euclidean subspaces and then in each subspace
nesting collections of Jacobi elliptic coordinates into either
an ellipsoidal or a paraboloidal system. The generic ellipsoi-
dal or paraboloidal systems for £ " correspond to the case
0=1,n=0,N=n.

From the results of Ref. 12 it is straightforward to com-
pute the Stackel matrix corresponding to each separable sys-
tem for E " and to construct the quadratic forms 5, . Again
the y coordinates (2.6) must be of the same type (2.18) as
the coordinates of #°, = #°(,). It is tedious, though not
difficult, to use the argument of (2.15) and its following
paragraphs recursively in (2.18) and (2.16), followed by
imposition of the Euclidean space curvature conditions to
obtain the following.

Theorem 4: Let S be a Stickel matrix corresponding to a
separable coordinate system on E ", n>2, and let

=3 ds
I=1
be the associated decomposition of the infinitesimal distance
on E " into distances ds? on Q mutually orthogonal Euclid-
ean subspaces. Let " be the Hamiltonian on the I th sub-
space so that 7%, = 27 (t,) = £¢_ 5", Then 7°(t) is an
E " Hamiltonian for all ¢ iff it can be expressed in the form

Q
() =Y (P,
I=1
with i, (2,) =1, 1= 1,...,0.
To date we have been unsuccessful in proving Theorems
3 and 4 without using the explicit list of all separable coordi-
nate systems on .S " and E”.

ill. COORDINATES ON S” AND E”

Continuing our study of case 2 of Theorem 1, let { y*,y*}
be an orthogonal separable coordinate system on the Rie-
mannian space ¥ " such that the associated infinitesimal dis-
tance

ds= % H}(dy)’= Y Hi(dy)*+ Y H(dy")*

i=1 a a
is in Stackel form [with Stiackel matrix (2.5)]. Here
H;7?=3"_, K®(y)H ;% Let 5, be the Hamiltonian
in these coordinates and suppose we have determined a one-
parameter family 77 (¢) = 27_ g, (t)77, of Hamiltonians
on V" such that 77°(¢,) = 7,. We now study the remaining
conditions on g; (), {)°,y*} so that {y",p°,y*} will lead to R-
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separation of the time-dependent Hamilton-Jacobi equation

UW, + 5 drOW W,

Im=1

+24 S A0 W, +AV(x) =0.

=1

(3.1)

Here {x'} is a given coordinate system on V" and we must
have

X=Xy y), i=1.,n t=y. (3.2)
The remaining conditions to be satisfied are
W = —H-R,, a=1,.n, (3.3a)
ot
D= —H R+ 3 FUOOH T
a=1
= —H; R, +RB* a=n,..n, (3.3b)
2R, +V— 3 H R*+23 R, 3"
i=1 a
(3.3¢c)

= ST+ F, 00,

where R, = 8yaR (y'»°) and R,,R, are defined similarly.
Each .#,, ¥ ¢ is a function of a single variable y’. We will
discuss the solution of these equations with special emphasis
on the important examples S” and E".

First note that (3.3a) and (3.3b) can be written in co-
variant form,

a_zi

ot
where (G Y) is the metric for ¥ " in the coordinates z'. Here,
2' =2 (y°y%). We can choose the initial coordinates {x'}
and the {z’} to be in a convenient standard form and such
that z/ = Z'(x,1), i = 1,...,n, with Z(¥,t,) = x. We will
use the integrability conditions for (3.4) to determine the
possible forms of the functions Z ', and then express the {z'}
in terms of separable { y°,y°} coordinates.

Consider first the space S'". It is convenient to identify
S" with the unit sphere x'x=Z2"*/'(x¥)’=1inE"""
where {x!,....x" * '} are standard Cartesian coordinates. We
choose {z',...,z" * '} to be Cartesian coordinates of the same
type. Since the motion group of S *is O[n + 1] (see Ref. 13,
p- 23) it is clear that

z(t) = O(1)x,

= —GYzNHR, — '+ RB', i=1..n (34)

oe0[n+1], Oy) =1, (3.5

where 7 is the identity matrix. Equations (3.4) become

n+1

S 0,0,7= —R,— '+ B,
Li=1
i=1..n+1 zz=1. (3.6)
The integrability conditions for (3.6) imply
n+1 .
L —B'=—R,+ Y X,(nz5, X=00"". (37

s=1
This can be regarded as a necessary condition on the vector
potential in order that it permit variable separation. The sec-
ond term on the right-hand side of (3.7) is “trivial” in the
sense that it can always be removed by transformation to an
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appropriate rotating frame X(¢) = a(t)x, 6&0[71 +1].
[ Thus every separable potential is via the foregoing transfor-
mation equivalent to a vector potential which is a gradient
'— #' = — 3 R(x,t) in Cartesian coordinates.] As-
suming the equivalent vector potential is a gradient we can
remove it by an appropriate R transformation and then have
Z=xit=y, o = B, R=R().
Thus Eq. (3.1) transforms to

2UZ,+ Y HF )2+ 20 S F00H 2,

i=1

+3 F

where { y°,y°} is a separable system for the time-indepen-
dent Hamilton—Jacobi equation on S ".'*

Theorem 5: Nontrivial R-separation corresponding to
case 2 does not occur for the time-dependent Hamilton-Ja-
cobi equation on S*, i.e., every such separable system arises
from a separable system for the time-independent equation.

Now we examine the same problem for E . As standard
coordinates {x’,...,x" } we choose Cartesian coordinates. By
Theorem 4, corresponding to a set of separable coordinates
for E ", there is a decomposition of this space into Q mutually

JOMVH =0, (3.8)

orthogonal Euclidean subspaces E 'Jv’. Let {z},...,zy’} be Car-
tesian coordinates on the J th such subspace (of dimension
N, ). The Hamiltonian on E Y is # = =M | (p,;)? and we

have

HP = 2 h3()#, (3.9)
where 4, (t,) = 1. Since the motion group for E " is the Eu-
clidean group'® (p. 23), it follows that the two coordinate
systems are related by a r-dependent Euclidean transforma-

tion,
DY ()z(t) = O(t)x + c(¢), (3.10)

where Ois an n X n orthogonal matrix, ¢ is an n vector, and D
is an n X n diagonal matrix whose diagonal term correspond-
ing to z4 is A, (¢). Equations (3.4) take the form

(DD '+ DOO ~'D ~Yyz — DOO ~'¢ + D¢
= — DR, — o* + B~ (3.11)

The integrability conditions for (3.11) imply that there
exists a function ¢(z,¢) such that

(L' —BVD*=q,—D ! Z 0,0,,D [ 'Z",
LE=1
(3.12)
where
—D,?(Rzi+qzi)
=DD;'Z+Dié;+D;, ¥ 0,04¢,. (3.13)

Lk=1
Here Dy (¢) = D,;(¢)6,. This implies that in the standard
Cartesian coordinates the vector potential has the form

A/(x,t) — Bi(x,t)

== Y 0;(0N0,(t)x + H_;(x,1).

hs=1

(3.14)
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Just as in the $” case we can remove the first term on the
right-hand side of (3.14) through a coordinate transforma-
tionk = 5(t)x, whereO ~'0 = — 0 ~'0. Thus any separa-
ble vector potential is equivalent to a potential in gradient
form (4’ — B/=H ,), so that (&' — #")D;*>=gq_, and
we can assume O(¢)=I in (3.12) and (3.13). Then by
meansofan R transformation (which does not affect separa-
bility) we can takeg =0 and &/’ = %",
Thus

RN (D2 () =x5 + (), i=1..N,, J=1,.,0,
(3.15)
where we have adopted the same notation for the vectors x,¢

as for z. Substituting (3.15) back into (3.11) we obtain
(hy/h3)zs +&/h; = — R,
so that

R=-% 3

J=1i=1

?h—3( z)? +h Z'J] +f (). (3.16)
We consider first the special case where the original vec-

tor and scalar potentials vanish: &‘ = ¥ = 0. Then #' =0

and we can assume z; = 1. Substituting (3.16) and (3.9)

into the remaining condition (3.3c) we find

Q Ny

[— (h72)(z))?

d C.I) i z(le )2
A ST (i
dy’ (h, RV % h,

—'Zhl(‘/a.l(yl)H F 1 0N)-

Since, for each fixed J, the ¥, coordinates 2, are functions of
the N, coordinates y5, a necessary condition for (3.17) to
hold is that the coefficients of (z})? and z/, on the left-hand
side are constants times 4 2,
hi2h —2) —2hin;®

¢ J/ h 7= J

1*1141

(3.18a)
(3.18b)

Itfollows that under the R transformation the original Ham-
ilton—-Jacobi equation

=aJ’

UW, + 3 W2 = (3.19)
=
maps to
o M a, . o
2zZ.+ 5y 3 (Z,jj + —2——(2'1)2 - 23'12'1)’13 =0,
J=1i=1
(3.20)

where the a;, B are constants. Note that the original Ham-
iltonian “decouples” into 0 Hamiltonians

w0 = 5oy + 2y 280
i=1

The separable coordinates { y3} are just those that separate

the time-independent Hamilton-Jacobi equations %

—EJ=1,.0.

Equation (3.18a) is equivalent to (h 72} =0 and has
the general solution
R3(t) = (b{t>+ bt +b3)7 ",
ye T2 (3.21)
2b1b3 —1(b3)° =a,.
E. G. Kalnins and W. Miller, Jr. 1011
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We can simplify the ensuing argument by identifying coordi-
nate systems that are equivalent under the action of the Gali-
lean (and dilatation) symmetries of (3.19), see Ref. 2, Chap.
2. Thus, in addition to the Euclidean symmetries already
employed, we identify systems related by dilatations -,
X —aXx, time translations t—¢ + /8 and velocity transforma-
tions x —x + ¢¢. Then, in case a; #0 for fixed J we can per-
form a translation of the {Z, } coordinates to achieve 5 |, = 0,
¢, =0,i=1,...,N,. Thus the decoupled Hamiltonian is
FD — g p2> +£i_(zi )2] (3.22)
1 “~ 2 ) J ’ .

the “harmonic oscillator” for a; >0 and the “repulsive os-
cillator” for a; <0. Here

hy (02, (05) =x;

and the possible orthogonal separable coordinates y5 are just
those that separate "’ = E.

In case a; = O for fixed J we can perform a rotation of
coordinates {z/ } toachieve 8 ; = Ofori = 2,...,N,. The cor-
responding decoupled Hamiltonian is

N,
T =3 [P, — 2] (3.23)
i=1
the “free fall”” Hamiltonian. Here
kN 0z (05) = x5 + 8% (1),
where
hy (1) =((b3/2)t+ 1),
b3 =0,

" _[B}(tz/z),
TN 2B/ B/ + 1), bY 0.
(3.24)

We have used the property that (by a suitable time transla-
tion if necessary) we can assumet, = 0, 4, (0) = 1. The pos-
sible orthogonal separable coordinates y5 are those that sep-
arate #°”’ = E.

Although we will not state our results as a theorem, we
have reduced the problem of finding all R-separable coordi-
nate systems for the time-dependent Euclidean equation
(3.19) (with zero potential) to the problem of finding all
separable coordinate systems for the time-independent
Hamiltonians (3.22) and (3.23). The answer to this last set
of problems is known.'®

In the general case where the vector and scalar poten-
tials do not both vanish we have &/ = %' so that in the
coordinates { %, y%, y'}, &% = /" =0,

A= B = 3 FIOVH T+ T,
a=1

Then Eq. (3.1) transforms to

2AZ, + Z h.?}(t)Hﬁz(y.I;)Zg,i
Ti
+21 Z(Z?ia VORIOH 2 + F?(t))la
a \J,a

+ 3 FUNhIOH =0, (3.25)
J.a
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Fo ORIOH 200 + ﬁ“?(t))aaR
aJ 2 i \2 2 i iN2
[—z—h,(mz,) 2B — (&) ]

+ Y hIOF L, ONH 05, (3.26)
Ja

and a,, B are defined by (3.18). Since, for each fixed J, the
N, coordinates 2, are functions of the N, coordinates y%,
condition (3.26) is a strong restriction on V. Clearly, given
any separable system { y5,y7} for E" there always exist po-
tentials ¥ for which (3.26) is satisfied. The 4, (¢) must be
determined from this functional equation.

V. COMMENTS AND EXAMPLES

We can also use the results of the preceding section to
find all R-separable coordinate systems for the time-depen-
dent Hamilton—Jacobi equations on S” and E” that corre-
spond to case 1 of Theorem 1, i.e., such that the new time
coordinatef, (1.13), isignorable: f = y°. (Here we will treat
only the zero potential equations. The nonzero potential
treatment is similar.) Since the time-independent Hamil-
ton—Jacobi equations on S * and E " separate only in orthog-
onal coordinates,'> we can assume n, = n,n, =0, n, =250
that the transformed equation (1.13) takes the form

WZ,+ 3 H;*ONZ5, + AU =0.

ForS", &%= Q=1s0y® = . Furthermore, the argu-
ment leading up to Theorem 5 shows that the separable { y° }
coordinates are expressible entirely in terms of the {x'}, i.e.,
d,y? = 0. Combining this fact with Theorem 5 we have the
following.

Theorem 6: Every R-separable coordinate system for
the (zero potential) time-dependent Hamilton—Jacobi equa-
tion on S " is purely separable and of the form {z,y°} where
{y°} is an orthogonal separable system for the time-indepen-
dent Hamilton-Jacobi equation on S ",

For E " and case 1 the results are a bit more complicated.
It is easy to see that case 1 for E” corresponds to @ = 1 in
(3.9) where now we must allow for the possibility that
h2(t)=h?(¢t) = 1. Thusexpressions (3.15)—(3.24) are cor-
rect with Q=J=1, N, =n, % ,(y)=0. The relation
between the time coordinates is

(4.1)

)
Y p) (4.2)
dt
and the original equation
UW. + > Wi=0 (4.3)
I=1
maps to
2AZ 5 + H(Zz,.+g—z"2— z‘)=0. (4.4)
) .Z:l ; 2( )*—28B.

Using time translation and dilation invariance for simplifica-
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tion, we obtain the following distinct possibilities:
(a) a>0, B=0,
A =1+t
(b) a<0, B=0,
Ry =(1-¢>)""
(C) a <O’ ﬁ = Oy
Ry =t Jlt] 20" =x5
(d) a=0, ﬂ #07
h2(t) =172,
() a=0, B#0,
) =1, 20" =x'+6(B/2)t%
(f) a=p=0,
A =172
(8) a=p=0,
A3 =1, 2" =x.
In each case the y* are orthogonal separable coordinates
for the Hamilton—Jacobi equation

i (fo + %(2")2 - 215’21) =E

i=1

and

k=1 (02" =X,

h ()2 (%) = x5
Z'(y*) =x'+ (8"/20)p;

tZ'(y*) = x’;

(4.5)

n n1
R=3 [i(h ?) (z‘)z] ~L2 (4.6)
i=1 4 h
Basically, all case 1 R-separable systems originate from
separable systems for the zero-potential equation (4.5),
a = 3 =0. For each of the types (a)-(g) one need merely
determine which of the zero-potential separable systems re-
mains separable for an added linear or quadratic equation.
For example, if n = 2 there are four separable systems in
the zero-potential types (f) and (g): Cartesian, polar, para-
bolic, and elliptic. For types (a)—(c), Cartesian, polar, and
elliptic coordinates remain separable. Thus there are a total
of 2(4) +3(3) +2(2) =21 R-separable systems corre-
sponding to case 1. See Ref. 11, Chap. 2, for more details.
A classification of case 2 coordinates for E” with gen-
eral n has recently been worked out by Reid.'* Reid shows
that the Hamiltonian can always be written in the form

(3.10) where the functions 4 2(¢) can be selected from
[t+4)*+ B3],
[(t+4,)>—B}|7,

(t+4;)7%

(t+4,)"L

He has also worked out the case 1 separable systems for
general n.

h3@) =

V. THE TIME-DEPENDENT SCHRODINGER EQUATION

Our results extend rather easily to the time-dependent
Schrédinger (or heat) equation
224, + A9 +24 Y A/ (x0Y, + A V(x,0)¢ =0,
=1
(5.1)

where A, is the Laplace-Beltrami operator on the Rieman-
nian manifold V",

A, =1 S 9.(Vgg™d,.), g '=det(g").
\/§ Im=1
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In analogy with Sec. I, one writes
(x,t,m) = " Y(x,1),

where & satisfies the Laplace equation
A,,,d=0,
A =L "f 4. WK K74,)

n+1 \/E V= z 217

K '=det(K)y= —g~,

and (K Y), Z* are defined by (1.2). Equations (1.3)-(1.11)

continue to hold, but, from the theory of R-separation for

Laplace equations,*'® the R-separable solutions for (5.1)
take the form

(5.2)

n+1
P(x,t) =exp[ —AR(y) +S(V)] [] 0N, (5.3)

i=1

where R and S do not depend on the separation parameters.
Theorem 1 holds with only minor modifications. The analy-
sis of Secs. I-III for the Hamilton-Jacobi equation applies
without change for the second-derivative terms in Eq. (5.2).
The only complication is that the Laplace—-Beltrami opera-
tor also contains first-derivative terms and, if the coefficients
of these terms do not have the proper form, they could invali-
date the variable separation. We can use our freedom in
choosing S to partially offset this difficulty.

To be more specific we consider the case n, =n; =1
and adopt the notation of Eq. (3.3). Then (5.2) in the sep-
arable coordinates { y’,y“,,u} takes the form

1 _
20, +9,(nh)d, +-- 20, (hH, ‘3.)8

+ (2 FIOOH 2)49## =0, h=[[H., (54
1 a
where the conditions for R-separation of the second-deriva-

tive terms are as in (2.2). Now set & = 50"V ® in (5.4) to
obtain

1 —2
2<I>m, +¢9y,(2.$'+ Inh)®, + 7; 8y,,(hH,, aya)q>
+23 H S, 9, + (25«’,}1,— 2)q>,,ﬂ
a {

+ > H Mo + 8% +8, 0, In(hH 7))@ =0.

(Here S, = 3y,,S, ®, =Jd,Pbut ¥, H,; ? are merely sub-
scripted.) The coefficients of ®,, ®,, and P, respectively,
will be compatible with R-separation in the coordinates
{»°y',u} if and only if there exist functions g, ("), k; ("),
each depending on the variable y’ alone, such that

ayﬂy,,[2S+ln(hHa_2)] =0, I<a<b<n, (5.5a)

3,25+Imh] =3 g GIVH +g("), (55b)

c=1

S H; %S, —252) = Sk OOH 2+ k().
a=1 c=1
(5.5¢)

[Note that (5.5b) and (5.5¢) imply that the left-hand sides
of these expressions must be Stickel multipliers.] The case
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where the new time variable is ignorable (n, =0, n; =2)
leads to conditions (5.5a) and (5.5¢) with £, =0. However,
(5.5b) is omitted in this case.

For V"=S" we know from Theorem 3 that
3 ap In(hkH [ ?*) =0,a#b and d,h =0 so0 S=0 satisfies
the above equations. For V" = E ", Theorem 4 implies that

3 up In(hH %) =0, a#b, d.h=g (),

80 again S = O satisfies Egs. (5.5). Thus we have the follow-
ing.

Theorem 7: For any potential (4’ (x,t), V(x,t)) on the
spaces S"” or E" the time-dependent Hamilton-Jacobi
equation additively R-separates in a given coordinate system
ifand only if the corresponding time-dependent Schrédinger
equation multiplicatively R-separates in the same coordi-
nates.

In general, R-separation of the Schrodinger equation
implies R-separation of the Hamilton—Jacobi equation.
However, it is not difficult to find examples where Eq. (5.5)
cannot be satisfied, so the converse is false.

See Ref. 17 and references contained therein for applica-
tions of R-separation to time-dependent Schrodinger equa-
tions.

VL INTRINSIC CHARACTERIZATION OF THE
EQUATIONS

As was pointed out in Sec. I, the time-dependent Hamil-
ton—-Jacobi equation (1.1) can be considered as a special case
of the conformal Hamilton—Jacobi equation (1.2). This sug-
gests the interest in characterizing those pseudo-Rieman-
nian spaces V" * % for which the infinitesimal distance can be
written in the form

ds2=Q(2dtd7'+ S 8 dx“dx”), (6.1)

ab=1

where
atgab - a‘rgab = 0

Here Q is a nonzero function on ¥ * 2, We will employ the
root structure of conformal Killing tensors to provide this
characterization.

Let V'™ be a pseudo-Riemannian manifold with metric
ds® = 2G; dz' dz’ in local coordinates {z'}, and let V' ™ be its
associated 2m-dimensional symplectic manifold (with local
canonical coordinates {z',p;}). The Hamiltonian on ¥ ™ is
 =Z2G"%,p;,. A (conformal) Killing tensor Z (z,p) on
V'™ is a function on V'™, a polynomial in the p’s with z-
dependent coefficients, such that {#°, 2} = #57, where
Z is a function on ¥ ™ which is also a polynomial in the p’s
and {-,-} is the Poisson bracket. If 77 =0 then Z is a Killing
tensor. If & is linear in the p’s it is a conformal Killing
vector, a Killing vector if % =0.

Let & =34%(z)p,p;, A" =A%, be a second-order
Killing tensor on V'™ . A root p(z) of < is an analytic solu-
tion of the characteristic equation

det(47 —pG i) =0 (6.2)

and an eigenform w = ¢, dz* corresponding to p is a non-
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zero one-form such that

z (47 —pGY)g, =0, i=1,.,m.
i=1
We denote by W# the vector space (over the reals) genera-
ted by the eigenforms corresponding to p. Roots and eigen-
forms are defined independent of local coordinates.
Theorem 8: Necessary and sufficient conditions that the
infinitesimal distance ds’ = £G; dz’ dz’ on the pseudo-Rie-
mannian space ¥ * 2 can be expressed in the form

(6.3)

ds2=Q(2 dtdr + i 8o (X)dx® dx") (6.4)

ab=1
are the following.
(1) There is a second-order conformal Killing tensor
o =32A4%,p_; (A7=A4%) on V" *? with roots 0 (multi-
plicity n) and p#0 (multiplicity 2); dim W°=n,
dim W7 =2.
(2) There are two conformal Killing vectors

ga =E§;pzi!a=192y

on ¥"*+2 such that & = 2.%,.%,. Furthermore .%,, .%,
are in involution: {.% |, .%,} = 0.

(3) The first covariant derivatives of o/ vanish: 4 "j,k
=0, 1<, j,k<n + 2. Here the covariant derivatives are tak-
en with respect to the metric d§* = p~' ds”.

Proof: Suppose conditions (1)—(3) are satisfied. It fol-
lows immediately from conditions (1) and (3), and the prin-
cipal result of Eisenhart’s paper on symmetric second-order
tensor whose covariant derivatives are zero'® (p. 303), that
there is a coordinate system {y',y%x,..,.x"} on V" *2 with
respect to which

(6.5)

2
=3 @ 0IPP (6.6)
cd=1
2 n
H=3 ¢“0ppe+ Y r*(x)pap,s (6.6b)
ced=1 ab=1

(Although Eisenhart’s result is stated only for Riemannian
spaces, his proof remains valid for pseudo-Riemannian
spaces.) Condition (2) and (6.6a) imply that
Lo =2 150p,, a=1.2. Since obviously {«, p, 7}
={2.2,.%,,p5} = 0 and the .¥, are conformal Killing
vectors for pJ7, it follows that {.&,, p #} =0. Thus
z,,y“"’ax,,g ¢ = 0 and by the nondegeneracy of 7 we have
d,¢ e =0. It follows that there is a coordinate system
{t,;rx',..x"Yon V" *+2 suchthatt =t(y' y?), 7 = r(p'p?)
and

A =2p,p,, pH=2p.p,+ 3 VPP,

ab=1

Setting p = Q we obtain (6.4), where =, g,,¥" = &5.

Conversely, if the metric on ¥"+? can be expressed in
the form (6.4), it is straightforward to verify that conditions
(1)-(3) are satisfied where &, =p,, .Z,=p.. QED.

With this result one can use existing classifications of
separable coordinate systems for Hamilton-Jacobi equa-
tions 2g%p, p; = 0 to classify separable coordinates for the
time-dependent equation (1.1), e.g., Ref. 19.
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