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Abstract

The Wright–Fisher model, originating in Wright (1931) is one of the canonical prob-
abilistic models used in mathematical population genetics to study how genetic type
frequencies evolve in time. In this paper we bound the rate of convergence of the
stationary distribution for a finite population Wright–Fisher Markov chain with parent-
independent mutation to the Dirichlet distribution. Our result improves the rate of
convergence established in Gan et al. (2017) from O(1/

√
N) to O(1/N). The results are

derived using Stein’s method, in particular, the prelimit generator comparison method.
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1. Introduction

We focus on approximating the stationary distribution for a finite Wright–Fisher Markov
chain with parent-independent mutation, where the population has fixed size N and a fixed
number of allele types K. We represent this model as a discrete-time Markov chain (DTMC)
{U(t) : t ∈Z+} taking values in

∇K =
{

u ∈ δZK−1 : ui ≥ 0,
K−1∑
i=1

ui ≤ 1

}
,

where δ = 1/N is a scaling parameter, Ui(t) denotes the fraction of genes that are of type
1 ≤ i ≤ K − 1, and 1 −∑K−1

i=1 Ui(t) is the fraction of genes of type K. For any u, y ∈ ∇K and
probabilities p1, . . . , pK such that

∑K
i=1 pi ≤ 1, the transition probabilities Pu(y) = P(U(1) =

y|U(0) = u) of this process satisfy

Pu(y) =
(

N
Ny1, . . . ,NyK−1

) K−1∏
j=1

(
uj
(
1 −

K∑
i=1

pi
)+ pj

)Nyj
. (1.1)
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1322 A. BRAVERMAN AND H. L. GAN

Our DTMC is irreducible, aperiodic, and positive recurrent because its state space is finite, and
we let U denote the vector having the unique stationary distribution.

As it will be useful later, we informally give a common interpretation of the model and
how it models changes in allele types over time. In each generation of fixed size N, given the
parent generation, each individual in the offspring population independently chooses a parent,
uniformly at random. In addition to this random genealogy structure, a random mutation struc-
ture is added such that each individual offspring independently has a probability of mutating
to type i with probability pi. Otherwise, with probability 1 −∑K

i=1 pi, the offspring does not
mutate and takes on the type of their parent. Note that in this structure each child could mutate
to the same type as their respective parent.

The Wright–Fisher DTMC, while easy to formulate, is known to be relatively intractable,
and hence, the limiting diffusion process as N → ∞ is of particular interest. The limiting dif-
fusion in this case is the well known Wright–Fisher diffusion, defined later in (1.8). Using the
tools of [21], one can show that the Markov chain converges weakly to the diffusion process.
Rates of convergence to the diffusion have been studied as well. In [11] the authors obtained
an explicit bound of order O(1/N) when K = 2, but required bounded sixth derivatives on test
functions. A similar result can be found in the more recent work of [16], where the author
builds on the approach for Gaussian process approximation via Stein’s method in [1] to estab-
lish a rate of convergence for the Moran model (a continuous-time cousin of the Wright–Fisher
DTMC) to the limiting Wright–Fisher diffusion. The result in [16] is for the transient distribu-
tion of the Moran model and, like [11], requires K = 2. The rate of convergence obtained there
is of order O(1/N1/4).

In [13] bounds for quantities of the form |Eh(U) −Eh(Z)| are derived, where Z is an
appropriately chosen Dirichlet random variable, and h is any general test function with two
bounded derivatives and a bounded Lipschitz constant on the second derivative. Under the
typical assumption for these models that the mutation probabilities are rare, in the sense that
pi = O(1/N), [13] establish an upper bound on |Eh(U) −Eh(Z)| that is of order O(1/

√
N). It

has been anecdotally conjectured to the authors that this bound may not be of the optimal order,
and that the correct order may be of order O(1/N), as suggested, for example, by the results of
[11]. In this paper we derive a bound of order O(1/N) for approximating the stationary distri-
bution assuming four bounded derivatives. Before we present the main result, we first define
the Dirichlet distribution and our approximating metric.

Let ∇̄K = {u ∈R
K−1 : x ≥ 0,

∑K−1
i=1 xi ≤ 1}. We define the Dirichlet distribution with

parameters β = (β1, . . . , βK), where β1 > 0, . . . , βK > 0, to be supported on the (K − 1)-
dimensional open simplex

int(∇̄K) =
{

x = (x1, . . . , xK−1) : x1 > 0, . . . , xK−1 > 0,
K−1∑
i=1

xi < 1

}
⊂R

K−1.

The Dirichlet distribution has density

ψβ (x1, . . . xK−1) = �(s)∏K
i=1 �(βi)

K∏
i=1

xβi−1
i , x ∈ int(∇̄K), (1.2)

where s =∑K
i=1 βi, and we set xK = 1 −∑K−1

i=1 xi. We assume that our mutation probabilities
pi satisfy

pi = βi

2N
, 1 ≤ i ≤ K, (1.3)
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Steady-state Dirichlet approximation of the Wright–Fisher process 1323

for some fixed β and all N > 0.
The metric we will be using is the Lipschitz type metric defined as follows. For any vector

a ∈Z
K−1 consisting of nonnegative integer values and a function f : RK−1 →R, let

Daf (x) = ∂aK−1

∂xaK−1
K−1

· · · ∂
a1

∂xa1
1

f (x), x ∈R
K−1, (1.4)

and define

Mj =
{
h : RK−1 →R, sup

x
|Dah(x)| ≤ 1, 1 ≤ ‖a‖1 ≤ j, a ≥ 0

}
. (1.5)

Then for any random vectors V,V′ ∈R
K−1, set

dMj (V,V′) = sup
h∈Mj

∣∣Eh(V) −Eh(V′)
∣∣.

Lemma 2.2 of [18] proves that M3 is a convergence-determining class; i.e. dM3 (V,V′) → 0
implies that V and V′ converge in distribution. Their result can be readily extended to show
that M4, the class of functions used in this paper, is also convergence determining.

Theorem 1.1. Let U denote the random vector with stationary distribution for the transition
function (1.1), assume that the mutation probabilities satisfy (1.3) for some β > 0, set s =∑K

i=1 βi, and let Z be a Dirichlet random variable with parameter vector β. Then for all N
such that s/2N < 1 and N > 100K2,

dM4 (U, Z) ≤ C(K)

[
1

N4
+ 2K2(1 + s)2 + 20K31595K(1 + s)3 + 2K41595K(1 + s)4

Ns

+ 1

NβK/2−3

K3(10K)βK (4 + 6s)�(s)

s�(s − βK)�(βK)βK

(
1 + 1

(1 − 1/
√

N)|s−βK−1|
)

+ 16 · 1595KK5(4K + 1)24KN8K−5

s(s − βK)4K

(
1 − 10K(

√
N − 1)(1 − s/2N)

N

)N
]

+ C(K)2

[
Ks + 6K2(1 + s2)

N2s
+ K

N3

]
,

where C(K) ≤ (K4 + 7975K)(4 × 12K + K · 1140451595K + 1) and �(x) = ∫ ∞
0 tx−1e−tdt.

We make two remarks. First, most of the terms are O(1/N) except for the one involving
N3−βK/2. The latter is also O(1/N) when βK ≥ 8 (without loss of generality, we can assume
that βK is the largest of all the betas). We believe it to be an artifact of our methodology and
expect that it can be removed, although at considerable effort. Second, the constants of the form
CK (such as 1595K , not to be confused with C(K)) are again a result of our prelimit generator
approach and are not a fundamental part of the Wright–Fisher diffusion approximation error.
Though tracking error terms more carefully would result in a modest decrease of the value of
C in CK , the presence of these terms is an inevitable side effect of our prelimit approach. We
expand on both remarks at the end of this section after introducing the prelimit approach.

The primary tool used in this paper to prove the main results is Stein’s method. Stein’s
method is a powerful tool in probability theory that is used to derive an explicit bound for

https://doi.org/10.1017/apr.2025.13 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.13


1324 A. BRAVERMAN AND H. L. GAN

the difference between two probability distributions. Typically, one aims to use it to find an
upper bound on the errors incurred when approximating an intractable target distribution with a
commonly used simple reference distribution. It was first developed for the normal distribution
in [20] to bound the approximation errors when applying the central limit theorem, and it has
since been developed for numerous distributions, such as Poisson [4, 9], beta [10, 15], Dirichlet
[13], Poisson-Dirichlet [14], negative binomial [7], exponential [12] to just name a few. For
many more examples and applications, see, for example, the surveys or monographs [3, 8, 17,
19]. In the following we give a brief introduction to Stein’s method.

To successfully apply Stein’s method, one of the main approaches is what is known as the
generator method, first pioneered in [2]. Below we give a brief description of Stein’s method
in general, with a particular focus on the generator method, and details of our approach. In this
brief description we discuss the univariate case, but note that the multivariate case is analo-
gous. Our goal is to bound the difference between the typically unknown or intractable law of
our target random variable X with the law of a well understood and simple reference random
variable Z. Stein’s method can usually be summarised in the following three main steps.

1. Identify a characterising operator GZ or identity that is satisfied only by the distribution
of the reference random variable Z. In the generator method, the characterising operator
is a generator of a Markov chain or diffusion process, and the reference distribution is the
associated stationary distribution. The generator characterises its associated stationary
distribution through the identity that EGZf (Z) = 0 for all suitable functions f if and only
if Z follows the stationary distribution.

2. For any arbitrary function h, solve for the function fh that satisfies

GZfh(x) = h(x) −Eh(Z). (1.6)

Then by setting x = X and taking expectations,

|EGZfh(X)| = |Eh(X) −Eh(Z)|. (1.7)

Properties of the function fh turn out to be crucial to derive a good bound with Stein’s
method. Typically, one will require good bounds on fh and its derivatives or differences
if Z is continuous or discrete. Using the generator method, one can usually express fh
in terms of the semi-group of the process defined by GZ , and exploit properties and
couplings of the process that found such bounds.

3. The goal is to bound (1.7) for all h from a rich enough family of test functions H,
where H is typically a convergence-determining class. Rather than directly bounding
|Eh(X) −Eh(Z)|, which would typically require knowledge of the unknown density or
distribution function of X, the final step is to derive a bound for |EGZfh(X)| that is more
tractable. Standard approaches often involve Taylor expansions and couplings.

In [13] the above approach is used where GZ is the generator of the Wright–Fisher diffusion,

GZf (z) := 1

2

⎡⎣K−1∑
i,j=1

zi(δij − zj)
∂f

∂zi∂zj
(z) +

K−1∑
i=1

(βi − szi)
∂f

∂zi
(z)

⎤⎦ , z ∈ int(∇̄K), (1.8)

where s =∑K
i=1 βi and δij denotes the Kronecker delta function. The stationary distribution

associated to this generator is the Dirichlet distribution on int(∇̄K) with parameters β1, . . . , βK .
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Recalling the definition of U as the stationary distribution associated with (1.1), letting Z ∼
Dir(β1, . . . , βK), a bound for |Eh(U) −Eh(Z)| is derived by finding a bound for |EGZfh(U)|.
The following (Stein) lemma formalises the link between GZ and Z.

Lemma 1.1. The random vector Z ∼ Dir(β1, . . . , βK) if and only if, for all f ∈ C2(∇̄K) with
bounded partial derivatives up to the second order and Lipschitz continuous second-order
partial derivatives,

EGZf (Z) = 0.

In [5] a variation of the generator method was innovated, namely the prelimit generator
comparison approach, which is the approach we use in this paper. We briefly describe the gen-
eral idea of the approach and how it compares with the traditional generator method. The full
details of our approach are contained in the appendices. The traditional generator comparison
approach works by noting that (1.7) yields

|Eh(X) −Eh(Z)| = |EGZfh(X) −EGXfh(X)|,
where GX is a characterising operator/generator for X, and hence, EGXfh(X) = 0. Typically, X
will be a discrete object and Z will be its continuous limit. The generator comparison approach
then follows the intuition that if X is approximately equal to Z then the operators GX and GZ

should also be approximately equal, and the distributional distance between X and Z can be
quantified by the differences in GX and GZ . In a sense, this approach takes the discrete object X
and evaluates it with respect to the continuous operator GZ . The prelimit generator comparison
approach swaps the roles of the continuous and discrete terms.

Let h : δZd �→R, where δ > 0 is a test function defined on the lattice δZd. For a random
vector U that takes values on δZd, suppose there is a characterising operator GU and given h
one can find the solution to the Stein equation

GUfh(u) = h(u) −Eh(U). (1.9)

Then, naively speaking at least, for some continuous Z and its characterising operator GZ,

|Eh(Z) −Eh(U)| = |EGUfh(Z) −EGZfh(Z)|. (1.10)

The general approach remains similar to the typical generator approach, the bound is reliant
upon GU and GZ being close. One can now see however that in comparison to the standard
generator comparison method, we are putting the continuous object Z into the discrete (state-
space) generator for U. This can be advantageous if the solution fh to the Stein equation (1.9)
with respect to the discrete generator is tractable. Unfortunately, (1.10) is not that straight-
forward as GU is only defined on the lattice δZd, but we wish to input the continuous object
Z. To address this issue, a smoothing interpolation operator for GU is required, which will be
described in detail in this paper.

Although the task of interpolating GU is conceptually straightforward, its execution is non-
trivial. Thus, examples of the prelimit approach in practice are crucial for its proliferation. To
date, only two examples exist. A simple single-server queue (M/M/1 model) is considered
in [5], while [6] considers a much more involved queueing model—a load-balancing model
under the join-the-shortest-queue policy. The former is a simple one-dimensional model that
does not fully illustrate the challenges of interpolating GU, while the latter example is extremely
involved due to the complicated dynamics of the queueing model. The Wright–Fisher model
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1326 A. BRAVERMAN AND H. L. GAN

we consider falls nicely between these two examples in terms of difficulty—our model is multi-
dimensional, highlighting all the challenges of interpolating GU, whilst the task of bounding
the Stein factors, which is unrelated to interpolation, is relatively straightforward. Additionally,
this paper refines the original implementation of the prelimit generator approach in [5]. We
present several results in Appendix A that simplify working with the interpolating operator.
Specifically, we state and prove Lemma A.1, Lemma A.2, Proposition A.1, and Corollary A.1.
We anticipate that these results will help future users of the approach.

The approach used in [13], follows the traditional generator method described earlier,
whereas we use the prelimit generator comparison method in this paper. There are advan-
tages and disadvantages to either approach. If we consider the main three steps in applying
Stein’s method discussed earlier, steps 1 and 3 are more or less the same in both approaches.
Step 1 is in the traditional approach involves finding a diffusion operator that characterises
the Dirichlet distribution. In the prelimit approach, in addition to the same operator, we also
require an operator for the discrete population Wright–Fisher Markov chain stationary distribu-
tion, which is not difficult. Step 3 in the traditional approach in [13] uses an exchangeable pair
coupling, and ultimately the main work involves a series of moment calculations for the dis-
crete stationary distribution. In the prelimit approach, near identical calculations are required.
The primary difference between the two approaches lies in step 2. In [13], solving the Stein
equation and bounding the derivatives of the solution, known as the Stein factors, is a lengthy
process and requires knowledge of coalescent theory and a dual process representation of the
Wright–Fisher diffusion process governed by (1.8). These bounds are one of the primary con-
tributions of [13]. In contrast, using the prelimit approach, we instead require Stein factors
for the Markov chain associated with (1.1), which we bound in Lemma 2.3. The bounds are
simple, elegant and require only a short proof using elementary Markov chain knowledge and
couplings. The price we pay to use this simpler approach for the Stein factors is the require-
ment for an interpolation operator, which leads to numerous technical difficulties, and this is
the main trade off between the two approaches.

Lastly, expanding on the two remarks we made following Theorem 1.1, the N3−βK/2 appears
because we use an interpolation operator based on forward differences and, as a result, we
have to treat the case when Z is close to the ‘right’ boundary of ∇̄K separately. Getting rid
of the N3−βK/2 term would require modifying our interpolation operator to use forward and
backward differences when close to the ‘left’ and ‘right’ boundaries of ∇̄K , respectively, and
central differences ‘in the middle’ to smoothly transition between the forward and backward
differences. The CK terms are an inevitable consequence of extending a function defined on
the grid δZK to the continuum. For example, see Appendix A.1 where we prove inequalities
(A.4) and (A.8) of Theorem A.1.

The remainder of the paper will be as follows. In Section 2 we outline the proof to
Theorem 1.1, then provide a number of technical lemmas, and given these lemmas, we prove
Theorem 1.1. The proofs of the technical lemmas are relegated to the two appendices.

2. Proof of the main theorem

2.1. Notation

1. For any function f : ∇K →R, and a nonnegative integer valued vector a, let

Bi(f ) = sup{|�af (u)| : ‖a‖1 = i, u ∈ ∇K, and u + δa ∈ ∇K}, (2.1)
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where �a refers to the forwards difference operator with step size δ, and analogous to
the definition of (1.4), a indicates in what directions the forward differences are taken.
Note that given ‖a‖1 = i,�a is the composition of i forward differences in the directions
indicated by the entries of a and not a single forward difference in the direction of a
treated as a whole. For example, if a = (1, 0, . . . , 0) then �af (u) = f (u + δe1) − f (u)
and if a = (1, 1, 0, . . . , 0) then�af (u) = f (u + δe1 + δe2) − f (u + δe1) − f (u + δe2) +
f (δu), where ei denotes the usual standard basis vector with 1 in the ith component.

2. We reserve the variables u (and U) to emphasise when a function is defined on the lattice
∇K , and x (and X) when the function is defined on the continuous simplex ∇̄K .

3. The vector e is reserved to denote a K-dimensional vector of ones, that is, e =
(1, 1, . . . , 1). Furthermore, any inequalities with respect to e are intended to be
element-by-element wise. That is, if x ≤ e then xi ≤ ei for all i.

4. We use � =∑K
i=1 pi to denote the sum of the mutation probabilities in (1.1).

2.2. Outline of the proof

Recall that our goal is to bound dM4 (U, Z) = suph∈M4
|Eh(U) −Eh(Z)|. We achieve this

bound in three main steps.

1. Solve the Stein equation: identify a charaterising operator for GU for U and then, for any
function h ∈M4, solve for fh that satisfies the Stein equation

GUfh(u) = h(u) −Eh(U). (2.2)

2. The interpolation operator: we would like to simply substitute u = Z in (2.2) and take
expectations, but GU is not well defined for continuous objects as it characterises U
that is discrete. We therefore extend fh(u) to take arguments from ∇̄K using a carefully
chosen interpolation operator A that satisfies Afh(x) = fh(u) for all x = u ∈ ∇K , and A
applied to a constant equals that constant. Then by applying A again to (2.2),

A(GU(Afh))(x) = Ah(x) −Eh(U). (2.3)

3. Generator expansion: noting that EGZAfh(Z) = 0, then by setting x = Z in (2.3) and
taking expectations,

E[AGUAfh(Z) − GZAfh(Z)] =EAh(Z) −Eh(U). (2.4)

We therefore need to carefully bound the left-hand side. We achieve this via Taylor
expansion of AGUAfh(x). The choice of A plays a crucial role here as we will have
specifically chosen A in such a manner that the derivatives of Afh correspond to the
finite differences of fh up to the fourth order.

2.2.1. Solving the Stein equation As the concept of a generator for a DTMC is relatively
uncommon, for the benefit of readers, we spend some time to define the generator and the
general form of the solution to its Stein equation.

Definition 2.1 Let U(t) be the Wright–Fisher Markov chain with parent-independent mutation,
rescaled to take values on ∇K ⊂ δZd. For any function f from a suitable class of test functions
F , we define the Markov chain generator of this process GU as

GUf (u) =E[f (U(1))|U(0) = u] −Ef (u), u ∈ ∇K .
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1328 A. BRAVERMAN AND H. L. GAN

Note that we will use subscript notation on generator operators, for example, GU, to
associate a generator with its stationary distribution U.

Lemma 2.1. Let U(t) denote a Markov chain governed by the generator GU, then for all h ∈
M4, the function

fh(u) =
∞∑

t=0

[E(h(U(t))|U(0) = u) −Eh(U)] , u ∈ ∇K (2.5)

is well defined, and is the solution to

GUfh(u) = h(u) −Eh(U), u ∈ ∇K .

Proof. This can be shown by adapting Lemma 2 of [5] to the discrete-time setting (see also
Lemma 1 of [2]). �
2.2.2. The interpolation operator Our proof relies on the ability to extend any function
f : δZd →R to R

d in a way that the derivatives of the extension correspond to the finite dif-
ferences of f . Many such extensions are possible, but we use an interpolating seventh-order
Hermite polynomial spline. The spline is a linear operator A acting on functions f : δZd →R

and returning an extension Af : Rd →R. When d = 1,

Af (x) =
4∑

i=0

α
k(x)
k(x)+i(x)f (δ(k(x) + i)), x ∈R, (2.6)

where k(x) = �x/δ� and αk
k+i : R→R are weights defined for all k ∈Z and i = 0, . . . , 4, mak-

ing A f (x) a weighted sum of the five points f (δk(x)), . . . , f (δ(k(x) + 4)). We use five points so
that the derivatives of A f (x) capture the finite differences of f (x) up to the fourth order.

The details about αk
k+i(x) and the definition of A f (x) for d> 1 are left to Appendix A. For

the purposes of this section, it suffices to know that A is a linear operator, Af (x) = f (u) for
x = u ∈ δZd, Af (x) is twice continuously differentiable, and that A applied to a constant equals
that constant.

2.2.3. Generator expansion We first define a discrete analog of Mj. Let

Mdisc,j =
{

h : δZK−1 →R, |�ah(δk)| ≤ δ‖a‖1 , 1 ≤ ‖a‖1 ≤ j, δk ∈ δZK−1
}
, j ≥ 1.

The following lemma, which we prove in Appendix B, shows that the Taylor expansion of
A(GU(Afh))(x) equals GZAfh(x) plus an error term on a subset of ∇̄K . To state it, we define

∇K
N = {u ∈ ∇K : uK ≥ 10K/

√
N} = {u ∈ ∇K :

K−1∑
i=1

ui ≤ 1 − 10K/
√

N}, (2.7)

and let ∇̄K
N = Conv(∇K

N ). Note that ∇K
N �= ∅ if 1 − 10K/

√
N > 0, or N > 100K2, which we

assume going forward.

Lemma 2.2. The extension A(GU(Afh))(x) is well defined for all x ∈ ∇̄K
N . Furthermore, if the

mutation probabilities satisfy (1.3) for some β > 0 then

A(GU(Afh))(x) = δGZAfh(x) + εG(x), x ∈ ∇̄K
N ,
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where GZAfh(x) is defined in (1.8) and, for all N > 0,

|εG(x)| ≤ K22(1 + s)2CA.4(K)B2(fh)

+ KδsCA.4(K)
(
CA.10(K)B2(fh) + CA.11(K)δ−1B4(fh)

)
+ K2(1 + s)2CA.4(K)

(
5CA.10(K)B3(fh) + CA.11(K)δ−1B4(fh)

)
+ K31595K20(1 + s)3CA.4(K)δ−1B3(fh)

+ 1595KK4CA.4(K)

(
(2 + s)4δ−2B4(fh)

+ (4K + 1)N4K

(� − pK)4K

(
1 − 10K(

√
N − 1)

N
(1 −�)

)N
δ−516KB1(fh)

)
.

The final main ingredient needed to prove Theorem 1.1 are bounds for the Stein factors
Bi(fh).

Lemma 2.3. Let fh(u) be defined as in (2.5), then for all h ∈Mdisc,4,

Bi(fh) ≤ δi

1 − (1 −�)i
.

2.3. Proof of Theorem 1.1

We recall that to prove Theorem 1.1 we need to bound dM4 (U, Y). Recall that δ = 1/N. The
following lemma relates Mj to Mdisc,j. We prove it in Appendix A after stating Proposition
A.1.

Lemma 2.4. There exists C(d)> 0 such that, for any V ∈ δZd and V′ ∈R
d,

dM4 (V,V′) ≤ sup
h∈Mdisc,4

|Eh(V) −EAh(V′)| + CA.11(d)δ4, (2.8)

where CA.11(d) is as in Proposition A.1.

We require the following auxiliary lemma, which is proved in Appendix A.

Lemma 2.5. Assume that the mutation probabilities satisfy (1.3) for some β > 0. Then for any
h ∈Mdisc,4 and u ∈ ∇K,

|h(u)| ≤ |h(0)| + 1,

|Ah(Z)| ≤ |h(0)| + CA.4(K),

|GZAfh(Z)| ≤ CA.4(K)(2 + s)δ−3K3B1(fh).

We are now ready to prove the main theorem.

Proof of Theorem 1.1. Fix h ∈Mdisc,4. As a consequence of Lemma 2.4, it suffices to bound
|Eh(U) −EAh(Z)| to prove Theorem 1.1. Recall the Stein equation (1.9), or

GUfh(u) = h(u) −Eh(U), u ∈ ∇K .

Define fh(u) = 0 for u ∈ δZK−1 \ ∇K (this choice is made for convenience), which allows us to
define Afh(x) for all x ∈R

K−1. Since Afh(x) = fh(u) for x = u ∈ ∇K , the Stein equation yields

GU(Afh)(u) = h(u) −Eh(U), u ∈ ∇K .
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Note that GU(Afh)(u) is only defined for u ∈ ∇K even though Afh(x) is defined on R
K−1.

Applying A to h(u) −Eh(X) and recalling from Lemma 2.2 that A(GU(Afh))(x) is well
defined for x ∈ ∇̄K

N , we see that, for any x ∈R
K−1,

Ah(x) −Eh(U) = A
(
Eh(U) − h

)
(x)1(x ∈ ∇̄K

N ) + A
(
Eh(U) − h

)
(x)1(x �∈ ∇̄K

N )

= A(GU(Afh))(x)1(x ∈ ∇̄K
N ) + (

Eh(U) − Ah(x)
)
1(x �∈ ∇̄K

N ).

We claim that Afh(x) satisfies the conditions of Lemma 1.1, implying that EGZAfh(Z) = 0.
Our claim holds because Afh(x) is twice continuously differentiable, and Afh(x) has compact
support, which follows by Theorem A.1 of Appendix A since fh(u) = 0 for u ∈ δZK−1 \ ∇K .
Setting x = Z and taking expected values yields

EAh(Z) −Eh(U) = E
(
A(GU(Afh))(Z) − δGZAfh(Z)

)
1(Z ∈ ∇̄K

N )

+E
(
Eh(U) − Ah(Z) − δGZAfh(Z)

)
1(Z �∈ ∇̄K

N )

= EεG(Z)1(Z ∈ ∇̄K
N ) +E

(
Eh(U) − Ah(Z) − δGZAfh(Z)

)
1(Z �∈ ∇̄K

N ).

To bound the first term, we recall assumption (1.3), which implies that � = δs/2. Combining
Lemma 2.2 with the Stein factor bounds in Lemma 2.3 then yields

|εG(x)| ≤ K22(1 + s)2CA.4(K)
δ2

1 − (1 −�)2

+ KδsCA.4(K)
(

CA.10(K)
δ2

1 − (1 −�)2
+ CA.11(K)

δ3

1 − (1 −�)4

)
+ K2(1 + s)2CA.4(K)

(
5CA.10(K)

δ3

1 − (1 −�)3
+ CA.11(K)

δ3

1 − (1 −�)4

)
+ K31595K20(1 + s)3CA.4(K)

δ2

1 − (1 −�)3

+ 1595KK4CA.4(K)

(
(2 + s)4 δ2

1 − (1 −�)4

+ (4K + 1)N4K

(� − pK)4K

(
1 − 10K(

√
N − 1)

N
(1 −�)

)N
δ−516K�−1

)
.

Note that (1 − (10K(
√

N − 1)/N)(1 −�))N behaves like e−10K
√

N for large N. Let us bound
the second term. Recall that Z has density given by (1.2), which implies that ZK ∼ Beta(βK, s −
βK). Therefore,

P(Z �∈ ∇̄K
N ) = P(ZK ≤ 10K/

√
N)

=
∫ 10K/

√
N

0

�(s)

�(s − βK)�(βK)
(1 − xK)s−βK−1xβK−1

K dxK

≤ �(s)

�(s − βK)�(βK)

1

βK

(10K√
N

)βK
(

1 + 1

(1 − 1/
√

N)|s−βK−1|
)

≤ C2.10δ
βK/2, (2.9)

where

C2.10 = �(s)

�(s − βK)�(βK)

(10K)βK

βK

(
1 + 1

(1 − 1/
√

N)|s−βK−1|
)

. (2.10)
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Without loss of generality, we may assume that h(0) = 0. Otherwise, we can replace h(u) by
h(u) − h(0) without affecting the value of Eh(U) −EAh(Y). Observe that

E
(∣∣Eh(U) − Ah(Z) − δGZAfh(Z)

∣∣1(Z �∈ ∇̄K
N )

)
≤ E

((
E|h(U)| + |Ah(Z)| + δ|GZAfh(Z)|)1(Z �∈ ∇̄K

N )
))

≤ (
1 + CA.4(K) + CA.4(K)(2 + s)δ−3K3B1(fh)

)
P(Z �∈ ∇̄K

N )

≤ (
1 + CA.4(K) + CA.4(K)(2 + s)K32/s

)
δ−3C2.10δ

βK/2.

In the second inequality we used Lemma 2.5. In the last inequality we used (2.9), the fact
that δ < 1, the Stein factor bound B1(fh) ≤ δ/� from Lemma 2.3, and the fact that δ/� = 2/s,
which follows from (1.3) and the definitions of s and �.

The final bound now follows from choosing C(K) to be a uniform upper bound for CA.4(K),
CA.10(K), and CA.11(K) and some routine simplification and rearrangement. �

Appendix A. The interpolator A

The operator A discussed in this appendix is identical to the one introduced in Appendix A
of [5]. We repeat some of its key properties, originally presented in [5], as they are needed for
the proof of Theorem 1.1. We also present several useful technical results about A that are not
found in [5]. Namely, Lemma A.1, Lemma A.2, Proposition A.1, and Corollary A.1.

Building on the discussion in Section 2.2.2, for a one-dimensional function f : δZ→R, we
define

Af (x) =
4∑

i=0

α
k(x)
k(x)+i(x)f (δ(k(x) + i)),

where k(x) = �x/δ� and αk
k+i : R→R are weights. Braverman [5] described how to choose

these weights to make Af (x) coincide with f (·) on grid points, and also to make it a differen-
tiable function whose derivatives behave like the corresponding finite differences of f (·). The
idea can be applied to multidimensional grid-valued functions as well. The following result
builds on Theorem A.1 of [5]. We use this as an interface that contains the important properties
of A without delving into the low-level details behind its construction.

Theorem A.1. Given a convex set K ⊂R
d, define

K4 = {x ∈ K ∩ δZd : δ(k(x) + i) ∈ K ∩ δZd for all 0 ≤ i ≤ 4e},

where k(x) by kj(x) = �xj/δ�. Let Conv(K4) be the convex hull of K4 and for x ∈R
d. There

exist weights {αk
k+i : R→R, k ∈Z, i = 0, 1, 2, 3, 4} such that, for any f : K ∩ δZd →R, the

function

Af (x) =
4∑

id=0

α
kd(x)
kd(x)+id

(xd) · · ·
4∑

i1=0

α
k1(x)
k1(x)+i1

(x1)f (δ(k(x) + i))

=
4∑

i1,...,id=0

( d∏
j=1

α
kj(x)
kj(x)+ij

(xj)

)
f (δ(k(x) + i)), x ∈ Conv(K4) (A.1)
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satisfies Af (x) ∈ C3(Conv(K4)), where i = (i1, . . . , id) in (A.1). Additionally, Af (x) is infinitely
differentiable almost everywhere on Conv(K4),

Af (δk) = f (δk), δk ∈ K4, (A.2)

and for 0 ≤ ‖a‖1 ≤ 3,∣∣DaAf (x)
∣∣≤ CA.4(d)δ−‖a‖1 max

0≤i≤4e−a
|�af (δ(k(x) + i))|, x ∈ Conv(K4), (A.3)

where
CA.4(d) ≤ 1140451595d. (A.4)

When ‖a‖1 = 4, (A.3) also holds for almost all x ∈ Conv(K4). Additionally, the weights
{αk

k+i : R→R, k ∈Z, i = 0, 1, 2, 3, 4} are degree-7 polynomials in (x − δk)/δ whose coef-
ficients do not depend on k or δ. For any x ∈R, they satisfy

αk
k (δk) = 1 and αk

k+i(δk) = 0, k ∈Z, i = 1, 2, 3, 4, (A.5)

4∑
i=0

αk
k+i(x) = 1, k ∈Z, (A.6)

α
k+j
k+j+i(x + δj) = αk

k+i(x), i, j, k ∈Z, (A.7)

|αk(x)
k(x)+i(x)| ≤ 319. (A.8)

We prove (A.4) and (A.8) in Appendix A.1. The rest of Theorem A.1 is identical to Theorem
A.1 of [5]. We now present three useful properties of A. While Theorem A.1 only guarantees
that Af (x) is thrice continuously differentiable, we need to control the fourth-order remainder
term in the Taylor expansion of Af (x). The following lemma, which would have been trivial if
Af (x) were four-times continuously differentiable, helps with this. Define

Dd =
{

f : Rd →R : for all x, y ∈R
d, |f (x) − f (y)| ≤ ‖x − y‖1 sup

min (x,y)≤z
z≤max (x,y)

‖a‖1=1

|Daf (z)|
}
, (A.9)

where the minimum and maximum are taken elementwise.

Lemma A.1. For any f : δZd →R, let Af (x) be as defined in (A.1). Then DaAf (x) ∈Dd for any
a> 0 with ‖a‖1 = 3.

The second lemma is a useful identity for applying A to products of functions.

Lemma A.2. Given f , g : Zd →R let h(u) = f (u)g(u). There exists εp:Rd →R and a constant
C(d) such that

Ah(x) = Af (x)Ag(x) + εp(x),

|εp(x)| ≤ CA.10(d) max‖a‖1=1
0≤i≤4e−a

|�ag(δ(k(x) + i))| max‖a‖1=1
0≤i≤4e−a

|�af (δ(k(x) + i))|,

CA.10(d) ≤ 7975d(5d + d1140451595d). (A.10)
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For our third result, let f (x) be a function defined for all x ∈R
d and let f (u) denote its

restriction to δZd. Proposition A.1 provides an upper bound on how well Af (x) approximates
f (x). The smoother the function f (x), the higher the exponent of δ in the error bound.

Proposition A.1. Suppose that f ∈ Cs−1(Rd) for some s ∈ {1, 2, 3, 4} and that Daf (x) ∈Dd

when ‖a‖1 = s − 1. Then

|f (x) − Af (x)| ≤ CA.11(d)δs max‖a‖1=s
sup

0≤z≤5δe
|Daf (δk(x) + z)|, x ∈R

d,

CA.11(d) ≤ d4(4 × 12d + 1140451595d + 1). (A.11)

The following corollary plays an important role later on in the proof of Lemma B.2.

Corollary A.1. If f : Rd →R is a polynomial of degree at most three then Af (x) = f (x).

Proof of Corollary A.1. If f (x) is a polynomial up to the third order, then its fourth-order
derivatives are zero. The result follows from applying Proposition A.1 with s = 4. �

We now prove Lemmas A.1 and A.2, and Proposition A.1, in that order.

Proof of Lemma A.1. Given x, y ∈R
d, define

x(j) = (x1, . . . , xj−1, yj, . . . , yd), 1 ≤ j ≤ d,

and note that x(1) = y and x(d) = x. Fix a ∈Z
d with a> 0 and ‖a‖1 = 3. Then

DaAf (x) − DaAf (y) = DaAf (x(d)) − DaAf (x(1)) =
d−1∑
j=1

DaAf (x(j+1)) − DaAf (x(j)).

We now show that

|DaAf (x(j+1)) − DaAf (x(j))| ≤ |xj − yj| sup
min (x,y)≤z
z≤max (x,y)

|DaAf (z)|.

Suppose that j = d − 1; the argument is similar for other values of j. Note that

DaAf (x)

= ∂
ad
d · · · ∂a1

1

( 4∑
id=0

α
kd(x)
kd(x)+id

(xd) · · ·
4∑

i1=0

α
k1(x)
k1(x)+i1

(x1)f (δ(k(x) + i))
)

= ∂
ad
d

4∑
id=0

α
kd(xd)
kd(xd)+id

(xd)

×
[
∂

ad−1
d−1

( 4∑
id−1=0

α
kd−1(xd−1)
kd−1(xd−1)+id−1

(xd−1) · · · ∂a1
1

( 4∑
i1=0

α
k1(x1)
k1(x1)+i1

(x1)f (δ(k(x) + i))
))]

,

where the first equality follows the definition of Af (x) in (A.1). Treating x1, . . . , xd−1 as fixed,
let us consider the term inside the square brackets as a one-dimensional function in the dth
dimension. To be precise, we define gx1,...,xd−1 : δZ→R as
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gx1,...,xd−1 (δ�)

= ∂
ad−1
d−1

( 4∑
id−1=0

α
kd−1(xd−1)
kd−1(xd−1)+id−1

(xd−1) · · · ∂a1
1

( 4∑
i1=0

α
k1(x1)
k1(x1)+i1

(x1)

× f
(
δ(k(x1, . . . , xd−1, 0) + (i1, . . . , id−1, 0)) + δ�

)))
, � ∈Z.

Then

DaAf (x) = ∂
ad
d

4∑
id=0

α
kd(xd)
kd(xd)+id

(xd)gx1,...,xd−1 (δ(kd(xd) + id)) = ∂ad Agx1,...,xd−1 (xd).

Theorem A.1 states that Agx1,...,xd−1 (xd) is infinitely differentiable almost everywhere. Thus,

|DaAf (x(d)) − DaAf (x(d−1))|
= |∂ad Agx1,...,xd−1 (xd) − ∂ad Agx1,...,xd−1 (yd)|
= |

∫ xd

yd

∂ad+1Agx1,...,xd−1 (x′)dx′|

≤ |xd − yd| sup
(xd∧yd)≤zd≤(xd∨yd)

|∂ad+1Agx1,...,xd−1 (zd)|

≤ |xd − yd| max
‖a′‖1=‖a‖1+1

sup
min (x,y)≤z
z≤max (x,y)

|Da′
Af (z)|,

where in the last inequality we used ∂ad+1Agx1,...,xd−1 (xd) = ∂dDaAf (x). �
Proof of Lemma A.2. Using (A.1) of Theorem A.1, for x ∈R

d,

Ah(x) =
4∑

i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)f (δ(k(x) + i))g(δ(k(x) + i))

=
4∑

i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)Af (x)g(δ(k(x) + i))

+
4∑

i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)
(
f (δ(k(x) + i)) − Af (x)

)
g(δ(k(x) + i)).

By the definition of A,

4∑
i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)Af (x)g(δ(k(x) + i)) = Af (x)Ag(x).

Furthermore,

4∑
i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)
(
f (δ(k(x) + i)) − Af (x)

)
g(δ(k(x) + i))

=
4∑

i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)
(
f (δ(k(x) + i)) − Af (x)

)(
g(δ(k(x) + i)) − g(δk(x))

)
,
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because again, by the definition of A,

4∑
i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)
(
f (δ(k(x) + i)) − Af (x)

)
g(δk(x)) = g(δk(x))(Af (x) − Af (x)) = 0.

Setting

εp(x) =
4∑

i1,...,id=0

d∏
j=1

α
kj(x)
kj(x)+ij

(xj)
(
f (δ(k(x) + i)) − Af (x)

)(
g(δ(k(x) + i)) − g(δk(x))

)
,

we have shown that Ah(x) = Af (x)Ag(x) + εp(x). Since

|αkj(x)
kj(x)+ij

(xj)| ≤ 319

by (A.8), it follows that

|εp(x)| ≤ 5d319d max
0≤i≤4e

(|f (δ(k(x) + i)) − Af (x)||g(δ(k(x) + i)) − g(δk(x))|).
To conclude the proof, we argue that

|g(δ(k(x) + i)) − g(δk(x))| ≤ 5d max‖a‖1=1
0≤j≤4e−a

|�ag(δ(k(x) + j)|,

|f (δ(k(x) + i)) − Af (x)| ≤ (5d + dCA.4(d)) max‖a‖1=1
0≤j≤4e−a

|�af (δ(k(x) + j)|,

which, when combined with the bound on CA.4(d) in (A.4), yields CA.10(d) ≤ 7975d(5d +
dCA.4(d)) ≤ 7975d(5d + d1140451595d). The first inequality follows by rewriting g(δ(k(x) +
i)) − g(δk(x)) as a telescoping series and using the fact that i ≤ 4e. Similarly,

|f (δ(k(x) + i)) − Af (x)| ≤ |f (δ(k(x) + i)) − f (δk(x))| + |f (δk(x)) − Af (x)|
≤ 5d max‖a‖1=1

0≤j≤4e−a

|�af (δ(k(x) + j)| + |f (δk(x)) − Af (x)|,

and

|f (δk(x)) − Af (x)| = |Af (δk(x)) − Af (x)| ≤ ‖x − δk(x)‖1 sup
z∈[δk(x),x]

‖a‖1=1

|DaAf (z)|

≤ δd sup
z∈[δk(x),x]

‖a‖1=1

|DaAf (z)|

≤ dCA.4(d) max‖a‖1=1
0≤i≤4e−a

|�af (δ(k(x) + i))|,

where the last inequality is due to (A.3) of Theorem A.1. �
Fix a function f (x) satisfying the conditions of Proposition A.1. The following is a key

auxiliary lemma, which we prove after proving Proposition A.1.

Lemma A.3. For any δ < 1, s ∈ {1, 2, 3, 4}, and 1 ≤ ‖a‖1 ≤ s − 1,

DaAf (δk(x)) = Daf (δk(x)) + 12dδs−‖a‖1 E(s)([δk(x), δ(k(x) + 3e)]
)
, x ∈R

d,

where, for any A ⊂R
d, E(s)(A) denotes a quantity that satisfies
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|E(s)(A)| ≤ max‖a‖1=s
sup
z∈A

|Daf (z)|. (A.12)

Proof of Proposition A.1. Throughout the proof we let E(s)(A) denote a generic quantity that
satisfies (A.12), but whose value may change from line to line. Expanding both f (x) and Af (x)
around δk(x) yields

Af (x) − f (x) =
s−1∑
j=1

1

j!
∑

a : ‖a‖1=j

( d∏
i=1

(xi − δki(x))ai

)(
DaAf (δk(x)) − Daf (δk(x))

)
+ 1

(s − 1)!
∑

a : ‖a‖1=s−1

( d∏
i=1

(xi − δki(x))ai

)(
DaAf (ξ1) − DaAf (δk(x))

)
+ 1

(s − 1)!
∑

a : ‖a‖1=s−1

( d∏
i=1

(xi − δki(x))ai

)(
Daf (ξ2) − Daf (δk(x))

)
,

where ξ1, ξ2 ∈ [δk(x), x] ⊂ [δk(x), δ(k(x) + e)). Consider separately each of the three terms on
the right-hand side. Since |xi − δki(x)| ≤ δ, then

s−1∑
j=1

1

j!
∑

a : ‖a‖1=j

( d∏
i=1

(xi − δki(x))ai

)(
DaAf (δk(x)) − Daf (δk(x))

)
≤

s−1∑
j=1

1

j!
∑

a : ‖a‖1=j

δ‖a‖1δs−‖a‖1 12dE(s)([δk(x), δ(k(x) + 3e)]
)

≤
s−1∑
j=1

1

j!djδs12dE(s)([δk(x), δ(k(x) + 3e)]
)

≤ 4d412dδsE(s)([δk(x), δ(k(x) + 3e)]
)
.

The first inequality is due to Lemma A.3, the second is due to the fact that there are at most dj

permutations that yield ‖a‖1 = j, and the final inequality follows from j< s ≤ 4.
For the second term we note that

1

(s − 1)!
∑

a : ‖a‖1=s−1

( d∏
i=1

(xi − δki(x))ai

)
(DaAf (ξ1) − DaAf (δk(x)))

≤ ds−1δs−1
∣∣DaAf (ξ1) − DaAf (δk(x))

∣∣
≤ ds−1δs−1‖ξ1 − δk(x)‖1 sup

δk(x)≤z
z≤δ(k(x)+e)

‖a‖1=s

|DaAf (z)|

≤ dsδsCA.4(d)δ−‖a‖1 sup
δk(x)≤z

z≤δ(k(x)+e)
‖a‖1=s

max
0≤i≤4e−a

|�af (δ(k(z) + i))|

≤ dsδsCA.4(d) sup
δk(x)≤z

z≤δ(k(x)+5e)
‖a‖1=s

|Daf (z)|

≤ dsδsCA.4(d)E(s)([δk(x), δ(k(x) + 5e)]).
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The second inequality holds because we assumed that Daf (x) ∈Dd when ‖a‖1 = s − 1. The
third holds because ‖ξ1 − δk(x)‖1 ≤ dδ (since δk(x) ≤ ξ1 ≤ x< δ(k(x) + e)), and by (A.3). The
second-last inequality is a consequence of the fundamental theorem of calculus: suppose that
�af (δ(k(z) + i)) =�js · · ·�j1 f (δ(k(z) + i)) for some 1 ≤ j1, . . . , js ≤ d. By our assumptions
that f ∈ Cs−1(Rd) and that Daf (x) ∈Dd when ‖a‖1 = s − 1, it follows that

|�js · · ·�j1 f (δ(k(z) + i))|

=
∣∣∣∣∣�js

∫ δ

0
· · ·

∫ δ

0
∂js−1 · · · ∂j1 f (δ(k(z) + i) + γ1ej1 + · · · + γs−1ejs−1 )dγ1 · · · dγs−1

∣∣∣∣∣
≤ δs sup

δ(k(z)+i)≤z′
z′≤δ(k(z)+i+a)

|Daf (z′)|. (A.13)

Finally, for the third term, since we assumed that Daf (x) ∈Dd when ‖a‖1 = s − 1,

1

(s − 1)!
∑

a : ‖a‖1=s−1

( d∏
i=1

(xi − δki(x))ai

)(
Daf (ξ2) − Daf (δk(x))

)
≤ ds−1δs−1‖ξ1 − δk(x)‖1 sup

δk(x)≤z
z≤δ(k(x)+e)

‖a‖1=s

|DaAf (z)|

≤ ds−1δs−1dδE(s)([δk(x), δ(k(x) + e)]
)
.

Adding up the bounds on the three terms and using the fact that s ≤ 4 yields

CA.11(d) ≤ d4(4 × 12d + CA.4(d) + 1) ≤ d4(412d + 1140451595d + 1).
�

To prove Lemma A.3, for f : Rd →R, 1 ≤ i ≤ d, and x ∈R
d, we define �0

i f (x) = f (x),

�̃
(0)
i f (x) = f (x),

�if (x) = f (x + δei) − f (x),

�̃
(1)
i f (x) =

(
�i − 1

2
�2

i + 1

3
�3

i

)
f (x),

�̃
(2)
i f (x) = (

�2
i −�3

i

)
f (x), �̃

(3)
i f (x) =�3

i f (x). (A.14)

Lemma A.4. Given f : Rd →R and the corresponding Af (x), for 1 ≤ ‖a‖1 ≤ 3,

DaAf (δk(x)) = δ−‖a‖1�̃
(a1)
1 · · · �̃(ad)

d f (δk(x)), x ∈R
d.

We now prove Lemmas A.3 and A.4.
Proof of Lemma A.3. Fix s ∈ {1, 2, 3, 4} and a with 1 ≤ ‖a‖1 ≤ s − 1. For any A ⊂R

d, we
write E(s)

i (A) to denote any quantity satisfying

|E(s)
i (A)| ≤ sup

z∈A
|∂s

i f (z)|,

and recall from (A.12) that E(s)(A) denotes a quantity satisfying

|E(s)(A)| ≤ max‖a‖1=s
sup
z∈A

|Daf (z)|.
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Suppose we have shown that, for 1 ≤ i ≤ d and 1 ≤ j ≤ s − 1,

�̃
(j)
i f (x) = δj∂

j
i f (x) + 5δsE(s)

i ([x, x + 3δei]). (A.15)

Combining (A.15) with Lemma A.4 yields

DaAf (δk(x))

= δ−‖a‖1�̃
(a1)
1 · · · �̃(ad)

d f (δk(x))

= δ−‖a‖1�̃
(a1)
1 · · · �̃(ad−1)

d−1 (δad∂
ad
d f (δk(x)) + 5δsE(s)

d ([δk(x), δ(k(x) + 3ed)]))

= δ−‖a‖1δad�̃
(a1)
1 · · · �̃(ad−1)

d−1 ∂
ad
d f (δk(x))

+ 5δs−‖a‖1�̃
(a1)
1 · · · �̃(ad−1)

d−1 E(s)
d ([δk(x), δ(k(x) + 3ed)])

= δ−‖a‖1δad�̃
(a1)
1 · · · �̃(ad−2)

d−2 (δad−1∂
ad−1
d−1 ∂

ad
d f (δk(x)) + 5δsE(s)

d−1([δk(x), δ(k(x) + 3ed−1)]))

+ 5δs−‖a‖1�̃
(a1)
1 · · · �̃(ad−1)

d−1 E(s)
d ([δk(x), δ(k(x) + 3ed)]).

Continuing recursively, we arrive at

DaAf (δk(x)) = δ−‖a‖1δa1 · · · δad Daf (δk(x))

+ 5δs−‖a‖1δad · · · δa2 E(s)
1 ([δk(x), δ(k(x) + 3e1)])

+ · · ·
+ 5δs−‖a‖1�̃

(a1)
1 · · · �̃(ad−1)

d−1 E(s)
d ([δk(x), δ(k(x) + 3ed)]) (A.16)

We now argue that, for any 1 ≤ j ≤ d − 1,

�̃
(a1)
1 · · · �̃(aj−1)

j−1 E(s)
j ([δk(x), δ(k(x) + 3ej)]) = 12j−1E(s)([δk(x), δ(k(x) + 3e)]), (A.17)

because applying (A.17) to (A.16) and using the fact that δ < 1 yields

DaAf (δk(x)) = Daf (δk(x)) + 5δs−‖a‖1
( d−1∑

j=1

12j−1
)

E(s)([δk(x), δ(k(x) + 3e)])

= Daf (δk(x)) + 12dδs−‖a‖1 E(s)([δk(x), δ(k(x) + 3e)])

where the second equality follows from 5
∑d−1

j=1 12j−1 ≤ 12d. To prove (A.17), we set j = d

and evaluate �̃(a1)
1 · · · �̃(ad−1)

d−1 E(s)
d ([δk(x), δ(k(x) + 3ed)]). We remind the reader that, for any

1 ≤ �≤ d − 1,

��E
(s)
d ([δk(x), δ(k(x) + 3ed)])

= E(s)
d ([δk(x + δe�), δ(k(x + δe�) + 3ed)]) − E(s)

d ([δk(x), δ(k(x) + 3ed)])

= 2E(s)
d ([δk(x), δ(k(x) + e� + 3ed)]),

where in the second equality we used the fact that k(x + δe�) = k(x) + e�, which follows from
the definition of k(x). Similarly,

�2
�E

(s)
d ([δk(x), δ(k(x) + 3ed)]) = 4E(s)

d ([δk(x), δ(k(x) + 2e� + 3ed)]),

�3
�E

(s)
d ([δk(x), δ(k(x) + 3ed)]) = 8E(s)

d ([δk(x), δ(k(x) + 3e� + 3ed)]).
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These expressions, together with the definition of �̃(ad−1)
d−1 f (x) in (A.14) and the fact that

0 ≤ ad−1 ≤ 3, imply that

�̃
(ad−1)
d−1 E(s)

d ([δk(x), δ(k(x) + 3ed)]) = 12E(s)
d ([δk(x), δ(k(x) + 3ed−1 + 3ed)])

and, similarly,

�̃
(a1)
1 · · · �̃(ad−1)

d−1 E(s)
d ([δk(x), δ(k(x) + 3ed)]) = 12d−1E(s)

d ([δk(x), δ(k(x) + 3e)])

= 12d−1E(s)([δk(x), δ(k(x) + 3e)]),

proving (A.17).
It remains to prove (A.15). Suppose that s = 4, Taylor expansion yields

�if (x) = δ∂if (x) + 1

2
δ2∂2

i f (x) + 1

6
δ3∂3

i f (x) + 1

24
δ4E(4)

i ([x, x + δei]),

�2
i f (x) = δ2∂2

i f (x) + δ3∂3
i f (x) + 2

3
δ4E(4)

i ([x, x + 2δei]),

�3
i f (x) = δ3∂3

i f (x) + 17

6
δ4E(4)

i ([x, x + 3δei]), (A.18)

The second equality is obtained by applying�i to both sides of the first equality and observing
that

�iE
(4)
i ([x, x + δei]) = E(4)

i ([x + δei, x + 2δei]) − E(4)
i ([x, x + δei]) = 2E(4)

i ([x, x + 2δei]).

Similarly, the third equality is obtained by applying �i to both sides of the second equality. To
prove (A.15), we combine (A.18) with the definition of �̃(j)

i f (x) to obtain

�̃
(1)
i f (x) = δ∂if (x) + 1

24
δ4E(4)

i ([x, x + δei]) − 1

2
× 2

3
δ4E(4)

i ([x, x + 2δei])

+ 1

3
× 17

6
δ4E(4)

i ([x, x + 3δei])

= δ∂if (x) + 2δ4E(4)
i ([x, x + 3δei]),

and

�̃
(2)
i f (x) = δ2∂2

i f (x) + 4δ4E(4)
i ([x, x + 3δei]),

�̃
(3)
i f (x) = δ3∂3

i f (x) + 3δ4E(4)
i ([x, x + 3δei]).

For completeness, we outline the main steps needed to prove (A.15) when s< 4. Suppose that
s = 3, in which case Taylor expansion yields

�if (x) = δ∂if (x) + 1

2
δ2∂2

i f (x) + 1

6
δ3E(3)

i ([x, x + δei]),

�2
i f (x) = δ2∂2

i f (x) + 4

3
δ3E(3)

i ([x, x + 2δei]),

�3
i f (x) = 11

3
δ3E(3)

i ([x, x + 3δei]),
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which implies that

�̃
(1)
i f (x) = δ∂if (x) + 3δ3E(3)

i ([x, x + 3δei]),

�̃
(2)
i f (x) = δ2∂2

i f (x) + 5δ3E(3)
i ([x, x + 3δei]).

When s = 2,

�if (x) = δ∂if (x) + 1

2
δ2E(2)

i ([x, x + δei]),

�2
i f (x) = 2δ2E(2)

i ([x, x + 2δei]), and �3
i f (x) = 4δ2E(2)

i ([x, x + 3δei]),

implying that

�̃
(1)
i f (x) = δ∂if (x) + 3δ3E(2)

i ([x, x + 3δei]).
�

Proof of Lemma A.4. Let us first consider the case when d = 1. According to the original
definition of A f (x) in Theorem 1 of [5],

Af (x) = Pk(x)(x), x ∈R,

where

Pk(x) = f (δk) +
(x − δk

δ

)
(�− 1

2
�2 + 1

3
�3)f (δk)

+ 1

2

(x − δk

δ

)2(
�2 −�3)f (δk) + 1

6

(x − δk

δ

)3
�3f (δk)

− 23

3

(x − δk

δ

)4
�4f (δk) + 41

2

(x − δk

δ

)5
�4f (δk)

− 55

3

(x − δk

δ

)6
�4f (δk) + 11

2

(x − δk

δ

)7
�4f (δk), x ∈R. (A.19)

We can also write A f (x) as the weighted sum

Af (x) =
4∑

i=0

α
k(x)
k(x)+i(x)f (δ(k(x) + i)),

where the weights αk
k+i(x) are defined by the corresponding polynomial Pk(x). Now Af ∈ C3(R)

by Theorem A.1, meaning that ∂ jAf (δk(x)) equals the corresponding right derivative of Pk(x)(x)
at x = δk(x) for 1 ≤ j ≤ 3. The result follows immediately by inspecting the derivatives of
(A.20).

When d> 1, the proof is similar. Let us write k instead of k(x) for notational convenience.
Since Af (x) ∈ C3(Rd) by Theorem A.1, we fix a with 1 ≤ ‖a‖1 ≤ 3 and consider

DaAf (x) = Da

(
4∑

id=0

α
kd
kd+id

(xd) · · ·
4∑

i1=0

α
k1
k1+i1

(x1)f (δ(k + i))

)

=
(

4∑
id=0

∂
ad
d α

kd
kd+id

(xd) · · ·
( 4∑

i2=0

∂
a2
2 α

k2
k2+i2

(x2)

( 4∑
i1=0

∂
a1
1 α

k1
k1+i1

(x1)f (δ(k + i))
)))

.
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The first equality follows from (A.1) of Theorem A.1. If we think of the innermost sum as a
one-dimensional function in x1 only, it follows that

4∑
i1=0

∂
a1
1 α

k1
k1+i1

(δk1)f (δ(k + i)) = δ−a1�̃
(a1)
1 f

(
δ(k + (0, i2, . . . , id))

)
.

Proceeding identically along each of the remaining dimensions yields the result. �
Before concluding this section, we prove Lemmas 2.4 and 2.5.

Proof of Lemma 2.4. Fix h ∈M4 and note that

|Eh(V) −Eh(V′)| ≤ |Eh(V) −EAh(V′)| + |EAh(V′) −Eh(V′)|,
where Ah(·) is understood to be the operator A applied to the restriction of h(x) to δZd.
Proposition A.1 and the fact that h ∈M4 imply that

|EAh(V′) −Eh(V′)| ≤ CA.11(d)δ4 max‖a‖1=4
‖Dah‖ ≤ CA.11(d)δ4.

Furthermore, (A.13) implies that the restriction of h(x) to δZd belongs to Mdisc,4 and,
therefore,

|Eh(V) −EAh(V′)| ≤ sup
h∈Mdisc,4

|Eh(V) −EAh(V′)|.
�

Proof of Lemma 2.5. Since h ∈Mdisc,4 implies that |h(u + δei) − h(u)| ≤ δ for all 1 ≤ i ≤
K − 1, it follows that

|h(u)| ≤ |h(0)| + ‖u‖1, u ∈ δZK−1.

Furthermore, (A.3) of Theorem A.1 and the fact that h ∈Mdisc,4 imply that the first-order
partial derivatives of Ah(x) are bounded by CA.4(d), and therefore,

|Ah(Z)| ≤ |Ah(0)| + CA.4(d)‖Z‖1 ≤ |h(0)| + CA.4(d),

where the last inequality follows from Ah(0) = h(0) and Z ∈ ∇̄K . To bound |GZAfh(Z)|, we
recall that

GZAfh(x) = 1

2

K−1∑
i=1

(βi − sxi)∂iAfh(x) + 1

2

K−1∑
i,j=1

xi(δij − xj)∂i∂jAfh(x), x ∈ ∇̄K .

Note that |βi − sxi| ≤ s, |xi(δij − xj)| ≤ 1, and that (A.3) of Theorem A.1 implies that

|∂iAfh(x)| ≤ CA.4(d)δ−1 max‖a‖1=1
‖�afh‖ ≤ 2CA.4(K)δ−1‖fh‖,

|∂i∂jAfh(x)| ≤ CA.4(d)δ−2 max‖a‖1=2
‖�afh‖ ≤ 4CA.4(K)δ−2‖fh‖.

Recalling from (B.7) that ‖fh‖ ≤ δ−1KB1(fh), we combine the bounds to arrive at

|GZAfh(x)| ≤ 1

2
Ks2CA.4(K)δ−1‖fh‖ + 1

2
K24CA.4(K)δ−2‖fh‖

≤ CA.4(K)
(
Ksδ−1 + 2K2δ−2)δ−1KB1(fh)

≤ CA.4(K)(2 + s)δ−3K3B1(fh),

where in the last inequality we used δ ≤ 1. �
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Appendix A. Explicit constants in Theorem A.1

Proof of (A.4) and (A.8). We show that

CA.4(d) ≤
d∏

j=1

(1595 × 1(aj = 0) + 3408 × 1(aj = 1) + 7677 × 1(aj = 2)

+ 9510 × 1(aj = 3) + 11404 × 1(aj = 4)),

which implies the result. Consider first the case when d = 1; we want a bound on A f (x) and
its first four derivatives. For any f : Z→R, (A.1) of [5] states that

Af (x) =
4∑

i=0

α
k(x)
k(x)+i(x)f (δ(k(x) + i)) = Pk(x)(x),

where

Pk(x) = f (δk) +
(x − δk

δ

)
(�− 1

2
�2 + 1

3
�3)f (δk)

+ 1

2

(x − δk

δ

)2(
�2 −�3)f (δk) + 1

6

(x − δk

δ

)3
�3f (δk)

− 23

3

(x − δk

δ

)4
�4f (δk) + 41

2

(x − δk

δ

)5
�4f (δk)

− 55

3

(x − δk

δ

)6
�4f (δk) + 11

2

(x − δk

δ

)7
�4f (δk), x ∈R. (A.20)

To bound |Af (x)|, we need to bound each of the terms on the right-hand side of (A.20). For
instance,

(�− 1

2
�2 + 1

3
�3)f (δk) = − f (δk) + f (δ(k + 1))

− 1

2

(
f (δk) − 2f (δ(k + 1)) + f (δ(k + 2))

)
+ 1

3

(− f (δk) + 3f (δ(k + 1)) − 3f (δ(k + 2)) + f (δ(k + 3))
)
,

implying that

|(�− 1

2
�2 + 1

3
�3)f (δk)| ≤ 3 × 5 max

0≤i≤4
|f (k(x) + i)|.

Proceeding similarly with each of the terms on the right-hand side of (A.20), we see that |Af (x)|
is bounded by(

1 + 3
(x − δk(x)

δ

)
+ 5

2

(x − δk(x)

δ

)2 + 1

2

(x − δk(x)

δ

)3 + 23

3
× 6

(x − δk(x)

δ

)4

+ 41

2
× 6

(x − δk(x)

δ

)5 + 55

3
× 6

(x − δ(x)

δ

)6 + 11

2
× 6

(x − δk(x)

δ

)7)
max

0≤i≤4
|f (k(x) + i)|

≤ 319 × 5 max
0≤i≤4

|f (k(x) + i)|.
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Note that (A.8) follows from a similar argument because αk
k+i(x) is the coefficient correspond-

ing to f (δ(k + i)). To bound |∂Af (x)|, we differentiate (A.20) once to get

∂Pk(x) = 1

δ

(
(1 − 1

2
�+ 1

3
�2)�f (δk)

+ 1

2
× 2

(x − δk

δ

)(
�−�2)(�f (δk)) + 1

6
× 3

(x − δk

δ

)2
�2(�f (δk))

− 23

3
× 4

(x − δk

δ

)3
�3(�f (δk)) + 41

2
× 5

(x − δk

δ

)4
�3(�f (δk))

− 55

3
× 6

(x − δk

δ

)5
�3(�f (δk)) + 11

2
× 7

(x − δk

δ

)6
�3(�f (δk))

)
, x ∈R.

Bounding the right-hand side the same way as before yields

|∂Af (x)| ≤ 1

δ

(
(1 + 1/2 + 2/3) + (1 + 2)

(x − δk(x)

δ

)
+ 3

6
× 2

(x − δk(x)

δ

)2

+ 23

3
× 4 × 3

(x − δk(x)

δ

)3 + 41

2
× 5 × 3

(x − δk(x)

δ

)4

+ 55

3
× 6 × 3

(x − δ(x)

δ

)5 + 11

2
× 7 × 3

(x − δk(x)

δ

)6)× max
0≤i≤3

|�f (k(x) + i)|

≤ 1

δ
852 × 4 max

0≤i≤3
|�f (k(x) + i)|.

Similarly,

∂2Pk(x) = 1

δ2

((
1 −�

)
(�2f (δk)) +

(x − δk

δ

)
�(�2f (δk))

− 23 × 4
(x − δk

δ

)2
�2(�2f (δk)) + 81 × 5

(x − δk

δ

)3
�2(�2f (δk))

− 55

3
× 6 × 5

(x − δk

δ

)4
�2(�2f (δk))

+ 11

2
× 7 × 6

(x − δk

δ

)5
�2(�2f (δk))

)
, x ∈R,

∂3Pk(x) = 1

δ3

(
�3f (δk) − 23× 4 × 2

(x − δk

δ

)
�(�3f (δk)) + 81× 5 × 3

(x − δk

δ

)2
�(�3f (δk))

− 55

3
× 6 × 5 × 4

(x − δk

δ

)3
�(�3f (δk))

+ 11

2
× 7 × 6 × 5

(x − δk

δ

)4
�(�3f (δk))

)
, x ∈R,

and

∂4Pk(x) = 1

δ4

(
− 23 × 4 × 2�4f (δk) + 81 × 5 × 3 × 2

(x − δk

δ

)
�4f (δk)

− 55

3
× 6 × 5 × 4 × 3

(x − δk

δ

)2
�4f (δk)

+ 11

2
× 7 × 6 × 5 × 4

(x − δk

δ

)4
�4f (δk)

)
, x ∈R,
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yield the bounds

|∂2Af (x)| ≤ 1

δ2
2559 × 3 max

0≤i≤2
|�2f (k(x) + i)|,

|∂3Af (x)| ≤ 1

δ3
4775 × 2 max

0≤i≤1
|�3f (k(x) + i)|,

|∂4Af (x)| ≤ 1

δ4
11404|�4f (δk(x))|.

When d> 1, we recall from (A.1) that

Af (x) =
4∑

id=0

α
kd(x)
kd(x)+id

(xd) · · ·
4∑

i1=0

α
k1(x)
k1(x)+i1

(x1)f (δ(k(x) + i)).

The result follows by applying the bounds from the d = 1 case along each dimension. �

Appendix B. Generator expansion and Stein factors

This appendix is dedicated to proving Lemmas 2.2 and 2.3. Recall that, for x ∈R
K−1, we

define k(x) by kj(x) = �xj/δ�, that δ= 1/N, ∇K
N is defined in (2.7), and that ∇̄K

N = Conv(∇K
N ).

We may assume without loss of generality that 100K2 <N, which implies that ∇K
N �= ∅,

because the claim in Lemma 2.2 holds trivially for all 0<N ≤ 100K2 (since this covers a
finite number of N). We claim that

if x ∈ ∇̄K
N then δ(k(x) + i) ∈ ∇K for all 0 ≤ i ≤ 10e. (B.1)

We argue this as follows. Since 0 ≤ δk(x) ≤ x, then δk(x) ∈ ∇K
N for any x ∈ ∇̄K

N , because
δ
∑K−1

j=1 kj(x) ≤∑K−1
j=1 xj. Thus, for all 0 ≤ i ≤ 10e,

δ

K−1∑
j=1

(kj(x) + ij) ≤ 1 − 10K/
√

N + 10K/N < 1,

implying (B.1). Combining (B.1) with (A.1) of Theorem A.1 implies that A(GUAfh)(x) is well
defined if x ∈ ∇̄K

N . To derive an expression for A(GUAfh)(x), we define

bi(u) =Eu(Ui(1) − ui),

aij(u) =Eu(Ui(1) − ui)(Uj(1) − uj),

cijk(u) =Eu(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk),

d̄ijk�(u) =Eu|(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk)(U�(1) − u�)|, u ∈ ∇K .

Since Afh ∈ C3(RK−1), by Theorem A.1, we know that, for any u ∈ ∇K ,

GU(Afh)(u) =EuAfh(U(1)) − Afh(u)

=
K−1∑
i=1

bi(u)∂iAfh(u) + 1

2

K−1∑
i,j=1

aij(u)∂i∂jAfh(u)

+ 1

6

K−1∑
i,j,k=1

cijk(u)∂i∂j∂kAfh(u) + ε(u),
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where

ε(u) = 1

6

K−1∑
i,j,k=1

Eu

(
(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk)

(
∂i∂j∂kAfh(ξ ) − ∂i∂j∂kAfh(u)

))
,

and ξ is between u and U(1). Since A is a linear operator, it follows that, for any x ∈ ∇̄K
N ,

A(GUAfh)(x) =
K−1∑
i=1

A(bi∂iAfh)(x) + 1

2

K−1∑
i,j=1

A(aij∂i∂jAfh)(x)

+ 1

6

K−1∑
i,j,k=1

A(cijk∂i∂j∂kAfh)(x) + Aε(x). (B.2)

We present several lemmas needed to analyze the right-hand side. Recall assumption (1.3) or
that pi = βi/(2N) = δβi/2 and, subsequently, � = δs/2. Also recall the definition of Bi(·) from
(2.1).

Lemma B.1. Fix u ∈ ∇K and let ūi = ui� − pi. Then for 1 ≤ i, j ≤ K − 1,

bi(u) = −ūi and aij(u) = ūiūj + 1

N

(
ui − ūi

)(
δij − (uj − ūj)

)
,

B1(bi) ≤ δ2s and B1(aij) ≤ δ25(1 + s)2.

Furthermore, for any 1 ≤ i, j, k, �≤ K − 1,

|cijk(u)| ≤ 20δ2(1 + s)3 and d̄ijk�(u) ≤ δ2(2 + s)4, u ∈ ∇K .

The proof of Lemma B.1 is left to later in this appendix as it essentially has many elementary
but tedious moment calculations. Since bi(u) and aij(u) are polynomials in u, we let bi(x) and
aij(x) be their natural extensions to ∇̄K . Furthermore, Corollary A.1 implies that Abi(x) = bi(x)
and Aaij(x) = aij(x).

Lemma B.2. For any x ∈ ∇̄K
N ,

A(bi∂iAfh)(x) = bi(x)∂iAfh(x) + ε̃i(x),

A(aij∂iAfh)(x) = aij(x)∂i∂jAfh(x) + ε̃ij(x),

A(cijk∂i∂j∂kAfh)(x) = ε̃ijk(x),

where

|ε̃i(x)| ≤ δsCA.4(K)
(
CA.10(K)B2(fh) + CA.11(K)δ−1B4(fh)

)
, (B.3)

|ε̃ij(x)| ≤ (1 + s)2CA.4(K)
(
5CA.10(K)B3(fh) + CA.11(K)δ−1B4(fh)

)
, (B.4)

|ε̃ijk(x)| ≤ 1595K20(1 + s)3CA.4(K)δ−1B3(fh). (B.5)

Furthermore,

|Aε(x)| ≤ 1595KK4CA.4(K)

(
(2 + s)4δ−2B4(fh)

+ (4K + 1)N4K

(� − pK)4K

(
1 − 10K(

√
N − 1)

N
(1 −�)

)N
δ−516KB1(fh)

)
.

(B.6)
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Proof of Lemma 2.2. Assumption (1.3) states that pi = βi/(2N), which implies that � =
s/(2N). Thus, GZf (x), which is defined in (1.8), satisfies

δGZf (x) =
K−1∑
i=1

(pi −�xi)∂if (x) + 1

2N

K−1∑
i,j=1

xi(δij − xj)∂i∂jf (x)

=
K−1∑
i=1

bi(x)∂if (x) + 1

2N

K−1∑
i,j=1

xi(δij − xj)∂i∂jf (x), x ∈ ∇̄K,

where the second equality is due to Lemma B.1. Combining Lemma B.2 with (B.2) yields

A(GUAfh)(x) =
K−1∑
i=1

bi(x)∂iAfh(x) + 1

2

K−1∑
i,j=1

aij(x)∂i∂jAfh(x)

+
K−1∑
i=1

ε̃i(x) + 1

2

K−1∑
i,j=1

ε̃ij(x) + 1

6

K−1∑
i,j,k=1

ε̃ijk(x) + Aε(x).

Let us compare the first two terms on the right-hand side to δGZAfh(x). Set x̄i = xi� − pi and
observe by Lemma B.1 that

aij(x) = x̄ix̄j + 1

N

(
xi − x̄i

)(
δij − (xj − x̄j)

)
= 1

N
xi(δij − xj) − 1

N

(
x̄i(δij − xj) − xix̄j − x̄ix̄j

)
+ x̄ix̄j.

Since δ= 1/N, |x̄i| ≤� ≤ δs, and |xi| ≤ 1, it follows that∣∣∣∣ K−1∑
i=1

bi(x)∂iAfh(x) + 1

2

K−1∑
i,j=1

aij(x)∂i∂jAfh(x) − δGZAfh(x)

∣∣∣∣
=

∣∣∣∣1

2

K−1∑
i,j=1

(
− 1

N

(
x̄i(δij − xj) − xix̄j − x̄ix̄j

)
+ x̄ix̄j

)
∂i∂jAfh(x)

∣∣∣∣
≤ 1

2

K−1∑
i,j=1

(
δ(2� +�2) +�2)CA.4(K)δ−2B2(fh)

≤ K22(1 + s)2CA.4(K)B2(fh).

Combining this bound with the bounds on |ε̃i(x)|, . . . , |Aε(x)| from Lemma B.2 yields

|εG(x)| ≤ K22(1 + s)2CA.4(K)B2(fh)

+ KδsCA.4(K)
(
CA.10(K)B2(fh) + CA.11(K)δ−1B4(fh)

)
+ K2(1 + s)2CA.4(K)

(
5CA.10(K)B3(fh) + CA.11(K)δ−1B4(fh)

)
+ K31595K20(1 + s)3CA.4(K)δ−1B3(fh)

+ 1595KK4CA.4(K)

(
(2 + s)4δ−2B4(fh)

+ (4K + 1)N4K

(� − pK)4K

(
1 − 10K(

√
N − 1)

N
(1 −�)

)N
δ−516KB1(fh)

)
.

�
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We first state and prove an auxiliary lemma, followed by the proof of Lemma B.2.

Lemma B.3. For any u ∈ ∇K and any integer M ≥ 0,

Pu(UK(1) ≤ M/N) ≤ (M + 1)NM

(� − pK)M
(1 − uK(1 −�))N .

Proof of Lemma B.3. Recall that from (1.1), NUK(1)|uK ∼ Binomial(N, uK − ūK), where
ūK = −�uK + pK . For any 0 ≤ j ≤ M,

Pu(UK(1) = j/N) = N!
j!(N − j)! (uK(1 −�) + pK)j(1 − uK(1 −�) − pK)N−j

≤ Nj(1 − uK(1 −�) − pK)N 1

(1 − uK(1 −�) − pK)j

≤ NM(1 − uK(1 −�))N 1

(� − pK)j

≤ NM

(� − pK)M
(1 − uK(1 −�))N,

where the second inequality follows from 1 − uK(1 −�) − pK ≥� − pK since uK ≤ 1. Thus,

Pu(UK(1) ≤ M/N) =
M∑

j=0

Pu(UK(1) = j/N) ≤ (M + 1)NM

(� − pK)M
(1 − uK(1 −�))N .

�
Proof of Lemma B.2. Let us prove (B.3). Note that Abi(x) = bi(x) by Corollary A.1.

Lemma A.2 then gives us

A(bi∂iAfh)(x) = Abi(x)A(∂iAfh)(x) + εi(x)

= bi(x)∂iAfh(x) + εi(x) + bi(x)
(
A(∂iAfh)(x) − ∂iAfh(x)

)
,

where

|εi(x)| ≤ CA.10(K) max‖a‖1=1
0≤j≤4e−a

|�abi(δ(k(x) + j))| max‖a‖1=1
0≤j≤4e−a

|�a∂iAfh(δ(k(x) + j))|

≤ CA.10(K)δ2s max‖a‖1=1
0≤j≤4e−a

|�a∂iAfh(δ(k(x) + j))|.

The constant CA.10(K) is as in Lemma A.2 and the second inequality is due to the bound on
B1(bi) from Lemma B.1. Now

max‖a‖1=1
0≤j≤4e−a

|�a∂iAfh(δ(k(x) + j))| ≤ sup
‖a‖1=2

0≤z≤5δe

|δDaAfh(δk(x) + z)|

≤ CA.4(K) max‖a‖1=2
0≤j≤9e−a

|δδ−2�afh(δ(k(x) + j))|

≤ CA.4(K)δ−1B2(fh),

where the second-last inequality is due to (A.3) of Theorem A.1. Thus,

|εi(x)| ≤ CA.10(K)δsCA.4(K)B2(fh).
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To complete the proof of (B.3), note that

|bi(x)
(
A(∂iAfh)(x) − ∂iAfh(x)

)| ≤ δs|A(∂iAfh)(x) − ∂iAfh(x)|
≤ δsCA.11(K)δ3 max‖a‖1=4

sup
0≤z≤5δe

|DaAfh(δk(x) + z)|

≤ δsCA.11(K)CA.4(K)δ−1 max‖a‖1=4
0≤j≤9e−a

|�afh(δ(k(x) + j))|

≤ sCA.11(K)CA.4(K)B4(fh).

The first inequality follows from |bi|(u) ≤� ≤ δs; see Lemma B.1. The second inequality
follows from Proposition A.1 with f (x) = ∂iAfh(x) and s = 3 there, and the third inequality
follows from (A.3) of Theorem A.1. The proof of (B.4) is similar to that of (B.3). Lemma A.2
and the fact that Aaij(x) = aij(x) imply that

A(aij∂i∂jAfh)(x) = Aaij(x)A(∂i∂jAfh)(x) + εij(x)

= aij(x)∂i∂jAfh(x) + εij(x) + aij(x)
(
A(∂i∂jAfh)(x) − ∂i∂jAfh(x)

)
,

where

|εij(x)| ≤ CA.10(K) max‖a‖1=1
0≤j≤4e−a

|�aaij(δ(k(x) + j))| max‖a‖1=1
0≤j≤4e−a

|�a∂i∂jAfh(δ(k(x) + j))|.

We know that B1(aij) ≤ δ25(1 + s)2 by Lemma B.1, so that repeating the arguments used to
bound εi(x) yields

|εij(x)| ≤ CA.10(K)δ25(1 + s)2 max‖a‖1=1
0≤j≤4e−a

|�a∂i∂jAfh(δ(k(x) + j))|

≤ CA.10(K)δ25(1 + s)2CA.4(K)δδ−3B3(fh)

= CA.10(K)5(1 + s)2CA.4(K)B3(fh).

Furthermore, since |aij(x)| ≤�2 + δ ≤ δ(δs2 + 1),

|aij(x)
(
A(∂i∂jAfh)(x) − ∂i∂jAfh(x)

)|
≤ δ(δs2 + 1)|A(∂i∂jAfh)(x) − ∂i∂jAfh(x)|
≤ δ(δs2 + 1)CA.11(K)δ2 max‖a‖1=4

sup
0≤z≤5δe

|DaAfh(δk(x) + z)|

≤ δ(δs2 + 1)CA.11(K)CA.4(K)δ2δ−4 max‖a‖1=4
0≤j≤9e

|�afh(δ(k(x) + j))|

≤ (1 + s)2CA.11(K)CA.4(K)δ−1B4(fh),
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which proves (B.4). Let us prove (B.5). Note that

|A(cijk∂i∂j∂kAfh)(x)|

=
∣∣∣∣ 4∑

i1,...,iK−1=0

( K−1∏
j=1

α
kj(x)
kj(x)+ij

(xj)

)
cijk(δ(k(x) + i))∂i∂j∂kAfh(δ(k(x) + i))

∣∣∣∣
≤ 319K20δ2(1 + s)3

4∑
i1,...,iK−1=0

|∂i∂j∂kAfh(δ(k(x) + i))|

≤ 319K20δ2(1 + s)3CA.4(K)δ−3
4∑

i1,...,iK−1=0

max‖a‖1=3
0≤j≤4e−a

|�afh(δ(k(x) + i + j))|

≤ 319K20δ2(1 + s)35KCA.4(K)δ−3B3(fh)

= 1595K20δ2(1 + s)3CA.4(K)δ−3B3(fh),

where the first inequality is due to (A.8) and Lemma B.1, and the second inequality is due to
(A.3) of Theorem A.1, and the final inequality is due to (B.1). Lastly, to prove (B.6), we bound
|Aε(x)| by bounding ε(u), u ∈ ∇K and using (A.8).

From (A.1) of Theorem A.1, we see that Aε(x) depends only on ε(δ(k(x) + i)) for 0 ≤ i ≤ 4e,
so going forward we fix u = δ(k(x) + i). Recall that

ε(u) = 1

6

K−1∑
i,j,k=1

Eu

(
(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk)

(
∂i∂j∂kAfh(ξ ) − ∂i∂j∂kAfh(u)

))
,

where ξ is between u and U(1). We know that ∂i∂j∂kAfh ∈DK−1 by Lemma A.1, implying that

|∂i∂j∂kAfh(ξ ) − ∂i∂j∂kAfh(u)| ≤ ‖U(1) − u‖1 sup
min (u,U(1))≤z
z≤max (u,U(1))

‖a‖1=4

|DaAfh(z)|.

Consider separately the cases when UK(1)> 4K/N and UK(1) ≤ 4K/N. If UK(1)> 4K/N then

sup
min (u,U(1))≤z
z≤max (u,U(1))

‖a‖1=4

|DaAfh(z)| ≤ CA.4(K)δ−4 sup
min (u,U(1))≤z
z≤max (u,U(1))

‖a‖1=4

max
0≤i≤4e−a

|�afh(δ(k(z) + i))|

≤ CA.4(K)δ−4B4(fh).

For the last inequality, we used the facts that U(1) + δa ∈ ∇K and u + δa ∈ ∇K for ‖a‖1 ≤ 4,
because UK(1)> 4K/N and x ∈ ∇̄K

N , respectively. If UK(1) ≤ 4K/N, we use the coarse bound
of

sup
min (u,U(1))≤z
z≤max (u,U(1))

‖a‖1=4

|DaAfh(z)| ≤ CA.4(K)δ−4 sup
min (u,U(1))≤z
z≤max (u,U(1))

‖a‖1=4

max
0≤i≤4e−a

|�afh(δ(k(z) + i))|

≤ CA.4(K)δ−416‖fh‖
≤ CA.4(K)δ−516KB1(fh).
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The last inequality is due to the fact that

‖fh‖ ≤ KNB1(fh) = Kδ−1B1(fh), (B.7)

which we verify at the end of the proof. Combining the bounds on |DaAfh(z)| with the definition
of ε(u) yields

|ε(u)| ≤ 1

6

K−1∑
i,j,k=1

Eu

(∣∣(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk)‖U(1) − u‖1
∣∣)CA.4(K)δ−4B4(fh)

+ 1

6

K−1∑
i,j,k=1

Eu

(∣∣(Ui(1) − ui)(Uj(1) − uj)(Uk(1) − uk)‖U(1) − u‖1
∣∣

× CA.4(K)1(UK(1) ≤ 4K/N)δ−516KB1(fh)
)

≤ K4 max
1≤i,j,k,�≤K−1

d̄ijk�(u)CA.4(K)δ−4B4(fh) + K4
Pu(UK(1) ≤ 4K/N)CA.4(K)δ−516KB1(fh)

≤ K4CA.4(K)

(
δ2(2 + s)4δ−4B4(fh) + (4K + 1)N4K

(� − pK)4K
(1 − uK(1 −�))Nδ−516KB1(fh)

)
.

In the second-last inequality we used the coarse bound of |Ui(1) − ui| ≤ 1 to bound the second
term, and in the last inequality we used the bound on d̄ijk�(u) from Lemma B.1. Furthermore,
x ∈ ∇̄K

N implies that, for any 0 ≤ i ≤ 4e,

1 −
K−1∑
j=1

δ(kj(x) + ij) ≥ 1 −
K−1∑
j=1

δkj(x) − 4K/N ≥ 10K
√

N/N − 4K/N ≥ 10K(
√

N − 1)/N,

and, therefore, (1 − uK(1 −�))N on the right-hand side is bounded by (1 − (10K(
√

N −
1)/N)(1 −�))N .

Finally, (A.8) yields the upper bound of

|Aε(x)| =
∣∣∣∣ 4∑

i1,...,iK−1=0

( d∏
j=1

α
kj(x)
kj(x)+ij

(xj)

)
ε(δ(k(x) + i))

∣∣∣∣≤ 5K319K max
0≤i≤4e

|ε(δ(k(x) + i))|,

which proves (B.6). It remains to prove (B.7). Since we chose fh(u) = 0 for u outside of ∇K ,
we need to show that

|fh(u)| ≤ NKB1(fh), u ∈ ∇K .

Letting π (u) = P(U = u), we have

fh(u) =
∞∑

n=0

(
Euh(U(n)) −Eh(U)

)=
∞∑

n=0

∑
u′∈∇K

π (u′)
(
Euh(U(n)) −Eu′h(U(n))

)
=

∑
u′∈∇K

∞∑
n=0

π (u′)
(
Euh(U(n)) −Eu′h(U(n))

)
,
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where the interchange is justified by the Fubini–Tonelli theorem because {U(n)} is geometri-
cally ergodic. Since

�ifh(u) =
∞∑

n=0

(
Eu+δei h(U(n)) −Euh(U(n))

)
,

it follows that

∞∑
n=0

|Euh(U(n)) −Eu′h(U(n))| ≤ ‖(u − u′)/δ‖1B1(fh) ≤ NKB1(fh),

proving (B.7). �
We now prove Lemma B.1. Recall that

((NU1(1), . . . ,NUK(1))|U(0) = u) ∼ Multinomial(N,
(
u1 − ū1, . . . , uK − ūK)),

where ūi = ui� − pi. We also require the following result about the moments of the multino-
mial distribution.

Lemma B.4. Let X ∼ Multinomial(N, (p1, . . . , pk)). Then for all i �= j �= k,

E(Xi) = Npi, E(X2
i ) = N(N − 1)p2

i + Npi, E(XiXj) = N(N − 1)pipj,

E(XiXjXk) = N(N − 1)(N − 2)pipjpk,

E(X2
i Xj) = N(N − 1)(N − 2)p2

i pj + N(N − 1)pipj,

E(X3
i ) = N(N − 1)(N − 2)p3

i + 3N(N − 1)p2
i − 2Npi.

Proof of Lemma B.1. For convenience, we write E(·) instead of Eu(·) and Ui instead of Ui(1);
e.g. we write EUi instead of EuUi(1). Since ENUi = N(ui − ūi), it follows from Lemma B.4
that

bi(u) =E(Ui − ui) = −ūi.

Next, we observe that

aij(u) =E(Ui − ui)(Uj − uj) = E(UiUj) − uiEUj − ujEUi + uiuj.

Lemma B.4 implies that EUj = (uj − ūj) and

E(UiUj) = (1 − 1/N)(ui − ūi)(uj − ūj)

= uiuj − uiūj − ujūi + ūiūj − 1

N
(ui − ūi)(uj − ūj),

from which it follows that

aij(u) = ūiūj − 1

N
(ui − ūi)(uj − ūj). (B.8)

Similarly,

aii(u) =E(Ui − ui)
2 = E(U2

i ) − 2uiEUi + u2
i =E(U2

i ) − 2ui(ui − ūi) + u2
i .
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By Lemma B.4, we know that

E(U2
i ) = (1 − 1/N)(ui − ūi)

2 + 1

N
(ui − ūi)

= (u2
i − 2uiūi + ū2

i ) + 1

N

(
(ui − ūi) − (ui − ūi)

2),
and we conclude that

aii(u) = ū2
i + 1

N

(
(ui − ūi) − (ui − ūi)

2). (B.9)

The form of bi(u) immediately implies that B1(bi) = δ� ≤ δ2s. Furthermore, one can check
that

aii(u) = u2
i

(
�2 − (1/N)(1 −�)2)+ ui

(− 2�pi + (1/N)(1 −�)(1 − 2pi)
)

+ p2
i + (1/N)pi(1 − pi),

from which it follows that

|�iaii(u)| = ∣∣(2uiδ+ δ2)
(
�2 − (1/N)(1 −�)2)+ δ

(− 2�pi + (1/N)(1 −�)(1 − 2pi)
)∣∣

≤ δ25(1 + s)2.

The bound is crude but simple, and follows from the facts that ui ≤ 1, δ = 1/N ≤ 1, and pi ≤
� ≤ δs. Similarly, one can show that

|�iaij(u)|, |�jaij(u)| ≤ δ25(1 + s)2, i �= j,

implying the bound on B1(aij).
To prove |cijk(u)| ≤ 20δ2(1 + s)3, we compute and then bound ciii(u), ciij(u), and cijk(u), for

i �= j �= k. We begin with

ciii(u) = E(Ui − ui)
3 =EUi(Ui − ui)

2 − uiE(Ui − ui)
2

= E(U3
i − 2uiU

2
i + u2

i Ui) − uiE(Ui − ui)
2.

From (B.9), we know that

−uiE(Ui − ui)
2 = − uiū

2
i − 1

N
ui
(
(ui − ūi) − (ui − ūi)

2).
For the remaining terms, we use Lemma B.4 to see that

EU3
i = (1 − 1/N)(1 − 2/N)(ui − ūi)

3 + 3

N
(1 − 1/N)(ui − ūi)

2 − 2

N2
(ui − ūi)

= (ui − ūi)
3 − 3

N
(ui − ūi)

3 + 2

N2
(ui − ūi)

3 + 3

N
(ui − ūi)

2 − 3

N2
(ui − ūi)

2 − 2

N2
(ui − ūi),

−2uiEU2
i = −2ui

(
(1 − 1/N)(ui − ūi)

2 + 1

N
(ui − ūi)

)
= −2ui(ui − ūi)

2 + 2ui
1

N
(ui − ūi)

2 − 2ui
1

N
(ui − ūi),

u2
i EUi = u2

i (ui − ūi).
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We begin with the terms with a 1/N2 factor. Since 0 ≤ ui − ūi ≤ 1, it follows that

∣∣∣∣ 2

N2
(ui − ūi)

3 − 3

N2
(ui − ūi)

2 − 2

N2
(ui − ūi)

∣∣∣∣≤ 5

N2
.

Let us now consider only those containing 1/N in front of them. Namely,

− 3

N
(ui − ūi)

3 + 3

N
(ui − ūi)

2 + 2ui
1

N
(ui − ūi)

2 − 2ui
1

N
(ui − ūi) − 1

N
ui
(
(ui − ūi) − (ui − ūi)

2)
= 3

N

(
− (ui − ūi)

3 + (ui − ūi)
2 + ui(ui − ūi)

2 − ui(ui − ūi)
)

= 3

N

(
ūi(ui − ūi)

2 + (ui − ūi)
2 − ui(ui − ūi)

)
= 3

N

(
ūi(ui − ūi)

2 − ūi(ui − ūi)
)

= 3

N
ūi(ui − ūi)

(
(ui − ūi) − 1

)
,

and note that

∣∣∣ 3

N
ūi(ui − ūi)

(
(ui − ūi) − 1

)∣∣∣≤ 3�

4N
= 3s

8N2
.

Lastly, we collect all the terms without 1/N or 1/N2 in front of them. Their sum equals

(ui − ūi)
3 − 2ui(ui − ūi)

2 + u2
i (ui − ūi) − uiū

2
i

= u3
i − 3ūiu

2
i + 3ū2

i ui − ū3
i − 2u3

i + 4u2
i ūi − 2uiū

2
i + u3

i − u2
i ūi − uiū

2
i

= −3ūiu
2
i + 3ū2

i ui − ū3
i + 4u2

i ūi − 2uiū
2
i − u2

i ūi − uiū
2
i

= 3ū2
i ui − ū3

i − 2uiū
2
i − uiū

2
i

= −ū3
i .

Since |ū3
i | ≤�3 = s3/(8N3), we have shown that |ciii(u)| ≤ 5/N2 + 3s/(8N2) + s3/(8N3) ≤

20δ2(1 + s)3. Next, we bound

ciij(u) =E(Ui − ui)
2(Uj − uj)

=EUi(Ui − ui)(Uj − uj) − uiE(Ui − ui)(Uj − uj)

=EU2
i Uj − ujEU2

i − uiEUiUj + uiujEUi − uiE(Ui − ui)(Uj − uj).

From (B.8), we know that

−uiE(Ui − ui)(Uj − uj) = − ui

(
ūiūj − 1

N
(ui − ūi)(uj − ūj)

)
,
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and, for the rest of the terms, we use Lemma B.4 to obtain

EU2
i Uj = (1 − 1/N)(1 − 2/N)(ui − ūi)

2(uj − ūj) + 1

N
(1 − 1/N)(ui − ūi)(uj − ūj)

= (ui − ūi)
2(uj − ūj) − 3

N
(ui − ūi)

2(uj − ūj) + 2

N2
(ui − ūi)

2(uj − ūj)

+ 1

N
(ui − ūi)(uj − ūj) − 1

N2
(ui − ūi)(uj − ūj),

−ujEU2
i = − uj

(
(1 − 1/N)(ui − ūi)

2 + 1

N
(ui − ūi)

)
= − uj

(
(ui − ūi)

2 − 1

N
(ui − ūi)

2 + 1

N
(ui − ūi)

)
,

−uiEUiUj = −ui

(
(ui − ūi)(uj − ūj) − 1

N
(ui − ūi)(uj − ūj)

)
,

uiujEUi = uiuj(ui − ūi).

Considering the 1/N2 terms,∣∣∣∣ 2

N2
(ui − ūi)

2(uj − ūj) − 1

N2
(ui − ūi)(uj − ūj)

∣∣∣∣≤ 1

N2
.

Collecting all terms with 1/N in front, the result equals

1

N
( − 3(ui − ūi)

2(uj − ūj) + (ui − ūi)(uj − ūj) + uj(ui − ūi)
2 − uj(ui − ūi)

+ ui(ui − ūi)(uj − ūj) + ui(ui − ūi)(uj − ūj))

= 1

N
(ui − ūi)( − 3(ui − ūi)(uj − ūj) + (uj − ūj) + uj(ui − ūi) − uj + 2ui(uj − ūj))

= 1

N
(ui − ūi)( − 3uiuj + 3uiūj + 3ujūi − 3ūiūj

+ (uj − ūj) + ujui − ujūi − uj + 2uiuj − 2uiūj)

= 1

N
(ui − ūi)(3uiūj + 3ujūi − 3ūiūj − ūj − ujūi − 2uiūj),

the absolute value of which can be bounded by 15�/N, because ūi, ūj ≤�. Next, collecting
all terms without 1/N2 or 1/N yields

(ui − ūi)
2(uj − ūj) − uj(ui − ūi)

2 − ui(ui − ūi)(uj − ūj) + uiuj(ui − ūi) − uiūiūj

= −ūj(ui − ūi)
2 − ui(ui − ūi)(uj − ūj) + uiuj(ui − ūi) − uiūiūj

= −ūj(ui − ūi)
2 + uiūj(ui − ūi) − uiūiūj

= −ūj((ui − ūi)
2 − ui(ui − ūi) + uiūi)

= −ūj( − ūi(ui − ūi) + uiūi)

= −ūjū
2
i ,

which is bounded by �3. Thus, we have shown that

|ciij(u)| ≤ 1

N2
+ 15�

N
+�3 ≤ 20δ2(1 + s)3.
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Lastly, we consider

cijk(u) = E(Ui − ui)(Uj − uj)(Uk − uk)

= EUk(Ui − ui)(Uj − uj) − ukE(Ui − ui)(Uj − uj)

= EUkUiUj − ujEUkUi − uiEUkUj + uiujEUk − ukE(Ui − ui)(Uj − uj).

From (B.8) we have

−ukE(Ui − ui)(Uj − uj) = − uk

(
ūiūj − 1

N
(ui − ūi)(uj − ūj)

)
,

and from Lemma B.4 we have

EUkUiUj =
(

1 − 3

N
+ 2

N2

)
(ui − ūi)(uj − ūj)(uk − ūk),

−ujEUkUi = − uj

(
(uk − ūk)(ui − ūi) − 1

N
(uk − ūk)(ui − ūi)

)
,

−uiEUkUj = − ui

(
(uk − ūk)(uj − ūj) − 1

N
(uk − ūk)(uj − ūj)

)
.

The combined 1/N2 terms can be bounded by 2/N2. Collecting terms with 1/N in front yields

1

N
( − 3(ui − ūi)(uj − ūj)(uk − ūk) + uj(uk − ūk)(ui − ūi)

+ ui(uk − ūk)(uj − ūj) + uk(ui − ūi)(uj − ūj))

= 1

N
(ūj(ui − ūi)(uk − ūk) + ūi(uj − ūj)(uk − ūk) + ūk(uj − ūj)(ui − ūi)),

and this term can be bounded by 3�/N. Similarly, collecting all terms without 1/N2 and 1/N
yields

(ui − ūi)(uj − ūj)(uk − ūk) − uj(uk − ūk)(ui − ūi) − ui(uk − ūk)(uj − ūj)

+ uiuj(uk − ūk) − ukūiūj

= −ūj(ui − ūi)(uk − ūk) − ui(uk − ūk)(uj − ūj) + uiuj(uk − ūk) − ukūiūj

= −ūj(uiuk − ukūi − uiūk + ūiūk) − ui(ukuj − ukūj − ujūk + ūjūk) + uiujuk

− uiujūk − ukūiūj

= −ūj(uiuk − ukūi − uiūk + ūiūk) − ui( − ukūj + ūjūk) − ukūiūj

= −ūj( − ukūi − uiūk + ūiūk) − uiūjūk − ukūiūj,

and this term can be bounded by 5�2. This completes the bound for

|cijk(u)| ≤ 2

N2
+ 3�

N
+ 5�3 ≤ 20δ2(1 + s)3.

Finally, we show that

d̄ijk�(u) ≤
(

2√
N

+�

)4

≤ δ2(2 + s)4.
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Using the Cauchy–Schwarz inequality twice,

E|(Ui − ui)(Uj − uj)(Uk − uk)(U� − u�)|
≤

[
E(Ui − ui)

4
] 1

4
[
Eu(Uj − uj)

4
] 1

4
[
E(Uk − uk)4

] 1
4
[
Eu(U� − u�)

4
] 1

4
.

Recalling that NUi|ui ∼ Bin(N, ui − ūi) and then using Minkowski’s inequality,[
E(Ui − ui)

4
] 1

4 = 1

N

[
Eu(NUi − N(ui − ūi) − Nūi)

4
] 1

4

≤ 1

N

[
Eu(NUi − N(ui − ūi))

4
] 1

4 + 1

N
Nūi.

Noting that, for Y ∼ Bin(n, p),

E(Y − np)4 = 3(np(1 − p))2 + np(1 − p)(1 − 6p(1 − p))

≤ 3(np(1 − p)2 + np(1 − p) ≤ 4n2,

we conclude that [
E(Ui − ui)

4
] 1

4 ≤ 1

N

(
(4N2)

1
4 + Nūi

)
≤ 2√

N
+�,

and the final bound is now clear. �
Finally we complete this appendix with the proof of the Stein factor bounds in Lemma 2.3.

Proof of Lemma 2.3. For notational clarity, given a such that ‖a‖ = k, decompose a into its
components such that a = a1 + . . .+ ak, where ai is a standard basis unit vector. Furthermore,
for the remainder of this proof, let Uu(t) denote the process U(t) started at U(0) = u. We first
start with the case where ‖a‖ = 1. Starting from (2.5), given h ∈Mdisc,4(C),

|�a1 fh(u)| =
∣∣∣∣ ∞∑

t=0

[
Eh(Uu+δa1 (t)) −Eh(Uu(t))

]∣∣∣∣≤ ∞∑
t=0

CE‖Uu+δa1 (t) − Uu(t)‖1. (B.10)

We couple the two processes Uu+δa1 (t) and Uu(t) in the following manner. Index the parents
so that the types for individuals in both processes match except for the one entry where the first
process will have an individual of type depending on a1 and the second process has an indi-
vidual of type K. (Recall we reserve the final type K to be the remainder.) Given the current
generation, to generate the next generation, take a random sample of size N from the indices
{1, . . .N}, and use this common random sample to choose parents for the offspring of both pro-
cesses. Given mutation is parent independent, we also couple the mutations identically across
both processes in the obvious manner. Figure 1 illustrates the joint evolution of Uu+δa1 (t) and
Uu(t).

Given the starting configuration at time 0, let V(t) = (V1(t), . . . , VN(t)) denote the process
that tracks the ancestry of the original configuration. That is, Vj(t) tracks the number of indi-
viduals at time t that trace their ancestry directly back to individual j at time 0. Note that if a
mutation occurs, it is removed from this process, hence, ‖V(0)‖1 = N, and limt→∞ V(t) = 0.
For readers familiar with coalescent theory, this is analogous to a coalescent process looking
forwards in time.
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3

2

1

4

4

4

3

2

(u,u + δa1)

4

5

5

4

3

5

4

1

1

4

3

5

(Uu(1),Uu+δa1 (1))

4

4

3

4

3

3

4

4

3

4

3

3

(Uu(2),Uu+δa1 (2))

M

M

M

FIGURE 1. An illustration of our coupling at times t = 0, 1, 2 with population size N = 6 and K = 5 types.
Each gene type is colour and number coded; e.g. type 1 is green, type 5 is red, etc. An ‘M’ next to a row
represents a mutation, while arrows represent parental relationships; e.g. rows two and three (from the
bottom) in the middle plot are children of the first row in the leftmost plot, while row six of the middle
plot mutated. Coupling occurs at time t = 2 since rows two and three in the middle plot have no children.

Without loss of generality, we can therefore set

‖Uu+δa1 (t) − Uu(t)‖1 = δV1(t).

In the context of Figure 1, V1(t) is tracking the number of replicates at time t of the pair
(5,1) from the final row in the processes at time 0. Therefore, in this particular realisation,
V1(0) = 1, V1(1) = 2, V1(2) = 0. Given V1(t − 1), V1(t) will be made up of the number of times
one of the V1(t − 1) individuals are chosen, which will occur with probability δV1(t − 1), who
also do not mutate. Hence, recalling that � =∑K

i=1 pk denotes the probability of any mutation
occurring,

V1(t)|V1(t − 1) ∼ Bin
(

N, δV1(t − 1)(1 −�)
)

.

Observing that E[V1(1)] =E[E[V1(1)|V1(0)]] = δE[V1(0)](1 −�) = δ(1 −�), and then
applying this recursively we conclude that E[V1(t)] = δ(1 −�)t for all integers t ≥ 0.
Therefore, following on from (B.10), for h ∈Mdisc,4(C),

|�a1 fh(u)| ≤
∞∑

t=0

CδEV1(t) =
∞∑

t=0

Cδ(1 −�)t = Cδ

�
.

For the second-order difference where ‖a‖ = 2, for h ∈Mdisc,4(C),

|�afh(u)| =
∣∣∣∣ ∞∑

t=0

E
[
h(Uu+δa1+δa2 (t)) − h(Uu+δa1 (t)) − h(Uu+δa2 (t)) + h(Uu(t))

]∣∣∣∣
≤ C

∞∑
t=0

E
[‖Uu+a1+a2 (t) − Uu+a1 (t)‖1‖Uu+a2 (t) − Uu(t)‖1

]
, (B.11)

where the inequality is due to the fact that, in general,

|f (x + a + b) − f (x + a) − f (x + b) − f (x)| ≤ ‖a‖1‖b‖1 max
‖a′‖=2

‖�a′
f ‖. (B.12)
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FIGURE 2. An illustration of our second-order difference coupling at times t = 0, 1, 2 with population
size N = 6 and K = 5 types.

For one-dimensional functions f : Z→R, inequality (B.12) follows from

f (x + a + b) − f (x + a) − f (x + b) + f (x)

=
b−1∑
i=0

a−1∑
j=1

(
f (x + j + i) − 2f (x + j − 1 + i) + f (x + j − 1 + i − 1)

)
, x, a, b ∈Z.

A similar idea can be used to justify (B.12) for multidimensional functions.
We couple the four processes on the right-hand side in an analogous manner to the first

difference; i.e. parent selection and mutation are coupled to be identical for all four processes.
Figure 2 illustrates their evolution. Similar to the first difference, we need to keep track of any
differences between the four processes, which can be achieved by tracking genealogies using
the process V(t) where we set (V1(t), V2(t)) to jointly track the propagation of the initial two
rows in Figure 2.

Therefore, we can without loss of generality set

(‖Uu+a1+a2 (t) − Uu+a1 (t)‖1, ‖Uu+a2 (t) − Uu(t)‖1) = (δV1(t), δV2(t)).

Analogously to the first difference, we can set V1(t) and V2(t) jointly such that

((V1(t),V2(t))|V1(t − 1),V2(t − 1)) ∼ Multinomial (N,{δV1(t − 1)(1 −�), δV2(t − 1)(1 −�)}).
Given V1(0) = V2(0) = 1, we can recursively show, with the help of Lemma B.4, that
E[N2V1(t)V2(t)] = N(N − 1)δ2(1 −�)2t. Hence, continuing from (B.11),

|�afh(u)| ≤
∞∑

t=0

Cδ2
EV1(t)V2(t) ≤

∞∑
t=0

Cδ2(1 −�)2t = Cδ2

(1 − (1 −�)2)
.

We omit the proof of the bounds when ‖a‖ = 3, 4, as they follow from exactly the same proof
methodology. �
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