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Abstract

Charged particles are ejected from the sun and transported radially outward

to the edge of the solar system, this plasma is called the solar wind. In the

solar wind, turbulent fluctuations and waves form, and their transport can be

modelled using the Magnetohydrodynamic (MHD) equations. This thesis dis-

plays several different options for building an MHD turbulence model includ-

ing nonlinear phenomenologies, and turbulence source driving like interstellar

pickup ions and velocity shear. The options are extended from existing models

that express a range of variables from the forward and backward propagating

energies, the energy difference and the respective correlation lengths. Non-

linear phenomenologies are built from analogies to Hydrodynamic (HD) von

Kármán-Taylor phenomenologies extended to MHD. Additional phenomeno-

logical models are needed for the energy difference (and its correlation length).

These models are evaluated from 0.29 to 100 AU, analytically where possible,

otherwise numerical solutions are sought after and compared to simulation

data, and satellite data obtained from the Helios 2, Ulysses and Voyager 2

spacecraft.



Acknowledgements

I would like to thank my supervisor, Professor Sean Oughton for providing

me with the opportunity to do this research. Working with you has been

an absolute blast. I would also like to thank my parents for their continual

support, this would not be possible without you. Lastly, thank you to my

Nana and late Grandad for their encouragement and support. Also, thank

you to Dr Laxman Adhikari for providing us with most of the observational

data used in this thesis.



Contents

1 Introduction 2

2 Solar Wind Background 5

2.1 The Sun and the Solar Wind . . . . . . . . . . . . . . . . . . . 5

2.2 Taking Data from Space . . . . . . . . . . . . . . . . . . . . . 6

2.3 Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1 The Energy Cascade . . . . . . . . . . . . . . . . . . . 10

2.3.2 Phenomenologies . . . . . . . . . . . . . . . . . . . . . 13

2.3.3 Plasma Turbulence . . . . . . . . . . . . . . . . . . . . 14
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Chapter 1

Introduction

The existence of the solar wind was first predicted by Parker [45] in 1958.

There have since been many observations that have confirmed the solar wind

existence from direct in-situ spacecraft observations [27, 48, 49]. We can also

observe the solar wind acting on objects in the solar system, like comet tails

[11, 17] and can even see the effects of the solar wind on earth, via the auroras

[30, 47]. The solar wind is commonly modelled using an MHD turbulence

approximation which seems to agree with the spacecraft observations. Much

like HD turbulence, there is a great degree of complexity surrounding MHD

turbulence. The addition of the magnetic field to the turbulence modelling

adds significant complexity. There are still many important mysteries the

solar wind holds with regards to both itself, in the purest sense, and to MHD

turbulence, so much so, that both NASA and ESA have recently launched

spacecraft (the Parker Solar Probe in 2018 and the Solar Orbiter in 2020

respectively) with the missions of investigating various solar wind and sun

phenomena. Both the Parker Solar Probe [2, 6, 56, 65] and the Solar Orbiter

[3, 56] have provided more evidence for the MHD turbulence in the solar wind

and have started to help expound on the complex interactions present.

There have been many attempts to model and evaluate the solar wind using

MHD models. Matthaeus et al. and Breech et al. provide some numerical

[13, 35] and analytical [36] solutions to a simplified five (and three) equation
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model [66]. Adhikari et al. [1, 4] provides numerical solutions to a six equation

model constructed with the assistance a Cauchy-Schwarz inequality [19, 62].

These models have a degree of variability between them providing ambiguity

in the behaviour of the modelled solar wind, particularly with the nonlinear

dissipation terms. These nonlinear terms end up having a big effect on the

behaviour of the turbulence [26].

The aim of this thesis is to develop and examine the behaviour of some solar

wind models commonly proposed in the literature [1, 13, 35], along with some

additional nonlinear models. These models should describe the transport of

the turbulence, characterised via the energy fluctuations and their correlation

lengths, over the radial distance out to the edge of the solar system, matching

the in-situ observations from the Helios 2, Ulysses and Voyager 2 satellites,

and qualitatively, the simulation data.

Chapter 2 will focus on the background of this thesis; providing context to

the solar wind as it is emitted from the Sun. Then, delving into the typical

turbulence characteristics for an HD fluid that can be extended to the solar

wind flow via the MHD approximation.

Chapter 3 (with the addition of Appendices A to D) introduces the equa-

tions we will be using to model the solar wind. The resulting model is expressed

as a set of six coupled, nonlinear ordinary differential equations. The nonlinear

terms will be discussed in depth as their modelling is integral to the behaviour

of the solar wind, likewise for the source driving terms. Lastly, the model for

the temperature is introduced with motivation, adding an additional ordinary

differential equation to the solar wind model.

Chapter 4 will examine some simulation data to help provide estimations

for the behaviour of the MHD turbulence. Additionally, in-situ observational

data will be looked at and used to verify the models in the subsequent chapters.

In Chapter 5, the six equation solar wind model will be reduced appropri-

ately until analytical solutions can be found. The analytical solutions will be

discussed in the context of the behaviour seen in the observational data. In
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this chapter, we have found sets of nonlinear and linear solutions.

Chapter 6 will evaluate the numerical solutions for the full six equation

(plus one for the temperature), solar wind models. We will be iterating over

various nonlinear and source driving models and discussing their effects on the

behaviour of the evolution of the solar wind.

Lastly, Chapter 7 summarises our results and conclusions.



Chapter 2

Solar Wind Background

This section discusses the context for this thesis; the origin of the solar wind

and its evolution via turbulent processes as it spreads out across the solar

system.

2.1 The Sun and the Solar Wind

The solar wind is a flow of plasma that exudes from the sun due to the over-

whelming difference between the gravitational and magnetic forces holding the

plasma in the atmosphere of the sun (the corona) and the outward pressure

gradient of space i.e., the large difference in the pressures between interstellar

space and the sun’s atmosphere. The solar wind streams off the sun, mostly

radially in all directions, and is an electrically neutral, fully ionized plasma

of low density (see section 4.2). The solar wind ends at the edge of the solar

system (called the heliosphere) after the density (of the solar wind) has fallen

off so much that velocity decreases dramatically (the termination shock) and

clashes with the plasma from interstellar space.

Due to the highly electrically conductive solar wind, magnetic field lines

are implanted and frozen into the outward flow of plasma. As the sun rotates,

and the solar wind continues expanding radially, the magnetic field is dragged

along and twists into a large Archimedean-like spiral (the Parker Spiral [45]).

The Parker Spiral forms an appropriate model for the behaviour of the large-
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scale magnetic field. The angle between the solar wind radial direction and

the magnetic field is around 45◦ at Earth’s distance (1 Astronomical Units

(AU)) and 89◦ at the edge of the heliosphere (75-100 AU, Figure 2.1). The

equation for the Parker Spiral [45], expressed in spherical polar coordinates is

the following

Br(r, θ, φ) = B0

(
R0

r

)2

(2.1)

Bθ(r, θ, φ) = 0 (2.2)

Bφ(r, θ, φ) = B0

(
ΩR0

U

)(
r

R0

− 1

)(
R0

r

)2

sin θ (2.3)

where Ω is the angular velocity of the sun, U is the outward (radial) velocity

and R0 is the point where beyond that distance, the solar gravitation and

outward acceleration by high coronal pressure is neglected. Figure 2.2 shows

an example of the large-scale magnetic fields in the solar wind at different

speeds, along with the approximate orbit of Earth and Mars.

This thesis is interested in the solar wind as it evolves as it travels through

to the edge of the heliosphere (75-100 AU).

2.2 Taking Data from Space

Understanding how measurements are taken from spacecraft is useful to un-

derstanding some of the decisions related to composing the quantities in the

later sections of this thesis (subsection 3.1.1). The first question to ask is;

how do we measure turbulent eddies? As a time series, the flow of a fluid is

measured from sensors record useful properties of a fluid; for example the tem-

perature or the velocity. The fluid velocity field changes in both position and

time, in order to properly reconstruct the full turbulence correlations from the

measurements between any two points in the relevant region, a mesh of sensors

would be required to measure the velocity at each point in time at each point

in space. This is impractical so instead, we assume there is a strong mean

flow and use a frozen-in flow approximation (Taylor’s Hypothesis [55]); the
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Figure 2.1: Depiction of the solar system encased in the heliosphere as it travels

through interstellar space. Taken from [39].
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Figure 2.2: Diagram of the magnetic field in fast (1000 [km/s], purple) and

slow (400 [km/s], blue) solar wind, stretching out to 2 AU.
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fluid transport is due solely to the large scale motion (advection due to the

small-scale turbulence is small and therefore neglected). The numbers of sen-

sors can be reduced to one that captures the velocity (and temperature) as the

steady turbulent eddy flows past at the mean speed. A correlation with spatial

lag can now be constructed as a correlation with time lag instead; however,

this still only allows for correlations to be taken in a single direction, in the

direction of the mean flow. Therefore, in the solar wind with one spacecraft

measuring a frozen-in flow, correlations between two points in the fluctuating

field can only be constructed in the radial direction (as the solar wind is pri-

marily radially expanding). There are a couple of sets of satellites that fly in

groups, for example NASA’s Magnetospheric Multiscale (MMS) Mission uses

four spacecraft flying in a tetrahedral formation. These MMS spacecraft (and

others) can be used to construct correlations in different directions. Unfortu-

nately they will not be relevant to this thesis as they fly in an orbit around

Earth, popping in and out of the magnetosphere. Whereas we are interested

in the solar wind as it is transported out to the edge of the solar system.

2.3 Turbulence

A turbulent flow does not have an exact definition but can typically be rec-

ognized by a few key characteristics. The two main features of a turbulent

flow we will talk about are the irregularity and the energy cascade. The

turbulence is the motion of a fluid characterized by chaotic changes in the

pressure/temperature and velocity. Even though the turbulence is chaotic, it

is deterministic and can be fully described by the Navier-Stokes equations,

along with Maxwell’s equations in the case of MHD (Appendix A). Turbu-

lence is dissipative, meaning the energies in the smallest eddies transition into

internal energy (temperature). The smallest eddies receive their energies from

the slightly larger eddies and so on until the largest eddies receive their energy

from the bulk motion. The process of the transfer of energy from the bulk
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motion to the smallest scales is called the energy cascade.

2.3.1 The Energy Cascade

The energy cascade defines the transfer of the energy from the largest scale to

the smallest scales. This process requires nonlinear couplings and local, trans-

fer of energy from one scale to the next smallest scales. Once the structures

are small enough, molecular diffusion becomes a factor and the dissipation of

energy can take place. The energy spectrum, E(k), is a key quantity in dis-

cussion and modelling of the energy cascade. It has dimensions of energy per

wavenumber and can be interpreted as just that: the energy per wavenumber

associated with scales of order 1/k. The total energy is given by
∫∞

0
E(k) dk.

In HD, the energy cascade stops when the turbulent structures are small

enough for molecular diffusion. In MHD theory, there are multiple scales

where the energy dissipation can occur resulting from the proton and electron

(in the ionized hydrogen). Current theories predict, once the MHD cascade

reaches the proton gyroradius, a transition occurs from the MHD scheme to a

new Kinetic Alfvén Wave (KAW) scheme. At this point, we can say that the

energy has dissipated from the perspective of MHD; however the energy might

not be fully transitioned into the temperature at the proton gyroradius scale.

KAW might carry some of the energy to even smaller scales like the electron

gyroradius. For the purposes of this thesis, we are ignoring the effects of the

KAW in the solar wind and focusing solely on an MHD approximation.

In terms of the cascade, the energy spectrum is roughly divided up into

three ranges (see Figure 2.3 where k is the wave number and proportional to

1/length scale), the range for the energy containing eddies, the inertial sub-

range and lastly, the dissipation range. The energy containing range (occurring

around the integral length scale L) carries most of the energy in the turbulence.

It extracts energy from the mean flow and passes it onto the smaller scales.

The dissipation range is where scales are smaller than those characteristic of

dissipation, denoted with a velocity scale v, a length scale η and a time scale
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Figure 2.3: Spectrum for the wave number k and the energy E(k) for turbu-

lence showing the energy cascade. Taken from [60].
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τ . From dimensional analysis, these scales can be determined by the viscosity

ν [SI units of m2/s] and the energy dissipation rate per unit mass ε [units:

m2/s3]

v = (νε)1/4 (2.4)

η =

(
ν3

ε

)1/4

(2.5)

τ =
(ν
ε

)1/2

(2.6)

The inertial subrange is the transport region of the cascade process. The

energy comes in from the energy containing range at a rate ε and passes through

to the dissipation range. The inertial subrange occurs in the wavenumber range

1/L� k � 1/η. An important result to note comes from Kolmogorov’s 1941

Theory [31, 32, 33], where the energy spectra in the inertial range decays with

a power of −5/3

E(k) ∝ ε2/3k−5/3 (2.7)

It is important for the discussion on phenomenologies, to remember the idea

of constructing the quantities in the inertial and dissipation ranges in terms of

the wave number k (proportional to 1/length scale) and the dissipation rate

ε. This helps reinforce the energy cascade being driven at the largest scales

at the rate ε and flowing down the cascade at the rate ε, ending in the energy

dissipating at the rate ε. Conceptually these three ε’s are clearly physically

distinct quantities. However in a statistically steady system their average

values will be equal. Additionally, the following relation can be derived from

the Navier-Stokes equations [22], where f is the force driving

∂

∂t

1

2

〈
v2
〉

= 〈f · v〉+ ν
〈
v · ∇2v

〉
(2.8)

In words, the only changes in the mean kinetic energy come from the force

driving at the large scale (first term on the right hand side (RHS)) and the

viscous energy dissipation at the small scale (second term on the RHS). The

energy cascade transfers energy from the forcing range to the dissipation range
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(via an inertial range if the flow is turbulent) but does not actually change

the energy. Formally this transfer of energy between scales would appear in

Equation 2.8 as the term −〈v · (v · ∇)v〉 which can be shown to be zero.

2.3.2 Phenomenologies

A phenomenology is a modelling approach that seeks to give tractable equa-

tions that adequately represent the system.

Firstly, the nonlinear couplings in the Navier-Stokes equations provide the

means for the cascade of energy. This gives rise to the following notation,

∂(·)
∂t

∣∣∣∣
NL

representing the time rate of change from the nonlinear terms in the

Navier-Stokes equation. From the energy cascade, the time rate of change of

the kinetic energy is the energy dissipation rate

∂u2

∂t

∣∣∣∣
NL

∝ −ε (2.9)

Here, the kinetic energy per unit mass u2 is the mean-square of the velocity

u2 = 〈|u|2〉. The next idea introduces the eddy turnover time τ ≈ λ
u
, which

is the typical time for a structure of size λ to undergo a distortion due to the

relative motion of the fluid particles. Think of a vortex of size λ decreasing

in size or breaking up due to the velocities of the different particles. In other

words, the vortex transitions to a smaller scale at a rate 1/τ . From the energy

cascade, the dissipation rate (or the force driving rate or the inertial range

energy flux) is the kinetic energy over the eddy turnover time

ε ∝ u2

τ
(2.10)

Similarly, the length scale evolves according to the eddy turn over time

dλ

dt

∣∣∣∣
NL

=
λ

τ
(2.11)

This gives us the Kármán-Taylor phenomenology [16, 20, 54] (Taylor [54] and

de Kármán and Howarth [16] implicitly contain the following model and Dry-
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den [20] explicitly)

du2

dt

∣∣∣∣
NL

= −αu
3

λ
(2.12)

dλ

dt

∣∣∣∣
NL

= βu (2.13)

The parameters α and β are the Kármán-Taylor constants, and are strictly

positive. These Kármán-Taylor constants play an important role in the en-

ergy cascade process [36] and are left as generalized parameters. In fact, it

is possible to reconstruct a number of theories on turbulence through choices

in the α and β constants [36], particularly, Kolmogorov’s model [32] (with

α = 5β).

These Kármán-Taylor equations and the discussion in this section has been

focusing on the HD process, this is mostly generalizable to the MHD descrip-

tion. The discussion will be extended in the next chapter (chapter 3). The

Kármán-Taylor equations are one example of an energy-containing range phe-

nomenology; we focus on the Kármán-Taylor equations in this thesis but there

other phenomenologies do exist.

2.3.3 Plasma Turbulence

The complexity of plasma interactions runs deep, and there are a vast amount

of instabilities and phenomena that can occur in a plasma fluid. As the plasma

in the solar wind is described using the Navier-Stokes equations with the addi-

tion of Maxwell’s equations we get the usual fluid velocity-velocity interactions

in addition to velocity-magnetic field and magnetic field-magnetic field inter-

actions. Some of these phenomena have been observed to occur in the solar

wind like magnetic reconnection [23, 24] but, for the most part, these phenom-

ena will be ignored since we are only interested in the average behaviour of

the fluctuation correlations. Some of the effects that might play a part in in-

creasing the overall energy of the solar wind are captured in the source driving

terms (section 2.5).

Due to the couplings between the fluid velocity and the magnetic field,
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with an ideal conductor in the form of ions and electrons in a near vacuum,

we arrive at the Alfvén effect; the magnetic field lines are frozen into and

move with the fluid. From the Alfvén effect, any perturbation in one of the

fields will result in a perturbation in the other field. This means that waves

both transverse and parallel (to the mean magnetic field) can form through an

oscillation of the fluid and the magnetic field perturbations. So, in addition to

the analogous HD eddies [14], there are waves present in MHD turbulence [9].

In this thesis, these two turbulent quantities will be considered equivalent and

in terms of describing specific aspects, we will alternate between an analogous

HD eddy or a propagating wave. Some research has been done by separating

out the turbulence into a two component model in the form of a wave piece

and quasi-2D-turbulence [43].

2.4 Elsässer Variables

To simplify the description of MHD fluids, it helps to construct Elsässer vari-

ables from the flow velocity field and the magnetic field [21]. The magnetic

field is divided by the square root of the mass density ρ; this converts the

magnetic field b (in units of gauss, say) to an Alfvén velocity vA (in units of

cm/s, say):

z± = u± b√
4πρ

= u± vA (2.14)

This leads to a symmetric form of the MHD equations (chapter 3) and also

separates the equations into parts that depict the wave propagation direction.

z+ represents an inward propagating wave (anti-parallel to the mean magnetic

field) and z− represents an outward propagating wave (parallel to the mean

magnetic field). The use of the Elsässer variables in the MHD equations does

not imply that the fluctuations must be waves; they represent general fluc-

tuations which, in some circumstances may be Alfvén waves. The Elsässer

representation can be easily converted to the kinetic and magnetic representa-

tion (with the addition of the cross helicity Hc). The energies (per unit mass)
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for the kinetic, magnetic and the cross helicity are the following

u2 = 〈u · u〉 (2.15)

b2 = 〈vA · vA〉 (2.16)

Hc = 〈u · vA〉 (2.17)

Really, the correct value for the energies (per unit mass) is a half of the above

quantities, for example Eu = 1
2
u2 is the kinetic energy. These energies can be

converted into the Elsässer variable representation by the following identities:

Z2
± = 〈z± · z±〉 = u2 + b2 ± 2Hc (2.18)

D = 〈z+ · z−〉 = u2 − b2 (2.19)

The same goes for the correlation integrals of the Elsässer representation if we

assume that 〈u · v′A〉 = 〈vA · u′〉 where the primed variables indicate spatial

lag e.g., z±′ = z±(x+w) (see Appendix B)

L± =

∫ ∞
0

〈
z± · z′±

〉
dw = Lu + Lb ± 2Lc (2.20)

LD =

∫ ∞
0

1

2

〈
z+ · z′−

〉
+
〈
z− · z′+

〉
dw = Lu − Lb (2.21)

All the correlation integrals can be used with their respective energies to con-

struct a correlation length that has solely length units, for example the Elsässer

correlation lengths are

λ± =
L±
Z2
±

(2.22)

λD =
LD
D

(2.23)

2.5 Driven Turbulence Sources

There are potentially many sources for additional turbulence driving and some

are necessary for accurately describing the solar wind evolution (section 4.2)

[25]. We will focus on three primary sources of turbulence in the heliosphere

in this thesis [1, 4, 13, 29, 35, 53, 63]; the first is the turbulence driven by the
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shear interaction between fast and slow solar wind streams. The second source

is from the compressive effects (e.g., due to shock waves in the solar wind).

Lastly, the charge exchange between the neutral interstellar hydrogen and the

solar wind protons creates additional turbulence in the solar wind.

2.5.1 Stream Shear Driving

Although the solar wind is mostly constant along the radial directions, it varies

according to the helio-latitude allowing for a shear interaction of a fast stream

rubbing against a slower stream. The stream shear driving can be thought of

as analogous to HD shear, as the fast stream rubs against the slow stream,

instabilities arise and add more energy to the system. The equation for the

stream shear driven turbulence is modelled as [13, 63]

Sshear± = CshearU
Z2
±

r
(2.24)

where Cshear represents the strength of the shear interaction which acts on the

slow solar wind speed U by the difference between the fast and the slow speed

δU over the distance they interact δr

Cshear =
δU

U

r

δr
(2.25)

2.5.2 Shock Wave Driving

We can also model the compression effects of shocks that occur in the plasma.

The shocks have been observed around 1 AU and enhance the pressure and

the magnetic field along with increasing the level of fluctuations in the solar

wind [59]. It is important to note that the shocks do not occur continuously,

but a region of the solar wind can develop/cross over into a shock region so the

equation models the effects of the shock over a region δr. The equation for the

shock driven turbulence is modelled similarly to the stream shear turbulence

[63]

Sshock± = CshockU
Z2
±

r
(2.26)
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2.5.3 Pickup Ion Driving

In the outer parts of the heliosphere, the neutral protons from the interstellar

medium flow into the heliosphere and get ionized by charge exchange with

the solar wind protons or via the solar radiation. Once ionized, the interstellar

particles gyrate around the magnetic field and are then scattered by the inertial

range turbulence. The scattering of the interstellar pickup ions generates waves

that act as an additional driving force for the turbulence [13, 29, 53]. The

pickup ion driving can be estimated as the following equation

SPID =
fDn

∞
HUVA

n1
SW τ

1
ion

e−
Lcav
r (2.27)

where n∞H = 0.1 cm−3 is the density of the incoming interstellar hydrogen,

n1
SW = 5 cm−3 is the solar wind density at 1 AU, τ 1

ion = 106 s is the ionization

time of the hydrogen at 1 AU and Lcav = λθ/ sin θ = 8 AU is the scale of the

ionization cavity around the sun (λ is not the inertial range correlation length).

In the heliosphere, the ionization cavity is sphere in the inner heliosphere

where there are minimal interstellar neutrals. As the neutral atoms come

into the heliosphere at a fixed rate and are ionized at the rate dnPI
dt

, as the

radial distance decreases there are less and less neutral atoms to ionize. The

ionization cavity is represented by the exponential term e−Lcav/r in SPID.



Chapter 3

Solar Wind Models

This section discusses the equations used to model the solar wind. First, a

coupled set of evolution equations are needed to model the transport of the

turbulent fluctuations. These equations contain nonlinear couplings that are

difficult to analytically solve and require more evolution equations, instead,

they will be replaced with phenomenologies based off the decay of the tur-

bulence and the transfer of the energy to higher wave numbers. This section

will also cover additional processes that need to be included to account for the

interactions of the solar wind plasma particles in the heliosphere.

3.1 Evolution Equations

The dynamics of the solar wind can be approximated with an MHD one-fluid

approximation [66]. For an apt description of the solar wind fluctuations,

we will need the total energy which is the kinetic energy plus the magnetic

energy ET = Eu + Eb, the energy difference (sometimes called the residual

energy) which is the difference between the kinetic and magnetic energies ED =

Eu − Eb, and the cross helicity EC . These three quantities can be easily

obtained by ensemble averaging the velocity and magnetic fields, where the
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Alfvén field vA is the magnetic field in speed units 1√
4πρ
b = vA (in km/s, say)

ET =
1

2
〈u · u〉+

1

2
〈vA · vA〉 (3.1)

ED =
1

2
〈u · u〉 − 1

2
〈vA · vA〉 (3.2)

EC =
1

2
〈u · vA〉 (3.3)

The MHD equations contain a conservation of mass equation,

∂ρ

∂t
+∇ · (V ρ) = 0 (3.4)

an equation of motion,

ρ

(
∂V

∂t
+ V · ∇V

)
= −∇p+

1

c
J ×B +D (3.5)

and an induction equation,

∂B

∂t
= ∇× (V ×B) +D′ (3.6)

Obtaining the equations for the fluctuations requires considerable algebra

which is relegated to Appendices A to D. Appendix A discusses the MHD

equations further and converts them to a symmetrical Elsässer variable form

(Equation A.35). Next, in Appendix B, the MHD equations are taken with

ensemble averages to obtain evolution equations of the statistical properties

(Equations (B.10) and (B.21)) which obtain the evolution equations of the

energies. To complete the model derivation, the nonlinear couplings in Equa-

tions (B.10) and (B.21) need to be resolved (section 3.2). To form the nonlinear

closure, models for the turbulent length scales (λu, λb, λC) are required. The

evolution equations for the turbulent length scales can also be obtained from

Equations (B.10) and (B.21). Equations (B.10) and (B.21) are developed fur-

ther in Appendix C and Appendix D, to obtain a six equation, steady-state

system of equations for the fluctuating energy and their length scales (sec-

tion D.5).

This thesis evaluates the models in section D.5 and will additionally com-

pare it to a simpler, three equation Breech et al. [13] model (section E.2) and

with a model constructed using a Cauchy-Scharwz’ inequality, the Adhikari

et al. [1] model (section E.1).
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3.1.1 Energy and length-scale Evolution Equations

Due to the assumptions in the symmetries of the turbulence (Appendix C),

there are multiple models that could be composed from Equations (B.10)

and (B.21). Furthermore, the length scales can be measured differently de-

pending on the alignment of the separation vector ŵ with respect to the local

Cartesian coordinate system and the radial and magnetic fields resulting in

different length scale equations. In this thesis we will focus on two dimen-

sional isotropy (axisymmetry) as solar wind observations suggest that there is

an anisotropy invoked due to the large scale magnetic field [10, 15, 34, 41, 42].

Choosing two dimensional isotropy means that the wave vectors and fluctu-

ations lie in the plane perpendicular to the mean magnetic field. The three

dimensional isotropic equations will be used as a simpler reference for the more

complicated two dimensional case. When it comes to resolving the length scale

equations, we will choose the local Cartesian coordinate system such that the

correlation length is measured in the radial direction as this is more relevant

to in situ space craft measurements (Section 2.2). Assuming the constant

spherically symmetric outward flow U = U r̂, conservation of mass yields

ρ = ρ0 (R0/r)
2. With B0 defined as an outwardly directed Parker Spiral,

VAr = B0√
4πρ

(
R0

r

)2
= B0√

4πρ0

(
R0

r

)
= VAr0

(
R0

r

)
. The one dimensional and steady-

state evolution equations are the following

dZ2
±

dr
= −U ± VAr

U ∓ VAr
Z2
±

r
− 1

U ∓ VAr
M±D +

1

U ∓ VAr
N± +

1

U ∓ VAr
S± (3.7)

dD

dr
= −D

r
− 1

2

1

U

(
M+Z2

− +M−Z2
+

)
+

1

U
ND +

1

U
SD (3.8)

dL±
dr

= −U ± VAr
U ∓ VAr

L±
r
− 1

U ∓ VAr
M±

L LD +
1

U ∓ VAr
NL
± +

1

U ∓ VAr
SL± (3.9)

dLD
dr

= −LD
r
− 1

2U

(
M−

L L+ +M+
L L−

)
+

1

U
NL
D +

1

U
SLD (3.10)
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where the 2 dimensional mixing terms are

M±
2D =

1

r

[
U cos2 Ψ± VAr

(
3 cos2 Ψ− 2

)
± VAr0

(
ΩR0

U

)(
1− 3R0

2r

)
sin θ sin 2Ψ

]
(3.11)

M±
2D,L =

1

r

[
U
(
2 cos2 Ψ− 1

)
± VAr

(
6 cos2 Ψ− 5

)
± VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

]
(3.12)

3.2 Nonlinear Phenomenologies

As section 2.3 discusses, in the hydrodynamic case, the fluctuations in a tur-

bulent flow can be described by the characteristic length scale and the energy

- an energy containing range phenomenology. From these two quantities, the

characteristic velocity and timescale can be derived and used to explain the

decay due to the nonlinear interactions. In the MHD case, more timescales are

required. In this thesis we will focus on four characteristic timescales following

Matthaeus et al. [35]. The nonlinear timescale τnl = λ/Z is the first, and is

analogous to the hydrodynamic eddy turnover time. The second timescale is

the Alfvén timescale τA = λ/VA, associated with the propagation of the Alfvén

waves along the mean magnetic field VA. These Alfvén waves have a poten-

tial to effect the spectral transfer. Next, the triple correlation timescale τ3 is

used for the decay of the energy-containing eddies via spectral transfer. In the

hydrodynamic case, the spectral timescale is equal to the nonlinear timescale

τ−1
3 = τ−1

nl . In MHD, we could assume that the triple correlations decay at a

rate that is instead the sum of the Alfvén and nonlinear rates

τ−1
3 = τ−1

nl + τ−1
A (3.13)

We will discuss whether to assume the hydrodynamic case for the triple cor-

relation timescale later in this section when discussing the specific nonlinear

forms for each of the evolution variables. The last timescale is the spectral

timescale τS; sometimes called the cascade timescale, and is associated with

the decay of the MHD variables. The triple correlation in Matthaeus et al.
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[35] is described as τS = (τnl)
2/τ3. In the analogous hydrodynamic case, the

spectral timescale reduces down to the nonlinear timescale τS = τnl.

The nonlinear terms will be described in terms of the timescales effecting

them, therefore the energies and the correlation lengths. The notation has

been changed for the nonlinear terms to the following

N± =
dZ2
±

dt

∣∣∣∣
NL

(3.14)

ND =
dD

dt

∣∣∣∣
NL

(3.15)

NL
± =

dL±
dt

∣∣∣∣
NL

(3.16)

NL
D =

dLD
dt

∣∣∣∣
NL

(3.17)

3.2.1 Energy Z2
± Models

The estimates for the decay of the Elsässer fields ε± can be assembled as the

following

ε± ∝
Z2
±

τ±S
(3.18)

Therefore the nonlinear decay of the turbulent Elsässer energies can be written

as the following

dZ2
±

dt

∣∣∣∣
NL

= −α±
Z2
±

τ±S
(3.19)

where α± are the Kármán-Taylor constants for the Elsässer energies. We will

also need the nonlinear timescales for the Elsässer fields that are proportional

to their own length scale divided by the opposing Elsässer field; τ±nl = λ±/Z∓.

The form for the nonlinear timescale comes from the following term in the

dynamical vector evolution equations for z± (Equation A.35)

z∓ · ∇z± (3.20)

An MHD case, analogous to the HD case takes τ±S = τ±nl, and then the nonlinear

turbulent decay takes the form

dZ2
±

dt

∣∣∣∣
NL

= −α±
Z2
±Z∓
λ±

(Model A)
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If we assume that the Alfvén timescale is present in the spectral transfer, the

following term

VA · ∇z± (3.21)

gives τ±A = λ±/VA and assuming τ−1
3 = τ−1

nl + τ−1
A , the nonlinear decay follows

dZ2
±

dt

∣∣∣∣
NL

= −α±
Z2
±Z

2
∓

λ± (VA + Z∓)
(Model A (VA))

Most models; particularly the Adhikari et al. [1] and Breech et al. [13] models,

ignore the Alfvén timescale for the spectral transfer of the Elsässer fields and

use Model A. This can be justified if the turbulence is (largely) 2D, so that

the Alfvén wave propagation effects are weak.

3.2.2 Length Scale λ± Models

The evolution for the Elsässer correlation lengths λ± also needs to be devel-

oped. Since the hydrodynamic correlation length has the nonlinear evolution

proportional to the correlation length over the timescale d`
dt

∣∣
NL

= `/τ = u it

is simple to follow the same idea for the Elsässer correlation lengths. Again,

assuming that τ±S = τ±nl

dλ±
dt

∣∣∣∣
NL

=
λ±
τ±S

= β±Z∓ (Model B)

where β± is the Kármán-Taylor constant for the correlation lengths. Like the

hydrodynamic case, Model B contains a class of conservation laws,

d (Z
a±
± λ±)

dt
= 0 (3.22)

where a± = 2β±/α±. Having conservation laws makes it easier to obtain

analytical results and relations between the Kármán-Taylor constants α±, β±

[36]. A specific case of the conservation laws can be constructed where it

can be interpreted that the area under the correlation tensor (as defined in

Appendices B and D) L± =
∫∞

0
H±ii dw = Z2

±λ± is constant in time

dL±
dt

= 0 (Model 0)
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Model 0 corresponds to a choice of the Kármán-Taylor constants α± = β±.

Adhikari et al. [1] uses Model 0 as its length scale nonlinear models. Model B

also introduces an inconsistency, if one of the Elsässer fields vanishes, it is ex-

pected that all the turbulent spectral transfer will halt. With Equation Model

B the opposite Elsässer field correlation length would still continue to evolve.

As a result, Matthaeus et al. [35] suggests that the evolution for the correlation

lengths can be rewritten to depend on the correlation length λ± and the decay

rate ε±

dλ±
dt

∣∣∣∣
NL

= (λ±ε±)1/3 (3.23)

this equation still maintains the expected hydrodynamic limit d`
dt

∣∣
NL

= u. If

we assume that the spectral timescale is only the nonlinear timescale then

dλ±
dt

∣∣∣∣
NL

= β±
(
Z2
±Z∓

)1/3
(Model A)

If the spectral timescale depends on the Alfvén timescale as well, then

dλ±
dt

∣∣∣∣
NL

= β±

(
Z2
±Z

2
∓

VA + Z∓

)1/3

(Model A (VA))

As an extension of Model A, it is possible to construct distinct models that

maintain the same behaviour of halting spectral transfer when one of the

Elsässer fields vanishes and obtaining the hydrodynamic limit. Hossain et al.

[26] analyses the above models and also

dλ±
dt

∣∣∣∣
NL

= β± (Z±Z∓)1/2 (3.24)

Instead, we will define a generalized model for the correlation lengths that

encompasses the λ± models, when the spectral timescale only depends on the

nonlinear timescale

dλ±
dt

∣∣∣∣
NL

= β±
(
Zm
±Z

n
∓
) 1
m+n (Model Cm,n)

Setting m = 0, n = 1 obtains Model B (Model C0,1) and m = 2, n = 1 obtains

Model A (Model C2,1).
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3.2.3 Extra Discussion on the Conservation Laws

We touched on the idea of conservation laws with λ± Model 0; constraining

the area under the correlation tensor L±. Using Z2
± Model A and λ± Model

B, a general conservation law can be constructed for Z
a±
± λ± requiring the α±

and β± relations a± = 2β±/α±

d(Z
a±
± λ±)

dt
= 0 (3.25)

= λ±
dZ

a±
±

dt
+ Z

a±
±

dλ±
dt

(3.26)

= λ±a±Z
a±−1
±

dZ±
dt

+ Za±
dλ±
dt

(3.27)

= λ±a±Z
a±−1
±

(
−α±

2

Z±Z∓
λ±

)
+ Za±β±Z∓ (3.28)

= −a±α±
2

Z
a±
± Z∓ + Z

a±
± β±Z∓ (3.29)

=⇒ a± =
2β±
α±

(3.30)

To retrieve λ± Model 0, set α± = β±. The conservation of Z
a±
± λ± depends

on the Kármán-Taylor parameter relation and therefore the nonlinear model

used.

If we use λ± Model A; for the + equations, we can calculate an expression

of the energies as a function of a+, using Z
a+
+ λ+ = const

d(Z
a+
+ λ+)

dt
= 0 (3.31)

= Z
a+
+

dλ+

dt
+ λ+

dZa
+

dt
(3.32)

= Z
a+
+ β+

(
Z2

+Z−
)1/3

+ λ+a+Z
a+−1
+

(
−α+

2

Z+Z−
λ+

)
(3.33)

= β+

(
Z2

+Z−
)1/3 − a+α+

2
Z− (3.34)

= β3
+Z

2
+ −

a3
+α

3
+

23
Z2
− (3.35)

=⇒
Z2

+

Z2
−

=

(
a+α+

2β+

)3

(3.36)

Likewise, we can calculate a distinct expression for the energy ratio as a func-
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tion of a−, using Z
a−
− λ− = const:

d(Z
a−
− λ−)

dt
= 0 = β3

−Z
2
− −

a3
−α

3
−

2
Z2

+ (3.37)

=⇒
Z2
−

Z2
+

=

(
a−α−
2β−

)3

(3.38)

Equation 3.36 and Equation 3.38 imply

a−α−
2β−

=
2β+

a+α+

(3.39)

If we denote the normalized cross helicity σc to σ±c to indicate whether we are

factoring out Z2
∓ respectively from the numerator and denominator

σ+
c =

Z2
+ − Z2

−

Z2
+ + Z2

−
=

Z2
+

Z2
−
− 1

Z2
+

Z2
−

+ 1
=

(
a+α+

2β+

)3

− 1(
a+α+

2β+

)3

+ 1
(3.40)

σ−c =
Z2

+ − Z2
−

Z2
+ + Z2

−
=

1− Z2
−

Z2
+

1 +
Z2
−

Z2
+

=
1−

(
a−α−
2β−

)3

1 +
(
a−α−
2β−

)3 (3.41)

we can construct an expression for a+ as a function of the cross helicity

σ+
c =

(
a+α+

2β+

)3

− 1(
a+α+

2β+

)3

+ 1
(3.42)

=⇒ σ+
c

((
a+α+

2β+

)3

+ 1

)
=

(
a+α+

2β+

)3

− 1 (3.43)

=⇒ σ+
c a

3
+

(
α+

2β+

)3

+ σ+
c = a3

+

(
α+

2β+

)3

− 1 (3.44)

=⇒ σ+
c

(
α+

2β+

)3

+
σ+
c

a3
+

=

(
α+

2β+

)3

− 1

a3
+

(3.45)

=⇒ σ+
c

(
α+

2β+

)3

−
(
α+

2β+

)3

= −σ
+
c

a3
+

− 1

a3
+

(3.46)

=⇒
(
α+

2β+

)3 (
σ+
c − 1

)
= − 1

a3
+

(
σ+
c + 1

)
(3.47)

=⇒ −
(
α+

2β+

)3
σ+
c − 1

σ+
c + 1

=
1

a3
+

(3.48)

∴ a+ =

(
2β+

α+

)(
1 + σ+

c

1− σ+
c

)1/3

(3.49)

Similarly, we can construct an expression for a− as a function of the cross
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helicity

σ−c =
1−

(
a−α−
2β−

)3

1 +
(
a−α−
2β−

)3 (3.50)

=⇒ σ−c

(
1 +

(
a−α−
2β−

)3
)

= 1−
(
a−α−
2β−

)3

(3.51)

=⇒ σ−c + a3
−σ
−
c

(
α−
2β−

)3

= 1− a3
−

(
α−
2β−

)3

(3.52)

=⇒ σ−c
a3
−

+ σ−c

(
α−
2β−

)3

=
1

a3
−
−
(
α−
2β−

)3

(3.53)

=⇒ σ−c

(
α−
2β−

)3

+

(
α−
2β−

)3

=
1

a3
−
− σ−c
a3
−

(3.54)

=⇒
(
α−
2β−

)3 (
σ−c + 1

)
=

1

a3
−

(
1− σ−c

)
(3.55)

=⇒
(
α−
2β−

)3
σ−c + 1

1− σ−c
=

1

a3
−

(3.56)

∴ a− =

(
2β−
α−

)(
1− σ−c
1 + σ−c

)1/3

(3.57)

The values for a± show that the phenomenology predicts that the conserva-

tion of Z
a±
± λ± is a function of σc. At σc = 0, we obtain the hydrodynamic

conservation aHD = 2β/α. The other way of looking at this is to say that

the phenomenology used is incorrect by some factor (as a function of σc) com-

pared to the expected conservation constant. Figure 3.1 shows the values of

the correction factors. As expected, the correction factors converge at σc = 0

and a− the mirror of a+ about the origin σc = 0. As σc increases to 1 (there is

only backwards propagating modes now), the forwards constant a− turns off,

whereas the backwards constant a+ rises above 2. The opposite happens for

σ → −1. If we wish to enforce a proper conservation law (with constant a±),

we can construct an equation for the appropriate nonlinear equation for the

energy based off the general form of the nonlinear λ± Model Cm,n

dλ±
dt

= β±
(
Zm
±Z

n
∓
) 1
n+m (3.58)
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Figure 3.1: Plot of the conservation constants a+ (blue) and a− (orange) scaled

to only the correction factors as a function of σc.
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Using Z
am,n±
± λ± = const, the form of am,n± is the following

am,n+ =
2β+

α+

(
1 + σc
1− σc

) m
2(m+n)

(3.59)

am,n− =
2β−
α−

(
1− σc
1 + σc

) m
2(m+n)

(3.60)

In order for there to be no correction factor in the conservation power, am,n± =

2β±
α±

, the nonlinear term for Z2
± needs to be

dZ2
±

dt

∣∣∣∣
NL

= −α±
Z2
±
(
Zm
±Z

n
∓
) 1
m+n

λ±
(Model Am,n)

3.2.4 Energy Difference D Models

Constructing a nonlinear phenomenology for the energy difference D is not

as simple as for the Elsässer fields as the energy difference is not conserved

by nonlinear interactions in the energy containing, and inertial ranges. An-

other aspect to note is that solar wind observations suggest that the normal-

ized energy difference is approximately constant σD = ED/ET ≈ −1/3 [46].

Matthaeus et al. [35] notes that the energy difference increases toward zero

due to the Alfvén effect at the Alfvén timescale τDA = λ/VA. The Alfvén effect

growth is assumed to be counteracted by the spectral transfer of the total en-

ergy (to reach the equilibrium at σD ≈ 1/3). Therefore, the nonlinear model

for the Matthaeus et al. [35] equation is depicted as the following

dD

dt

∣∣∣∣
NL

= −αD
D

τDA
− 1

2

(
α+

Z2
+

τ+
S

+ α−
Z2
−

τ−S

)
(3.61)

The first term is the Alfvén effect, that pushes D towards 0 whether D is

positive or negative; the second, negative term corresponds to the decrease in

the energy difference due to the spectral transfer. Matthaeus et al. [35] finds

that Equation 3.61 does not always behave physically and so modifies it to the

following

dD

dt

∣∣∣∣
NL

= −αD
D

τDA
− 1

2

u2

τ∗
(3.62)
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where τ∗ is the timescale for the decay of the total energy

τ∗ =

∣∣∣∣∣∣ Z2
+ + Z2

−
dZ2

+

dt

∣∣
NL

+
dZ2
−

dt

∣∣
NL

∣∣∣∣∣∣ (3.63)

The denominator of τ∗ is negative, hence the absolute value is applied to

ensure that the timescale is positive. The Adhikari et al. [1] model takes its

energy difference model from Dosch et al. [19]. Wherein, the nonlinear energy

difference term is simply derived from the equations according to Zank et al.

[64]

dD

dt

∣∣∣∣
NL

= −αDD
(
Z+

λ−
+
Z−
λ+

)
(Model C)

In connection with the equations introduced in subsection 3.1.1, we will focus

on energy difference phenomenologies derived in the styles of Equations (3.61)

and (3.62) [35]. Matthaeus et al. [35] assumed that the energy difference Alfvén

timescale τDA occurs with the energy difference correlation length τDA = λD/VA.

This might not be the case, in this thesis we test whether the correlation

length in the energy difference Alfvén timescale is associated with the energy

difference correlation length τDA = λD/VA or the average Elsässer variable

correlation length τDA = λ/VA where λ = 1
2

(λ+ + λ−). Equation 3.61 now

becomes the following models

dD

dt

∣∣∣∣
NL

= −αD
D

τDA
+ αD,2

(
dZ2

+

dt

∣∣∣∣
NL

+
dZ2
−

dt

∣∣∣∣
NL

)
(Model A)

τDA → λD/VA
= −αD

DVA
λD

+ αD,2

(
dZ2

+

dt

∣∣∣∣
NL

+
dZ2
−

dt

∣∣∣∣
NL

)
(Model AλD)

τDA → λ/VA
= −αD

DVA
λ

+ αD,2

(
dZ2

+

dt

∣∣∣∣
NL

+
dZ2
−

dt

∣∣∣∣
NL

)
(Model Aλ)

and Equation 3.62 becomes

dD

dt

∣∣∣∣
NL

= −αD
D

τDA
− αD,2

u2

τ ∗
(Model B)

τDA → λD/VA
= −αD

DVA
λD
− αD,2

u2

τ ∗
(Model BλD)

τDA → λ/VA
= −αD

DVA
λ
− αD,2

u2

τ ∗
(Model Bλ)

In Model A and Model B the negative sign needed in order to relax the normal-

ized energy difference towards −1/3 is in the nonlinear terms for the Elsässer
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energies (the second terms on the RHS). Since we do not really know how

much the Elsässer spectral cascade effects the energy difference equilibrium

with the Alfvén effect, αD,2 has been added to the equation.

3.2.5 Energy Difference Length Scale λD Models

Models for λD are a bit different from the models for the other variables.

There is not much literature on phenomenologies for λD and, like D there is

no pure hydrodynamic relation to compare to. Matthaeus et al. [35] uses only

a five equation evolution model, λD is chosen such that it is determined by the

Elsässer correlation lengths λ±

λD =
λ+Z

2
± + λ−Z

2
−

Z2
+ + Z2

−
(3.64)

Adhikari et al. [1] uses the same idea as Model 0, wherein it is assumed the area

under the curve of the cross-correlation tensor LD =
∫∞

0
RDs
ii (w)dw = DλD

(see Appendices B and D) is constant

dLD
dt

∣∣∣∣
NL

= 0 (Model 0)

Another method for forming the nonlinear transport term for the correlation

scale is to separate LD into its kinetic Lu and magnetic Lb components LD =

Lu−Lb. We can then use the phenomenologies for Lu and Lb to construct the

phenomenology for LD

dLD
dt

∣∣∣∣
NL

=
dLu
dt

∣∣∣∣
NL

− dLb
dt

∣∣∣∣
NL

(3.65)

= u2 dλu
dt

∣∣∣∣
NL

+ λu
du2

dt

∣∣∣∣
NL

− b2 dλb
dt

∣∣∣∣
NL

− λb
db2

dt

∣∣∣∣
NL

(3.66)

= u2 (βuu) + λu

(
−αu

u3

λu

)
− b2 (βbu)− λb

(
−αb

ub2

λb

)
(3.67)

= (βu − αu)u3 − (βb − αb)ub2 (Model A)

Model A gives four parameters αu,b and βu,b. Choosing αu = βu and αb = βb we

obtain Model 0. If we assume that αD = αu = αb and βD = βu = βb then Model

A becomes (βD − αD) (u3 − ub2) = (βD − αD)uD. The last option would be
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to consider the energy difference correlation length evolves proportional to

itself over a timescale (similar to the Elsässer correlation length λ± Model B).

In this case, as the energy difference is affected by the Alfvén timescale, we

shall assume that its correlation integral does as well

dLD
dt

∣∣∣∣
NL

= −βD
LD
τA

(Model B)

As mentioned in subsection 3.2.5, the Alfvén timescale can either occur with

the energy difference correlation length τA = λD/VA, or the total energy τA =

λ/VA

dLD
dt

∣∣∣∣
NL

= −βDVAD (Model BλD)

dLD
dt

∣∣∣∣
NL

= −βDVAD
λD
λ

(Model Bλ)

3.3 Source Driving

As previous and later sections have described (Sections 2.5 and 4.2), there

are additional phenomena that increase the energy in the solar wind. Since

the shear sources Sshear± and shock sources Sshock± have the same form, we will

encapsulate both of the effects into a single source term Ssh± with the constant

parameter Csh which will have a typical value Csh = 0.5 [13]. In this thesis we

will be including only the shear (and shock) and pickup ion driving sources.

We will also assume that the pickup ion and shear sources will increase the

kinetic and magnetic energies equally, therefore the source terms for the energy

evolution equations are

dZ2
±

dt

∣∣∣∣
S

= Ssh± + SPID (3.68)

dD

dt

∣∣∣∣
S

= 0 (3.69)

Here, there is no change due to the sources for the energy difference as the

changes to the magnetic and kinetic energies cancel out.

Unfortunately there is more nuance to the source terms required for the

correlation lengths. There are several arguments for the source terms for the
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correlation lengths that are discussed in the following three subsections and

examined in this thesis.

3.3.1 No Length Scale Sources

A simple assumption to make for the correlation lengths is to examine the

ranges that the sources involve. The pickup ion driving occurs due to the

interstellar neutral atoms being ionized, resulting in a gyration around the

magnetic field at the ion gyroradius ρi. The smallest scale in the MHD cascade

is where the dissipation starts to occur, which is theorized to be around the ion

gyroradius therefore the increase in the energy due to the pickup ion driving

is only at the smallest scale.

For the case of the shear effects, if the shear driving is at the correlation

length scale then the effect is 0 [12]. In this scenario, we assume that we can

ignore the correlation length source terms

dλ±
dt

∣∣∣∣
S

= 0 (3.70)

dλD
dt

∣∣∣∣
S

= 0 (3.71)

Written in terms of the correlation integrals

dL±
dt

∣∣∣∣
S

= λ±
dZ2
±

dt

∣∣∣∣
S

(3.72)

dLD
dt

∣∣∣∣
S

= 0 (3.73)

3.3.2 Maintain Length Scale Conservation Laws

Even though the sources affect different length-scales, in order to keep Z
a±
± λ± =

const, where a± = 2β±/α±, there must be an effective negative source term in

the λ± equations. Using
d(Z

a±
± λ±)

dt
= 0 yields

dλ±
dt

∣∣∣∣
S

= −a±
2

λ±
Z2
±

dZ2
±

dt

∣∣∣∣
S

= −a±
2

λ±
Z2
±

(
Ssh± + SPID

)
(3.74)

dλD
dt

∣∣∣∣
S

= 0 (3.75)
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Written in terms of the integrated correlation functions we have

dL±
dt

∣∣∣∣
S

=
(

1− a±
2

)
λ±

dZ2
±

dt

∣∣∣∣
S

=
(

1− a±
2

)
λ±
(
Ssh± + SPID

)
(3.76)

dLD
dt

∣∣∣∣
S

= 0 (3.77)

3.3.3 Constant Area Under the Curve

The last choice is a specific condition of maintaining the conservation laws,

where a± = 2. This choice relies on the argument that we want the area under

the correlation integrals to remain constant, thus

dL±
dt

∣∣∣∣
S

= 0 (3.78)

dLD
dt

∣∣∣∣
S

= 0 (3.79)

3.4 Temperature Models

The last piece of the solar wind model is an equation for the temperature

evolution. If we assume that the plasma is expanding radially with uniform

velocity (in addition to the conservation of mass), then the density falls off

according to ρ = ρ0 (R0/r)
2. As the volume of the spherically expanding

plasma increases, the temperature falls off as the internal energy decreases.

This process can be called adiabatic cooling and is represented by the following

equation

PV γ = const (3.80)

where P is the pressure, V is the volume and γ is the appropriate adiabatic

index. In the solar wind, the adiabatic index is γ = 5/3. The temperature

evolution equation can be written as

dT

dr
= −2(γ − 1)

T

r
= −4

3

T

r
(3.81)

As the dissipation of the turbulence is thought to be responsible for the heat-

ing that is observed in the solar wind [51, 52, 28], the temperature increases
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proportional to the rate of decrease/transfer of energy in the nonlinear terms

representing the energy cascade. The temperature equation is modified to the

form (modified from the Breech et al. [13] model (section E.2))

dT

dr
= −4

3

T

r
+

1

3

mp

kB

(
−

dZ2
+

dt

∣∣∣∣
NL

−
dZ2
−

dt

∣∣∣∣
NL

)
(3.82)

The first term stays the same as the adiabatic temperature case, but now, a

second term is added to associate the effect of the transition of energy into

temperature through the energy cascade. The nonlinear transfer terms are

negative because they need to associate with the increase in the temperature.

The proton mass mp and Boltzmann constant kB ensure that the second term

has the correct units (in Kelvin/distance). For this model, we are assuming

that the energy difference does not effect the temperature

The Adhikari et al. [1] model uses a slightly different modification to the

temperature (section E.1)

dT

dr
= −4

3

T

r
+

1

9

mp

kB
α

(
Z2

+Z−
λ+

+
Z2
−Z+

λ−
+D

(
Z−
λ+

+
Z+

λ−

))
(3.83)

The first notable difference is that Adhikari et al. adds in the nonlinear term

for the energy difference, implying that the energy difference also has an energy

cascade that transitions into temperature at the smallest scales. The second

difference is the neglect of the Kármán-Taylor constants (α±, αD) from the

nonlinear terms in the energy equations. The energy cascade implies that the

rate of the cascade is the rate that the energy dissipates into temperature, and

therefore the rate at which the temperature increases. There is a parameter

in the second term α, but that is set as α = 1 in Adhikari et al. [1], whereas

α± = 2 and αD = 1.

The two modified temperature equations provided do not explicitly include

the increases in temperature due to the source terms (section 3.3). Since the

sources increase the energy, the result is that there is more energy in the

cascade, so an increase in temperature through the coupling to the nonlinear

terms is seen.



Chapter 4

Data Analysis

In this chapter we compile some MHD simulation data that will be discussed

here and referenced in later sections. We also look at observational data which

provides our initial conditions and showcases the quantitative behaviour we

should expect from our models.

4.1 Simulation Data Analysis

This section contains data obtained from a set of simulations that were run.

The simulations were run as a two dimensional MHD simulation using a reso-

lution of 4096 by 4096 over various σc starting conditions. The viscosity ν and

resistivity η were set equal, at 0.0003. The mean background magnetic field

was chosen to be B0 = 0, this is due to the fact that the simulations are in two

dimensions only. To mimic the more realistic two dimensional isotropic tur-

bulence (rather than three dimensional isotropic turbulence), the background

magnetic field must be normal to the turbulent plane. Running a two di-

mensional MHD simulation is great for saving compute time and simplifying

analysis, but might fail to capture the true nature of the turbulence, particu-

larly any wave effects that propagate parallel to the mean magnetic fields. In

these plots produced from values calculated with the simulation, values taken

early in the simulation (t ≈ 0 → 0.5) are not indicative of the result as the

turbulence needs to ’boot-up’ from the initial conditions given.
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4.1.1 Correlation Length Relations

For the purposes of simplified models (e.g., Breech et al. [13]), looking at

how the correlation lengths evolve over time is helpful. With the correlation

lengths defined as the correlation integrals divided by the energy

λ± =
L±
Z2
±

(4.1)

λD =
LD
D

(4.2)

we can obtain λ+/λ−, λ+/λD and λ−/λD. Figure 4.1 shows these correlation

length fractions from the 2D MHD simulations. We would expect, as σc → 0

the correlation lengths converge, this would allow us to approximate outer-

heliosphere models as having a low σc value and one correlation length λ+ ≈

λ− ≈ λD. This expectation is met in the simulation, Figure 4.1 shows at

σc = 0, λ+/λD and λ−/λD is approximately 1.2. As σc increases, λ−/λD

increases and λ+/λ− decreases. λ+/λD only decreases a small amount to 0.7

as σc → 1. λ+/λ− is approximately 0.9 at σc = 0 and decreases towards 0 as

σc → 1, this is expected as Z2
− → 0 as σc → 1 so λ− = L−/Z

2
− gets very large.

These values show that we can assume one correlation length at low σc values.

4.1.2 Energy Estimation

The total energy of the solar wind can be expressed in two ways, through the

kinetic and magnetic energies (Eu, Eb respectively) or through the backward

and forward propagating Elsässer energies (E+, E− respectively)

ET =
1

4

(
Z2

+ + Z2
−
)

=
1

2
(E+ + E−) (4.3)

=
1

2

(
u2 + b2

)
= Eu + Eb (4.4)
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Figure 4.1: Plots of the similarities between the correlation lengths from the 2D

MHD simulations with various runs representing different initial σc conditions.
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We can describe the rate of change of the kinetic and magnetic energies in

terms of the proportion of the rate of change of the total energy

dEu
dt

= γu
dET
dt

(4.5)

dEb
dt

= γb
dET
dt

(4.6)

where γu, γb is the proportion of change of the total energy for the kinetic and

magnetic energies respectively. Since ET = Eu +Eb, we must have γb = 1−γu

and 0 ≤ γu ≤ 1. We also know that we have an exact expression for the

conservation of kinetic energy

1

2

d

dt
〈uiui〉 = −1

2
ν
〈
Σij (∂iuj + ∂jui)

2〉 = −ν
〈
|ω|2

〉
(4.7)

where the vorticity is the curl of the velocity ω = ∇ × u. Similarly, the

conservation of magnetic energy is

1

2

d

dt
〈bibi〉 = −η

〈
|j|2
〉

(4.8)

where the current is the curl of the magnetic field j = ∇×b. The quantities for

the viscosity ν, resistivity η, enstrophy ω2 and the squared current j2 are known

from the simulation. Therefore, we can obtain expressions for the accuracy of

the phenomenological energy containing range dissipation (calculated via the

Elsässer variables) versus the true dissipation. With the rate of change of the

total energy

dET
dt

=
1

4

(
α+

Z2
+Z−
λ+

+ α−
Z2
−Z+

λ−

)
(4.9)

and the rate of changes of the kinetic and magnetic energies (dEu
dt
, dEb

dt
) calcu-

lated via finite differences from the simulation data. The proportions of the

rate of energy changes (γu, γb) for the inertial range total energy are

γu = −4
dEu
dt

(
α+

Z2
+Z−
λ+

+ α−
Z2
−Z+

λ−

)−1

(4.10)

γb = −4
dEb
dt

(
α+

Z2
+Z−
λ+

+ α−
Z2
−Z+

λ−

)−1

(4.11)
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Figure 4.2: Plots of the proportions of change for the kinetic and magnetic

energy for the nonlinear phenomenologies γu, γb and the true decay γtrueu , γtrueb

from the 2D MHD simulation data over time with several runs of varying initial

σc values.

and the true simulation proportions of the rate of energy changes are

γtrueu = −4
dEu
dt

(
ν
ω2

2
+ η

j2

2

)−1

(4.12)

γtrueb = −4
dEb
dt

(
ν
ω2

2
+ η

j2

2

)−1

(4.13)

Figure 4.2 plots the true and phenomenological proportions of change (γu, γb)

for the kinetic and magnetic energies from the various 2D MHD simulation.

Straight away, the phenomenological models γu, γb do not suggest a conserva-

tion of energy γb 6= 1 − γu. γu maintains a value around 0.2 for all σc initial

conditions, whereas γb is almost 0.8 for σc = 0 but decreases as σc increases,
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ending roughly equal to γu at σc = 0.99. The true proportions of change (γtrueu ,

γtrueb ) shows the expected behaviour; energy is conserved γtrueb = 1− γtrueu . At

the low σc values (0, 0.2 and 0.5), γtrueb is approximately 0.8 and γtrueu is

approximately 0.2. Towards the higher σc values, the proportion of rate of

change of the kinetic energy increases towards 0.5 and γtrueb decreases to 0.5,

γtrueu ≈ γtrueb . As the phenomenological model does not meet the expected

results (γu,b 6= γtrueu,b ), it implies that the energy containing range model for

the energy cascade (in the 2D MHD simulation) does not properly model the

dissipation.

4.1.3 Nonlinear Parameter Estimation

With the simulation data, we can calculate the Kármán-Taylor nonlinear α±

and β± parameters, by taking the finite difference of the respective variable

and dividing by the phenomenological term to get the parameter. Using Z2
±

Model A,

α± = −
dZ2
±

dt

(
λ±

Z2
±Z∓

)
(4.14)

With two nonlinear equation models for λ± (Model A, Model B) we can obtain

the following two parameters

βA± =
dλ±
dt

(
Z2
±Z∓

)−1/3
(4.15)

βB± =
dλ±
dt

(
1

Z∓

)
(4.16)

Figure 4.3 shows the Kármán-Taylor ”constants” α±, βA,B± calculated from the

2D MHD simulation. As discussed in subsection 4.1.1, Z2
− → 0 as σc → 1 so α−

and βA,B− get very large. α+ is approximately constant for σc = 0, 0.2, 0.5, 0.85

with values around 0.1. At σc = 0.99, α+ increases linearly over the duration

of the simulation to 0.8. α− is not constrained at the higher σc values, but at

σc = 0 α− has the same value as α+ (which is expected). Even at σc = 0.2, α−

increases to 0.5 during the simulation.βA+ is roughly constant (although it is

less stable than α±) and ranging from 0.04 at σc = 0 to 0.01 at σc = 0.85. On
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Figure 4.3: Plots of the nonlinear Kármán-Taylor constants (α±, βA,B± ) from

the 2D MHD simulations using various σc starting conditions.

the other hand, βB+ linearly increases during the simulation ending at values

of 0.06 for σc = 0.2, 0.85 and 0.04 for σc = 0.5. Converse to βA,B+ , βA− linearly

increases more than βB+ over the course of the simulations. For both βA,B− , the

value is increasing too quickly at high σc values (≥ 0.85). βB− has values 0.1

for σc = 0, 0.2 and 0.2 for σc = 0.5 and with βA+ increasing, it still maintains

values around 0.1 for σc = 0, 0.2 but rises to 0.6 for σc = 0.5.

β+ shows favourable behaviour when using λ± Model A; βA+ shows constant

behaviour compared to βB+ across the different σc simulation runs. However, β−

shows favourable behaviour using λ± Model B; βB− shows constant behaviour

compared to βA+ across the different σc simulation runs.
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4.1.4 Conservation Constant

As an extension to the parameter estimation (subsection 4.1.3), we can es-

timate the parameters associated with the conservation laws mentioned in

subsection 3.2.3. Using Z2
± Model A and λ± Model A, the conservation law

values are

Z
aA±
± λ± = CA

± (4.17)

with the powers

aA+ =

(
2βB+
αB+

)(
1 + σc
1− σc

)1/3

(4.18)

aA− =

(
2βB−
αB−

)(
1− σc
σc + 1

)1/3

(4.19)

Using Z2
± Model A and λ± Model B, the conservation law values are

Z
aB±
± λ± = CB

± (4.20)

where

aB± =
2βB±
αB±

(4.21)

Figure 4.4 shows the conservation law powers for the two different λ± nonlinear

models (using the same nonlinear Z2
± model) aA,B± from the 2D MHD simula-

tions. These powers are calculated from the parameters (subsection 4.1.3) and

multiplied according to the equations stated above. Figure 4.5 shows the con-

stants CA,B
± calculated from the aA,B± , Z2

± and λ± values derived from the 2D

MHD simulations. You may note that, both Figure 4.4 and Figure 4.5 show

the same values for both models aA± = aB± (therefore, CA
± = CB

± ). This is ex-

pected, as the difference associated with the parameters βA± and βB± caused by

the difference in the nonlinear models is the inverse of the σc correction factor

in aA±. If the function f(x) defines taking the finite differences of the variable
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Figure 4.4: Plots of the conservation law powers aA,B± from the 2D MHD

simulation data over time with several runs of varying initial σc values.
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Figure 4.5: Plots of the conservation law constants CA,B
± from the 2D MHD

simulation data over time with several runs of varying initial σc values.
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x to estimate the rate of change, the conservation powers are calculated as

αA,B± = α± =
f(Z2

±)λ±
Z2
±Z∓

(4.22)

βA± =
f(λ±)

(Z2
±Z∓)

1/3
(4.23)

βB± =
f(λ±)

Z∓
(4.24)

For example, equating the ’+’ conservation powers

aA+ = aB+ (4.25)

=⇒
2βA+
α+

(
−σc − 1

σc − 1

)1/3

=
2βB+
α+

(4.26)

=⇒ βA+

(
−σc − 1

σc − 1

)1/3

= βB+ (4.27)

=⇒ f(λ+)

(Z2
+Z−)

1/3

(
−σc − 1

σc − 1

)1/3

=
f(λ+)

Z−
(4.28)

=⇒ Z−

(Z2
+Z−)

1/3

(
−σc − 1

σc − 1

)1/3

= 1 (4.29)

=⇒
Z2
−

Z2
+

(
1 + σc
1− σc

)
= 1 (4.30)

which is true, as Z2
−/Z

2
+ = (σc − 1)/(−σc − 1).

Figure 4.5 shows that the constants CA,B
± aren’t entirely constant. Al-

though it could be argued that CA,B
+ is relatively constant at all σc values

and CA,B
− is roughly constant at σc = 0, 0.2. At σc = 0.5, 0.85, 0.99, the con-

servation constant CA,B
− is increasing over time in the simulation. The large

values in CA,B
− is due to the large values found in Z2

− and λ−, as the conser-

vation power aA,B− is relatively constant over the simulation time (Figure 4.5).

Both aA,B± decrease with increasing σc values and are approximately equal for

σc = 0, 0.2.

4.2 Satellite Data

This section discusses observational data kindly given to us by Adhikari et al.

[1] plotted in Figures 4.6 to 4.9. The data from Adhikari et al. [1] comes as two

datasets, one for the inner heliosphere from the Helios 2 and Ulysses spacecraft
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from 0.29 AU to 5 AU and another for the outer heliosphere from the Voyager

2 spacecraft ranging from 1 AU to 75 AU.

Figure 4.6 shows the proton temperature for the Voyager 2 data [53] and the

adiabatic cooling model (section 3.4). Clearly, there is a big difference between

the adiabatic cooling model and the voyager 2 data. Past 1 AU, the Voyager 2

data shows an increase in temperature (compared to the adiabatic profile) that

slowly decreases until around 20 AU. The increase in temperature observed is

a strong indicator and attributed to turbulence being present in the solar wind

[51]. The energy from the MHD turbulent fluctuations eventually dissipates

and shows up as increased temperature resulting in the different temperature

profile seen. Past 20 AU (in the outer heliosphere), there is another (rather

sharp) increase in the observed temperature that is evidence of the interstellar

pickup ions [29, 53] increasing the energy of the solar wind.

Figure 4.7 shows the Voyager 2 data [1] of the radial velocity and the

density. The radial velocity shows that there are fluctuations in the speed

over distance (really, time section 2.2). The slowest observed radial velocity is

around 300 km/s whereas the fastest speeds reach over 650 km/s. The assumed

Ur = 400 km/s matches nicely with the slower wind speeds seen, faster wind

speeds will be captured by the shear driving turbulence term section 2.5. The

second plot shows the log-log plot of the density showing around 10 particles

per cubic centimetre at 1 AU and 0.001 particles per cubic centimetre at 75

AU. The model of spherical expansion of the density (obtained from the

conservation of mass and the constant, radial velocity) ρ = ρ0 (R0/r)
2 matches

nicely to the observed data.

Figure 4.8 shows the observational data of the backward Z2
+ and forward Z2

−

energies (per unit mass) and the normalized energy difference and cross helicity.

Z2
+ has an initial value of 13, 515 (km/s)2 per unit mass. The backwards

Elsässer energy decreases to a minimum of 9.99 (km/s)2 per unit mass at 21

AU. Z2
− has an initial value of 753 (km/s)2 per unit mass and decreases towards

towards a similar minimum value of 8.02 (km/s)2 per unit mass as Z2
+ at 21
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Figure 4.6: Proton temperature (in Kelvin) versus radial distance (in AU).

Plotted is the Voyager 2 data (orange plus) and the adiabatic temperature

model (green).
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Figure 4.7: Graphs of satellite observations (orange) and the models (blue)

of the radial velocity and the density. The observations are obtained from

Voyager 2 (orange) ranging from 1 AU to 75 AU (courtesy of Adhikari et al.

[1]). The radial velocity model shows the assumed constant radial velocity

Ur = 400 km/s. The density model shows the assumed ρ = ρ0(R0/r)
2.
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AU. Past 21 AU, we see the effects of the interstellar pickup ions, increasing

the energy of Z2
+ and Z2

−. Observational data shows, for the normalized energy

difference σD, an equality of the kinetic and magnetic energies at 0.29 AU. As

the radial distance increases, σD decreases (to around −0.75) indicating that

there is more magnetic energy in the solar wind. From the Voyager 2 data,

σD increases past 10 AU back towards 0. Other observational studies tend to

show that σD ≈ −1/3 [46]. In the Helios 2/Ulysses data from 0.29 to 5 AU,

the normalized cross helicity σc has an initial value of 0.894, then increases

towards zero. This shows that in the early heliosphere, the Elsässer energy

strongly favours the backward propagating modes. Then, towards 5 AU the

forward and backward modes start to become more equal. The Voyager 2 data

from 1 to 75 AU supports this observation, σc is centered around zero meaning

that in the outer heliosphere the two Elsässer energy quantities are roughly

equal.

Figure 4.9 shows the observational data of the backward λ+, forward λ−

and energy difference λD correlation lengths. Starting with the Helios2/Ulysses

dataset, λ+ has an initial value of 0.00143 AU, λ− has an initial value of

0.000779 AU and λD has an initial value of 0.0204 AU. λD decreases over

0.29 to 5 AU to a value of 0.997 AU whereas λ+ and λ− increase to values of

2.279 and 2.375 AU respectively. The value of 7.887 AU for λ− at 4.610 AU

is assumed to be an outlier. The Voyager 2 correlation length observational

data is more difficult to analyse as it varies greatly from measurement to

measurement and covers several orders of magnitude. The Voyager 2 data

for λ+ and λ− seems to agree with the Helios2/Ulysses datasets where they

overlap (to within some degree of variability) from 1 to 5 AU as most of the

data lies within 106 and 107 kilometres. From the Voyager 2 dataset, the

outlier point from the Helios2/Ulysses dataset could be considered less of an

outlier. Past 5 AU, one might approximate λ+ and λ− as relatively constant.

The majority of the λD data for both the datasets lie within 5× 105 and 107

kilometres. However, not visible on the plot, λD has two negative values in
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Figure 4.8: Graphs of satellite observations of the energy of the backward Z2
+

and forward Z2
− propagating modes and the normalized energy difference σD

and cross helicity σc. The observations from Helios 2 and Ulysses (blue) are

from 0.29 to 5 AU and the observations from Voyager 2 (orange) are from 1

AU to 75 AU. The observational data is courtesy of Adhikari et al. [1].
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Parameter Initial Value

Z2
+0 13, 515 km2/s2

Z2
−0 753 km2/s2

D0 −57.07 km2/s2

T0 3.5× 105 K

λ+0 0.00143 AU

λ−0 0.000779 AU

λD0 0.0204 AU

Table 4.1: Initial conditions at 0.29 AU based off the Helios 2 dataset

the Voyager 2 dataset. At 5.140 AU λD = −11.636 × 106 kilometres and at

9.202 AU λD = −4.359× 106 kilometres.

Keeping to the Helios 2 observed data, Table 4.1 shows the initial conditions

(at r = r0 = 0.29 AU) that will be used commonly in the next two sections.
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Figure 4.9: Graphs of satellite observations (in kilometres) for the backward

λ+, forward λ− and energy difference λD correlation length fluctuations. The

observations from Helios 2 and Ulysses (blue) are from 0.29 to 5 AU and the

observations from Voyager 2 (orange) are from 1 AU to 75 AU. The observa-

tional data is courtesy of Adhikari et al. [1].



Chapter 5

Analytic Solutions

In this section, we will be taking the steady state equations mentioned in

Appendix D with the additional assumption that VA/U � 1

dZ2
±

dr
= −

Z2
±

r
−M±D

r
+

1

U
N± +

1

U
S± (5.1)

dD

dr
= −D

r
− 1

2

1

r

(
M+Z2

− +M−Z2
+

)
+

1

U
ND +

1

U
SD (5.2)

dL±
dr

= −L±
r
−M±

L

LD
r

+
1

U
NL
± +

1

U
SL± (5.3)

dLD
dr

= −LD
r
− 1

2

1

r

(
M+

L L− +M−
L L+

)
+

1

U
NL
D +

1

U
SLD (5.4)

The M terms are the mixing terms that depend on the symmetry of the turbu-

lence. For the 2 dimensional case, the term of order U depends on the winding

angle Ψ between the radial direction and the magnetic field direction and there-

fore depends on the radial distance. For 3D isotropic turbulence M = 1/3,

ML = 0 and for 2D isotropic turbulence M ∝ cos2 Ψ, ML ∝ 2 cos2 Ψ− 1. For

the analytical solutions we will be assuming that all the mixing terms M are

constant, which corresponds to choosing the winding angle. In these cases,

M+ = M− = M = const and M+
L = M−

L = ML = const. In this section we

will also compare the solutions obtained to analytical solutions of the Adhikari

et al. [1] equations made with the same small order VA/U assumption.



56

5.1 Linear Equations

In this section we will assume that the nonlinear terms of the coupled equations

are zero (N = 0). Likewise, we will assume that there is no turbulence source

driving terms (S = 0).

5.1.1 Zero Energy Difference (D = 0, LD = 0)

Starting with the simplest case, we will additionally assume that there is no

energy difference terms LD = 0, D = 0.

dZ2
±

dr
+
Z2
±

r
= 0 (5.5)

=⇒
Z2
±

Z2
±0

=
r0

r
(5.6)

dL±
dr

+
L±
r

= 0 (5.7)

=⇒ L±
L±0

=
r0

r
(5.8)

This also implies that the correlation lengths are constant λ± = λ±0. By using

L± = λ±Z
2
±,

L± = Z2
±λ± =

r0L±0

r
=
r0Z

2
±0λ±0

r
(5.9)

=⇒
r0Z

2
±0

r
λ± =

r0Z
2
±0λ±0

r
(5.10)

=⇒ λ± = λ±0 (5.11)

5.1.1.1 Adhikari et al. Equation

In this reduced form, the Adhikari et al. models are the same, providing the

same result.

5.1.1.2 Discussion

The zero energy difference model is plotted in Figure 5.1 and Figure 5.2 (blue)

and shows the simple r−1 decay model. Figure 5.3 shows the constant corre-

lation length (blue).
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5.1.2 Constant Energy Difference

Assuming the energy difference is constant D = D0, and the corresponding

correlation integral is constant LD = LD0, we obtain the following evolution

equations

dZ2
±

dr
+
Z2
±

r
+M

D0

r
= 0 (5.12)

dL±
dr

+
L±
r

+ML
LD0

r
= 0 (5.13)

The equations can be solved using an integrating factor µ = r, giving the

following results

Z2
± = −MD0 +MD0

r0

r
+ Z2

±0

r0

r
(5.14)

L± = −MLLD0 +MLLD0
r0

r
+ L±0

r0

r
(5.15)

5.1.2.1 Adhikari et al. Equation

We can obtain the Adhikari et al. [1] model by setting M = 1 and ML = 1/2

Z2
± = −D0 +D0

r0

r
+ Z2

±0

r0

r
(5.16)

L± = −1

2
LD0 +

1

2
LD0

r0

r
+ L±0

r0

r
(5.17)

5.1.2.2 Discussion

The constant energy difference models are also plotted as four models in Fig-

ures 5.1 to 5.3. The first three models are plotted due to the different choices

of the constant mixing term parameters; the three dimensional isotropic model

M = 1/3, ML = 0 in orange, the two dimensional isotropic turbulence model

with a 0◦ winding angle resulting in M = 1, ML = 1 plotted in green and

the two dimensional isotropic turbulence model in red with 45◦ winding angle

resulting in M = 1/2, ML = 0. The last model is the Adhikari et al. [1] model

in purple which corresponds to the choice of M = 1, ML = 1/2.

Figure 5.1 shows the models decreasing in energy over radial distance. The

energy Z2
+ for the constant energy difference models starts to flatten out in

between 1 and 10 AU, and becomes mostly constant at 100 AU with the larger
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Figure 5.1: Plots of the backward and forward energies and the normalized

cross helicity over radial distance to 100 AU. Plotted is the exact solution to

the 4-equation models with no energy difference (blue), under 3D isotropic tur-

bulence (orange), under 2D isotropic turbulence with assumed winding angle

of 0◦ (green), under 2D isotropic turbulence with the winding angle 45◦ (red)

and the 4 equation Adhikari et al. model (purple). In these plots, the green

and purple lines are equal.
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mixing parameter choices resulting in larger final energy. Z2
− follows the zero

energy difference model r−1 decay rate until 20 AU where the constant energy

difference models start to flatten out with the larger mixing parameter choices

resulting in larger energy final energy. The cross helicity shows the models

with the larger mixing parameters (Adhikari and Ψ = 45◦ models) converge

towards an equipartition of the Elsässer energies quicker than models with

smaller mixing parameters (Ψ = 0◦ and 3D isotropic models).

Figure 5.2 shows the 0◦ winding angle and the Adhikari et al. [1] model

maintaining larger correlation integral values due to the larger choices of the

correlation integral mixing termML, L+ flattens out at 10 AU and L− increases

slightly from the initial value, but is mostly constant after 1 AU. The models

with ML = 0 (3D isotropic turbulence, Ψ = 45◦) follow the r−1 decay rate.

The correlation lengths Figure 5.3 for the Ψ = 45◦ and 3D isotropic turbu-

lence models decrease from the initial value, this follows from their correlation

length r−1 decay rate and the eventually constant energies with λ± = L±/Z
2
±.

Conversely, the Adhikari and Ψ = 0◦ show an increase in correlation length

over radial distance.

5.1.3 Linear 6 Equation Model

To solve the 6 equation model, we have 2 sets of 3-coupled linear ordinary

differential equations. The 2 sets of equations have the same form

dx(t)

dt
=

1

t
Mx(t) (5.18)

where M is the coefficient matrix for the system. Solving this system is simple

as we get solutions of the form

x(t) = c1v1

(
t

t0

)ω1

+ c2v2

(
t

t0

)ω2

+ c3v3

(
t

t0

)ω3

(5.19)

where v1,v2, and v3 are the eigenvectors of the system and ω1, ω2, and ω3

are the corresponding eigenvalues of the system. c1, c2, and c3 are constants

consisting of the initial conditions x(t0) = x. The system of equations for the
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Figure 5.2: Plots of the backward and forward correlation integrals over radial

distance to 100 AU. Plotted is the exact solution to the 4-equation models

with no energy difference (blue), under 3D isotropic turbulence (orange), un-

der 2D isotropic turbulence with assumed winding angle of 0◦ (green), under

2D isotropic turbulence with the winding angle 45◦ (red) and the 4 equation

Adhikari et al. model (purple). In these plots, the blue, red and orange plots

lines are equal.
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Figure 5.3: Plots of the backward and forward correlation lengths over radial

distance to 100 AU. Plotted is the exact solution to the 4-equation models

with no energy difference (blue), under 3D isotropic turbulence (orange), un-

der 2D isotropic turbulence with assumed winding angle of 0◦ (green), under

2D isotropic turbulence with the winding angle 45◦ (red) and the 4 equation

Adhikari et al. model (purple).
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Elsässer variables for the linear system of ordinary differential equations are

the following

dZ2
±

dr
= −

Z2
±

r
−MD

r
(5.20)

dD

dr
= −1

2
M
Z2

+

r
− 1

2
M
Z2
−

r
− D

r
(5.21)

dL±
dr

= −L±
r
−ML

LD
r

(5.22)

dLD
dr

= −1

2
ML

L+

r
− 1

2
ML

L−
r
− LD

r
(5.23)

converting Z2
+, Z

2
−, and D to matrix form, we get

dZ2
+

dr

dZ2
−

dr

dD
dr

 = −1

r


1 0 M

0 1 M

1
2
M 1

2
M 1



Z2

+

Z2
−

D

 (5.24)

which admits eigenvalues ω1 = −1, ω2 = M−1, ω3 = −M−1 with eigenvectors

v1 =


−1

1

0

, v2 =


−1

−1

1

, v3 =


1

1

1

. The solution to the system is the following


Z2

+

Z2
−

D

 = c1v1

(
r

r0

)ω1

+ c2v2

(
r

r0

)ω2

+ c3v3

(
r

r0

)ω3

(5.25)

Setting r = r0, Z2
+(r0) = Z2

+0, Z2
−(r0) = Z2

−0, D(r0) = D0 we can find the

constants

c1 =
1

2

(
Z2
−0 − Z2

+0

)
(5.26)

c2 =
1

4

(
2D0 − Z2

−0 − Z2
+0

)
(5.27)

c3 =
1

4

(
2D0 + Z2

+0 + Z2
−0

)
(5.28)

Similarly, the correlation integrals have the same form as the energy equations

and so the same result ωL1 = −1, ωL2 = ML−1, ωL3 = −ML−1. Setting r = r0,
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L+(r0) = L+0, L−(r0) = L−0, LD(r0) = LD0 we can find the constants

cL1 =
1

2
(L−0 − L+0) (5.29)

cL2 =
1

4
(2LD0 − L−0 − L+0) (5.30)

cL3 =
1

4
(2LD0 + L+0 + L−0) (5.31)

for the linear solution
L+

L−

LD

 = cL1v1

(
r

r0

)ωL1
+ cL2v2

(
r

r0

)ωL2
+ cL3v3

(
r

r0

)ωL3
(5.32)

As far as we are aware these solutions have not been presented in the literature.

5.1.3.1 Adhikari et al. Equation

We can obtain the Adhikari et al. [1] model by settings M = 1

dZ2
±

dr
+
Z2
±

r
+
D

r
= 0 (5.33)

dD

dr
+

1

2

Z2
+

r
+

1

2

Z2
−

r
+
D

r
= 0 (5.34)

This gives eigenvalues of ω1 = −1, ω2 = 0, ω3 = −2 with the same constants

c1, c2, and c3. The system for the Adhikari et al. model of correlation integrals

is the transpose of our system with ML = 1
dL+

dr

dL−
dr

dLD
dr

 = −1

r


1 0 1

2

0 1 1
2

1 1 1



L+

L−

LD

 (5.35)

The eigenvalues of the correlation integral system of equations are ω1 = −1,

ω2 = 0, ω3 = −2 with the same constants cL1 , cL2 , and cL3 .

5.1.3.2 Discussion

The linear six equation models are plotted in Figures 5.4 and 5.5 showing the

Adhikari six equation linear model (red) and our six equation linear models

under different isotropy conditions (blue, orange and green). All the equations
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Figure 5.4: Plots of the backward and forward energies, the normalized energy

difference and the normalized cross helicity over radial distance to 100 AU.

Plotted is the exact solutions to the 6-equation models under 3D isotropic

turbulence (blue), 2D isotropic turbulence with 0◦ winding angle (orange), 2D

isotropic turbulence with 45◦ winding angle (green) and the Adhikari et al.

model (red). In these plots the red and orange equations are equal.
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Figure 5.5: Plots of the backward and forward correlation lengths and the

correlation length for the energy difference over radial distance to 100 AU.

Plotted is the exact solutions to the 6-equation models under 3D isotropic

turbulence (blue), 2D isotropic turbulence with 0◦ winding angle (orange), 2D

isotropic turbulence with 45◦ winding angle (green) and the Adhikari et al.

model (red).
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depicted show a significant decrease in the normalized energy difference σD

from 0 to -1. As we would like σD to reach an equilibrium at −1/3 (section 4.2)

we clearly need the nonlinear term to push σD back towards 0. As it stands,

the linear-six equation models have a vast amount of excess magnetic energy.

The normalized cross helicity σc shows expected behaviour of reaching 0 in the

outer heliosphere, implying that the Elsässer energies are becoming equalized,

this is also seen in the Z2
+ and Z2

− plots. Z2
+ is roughly equal to Z2

− after 10 AU.

In Figure 5.4, the Adhikari (red) and 2D isotropic turbulence with a 0◦ winding

angle (orange) are equivalent. These two models have an increasing Z2
− that

reaches a steady state within 2 AU. Likewise, the Adhikari and Ψ = 0◦ models

reach a steady state for Z2
+ around 2 AU after decreasing from the initial value.

The 3D isotropic turbulence (blue) and Ψ = 45◦ (green) linear models show

both the energies Z2
± decreasing over the radial distance. In Figure 5.5, the

Adhikari and ψ = 45◦ linear models (red and orange respectively) show a

constant, steady state for all of the correlation lengths λ+, λ− and λD after

2 AU whereas the 3D isotropic and Ψ = 45◦ linear models (blue and green

respectively), show the length scales decreasing over the radial distance.

5.2 Nonlinear Equations

In this section, we will try to obtain solutions with non-zero nonlinear terms.

We will still be assuming that there is no turbulent source driving terms (S =

0).

5.2.1 Single Length-scale λ

Matthaeus et al. [36] provide a steady state solution for the following set of

equations

dZ2

dr
+
A

r
Z2 = −αZ

3

λ
(5.36)

dλ

dr
+
C

r
λ = βZ (5.37)
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These equations have been obtained by assuming that there is only one length

scale λ± = λ and energy scale Z2
± = Z2. It is also assumed that λD = 0 and

with σD = const, D = σDZ
2. The nonlinear pieces are the direct analogy to

the HD Kármán-Taylor style phenomenologies (λ± Model B, Z2
± Model A).

The following is the solution for a general α and β rather than the specific

case of α = 2β = 1 that Matthaeus et al. provide

Z2

Z2
0

=
(r0

r

)A [α + 2β

2

D

Q

((
r

r0

)Q
− 1

)
+ 1

]−4β/(α+2β)

(5.38)

λ

λ0

=
(r0

r

)C [α + 2β

2

D

Q

((
r

r0

)Q
− 1

)
+ 1

]2β/(α+2β)

(5.39)

The terms A and C relate to the isotropy assumption (Appendix C, Ap-

pendix D) and Q = 1 + C − 1
2
A and D = Z0

U
r0
λ0

. The model proposed here

could be viewed as a model for the outer heliosphere where σD ≈ −1/3 and

σc ≈ 0.

5.2.2 Two Length-scales λ±

Without the one length and energy scale assumption and keeping to the same

Kármán-Taylor style phenomenologies (λ± Model B, Z2
± Model A), the equa-

tions for Z2
± and L± = λ±Z

2
± are the following

dZ2
±

dr
+ A

Z2
±

r
+B

Z2
∓

r
= −α±

U

Z4
±Z∓
L±

(5.40)

dL±
dr

+ C
L±
r

+D
L∓
r

=
1

U
(β± − α±)Z2

±Z∓ (5.41)

We have still maintained D = σDZ
2 with Z2 = 1

2

(
Z2

+ + Z2
−
)

and LD = σDL

with L = 1
2

(L+ + L−). Therefore the mixing terms result in the general

parameters A = 1 + 1
2
MσD, B = 1

2
MσD, C = 1 + 1

2
MLσD and D = 1

2
MLσD

for constant mixing terms M and ML. By assuming α± = α, β± = β and A =

C = 1 and also removing the symmetric ’∓’ transport couplings B = D = 0

which corresponds to choosing 1
2
MσD = 0 and 1

2
MLσD = 0, we get

dZ2
±

dr
+
Z2
±

r
= −α

U

Z4
±Z∓
L±

(5.42)

dL±
dr

+
L±
r

=
1

U
(β − α)Z2

±Z∓ (5.43)
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We will start by simplify the Z2
± equation, using ω± = Z2

±

=⇒ dω±
dr

+
ω

r
= −α

U

ω2
±ω

1/2
∓

L±
(5.44)

This is a Bournoulli differential equation [44], by making the next substitution

Ω± = ω1−n
± , where n = 2 is the highest power in the nonlinear term (meaning

Ω± = ω−1
± = Z−2

± ). By dividing by the highest power ω2
± and using dΩ±

dr
=

−ω−2
±

dω±
dr

we obtain

dΩ±
dr
− Ω±

r
=
α

U

Ω
−1/2
∓

L±
(5.45)

dL±
dr

+
L±
r

=
1

U
(β − α) Ω−1

± Ω
−1/2
∓ (5.46)

Using an integrating factor of 1
r

for Ω± and r for L± we can simplify both

evolution equations

d(1
r
Ω±)

dr
= −α

U

1

r

Ω
−1/2
∓

L±
(5.47)

d(rL±)

dr
= r

1

U
(β − α)Ω−1

± Ω
−1/2
∓ (5.48)

Now, we are able to divide the two differential equations, to cancel out the

dependence on Ω∓ and then solve for 1
r
Ω± and rL±

=⇒
d(1

r
Ω±)

d(rL±)
=

α

β − α

1
r
Ω±

rL±
(5.49)

=⇒ Ω±
Ω±0

=

(
r

r0

) β
β−α
(
L±
L±0

) α
β−α

(5.50)

=⇒
Z2
±

Z2
±0

=

(
r

r0

)− β
β−α
(
L±
L±0

)− α
β−α

(5.51)

Plugging our values for Z2
± Equation 5.51 in terms of L± into Equation 5.48

d(rL±)

dr
=

1

r0

β − α
U

(
Z2
±0

(
r

r0

)− β
β−α−1(

L±
L±0

)− α
β−α
)(

Z2
∓0

(
r

r0

)− β
β−α
(
L∓
L∓0

)− α
β−α
)1/2

(5.52)

=
1

r0

β − α
U

(
Z2
±0Z∓0

)( r

r0

)− 3
2

β
β−α−1(

rL±
L±0

)− α
β−α
(
rL∓
L∓0

)− 1
2

α
β−α

(5.53)
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and then using the chain rule d(rL+)
dr

dr
d(rL−)

= d(rL+)
d(rL−)

, we can start to find solu-

tions for L+ in terms of L− and r

d(rL+)

d(rL−)
=

(
Z+0

Z−0

)(
rL+

L+0

)− 1
2

α
β−α
(
rL−
L−0

) 1
2

α
β−α

(5.54)

=⇒
∫

(rL+)
1
2

α
β−α d (rL+) = c+

1 c
+
2

∫
(rL−)

1
2

α
β−α d (rL−) (5.55)

For notational simplicity we have switched to the following short hand c±1 =(
Z±0

Z∓0

)a
and c±2 =

(
L±0

L∓0

)a
, where the power a is arbitrary and not the equal

in all of c±1 and c±2 . For example, in Equation 5.55, c+
2 has a = 1

2
α

β−α but will

still be recorded as c+
2 .

At this point we need to pay close attention to the α and β parameters for

rL±. For α = β, Equation 5.55 becomes undefined, so from this point onwards

we require α 6= β. If we follow [36] (as restated in subsection 5.2.1) and choose

α = 1, β = 1/2 (1
2

α
β−α = −1), we get a power law solution that depends on the

initial conditions (really, the only requirement is β = α/2)∫
(rL+)−1 d (rL+) = c+

1 c
+
2

∫
(rL−)−1 d (rL−) (5.56)

=⇒ ln

(
rL+

r0L+0

)
= c+

1 c
+
2 ln

(
rL−
r0L−0

)
(5.57)

=⇒ rL±
r0L±0

=

(
rL∓
r0L∓0

)c±1 c±2
(5.58)

If we want 1
2

α
β−α = m for m ≥ 0, we get β = α 1+2m

2m
. If m = 0 then α = 0

and m = 1/2 implies β = 0. Otherwise, β > α which results in an increasing

Reynold’s number which is nonphysical for unforced, decaying turbulence [36],

this solution is the following∫
(rL+)m d (rL+) = c+

1 c
+
2

∫
(rL−)m d (rL−) (5.59)

=⇒ (rL+)m+1 − (r0L+0)m+1

m+ 1
= c+

1 c
+
2

(rL−)m+1 − (r0L−0)m+1

m+ 1
(5.60)

=⇒ (rL±)m+1 = c±1 c
±
2

(
(rL∓)m+1 − (r0L∓0)m+1

)
+ (r0L±0)m+1 (5.61)

If we want a physically constrained solution, then we require 1
2

α
β−α = −n for
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n > 1 which implies that β = α 2n−1
2n

therefore α > β∫
(rL+)−n d (rL+) = c+

1 c
−
2

∫
(rL−)−n d (rL−) (5.62)

=⇒ (rL±)1−n = c±1 c
±
2

(
(rL∓)1−n − (r0L∓0)1−n)+ (r0L±0)1−n (5.63)

With Equations (5.58), (5.61) and (5.63) as solutions for Equation 5.55, pro-

viding an expression for L± in terms of L∓ and r we can substitute the formulae

back into Equation 5.53. Starting with Equation 5.61,

d(rL±)

dr
=

α

2mU

c±3
r0

(
r

r0

)− 3
2
−3m

(rL±)−2m (5.64)

×
[
c∓1 c

∓
2

(
(rL±)m+1 − (r0L±0)m+1)+

(
r0L

m+1
∓0

)]−m/(m+1)
(5.65)

where, once again we are simplifying the notation with c±3 =
(
Z2
±0Z∓0

)a
. Equa-

tion 5.65 is an equation of the form∫
x2m

(
B(xm+1 + C) +D

) m
m+1 dx = A

∫
r−5/2+3mdr (5.66)

Unfortunately, we cannot obtain a solution for L± as forms for the right hand

side of Equation 5.66 give solutions containing hypergeometric functions. Us-

ing Equation 5.63 will yield the same equation form as Equation 5.66 but with

m = −n.

The one solvable case is found by using Equation 5.58 (i.e., 2β = α)

d(rL±)

dr
=
−α
2U

c±3
r0

(
r

r0

)1/2(
rL±
L±0

)2(
rL∓
L∓0

)
(5.67)

=⇒ d(rL±)

dr
=
−α
2U

c±3
r0

1

L2
±0L∓0

(
r

r0

)1/2

(rL±)2 (rL∓) (5.68)

=⇒ d(rL±)

dr
=
−α
2U

c±3

L
c∓1 c
±
2 +2

±0

1

r
c∓1 c
±
2 +3/2

0

r1/2 (rL±)c
∓
1 c
±
2 +2 (5.69)

=⇒
∫

(rL±)−c
∓
1 c
±
2 −2 d(rL±) =

−α
2U

c±3

L
c∓1 c
±
2 +2

±0

1

r
c∓1 c
±
2 +3/2

0

∫
r1/2dr (5.70)

=⇒ 1

−c∓1 c±2 − 1

[
(rL±)−c

∓
1 c
±
2 −1 − (r0L±0)−c

∓
1 c
±
2 −1
]

=
−α
2U

c±3

L
c∓1 c
±
2 +2

±0

1

r
c∓1 c
±
2 +3/2

0

2

3

[
r3/2 − r3/2

0

]
(5.71)

=⇒ L±
L±0

=
r0

r

{
α

3

(
c∓1 c

±
2 + 1

) c±3 r0

L±0U

[(
r

r0

)3/2

− 1

]
+ 1

}− 1

c∓1 c
±
2 +1

(5.72)
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This gives us an equation for L± only dependent on r. Continuing to use

β = α/2 and using Equation 5.72 with Equation 5.51 we get the equation for

Z2
± depending on r

Z2
±

Z2
±0

=
r

r0

(
L±
L±0

)2

(5.73)

=⇒
Z2
±

Z2
±0

=
r0

r

{
α

3

(
c∓1 c

±
2 + 1

) c±3 r0

L±0U

[(
r

r0

)3/2

− 1

]
+ 1

}− 2

c∓1 c
±
2 +1

(5.74)

These solutions also do not appear to have been published elsewhere.

5.2.3 Discussion

Figure 5.6 shows the plots of the analytical solutions to the nonlinear models.

The two scale model in blue uses Equation 5.74 and Equation 5.72 with the ini-

tial conditions in Table 4.1 and with α = 2β = 0.2 chosen from the simulation

data (subsection 4.1.3). We see that this solution decreases Z2
+ to the order of

101 and Z2
− to the order of 10−7. Correspondingly, the correlation length λ+

stays within the order of 106 and λ− increases to the order of 109. The values

seen in this analytical solution do not agree with the observational data as λ−

and Z2
− are much larger and smaller respectively than the observational data

shows by a factor of 103 and 109 respectively. Whilst λ+ and Z2
+ stay within

the bounds of the observational data.

The single scale model has been plotted with various winding angles Ψ =

0◦ (orange), Ψ = 45◦ (green) and Ψ = 90◦ (red) with the assumed energy

difference correlation integral LD = σDL and the same α and β parameters

as the two scale model in Figure 5.6. The various iterations show similar

behaviour, with the smaller winding angles showing a larger energy and larger

correlation length. The single scale models show the correlation length λ of

the order 106 − 107 which matches observational data. However, the energy

Z2 decays to the order of 10−2 which is much smaller than observational data

shows. The single scale models show stronger energy decay than the two scale

Z2
+ energy, but weaker than the two scale Z2

− energy. Likewise, the single scale
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models shows greater growth of the correlation length than the two scale λ+

length, but weaker than λ−.

These two nonlinear analytical models do not match the expected be-

haviour in the solar wind. The single scale model more closely relates to

the observed solar wind values compared to the two scale model, this is due to

the two scale model being more restricted in requiring the lack of the mixing

terms and the power law of the two scale model depending on the initial con-

ditions. Note that These models are rather incomplete as they do not contain

the source terms and the energy difference. To get some more robust solutions,

we will need to obtain numerical solutions.
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Figure 5.6: Plots of the Elsässer energies Z2
± and their corresponding correla-

tion lengths λ± for the two-scale, nonlinear, analytical model (blue) up to 100

AU. The single scale, nonlinear, analytical model (orange) is plotted with a

45◦ winding angle and assuming Z2
± = Z2 and λ± = λ.



Chapter 6

Numerical Solutions

In this section, we will be numerically solving the steady state equations (sub-

section 3.1.1, section 3.4, and Appendix D) using the two dimensional isotropic

mixing terms, with the different nonlinear models proposed in section 3.2 and

the source terms in section 3.3; these obtain new results. For ease, we restate

the steady state equations below

dZ2
±

dr
= −U ± VAr

U ∓ VAr
Z2
±

r
− 1

U ∓ VAr
M±D +

1

U ∓ VAr
N± +

1

U ∓ VAr
S± (6.1)

dD

dr
= −D

r
− 1

2

1

U

(
M+Z2

− +M−Z2
+

)
+

1

U
ND +

1

U
SD (6.2)

dL±
dr

= −U ± VAr
U ∓ VAr

L±
r
− 1

U ∓ VAr
M±

L

LD
r

+
1

U ∓ VAr
NL
± +

1

U ∓ VAr
SL± (6.3)

dLD
dr

= −LD
r
− 1

2

1

U

(
M−

L L+ +M+
L L−

)
+

1

U
NL
D +

1

U
SLD (6.4)

dT

dr
= −4

3

T

r
+

1

3

mp

kB

(
−

dZ2
+

dt

∣∣∣∣
NL

−
dZ2
−

dt

∣∣∣∣
NL

)
(6.5)

where the 2 dimensional mixing terms are

M±
2D =

1

r

[
U cos2 Ψ± VAr

(
3 cos2 Ψ− 2

)
± VAr0

(
ΩR0

U

)(
1− 3R0

2r

)
sin θ sin 2Ψ

]
(6.6)

M±
2D,L =

1

r

[
U
(
2 cos2 Ψ− 1

)
± VAr

(
6 cos2 Ψ− 5

)
± VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

]
(6.7)
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We will frequently refer to the normalized cross helicity σc and the normalized

energy difference σD; they can be calculated as follows

σc =
Z2

+ − Z2
−

Z2
+ + Z2

−
(6.8)

σD =
2D

Z2
+ + Z2

−
(6.9)

The numerical solutions are obtained by using an explicit Runge-Kutta

method of order 5(4) (RK45) via the Python3 package scipy.integrate.solve ivp

[18, 50, 58] with the initial values as stated in Table 4.1. The numerical solu-

tions will be found by integrating from an inner boundary r = 0.29AU up to

r = 75 AU. We include the large-scale magnetic field VA that we neglected in

the analytical solutions with the initial value VA0 = 400 km/s at the Alfvén

critical radius, taken to be R0 ≈ 0.047 AU (10 solar radii). We also choose

θ = π/2 (the ecliptic plane) and Ω = 2.9 × 10−6 rad/s as the angular speed

of the Sun. The source term parameters have been fixed at Csh = 0.5 and

fD = 0.25.

6.1 Parameter Optimization

Each of the nonlinear models proposed have free parameters (α±,D, β±,D etc.).

These parameters play an important role in the energy cascade process. We

have gathered an idea of the value of these parameters from the simulation

analysis (subsection 4.1.3) and the relationships between α± and β± depending

on the model chosen (subsection 3.2.3). However, we have also spoken about

how some of the parameters seem to depend on the normalized cross helicity σc.

In the observed solar wind behaviour, we see that σc starts at 0.894 and then

tends to 0, this means that the choice of a constant parameter will not properly

represent the mathematical description of the σc dependent parameters over

the entire solution.

We employ some parameter optimization techniques to optimize the non-

linear parameters such that the equations fit to the observational data. To
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do this, we used the Python3 package lmfit [40], which is a helpful wrapper

for scipy.optimize [58]. Due to the coupled, nonlinear nature of the equa-

tions being optimized, local minimizers, like least squares do not behave well.

We call a simulated annealing package from scipy.optimize.dual annealing

[61] through lmfit to find the global minimum.

We will be using the parameter optimization with the quantitative results

from the simulation (subsection 4.1.3) to help identify appropriate models for

the solar wind and its parameters. Some of the models we have proposed in

section 3.2 do not behave physically no matter what we have tried to find a

viable parameter solution. These cases have most often been discarded without

a word, but some will be noted in later parts of this section due to the physical

implications of the failed models.

Unless otherwise specified, all optimized parameters will be constrained to

the range 0.01 to 1.4 and where parameters have a symmetric form e.g., α±,

if the value is stated without specifying the subscript then the two parameters

have been constrained to be equal e.g., α = α+ = α−.

6.2 Nonlinear Models

In this section, we introduce models in batches that follow similar functions

or goals. We start with introducing the nonlinear models for Z2
± and D by

assuming a constant area under the curve of the correlation tensors. This

allows us to examine the different models proposed for the energy difference in

isolation. Next, we will introduce models for LD while including some of the

better models for D. We then move on to introducing the models for L± such

that all of the variables have non-zero nonlinear models. Lastly, we attempt

to introduce a different assumption for the source driving for the correlation

lengths and examine the different behaviour in that scenario.
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Model Name
dZ2
±

dt

∣∣
NL

dD
dt

∣∣
NL

dL±
dt

∣∣
NL

dLD
dt

∣∣
NL

A −α±
Z2
±Z∓
λ±

−αD D
τDA

+ αD,2

(
dZ2
±

dt

∣∣
NL

+
dZ2
±

dt

∣∣
NL

)
0 0

B −α±
Z2
±Z∓
λ±

−αD D
τDA
− αD,2 u

2

τ∗
0 0

C −α±
Z2
±Z∓
λ±

−αDD
(
Z+

λ−
+ Z−

λ+

)
0 0

Table 6.1: Table of the nonlinear models with the assumption of conserving

the area under the correlation tensors. Models Aλ and Bλ (not shown) employ

λ instead of λD in τDA

6.2.1 Conserved Correlation Integral Models

The solutions presented here revolve around the constant area under the curve

of the correlation tensors, so that we assume the nonlinear terms for the cor-

relation integrals are zero (dL±
dt

∣∣
NL

= 0 and dLD
dt

∣∣
NL

= 0) and the source terms

are zero (dL±
dt

∣∣
S

= 0 and dLD
dt

∣∣
S

= 0). With the same Elsässer energy models

(Z2
± Model A) and source driving terms for the energy (section 3.3), we will

iterate over the different proposed energy difference models according to Ta-

ble 6.1. With a conserved L±, and λ± = L±
Z2
±

, the evolution equation for the

Elsässer correlation lengths follows as

(U ∓ VAr)
dλ±
dr

= −M±
L

1

Z2
±

LD
r

+M±D
λ±
Z2
±

+ α±Z∓ −
λ±
Z2
±
S± (6.10)

We see that the nonlinear term for λ± is equivalent to Equation Model B but

with β± = α±

dλ±
dt

∣∣∣∣
NL

= β±Z∓ (6.11)

(Recall in accord with our assumption of dL±
dt

∣∣
NL

= 0 in this section, the general

choice of the current L± nonlinear models is dL±
dt

∣∣
NL

= (β± − α±)Z2
±Z∓)

Solving the models in Table 6.1 yields the green L curves; Figure 6.1 (see

Equation 6.3). L+ shows a relatively steady decrease in the size from its initial

position down to 3 × 107 km2/s2. LD starts off negative, and then becomes

positive after 5 AU but stays relatively small reaching a maximum size of

4 × 108 km2/s2 at 0.5 AU and ending at 2.7 × 107 km2/s2 at 75 AU. L−

shows quite different behaviour compared to the other two correlation lengths,
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Figure 6.1: Plot of the models in Table 6.1 showing the correlation integrals

over radial distance in AU.
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it increases from its initial value to around 1.6× 108 km2/s2 at 1 AU and then

decreases significantly to 4×106 km2/s2 at 1 AU and then increases once again

to 2.3× 107 km2/s2 at 75 AU.

The behaviour of L− is caused by the interaction of the mixing and trans-

port terms with LD. Before 1 AU, the L− mixing term (− 1
U+VAr

M−
L LD) is pos-

itive and larger in magnitude than the negative transport term (−U−VAr
U+VAr

L−
r

)

resulting in an overall increase. At 1 AU, the mixing term becomes negative

resulting in an overall decrease. As LD becomes positive, the L− mixing term,

once again becomes positive which results in the final increase for L−.

When LD changes sign (i.e., goes through zero), the Alfvén timescale

(as used in D Model A and D Model B) becomes undefined if the associated

correlation length is λD since 1/τDA = VA
λ

= VAD
LD

. To address this undesirable

feature we revise Model A and Model B in Table 6.1 such that the Alfvén

timescales in the energy difference terms relies on the correlation length λ =

L++L−
Z2
++Z2

−
denoted as model Model Aλ and Model Bλ.

When LD becomes positive, we have two choices in our modelling, either,

we aim to keep σD ≈ −1/3 according to observational data which will result

in λD becoming negative and correspond with more magnetic than kinetic

energy, or, we let D become positive in an attempt to constrain λD > 0 but

will result in λD = LD/D becoming undefined at the cross over point. If

we maintain the first choice, the major concern is the seemingly nonphysical

interpretation of a variable with units in negative km. However, this can be

understood if we go back to the velocity and magnetic field interpretation:

LD = Lu − Lb > 0 corresponds to the velocity correlation integral becoming

greater than the magnetic correlation integral; D = u2− b2 < 0 corresponds to

a larger magnetic energy than kinetic, therefore λD = Lu−Lb
u2−b2 < 0 is perfectly

reasonable but not ideal (and there exists points in the observational data that

support λD < 0). If we wish to maintain λD > 0, then we require both D < 0

and LD < 0 which cannot be captured by the current choice of LD model.

Figure 6.2 and Figure 6.3 plot the energies and the correlation lengths re-
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Figure 6.2: Plot of the models in Table 6.1 with Table 6.2 parameters showing

the energies over radial distance in AU.

Model Name α± αD αD,2

Aλ 0.25 0.125 0.125

Bλ 0.35 0.125 0.125

C 0.5 0.125 N/A

Table 6.2: Table of the parameters used for the nonlinear models with the

assumption of conserving the area under the correlation tensors.
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Figure 6.3: Plot of the models in Table 6.1 with Table 6.2 parameters showing

the correlation lengths over radial distance in AU.
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spectively for the models used in Table 6.1 using the parameters in Table 6.2;

Model Aλ (green), Model Bλ (red) and Model C (purple). These three models

show almost the same quantitative behaviour and do not significantly change

by using different parameter values. Their parameters have been chosen man-

ually to highlight some aspects of the models. The plots for Z2
± and λ± show

a small difference caused primarily by the choices of the α constant for the

Z2
± nonlinear terms. The wobbliness in Z2

− is caused by the changes in the

dominant term, within 0.3 AU; the negative nonlinear term dominates until

the positive mixing term equalizes with it until 1 AU. Then, the negative

nonlinear term becomes dominant again as the mixing term gets smaller (as

D starts to tend toward zero), until 8 AU when the pickup ion driving turns

on. At small radial distances (before 0.5 AU), the negative mixing term and

the large nonlinear term (caused by the early, large decays of Z2
±) cause D

to rapidly decrease. After 0.5 AU, the nonlinear term becomes positive (as

LD is negative and the large Z2
± decays have abated) causing D to increase

until 10 AU when the pickup ions driving turns on. Model Aλ allows for σD

to decrease at a slow rate after 10 AU due to the pickup ions affecting the

second nonlinear term more than the other models. When σD tends towards

0, λD = LD/D becomes large, hence the large decay as seen for Model Bλ and

Model C (LD is positive). Since Model Aλ does not approach 0 like the other

two models, λD grows in magnitude, but maintains the appropriate size to the

observed data (but opposite in sign).

Figure 6.4 plots the proton temperature associated with the models in Ta-

ble 6.1. We see that all of the models obtain similar plots; displaying an

increase in temperature (compared to the adiabatic cooling profile) due to the

turbulent dissipation before 10 AU, then dramatically increasing in tempera-

ture as the pickup ions add energy to the turbulent fluctuations.

Summary. The models in this section display some correct quantitative

behaviour; λ± are within the expected ranges and are approximately equal at

large distances. The temperatures show increased temperature compared to
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Figure 6.4: Plot of the proton temperature associated with the models in

Table 6.1 over radial distance in AU.
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the adiabatic expansion and displays the additional increase once the pickup

ions turn on. The downsides of these models is the Z2
− energy displays values

too small primarily due to the dominant mixing term. The energy difference

that plays into this mixing term is too large in the early heliosphere and

σD approaches 0 in the outer heliosphere as the pickup ions turn on. The

significant problem lies in constraining LD and λD. The nonlinear D models

show similar behaviour despite the different forms of Aλ/Bλ and C; Aλ and Bλ

suggest an equipartition of the opposing Alfvén effect and a spectral cascade

whereas model C assumes D evolves over the Elsässer turnover time.

6.3 LD Nonlinear Models

We have seen what happens when we maintain the conservation of LD and

L±. Let us introduce models in Table 6.3 for the nonlinear LD terms in an

attempt to constrain the behaviour of LD and λD by keeping LD negative

and preventing σD from approaching 0. This is when the complexity starts to

increase as any changes made to the evolution of LD will propagate into L±

via the mixing terms which will propagate into Z2
± via the nonlinear terms.

Likewise, changes of LD will propagate into D via Alfvén timescale or, in the

case of Model C, through the nonlinear term via the Elsässer energies and

correlation lengths.

Since the behaviour of σD is similar for each of the models discussed in

Table 6.1, we will focus mainly on D Model A and D Model C. The models now

containing an LD nonlinear term are displayed in Table 6.3. Model D (which

uses LD Model A) is constructed via nonlinear modelling of the following

form for LD = Lu − Lb. Model E and Model F correspond to the simpler

LD nonlinear evolution model, essentially decay of an Alfvén timescale. The

subscripts that will be depicted with these models indicates the choices of the

correlation lengths chosen for the Alfvén timescale. Due to the ambiguity in

the Alfvén timescale correlation length for some arbitrary model X, we can
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choose 1/τDA = VAD
LD

= VA
λD

depicted as Model XλD , 1/τDA =
VA(Z2

++Z2
−)

L++L−
= VA

λ

depicted as Model Xλ and 1/τDA = VA

∣∣∣ DLD ∣∣∣ = VA
|λD|

depicted as Model X|λD|.

Models with two subscripts Xx,y indicate the choice for the correlation length

for the Alfvén timescale for the energy difference D and the correlation integral

LD respectively.

Figures 6.5 to 6.8 plot the models in Table 6.3 with the parameters in

Table 6.4. The parameters in model Dλ have been found by the parameter

optimizer. There might be a better set of parameters that exist for that model

Dλ but, due to the limitations of the optimization technique, the complexity

of the model and the large amount of parameters, we will only offer this one

solution here.

Figure 6.5 plots the correlation integrals of the evaluated models. The

first thing to note is the difference in the behaviour of the same model with

different Alfvén timescale assumptions. Model E|λD|,λD (red) results in all

the correlation integrals unboundedly increasing, whereas Model Eλ,λ (purple)

enters a power law decay for L± after 10 AU as LD approaches 0 and turns

off the mixing term. Despite our best efforts Model DλD (green) is the only

model to keep LD negative, LD quickly approaches 0 resulting in power law

decays for L± over most of the radial range. For Model Fλ (pink), LD becomes

positive around 1 AU and then decreases towards 0 which also produces power

law solutions for L±. On the other hand, FλD (brown) keeps L± constant

after 3 AU and within the bounds of the observational data. LD becomes

positive after 1 AU but then flattens out, becoming constant after 5 AU on

the order of 108 km2/s2. Model FλD behaves well in the outer heliosphere

(barring the positive LD), showing the correlation integrals become equivalent

L+ ≈ L− ≈ LD.

Figure 6.6 shows the energies of the evaluated models. Model DλD (green)

has a small α parameter for the nonlinear Z2
± term which results in a small

decay rate. The larger Z2
± terms result in a smaller σD at early radial distances.

Model DλD results in a larger normalized cross helicity σc ≈ 0.75 which does
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Figure 6.5: Plot of the models in Table 6.3 with Table 6.4 parameters showing

the correlation integrals over radial distance to 75 AU.
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Figure 6.6: Plot of the models in Table 6.3 with Table 6.4 parameters showing

the energies over radial distance to 75 AU.



89

not match observational data. Model Eλ,λ (purple) maintains similar Z2
± values

to the remaining models, only resulting in a final σc value of 0.25. σD does not

converge towards 0, instead maintaining a value around −0.125 after 10 AU.

This solution ends with decreasing energy values. The other E model, Model

E|λD|,λD (red) results in increasing energy values after the pickup ions turn on

and σc ≈ 0 after 10 AU. However, due to the absolute value in the Alfvén

timescale for the energy difference nonlinear term, an abrupt turning point

occurs after 1 AU corresponding to LD changing sign (as it crosses 0 and the

nonlinear piece becomes undefined). The absolute value then constrains σD to

stay negative, reaching an equilibrium at σD ≈ −1/3 until the pickup ions get

strong enough and decrease σD even further. Model Fλ (pink) keeps σD small,

not even reaching -0.25 at 1 AU, and then converges to 0 before 10 AU. Model

Fλ results in decreasing Z2
± energies and a large σc value of 0.4. Finally, Model

FλD also keeps σD small and converges to 0 after 10 AU. At large distances, the

Elsässer energies converge to an approximately equal value (σc ≈ 0) and stay

constant. σD does not become undefined as LD changes sign, as the energy

difference nonlinear model (D Model C) does not contain an Alfvén timescale.

Figure 6.7 shows the correlation lengths for the models used in Table 6.3.

Model DλD (green) is the only model that maintains a positive λD value (albeit,

relatively zero). Due to the small Elsässer nonlinear parameter α and next

to no mixing, there is minimal growth in the λ± correlation lengths that dips

below 105 km in the outer heliosphere. Model E|λD|,λ (red) displays unbounded,

increasing λ± values in the outer heliosphere and a λD that surpasses −3×107

km and is still decreasing at 75 AU. Model Eλ,λ (purple) displays decreasing λ±

after the pickup ions turn on. Model Eλ,λ’s λD displays significantly different

behaviour than the others seen so far, as D approaches 0 and LD changes sign,

λD decreases to the order of −1.25 × 107 km which is still within the range

of the largest negative observational data point. λD then starts increasing

as the pickup ions turn on and approaches 0 (from the negative side). Model

FλD (brown) also shows λD vanishing as σD approaches 0, but λ± decrease at a
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Figure 6.7: Plot of the models in Table 6.3 with Table 6.4 parameters showing

the correlation lengths over radial distance to 75 AU.
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Figure 6.8: Radial temperature profiles for models listed in Table 6.3 with

Table 6.4 parameters up to 75 AU.

smaller rate than the other decreasing models and have equivalent values. The

Elsässer correlation lengths (λ±) in Model Fλ (pink) follows the same trend as

Model Eλ,λ and maintains equivalent values. λD vanishes as D approaches 0.

Figure 6.8 shows that all of the models listed in Table 6.3 still display

the pickup ion driving increase in the proton temperature that matches the

observed values. Model DλD (green) is the only one that displays a distinct

curve at early distances due to the small α parameter choice. This model

still maintains appropriate temperature values but is on the higher end of the

observed data range and results in a larger temperature after 2 AU than the

other models that have the steep increase at the start of the solution that
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drops off after 2 AU until the pickup ions turn on.

Summary. Unfortunately, we have not been able to find reasonable solu-

tions that constrain LD (and λD). Models using LD Model A (Model Dλ)

show promise at being able to keep LD negative and close to 0 but have been

difficult to find solutions for. We have been able to get nice behaviour out

of Model FλD ; the energy difference evolves over the total energy turnover

time and LD evolves over the Alfvén timescale. FλD still cannot capture the

expected σD behaviour and Z2
− lies under the observational data points. We

have shown a variety of models that capture different L± behaviour through

just the addition of the LD nonlinear term.

6.4 L± Nonlinear Models

Now, we shall examine the effects of applying nonlinear models to L±, we test

combinations of models from previous sections with the addition of λ± Model

A and Model B converted to L± via dL±
dt

∣∣
NL

= Z2
±

dλ±
dt

∣∣
NL

+ λ±
dZ2
±

dt

∣∣
NL

. We

present some of the best performing models we could find in Table 6.5 and use

the parameters found by the parameter optimization technique (Table 6.6).

As before, the subscript in the model name determines the correlation length

chosen for the Alfvén timescale. A superscript; for example Xy, is used to

indicate the same model with a different set of parameter solutions.

Figure 6.9 displays the temperature of the models obtained from in Ta-

ble 6.5 using the parameters in Table 6.6. As with the previous cases, there is

not much difference between the models; the models still show the heating of

the plasma and an increase in the temperature after 10 AU due to the pickup

ions. Model Hλ (purple) has the smallest increase at the start and the affect

of the pickup ions is only visible after 40 AU with a shallower slope. Model I

(brown) is the other extreme, having the largest temperature increase at the

start followed by a steeper decay. Once the pickup ions turn on, Model I is

the second to display its effects and has one of the steepest increases.
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Figure 6.9: Radial temperature profiles associated with the models listed in

Table 6.5 with Table 6.6 parameters up to 75 AU.
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Figure 6.10: Plot of the models in Table 6.5 with Table 6.6 parameters showing

the energies over radial distance to 75 AU.
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Figure 6.10 plots the energies of the models in Table 6.5 using the param-

eters in Table 6.6 (refer to Figure 6.9 for the key). Model G1
λ (green) and

G2
λ (red) have similar profiles for Z2

+. Their profiles for Z2
− are significantly

different as seen in the σc plot. Model G1
λ has σc ≈ 0.75 until 6 AU when σc

starts to converge towards 0, whereas G2
λ has σc < 0.5. Despite the smaller α±

parameter in Model G2
λ, Model G1

λ has the larger energy values. This is due to

the difference between the α± and β± values, Model G1
λ has positive nonlinear

Elsässer correlation integral terms β± − α± = 0.4988 which results in growth

in L± (and larger L± values) which, in turn results in a smaller nonlinear term

for Z2
±. G1

λ and G2
λ display positive nonlinear terms until the pickup ions turn

on; the Alfvén effect is larger than the spectral transfer from Z2
±. G2

λ has a

large (positive) nonlinear term which results in an total increase in D in the

early heliosphere whereas G1
λ displays a total decrease in D due to its smaller

nonlinear term and large (negative) mixing term. The net result is G1
λ reaches

its minimum value σD ≈ −0.81 at 2 AU and G2
λ reaches its minimum value

σD ≈ −0.35 at 0.75 AU. After the pickup ions turn on G1
λ’s σD becomes larger

than G2
λ and reaches σD ≈ −0.1 at 75 AU and shows a slow rate of decrease.

G2
λ reaches σD ≈ −0.22 at 75 AU and shows a fast rate of decrease.

Model J1
λD

(pink) has been chosen such that β± > α± whereas Model J2
λD

(grey) keeps a more appropriate α± ≥ 2β±. The evolution of the energies

of J1
λD

is similar to entirely different models like G1
λ (green) and Model Kλ,λ

(yellow). J2
λD

displays a distinct wobbly behaviour, particularly for Z2
− and

σD. At the start of the run, Z2
− decreases due to the large nonlinear term then

the Z2
− terms cancel out at 0.4 AU. After 0.4 AU, Z2

− decreases again due to

the sum of the nonlinear and transport term being larger than the mixing term

until 1 AU. After 1 AU LD becomes positive and causes L− to grow (through

the mixing term) which causes the nonlinear term in Z2
− to decrease, now the

mixing term is larger than the nonlinear and transport terms which results

in an increasing Z2
− until the pickup ions turn on. The wobbly behaviour in

σD is caused entirely by following the abrupt changes to the energies and the
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correlation lengths. J2
λD

depicts decaying Z2
± after the pickup ions after 20

AU due to the decreasing correlation integrals. The decay of the energies even

after the pickup ions is unexpected and due to the decrease in the correlation

lengths through the negative nonlinear term (α± > β±) which is caused by

feedback from increasing the energy before 20 AU. At 20 AU, the decrease in

the correlation integrals is stronger than the increase due to the pickup ions,

resulting in the decreasing energies.

Model I (brown) displays the consequences of choosing α+ 6= α−. From

the larger α+ value, Z2
+ decays quickly and Z2

− decays slowly. σc becomes

negative after 1 AU as now, there is more energy contribution from Z2
−. σD

decays quickly, reaching −0.975 at 1 AU before entering linear growth back

towards zero. Model Hλ (purple) shows the slowest decay in the energies due

to the small nonlinear term (as the correlation integrals are large); the energies

are large and mostly outside of the range of observational data. Model Kλ,λ

(yellow) shows slightly large Z2
+ and Z2

− values but is still within the range

of some data points. σD initially decreases to −0.78 after 1 AU but then

increase back up to −0.22 at 2 AU. After 2 AU, σD decreases, finishing with

a decreasing trend at the appropriate value of −0.33 at 75 AU.

Figure 6.11 plots the correlation integrals L± and LD and the ratio between

LD and L = 1
2

(L+ + L−) of the models in Table 6.5 using the parameters in

Table 6.4. As discussed with the energies, Model J2
λD

(grey) displays wobbly

behaviour due the nonlinear feedback from the energies and changes in the sign

of LD around 1 AU influencing the sign of the mixing terms. As L± decreases,

LD becomes twice as large (and greater) than L± which is amplified after

10 AU and L± start decreasing significantly despite J2
λD

having the smallest

LD. The model using λ± Model A; Model Hλ (purple) displays growth of L±,

becoming larger than the other models. This model is the only one that we

could find that uses λ± Model A but the parameters the optimizer found use a

large disparity between α± and β± which is the reason for the large growth of

L±. Since LD nonlinear term is zero for Hλ, LD is driven purely by the mixing
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Figure 6.11: Plot of the models in Table 6.5 with Table 6.6 parameters showing

the correlation integrals over radial distance to 75 AU.
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and transport terms. LD decreases to less than −5× 109 km3/s2 around 1 AU

before growing significantly and changing sign. LD settles to roughly half of

the average of the Elsässer correlation lengths.

Model I (brown) has similar β± values (β+ ≈ β−), so the large disparity

between α+ and α− causes L+ to decrease whilst L− has one of the largest

growths. In Model Kλ,λ, LD becomes positive after 1 AU and stays positive

because of the strong mixing terms as L± are large. After 30 AU, LD rapidly

increases due to the mixing terms as L± are growing from the pickup ions

through the nonlinear terms. Despite the rapid growth of LD, LD/L decreases

as the pickup ions increase the energy of the system. Model J1
λD

(pink) follows

a similar trend to Kλ,λ.

Model G1
λ (green) is the only model to keep LD negative with the exception

of the distances between 7 and 24 AU. Before 0.7 AU, LD has negative growth

until the transport term is larger than the nonlinear term resulting in LD turn-

ing and approaching zero and eventually becoming positive. As the pickup ions

turn on; increasing u2 and b2 equally, the (negative) nonlinear term becomes

larger and pushes LD back to being negative. Model G2
λ (red) displays the

most reasonable evolution of L± and LD out of the models presented in this

section and remarkably different behaviour from the same model with different

parameters (G1
λ). L± stay within the bounds of the observational data; slowly

increasing due to the pickup ions after 1 AU. LD becomes positive at 0.45 AU

and becomes proportional to L after 1 AU.

Figure 6.12 shows all the models in Table 6.5 have stable, increasing Elsässer

correlation lengths with the exception of Model J2
λD

(grey). This is caused by

the addition of the L± nonlinear which implies a nonlinear term for λ±; both

λ± Model A and Model B increase the correlation length. Model G1
λ (green)

maintains positive λD until 7 AU when LD becomes positive. After 30 AU,

λD undergoes an unbounded increase, surpassing the order of 1× 108 km3/s2.

Model G2
λ and Kλ,λ decrease λD as D gets smaller but stays defined and of the

order of −5×108 km3/s2. The remaining models become undefined as D → 0.
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Figure 6.12: Plot of the models in Table 6.5 with Table 6.6 parameters showing

the correlation lengths over radial distance to 75 AU.
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Summary. With the addition of L± nonlinear models, we have been able

to show models that achieve a non-zero equilibrium between the kinetic and

magnetic energies (σD < 0). At the cost of large and increasing L±, Z2
± have

become closer to their observed Helios 2/Ulysses and Voyager 2 observational

data. We have still not been able to constrain LD; once again, Model G1
λ (using

LD Model A) does the best job at keeping Lb > Lu but gets large before 1

AU and gains unconstrained decay in the outer heliosphere. Model Kλ,λ does

the best at following the observed energy values, σD ≈ −1/3 is achieved in

the outer heliosphere and Z2
± seem to follow the observational trends. Valid

models using λ± Model A have been difficult to find, it is easier to use Model B

despite the potential for the inconsistency when one of the fields turns off. J1
λD

is the only model that follows the appropriate parameter relation suggested

by [36]; α± ≥ β±, or more specifically α± ≥ 2β± as α± ≈ β± obtains the

conserved correlation integral equations (L± Model 0).

6.5 Source Models

In section 3.3 we discussed turbulence source driving in the solar wind and

introduced the assumptions that can be applied to the correlation lengths. So

far, we have been maintaining dL±
dt

∣∣
S

= 0; in this section we will assume that

the changes to the correlation lengths through the turbulence driving will be

zero. In other words, the turbulence source driving occurs at scales greater

than (in the case of the pickup ions) and equal to (in the case of the shear

driving) the correlation lengths λ±. Using L± = λ±Z
2
± and dλ±

dt

∣∣
S

= 0, the

source term for the correlation integral is

dL±
dt

∣∣∣∣
S

= λ±
dZ2
±

dt

∣∣∣∣
S

(6.12)

Therefore, the correlation integrals also increase due to the source driving

effects. In this section, we have re-run the numerical solutions for some of the

models (using their same parameters) from previous sections using the new

source driving assumption. Model DλD (Tables 6.3 and 6.4) is the only model
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to become undefined when the new assumption is applied; in this case, the

energy difference becomes undefined as LD becomes positive, driven by larger

energies. The energies increase, relative to the conserved source driving model

due to the increase in λ± that causes the Elsässer energies (negative) nonlinear

term to become smaller.

Figure 6.13 shows the temperatures for some models picked from previous

sections; there is no significant difference in the behaviour of the temperature.

Figure 6.14 shows the strong increase in the energies as the pickup ions turn

on. Lastly, Figure 6.15 shows the increases in the correlation integrals due to

the pickup ion driving.

By assuming no source terms are applied to the Elsässer correlation lengths,

we see large growth in the correlation integrals and lengths and even larger

growth in the energies as the pickup ions turn on. This is in opposition to the

observational data that seems to depict a decreasing trend in the L± and λ±

after the pickup ions turn on.

6.6 Optimized Adhikari et al. Model

For comparison purposes, we have also implemented the Adhikari et al. [1]

model and obtained optimized parameters for it. In the Adhikari et al. [1]

model (see section E.1) the parameters they have chosen are larger than what

would be expected. α± = β± = 2 is much larger than simulation results

quantitatively show (subsection 4.1.3 and [5]) and the shear parameter Csh =

7.35 which is much larger than the 0.5 to 1.5 range recommendation from

[12, 13, 37].

Applying the parameter optimization to our implementation of the Ad-

hikari et al. [1] model for α, αD and Csh results in the new parameter values

found in Table 6.7. Now, α = 0.44 and the shear parameter Csh is now 0.725

(rather than 7.35), which fits inside the 0.5 to 1.5 range recommendation. In-

terestingly, using the new parameters to plot the energies in Figure E.1 and the
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Figure 6.13: Plot of the some models in Tables 6.1, 6.3 and 6.5 with parameters

Tables 6.2, 6.4 and 6.6 showing the temperature over radial distance to 75 AU

using the zero inertial scale source driving assumption.

Parameters Values

α 0.440

αD 0.250

Csh 0.725

Table 6.7: Minimized parameters to fit the observational data for the Adhikari

et al. [1] transport model
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Figure 6.14: Plot of the some models in Tables 6.1, 6.3 and 6.5 with parameters

Tables 6.2, 6.4 and 6.6 showing the energies over radial distance to 75 AU using

the zero inertial scale source driving assumption.
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Figure 6.15: Plot of the some models in Tables 6.1, 6.3 and 6.5 with parameters

Tables 6.2, 6.4 and 6.6 showing the correlation integrals over radial distance

to 75 AU using the zero inertial scale source driving assumption.
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correlation lengths in Figure E.2 (in purple) shows minimal difference between

the parameters originally proposed by [1]. The only noticeable difference lies

in the correlation lengths λ±; after 10 AU they start to decrease in size rather

than continue with an upward trend and the normalized energy difference does

not become positive, meaning there is no spike in λD, which is a physically

appealing situation.

6.7 Discussion

In this chapter, we have provided numerical solutions to numerous models

introduced in chapter 3. In some cases, we could not find physical solutions

for these models; this does not mean that we can discard those models entirely

and that their assumption are bad. The parameter optimizing technique has

limitations due to the stability of finding numerical solutions, particularly when

optimizing for the highly coupled, nonlinear terms. Some nonlinear models

might still be able to fit the observational behaviour but require more precise

parameter choices that the parameter optimizer fails to grasp.

By increasing the complexity of the models by adding more nonlinear terms,

we still could not capture good behaviour from LD and, in most cases, σD.

Most models could follow the general trend of the Elsässer energies and their

correlation lengths but there is a large amount of variability available between

the models and between the same models with different parameter choices. In

general, λ± Model B behaves behaves better than λ± Model A. Also, LD Model

A is the only model we could find that could keep LD negative, but doing so

adds more complexity to the system via the four additional parameters. We

also find that assuming a net zero effect to the correlation lengths by the

turbulence driving does not produce reasonable results.

Comparing our results to the Adhikari et al. [1] model (section E.1) and the

Breech et al. [13] model (section E.2), each model has downsides. The Adhikari

et al. [1] models matches closely with the observational Elsässer energies, but
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σD approaches 0 in the outer heliosphere. The correlation lengths grow slightly

larger than the observational data after 10 AU and λD is showing as contin-

uously increasing after 10 AU which does not match the observational data.

Lastly, LD decreases and becomes constant after 1 AU whereas observational

and simulation data predicts LD to hang around 0. The lack of the gradient

mixing terms in the Adhikari et al. [1] model is difficult to justify. As some

of our models have shown, the mixing terms provide a lot of complexity to

the overall outcome of the model. As for the simplified, three equation Breech

et al. [13] model, Z2
± doesn’t display behaviour much worse than some of our

models and the single correlation length used matches the data very nicely.

Both Adhikari et al. [1] and Breech et al. [13] models are showing to match the

temperature data much like our own. The sudden spike in temperature at the

start of the solutions can be ameliorated by increasing the initial temperature

value.



Chapter 7

Conclusions

In this thesis, we have introduced the MHD approximation for the solar wind

and considered the modelling of the transport of fluctuations in the solar wind

velocity and magnetic fields. We have discussed the turbulence characteristics

of MHD fluids and why it becomes so complicated. Our modelling reflects this

complexity, as there are a large number of potential candidates to describe

the nonlinear evolution of the correlation and cross correlation quantities. We

have also provided simulation and observational data to justify and validate

our models. Next, we have examined analytical solutions that work more

as validations for specific numerical solution cases than as physical solutions

describing the solar wind. Lastly, we examined an array of models using various

combinations of the nonlinear terms and found adequate agreement with some

of the models (although requiring specific parameter choices), with concessions

made with regards to LD and λD. The exact recommendations of the nonlinear

models will depend on the desired simplicity of the system.

7.1 Future Research Directions

Compared to Breech et al. [13], our model is more complicated but, we still

assume time-independence and strictly radial dependence. Like Breech et al.

[13], we could extend our model to include varying solar latitudes. We have also

only included the shear/shock and pickup ion sources, there are many more
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turbulent source driving terms to include [25]. Lastly, to improve our models

we could include scales for perpendicular and parallel turbulence evolution,

although this would drastically complicate things even more.

It would be prudent, in future work to obtain better data. The Voyager 2

data has been difficult to work with; the extreme variability has made it diffi-

cult to judge behaviour, particularly with the correlation lengths and σD. The

relatively slow moving spacecraft means that as the radial distance increases,

time has passed; we ignore this fact with our steady-state assumption. Over

the course of the Voyager 2 mission, several solar cycles have occurred which

directly influences the speed of the solar wind [57]. Voyager 2 also has had

flybys with Jupiter, Saturn, Uranus and Neptune lasting up to a month each;

the Adhikari et al. data removes the flyby periods because the planetary mag-

netospheres influence the solar wind. After Neptune (approximately 30 AU),

Voyager 2 entered a declining trajectory from the ecliptic plane. Ulysses’ solar

orbit has been over and under the poles and shown that the solar wind speed

increases away from the Sun’s equator [38]. In future, including new measure-

ments from the Parker Solar Probe [56] could help improve the models and

allow us to decrease the initial radial distance.

In order to make a stronger conclusion for model validity, we will need to

analyse more observational data along with more simulation results.
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Appendix A

The Fluctuating Evolution

Equations

The dynamics of the solar wind can be approximated mathematically using

a compressible, one-fluid, MHD approximation. The MHD equations are the

following, stating with the equation representing the conservation of mass,

∂ρ

∂t
+∇ · (V ρ) = 0 (A.1)

and an equation of motion,

ρ

(
∂V

∂t
+ V · ∇V

)
= −∇p+

1

c
J ×B +D (A.2)

where ρ is the mass density of the fluid, V is the fluid velocity, p is the fluid

pressure, J is the electric current density, B is the magnetic field and D is

a viscous dissipation term, usually including ν∇2V where ν is the kinematic

viscosity. All fields represented in the equations are functions of the three

dimensional space (x) and time (t). Maxwell’s equations describing the elec-

tromagnetic fields in a vacuum are assumed and written as the following (in
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Gaussian units),

∇ ·E = 4πρe (A.3)

∇ ·B = 0 (A.4)

∇×E = −1

c

∂B

∂t
(A.5)

∇×B =
1

c

(
4πJ +

∂E

∂t

)
(A.6)

where E is the electric field strength, ρe is the electric charge density and c is

the speed of light. Assuming Ohm’s Law, where the conductor is moving at

the fluid velocity V , the electric current density is

J = σ

(
E +

1

c
V ×B

)
(A.7)

where σ is the conductivity. The electric field E can be solved for from Equa-

tion A.7, hence removed from the Equations (A.3) to (A.6) and (A.7). The

result is an induction equation (from Equation A.5) for the MHD approxima-

tion,

∂B

∂t
= ∇× (V ×B) +D′ (A.8)

where D′ is the Ohmic dissipation term proportional to 1
σ
∇2B. The cross

product terms in Equation A.2 and Equation A.8 can be simplified as follows

∇× (V ×B) = B · ∇V + V (∇ ·B)− V · ∇B −B(∇ · V ) (A.9)

= B · ∇V − V · ∇B −B(∇ · V ) (A.10)

1

c
J ×B =

1

c

c

4π
(∇×B)×B =

1

4π
(B · ∇B −∇(

B2

2
)) (A.11)

The second term 1
8π
∇B2 in Equation A.11 can be interpreted as a pressure

gradient force. Now, with the total pressure term pT = p + B2

8π
, Equation A.2

and Equation A.8 can be rewritten

∂V

∂t
+ V · ∇V − 1

4πρ
B · ∇B = −1

ρ
∇pT (A.12)

∂B

∂t
+ V · ∇B −B · ∇V = −B∇ · V (A.13)

Equations (A.12) and (A.13) and the conservation of mass (Equation A.1)

form the basis of the MHD approximation of the solar wind.
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Following a derivation from Zhou and Matthaeus [66], we will apply a

two scale decomposition for the vector fields to obtain evolution equations

for the large-scale, slowly varying components and the fluctuating turbulence.

We will separate the fluid velocity field V = U + u into the mean flow U

and a fluctuating component u with 〈V 〉 = U and 〈u〉 = 0. Likewise, we

will separate the magnetic field B = B0 + b into its mean flow B0 and a

fluctuating component b with 〈B〉 = B0. Likewise, the density and pressures

will be separated into mean and fluctuating components ρ = ρ0+δρ, pT = pT0 +

δpT . The mean components can be described as the large-scale fields with the

fluctuating part representing the small-scale field. Averaging Equation A.12

and Equation A.13,

∂U

∂t
+ (U · ∇U + 〈u · ∇u〉)− 1

4πρ
(B0 · ∇B0 + 〈b · ∇b〉) = −∇pT0 (A.14)

∂B0

∂t
+U · ∇B0 + 〈u · ∇b〉 − (B0 · ∇U + 〈b · ∇u〉) (A.15)

= − (B0∇ ·U + 〈b∇ · u〉) (A.16)

Averaging the conservation of mass

∇ · (Uρ) = 0 (A.17)

Subtracting the averaged equations Equation A.14 and Equation A.16 from

Equation A.12 and Equation A.13, we get the transport equations for the

fluctuating velocity and magnetic fields.

∂u

∂t
+U · ∇u+ u · ∇U − 1

4πρ
(B0 · ∇b+ b · ∇B0) = −1

ρ
∇δpT +N ν

(A.18)

∂b

∂t
+U · ∇b+ u · ∇B0 −B0 · ∇u− b · ∇U = −b∇ ·U −B0∇ · u+N b

(A.19)

Likewise, we get the following for the conservation of mass

∇ · (uρ) = 0 (A.20)

We could begin manipulating Equation A.18 and Equation A.19, but it is
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favourable to use the Elsässer representation [21]

z± = u± b√
4πρ

= u± vA (A.21)

where vA is the fluctuating magnetic field called an Alfvén speed in Gaussian

speed units, therefore z± is also in speed units. We will also define the large-

scale magnetic field as an Alfvén speed VA = B0/
√

4πρ. In order to form the

Elsässer fluctuation equations, we will use the conservation of mass to remove

the gradient of the density

∇ · (ρU) = 0 (A.22)

=⇒ ρ∇ ·U +U · ∇ρ = 0 (A.23)

=⇒ U · ∇ρ = −ρ∇ ·U (A.24)

=⇒ U

ρ
· ∇ρ = −∇ ·U (A.25)

we can also remove the density gradient by replacing it with divergences of the

large-scale flows as follows

B0 · ∇
1√
4πρ

= ∇ · VA +
1√
4πρ
∇ ·B0 = ∇ · VA (A.26)

U · ∇ 1√
4πρ

= −U ·
(

1

2ρ

1√
4πρ
∇ρ
)

= −1

2

1√
4πρ

U

ρ
· ∇ρ =

1

2

1√
4πρ
∇ ·U

(A.27)

1

(
√

4πρ)2
B0 · ∇b = VA · ∇vA +

1√
4πρ

B0 ·
(
b∇ 1√

4πρ

)
= VA · ∇vA + vA (∇ · VA)

(A.28)

We can derive the transport equations for the fluctuating Elsässer variables by

summing (for z+) or subtracting (z−) Equation A.19 from Equation A.18

∂u

∂t
± 1√

4πρ

∂b

∂t
+U · ∇u± 1√

4πρ
U · ∇b+ u · ∇U ∓ 1√

4πρ
b · ∇U

∓ 1√
4πρ

B0 · ∇u−
1

(
√

4πρ)2
B0 · ∇b±

1√
4πρ

u · ∇B0 −
1

(
√

4πρ)2
b · ∇B0

= −1

ρ
∇pT +N ∓ 1√

4πρ
(∇ ·U) b∓ 1√

4πρ
(∇ · u)B0 ±

1√
4πρ

NΩ (A.29)
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∂u

∂t
± ∂vA

∂t
+U · ∇u±

(
U · ∇vA −

1

2
vA (∇ ·U)

)
+ u · ∇U ∓ vA · ∇U ∓ VA · ∇u

− (VA · ∇vA + vA∇ · VA)± 1√
4πρ

u · ∇B0 −
1√
4πρ

vA · ∇B0 ± (∇ ·U)vA ± (∇ · u)VA

= −1

ρ
∇pT +N ± 1√

4πρ
NΩ (A.30)

∂(u± vA)

∂t
+U · ∇(u± vA) + (u∓ vA) · ∇U ∓ VA · ∇ (u± vA)± vA∇ · VA

± 1√
4πρ

(u∓ vA) · ∇B0 ±
(
vA −

1

2
vA

)
(∇ ·U)± (∇ · u)VA

= −1

ρ
∇pT +N ± 1√

4πρ
NΩ (A.31)

∂z±

∂t
+U · ∇z± + z∓ · ∇U ∓ VA · ∇z±

± 1√
4πρ

z∓ · ∇B0 ±
1

2
vA(∇ ·U) + vA∇ · VA ± (∇ · u)VA

= −1

ρ
∇pT +N± (A.32)

∂z±

∂t
+U · ∇z± + z∓ · ∇U ∓ VA · ∇z± ±

1√
4πρ

z∓ · ∇B0

+
z± − z∓

2

(
∇ · U

2

)
± z

± − z∓

2
∇ · VA ± (∇ · u)VA

= −1

ρ
∇pT +N± (A.33)

∂z±

∂t
+ (U ∓ VA) · ∇z± + z∓ ·

(
∇U ± 1√

4πρ
∇B0

)
+
z± − z∓

2
∇ ·
(
U

2
± VA

)
± (∇ · u)VA = −1

ρ
∇pT +N± (A.34)

using ∇ · u = 0 (i.e., incompressible fluctuations), we are finally left with

the following equations which describe the evolution of the fluctuating MHD

fields through the use of the Elsässer variables which represent Alfvén waves

propagating anti-parallel (+) and parallel (−) to the magnetic fields along with

more general fluctuations

∂z±

∂t
+ (U ∓ VA) · ∇z± + z∓ ·

(
∇U ± 1√

4πρ
∇B0

)
+
z± − z∓

2
∇ ·
(
U

2
± VA

)
= −1

ρ
∇pT +N± (A.35)



Appendix B

Correlations

Continuing with the Zhou and Matthaeus [66] derivation started in Appendix A,

we will be using the equation derived in Appendix A; Equation A.35 and

constructing correlation functions that describe the statistical features of the

fluctuating MHD turbulence in the solar wind.

The Elsässer field variables z± takes space x and time t as parameters

z±(x, t) = z±. By varying the spatial coordinate by some distance w, the

Elsässer field can be taken with relative lag z±(x+w, t) = z±′ with which we

can define a correlation tensor by ensemble averaging

H±ij =
〈
z±i z

±′
j

〉
(B.1)

We can also define a cross correlation tensor of the Elsässer fields

Λ±ij =
〈
z±i z

∓′
j

〉
(B.2)

This chapter will derive the evolution equations of the correlation and cross

correlation tensors which will form our model for the transport of the solar

wind.
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B.1 Evolution of the Correlations

With our fluctuating Elsässer variable MHD equation Equation A.35,

∂z±

∂t
+ (U ∓ VA) · ∇z± + z∓ ·

(
∇U ± 1√

4πρ
∇B0

)
+
z± − z∓

2
∇ ·
(
U

2
± VA

)
= −1

ρ
∇pT +N± (B.3)

we will multiply the z±i component equation by the z±′j component, and take

the z±′j component equation and multiply it by the z±i component to get the

following two equations

z±′j
∂z±i
∂t

+ z±′j (Uk ∓ VA,k)∇kz
±
i + z±′j z

∓
k

(
∇kUi ±

1√
4πρ
∇kB0,i

)
+z±′j

z±i − z∓i
2

∇k

(
Uk

2
± VA,k

)
= −z±′j

1

ρ
∇ip

T + z±′j N
±
i (B.4)

z±i
∂z±′j
∂t

+ z±i (Uk ∓ VA,k)∇kz
±′
j + z±i z

∓′
k

(
∇kUj ±

1√
4πρ
∇kB0,j

)
+z±i

z±′j − z∓′j
2

∇k

(
Uk

2
± VA,k

)
= −z±i

1

ρ
∇jp

T + z±i N
±
j (B.5)

Sum Equation B.4 and Equation B.5 and use the product rule

∂
(
z±i z

±′
j

)
∂t

+ (Uk ∓ VA,k)∇k

(
z±i z

±′
j

)
+z±′j z

∓
k

(
∇kUi ±

1√
4πρ
∇kB0,i

)
+ z±i z

∓′
k

(
∇kUj ±

1√
4πρ
∇kB0,j

)
+
z±i z

±′
j − z∓i z±′j

2
∇k

(
Uk

2
± VA,k

)
+
z±i z

±′
j − z±i z∓′j

2
∇k

(
Uk

2
± VA,k

)
= −z±′j

1

ρ
∇ip

T − z±i
1

ρ
∇jp

T + z±′j N
±
i + z±i N

±
j (B.6)

∂
(
z±i z

±′
j

)
∂t

+ (Uk ∓ VA,k)∇k

(
z±i z

±′
j

)
+z±′j z

∓
k

(
∇kUi ±

1√
4πρ
∇kB0,i

)
+ z±i z

∓′
k

(
∇kUj ±

1√
4πρ
∇kB0,j

)
+z±i z

±′
j ∇k

(
Uk

2
± VA,k

)
− 1

2

(
z±i z

∓′
j + z∓i z

±′
j

)
∇k

(
Uk

2
± VA,k

)
= −z±′j

1

ρ
∇ip

T − z±i
1

ρ
∇jp

T + z±′j N
±
i + z±i N

±
j (B.7)
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Now apply an ensemble average

∂
〈
z±i z

±′
j

〉
∂t

+ (Uk ∓ VA,k)∇k

〈
z±i z

±′
j

〉
+
〈
z±′j z

∓
k

〉(
∇kUi ±

1√
4πρ
∇kB0,i

)
+
〈
z±i z

∓′
k

〉(
∇kUj ±

1√
4πρ
∇kB0,j

)
+
〈
z±i z

±′
j

〉
∇k

(
Uk

2
± VA,k

)
− 1

2

(〈
z±i z

∓′
j

〉
+
〈
z∓i z

±′
j

〉)
∇k

(
Uk

2
± VA,k

)
=
〈
z±′j N

±
i + z±i N

±
j

〉
(B.8)

The following is the equation in the correlation tensor form as defined at the

start of this appendix

∂H±ij
∂t

+ (Uk ∓ VA,k)∇kH
±
ij +H±ij∇k

(
Uk

2
+ VA,k

)
+Λ∓kj

(
∇kUi ±

1√
4πρ
∇kB0,i

)
+ Λ±ik

(
∇kUj ±

1√
4πρ
∇kB0,j

)
−1

2

(
Λ±ij + Λ∓ij

)
∇k

(
Uk

2
± VA,k

)
= N±ij (B.9)

Taking the trace i = j, we get

∂H±ii
∂t

+ (Uk ∓ VA,k)∇kH
±
ii +H±ii∇k

(
Uk

2
+ VA,k

)
+ Π±ii = N±ii (B.10)

where

Π±ii = Λ∓ki

(
∇kUi ±

1√
4πρ
∇kB0,i

)
+ Λ±ik

(
∇kUi ±

1√
4πρ
∇kB0,i

)
(B.11)

−1

2

(
Λ±ii + Λ∓ii

)
∇k

(
Uk

2
± VA,k

)
Equation B.11 of the correlation evolution equation (Equation B.10) defines

the mixing operations that couples the inward and outward fluctuations to the

cross correlation of the two fields. The term N±, is the nonlinear coupling

that serves to dissipate the energy into the observed heating of the solar wind.

B.2 Evolution of the Cross Correlations

To obtain a complete solution of the transport equations, we will need to

obtain an evolution equation for the cross correlation function Λij. In a similar

fashion to section B.1, we will form the cross correlation by multiplying the z+
i
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component equation by the z−′j component, and the z−′j component equation

and multiplying it by the z+
i component. Summing the two equations and

then ensemble averaging yields

∂
〈
z+
i z
−′
j

〉
∂t

+Uk∇k

〈
z+
i z
−′
j

〉
+
〈
z+
i VA,k∇kz

−′
j − z−′j VA,k∇kz

+
i

〉
+
〈
z+
i z
−′
j

〉
∇k
Uk

2

+
〈
z−k z

−′
j

〉(
∇kUi +

1√
4πρ
∇kB0,i

)
+
〈
z+
i z

+′
k

〉(
∇kUj −

1√
4πρ
∇kB0,j

)
−1

2

〈
z+
i z

+′
j

〉
∇k

(
Uk

2
− VA,k

)
− 1

2

〈
z−i z

−′
j

〉
∇k

(
Uk

2
+ VA,k

)
=
〈
z−′j N

+
i + z+

i N
−
j

〉
(B.12)

The third term requires a bit more work to simplify, by taking out the VA

term out of the averaging the following steps produce a term that consists of

the dot product between the large scale Alfvén speed VA and the gradient of

the cross-correlation function Λ+
ij with respect to the correlation lag w

〈
z+
i ∇kz

−′
j − z−′j ∇kz

+
i

〉
=
〈
z+
i (x)∇kz

−
j (x+w)− z−j (x+w)∇kz

+
i (x)

〉
(B.13)

by translation invariance, we can let x→ x−w for the second term only,

=
〈
z+
i (x)∇kz

−
j (x+w)− z−j (x)∇kz

+
i (x−w)

〉
(B.14)

=
〈
z+
i (x)∇kz

−
j (x+)− z−j (x)∇kz

+
i (x−)

〉
(B.15)

for ease, x± = x ± w. The gradient term can be expressed as the following

from the chain rule

∇kf(x±) =
∂f(x±)

∂x±
= ±∂f(x±)

∂w
=
∂f(x±)

∂x
(B.16)

using the product rule and invoking homogeneity in the last step Λ+
ij(w) =

Λ−ji(−w), the derivative with respect to the offset w can be simplified〈
z+
i (x)

∂z−j (x+)

∂w
+ z−j (x)

∂z+
i (x−)

∂w

〉
(B.17)

=

〈
∂(z+

i (x)z−j (x+))

∂w
− z−j (x+)

∂z+
i (x)

∂w
+
∂(z−j (x)z+

i (x−))

∂w
− z+

i (x−)
∂z−j (x)

∂w

〉
(B.18)

=
∂Λ+

ij(w)

∂w
+
∂Λ−ji(−w)

∂w
= 2

∂Λ+
ij(w)

∂w
= 2∇w,kΛ

+
ij(w) (B.19)
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Now, the evolution equation for the cross correlations is the following

∂Λ+
ij

∂t
+Uk∇kΛ

+
ij + 2VA,k∇w,kΛ

+
ij + Λ+

ij∇k
Uk

2

+H−kj

(
∇kUi +

1√
4πρ
∇kB0,i

)
+H+

ik

(
∇kUj −

1√
4πρ
∇kB0,j

)
−1

2
H−ij∇k

(
Uk

2
+ VA,k

)
− 1

2
H+

ij∇k

(
Uk

2
− VA,k

)
= ND

ij (B.20)

Taking the trace i = j, we get

∂Λ+
ii

∂t
+Uk∇kΛ

+
ii + 2VA,k∇w,kΛ

+
ii + Λ+

ii∇k
Uk

2
+ Σ+

ii + Σ−ii = ND
ii (B.21)

where

Σ±ii = −1

2
H±ii∇k

(
Uk

2
∓ VA,k

)
+H±ki

(
∇kUi ∓

1√
4πρ
∇kB0,i

)
(B.22)

To get the equation for Λ−ii(w), simply apply the homogeneous property Λ+
ij(w) =

Λ−ji(−w). We can see that the Σ± terms form the ’mixing’ terms in the cross

correlation equation that provides couplings to the inward and outward fluctu-

ation correlations and depends on the gradients of the large-scale background

fields. The term ND
ii is the nonlinear coupling and provides the effect respon-

sible for the generation of small scales from large ones and the dissipation of

the energy. The only term that is not analogous to the correlation equation

(Equation B.10) is the gradient term with respect to the small scale separation

parameter w (∇w,kΛ
+
ij) which arises due to the defining the turbulence as lo-

cally isotropic and depends on whether the fluctuations are parallel or normal

to the mean magnetic field.
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Isotropic Turbulence

In a statistical sense, it is useful to simplify the correlation tensors by de-

termining (or assuming) symmetry properties of the turbulent fields. We will

examine two main symmetry conditions suggested from Batchelor [8]; isotropic

and axisymmetric turbulence. Batchelor [8] introduces the symmetric prop-

erties of the correlation functions in regards to the tensor of the fluctuating

velocity, most relevant to this thesis is the second order correlation tensor

Qu
ij(w) = 〈ui(x)uj(x+w)〉. As stated in Zhou and Matthaeus [66], we are

interested in the cross helicity HC and the total incompressible energy per unit

mass E = Eu +Eb with the kinetic and magnetic energy contributions Eu, Eb

respectively. In homogeneous turbulence, these quantities can be expressed as

the ensemble averages E = 1
2
〈u · u+ vA · vA〉 and HC = 1

2
〈u · vA〉. Now it is

easier to see that by defining the following correlation tensors

Qu
ij(w) = 〈ui(x)uj(x+w)〉 (C.1)

Qb
ij(w) =

1

4πρ
〈bi(x)bj(x+w)〉 (C.2)

we can retrieve the total energy E = 1
2

[
Qu
ii(w = 0) +Qb

ii(w = 0)
]
. We can

also retrieve the cross helicity with the following correlation tensor

Qub,±
ij (w) =

1

2
√

4πρ
〈ui(x)bj(x+w)± bi(x)uj(x+w)〉 (C.3)

via HC = 1
2
Qub,+(w = 0). Now, the correlation tensors introduced in Ap-

pendix B; with which we have calculated evolution equations for, can be de-
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fined in terms of the correlation Equations (C.1) to (C.3)

H±ij =
〈
z±i z

±′
j

〉
= Qu

ij +Qb
ij ± 2Qub,+

ij (C.4)

Λ+
ij + Λ−ji =

〈
z+
i z
−′
j + z−j z

+′
i

〉
= Qu

ij −Qb
ij +Qu

ji −Qb
ji ∓ 2

(
Qub,−
ij −Qub,−

ji

)
(C.5)

C.1 3D Isotropic Turbulence

Isotropic turbulence is the assumption that the products of the velocity com-

ponents, and their derivatives are invariant under rotations and reflections of a

coordinate system moving with the fluid. In this section, we will work with the

velocity correlation tensor Qij = Qu
ij, however, the results will generalize to

the tensors Equations (C.1) to (C.3) and therefore Equations (C.4) and (C.5).

The following is the form of the correlation function under isotropic symmetries

[8]

Qiso
ij (w) = F (w)wiwj +G(w)δij (C.6)

The functions F (w), G(w) are arbitrary scalar functions of w = (wiwi)
1/2 and

time t (but we will ignore the dependence on time). In an isotropic system,

there is no dependence on the preferred direction. In order to satisfy the

incompressibility (∇ · u = 0),

∂Qij(w)

∂wi

=
∂Qij(w)

∂wj

= 0 (C.7)

we require,

∂Qij(w)

∂wi

=
∂

∂wi

[F (w)ŵiŵj] +
∂

∂wi

[G(w)δij] (C.8)

=
∂

∂wi

[F (w)wiwj] +
∂

∂wj

[G(w)] (C.9)

= F (w)wj
∂wi

∂wi

+ F (w)wi
∂wj

∂wi

+wiwj
∂F (w)

∂wi

+
∂G(w)

∂w

∂w

∂wj

(C.10)

= 3F (w)wj + F (w)wiδij +
wiwi

w
wj

∂F (w)

∂w
+
wj

w

∂G(w)

∂w
(C.11)

= wj

[
4F (w) + w

∂F (w)

∂w
+

1

w

∂G(w)

∂w

]
(C.12)

= 0 (C.13)
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u2f(w) u2g(w)

u⊥(x)

u⊥(x+w)

u‖(x)

u‖(x+w)

w w

Figure C.1: Longitudinal and lateral velocity correlations

therefore, for all values of w

4F (w) + w
∂F (w)

∂w
+

1

w

∂G(w)

∂w
= 0 (C.14)

We shall introduce a pair of coefficient functions f(w) and g(w) defined by

u2
‖f(w) =

〈
u‖u

′
‖
〉

(C.15)

u2
⊥g(w) = 〈u⊥u′⊥〉 (C.16)

that use the parallel u‖ and perpendicular u⊥ velocity components relative

to the vector separation/lag ŵ. Figure C.1 shows the longitudinal velocity

correlation f(w) and the lateral velocity correlation g(w). From now on, we

will assume that the separation vector ŵ is in the 1 direction only, therefore

the parallel velocity component is u‖ = u1 and the longitudinal velocity com-

ponent is u⊥ = u2. The coefficient functions f and g can be related to the

correlation tensor (and the F and G functions)

Q11(w) =
〈
u‖(x, 0, 0)u‖(x+ w, 0, 0)

〉
= F (w)w1w1 +G(w)δ11 (C.17)

= w2F (w) +G(w) = u2
‖f(w) (C.18)

Q22(w) = 〈u⊥(x, 0, 0)u⊥(x+ w, 0, 0)〉 = F (w)w2w2 +G(w)δ22 = u2
⊥g(w)

(C.19)

Now, Equation C.6 and Equation C.14 become

Qij(w) = u2
(

(f − g)
wiwj

w2
+ gδij

)
(C.20)
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and

g(w) = f(w) +
1

2
w
∂f(w)

∂w
(C.21)

Evaluating the correlation tensor with zero separation ŵ = 0 to obtain the

kinetic energy Qij(0) = Eu, we get the following result

Qij(0) = u2δij
trace
= 3u2 (C.22)

since f(0) = g(0) = 1. Integrating the correlation tensor over the separation

vector in a single direction, with `f =
∫∞

0
f(w)dw and `g =

∫∞
0
g(w)dw∫ ∞

0

Qij(w)dw = u2λf (ŵiŵj + δij)
trace
= 4u2`f = 4Lf (C.23)

where Lf =
∫∞

0
Q11(w)dw. Scaling the trace of the results, the following is the

simplification of the energy tensors of the Elsässer variables and the energy

difference for isotropic symmetries

H±ij (0) =
Z2
±

3
δij (C.24)

1

2

(
Λ+
ij(0) + Λ−ji(0)

)
=
D

3
δij (C.25)

and the correlation integral tensors∫ ∞
0

H±ij (w)dw =
L±
4

(ŵiŵj + δij) (C.26)∫ ∞
0

1

2

(
Λ+
ij(w) + Λ−ji(w)

)
dw =

LD
4

(ŵiŵj + δij) (C.27)

C.2 2D Isotropic Turbulence (Axisymmetric)

Axisymmetric turbulence follows from isotropic turbulence with the stricter

requirement of invariance under rotations about a fixed axis parallel to n. In

the specific case of the solar wind, the axisymmetric axis n̂ is interpreted to be

parallel to the mean magnetic fieldB0. In which case, a two-dimensional plane

exists perpendicular to the mean magnetic field that contains the isotropic

turbulent fluctuations. The following is the form for the axisymmetric second
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order correlation function

Qaxi
ij (w2, wn) = A(w2, wn)wiwj +B(w2, wn)n̂in̂j + C(w2, wn)δij

+D(w2, wn)win̂j + E(w2, wn)n̂iwj (C.28)

The functions A, B, C, D, and E are arbitrary functions of w2 = w · w,

wn = w · n̂ and time t (once again we will ignore the time dependence). By

making note of the following relation [7]

∂

∂wi

=
∂w

∂wi

∂

∂w
+

∂n

∂wi

∂

∂wn
=
wi

w

∂

∂w
+

(
n̂i
w
− wnwi

w2

)
∂

∂wn
(C.29)

and following in a similar fashion to the 3D case, the incompressibility condi-

tion requires that

∂Qij

∂wi

= wj

(
4A+ w

∂A

∂w
+

1

w

∂C

∂w
− wn
w2

∂C

∂wn
+ wn

∂E

∂w
+

1− w2
n

w

∂E

∂wn

)
+n̂j

(
1

w

∂C

∂wn
+ n

∂B

∂w
+

1− w2
n

w

∂C

∂wn
+ 3D + w

∂D

∂w
+ E

)
= 0 (C.30)

which implies that

4A+ w
∂A

∂w
+

1

w

∂C

∂w
− wn
w2

∂C

∂wn
+ wn

∂E

∂w
+

1− w2
n

w

∂E

∂wn
= 0 (C.31)

1

w

∂C

∂wn
+ n

∂B

∂w
+

1− w2
n

w

∂C

∂wn
+ 3D + w

∂D

∂w
+ E = 0 (C.32)

Obviously, calculating the relations of the scalar functions A, B, C, D, and E

is more involved than the three dimensional case, we will refer to Batchelor [7]

and Matthaeus et al. [35]. Starting with taking the correlation tensor at zero

separation w = 0

Qij(0) = B(0)δij + C(0)ninj (C.33)

from the relations for B(0) and C(0) [7, 35], it follows that the axisymmetric

energy tensor can be simplified to

Qij(0) =
u2

2
(δij − n̂in̂j) (C.34)

For our purposes,

H±ij (0) =
Z2
±

2
(δij − n̂in̂j) (C.35)

1

2

(
Λ+
ij(0) + Λ−ij(0)

)
=
D

2
(δij − n̂in̂j) (C.36)
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Likewise, integrating the correlation tensors nets∫ ∞
0

H±ij (w)dw = L±êiêj (C.37)∫ ∞
0

1

2

(
Λ+
ij(w) + Λ−ij(w)

)
dw = LDêiêj (C.38)

where w = wê where ê is a unitvector such that ê · n̂ = 0.



Appendix D

6 Equation Model Derivation

Here we use results from the earlier appendices to assemble the six equation

model for the two fluctuation symmetry cases considered (isotropic and ax-

isymmetric). Many of these results are available in Matthaeus et al. [35],

although we often provide more details here. With the correlation evolution

equations from Appendix B along with the symmetry assumptions from Ap-

pendix C we can obtain evolution equations for the energies, written in terms

of the Elsässer variables by evaluating the correlation tensor evolution Equa-

tions (B.10) and (B.21) at zero separation (w = 0),

Z2
± = H±ii (0) (D.1)

D =
1

2

(
Λ+
ii(0) + Λ−ii(0)

)
(D.2)

For simplicity, it is easier to define a symmetric energy difference correlation

tensor as follows [35, 36]

RDs
ij (w) =

1

2

(
Λ+
ij(w) + Λ−ji(w)

)
(D.3)

which gives RDs
ii (0) = D. We can obtain the evolution equations for the cor-

relation integral scales by integrating the correlation tensor evolution Equa-

tions (B.10) and (B.21) from distances w = 0 to w = ∞, and introducing

the lag-integrated correlation functions (we will refer to as L’s or correlation
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integrals)

L± =

∫ ∞
0

H±ii (w)dw (D.4)

LD =

∫ ∞
0

RDs
ij (w)dw (D.5)

To obtain the correlation length scales, divide the correlation integral scales

by the appropriate ”energies” to obtain distance units,

λ± =
L±
Z2
±

(D.6)

λD =
LD
D

(D.7)

The following are the three evolution equations representing the energy of the

backward fluctuations Z2
+, forward fluctuations Z2

− and the energy difference

D

∂Z2
±

∂t
+ (U ∓ VA) · ∇Z2

± + Z2
±∇ ·

(
U

2
± VA

)
+M±D = N± + S± (D.8)

∂D

∂t
+U · ∇D +D∇ · U

2
+

1

2

(
M+Z2

− +M−Z2
+

)
= ND + SD (D.9)

The terms N±/D and S±/D represent the nonlinear terms and the sources re-

spectively. The mixing terms M± will be derived in section D.3. The following

are the evolution equations for the lag-integrated correlation functions back-

ward fluctuations L+, forward fluctuations L− and the the energy difference

LD,

∂L±
∂t

+ (U ∓ VA) · ∇L± + L±∇ ·
(
U

2
± VA

)
+

∫ ∞
0

Πiidw = NL
± + SL±

(D.10)

∂LD
∂t

+U · ∇LD − 2ŵ · VAD + LD∇ ·
U

2

+
1

2

(∫ ∞
0

Σ+
ii(w)dw +

∫ ∞
0

Σ−ii(w)dw

)
= NL

D + SLD (D.11)

Like the energy equations, the terms NL
±/D and SL±/D represent the nonlinear

terms and the source terms respectively. The mixing terms for the L evo-

lution equations
∫∞

0
Π±iidw and

∫∞
0

Σ±iidw will be calculated in section D.4.

Appendix D.5 converts the above evolution equations and the mixing terms

into steady-state, radial evolution equations.
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D.1 Gradient and Divergence of the Mean Flow

Assuming the uniformly spherical expansion of the solar wind with a constant

mean speed U , U in spherical polar coordinates is

U = U r̂ (D.12)

We will take the gradient in spherical coordinates, which is the following

∇U = ∇sph(U r̂) (D.13)

= U(r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ φ̂

1

r sin θ

∂

∂φ
)(r̂) (D.14)

= U(r̂
∂r̂

∂r
+ θ̂

1

r

∂r̂

∂θ
+ φ̂

1

r sin θ

∂r̂

∂φ
) (D.15)

= U(θ̂θ̂
1

r
+ φ̂φ̂

sin θ

r sin θ
) (D.16)

=
U

r


0 0 0

0 1 0

0 0 1

 (D.17)

The divergence of the mean flow is

∇ · U
2

=
1

r2

∂(U
2
r2)

∂r
=
U

r
(D.18)

D.2 Gradient and Divergence of the Parker

Spiral

The sun’s large scale magnetic field can be modelled as the Parker Spiral,

expressed in spherical polar coordinates as [45]

Br(r, θ, φ) = B(θ, φ0)

(
R0

r

)2

(D.19)

Bθ(r, θ, φ) = 0 (D.20)

Bφ(r, θ, φ) = B(θ, φ0)

(
ΩR0

U

)(
r

R0

− 1

)(
R0

r

)2

sin θ (D.21)

with B(θ, φ0) = B0 and R0 is the Alfvén critical radius, approximately 10

solar radii. With the following notation simplification for f = B0r (the radial
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component) and g = B0φ (the azimuthal component), we will now calculate

the gradient of the Parker Spiral in spherical polar coordinates.

∇sphB0 =

(
r̂
∂

∂r
+

1

r
θ̂
∂

∂θ
+

1

r sin θ
φ̂
∂

∂φ

)(
f r̂ + gφ̂

)
(D.22)

= r̂r̂
∂f

∂r
+ r̂f

∂r̂

∂r
+

1

r

∂f

∂θ
+

1

r
θ̂f

∂r̂

∂θ
+

1

r sin θ
φ̂r̂

∂f

∂φ
+

1

r sin θ
φ̂f

∂r̂

∂φ

+r̂φ̂
∂g

∂r
+ r̂g

∂φ̂

∂r
+

1

r
θ̂φ̂

∂g

∂θ
+

1

r
θ̂g
∂φ̂

∂θ
+

1

r sin θ
φ̂φ̂

∂g

∂φ
+

1

r sin θ
φ̂g

∂φ̂

∂φ
(D.23)

= r̂r̂
∂f

∂r
+ 0 +

1

r

∂f

∂θ
+

1

r
θ̂θ̂f +

1

r sin θ
φ̂r̂

∂f

∂φ
+

1

r
φ̂φ̂f

+r̂φ̂
∂g

∂r
+ 0 +

1

r
θ̂φ̂

∂g

∂θ
+ 0 +

1

r sin θ
φ̂φ̂

∂g

∂φ
+

1

r sin θ
φ̂g
(
− cos θθ̂ − sin θr̂

)
(D.24)

=


∂f
∂r

0 0

1
r
∂f
∂θ

1
r
f 0

1
r sin θ

∂f
∂φ

0 1
r
f

+


0 0 ∂g

∂r

0 0 1
r
∂g
∂θ

−1
r
g −1

r
cot θg 1

r sin θ
∂g
∂φ

 (D.25)

calculating the derivatives of f and g,

∂f

∂r
= −2

r
f (D.26)

∂f

∂θ
= f ′ =

∂B(θ, φ0)

∂θ

(
R0

r

)2

(D.27)

∂f

∂φ
= 0 (D.28)

∂g

∂r
=

1

r

(
2R0 − r
r −R0

)
g (D.29)

∂g

∂θ
= g′ =

∂B(θ, φ0)

∂θ

(
ΩR0

U

)(
1− R0

r

)(
R0

r

)
sin θ + f

(
ΩR0

U

)(
r

R0

− 1

)
cos θ

(D.30)

∂g

∂φ
= 0 (D.31)

Therefore, in a more useful form,

∇sphB0 =


−2 0 0

f ′/f 1 0

0 0 1

 fr +


0 0 2R0−r

r−R0

0 0 g′/g

−1 − cot θ 0

 gr (D.32)

Using the continuity equation and the constant mean flow, ρUr2 = ρ0U0R
2
0 =⇒

ρ = ρ0 (R0/r)
2. The radial component of the mean magnetic field as an Alfvén



138

velocity can be written as

VAr =
1√
4πρ

B0r =
B0√
4πρ

(
R0

r

)2

(D.33)

=
B0√
4πρ0

(
R0

r

)
(D.34)

= VAr0

(
R0

r

)
(D.35)

Likewise, the azimuthal component as an Alfvén speed is

VAφ =
1√
4πρ

B0φ =
B0√
4πρ

(
R0

r

)2(
ΩR0

U

)(
r

R0

− 1

)
sin θ (D.36)

=
B0√
4πρ0

(
R0

r

)(
ΩR0

U

)(
r

R0

− 1

)
sin θ (D.37)

= VAr0

(
ΩR0

U

)(
1− R0

r

)
sin θ (D.38)

The divergence of the Alfvén speed associated with the Parker Spiral is there-

fore

∇ · VA =
1

r2

∂(VAr0(R0/r)r
2)

∂r
+

1

r sin θ

∂(VAθ sin θ)

∂θ
+

1

r sin θ

∂VAφ
∂φ

=
VAr
r

(D.39)

D.3 Calculating the Energy Mixing Tensor

The energy mixing tensor is given by Π±ii(w) evaluated with zero lag w = 0,

Π±ii(w = 0) ≡ −∇j

(
Uj

2
± VA,j

)
RDs
ii (w = 0) + 2

(
∇iUj ±

1√
4πρ
∇iB0,j

)
RDs
ij (w = 0)

(D.40)

the symmetric energy-difference correlation tensor RDs
ij (w) value at w = 0

depends on the symmetries of the fluctuations. We consider two cases: 3D

isotropic and 2D isotropic (axisymmetric).

D.3.1 3D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in three dimensions,RDs
ij (0) =

D
3
δij, therefore the mixing term is,

Π±ii(0) = −∇j

(
Uj

2
± VA,j

)
D

3
δii + 2

(
∇iUj ±

1√
4πρ
∇iB0,j

)
D

3
δij (D.41)
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Separating out the gradient terms contracted with the delta function, the

gradient of the large-scale flow (as calculated in section D.1) contracted with

the delta function is

∇iUjδij =
U

r
Tr

{
0 0 0

0 1 0

0 0 1




1 0 0

0 1 0

0 0 1


}

trace
= 2

U

r
(D.42)

and the trace of the gradient of the background magnetic field (calculated in

section D.2) times the delta function is zero,

1√
4πρ
∇iB0,jδij

= Tr

{

−2 0 0

V ′Ar/VAr 1 0

0 0 1

 VArr +


0 0 2R0−r

r−R0

0 0 V ′Aφ/VAφ

−1 − cot θ 0

 VAφr



1 0 0

0 1 0

0 0 1


}

trace
= 0 (D.43)

The divergence terms are

−∇j

(
Uj

2
± VA,j

)
D

3
δii = −1

r
(U ± VAr)D (D.44)

We can now write down the three dimensional isotropic mixing tensor M±
3D,

Π±ii(0)
trace
= −1

r
(U ± VAr)D +

4

3

U

r
D (D.45)

=
1

r

(
U

3
∓ VAr

)
D = M±

3DD (D.46)

D.3.2 2D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in a two dimensional plane

that is normal to the large-scale background magnetic field B0, the energy

difference correlation tensor is RDs
ij (0) = D

2

(
δij − B̂0,iB̂0,j

)
(Appendix C).

Here we assume that the x̂-axis is aligned on the background magnetic field,

B̂0 ‖ x̂, and the radial direction is in the (x̂, ẑ) plane; the turbulence fluc-

tuations are perpendicular to B̂0 (Figure D.1). Since the gradients of the
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Isotropic Plane

x̂ ‖ B̂0

ŷ

ẑ

r̂
Ψ

Figure D.1: Two dimensional isotropic (axisymmetric) turbulence where the

Cartesian coordinate system (x̂, ŷ, ẑ) is chosen, such that the radial and mag-

netic field plane (r, B0) lie in the (x̂, ẑ) plane, with the x̂-axis aligning with

the background magnetic field (the field-aligned coordinate system).

large-scale magnetic field and the mean velocity are easily expressed in spher-

ical polar coordinates, we need to map from a field-aligned coordinate system

(x̂, ŷ, ẑ) to a radially aligned coordinate system (x̂′, ŷ′, ẑ′) locally aligned with

(r̂, θ̂, φ̂). This mapping is given by applying a rotation about the ŷ-axis Θy

clockwise by the winding angle Ψ between the mean magnetic field B̂0 and

the radial direction r̂ (Figure D.2)

B̂′0 = Θy(Ψ)B̂0 = cos Ψr̂ − sin Ψφ̂ (D.47)

Please note, the winding angle Ψ must be the negative of the angle between B̂0

and r̂ as the correct rotation direction about the ŷ-axis is clockwise. There-

fore, Ψ = − cos−1
(
B̂0 · r̂

)
. Now, the energy difference correlation tensor is

RDs
ij (0) = D

2

(
δij − B̂′0,iB̂′0,j

)
leading to the following mixing tensor

Π±ii(0) = −∇j

(
Uj

2
± VA,j

)
D

2

(
δii − B̂′0,iB̂′0,i

)
+2

(
∇iUj ±

1√
4πρ
∇iB0,j

)
D

2

(
δij − B̂′0,iB̂′0,j

)
(D.48)
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Isotropic Plane

x̂′ ‖ r̂

ŷ′ ‖ ŷ

ẑ′

x̂ ‖ B̂0

Ψ
ẑ

Figure D.2: Two dimensional isotropic (axisymmetric) turbulence where the

Cartesian coordinate system (x̂, ŷ, ẑ) is chosen, such that the radial and mag-

netic field plane (r, B0) lie in the (x̂, ẑ) plane. The Cartesian coordinate system

is rotated about the ŷ-axis by the winding angle Ψ (clockwise) to obtain a new

radially aligned coordinate system (x̂′, ŷ′, ẑ′) such that the x̂′-axis aligns with

the radial direction r̂.



142

The divergence terms are the same as the 3D isotropic turbulence case

−∇i

(
Ui

2
± VA,i

)
D

2

(
δii − B̂′0,iB̂′0,i

)
= −1

r
(U ± VAr)D (D.49)

the term with the gradient of the mean flow is

∇iUj(δij − B̂′0,iB̂′0,j)D =
U

r
Tr

{
0 0 0

0 1 0

0 0 1




1− cos2 Ψ 0 sin Ψ cos Ψ

0 1 0

sin Ψ cos Ψ 0 1− sin2 Ψ


}
D

(D.50)

=
U

r
Tr

{
0 0 0

0 1 0

0 0 1− sin2 Ψ


}
D (D.51)

trace
=

U

r

(
1 + 1− sin2 Ψ

)
D =

U

r

(
1 + cos2 Ψ

)
D (D.52)
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and the term with the gradient of the mean magnetic field is

1√
4πρ
∇iB0,j

(
δij − B̂′0,iB̂′0,j

)
D (D.53)

= Tr

{

−2 0 0

V ′Ar/VAr 1 0

0 0 1

 VArr +


0 0 2R0−r

r−R0

0 0 V ′Aφ/VAφ

−1 − cot θ 0

 VAφr


×


1− cos2 Ψ 0 sin Ψ cos Ψ

0 1 0

sin Ψ cos Ψ 0 1− sin2 Ψ

D
}

(D.54)

= Tr

{
−2 (1− cos2 Ψ) 0 −2 sin Ψ cos Ψ

V ′Ar
VAr

(1− cos2 Ψ) 1
V ′Ar
VAr

sin Ψ cos Ψ

sin Ψ cos Ψ 0 1− sin2 Ψ

 VArr D

+


2R0−r
r−R0

sin Ψ cos Ψ 0 2R0−r
r−R0

(
1− sin2 Ψ

)
V ′Aφ/VAφ sin Ψ cos Ψ 0 V ′Aφ/VAφ

(
1− sin2 Ψ

)
− (1− cos2 Ψ) − cot θ − sin Ψ cos Ψ

 VAφr D

}
(D.55)

trace
=
(
−2
(
1− cos2 Ψ

)
+ 1 +

(
1− sin2 Ψ

)) VAr
r
D

+

(
2R0 − r
r −R0

sin Ψ cos Ψ− sin Ψ cos Ψ

)
VAφ
r
D (D.56)

=
1

r

(
VAr

(
3 cos2 Ψ− 1

)
+ VAr0

(
ΩR0

U

)(
1− 3R0

2r

)
sin θ sin 2Ψ

)
D (D.57)

putting all the pieces together, we get the two dimensional mixing tensor M±
2D

Π±ii(0)
trace
=

1

r

(
U cos2 Ψ± VAr

(
3 cos2 Ψ− 2

)
± VAr0

(
ΩR0

U

)(
1− 3R0

2r

)
sin θ sin 2Ψ

)
D

(D.58)

= M±
2DD (D.59)

D.4 Calculation of the Correlation Integral Mix-

ing Tensor

To construct the mixing terms for the correlation integral equations, we need

to integrate Π± and Σ±. Due to this integration step, there is a choice that
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needs to be made for the integration direction as we are integrating with

respect to the lag/separation w in the correlation tensors. After integration, we

can follow steps similar to the calculation of the energy mixing tensors where

the integration of the correlation tensor is proportional to δij + ŵiŵj for 3D

isotropic turbulence and ŵiŵj for 2D isotropic turbulence (Appendix C). The

mixing term for the L± equations is the following

Π±ii(w) ≡ −∇j

(
Uj

2
± VA,j

)
RDs
ii (w) + 2

(
∇iUj ±

1√
4πρ
∇iB0,j

)
RDs
ij (w)

(D.60)

and the mixing term for the energy difference correlation equation is the fol-

lowing

Σ±ii(w) = −∇j

(
Uj

2
∓ VA,j

)
H±ii (w) + 2

(
∇iUj ∓

1√
4πρ
∇iB0,j

)
H±ij (w)

(D.61)

D.4.1 3D Isotropic Turbulence

Assuming three-dimensional isotropic turbulence, the integrals of the correla-

tion tensors can be written as∫ ∞
0

RDs
ij (w)dw =

LD
4

(δij + ŵiŵj) (D.62)∫ ∞
0

H±ij (w)dw =
L±
4

(δij + ŵiŵj) (D.63)

Calculating the divergence term for
∫∞

0
Π±ii(w)dw is the following

−∇i

(
Ui

2
± VA,i

)∫ ∞
0

RDs
ii (w)dw = −1

r
(U ± VAr)

LD
4

(δii + ŵiŵi) (D.64)

trace
= −LD

r
(U ± VAr) (D.65)

Likewise, the divergence term for
∫∞

0
Σ±ii(w)dw is the following

−∇j

(
Uj

2
∓ VA,j

)∫ ∞
0

H±ii (w)dw = −1

r
(U ∓ VAr)

L±
4

(δii + ŵiŵi) (D.66)

trace
= −L±

r
(U ∓ VAr) (D.67)

Calculating the gradient terms is more difficult as we need to choose the inte-

gration directions. There are two main choices for 3D isotropic turbulence, the
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first is choosing the integration unit vector ŵ to be along the radial direction

ŵ = r̂. The other choice is for the integration unit vector to be normal to the

radial direction ŵ · r̂ = 0. We will be primarily focusing on integrating with

lag in the radial direction ŵ = r̂ =

[
1 0 0

]
(section 2.2). We find that the

mean velocity gradient term for
∫∞

0
Πii(w)dw cancels out with the divergence

term and evaluates as the following

2∇iUj

∫ ∞
0

RDs
ij (w)dw = 2

U

r
Tr

{
0 0 0

0 1 0

0 0 1

 LD4 (δij + ŵiŵj)

}
(D.68)

=
U

r

LD
2
Tr

{
0 0 0

0 1 0

0 0 1




2 0 0

0 1 0

0 0 1


}

(D.69)

=
U

r

LD
2
Tr

{
0 0 0

0 1 0

0 0 1


}

(D.70)

trace
=

LD
r
U (D.71)

Similarly, for
∫∞

0
Σ±ii(w)dw

2∇iUj

∫ ∞
0

H±ij (w)dw
trace
=

L±
r
U (D.72)
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Now, calculating the mean magnetic field term for
∫∞

0
Πii(w)dw

2
1√
4πρ
∇iB0,j

∫ ∞
0

RDs
ij dw (D.73)

=
LD
2
Tr

{

−2 0 0

V ′Ar/VAr 1 0

0 0 1

 VArr +


0 0 2R0−r

r−R0

0 0 V ′Aφ/VAφ

−1 − cot θ 0

 VAφr



2 0 0

0 1 0

0 0 1


}

(D.74)

=
LD
2
Tr

{


−4 0 0

2V ′Ar/VAr 1 0

0 0 1

 VArr +


0 0 2R0−r

r−R0

0 0 V ′Aφ/VAφ

−2 − cot θ 0

 VAφr

}

(D.75)

trace
= −LD

r
VAr (D.76)

and there is no difference for the
∫∞

0
Σ±ii(w)dw

2
1√
4πρ
∇iB0,j

∫ ∞
0

H±ijdw
trace
= −L±

r
VAr (D.77)

Therefore, the correlation integral L± mixing tensor evaluated in the radial

direction and assuming three dimensional isotropic turbulence is∫ ∞
0

Π±iidw = −LD
r

(U ± VAr) +
LD
r

(U ∓ VAr) = ∓2
LD
r
VAr (D.78)

and the correlation integral LD mixing tensor is∫ ∞
0

Σ±iidw = −L±
r

(U ∓ VAr) +
L±
r

(U ± VAr) = ±2
L±
r
VAr (D.79)

D.4.2 2D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in two dimensions, the inte-

grals of the correlation tensors can be written as the following∫ ∞
0

RDs
ij (w)dw = LDŵiŵj (D.80)∫ ∞

0

H±ij (w)dw = L±ŵiŵj (D.81)
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Isotropic Plane

x̂ ‖ B̂0

ŷ

ẑ

r̂

Ψ

ŵ

γ

Figure D.3: Two dimensional isotropic (axisymmetric) turbulence where the

Cartesian coordinate system (x̂, ŷ, ẑ) is chosen, such that the radial and mag-

netic field plane (r, B0) lie in the (x̂, ẑ) plane, with the x̂-axis aligning with

the background magnetic field (the field-aligned coordinate system). Addi-

tionally plotted is the integration vector or the separation vector ŵ which lies

arbitrarily in the isotropic plane.
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The integration direction ŵ is in the turbulent plane at an angle γ to the ŷ

axis (Figure D.3). In general

ŵ = cos γŷ + sin γẑ (D.82)

Once again, we have a choice to make with the direction of integration ŵ,

which corresponds to a choice of the angle γ, we can either choose the unit

vector to be in the radial-magnetic field plane (r, B0) or we can let ŵ be normal

to both the radial r̂ and magnetic field B̂0 directions. We will be focusing on

integration in the (r, B0) plane (section 2.2). Similar to subsection D.3.2 we

will fix the x̂-axis onto the magnetic field B̂0 = x̂ and the radial direction r̂

into the (x̂, ẑ) plane. Integrating in the (r, B0) plane corresponds to choosing

γ = 90◦, in other words ŵ = ẑ. We will need to applying a rotation about

the ŷ-axis by the winding angle Ψ to get the integration vector ŵ in the

radially-aligned coordinate system

ŵ′ = Ωy(Ψ)ŵ = sin Ψ sin γr̂ + cos γθ̂ + cos Ψ sin γφ̂ (D.83)

so, with γ = 90◦, ŵ′ = sin Ψr̂ + cos Ψφ̂. We can now move onto solving the

gradient terms. But first, the divergence terms are straightforward to work

out

−∇j

(
Uj

2
± VA,j

)∫ ∞
0

RDs
ii (w)dw = −1

r
(U ± VAr)LDŵ′iŵ′i

trace
= −LD

r
(U ± VAr)

(D.84)

−∇j

(
Uj

2
∓ VA,j

)∫ ∞
0

H±ii (w)dw = −1

r
(U ∓ VAr)L±ŵ′iŵ′i

trace
= −L±

r
(U ∓ VAr)

(D.85)
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The mean flow gradient terms are the following

2∇iUj

∫ ∞
0

RDs
ij (w)dw = 2

U

r
Tr

{
0 0 0

0 1 0

0 0 1

LDŵ′iŵ′j
}

(D.86)

= 2LD
U

r
Tr

{
0 0 0

0 1 0

0 0 1




sin2 Ψ 0 sin Ψ cos Ψ

0 0 0

sin Ψ cos Ψ 0 cos2 Ψ


}

(D.87)

trace
= 2LD

U

r
cos2 Ψ (D.88)

2∇iUj

∫ ∞
0

H±ij (w)dw
trace
= 2L±

U

r
cos2 Ψ (D.89)

and the mean magnetic field gradient terms are the following

2
1√
4πρ
∇iB0,j

∫ ∞
0

RDs
ij dw (D.90)

= 2LDTr

{

−2 0 0

V ′Ar/VAr 1 0

0 0 1

 VArr +


0 0 2R0−r

r−R0

0 0 V ′Aφ/VAφ

−1 − cot θ 0

 VAφr


×


sin2 Ψ 0 sin Ψ cos Ψ

0 0 0

sin Ψ cos Ψ 0 cos2 Ψ


}

(D.91)

trace
= 2

LD
r

(
VAr

(
−2 sin2 Ψ + cos2 Ψ

)
+ VAφ

(
2R0 − r
r −R0

sin Ψ cos Ψ− sin Ψ cos Ψ

))
(D.92)

= 2
LD
r

(
VAr

(
3 cos2 Ψ− 2

)
+ VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

)
(D.93)

2
1√
4πρ
∇iB0,j

∫ ∞
0

H±ijdw

= 2
L±
r

(
VAr

(
3 cos2 Ψ− 2

)
+ VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

)
(D.94)
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Therefore, the mixing terms result in∫ ∞
0

Π±ii(w)dw = −LD
r

(U ± VAr) + 2U
LD
r

cos2 Ψ

±2
LD
r

(
VAr

(
3 cos2 Ψ− 2

)
+ VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

)
(D.95)

=
1

r

(
U
(
2 cos2 Ψ− 1

)
± VAr

(
6 cos2 Ψ− 5

)
± VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

)
LD

(D.96)

∫ ∞
0

Σ±ii(w)dw

=
1

r

(
U
(
2 cos2 Ψ− 1

)
∓ VAr

(
6 cos2 Ψ− 5

)
∓ VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

)
L±

(D.97)

Lastly, the term involving the dot product between the integration direction

ŵ and the large scale Alfvén field VA is zero due to the integration direction

being perpendicular to the magnetic field.

−2Dw · VA = 0 (D.98)

D.5 Steady State System of Equations

One may suppose that the energies Z2
±, D and the correlation lengths L±, LD

do not evolve over time (i.e., steady state) and only evolve over radial distance

(we are ignoring the θ and φ dependence in Z2
±, D, L±, and LD). Also, assum-

ing two dimensional isotropic turbulence the following is the coupled system

of six equations describing the radial transport of turbulence

dZ2
±

dr
= −U ± VAr

U ∓ VAr
Z2
±

r
− 1

U ∓ VAr
M±D +

1

U ∓ VAr
N± +

1

U ∓ VAr
S± (D.99)

dD

dr
= −D

r
− 1

2

1

U

(
M+Z2

− +M−Z2
+

)
+

1

U
ND +

1

U
SD (D.100)

dL±
dr

= −U ± VAr
U ∓ VAr

L±
r
− 1

U ∓ VAr
M±

L LD +
1

U ∓ VAr
NL
± +

1

U ∓ VAr
SL±

(D.101)

dLD
dr

= −LD
r
− 1

2U

(
M−

L L+ +M+
L L−

)
+

1

U
NL
D +

1

U
SLD (D.102)
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where the 2 dimensional mixing terms are

M±
2D =

1

r

[
U cos2 Ψ± VAr

(
3 cos2 Ψ− 2

)
± VAr0

(
ΩR0

U

)(
1− 3R0

2r

)
sin θ sin 2Ψ

]
(D.103)

M±
2D,L =

1

r

[
U
(
2 cos2 Ψ− 1

)
± VAr

(
6 cos2 Ψ− 5

)
± VAr0

(
ΩR0

U

)(
3R0

2r
− 1

)
sin θ sin 2Ψ

]
(D.104)

and the 3 dimensional mixing terms are

M±
3D =

1

r

(
U

3
∓ VAr

)
(D.105)

M±
3D,L = ∓2

VAr
r

(D.106)



Appendix E

Other Models

It is useful to compare results from our six-equation models to earlier results.

Here we summarise two such models and solve their equations through our

equation solver to reproduce their results.

E.1 Adhikari Model

Using a structural similarity assumption with the Cauchy-Scharz inequality,

a different six equation model for the evolution of solar wind has been pro-

posed by Zank et al. [64]. Adhikari et al. [1, 4] takes the system of equations

introducted by Zank et al. and makes the following assumptions. The first

is setting a = 1
2
, b = 1

2
to attempt to retain two dimensional turbulence,

the second assumption assumes the equivalent of the gradient mixing term is

zero Γ = ŵŵ
(
∇U ± 1√

4πρ
∇B0

)
= 0 which produces the following system of
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equations in steady state

(U ∓ VAr)
dZ2
±

dr
+ (U ± VAr)

Z2
±

r
+ (U ∓ VAr)

D

r
= N± + S± (E.1)

U
dD

dr
+ U

D

r
+

1

2
VAr

1

Z+Z−

(
Z2

+

dZ2
−

dr
+ Z2

−
dZ2

+

dr

)
+

1

2
(U + VAr)

Z2
+

r
+

1

2
(U − VAr)

Z2
−

r
= −αDND + SD (E.2)

(U ∓ VAr)
dL±
dr

+ (U ∓ VAr)
L±
r

+
1

2
(U ∓ VAr)

LD
r

= −α±N±L + S±L (E.3)

U
dLD
dr

+ U
LD
r

+ VAr

√
L+

L−

dL−
dr
− VAr

√
L−
L+

dL+

dr

+ (U + VAr)
L+

r
+ (U − VAr)

L−
r

= ND
L + SDL (E.4)

The nonlinear terms chosen by Adhikari et al. is the following

N± =
Z2
±Z∓
λ±

(E.5)

ND = D

(
Z+

λ−
+
Z−
λ+

)
(E.6)

N±L = 0 (E.7)

ND
L = 0 (E.8)

with the Kármán-Taylor parameters chosen as α± = β± = 2, αD = 1. The

source terms were chosen as

S± = 2CshU
Z2
±

r
+
fDn

∞
HUVA

n1
swτ

1
ion

eLcav/r (E.9)

SD = 2CshU
D

r
(E.10)

S±L = 0 (E.11)

SDL = 0 (E.12)

with Csh = 7.35. Adhikari et al. defines the proton temperature evolution in

steady state as

dT

dt
+ U

dT

dr
+ (γ − 1)

2UT

r
=

1

9

mp

kB
α

(
Z2

+Z−
λ+

+
Z2
−Z+

λ−
+D

(
Z−
λ+

+
Z+

λ−

))
(E.13)

where γ = 5/3 is the adiabatic index, mp is the proton mass, kB is the Boltz-

mann constant and α is chosen to be 1 and controls the heat dissipation from

the nonlinear terms.
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Below, we have reproduced the plots from Adhikari et al. [1] plotted with

data provided by Adhikari et al. [1] where the blue plusses is data from 0.29 AU

to 5 AU from the Helios 2 and Ulysses spacecraft, the orange plusses is data

from 1 AU to 75 AU taken from the Voyager 2 spacecraft. Figure E.1 shows

the energy over radial distance to 100 AU where the top left shows the inward

fluctuation energy Z2
+ in (km/s)2 and the top right shows the outward Z2

− in

(km/s)2. The bottom left panel shows the normalized energy difference σD

and the bottom right panel shows the normalized cross helicity σc. Figure E.2

shows the correlation lengths in km from 0.29 AU to 100 AU, the top panels

show the inward λ+ and outward λ− correlation lengths from left to right

respectively whereas the bottom panel shows the correlation length for the

energy difference λD. Figure E.4 shows the proton temperature measured in

Kelvin to 100 AU. [1] switches the initial conditions for Z2
+ and Z2

−, we have

plotted the correct choices for Z2
+ and Z2

+ following the data Table 4.1 except,

we have set D0 = −200 to prevent D from becoming positive which results

in λD → ∞ as λD = LD
D

. The spike seen in λD, Figure 5.3 is due to σD

approaching 0, but it does not become 0.

E.2 Breech Model

The Breech et al. [13] model is a three equation model built from simplifications

of Zhou and Matthaeus [66]. The equations are effectively reduced to three

by using only one correlation length λ = λ+ = λ− and assuming that the

normalized energy difference is constant σD ≈ 1/3 giving D ≈ σDZ
2. The

Breech et al. model is written as

U
dZ2

dr
+
Z2

r
+MσD

Z2

r
= N + S (E.14)

U
dσc
dr
−MσD

σc
r

= NC + Sc (E.15)

U
dλ

dr
= Nλ + Sλ (E.16)
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Figure E.1: Reproduced plot from Adhikari et al. [1] showing the backward

and forward propagating energies, the normalized energy difference and the

normalized cross helicity. The green line is the Adhikari et al. model plotted

with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange) spacecraft

indicated by the plus markers. The red line is the optimized parameters.
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Figure E.2: Reproduced plot from Adhikari et al. [1] showing the correlation

length of the backward and forward correlation lengths and the correlation

length for the energy difference. The green line is the Adhikari et al. model

plotted with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange)

spacecraft indicated by the plus markers. The red line is the optimized pa-

rameters.
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Figure E.3: Reproduced plot from Adhikari et al. [1] showing the correlation

integrals of the backward and forward correlation lengths and the correlation

length for the energy difference. The green line is the Adhikari et al. model

plotted with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange)

spacecraft indicated by the plus markers. The red line is the optimized pa-

rameters.
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Figure E.4: Reproduced plot from Adhikari et al. [1] showing the proton tem-

perature. The green line is the Adhikari et al. model plotted with data from

the Voyager 2 (orange) spacecraft indicated by the plus markers. The red line

is the optimized parameters.
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with Z2 =
Z2
++Z2

−
2

and σc =
Z2
+−Z2

−
Z2
++Z2

−
. M is the mixing term and is also assumed

to be constant. The nonlinear terms were chosen as

N = αf+Z
3

λ
(E.17)

NC = αf ′
Z

λ
(E.18)

Nλ = βf+Z (E.19)

where

f±(σc) =

√
1− σc

2

(√
1 + σc ±

√
1− σc

)
(E.20)

and f ′ = σcf
+ − f−. The source terms used were

S = Csh
UZ2

r
+ UĖPI (E.21)

Sc = −Csh
Uσc
r
− UĖPI

σc
Z2

(E.22)

Sλ = −β
α
UĖPI

λ

Z2
(E.23)

where ĖPI is the rate at which the energy is added proportional to the rate of

creation of new protons, the pickup ion driving

ĖPI =
fDVAnH
nswτion

e−Lcav/r (E.24)

The temperature equation introduced by Breech et al. is an adiabatic cooling

temperature equation modified with an increase proportional to the nonlinear

decay of the energy

dT

dr
= −4

3

T

r
+

1

3

mp

kB

α

U
f+Z

3

λ
(E.25)

where mp is the proton mass, kB is the Boltzmann constant.

We have plotted the above equations using the initial conditions from Ta-

ble E.1 as well as α = 0.4, β = 0.2, Csh = 1, σD = −1/3,M = 1/2. Figure E.5

plots the forward Z2
− and backward Z2

+ fluctuation energy along with the

constant normalized energy difference σD and the normalized cross helicity.

Figure E.6 shows the single correlation length plotted against radial distance

to 100 AU and Figure E.7 shows the proton temperature.
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Parameters Initial Values

Z2
0 6757.5 [(km/s)2]

σC,0 −0.894

λ0 0.0011045 [AU]

T0 3.5× 105 [K]

R0 0.29 [AU]

Table E.1: Solar wind initial conditions at 0.29 AU based off Helios 2 data

Figure E.5: Energies of the Breech et al. [13] model (green) plotted against

radial distance from 0.29 to 100 AU along with data from the Helios 2/Ulysses

(blue) and Voyager 2 (orange) spacecraft indicated by the plus markers.
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Figure E.6: Correlation length of the Breech et al. [13] model (green) plotted

against radial distance from 0.29 to 100 AU along with data from the He-

lios 2/Ulysses (blue) and Voyager 2 (orange) spacecraft indicated by the plus

markers.
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Figure E.7: Temperature of the Breech et al. [13] model (green) plotted against

radial distance from 0.29 to 100 AU along with data from the Helios 2/Ulysses

(blue) and Voyager 2 (orange) spacecraft indicated by the plus markers.
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