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Abstract

Charged particles are ejected from the sun and transported radially outward
to the edge of the solar system, this plasma is called the solar wind. In the
solar wind, turbulent fluctuations and waves form, and their transport can be
modelled using the Magnetohydrodynamic (MHDI) equations. This thesis dis-
plays several different options for building an turbulence model includ-
ing nonlinear phenomenologies, and turbulence source driving like interstellar
pickup ions and velocity shear. The options are extended from existing models
that express a range of variables from the forward and backward propagating
energies, the energy difference and the respective correlation lengths. Non-
linear phenomenologies are built from analogies to Hydrodynamic (HD]) von
Karméan-Taylor phenomenologies extended to Additional phenomeno-
logical models are needed for the energy difference (and its correlation length).
These models are evaluated from 0.29 to 100 AU, analytically where possible,
otherwise numerical solutions are sought after and compared to simulation
data, and satellite data obtained from the Helios 2, Ulysses and Voyager 2

spacecraft.
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Chapter 1

Introduction

The existence of the solar wind was first predicted by Parker [45] in 1958.
There have since been many observations that have confirmed the solar wind
existence from direct in-situ spacecraft observations [27, 48], [49]. We can also
observe the solar wind acting on objects in the solar system, like comet tails
[T, 17] and can even see the effects of the solar wind on earth, via the auroras
[30, [47]. The solar wind is commonly modelled using an turbulence
approximation which seems to agree with the spacecraft observations. Much
like turbulence, there is a great degree of complexity surrounding
turbulence. The addition of the magnetic field to the turbulence modelling
adds significant complexity. There are still many important mysteries the
solar wind holds with regards to both itself, in the purest sense, and to
turbulence, so much so, that both NASA and ESA have recently launched
spacecraft (the Parker Solar Probe in 2018 and the Solar Orbiter in 2020
respectively) with the missions of investigating various solar wind and sun
phenomena. Both the Parker Solar Probe [2] [6, 56, 65] and the Solar Orbiter
[3, 56] have provided more evidence for the turbulence in the solar wind
and have started to help expound on the complex interactions present.

There have been many attempts to model and evaluate the solar wind using
models. Matthaeus et al.| and |Breech et al.| provide some numerical

[13, 35] and analytical [36] solutions to a simplified five (and three) equation



model [66]. |Adhikari et al. [T], 4] provides numerical solutions to a six equation
model constructed with the assistance a Cauchy-Schwarz inequality [19] [62].
These models have a degree of variability between them providing ambiguity
in the behaviour of the modelled solar wind, particularly with the nonlinear
dissipation terms. These nonlinear terms end up having a big effect on the
behaviour of the turbulence [26].

The aim of this thesis is to develop and examine the behaviour of some solar
wind models commonly proposed in the literature [T}, 13}, 35], along with some
additional nonlinear models. These models should describe the transport of
the turbulence, characterised via the energy fluctuations and their correlation
lengths, over the radial distance out to the edge of the solar system, matching
the in-situ observations from the Helios 2, Ulysses and Voyager 2 satellites,
and qualitatively, the simulation data.

will focus on the background of this thesis; providing context to
the solar wind as it is emitted from the Sun. Then, delving into the typical
turbulence characteristics for an fluid that can be extended to the solar

wind flow via the [MHDI approximation.

Chapter 3| (with the addition of [Appendices A] to [D]) introduces the equa-

tions we will be using to model the solar wind. The resulting model is expressed
as a set of six coupled, nonlinear ordinary differential equations. The nonlinear
terms will be discussed in depth as their modelling is integral to the behaviour
of the solar wind, likewise for the source driving terms. Lastly, the model for
the temperature is introduced with motivation, adding an additional ordinary
differential equation to the solar wind model.

will examine some simulation data to help provide estimations
for the behaviour of the turbulence. Additionally, in-situ observational
data will be looked at and used to verify the models in the subsequent chapters.

In the six equation solar wind model will be reduced appropri-
ately until analytical solutions can be found. The analytical solutions will be

discussed in the context of the behaviour seen in the observational data. In



this chapter, we have found sets of nonlinear and linear solutions.

will evaluate the numerical solutions for the full six equation
(plus one for the temperature), solar wind models. We will be iterating over
various nonlinear and source driving models and discussing their effects on the

behaviour of the evolution of the solar wind.

Lastly, |Chapter 7| summarises our results and conclusions.



Chapter 2

Solar Wind Background

This section discusses the context for this thesis; the origin of the solar wind
and its evolution via turbulent processes as it spreads out across the solar

system.

2.1 The Sun and the Solar Wind

The solar wind is a flow of plasma that exudes from the sun due to the over-
whelming difference between the gravitational and magnetic forces holding the
plasma in the atmosphere of the sun (the corona) and the outward pressure
gradient of space i.e., the large difference in the pressures between interstellar
space and the sun’s atmosphere. The solar wind streams off the sun, mostly
radially in all directions, and is an electrically neutral, fully ionized plasma
of low density (see [section 4.2). The solar wind ends at the edge of the solar
system (called the heliosphere) after the density (of the solar wind) has fallen
off so much that velocity decreases dramatically (the termination shock) and
clashes with the plasma from interstellar space.

Due to the highly electrically conductive solar wind, magnetic field lines
are implanted and frozen into the outward flow of plasma. As the sun rotates,
and the solar wind continues expanding radially, the magnetic field is dragged
along and twists into a large Archimedean-like spiral (the Parker Spiral [45]).

The Parker Spiral forms an appropriate model for the behaviour of the large-



scale magnetic field. The angle between the solar wind radial direction and
the magnetic field is around 45° at Earth’s distance (1 Astronomical Units
(AUT)) and 89° at the edge of the heliosphere (75-100 [AU], [Figure 2.1)). The
equation for the Parker Spiral [45], expressed in spherical polar coordinates is

the following

Bo(r.0,6) = By (%)2 (2.1)

By(r,6,0) =0 (2.2)

By(r,0,6) = By <%) (Rio - 1) (%)281110 (2.3)

where Q is the angular velocity of the sun, U is the outward (radial) velocity
and Ry is the point where beyond that distance, the solar gravitation and
outward acceleration by high coronal pressure is neglected. shows
an example of the large-scale magnetic fields in the solar wind at different
speeds, along with the approximate orbit of Earth and Mars.

This thesis is interested in the solar wind as it evolves as it travels through

to the edge of the heliosphere (75-100 [AT]).

2.2 Taking Data from Space

Understanding how measurements are taken from spacecraft is useful to un-

derstanding some of the decisions related to composing the quantities in the

later sections of this thesis (subsection 3.1.1)). The first question to ask is;

how do we measure turbulent eddies? As a time series, the flow of a fluid is
measured from sensors record useful properties of a fluid; for example the tem-
perature or the velocity. The fluid velocity field changes in both position and
time, in order to properly reconstruct the full turbulence correlations from the
measurements between any two points in the relevant region, a mesh of sensors
would be required to measure the velocity at each point in time at each point
in space. This is impractical so instead, we assume there is a strong mean

flow and use a frozen-in flow approximation (Taylor’s Hypothesis [55]); the
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Figure 2.1: Depiction of the solar system encased in the heliosphere as it travels

through interstellar space. Taken from [39).
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Figure 2.2: Diagram of the magnetic field in fast (1000 [km/s], purple) and
slow (400 [km/s], blue) solar wind, stretching out to 2 [AUTL



fluid transport is due solely to the large scale motion (advection due to the
small-scale turbulence is small and therefore neglected). The numbers of sen-
sors can be reduced to one that captures the velocity (and temperature) as the
steady turbulent eddy flows past at the mean speed. A correlation with spatial
lag can now be constructed as a correlation with time lag instead; however,
this still only allows for correlations to be taken in a single direction, in the
direction of the mean flow. Therefore, in the solar wind with one spacecraft
measuring a frozen-in flow, correlations between two points in the fluctuating
field can only be constructed in the radial direction (as the solar wind is pri-
marily radially expanding). There are a couple of sets of satellites that fly in
groups, for example NASA’s Magnetospheric Multiscale (MMS) Mission uses
four spacecraft flying in a tetrahedral formation. These MMS spacecraft (and
others) can be used to construct correlations in different directions. Unfortu-
nately they will not be relevant to this thesis as they fly in an orbit around
Earth, popping in and out of the magnetosphere. Whereas we are interested

in the solar wind as it is transported out to the edge of the solar system.

2.3 Turbulence

A turbulent flow does not have an exact definition but can typically be rec-
ognized by a few key characteristics. The two main features of a turbulent
flow we will talk about are the irregularity and the energy cascade. The
turbulence is the motion of a fluid characterized by chaotic changes in the
pressure/temperature and velocity. Even though the turbulence is chaotic, it
is deterministic and can be fully described by the Navier-Stokes equations,
along with Maxwell’s equations in the case of (Appendix A)). Turbu-
lence is dissipative, meaning the energies in the smallest eddies transition into
internal energy (temperature). The smallest eddies receive their energies from
the slightly larger eddies and so on until the largest eddies receive their energy

from the bulk motion. The process of the transfer of energy from the bulk
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motion to the smallest scales is called the energy cascade.

2.3.1 The Energy Cascade

The energy cascade defines the transfer of the energy from the largest scale to
the smallest scales. This process requires nonlinear couplings and local, trans-
fer of energy from one scale to the next smallest scales. Once the structures
are small enough, molecular diffusion becomes a factor and the dissipation of
energy can take place. The energy spectrum, F(k), is a key quantity in dis-
cussion and modelling of the energy cascade. It has dimensions of energy per
wavenumber and can be interpreted as just that: the energy per wavenumber
associated with scales of order 1/k. The total energy is given by [° E(k) dk.

In [HD| the energy cascade stops when the turbulent structures are small
enough for molecular diffusion. In theory, there are multiple scales
where the energy dissipation can occur resulting from the proton and electron
(in the ionized hydrogen). Current theories predict, once the cascade
reaches the proton gyroradius, a transition occurs from the scheme to a
new Kinetic Alfvén Wave (KAWI]) scheme. At this point, we can say that the
energy has dissipated from the perspective of [MHD} however the energy might
not be fully transitioned into the temperature at the proton gyroradius scale.
[KAWI] might carry some of the energy to even smaller scales like the electron
gyroradius. For the purposes of this thesis, we are ignoring the effects of the
[KAW] in the solar wind and focusing solely on an approximation.

In terms of the cascade, the energy spectrum is roughly divided up into
three ranges (see where k is the wave number and proportional to
1/length scale), the range for the energy containing eddies, the inertial sub-
range and lastly, the dissipation range. The energy containing range (occurring
around the integral length scale L) carries most of the energy in the turbulence.
It extracts energy from the mean flow and passes it onto the smaller scales.
The dissipation range is where scales are smaller than those characteristic of

dissipation, denoted with a velocity scale v, a length scale n and a time scale
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Figure 2.3: Spectrum for the wave number k and the energy E(k) for turbu-

lence showing the energy cascade. Taken from [60].
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7. From dimensional analysis, these scales can be determined by the viscosity

v [SI units of m?/s] and the energy dissipation rate per unit mass € [units:

m?/s°]

v = (ve)'/* (2.4)

7= (—)/ (25)

= (5)1/2 (2.6)

The inertial subrange is the transport region of the cascade process. The
energy comes in from the energy containing range at a rate € and passes through
to the dissipation range. The inertial subrange occurs in the wavenumber range
1/L < k < 1/n. An important result to note comes from Kolmogorov’s 1941
Theory [31), 32 B3], where the energy spectra in the inertial range decays with

a power of —5/3
E(k) ox e3E=/3 (2.7)

It is important for the discussion on phenomenologies, to remember the idea
of constructing the quantities in the inertial and dissipation ranges in terms of
the wave number k (proportional to 1/length scale) and the dissipation rate
€. This helps reinforce the energy cascade being driven at the largest scales
at the rate € and flowing down the cascade at the rate €, ending in the energy
dissipating at the rate e. Conceptually these three €’s are clearly physically
distinct quantities. However in a statistically steady system their average
values will be equal. Additionally, the following relation can be derived from

the Navier-Stokes equations [22], where f is the force driving

01
aﬁ ’U2> = <f"U>—|-I/<’U'v2’U> (28)
In words, the only changes in the mean kinetic energy come from the force
driving at the large scale (first term on the right hand side (RHS))) and the

viscous energy dissipation at the small scale (second term on the [RHS]). The

energy cascade transfers energy from the forcing range to the dissipation range
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(via an inertial range if the flow is turbulent) but does not actually change

the energy. Formally this transfer of energy between scales would appear in

Equation 2.8|as the term — (v - (v - V)v) which can be shown to be zero.

2.3.2 Phenomenologies

A phenomenology is a modelling approach that seeks to give tractable equa-
tions that adequately represent the system.

Firstly, the nonlinear couplings in the Navier-Stokes equations provide the
means for the cascade of energy. This gives rise to the following notation,

%) representing the time rate of change from the nonlinear terms in the

ot
NL
Navier-Stokes equation. From the energy cascade, the time rate of change of

the kinetic energy is the energy dissipation rate

o
ot |y,

X —€ (2.9)
Here, the kinetic energy per unit mass u? is the mean-square of the velocity
u? = (Ju|?). The next idea introduces the eddy turnover time 7 ~ 2, which
is the typical time for a structure of size A to undergo a distortion due to the
relative motion of the fluid particles. Think of a vortex of size A decreasing
in size or breaking up due to the velocities of the different particles. In other
words, the vortex transitions to a smaller scale at a rate 1/7. From the energy
cascade, the dissipation rate (or the force driving rate or the inertial range

energy flux) is the kinetic energy over the eddy turnover time

u2

€xX — (2.10)
T

Similarly, the length scale evolves according to the eddy turn over time

Al _2 (2.11)
dt |y, 7

This gives us the Kérman-Taylor phenomenology [16], 20] 54] (Taylor [54] and

de Kdrmén and Howarth [16] implicitly contain the following model and Dry-
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den [20] explicitly)

2 3
L (2.12)
dt |y, N\

A

] - 2.13
L (2.13)

The parameters o and  are the Karman-Taylor constants, and are strictly
positive. These Karman-Taylor constants play an important role in the en-
ergy cascade process [36] and are left as generalized parameters. In fact, it
is possible to reconstruct a number of theories on turbulence through choices
in the a and /8 constants [36], particularly, Kolmogorov’s model [32] (with
a=5p).

These Karman-Taylor equations and the discussion in this section has been
focusing on the process, this is mostly generalizable to the descrip-
tion. The discussion will be extended in the next chapter (chapter 3|). The
Karman-Taylor equations are one example of an energy-containing range phe-
nomenology; we focus on the Karman-Taylor equations in this thesis but there

other phenomenologies do exist.

2.3.3 Plasma Turbulence

The complexity of plasma interactions runs deep, and there are a vast amount
of instabilities and phenomena that can occur in a plasma fluid. As the plasma
in the solar wind is described using the Navier-Stokes equations with the addi-
tion of Maxwell’s equations we get the usual fluid velocity-velocity interactions
in addition to velocity-magnetic field and magnetic field-magnetic field inter-
actions. Some of these phenomena have been observed to occur in the solar
wind like magnetic reconnection [23, 24] but, for the most part, these phenom-
ena will be ignored since we are only interested in the average behaviour of
the fluctuation correlations. Some of the effects that might play a part in in-
creasing the overall energy of the solar wind are captured in the source driving

terms (section 2.5).

Due to the couplings between the fluid velocity and the magnetic field,
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with an ideal conductor in the form of ions and electrons in a near vacuum,
we arrive at the Alfvén effect; the magnetic field lines are frozen into and
move with the fluid. From the Alfvén effect, any perturbation in one of the
fields will result in a perturbation in the other field. This means that waves
both transverse and parallel (to the mean magnetic field) can form through an
oscillation of the fluid and the magnetic field perturbations. So, in addition to
the analogous eddies [14], there are waves present in turbulence [9)].
In this thesis, these two turbulent quantities will be considered equivalent and
in terms of describing specific aspects, we will alternate between an analogous
eddy or a propagating wave. Some research has been done by separating
out the turbulence into a two component model in the form of a wave piece

and quasi-2D-turbulence [43].

2.4 Elsasser Variables

To simplify the description of fluids, it helps to construct Elsasser vari-
ables from the flow velocity field and the magnetic field [21]. The magnetic
field is divided by the square root of the mass density p; this converts the
magnetic field b (in units of gauss, say) to an Alfvén velocity v (in units of
cm/s, say):

b
VAT

This leads to a symmetric form of the [MHDI equations (chapter 3) and also

zZr =u+t =utwvy (2.14)

separates the equations into parts that depict the wave propagation direction.
z, represents an inward propagating wave (anti-parallel to the mean magnetic
field) and z_ represents an outward propagating wave (parallel to the mean
magnetic field). The use of the Elsésser variables in the equations does
not imply that the fluctuations must be waves; they represent general fluc-
tuations which, in some circumstances may be Alfvén waves. The Elsésser
representation can be easily converted to the kinetic and magnetic representa-

tion (with the addition of the cross helicity H.). The energies (per unit mass)
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for the kinetic, magnetic and the cross helicity are the following

u? = (u - u) (2.15)
b = (v4-v4) (2.16)
H.= (u-v,) (2.17)

Really, the correct value for the energies (per unit mass) is a half of the above

1

2u2 is the kinetic energy. These energies can be

quantities, for example F, =

converted into the Elséasser variable representation by the following identities:

73 =2y -z4) = u® + b £ 2H, (2.18)
D= {(z, z_)=u>—b (2.19)

The same goes for the correlation integrals of the Elsasser representation if we

assume that (u - v;) = (v -u’) where the primed variables indicate spatial
lag e.g., 2%’ = z*(x + w) (see [Appendix BJ)
Ly = / (zy -2, )dw = L, + Ly £ 2L, (2.20)
0

LD:/ %<z+-z’_>+<z-zﬁr>dw:Lu—Lb (2.21)
0

All the correlation integrals can be used with their respective energies to con-
struct a correlation length that has solely length units, for example the Elsasser

correlation lengths are

Ly

A= — 2.22
L

Ap = FD (2.23)

2.5 Driven Turbulence Sources

There are potentially many sources for additional turbulence driving and some
are necessary for accurately describing the solar wind evolution (section 4.2))
[25]. We will focus on three primary sources of turbulence in the heliosphere

in this thesis [1, 4, 13| 291 35 53], 63]; the first is the turbulence driven by the
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shear interaction between fast and slow solar wind streams. The second source
is from the compressive effects (e.g., due to shock waves in the solar wind).
Lastly, the charge exchange between the neutral interstellar hydrogen and the

solar wind protons creates additional turbulence in the solar wind.

2.5.1 Stream Shear Driving

Although the solar wind is mostly constant along the radial directions, it varies
according to the helio-latitude allowing for a shear interaction of a fast stream
rubbing against a slower stream. The stream shear driving can be thought of
as analogous to shear, as the fast stream rubs against the slow stream,
instabilities arise and add more energy to the system. The equation for the

stream shear driven turbulence is modelled as [13] [63]
ZQ
U G g (2.24)
r
where Cyeqr represents the strength of the shear interaction which acts on the

slow solar wind speed U by the difference between the fast and the slow speed

0U over the distance they interact or

Cshear = 77 (225)

2.5.2 Shock Wave Driving

We can also model the compression effects of shocks that occur in the plasma.
The shocks have been observed around 1 [AT] and enhance the pressure and
the magnetic field along with increasing the level of fluctuations in the solar
wind [59]. Tt is important to note that the shocks do not occur continuously,
but a region of the solar wind can develop/cross over into a shock region so the
equation models the effects of the shock over a region dr. The equation for the
shock driven turbulence is modelled similarly to the stream shear turbulence
[63]

Sshock — ¢ UZ—i (2.26
+ — Yshock r . )
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2.5.3 Pickup Ion Driving

In the outer parts of the heliosphere, the neutral protons from the interstellar
medium flow into the heliosphere and get ionized by charge exchange with
the solar wind protons or via the solar radiation. Once ionized, the interstellar
particles gyrate around the magnetic field and are then scattered by the inertial
range turbulence. The scattering of the interstellar pickup ions generates waves
that act as an additional driving force for the turbulence [13, 29, (53]. The

pickup ion driving can be estimated as the following equation

gPID _ fDn%OUVAe,Lc% (2.27)

s Tion

where n% = 0.1 cm™® is the density of the incoming interstellar hydrogen,
ngy = 5 cm™? is the solar wind density at 1[AU] 7}, = 10° s is the ionization
time of the hydrogen at 1[AU and L., = A0/sin6 = 8 [AUlis the scale of the
ionization cavity around the sun (A is not the inertial range correlation length).
In the heliosphere, the ionization cavity is sphere in the inner heliosphere

where there are minimal interstellar neutrals. As the neutral atoms come

into the heliosphere at a fixed rate and are ionized at the rate d’éf L as the

radial distance decreases there are less and less neutral atoms to ionize. The

ionization cavity is represented by the exponential term e~ Fea/™ in SPIP,



Chapter 3

Solar Wind Models

This section discusses the equations used to model the solar wind. First, a
coupled set of evolution equations are needed to model the transport of the
turbulent fluctuations. These equations contain nonlinear couplings that are
difficult to analytically solve and require more evolution equations, instead,
they will be replaced with phenomenologies based off the decay of the tur-
bulence and the transfer of the energy to higher wave numbers. This section
will also cover additional processes that need to be included to account for the

interactions of the solar wind plasma particles in the heliosphere.

3.1 Evolution Equations

The dynamics of the solar wind can be approximated with an one-fluid
approximation [66]. For an apt description of the solar wind fluctuations,
we will need the total energy which is the kinetic energy plus the magnetic
energy Ep = E, + Ej, the energy difference (sometimes called the residual
energy) which is the difference between the kinetic and magnetic energies Ep =
E, — Ey, and the cross helicity E¢c. These three quantities can be easily

obtained by ensemble averaging the velocity and magnetic fields, where the
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Alfvén field v, is the magnetic field in speed units ﬁb = vy (in km/s, say)
1 1

ET:§<u-u>+§(vA~'vA> (3.1)
1 1

ED:§<u~u)—§<'vA~'vA> (3.2)
Fo =3 {u-va) (3.3)

The IMHDI equations contain a conservation of mass equation,

% +V-(Vp)=0 (3.4)
an equation of motion,
p<88—‘t/+V~VV>:—Vp+%J><B+D (3.5)
and an induction equation,
a—B:V><(V><B)—|—D’ (3.6)

ot

Obtaining the equations for the fluctuations requires considerable algebra

which is relegated to [Appendices A to [D] discusses the [MHD!

equations further and converts them to a symmetrical Elsasser variable form

(Equation A.35). Next, in [Appendix B| the [MHDI equations are taken with

ensemble averages to obtain evolution equations of the statistical properties

(Equations (B.10)| and [(B.21)) which obtain the evolution equations of the

energies. To complete the model derivation, the nonlinear couplings in
tions (B.10)|and|(B.21)[need to be resolved (section 3.2)). To form the nonlinear

closure, models for the turbulent length scales (\,, Ay, Ac) are required. The

evolution equations for the turbulent length scales can also be obtained from

I[Equations (B.10) and |(B.21)| [Equations (B.10)[and |[(B.21)| are developed fur-

ther in and to obtain a six equation, steady-state
system of equations for the fluctuating energy and their length scales

fion D3).

This thesis evaluates the models in and will additionally com-

pare it to a simpler, three equation Breech et al. [13] model (section E.2)) and

with a model constructed using a Cauchy-Scharwz’ inequality, the Adhikari

et al. [I] model (section E.1)).
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3.1.1 Energy and length-scale Evolution Equations

Due to the assumptions in the symmetries of the turbulence (Appendix C}),

there are multiple models that could be composed from [Equations (B.10)|

and . Furthermore, the length scales can be measured differently de-
pending on the alignment of the separation vector w with respect to the local
Cartesian coordinate system and the radial and magnetic fields resulting in
different length scale equations. In this thesis we will focus on two dimen-
sional isotropy (axisymmetry) as solar wind observations suggest that there is
an anisotropy invoked due to the large scale magnetic field [10, 15, 34 4T, 42].
Choosing two dimensional isotropy means that the wave vectors and fluctu-
ations lie in the plane perpendicular to the mean magnetic field. The three
dimensional isotropic equations will be used as a simpler reference for the more
complicated two dimensional case. When it comes to resolving the length scale
equations, we will choose the local Cartesian coordinate system such that the
correlation length is measured in the radial direction as this is more relevant
to in situ space craft measurements . Assuming the constant
spherically symmetric outward flow U = Ur, conservation of mass yields

p = po(Ro/r)>. With By defined as an outwardly directed Parker Spiral,

Var = \/szr—p (%)2 = \/A% (%) = Varo (%) The one dimensional and steady-

state evolution equations are the following

2 2
T TR et @0
i—f = —g—%% (M*Z2 + M~ Z2) —I—%ND—F%SD (3.8)
e T - g MELn o NE+ St (39)
ddLrD - _LTD - % (Mp Ly + M{Lo) + %Né + %Sé (3.10)
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where the 2 dimensional mixing terms are

1 Q
M, = . {Ucos2 U £ Vy, (3COS2 U — 2) + Varo ( (]]%O) (1 — 32—]?)) sin@sinQ\P}
(3.11)
1 Q
M3y, = - {U (2cos® U — 1) & Vi, (6cos® U — 5) £ Vyyg (%) (32—]3) — 1) sin f sin 2\1/}
(3.12)

3.2 Nonlinear Phenomenologies

As discusses, in the hydrodynamic case, the fluctuations in a tur-
bulent flow can be described by the characteristic length scale and the energy
- an energy containing range phenomenology. From these two quantities, the
characteristic velocity and timescale can be derived and used to explain the
decay due to the nonlinear interactions. In the case, more timescales are
required. In this thesis we will focus on four characteristic timescales following
Matthaeus et al. [35]. The nonlinear timescale 7,,;, = A\/Z is the first, and is
analogous to the hydrodynamic eddy turnover time. The second timescale is
the Alfvén timescale 74 = \/Vy, associated with the propagation of the Alfvén
waves along the mean magnetic field V4. These Alfvén waves have a poten-
tial to effect the spectral transfer. Next, the triple correlation timescale 73 is
used for the decay of the energy-containing eddies via spectral transfer. In the
hydrodynamic case, the spectral timescale is equal to the nonlinear timescale
Ty 1 — 7'751. In [MHD], we could assume that the triple correlations decay at a

rate that is instead the sum of the Alfvén and nonlinear rates

=T+ (3.13)

We will discuss whether to assume the hydrodynamic case for the triple cor-
relation timescale later in this section when discussing the specific nonlinear
forms for each of the evolution variables. The last timescale is the spectral
timescale 7g; sometimes called the cascade timescale, and is associated with

the decay of the [MHDI variables. The triple correlation in Matthaeus et al.
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[35] is described as 75 = (7,,)%/73. In the analogous hydrodynamic case, the
spectral timescale reduces down to the nonlinear timescale 7¢ = 7.

The nonlinear terms will be described in terms of the timescales effecting
them, therefore the energies and the correlation lengths. The notation has

been changed for the nonlinear terms to the following

422
Ny =—"% (3.14)
dt |y,
dD
Np = — 3.15
PTan |y, (3.15)
dL
NI === (3.16)
dt |y,
L
NE = dlp (3.17)
At |y,

3.2.1 Energy Z3 Models

The estimates for the decay of the Elsésser fields €4 can be assembled as the

following

Z2
Ts

Therefore the nonlinear decay of the turbulent Elséasser energies can be written

as the following

dz2 Z2
= = —as % (3.19)
dt |y; TS

where a4 are the Karman-Taylor constants for the Elsasser energies. We will
also need the nonlinear timescales for the Elsasser fields that are proportional
to their own length scale divided by the opposing Elsésser field; 7'5 =\ /Z.

The form for the nonlinear timescale comes from the following term in the

dynamical vector evolution equations for z* (Equation A.35)

27 . V2*E (3.20)

An[MHDI case, analogous to the[HDl case takes Téf = 7',3;, and then the nonlinear
turbulent decay takes the form

dz? VA
£ == (Model A)
dt |y, At
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If we assume that the Alfvén timescale is present in the spectral transfer, the

following term
Vi Vz* (3.21)

gives 77 = Ay /Va and assuming 73 * = 7., + 7', the nonlinear decay follows

dz2 VAV
— =—ay—— Model A (V,
dt |y, e Ar (Va+ Z5) ( (Va))
Most models; particularly the Adhikari et al. [I] and Breech et al. [I3] models,
ignore the Alfvén timescale for the spectral transfer of the Elsésser fields and

use Model A] This can be justified if the turbulence is (largely) 2D, so that

the Alfvén wave propagation effects are weak.

3.2.2 Length Scale \. Models

The evolution for the Elsédsser correlation lengths A also needs to be devel-
oped. Since the hydrodynamic correlation length has the nonlinear evolution

proportional to the correlation length over the timescale =0/t =uit

al
dt INL

is simple to follow the same idea for the Elsésser correlation lengths. Again,

assuming that T§E = 7'7:5

d)\i >\i
= == =p3.Z Model B
dt |y, 75 Pute (Model B)

where (4 is the Karman-Taylor constant for the correlation lengths. Like the

hydrodynamic case, contains a class of conservation laws,

d(Z5Ms)
——— =0 3.22
where ar = 204/ay. Having conservation laws makes it easier to obtain

analytical results and relations between the Karméan-Taylor constants o, 5+
[36]. A specific case of the conservation laws can be constructed where it

can be interpreted that the area under the correlation tensor (as defined in

IAppendices Bl and @ Ly= [~ HIdw = Z3 ). is constant in time

dLy
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Model 0] corresponds to a choice of the Kdrman-Taylor constants ay = [..
Adhikari et al. [I] uses [Model 0| as its length scale nonlinear models. [Model B

also introduces an inconsistency, if one of the Elsasser fields vanishes, it is ex-

pected that all the turbulent spectral transfer will halt. With [Equation Modell

the opposite Elsasser field correlation length would still continue to evolve.
As aresult, Matthaeus et al. [35] suggests that the evolution for the correlation
lengths can be rewritten to depend on the correlation length A+ and the decay

rate e4

s

=) (3.23)

NL

=qu. If

. . . . . TNV
this equation still maintains the expected hydrodynamic limit E| NI

we assume that the spectral timescale is only the nonlinear timescale then

dAs

| =8 (2229)" (Model A)

NL

If the spectral timescale depends on the Alfvén timescale as well, then

s

Z2 ZQ 1/3
= = By (ﬁ> (Model A (V)
NL

VA+Z$

As an extension of [Model A] it is possible to construct distinct models that
maintain the same behaviour of halting spectral transfer when one of the
Elsasser fields vanishes and obtaining the hydrodynamic limit. Hossain et al.

[20] analyses the above models and also

A

| =P (Z:25)""? (3.24)
NL

Instead, we will define a generalized model for the correlation lengths that

encompasses the Ay models, when the spectral timescale only depends on the

nonlinear timescale

dAs

1
¥ = [ (Z;”Z;) mtn (Model C,.,)
NL

Setting m = 0,n = 1 obtains [Model B| (Model Cy ;) and m = 2,n = 1 obtains

Model Al (Model Cy ).
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3.2.3 Extra Discussion on the Conservation Laws

We touched on the idea of conservation laws with Ay [Model 0} constraining
the area under the correlation tensor Ly. Using Z3 [Model Al and Ay [Modell
a general conservation law can be constructed for Z{* A1 requiring the a

and (i relations ax = 264 /o

d(ZE)s)
t) _ 2
5 0 (3.25)
4z dAs
S Wipe SRy = 2
P + 4y 1 (3.26)
. dz, Ay
_ )\ Zai 1 Zai 27
St R VR (3.27)
_ 7.7
= hpa Z0 T (SSEEESE ) | ge, g (3.28)
2 A\
_ “izo‘i 287+ 25 Be 2 (3.29)
2
— . = 2« (3.30)
ay

To retrieve Ay [Model 0, set o = 1. The conservation of Zi*\y depends
on the Karman-Taylor parameter relation and therefore the nonlinear model

used.
If we use Ay [Model A} for the + equations, we can calculate an expression

of the energies as a function of a,, using Z{" A\ = const

A(Z54\)

Lo =0 (3.31)

= Zi*% + AL dii (3.32)

— 798, (22 2)"* + Mpa, 25! <—%+Z;+Z) (3.33)
=8y (222.)"° -2z (3.34)

=pB372 - a?;—‘;izz (3.35)

- 7-(5) -

Likewise, we can calculate a distinct expression for the energy ratio as a func-
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tion of a_, using Z*~\_ = const:
d(Z% M 3a3
% —0=p422 - a‘;— z2 (3.37)
72 a_a_\’
A _
[Equation 3.36[ and [Equation 3.38| imply
a_o_ 26,
= 3.39
26_ ap Qg ( )

If we denote the normalized cross helicity o, to o to indicate whether we are
factoring out Z% respectively from the numerator and denominator
- T v e S
B Z7 — 4% 7z 28,

of = = — = (3.40)
Z_%—FZ% ?_’_1 (a+a+>3+1

z2 a_a_3
_zoz -z 1-(%)
Al i - (3.41)
+ — 1+_ 1_|_<a7a7>

<a2+6a+>3 — 1
0f = g (3.42)
(“;gf) +1
a, 3 a,o 3
— ol [ (= *) +1| = (:> -1 3.43
(( 23, 26, (343)
« 3 (0 3
= ofa’ (—*) +of =d’ <—+> -1 3.44
+ 2/3+ + 26—}— ( )
(o) o (e} (3.45)
o, | =5 == — = .
€ 2ﬁ+ 0/3_ 2ﬁ+ 0/3_
+ o 3 + 3 O'+ 1
— o (=) - (=) =-=% - = 3.46
(25+) (25+) ai  a} (3.46)
3
1
— O‘—+) (0F —1) = —— (o* +1) (3.47)
2064 azy
3+
a 0, — 1 1
- — = — 3.48
(25+> of+1 af (348)

28.\ (1+0\'"*
= < 3.49
= () (55) 549

Similarly, we can construct an expression for a_ as a function of the cross



helicity
3
1_ a—_o—
o7 = (26‘ >3 (3.50)
1+ (“2‘5":‘)
a_a_\’ a_a_\’
1 —— =1—(—— 51
i""(*(m) (55) (351
3 o \?
— o, +ad’o, ﬁ) =1-a* f) (3.52)
:>£+f O‘_*3_i_ a;3 (3.53)
@ \opl) T & 268 '
o \? 31 o
— 0. (r) + (ﬁ) :E_E (354)
a \*, _ 1 _
— (&) ey -0 (3:)
3
a o, +1 1
- (25—) =0 & (3.56)

a_ = (ZB ) G . Zf)l/g (3.57)

The values for a4 show that the phenomenology predicts that the conserva-
tion of Z{* A4 is a function of o.. At . = 0, we obtain the hydrodynamic
conservation ayp = 26/a. The other way of looking at this is to say that
the phenomenology used is incorrect by some factor (as a function of o.) com-
pared to the expected conservation constant. shows the values of
the correction factors. As expected, the correction factors converge at o. = 0
and a_ the mirror of a; about the origin o. = 0. As o, increases to 1 (there is
only backwards propagating modes now), the forwards constant a_ turns off,
whereas the backwards constant a, rises above 2. The opposite happens for
o — —1. If we wish to enforce a proper conservation law (with constant a.),

we can construct an equation for the appropriate nonlinear equation for the

energy based off the general form of the nonlinear A4

dA 1
d—ti = B (27 Z2) 7 (3.58)
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Figure 3.1: Plot of the conservation constants a, (blue) and a_ (orange) scaled

to only the correction factors as a function of o..
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Using Z1* Ay = const, the form of ™" is the following

2 140, 20mm
grn — 2+ ( T ) (3.59)
Qo 1 Oc
28 (1 — 0.\ Tmm
= ° 3.60
‘- o (1 + 0,;) (3.60)

M

In order for there to be no correction factor in the conservation power, a}"" =
28+ "the nonli for Z3 needs to b
o the nonlinear term for Z7 needs to be

422

Z2 Zm n #Jrn
- — oy i(iﬂF)

NL A

(Model A,,,,)

3.2.4 Energy Difference D Models

Constructing a nonlinear phenomenology for the energy difference D is not
as simple as for the Elsasser fields as the energy difference is not conserved
by nonlinear interactions in the energy containing, and inertial ranges. An-
other aspect to note is that solar wind observations suggest that the normal-
ized energy difference is approximately constant op = Ep/Er ~ —1/3 [46].
Matthaeus et al. [35] notes that the energy difference increases toward zero
due to the Alfvén effect at the Alfvén timescale 7§ = \/V,4. The Alfvén effect
growth is assumed to be counteracted by the spectral transfer of the total en-
ergy (to reach the equilibrium at op ~ 1/3). Therefore, the nonlinear model

for the Matthaeus et al. [35] equation is depicted as the following

dD D 1 zZ?2 zZ?
—| =—ap— —= R 3.61
dt |y, PEb T2 (a+T§L o Tg (361)

The first term is the Alfvén effect, that pushes D towards 0 whether D is
positive or negative; the second, negative term corresponds to the decrease in

the energy difference due to the spectral transfer. Matthaeus et al. [35] finds

that [Equation 3.61| does not always behave physically and so modifies it to the

following

—_— = —Qp—F — —— (362)
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where 7, is the timescale for the decay of the total energy

Zi+ 72

dZi dz?

—T _|_ P
dt |NL dt INL

Te =

(3.63)

The denominator of 7, is negative, hence the absolute value is applied to
ensure that the timescale is positive. The Adhikari et al. [I] model takes its
energy difference model from Dosch et al. [19]. Wherein, the nonlinear energy
difference term is simply derived from the equations according to Zank et al.
[64]

dD
dt

Z, Z_
= —apD (—* + —) (Model C)
NI A Ay

In connection with the equations introduced in [subsection 3.1.1, we will focus

on energy difference phenomenologies derived in the styles of |[Equations (3.61)|

and [35]. Matthaeus et al. [35] assumed that the energy difference Alfvén
timescale 7% occurs with the energy difference correlation length 75 = Ap/Via.
This might not be the case, in this thesis we test whether the correlation
length in the energy difference Alfvén timescale is associated with the energy

difference correlation length 77 = Ap/Va or the average Elsisser variable

correlation length 77 = A/V4 where A = 3 (A; +A_). [Equation 3.61 now

becomes the following models

dD D dz? dz?
| = —ap— + aps ( d+ + ) (Model A)
ting TA t N dt |y,
‘I‘/Ll) — )\D/VA DVA (dZi dZE )
= —ap—— + ap 2 + (MOdel AA )
AD dt |y, dt |yg P
™2 = X/Va DV, (dZ_%_ dz? )
= —Qp + ap 2 + (Model A)\)
A dt | ;. dt |y.
and [Equation 3.62| becomes
dD D u?
NL A
R DV, 2
A 2 2Ap/Va —ozD)\—A — aD,g% (Model B,,)
D
e DV, 2
4 _):)\/VA —Qp )\A — OCDQ% (Model B/\)

In[Model Aland [Model B|the negative sign needed in order to relax the normal-

ized energy difference towards —1/3 is in the nonlinear terms for the Elsésser
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energies (the second terms on the [RHS)). Since we do not really know how
much the Elsésser spectral cascade effects the energy difference equilibrium

with the Alfvén effect, ap o has been added to the equation.

3.2.5 Energy Difference Length Scale \p Models

Models for A\p are a bit different from the models for the other variables.
There is not much literature on phenomenologies for A\p and, like D there is
no pure hydrodynamic relation to compare to. Matthaeus et al. [35] uses only
a five equation evolution model, \p is chosen such that it is determined by the

Elsasser correlation lengths AL

MNeZ3 4+ N_Z2
Ap = 72 2
T+ 22

(3.64)

Adhikari et al. [I] uses the same idea as[Model 0, wherein it is assumed the area

under the curve of the cross-correlation tensor Lp = fooo R2s(w)dw = DAp

(see [Appendices B| and [D)) is constant

dLp

— = Model
a |y, 0 (Model 0)

Another method for forming the nonlinear transport term for the correlation
scale is to separate Lp into its kinetic L, and magnetic L, components Lp =
L, — Ly. We can then use the phenomenologies for L, and L; to construct the

phenomenology for Lp

dL dL, dL
— = -2 (3.65)
At |y, dt |y, df |y
dA, du? dA dp?
Tt PR T R ) D Wt (3.66)
dt NL dt NL dt NL dt NL
) u? ) ub?
= u? (Buu) + M | —ur— | = 0% (Bou) = Ny | —ap—~— (3.67)
Ay Ny
= (B — aw) u® — (B — o) ub? (Model A)

gives four parameters oy, and 3, . Choosing a,, = 3, and oy, = 3, we
obtain[Model 0} If we assume that ap = «, = o and Bp = 3, = 5, thenModell
becomes (8p — ap) (u® — ub?) = (Bp — ap)uD. The last option would be
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to consider the energy difference correlation length evolves proportional to
itself over a timescale (similar to the Elsésser correlation length Ay [Model B)).
In this case, as the energy difference is affected by the Alfvén timescale, we

shall assume that its correlation integral does as well

dLp

Lp
T = —ﬁDE (Model B)

NL

As mentioned in [subsection 3.2.5 the Alfvén timescale can either occur with

the energy difference correlation length 74 = A\p/Va, or the total energy 74 =

AV
dL
—L = —BpVuD (Model B,,)
de NL
dLp AD
—P1 = —BpVvuDZ2 Model B
3| = AeVaDT (Model By)

3.3 Source Driving

As previous and later sections have described (Sections 2.5| and , there

are additional phenomena that increase the energy in the solar wind. Since
the shear sources S$"@" and shock sources S5 have the same form, we will
encapsulate both of the effects into a single source term S3* with the constant
parameter Cy, which will have a typical value Cg, = 0.5 [13]. In this thesis we
will be including only the shear (and shock) and pickup ion driving sources.
We will also assume that the pickup ion and shear sources will increase the
kinetic and magnetic energies equally, therefore the source terms for the energy

evolution equations are

dz?
£| = gsh 4 GPID (3.68)
dt |4
dD
' o 0 (3.69)

Here, there is no change due to the sources for the energy difference as the
changes to the magnetic and kinetic energies cancel out.
Unfortunately there is more nuance to the source terms required for the

correlation lengths. There are several arguments for the source terms for the
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correlation lengths that are discussed in the following three subsections and

examined in this thesis.

3.3.1 No Length Scale Sources

A simple assumption to make for the correlation lengths is to examine the
ranges that the sources involve. The pickup ion driving occurs due to the
interstellar neutral atoms being ionized, resulting in a gyration around the
magnetic field at the ion gyroradius p;. The smallest scale in the [MHDI cascade
is where the dissipation starts to occur, which is theorized to be around the ion
gyroradius therefore the increase in the energy due to the pickup ion driving
is only at the smallest scale.

For the case of the shear effects, if the shear driving is at the correlation
length scale then the effect is 0 [I2]. In this scenario, we assume that we can

ignore the correlation length source terms

dX

d—: =0 (3.70)
S

dAp

=P~ 3.71

Written in terms of the correlation integrals

dL, 472

Y N Wipunt 5 72

dt | "Far | (3.72)
dL
—L =0 (3.73)
dt |

3.3.2 DMaintain Length Scale Conservation Laws

Even though the sources affect different length-scales, in order to keep Z{* Ay =

const, where ax = 2+ /ay, there must be an effective negative source term in

(Z3*2t)

the AL equations. Using d o = 0 yields
|l = ElE Tl o TETE (gsh g 3.74
il," 2|, 2 BEEST) (3.74)
dA\p
T ) =0 (3.75)
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Written in terms of the integrated correlation functions we have

dLy| ay dzi| ay sh | oPID

T~ )T - () re s ety e
dLp|
T 0 (3.77)

3.3.3 Constant Area Under the Curve

The last choice is a specific condition of maintaining the conservation laws,
where a4 = 2. This choice relies on the argument that we want the area under

the correlation integrals to remain constant, thus

dL

d—ti =0 (3.78)
S

dL

=L =9 (3.79)

dt |

3.4 Temperature Models

The last piece of the solar wind model is an equation for the temperature
evolution. If we assume that the plasma is expanding radially with uniform
velocity (in addition to the conservation of mass), then the density falls off
according to p = po (Ro/r)’. As the volume of the spherically expanding
plasma increases, the temperature falls off as the internal energy decreases.
This process can be called adiabatic cooling and is represented by the following

equation
PV7 = const (3.80)

where P is the pressure, V' is the volume and ~ is the appropriate adiabatic
index. In the solar wind, the adiabatic index is v = 5/3. The temperature

evolution equation can be written as

dr T 4T
= v -1 = 3.81
dr (v )7" 3r ( )

As the dissipation of the turbulence is thought to be responsible for the heat-

ing that is observed in the solar wind [51], 52], 28], the temperature increases
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proportional to the rate of decrease/transfer of energy in the nonlinear terms

representing the energy cascade. The temperature equation is modified to the

form (modified from the Breech et al. [13] model (section E.2)))

422 NL) (3.82)

37 dt |y,  dt
The first term stays the same as the adiabatic temperature case, but now, a

dr 4T+1mp dZJQr
dr  3r  3kp

NL dt

second term is added to associate the effect of the transition of energy into
temperature through the energy cascade. The nonlinear transfer terms are
negative because they need to associate with the increase in the temperature.
The proton mass m,, and Boltzmann constant kg ensure that the second term
has the correct units (in Kelvin/distance). For this model, we are assuming
that the energy difference does not effect the temperature

The Adhikari et al. [1] model uses a slightly different modification to the

temperature (Section B.1)

dr AT 1m, (Z:Z. Z*Z, Z_  Z
e Sl D(Z=+ 2% .
ar 3r+9k3a( VS WA G VR (3:83)

The first notable difference is that |Adhikari et al. adds in the nonlinear term
for the energy difference, implying that the energy difference also has an energy
cascade that transitions into temperature at the smallest scales. The second
difference is the neglect of the Kdarman-Taylor constants (a4, ap) from the
nonlinear terms in the energy equations. The energy cascade implies that the
rate of the cascade is the rate that the energy dissipates into temperature, and
therefore the rate at which the temperature increases. There is a parameter
in the second term «, but that is set as & = 1 in Adhikari et al. [I], whereas
ay =2 and ap = 1.

The two modified temperature equations provided do not explicitly include
the increases in temperature due to the source terms . Since the
sources increase the energy, the result is that there is more energy in the
cascade, so an increase in temperature through the coupling to the nonlinear

terms is seen.



Chapter 4

Data Analysis

In this chapter we compile some [MHDI| simulation data that will be discussed
here and referenced in later sections. We also look at observational data which
provides our initial conditions and showcases the quantitative behaviour we

should expect from our models.

4.1 Simulation Data Analysis

This section contains data obtained from a set of simulations that were run.
The simulations were run as a two dimensional simulation using a reso-
lution of 4096 by 4096 over various o, starting conditions. The viscosity v and
resistivity n were set equal, at 0.0003. The mean background magnetic field
was chosen to be By = 0, this is due to the fact that the simulations are in two
dimensions only. To mimic the more realistic two dimensional isotropic tur-
bulence (rather than three dimensional isotropic turbulence), the background
magnetic field must be normal to the turbulent plane. Running a two di-
mensional simulation is great for saving compute time and simplifying
analysis, but might fail to capture the true nature of the turbulence, particu-
larly any wave effects that propagate parallel to the mean magnetic fields. In
these plots produced from values calculated with the simulation, values taken
early in the simulation (t ~ 0 — 0.5) are not indicative of the result as the

turbulence needs to 'boot-up’ from the initial conditions given.
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4.1.1 Correlation Length Relations

For the purposes of simplified models (e.g., Breech et al. [13]), looking at
how the correlation lengths evolve over time is helpful. With the correlation

lengths defined as the correlation integrals divided by the energy

Ly

AL = — 4.1
L

Ap = FD (4.2)

we can obtain Ay /A_, Ay /Ap and A_/Ap. [Figure 4.1| shows these correlation

length fractions from the 2D MHD simulations. We would expect, as o. — 0
the correlation lengths converge, this would allow us to approximate outer-
heliosphere models as having a low 0. value and one correlation length A\, ~
A_ =~ Ap. This expectation is met in the simulation, shows at
0. = 0, Ay/Ap and A\_/\p is approximately 1.2. As o, increases, A_/Ap
increases and A\ /A\_ decreases. A, /Ap only decreases a small amount to 0.7
as 0. — 1. Ay /A_ is approximately 0.9 at 0. = 0 and decreases towards 0 as
o, — 1, this is expected as Z? — 0 as 0, — 1 so A\_ = L_/Z? gets very large.

These values show that we can assume one correlation length at low o, values.

4.1.2 Energy Estimation

The total energy of the solar wind can be expressed in two ways, through the
kinetic and magnetic energies (F,, E, respectively) or through the backward

and forward propagating Elsésser energies (E,, E_ respectively)

(22 + 22) = % (E, + E) (4.3)

(W +V*) =E, + E, (4.4)

Er =

DN — | =
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Figure 4.1: Plots of the similarities between the correlation lengths from the 2D

MHD simulations with various runs representing different initial o, conditions.
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We can describe the rate of change of the kinetic and magnetic energies in

terms of the proportion of the rate of change of the total energy

dE, dE;

— A5
a e (4.5)
dE, dEr

. dbr A,
a - P (4.6)

where 7,, 7 is the proportion of change of the total energy for the kinetic and
magnetic energies respectively. Since Er = E, + Ej, we must have v, = 1 —,
and 0 < 7, < 1. We also know that we have an exact expression for the

conservation of kinetic energy

1d 1
5q (wiu;) = —3Y (%i; (Oru; + 0ju;)”) = —v {Jw|?) (4.7)

where the vorticity is the curl of the velocity w = V x w. Similarly, the

conservation of magnetic energy is

%% (bibi) = —n <’J‘2> (4.8)
where the current is the curl of the magnetic field 3 = V xb. The quantities for
the viscosity v, resistivity 1, enstrophy w? and the squared current j2 are known
from the simulation. Therefore, we can obtain expressions for the accuracy of
the phenomenological energy containing range dissipation (calculated via the

Elsésser variables) versus the true dissipation. With the rate of change of the

total energy

dEr 1 Z27_ 727,
— == _ 4.9
AT (O‘+ VW (4.9)
and the rate of changes of the kinetic and magnetic energies (dft“, %) calcu-

lated via finite differences from the simulation data. The proportions of the

rate of energy changes (7,,7,) for the inertial range total energy are

dE, Z27_ 7227 N\"!
Y= (oz+ L +o- = *) (4.10)
dE, ( 727 ZEZ+)1
Y = —4 o + a_ 4.11
’ at \"" AL A (4-11)
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Figure 4.2: Plots of the proportions of change for the kinetic and magnetic
energy for the nonlinear phenomenologies 7,7, and the true decay /¢, e
from the 2D MHD simulation data over time with several runs of varying initial

o. values.

and the true simulation proportions of the rate of energy changes are

e dE, [ w? 2\ "
W=y (”7*773) (4.12)
e dE, [ w* 2\ '
W=y (”7“73 (4.13)

Figure 4.2/ plots the true and phenomenological proportions of change (7., )
for the kinetic and magnetic energies from the various 2D simulation.
Straight away, the phenomenological models 7,, 7, do not suggest a conserva-
tion of energy v, # 1 — 4. 7, maintains a value around 0.2 for all o, initial

conditions, whereas -, is almost 0.8 for 0. = 0 but decreases as o, increases,
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true

ending roughly equal to 7, at 0. = 0.99. The true proportions of change (7",
virue) shows the expected behaviour; energy is conserved "¢ = 1 — e At
the low o, values (0, 0.2 and 0.5), 7/™¢ is approximately 0.8 and ~™¢ is
approximately 0.2. Towards the higher o, values, the proportion of rate of
change of the kinetic energy increases towards 0.5 and ;"¢ decreases to 0.5,

ylrue g ~lrue - As the phenomenological model does not meet the expected

results (yup # 744°), it implies that the energy containing range model for
the energy cascade (in the 2D [MHDI simulation) does not properly model the

dissipation.

4.1.3 Nonlinear Parameter Estimation

With the simulation data, we can calculate the Karman-Taylor nonlinear a.y
and [y parameters, by taking the finite difference of the respective variable
and dividing by the phenomenological term to get the parameter. Using Z2

Viod A

dZ2 [
= —— 4.14
= (27) 4149

With two nonlinear equation models for Ay (Model Al [Model B)) we can obtain

the following two parameters

dA .
e e (4.15)
dhs (1
B +
=k (= 4.1

Figure 4.3|shows the Karman-Taylor ”constants” a., ﬁf’B calculated from the

2D MHD simulation. As discussed in|subsection 4.1.1) Z? — 0 as 0. — 1 s0 a_

and 4P get very large. o is approximately constant for o, = 0,0.2,0.5,0.85
with values around 0.1. At 0. = 0.99, oy increases linearly over the duration
of the simulation to 0.8. a_ is not constrained at the higher o. values, but at
0. = 0 a_ has the same value as . (which is expected). Even at o, = 0.2, a_
increases to 0.5 during the simulafcion.ﬁjl is roughly constant (although it is

less stable than a4 ) and ranging from 0.04 at 0. = 0 to 0.01 at 0. = 0.85. On
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Figure 4.3: Plots of the nonlinear Kdrman-Taylor constants (ax, S4F) from

the 2D MHD simulations using various o, starting conditions.

the other hand, % linearly increases during the simulation ending at values

of 0.06 for o, = 0.2,0.85 and 0.04 for o. = 0.5. Converse to f’B, $4 linearly

increases more than ﬁf over the course of the simulations. For both 5?’8, the

value is increasing too quickly at high o, values (> 0.85). 3% has values 0.1

for 0. = 0,0.2 and 0.2 for 0. = 0.5 and with Bﬁ increasing, it still maintains

values around 0.1 for o, = 0, 0.2 but rises to 0.6 for . = 0.5.

B shows favourable behaviour when using A [Model Al Bf shows constant

behaviour compared to Bf across the different o, simulation runs. However, 5_

shows favourable behaviour using A+ [Model B 32 shows constant behaviour

compared to ﬂf across the different o, simulation runs.
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4.1.4 Conservation Constant

As an extension to the parameter estimation (subsection 4.1.3), we can es-

timate the parameters associated with the conservation laws mentioned in

subsection 3.2.3] Using Z% [Model Al and Ay [Model A the conservation law

values are
(ZA A
Z N\ =C1 (4.17)
with the powers
B 1/3
o= (202 (Lo (4.18)
* ozf 1—o0,

288\ /1—0,\"?
ot = (fB> (0_0 +01> (4.19)

Using Z2 [Model Aland A+ [Model B|, the conservation law values are

aB
Z e =CF (4.20)
where
92 B
all = % (4.21)
ay

shows the conservation law powers for the two different A+ nonlinear

models (using the same nonlinear Z2 model) af:’B from the 2D [MHDI simula-

tions. These powers are calculated from the parameters (subsection 4.1.3)) and

multiplied according to the equations stated above. shows the con-

stants C’f’B calculated from the ai’B, Z% and Ay values derived from the 2D

IMHDI simulations. You may note that, both [Figure 4.4] and [Figure 4.5 show

the same values for both models a{ = a% (therefore, C{ = CZ). This is ex-
pected, as the difference associated with the parameters 34 and 82 caused by
the difference in the nonlinear models is the inverse of the o, correction factor

in a4. If the function f(z) defines taking the finite differences of the variable
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Figure 4.4: Plots of the conservation law powers ai’B from the 2D MHD

simulation data over time with several runs of varying initial o. values.
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Figure 4.5: Plots of the conservation law constants C” from the 2D MHD

simulation data over time with several runs of varying initial o. values.
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x to estimate the rate of change, the conservation powers are calculated as

ap _ f(Z3)
RV
ﬁA _ f()‘:t)
C (22"
_ f(Ag)
gL = 7.

For example, equating the '+’ conservation powers

al = a?
2 (e 1\ 28}
oL o.—1 oy
o 1\ 2
O (moe =1\ )
(222_)"* \ o.—1 7Z_

. Z_ —o.,—1 1/3 _ 1
(227 )3\ oc—1 a
N 72 (1+ o0, _
Zi l—0.)

which is true, as 22 /2% = (0. — 1)/(—0. — 1).

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

Figure 4.5 shows that the constants Cﬁ’B aren’t entirely constant. Al-

though it could be argued that Cf’B is relatively constant at all o. values

and CP is roughly constant at . = 0,0.2. At 0. = 0.5,0.85,0.99, the con-

. AB . . . . . . .
servation constant C”" is increasing over time in the simulation. The large

values in C% is due to the large values found in Z2 and A_, as the conser-

vation power a*P is relatively constant over the simulation time (Figure 4.5)).

Both aﬁ’B decrease with increasing o, values and are approximately equal for

0. =0,0.2.

4.2 Satellite Data

This section discusses observational data kindly given to us by Adhikari et al.

[1] plotted in to[d.9] The data from Adhikari et al. [1] comes as two

datasets, one for the inner heliosphere from the Helios 2 and Ulysses spacecraft
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from 0.29[AUl to 5[AT] and another for the outer heliosphere from the Voyager
2 spacecraft ranging from 1[AUl to 75 [ATL

shows the proton temperature for the Voyager 2 data [53] and the
adiabatic cooling model . Clearly, there is a big difference between
the adiabatic cooling model and the voyager 2 data. Past 1[AUl the Voyager 2
data shows an increase in temperature (compared to the adiabatic profile) that
slowly decreases until around 20 [AUl The increase in temperature observed is
a strong indicator and attributed to turbulence being present in the solar wind
[51]. The energy from the turbulent fluctuations eventually dissipates
and shows up as increased temperature resulting in the different temperature
profile seen. Past 20 [AUT (in the outer heliosphere), there is another (rather
sharp) increase in the observed temperature that is evidence of the interstellar
pickup ions [29, 53] increasing the energy of the solar wind.

Figure 4.7 shows the Voyager 2 data [I] of the radial velocity and the

density. The radial velocity shows that there are fluctuations in the speed
over distance (really, time . The slowest observed radial velocity is
around 300 km/s whereas the fastest speeds reach over 650 km/s. The assumed
U, = 400 km/s matches nicely with the slower wind speeds seen, faster wind
speeds will be captured by the shear driving turbulence term [section 2.5 The
second plot shows the log-log plot of the density showing around 10 particles
per cubic centimetre at 1 [AUl and 0.001 particles per cubic centimetre at 75
[AU The model of spherical expansion of the density (obtained from the
conservation of mass and the constant, radial velocity) p = po (Ro/r)” matches
nicely to the observed data.

shows the observational data of the backward Z2 and forward Z2
energies (per unit mass) and the normalized energy difference and cross helicity.
Z% has an initial value of 13,515 (km/s)? per unit mass. The backwards
Elsdsser energy decreases to a minimum of 9.99 (km/s)? per unit mass at 21
[ATUl Z? has an initial value of 753 (km/s)? per unit mass and decreases towards

towards a similar minimum value of 8.02 (km/s)? per unit mass as Z3 at 21
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Figure 4.6: Proton temperature (in Kelvin) versus radial distance (in AU).
Plotted is the Voyager 2 data (orange plus) and the adiabatic temperature

model (green).
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Figure 4.7: Graphs of satellite observations (orange) and the models (blue)
of the radial velocity and the density. The observations are obtained from
Voyager 2 (orange) ranging from 1 AU to 75 AU (courtesy of Adhikari et al.

D).
U, = 400 km/s. The density model shows the assumed p = po(Ro/r)?.

The radial velocity model shows the assumed constant radial velocity
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[AUl Past 21 [AUl we see the effects of the interstellar pickup ions, increasing
the energy of Z2 and Z2. Observational data shows, for the normalized energy
difference op, an equality of the kinetic and magnetic energies at 0.29[AUl As
the radial distance increases, op decreases (to around —0.75) indicating that
there is more magnetic energy in the solar wind. From the Voyager 2 data,
op increases past 10 [AUl back towards 0. Other observational studies tend to
show that op =~ —1/3 [46]. In the Helios 2/Ulysses data from 0.29 to 5 [AT]
the normalized cross helicity 0. has an initial value of 0.894, then increases
towards zero. This shows that in the early heliosphere, the Elsasser energy
strongly favours the backward propagating modes. Then, towards 5 [AT] the
forward and backward modes start to become more equal. The Voyager 2 data
from 1 to 75 [AU supports this observation, o, is centered around zero meaning
that in the outer heliosphere the two Elsasser energy quantities are roughly
equal.

shows the observational data of the backward A, forward A_
and energy difference \p correlation lengths. Starting with the Helios2/Ulysses
dataset, Ay has an initial value of 0.00143 [AUL, A_ has an initial value of
0.000779 [AU] and Ap has an initial value of 0.0204 [AUL \p decreases over
0.29 to 5[AUTl to a value of 0.997 [AU] whereas A, and A_ increase to values of
2.279 and 2.375 [AUl respectively. The value of 7.887 [AUl for A\_ at 4.610 [AT]
is assumed to be an outlier. The Voyager 2 correlation length observational
data is more difficult to analyse as it varies greatly from measurement to
measurement and covers several orders of magnitude. The Voyager 2 data
for Ay and A_ seems to agree with the Helios2/Ulysses datasets where they
overlap (to within some degree of variability) from 1 to 5 [AU] as most of the
data lies within 10° and 107 kilometres. From the Voyager 2 dataset, the
outlier point from the Helios2/Ulysses dataset could be considered less of an
outlier. Past 5[AUl one might approximate A, and A_ as relatively constant.
The majority of the A\p data for both the datasets lie within 5 x 10° and 107

kilometres. However, not visible on the plot, Ap has two negative values in
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Figure 4.8: Graphs of satellite observations of the energy of the backward Z2
and forward Z? propagating modes and the normalized energy difference op
and cross helicity o.. The observations from Helios 2 and Ulysses (blue) are
from 0.29 to 5 AU and the observations from Voyager 2 (orange) are from 1
AU to 75 AU. The observational data is courtesy of Adhikari et al. [1].
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Parameter  Initial Value

z2, 13,515 km®/s?

Z%, 753 km?/s?
Dy —57.07 km? /s?
Ty 3.5 x10° K
Ao 0.00143 AU
Ao 0.000779 AU
Ao 0.0204 AU

Table 4.1: Initial conditions at 0.29 AU based off the Helios 2 dataset

the Voyager 2 dataset. At 5.140 [AUl \p = —11.636 x 10° kilometres and at

9.202 [AUl A\p = —4.359 x 10° kilometres.
Keeping to the Helios 2 observed data, [Table 4.1 shows the initial conditions

(at r = ry = 0.29 AU) that will be used commonly in the next two sections.
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Figure 4.9: Graphs of satellite observations (in kilometres) for the backward
Ay, forward A_ and energy difference \p correlation length fluctuations. The
observations from Helios 2 and Ulysses (blue) are from 0.29 to 5 AU and the
observations from Voyager 2 (orange) are from 1 AU to 75 AU. The observa-
tional data is courtesy of Adhikari et al. [I].



Chapter 5

Analytic Solutions

In this section, we will be taking the steady state equations mentioned in

Appendix D|with the additional assumption that V4 /U < 1

%:—ZTi—Mig-l—%Ni-l—%Si (5.1)
A Ve ) S A A )
oo Loty Ity st (5.3)
o o L MPLo+MpL) 4 NE SE (64)

The M terms are the mixing terms that depend on the symmetry of the turbu-
lence. For the 2 dimensional case, the term of order U depends on the winding
angle W between the radial direction and the magnetic field direction and there-
fore depends on the radial distance. For 3D isotropic turbulence M = 1/3,
M;, = 0 and for 2D isotropic turbulence M o cos? ¥, M}, o 2cos? ¥ — 1. For
the analytical solutions we will be assuming that all the mixing terms M are
constant, which corresponds to choosing the winding angle. In these cases,
M+t = M~ = M = const and MZF = M; = Mj, = const. In this section we
will also compare the solutions obtained to analytical solutions of the Adhikari

et al. [1] equations made with the same small order V, /U assumption.
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5.1 Linear Equations

In this section we will assume that the nonlinear terms of the coupled equations
are zero (N = 0). Likewise, we will assume that there is no turbulence source

driving terms (S = 0).

5.1.1 Zero Energy Difference (D =0,Lp = 0)

Starting with the simplest case, we will additionally assume that there is no

energy difference terms Lp =0, D = 0.

2 72
S+ =0 (5.5)
Z2
= =D (5.6)
Z%0 r
dLy Ly
Ly 1o
== _ Y 5.8
— Lig 7 (5:8)

This also implies that the correlation lengths are constant Ay = \yy. By using

L:I: = )\:I:Zia
L Z2,\
Li=Z2) = rorio _ o — (5.9)
72 Z2 A
10%+0,  — 0220740 (5.10)
r r
— )\:i: = /\:I:O (511)

5.1.1.1 |Adhikari et al.| Equation

In this reduced form, the |[Adhikari et al.| models are the same, providing the

same result.

5.1.1.2 Discussion

The zero energy difference model is plotted in [Figure 5.1} and [Figure 5.2| (blue)

and shows the simple r~! decay model. shows the constant corre-

lation length (blue).
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5.1.2 Constant Energy Difference

Assuming the energy difference is constant D = D, and the corresponding

correlation integral is constant Lp = Lpg, we obtain the following evolution

equations
dz? 72 D
= =M= =0 (5.12)
dr r r
dL L L
L E 220 (5.13)
dr r r

The equations can be solved using an integrating factor p = r, giving the

following results
2 _ 7o 2 To
4y =—MDy+ MDy— + Z5y— (5.14)
r r

T A
L:t == —MLLDO + MLLD()?D + Li()?O (515)

5.1.2.1 |Adhikari et al.| Equation
We can obtain the Adhikari et al. [I] model by setting M =1 and My = 1/2
ﬁ:<m+m%+ﬁ£? (5.16)

1 1
Li=—=Lpy+ —LDOE + Lj:oE (517)
2 2 r r

5.1.2.2 Discussion

The constant energy difference models are also plotted as four models in
to[0.3] The first three models are plotted due to the different choices
of the constant mixing term parameters; the three dimensional isotropic model
M =1/3, M = 0 in orange, the two dimensional isotropic turbulence model
with a 0° winding angle resulting in M = 1, M; = 1 plotted in green and
the two dimensional isotropic turbulence model in red with 45° winding angle
resulting in M = 1/2, M}, = 0. The last model is the Adhikari et al. [I] model
in purple which corresponds to the choice of M =1, My = 1/2.

shows the models decreasing in energy over radial distance. The
energy Z3 for the constant energy difference models starts to flatten out in

between 1 and 10[AU], and becomes mostly constant at 100 [AU] with the larger
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Figure 5.1: Plots of the backward and forward energies and the normalized
cross helicity over radial distance to 100 AU. Plotted is the exact solution to
the 4-equation models with no energy difference (blue), under 3D isotropic tur-
bulence (orange), under 2D isotropic turbulence with assumed winding angle
of 0° (green), under 2D isotropic turbulence with the winding angle 45° (red)
and the 4 equation Adhikari et al| model (purple). In these plots, the green

and purple lines are equal.
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mixing parameter choices resulting in larger final energy. Z2 follows the zero
energy difference model r~! decay rate until 20 [AU where the constant energy
difference models start to flatten out with the larger mixing parameter choices
resulting in larger energy final energy. The cross helicity shows the models
with the larger mixing parameters (Adhikari and ¥ = 45° models) converge
towards an equipartition of the Elsasser energies quicker than models with
smaller mixing parameters (¥ = 0° and 3D isotropic models).

shows the 0° winding angle and the Adhikari et al. [I] model
maintaining larger correlation integral values due to the larger choices of the
correlation integral mixing term M, L, flattens out at 10[AUland L_ increases
slightly from the initial value, but is mostly constant after 1[AUl The models
with My, = 0 (3D isotropic turbulence, ¥ = 45°) follow the r~! decay rate.

The correlation lengths for the ¥ = 45° and 3D isotropic turbu-
lence models decrease from the initial value, this follows from their correlation
length r~! decay rate and the eventually constant energies with Ay = L. /Z2.
Conversely, the Adhikari and ¥ = 0° show an increase in correlation length

over radial distance.

5.1.3 Linear 6 Equation Model

To solve the 6 equation model, we have 2 sets of 3-coupled linear ordinary

differential equations. The 2 sets of equations have the same form

de(t) 1
% = ZMa:(t) (5.18)

where M is the coefficient matrix for the system. Solving this system is simple

as we get solutions of the form

t w1 t w2 t w3
x(t) = v, (—) + oy (—) + c3v3 (—) (5.19)
t() t[) to

where vy, v, and vs are the eigenvectors of the system and wq,ws, and ws
are the corresponding eigenvalues of the system. c¢;,co, and c3 are constants

consisting of the initial conditions @ (ty) = @. The system of equations for the
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Figure 5.2: Plots of the backward and forward correlation integrals over radial
distance to 100 AU. Plotted is the exact solution to the 4-equation models
with no energy difference (blue), under 3D isotropic turbulence (orange), un-
der 2D isotropic turbulence with assumed winding angle of 0° (green), under
2D isotropic turbulence with the winding angle 45° (red) and the 4 equation
'Adhikari et al., model (purple). In these plots, the blue, red and orange plots

lines are equal.
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Elsésser variables for the linear system of ordinary differential equations are

the following

472 72 D

- _y= 5.20
dr r r ( )
dD 172 1 72 D
— =M=t _—M—= = 5.21
dr 2 r 2 r r ( )
dL. L Lp
=M= 5.22
dr r Loy ( )
dLp 1 L, 1 L_ Lp
=—M,— — -M;,— — — 5.23
dr o Ly 2y r ( )
converting Z%, 7%, and D to matrix form, we get
dz2
o 1 1 0 M Zi
azz | _ 14
el 0 1 M| |Z? (5.24)
dD 1 1
W M sM 1 D
which admits eigenvalues w; = —1, wy = M —1, wg = —M —1 with eigenvectors
-1 -1 1
vi=|11|,v2=|=1|,v3= |1|. Thesolution to the system is the following
0 1 1
z
r\“ r\“? r\“*
ZE = C1V1 (—) “+ Covy (-) + c3U3 <—> (525)
To To To
D

Setting r = ro, Z3(ro) = Z3y, Z2(ro) = Z%,, D(ro) = Dy we can find the
constants

1

=5 (22, — Z3,) (5.26)
1
=7 (2Dy — 2% — Z3,) (5.27)
1

Similarly, the correlation integrals have the same form as the energy equations

and so the same result wl = —1, wd = Mp —1, wk = — M —1. Setting r = r,
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L. (ro) = Lo, L_(ro) = L_o, Lp(r9) = Lpo we can find the constants

1
cl = 3 (L_o — Lo) (5.29)
1
k= 1 (2Lpo — Lo — Lyo) (5.30)
1
k= 7 (2o + Lo + Lo) (5.31)
for the linear solution
Lt wb wf wk
T T
L | =qu (—) + c5vs (—) + c3v3 (—) (5.32)
To To 0
Lp

As far as we are aware these solutions have not been presented in the literature.

5.1.3.1 |Adhikari et al. Equation

We can obtain the Adhikari et al. [I] model by settings M =1

dZi Zi D

?—FT-F?—O (5.33)
dD 17Z% 17> D

s S et (5.34)

dr 2 r 2 r T

This gives eigenvalues of w; = —1, ws = 0, w3 = —2 with the same constants
c1, ¢2, and c3. The system for the /Adhikari et al. model of correlation integrals

is the transpose of our system with My, =1

0 L0 3| | Ly
= o 11| |2 (5.35)
dip 11 1| |Lp
The eigenvalues of the correlation integral system of equations are w; = —1,
wy = 0, wg = —2 with the same constants ¢, ¢, and cZ.

5.1.3.2 Discussion

The linear six equation models are plotted in and [5.5] showing the

Adhikari six equation linear model (red) and our six equation linear models

under different isotropy conditions (blue, orange and green). All the equations
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Figure 5.4: Plots of the backward and forward energies, the normalized energy
difference and the normalized cross helicity over radial distance to 100 AU.
Plotted is the exact solutions to the 6-equation models under 3D isotropic
turbulence (blue), 2D isotropic turbulence with 0° winding angle (orange), 2D
isotropic turbulence with 45° winding angle (green) and the |Adhikari et al.|

model (red). In these plots the red and orange equations are equal.
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Figure 5.5: Plots of the backward and forward correlation lengths and the
correlation length for the energy difference over radial distance to 100 AU.
Plotted is the exact solutions to the 6-equation models under 3D isotropic
turbulence (blue), 2D isotropic turbulence with 0° winding angle (orange), 2D
isotropic turbulence with 45° winding angle (green) and the |Adhikari et al.|
model (red).
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depicted show a significant decrease in the normalized energy difference op
from 0 to -1. As we would like o to reach an equilibrium at —1/3
we clearly need the nonlinear term to push op back towards 0. As it stands,
the linear-six equation models have a vast amount of excess magnetic energy.
The normalized cross helicity o. shows expected behaviour of reaching 0 in the
outer heliosphere, implying that the Elsasser energies are becoming equalized,
this is also seen in the Z7 and Z2 plots. Z7 is roughly equal to Z2 after 10[AT]
In[Figure 5.4 the Adhikari (red) and 2D isotropic turbulence with a 0° winding
angle (orange) are equivalent. These two models have an increasing Z2 that
reaches a steady state within 2[AUl Likewise, the Adhikari and ¥ = 0° models
reach a steady state for Z% around 2[AUlafter decreasing from the initial value.
The 3D isotropic turbulence (blue) and W = 45° (green) linear models show
both the energies Z2 decreasing over the radial distance. In , the
Adhikari and ¢ = 45° linear models (red and orange respectively) show a
constant, steady state for all of the correlation lengths A\, A_ and A\p after
2 [AT] whereas the 3D isotropic and ¥ = 45° linear models (blue and green

respectively), show the length scales decreasing over the radial distance.

5.2 Nonlinear Equations

In this section, we will try to obtain solutions with non-zero nonlinear terms.
We will still be assuming that there is no turbulent source driving terms (S =

0).

5.2.1 Single Length-scale \

Matthaeus et al. [36] provide a steady state solution for the following set of

equations

/4" S Vil .
I + . « 3 (5.36)
dx
—+ —A=3Z7 5.37
dr + r b ( )
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These equations have been obtained by assuming that there is only one length
scale A+ = A and energy scale Z3 = Z2. Tt is also assumed that A\p = 0 and

with op = const, D = opZ%. The nonlinear pieces are the direct analogy to

the Karmdn-Taylor style phenomenologies (Ay [Model B} Z3 [Model Al).

The following is the solution for a general o and ( rather than the specific

case of a = 283 = 1 that |Matthaeus et al.| provide
2 A Q
Z_2_<r_o> a+28D ((r 1) 4
Z§ r 2 Q To
A ro\¢ |a+28 D r\ ¢
—=|— — — ] -1 1
)\0 <7"> 2 Q ((7"0) ) *

The terms A and C relate to the isotropy assumption (Appendix C| |Ap-|
} and Q = 1+ C — %A and D = %;—g The model proposed here

could be viewed as a model for the outer heliosphere where op ~ —1/3 and

—4p/(a+2p)

(5.38)

28/(a+2p)

(5.39)

o. =~ 0.

5.2.2 Two Length-scales A\,

Without the one length and energy scale assumption and keeping to the same

Karmdn-Taylor style phenomenologies (Ax [Model B} Z3 [Model A)), the equa-

tions for Z7 and Ly = Ay Z3 are the following

dz: 72 72 an ZiZ:

A—= 4+ B—= = 4
dr + r + r U Li (5.40)
dL4 Ly L+ 1 9
— — 4+ D—==— — Z37 41
dT' + C r + r U(ﬁi Oéi) +“F (5 )

We have still maintained D = opZ? with Z2? = % (Z_2F + Z%) and Lp = oplL
with L = %(L+ + L_). Therefore the mixing terms result in the general
parameters A = 1 + %MO'D, B = %MO’D, C=1+ %MLO'D and D = %MLO'D
for constant mixing terms M and M. By assuming a4 = «, 4+ = f and A =
C =1 and also removing the symmetric 'F’ transport couplings B = D =0
which corresponds to choosing %M op = 0 and %M op =0, we get
aZ; (Zi_ 0ZiZe
dr r U L.
dL. . Ly 1

3 T, =P )73 Z (5.43)

(5.42)
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We will start by simplify the Z% equation, using wy = Z2

2, 1/2
dw4 W awiwg

= — 44
dr +7“ U L4 (544)

This is a Bournoulli differential equation [44], by making the next substitution

Q. = wl™", where n = 2 is the highest power in the nonlinear term (meaning

Q. = wi' = Z7?). By dividing by the highest power w? and using ‘?—f =
—wi? dc‘l"f we obtain
Aoy Q. a0’ (5.45)
dr r U Ls '
dLy Ly 1 R
dr + U (B —a) Q;Q;/g (5.46)

Using an integrating factor of % for L and r for Ly we can simplify both

evolution equations

d(10.) a 10"

dr  Ur Ly

drls) _ r%(,@ — )0y (5.48)

(5.47)

Now, we are able to divide the two differential equations, to cancel out the

dependence on €2+ and then solve for %Qi and rLy

dl0y) o lo.

T — T 4
— d(rLy) [ —arly (5-49)

B (o]

o) ()
e Le 5.50
Qo To L+ (5.50)

8 N

-0 ()
L= (r L 5.51
Z3, To Lo (5.51)

Plugging our values for Z% [Equation 5.51|in terms of L, into [Equation 5.48|

__B __a __B_ __a \ 1/2
dirLy) 1B8—af, o (1) P° Ly\ 7= o [T\ P Ly Fe
= Zio | — T Zio | — T
dr To U To LiO + To L$0

(5.52)

3 e 1
18—a,, , r\ 28 rLy\ P~ (rLy) 2F-@
- 227 | — o F 5.53
ro U (Z20Z70) (7“0) (Lﬂ)) (L:FO (5:53)
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and then using the chain rule 40ks) _dr d(rh), we can start to find solu-
& dr  d(rL0) — d(rL-)

tions for L, in terms of L_ and r

-G ) )T e
275 d

(rLy) :cfc;/(rL )75%s d(rL_) (5.55)

For notational simplicity we have switched to the following short hand c¢f =

a a
(@> and cgt = <ﬁ> , where the power a is arbitrary and not the equal

Z$0 L$0

in all of cf and czi. For example, in [Equation 5.55 ¢ has a = % -

still be recorded as cj .

At this point we need to pay close attention to the o and [ parameters for

rLy. For a = 3, |Equation 5.55/becomes undefined, so from this point onwards

we require a # (. If we follow [36] (as restated in jsubsection 5.2.1)) and choose

a=1,=1/2 (%Bf_a = —1), we get a power law solution that depends on the

initial conditions (really, the only requirement is 5 = «/2)

/(rL+)_1d(rL+) = ctel /(TL ) td(rL_) (5.56)

rL, ) ( rL_ )
— In =cfciIn 5.57
(TOLHJ P roL o ( )
L rLe \%
roLio <7°0L10) ( )
If we want %ﬁ—a:mformzo,wegetﬁza%. If m =0 then a =0

and m = 1/2 implies = 0. Otherwise, > « which results in an increasing
Reynold’s number which is nonphysical for unforced, decaying turbulence [30],

this solution is the following

/(TL+)md(rL+) —cfc?/(rL)md(rL) (5.59)

(TL+)m+1 _ (T0L+O)m+1 (T’L,)m—H _ (TOL,())m—H
m+1 m+1

— (rLy)™ =cicf ((rL )t (roLjFo)m“) + (roLso)™ ™ (5.61)

=cfcs (5.60)

6]

If we want a physically constrained solution, then we require %Bfa = —n for
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n > 1 which implies that § = a2’§—;1 therefore a > f3

/(TL+)nd(T‘L+) :cfc;/(rL_)"d(rL_) (5.62)

— (rLy)"" =cfc ((’I’L ) (TOLJFO)P") + (roLao)* ™ (5.63)

With [Equations (5.58)] [(5.61)| and |(5.63)| as solutions for [Equation 5.55, pro-

viding an expression for L in terms of Ly and r we can substitute the formulae

back into [Equation 5.53| Starting with |[Equation 5.61],

3
d(rLy) o o (r) 2 _om
dri — sz% <%) (rL.y)? (5.64)

x [FeF ((rLe)™ " = (roLao)™Y) + (roLrg)] ™" (5.65)

where, once again we are simplifying the notation with c3i = (ZiOZjFo)a.
tion 5.65[is an equation of the form

/ 2™ (B(@™ + C) + D)™ dz = A / O/ 23m (5.66)

Unfortunately, we cannot obtain a solution for L as forms for the right hand

side of [Equation 5.66| give solutions containing hypergeometric functions. Us-

ing [Equation 5.63| will yield the same equation form as|Equation 5.66| but with

m = —n.

The one solvable case is found by using [Equation 5.58| (i.e., 20 = «)

d(rLy) —acy (7 Y2 L\ rLe (5.67)
dr  2U 1o \ g L.ig L+ .
d(rLy) —ack 1 r\ 9
& 20 ro Dyl \ry) (e L) (5.68)
d(rLs) _ C;:: 1 1/2 cfef+2
R G T e (5.69)
e (L TE ey = 22— G L [ng (s
* 2U Lc:Fc2 +2 c:':czi+3/2 )
o

—

ﬁ |:<7"L ) Cl cy—1 (TOLiO)_Cl c —1]
—clcy —

Li To
_ — = —
Lig T {

2U Lcl Ca 542 81 o +3/2 3

(5.71)
B CiFC;I-‘rl
+1 (5.72)

Cét To

LioU

% (ctiQi + 1)

3/2
(%) -
To

1 = * —a cgf 1 2[3/2

3/2

|
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This gives us an equation for L. only dependent on r. Continuing to use

f = a/2 and using [Equation 5.72| with [Equation 5.51| we get the equation for

Z2% depending on r

Zi_ 1 (£>2 (5.73)

Z3o 1o \ Lo
7ciF6225E+1
+1 (5.74)

3/2
(%) -
To

These solutions also do not appear to have been published elsewhere.

Z2 1o )a + C3 7o
Z:2i:0 T {3 (Cl < + ) LioU

5.2.3 Discussion

shows the plots of the analytical solutions to the nonlinear models.

The two scale model in blue uses |[Equation 5.74|and |[Equation 5.72| with the ini-

tial conditions in and with a = 23 = 0.2 chosen from the simulation

data (]subsection 4.1.3[). We see that this solution decreases Zi to the order of

10' and Z2 to the order of 10~7. Correspondingly, the correlation length A
stays within the order of 10° and A_ increases to the order of 10°. The values
seen in this analytical solution do not agree with the observational data as A_
and Z2 are much larger and smaller respectively than the observational data
shows by a factor of 10° and 10” respectively. Whilst A, and Z2 stay within
the bounds of the observational data.

The single scale model has been plotted with various winding angles ¥ =
0° (orange), ¥ = 45° (green) and ¥ = 90° (red) with the assumed energy
difference correlation integral Lp = oplL and the same « and § parameters
as the two scale model in [Figure 5.6, The various iterations show similar
behaviour, with the smaller winding angles showing a larger energy and larger
correlation length. The single scale models show the correlation length A of
the order 10° — 107 which matches observational data. However, the energy
Z? decays to the order of 1072 which is much smaller than observational data
shows. The single scale models show stronger energy decay than the two scale

Z3% energy, but weaker than the two scale Z2 energy. Likewise, the single scale
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models shows greater growth of the correlation length than the two scale A
length, but weaker than A_.

These two nonlinear analytical models do not match the expected be-
haviour in the solar wind. The single scale model more closely relates to
the observed solar wind values compared to the two scale model, this is due to
the two scale model being more restricted in requiring the lack of the mixing
terms and the power law of the two scale model depending on the initial con-
ditions. Note that These models are rather incomplete as they do not contain
the source terms and the energy difference. To get some more robust solutions,

we will need to obtain numerical solutions.
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Figure 5.6: Plots of the Elsésser energies Z2 and their corresponding correla-
tion lengths AL for the two-scale, nonlinear, analytical model (blue) up to 100
[AU The single scale, nonlinear, analytical model (orange) is plotted with a

45° winding angle and assuming Z2 = Z? and A\ = .



Chapter 6

Numerical Solutions

In this section, we will be numerically solving the steady state equations

isection 3.1.1} [section 3.4} and [Appendix D)) using the two dimensional isotropic

mixing terms, with the different nonlinear models proposed in and
the source terms in [section 3.3} these obtain new results. For ease, we restate

the steady state equations below

472 U+ Va, Z2 1 .

ok It M=D N. S 6.1
& UFVer UsVe "7 UF wr*+U¢wri (6.1)
dD D 11 1

— == (M7 + M 7? N 2
dr A M)y D+USD (6:2)
dLi U:l:VATL:t 1 LD 1 L

= — — ME=—= + St (6.3)

N
& UV r UFVe ' UV T UFVM

dLp  Lp 11, _ + Lyr Yar

o= gy MLy + ML)+ ZNj+ =S5 (6.4)
T _ AT 1m, (dZE) 422 6.5)
dr 37  3kp \ dt NL St NL |

where the 2 dimensional mixing terms are

1 Q
M, = - {U cos® W £ Vi, (3cos® U — 2) & Vi ( 5[)) (1 32120) sin 6 sin 2\1/}
(6.6)
1 Q
M;EDL = {U (2005 v — 1) £ Var (6COS v — 5) £ Varo < (]]%0) (32—?) — 1) sin@sin%l’}

(6.7)
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We will frequently refer to the normalized cross helicity 0. and the normalized

energy difference op; they can be calculated as follows

zZ: - 72
=t 6.8
N ) (68)
2D 69)
0D = 55—+ .
)

The numerical solutions are obtained by using an explicit Runge-Kutta
method of order 5(4) (RK45) via the Python3 package scipy.integrate.solve_ivp
[18, 50, 58] with the initial values as stated in [Table 4.1] The numerical solu-
tions will be found by integrating from an inner boundary r = 0.29AU] up to
r = 75[ATl We include the large-scale magnetic field V, that we neglected in
the analytical solutions with the initial value V49 = 400 km/s at the Alfvén
critical radius, taken to be Ry ~ 0.047 AU (10 solar radii). We also choose
0 = 7/2 (the ecliptic plane) and Q = 2.9 x 107% rad/s as the angular speed
of the Sun. The source term parameters have been fixed at Cy, = 0.5 and

fp = 0.25.

6.1 Parameter Optimization

Each of the nonlinear models proposed have free parameters (o p, B+ p etc.).
These parameters play an important role in the energy cascade process. We

have gathered an idea of the value of these parameters from the simulation

analysis (subsection 4.1.3]) and the relationships between a1 and S+ depending

on the model chosen (subsection 3.2.3). However, we have also spoken about

how some of the parameters seem to depend on the normalized cross helicity o..
In the observed solar wind behaviour, we see that o, starts at 0.894 and then
tends to 0, this means that the choice of a constant parameter will not properly
represent the mathematical description of the o, dependent parameters over
the entire solution.

We employ some parameter optimization techniques to optimize the non-

linear parameters such that the equations fit to the observational data. To
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do this, we used the Python3 package 1mfit [40], which is a helpful wrapper
for scipy.optimize [58]. Due to the coupled, nonlinear nature of the equa-
tions being optimized, local minimizers, like least squares do not behave well.
We call a simulated annealing package from scipy.optimize.dual annealing
[61] through 1mfit to find the global minimum.

We will be using the parameter optimization with the quantitative results

from the simulation (subsection 4.1.3)) to help identify appropriate models for

the solar wind and its parameters. Some of the models we have proposed in
do not behave physically no matter what we have tried to find a
viable parameter solution. These cases have most often been discarded without
a word, but some will be noted in later parts of this section due to the physical
implications of the failed models.

Unless otherwise specified, all optimized parameters will be constrained to
the range 0.01 to 1.4 and where parameters have a symmetric form e.qg., ay,
if the value is stated without specifying the subscript then the two parameters

have been constrained to be equal e.g., @ =ay = a_.

6.2 Nonlinear Models

In this section, we introduce models in batches that follow similar functions
or goals. We start with introducing the nonlinear models for Z% and D by
assuming a constant area under the curve of the correlation tensors. This
allows us to examine the different models proposed for the energy difference in
isolation. Next, we will introduce models for Lp while including some of the
better models for D. We then move on to introducing the models for L. such
that all of the variables have non-zero nonlinear models. Lastly, we attempt
to introduce a different assumption for the source driving for the correlation

lengths and examine the different behaviour in that scenario.
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Model Name % NL E‘ NI dg_ti‘NL dgtD NL
A _O‘i% _O‘D D+ QD2 (% Nt % NL) 0 0
B — i% —040% - OéD,zz—i 0 0
c g2 —apD (% + £) 0 0

Table 6.1: Table of the nonlinear models with the assumption of conserving

the area under the correlation tensors. Models Ay and B, (not shown) employ

A instead of A\p in 7%

6.2.1 Conserved Correlation Integral Models

The solutions presented here revolve around the constant area under the curve

of the correlation tensors, so that we assume the nonlinear terms for the cor-

relation integrals are zero (% Ny = 0and dLD ’ vz = 0) and the source terms
are zero dLi | ¢ = 0and dLD | s 0). With the same Elsésser energy models

(Z3 Model A)) and source driving terms for the energy (section 3.3)), we will

iterate over the different proposed energy difference models according to

ble 6.1, With a conserved Ly, and Ay = the evolution equation for the

Z2’

Elsasser correlation lengths follows as

A\ 1L s A
~MF 2 A MED L o Ze — 2

Var
(UF Vi) = L7z 72 72

- (6.10)

We see that the nonlinear term for Ay is equivalent to [Equation Model B| but

with ﬂi = 04

A

=017 A1
dt NL Bﬂ: + (6 )

(Recall in accord with our assumption of == d = 0 in this section, the general

‘NL

choice of the current Ly nonlinear models is dLi = | np = (Be —ax)Z2Z5)
Solving the models in yields the green L curves; (see
. L, shows a relatively steady decrease in the size from its initial
position down to 3 x 107 km? /s?. Lp starts off negative, and then becomes
positive after 5 [AUl but stays relatively small reaching a maximum size of
4 x 10® km?/s* at 0.5 [AU] and ending at 2.7 x 107 km?/s*> at 75 [AUL L_

shows quite different behaviour compared to the other two correlation lengths,
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over radial distance in [AUL



79

it increases from its initial value to around 1.6 x 10® km?/s? at 1[AUland then
decreases significantly to 4 x 10% km?/s? at 1[AUland then increases once again
to 2.3 x 107 km?/s? at 75 [AUL

The behaviour of L_ is caused by the interaction of the mixing and trans-

port terms with Lp. Before 1[AUl the L_ mixing term (—ﬁML_LD) is pos-

_U*VATL_f)

itive and larger in magnitude than the negative transport term (— AL

resulting in an overall increase. At 1[AU], the mixing term becomes negative
resulting in an overall decrease. As Lp becomes positive, the L_ mixing term,
once again becomes positive which results in the final increase for L_.

When Lp changes sign (i.e., goes through zero), the Alfvén timescale

(as used in D [Model Aland D [Model B|) becomes undefined if the associated

correlation length is \p since 1/7) = VTA = %. To address this undesirable

feature we revise IModel Al and [Model Bl in [Table 6.1] such that the Alfvén

timescales in the energy difference terms relies on the correlation length A =

Z{riég denoted as model [Model A, and [Model B,|

When Lp becomes positive, we have two choices in our modelling, either,
we aim to keep op &~ —1/3 according to observational data which will result
in A\p becoming negative and correspond with more magnetic than kinetic
energy, or, we let D become positive in an attempt to constrain Ap > 0 but
will result in Ap = Lp/D becoming undefined at the cross over point. If
we maintain the first choice, the major concern is the seemingly nonphysical
interpretation of a variable with units in negative km. However, this can be
understood if we go back to the velocity and magnetic field interpretation:
Lp = L, — Ly > 0 corresponds to the velocity correlation integral becoming
greater than the magnetic correlation integral; D = u? —b* < 0 corresponds to

a larger magnetic energy than kinetic, therefore A\p = 23:52” < 0 is perfectly

reasonable but not ideal (and there exists points in the observational data that
support Ap < 0). If we wish to maintain Ap > 0, then we require both D < 0

and Lp < 0 which cannot be captured by the current choice of Lp model.

[Figure 6.2 and [Figure 6.3| plot the energies and the correlation lengths re-
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Figure 6.2: Plot of the models in [Table 6.1| with [Table 6.2| parameters showing

the energies over radial distance in [AUL

Model Name | o4 ap apa
Ay 0.25 | 0.125 | 0.125
B 0.35 | 0.125 | 0.125
C 0.5 | 0.125 | N/A

Table 6.2: Table of the parameters used for the nonlinear models with the

assumption of conserving the area under the correlation tensors.
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spectively for the models used in using the parameters in
(green), (red) and (purple). These three models
show almost the same quantitative behaviour and do not significantly change
by using different parameter values. Their parameters have been chosen man-
ually to highlight some aspects of the models. The plots for Z2 and Ay show
a small difference caused primarily by the choices of the a constant for the
Z% nonlinear terms. The wobbliness in Z2 is caused by the changes in the
dominant term, within 0.3 [AUT} the negative nonlinear term dominates until
the positive mixing term equalizes with it until 1 [ATUL Then, the negative
nonlinear term becomes dominant again as the mixing term gets smaller (as
D starts to tend toward zero), until 8 [ATl when the pickup ion driving turns
on. At small radial distances (before 0.5 [ATl), the negative mixing term and
the large nonlinear term (caused by the early, large decays of Z2) cause D
to rapidly decrease. After 0.5 [AU] the nonlinear term becomes positive (as
Lp is negative and the large Z2 decays have abated) causing D to increase
until 10 [AUl when the pickup ions driving turns on. allows for op
to decrease at a slow rate after 10 [AU] due to the pickup ions affecting the
second nonlinear term more than the other models. When op tends towards
0, A\p = Lp/D becomes large, hence the large decay as seen for and
Model C| (Lp is positive). Since does not approach 0 like the other
two models, A\p grows in magnitude, but maintains the appropriate size to the
observed data (but opposite in sign).

plots the proton temperature associated with the models in
[ble 6.1 We see that all of the models obtain similar plots; displaying an
increase in temperature (compared to the adiabatic cooling profile) due to the
turbulent dissipation before 10 [AU] then dramatically increasing in tempera-
ture as the pickup ions add energy to the turbulent fluctuations.

Summary. The models in this section display some correct quantitative
behaviour; Ay are within the expected ranges and are approximately equal at

large distances. The temperatures show increased temperature compared to
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Figure 6.4: Plot of the proton temperature associated with the models in
[Table 6.1] over radial distance in [AU]
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the adiabatic expansion and displays the additional increase once the pickup
ions turn on. The downsides of these models is the Z2 energy displays values
too small primarily due to the dominant mixing term. The energy difference
that plays into this mixing term is too large in the early heliosphere and
op approaches 0 in the outer heliosphere as the pickup ions turn on. The
significant problem lies in constraining Lp and Ap. The nonlinear D models
show similar behaviour despite the different forms of A, /B, and C; A, and B,
suggest an equipartition of the opposing Alfvén effect and a spectral cascade

whereas model C assumes D evolves over the Elsdsser turnover time.

6.3 Lp Nonlinear Models

We have seen what happens when we maintain the conservation of Lp and
L. Let us introduce models in for the nonlinear Lp terms in an
attempt to constrain the behaviour of Lp and A\p by keeping Lp negative
and preventing op from approaching 0. This is when the complexity starts to
increase as any changes made to the evolution of Lp will propagate into L4
via the mixing terms which will propagate into Z2 via the nonlinear terms.
Likewise, changes of Lp will propagate into D via Alfvén timescale or, in the
case of [Model C] through the nonlinear term via the Elsdsser energies and
correlation lengths.

Since the behaviour of op is similar for each of the models discussed in
Table 6.1], we will focus mainly on D and D The models now
containing an Lp nonlinear term are displayed in . Model D (which
uses Lp Model A]) is constructed via nonlinear modelling of the following
form for Lp = L, — L,. Model E and Model F correspond to the simpler
Lp nonlinear evolution model, essentially decay of an Alfvén timescale. The
subscripts that will be depicted with these models indicates the choices of the
correlation lengths chosen for the Alfvén timescale. Due to the ambiguity in

the Alfvén timescale correlation length for some arbitrary model X, we can
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. Va(2242%
choose 1/77 = A2 = Y4 depicted as Model X, ,, 1/75 = £++L) = a

depicted as Model X, and 1/77 =V,

% = % depicted as Model Xy,
Models with two subscripts X, , indicate the choice for the correlation length
for the Alfvén timescale for the energy difference D and the correlation integral
Lp respectively.

to plot the models in with the parameters in
Table 6.4, The parameters in model D, have been found by the parameter
optimizer. There might be a better set of parameters that exist for that model
Dy but, due to the limitations of the optimization technique, the complexity
of the model and the large amount of parameters, we will only offer this one
solution here.

plots the correlation integrals of the evaluated models. The
first thing to note is the difference in the behaviour of the same model with
different Alfvén timescale assumptions. Model Ej, |, (red) results in all
the correlation integrals unboundedly increasing, whereas Model E) , (purple)
enters a power law decay for Ly after 10 [AUl as Lp approaches 0 and turns
off the mixing term. Despite our best efforts Model D), (green) is the only
model to keep Lp negative, Lp quickly approaches 0 resulting in power law
decays for L. over most of the radial range. For Model F)\ (pink), Lp becomes
positive around 1 [AUland then decreases towards 0 which also produces power
law solutions for Li. On the other hand, F), (brown) keeps L constant
after 3 [AUl and within the bounds of the observational data. Lp becomes
positive after 1 [AT] but then flattens out, becoming constant after 5 [ATl on
the order of 10° km?/s?>. Model F), behaves well in the outer heliosphere
(barring the positive Lp), showing the correlation integrals become equivalent
L, ~L_ = Lp.

Figure 6.6[shows the energies of the evaluated models. Model D, (green)
has a small a parameter for the nonlinear Z2 term which results in a small
decay rate. The larger Z2 terms result in a smaller op at early radial distances.

Model D), results in a larger normalized cross helicity o, ~ 0.75 which does
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not match observational data. Model )  (purple) maintains similar Z2 values
to the remaining models, only resulting in a final o, value of 0.25. op does not
converge towards 0, instead maintaining a value around —0.125 after 10 [AUL
This solution ends with decreasing energy values. The other £ model, Model
Expap (red) results in increasing energy values after the pickup ions turn on
and o, ~ 0 after 10 [AU However, due to the absolute value in the Alfvén
timescale for the energy difference nonlinear term, an abrupt turning point
occurs after 1[AUl corresponding to Lp changing sign (as it crosses 0 and the
nonlinear piece becomes undefined). The absolute value then constrains op to
stay negative, reaching an equilibrium at op ~ —1/3 until the pickup ions get
strong enough and decrease op even further. Model F)\ (pink) keeps op small,
not even reaching -0.25 at 1[AUl and then converges to 0 before 10[AU. Model
F) results in decreasing Z2 energies and a large o, value of 0.4. Finally, Model
F)\,, also keeps op small and converges to 0 after 10[AUL At large distances, the
Elsésser energies converge to an approximately equal value (0. =~ 0) and stay
constant. op does not become undefined as Lp changes sign, as the energy
difference nonlinear model (D does not contain an Alfvén timescale.

shows the correlation lengths for the models used in
Model D), (green) is the only model that maintains a positive Ap value (albeit,
relatively zero). Due to the small Elsdsser nonlinear parameter o and next
to no mixing, there is minimal growth in the Ay correlation lengths that dips
below 10° km in the outer heliosphere. Model Ejxp),x (red) displays unbounded,
increasing A4 values in the outer heliosphere and a \p that surpasses —3 x 107
km and is still decreasing at 75[AUL Model E, , (purple) displays decreasing A+
after the pickup ions turn on. Model Ej \’s Ap displays significantly different
behaviour than the others seen so far, as D approaches 0 and Lp changes sign,
Ap decreases to the order of —1.25 x 107 km which is still within the range
of the largest negative observational data point. Ap then starts increasing
as the pickup ions turn on and approaches 0 (from the negative side). Model

F\, (brown) also shows Ap vanishing as op approaches 0, but Ay decrease at a
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Figure 6.8: Radial temperature profiles for models listed in with
parameters up to 75 [ATl

smaller rate than the other decreasing models and have equivalent values. The
Elsésser correlation lengths (A1) in Model F (pink) follows the same trend as
Model E} \ and maintains equivalent values. Ap vanishes as I approaches 0.

shows that all of the models listed in still display
the pickup ion driving increase in the proton temperature that matches the
observed values. Model D, (green) is the only one that displays a distinct
curve at early distances due to the small o parameter choice. This model
still maintains appropriate temperature values but is on the higher end of the
observed data range and results in a larger temperature after 2 [AT] than the

other models that have the steep increase at the start of the solution that
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drops off after 2 [AU] until the pickup ions turn on.

Summary. Unfortunately, we have not been able to find reasonable solu-
tions that constrain Lp (and Ap). Models using Lp (Model D)
show promise at being able to keep Lp negative and close to 0 but have been
difficult to find solutions for. We have been able to get nice behaviour out
of Model F),; the energy difference evolves over the total energy turnover
time and Lp evolves over the Alfvén timescale. F), still cannot capture the
expected op behaviour and Z2 lies under the observational data points. We
have shown a variety of models that capture different L, behaviour through

just the addition of the Lp nonlinear term.

6.4 L. Nonlinear Models

Now, we shall examine the effects of applying nonlinear models to L., we test

combinations of models from previous sections with the addition of i

472
+ A |y We

and [Model B| converted to Ly via 9| = Z29%|

present some of the best performing models we could find in and use
the parameters found by the parameter optimization technique .
As before, the subscript in the model name determines the correlation length
chosen for the Alfvén timescale. A superscript; for example XY, is used to
indicate the same model with a different set of parameter solutions.

displays the temperature of the models obtained from in
using the parameters in [Table 6.6 As with the previous cases, there is
not much difference between the models; the models still show the heating of
the plasma and an increase in the temperature after 10 [AUl due to the pickup
ions. Model H) (purple) has the smallest increase at the start and the affect
of the pickup ions is only visible after 40 [AUT] with a shallower slope. Model I
(brown) is the other extreme, having the largest temperature increase at the
start followed by a steeper decay. Once the pickup ions turn on, Model I is

the second to display its effects and has one of the steepest increases.
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plots the energies of the models in using the param-
eters in (refer to for the key). Model Gj (green) and
G3 (red) have similar profiles for Z2. Their profiles for Z2 are significantly
different as seen in the o, plot. Model G} has o. & 0.75 until 6 [AU] when o,
starts to converge towards 0, whereas G2 has o, < 0.5. Despite the smaller av..
parameter in Model G3, Model G} has the larger energy values. This is due to
the difference between the .y and S values, Model G} has positive nonlinear
Elsasser correlation integral terms 1 — ay = 0.4988 which results in growth
in Ly (and larger L values) which, in turn results in a smaller nonlinear term
for Z2. G} and G3 display positive nonlinear terms until the pickup ions turn
on; the Alfvén effect is larger than the spectral transfer from Z%. G2 has a
large (positive) nonlinear term which results in an total increase in D in the
early heliosphere whereas G} displays a total decrease in D due to its smaller
nonlinear term and large (negative) mixing term. The net result is G} reaches
its minimum value op ~ —0.81 at 2 [AUl and G3 reaches its minimum value
op ~ —0.35 at 0.75[ATL After the pickup ions turn on G3’s op becomes larger
than G3 and reaches op ~ —0.1 at 75 [AUl and shows a slow rate of decrease.
(3 reaches op ~ —0.22 at 75 [AUT and shows a fast rate of decrease.

Model J;  (pink) has been chosen such that S. > oy whereas Model J3
(grey) keeps a more appropriate ay > 255. The evolution of the energies
of J}  is similar to entirely different models like G (green) and Model K
(yellow). JfD displays a distinct wobbly behaviour, particularly for Z2? and
op. At the start of the run, Z? decreases due to the large nonlinear term then
the Z? terms cancel out at 0.4 [AUL After 0.4[AUl Z2 decreases again due to
the sum of the nonlinear and transport term being larger than the mixing term
until 1[AUTl After 1[ATl Lp becomes positive and causes L_ to grow (through
the mixing term) which causes the nonlinear term in Z2 to decrease, now the
mixing term is larger than the nonlinear and transport terms which results
in an increasing Z2 until the pickup ions turn on. The wobbly behaviour in

op is caused entirely by following the abrupt changes to the energies and the
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correlation lengths. J/%D depicts decaying Z2 after the pickup ions after 20
[AUl due to the decreasing correlation integrals. The decay of the energies even
after the pickup ions is unexpected and due to the decrease in the correlation
lengths through the negative nonlinear term (ar > fi) which is caused by
feedback from increasing the energy before 20 [AUlL At 20 [AUl the decrease in
the correlation integrals is stronger than the increase due to the pickup ions,
resulting in the decreasing energies.

Model I (brown) displays the consequences of choosing o, # «_. From
the larger o value, Z3 decays quickly and Z2 decays slowly. o. becomes
negative after 1 [AUl as now, there is more energy contribution from Z2. op
decays quickly, reaching —0.975 at 1 [AU] before entering linear growth back
towards zero. Model H, (purple) shows the slowest decay in the energies due
to the small nonlinear term (as the correlation integrals are large); the energies
are large and mostly outside of the range of observational data. Model K »
(vellow) shows slightly large Z3 and Z2 values but is still within the range
of some data points. op initially decreases to —0.78 after 1 [AUl but then
increase back up to —0.22 at 2[AUl After 2[AU] op decreases, finishing with
a decreasing trend at the appropriate value of —0.33 at 75 [ATl

[Figure 6.11] plots the correlation integrals L, and Lp and the ratio between

Lp and L = %(L+ + L_) of the models in [Table 6.5 using the parameters in
Table 6.4] As discussed with the energies, Model J3 (grey) displays wobbly

behaviour due the nonlinear feedback from the energies and changes in the sign
of Lp around 1[AUlinfluencing the sign of the mixing terms. As L. decreases,
Lp becomes twice as large (and greater) than L. which is amplified after
10 [AUl and L4 start decreasing significantly despite J/%D having the smallest

Lp. The model using A+ [Model A; Model H)y (purple) displays growth of L.,

becoming larger than the other models. This model is the only one that we
could find that uses A+ but the parameters the optimizer found use a
large disparity between a4 and S4 which is the reason for the large growth of

L. Since Lp nonlinear term is zero for Hy, Lp is driven purely by the mixing
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Figure 6.11: Plot of the models in[Table 6.5 with [Table 6.6 parameters showing
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and transport terms. Lp decreases to less than —5 x 10° km?®/s? around 1 [AU]
before growing significantly and changing sign. Lp settles to roughly half of
the average of the Elsasser correlation lengths.

Model I (brown) has similar S values (f4 & (_), so the large disparity
between ay and a_ causes L, to decrease whilst L_ has one of the largest
growths. In Model K, , Lp becomes positive after 1 [AUl and stays positive
because of the strong mixing terms as Ly are large. After 30 [AUlL Lp rapidly
increases due to the mixing terms as L. are growing from the pickup ions
through the nonlinear terms. Despite the rapid growth of Lp, Lp/L decreases
as the pickup ions increase the energy of the system. Model J /{D (pink) follows
a similar trend to K .

Model G (green) is the only model to keep Lp negative with the exception
of the distances between 7 and 24 [AUl Before 0.7[AU] Lp has negative growth
until the transport term is larger than the nonlinear term resulting in Lp turn-
ing and approaching zero and eventually becoming positive. As the pickup ions
turn on; increasing u? and b? equally, the (negative) nonlinear term becomes
larger and pushes Lp back to being negative. Model G3 (red) displays the
most reasonable evolution of L4 and Lp out of the models presented in this
section and remarkably different behaviour from the same model with different
parameters (G}). Li stay within the bounds of the observational data; slowly
increasing due to the pickup ions after 1[AUl Lp becomes positive at 0.45[AT]
and becomes proportional to L after 1 [ATlL

shows all the models in[Table 6.5 have stable, increasing Elsasser
correlation lengths with the exception of Model J /\2D (grey). This is caused by

the addition of the L. nonlinear which implies a nonlinear term for Ay; both

A+ Model Al and [Model B|increase the correlation length. Model G} (green)

maintains positive Ap until 7 [AUl when Lp becomes positive. After 30 [AU|
Ap undergoes an unbounded increase, surpassing the order of 1 x 10% km? /2.
Model G3 and K decrease Ap as D gets smaller but stays defined and of the

order of —5 x 10% km?® /s?. The remaining models become undefined as D — 0.
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Summary. With the addition of L. nonlinear models, we have been able
to show models that achieve a non-zero equilibrium between the kinetic and
magnetic energies (op < 0). At the cost of large and increasing L., Z2 have
become closer to their observed Helios 2/Ulysses and Voyager 2 observational
data. We have still not been able to constrain Lp; once again, Model G} (using
Lp does the best job at keeping L, > L, but gets large before 1
[AUl and gains unconstrained decay in the outer heliosphere. Model K , does
the best at following the observed energy values, op &~ —1/3 is achieved in
the outer heliosphere and Z2 seem to follow the observational trends. Valid
models using A4 have been difficult to find, it is easier to use
despite the potential for the inconsistency when one of the fields turns off. J /{D
is the only model that follows the appropriate parameter relation suggested
by [36]; ar > f4, or more specifically ax > 204 as ar ~ [ obtains the

conserved correlation integral equations (L4 [Model 0]).

6.5 Source Models

In we discussed turbulence source driving in the solar wind and

introduced the assumptions that can be applied to the correlation lengths. So

dL+

far, we have been maintaining == |, = 0; in this section we will assume that

the changes to the correlation lengths through the turbulence driving will be
zero. In other words, the turbulence source driving occurs at scales greater
than (in the case of the pickup ions) and equal to (in the case of the shear
driving) the correlation lengths Ar. Using Ly = A1Z2 and 9|, = 0, the

source term for the correlation integral is

dL.

4z2
dt |

+
5 dt

(6.12)
S

Therefore, the correlation integrals also increase due to the source driving
effects. In this section, we have re-run the numerical solutions for some of the
models (using their same parameters) from previous sections using the new

source driving assumption. Model Dy, (Tables 6.3/ and is the only model
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to become undefined when the new assumption is applied; in this case, the
energy difference becomes undefined as Lp becomes positive, driven by larger
energies. The energies increase, relative to the conserved source driving model
due to the increase in Ay that causes the Elsésser energies (negative) nonlinear
term to become smaller.

shows the temperatures for some models picked from previous
sections; there is no significant difference in the behaviour of the temperature.
shows the strong increase in the energies as the pickup ions turn
on. Lastly, |[Figure 6.15 shows the increases in the correlation integrals due to
the pickup ion driving.

By assuming no source terms are applied to the Elsasser correlation lengths,
we see large growth in the correlation integrals and lengths and even larger
growth in the energies as the pickup ions turn on. This is in opposition to the
observational data that seems to depict a decreasing trend in the L, and Ay

after the pickup ions turn on.

6.6 Optimized Adhikari et al. Model

For comparison purposes, we have also implemented the Adhikari et al. [I]
model and obtained optimized parameters for it. In the Adhikari et al. [I]

model (see [section E.1|) the parameters they have chosen are larger than what

would be expected. ayr = [+ = 2 is much larger than simulation results

quantitatively show (subsection 4.1.3[and [5]) and the shear parameter Cy, =

7.35 which is much larger than the 0.5 to 1.5 range recommendation from
[12, (13, 37,

Applying the parameter optimization to our implementation of the Ad-
hikari et al. [I] model for a, ap and Cy, results in the new parameter values
found in [Table 6.7 Now, o = 0.44 and the shear parameter Cy, is now 0.725
(rather than 7.35), which fits inside the 0.5 to 1.5 range recommendation. In-

terestingly, using the new parameters to plot the energies in and the
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Parameters Values

a 0.440
ap 0.250
Cqy, 0.725

Table 6.7: Minimized parameters to fit the observational data for the Adhikari
et al. [I] transport model
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correlation lengths in (in purple) shows minimal difference between
the parameters originally proposed by [I]. The only noticeable difference lies
in the correlation lengths A4 ; after 10 [AU] they start to decrease in size rather
than continue with an upward trend and the normalized energy difference does
not become positive, meaning there is no spike in Ap, which is a physically

appealing situation.

6.7 Discussion

In this chapter, we have provided numerical solutions to numerous models
introduced in In some cases, we could not find physical solutions
for these models; this does not mean that we can discard those models entirely
and that their assumption are bad. The parameter optimizing technique has
limitations due to the stability of finding numerical solutions, particularly when
optimizing for the highly coupled, nonlinear terms. Some nonlinear models
might still be able to fit the observational behaviour but require more precise
parameter choices that the parameter optimizer fails to grasp.

By increasing the complexity of the models by adding more nonlinear terms,
we still could not capture good behaviour from Lp and, in most cases, op.
Most models could follow the general trend of the Elsasser energies and their
correlation lengths but there is a large amount of variability available between
the models and between the same models with different parameter choices. In
general, \; behaves behaves better than Ay [Model Al Also, Lp
[A]is the only model we could find that could keep Lp negative, but doing so
adds more complexity to the system via the four additional parameters. We
also find that assuming a net zero effect to the correlation lengths by the
turbulence driving does not produce reasonable results.

Comparing our results to the Adhikari et al. [I] model and the
Breech et al. [13] model (section E.2), each model has downsides. The Adhikari

et al. [I] models matches closely with the observational Elsésser energies, but



107

op approaches 0 in the outer heliosphere. The correlation lengths grow slightly
larger than the observational data after 10 [AUT] and Ap is showing as contin-
uously increasing after 10 [AUl which does not match the observational data.
Lastly, Lp decreases and becomes constant after 1 [AU] whereas observational
and simulation data predicts Lp to hang around 0. The lack of the gradient
mixing terms in the Adhikari et al. [I] model is difficult to justify. As some
of our models have shown, the mixing terms provide a lot of complexity to
the overall outcome of the model. As for the simplified, three equation Breech
et al. [I3] model, Z2 doesn’t display behaviour much worse than some of our
models and the single correlation length used matches the data very nicely.
Both Adhikari et al. [I] and Breech et al. [I3] models are showing to match the
temperature data much like our own. The sudden spike in temperature at the
start of the solutions can be ameliorated by increasing the initial temperature

value.



Chapter 7

Conclusions

In this thesis, we have introduced the approximation for the solar wind
and considered the modelling of the transport of fluctuations in the solar wind
velocity and magnetic fields. We have discussed the turbulence characteristics
of fluids and why it becomes so complicated. Our modelling reflects this
complexity, as there are a large number of potential candidates to describe
the nonlinear evolution of the correlation and cross correlation quantities. We
have also provided simulation and observational data to justify and validate
our models. Next, we have examined analytical solutions that work more
as validations for specific numerical solution cases than as physical solutions
describing the solar wind. Lastly, we examined an array of models using various
combinations of the nonlinear terms and found adequate agreement with some
of the models (although requiring specific parameter choices), with concessions
made with regards to Lp and Ap. The exact recommendations of the nonlinear

models will depend on the desired simplicity of the system.

7.1 Future Research Directions

Compared to Breech et al. [13], our model is more complicated but, we still
assume time-independence and strictly radial dependence. Like Breech et al.
[13], we could extend our model to include varying solar latitudes. We have also

only included the shear/shock and pickup ion sources, there are many more
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turbulent source driving terms to include [25]. Lastly, to improve our models
we could include scales for perpendicular and parallel turbulence evolution,
although this would drastically complicate things even more.

It would be prudent, in future work to obtain better data. The Voyager 2
data has been difficult to work with; the extreme variability has made it diffi-
cult to judge behaviour, particularly with the correlation lengths and op. The
relatively slow moving spacecraft means that as the radial distance increases,
time has passed; we ignore this fact with our steady-state assumption. Over
the course of the Voyager 2 mission, several solar cycles have occurred which
directly influences the speed of the solar wind [57]. Voyager 2 also has had
flybys with Jupiter, Saturn, Uranus and Neptune lasting up to a month each;
the |Adhikari et al.|data removes the flyby periods because the planetary mag-
netospheres influence the solar wind. After Neptune (approximately 30 [AT]),
Voyager 2 entered a declining trajectory from the ecliptic plane. Ulysses’ solar
orbit has been over and under the poles and shown that the solar wind speed
increases away from the Sun’s equator [38]. In future, including new measure-
ments from the Parker Solar Probe [56] could help improve the models and
allow us to decrease the initial radial distance.

In order to make a stronger conclusion for model validity, we will need to

analyse more observational data along with more simulation results.
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Appendix A

The Fluctuating Evolution

Equations

The dynamics of the solar wind can be approximated mathematically using
a compressible, one-fluid, [MHDI approximation. The [MHDI equations are the

following, stating with the equation representing the conservation of mass,

0
PPV (Vp) =0 (A.1)
ot
and an equation of motion,
ov 1
p(E—FV-VV):—Vp—I—zJXB—FD (A.2)

where p is the mass density of the fluid, V' is the fluid velocity, p is the fluid
pressure, J is the electric current density, B is the magnetic field and D is
a viscous dissipation term, usually including V2V where v is the kinematic
viscosity. All fields represented in the equations are functions of the three
dimensional space (z) and time (t). Maxwell’s equations describing the elec-

tromagnetic fields in a vacuum are assumed and written as the following (in
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Gaussian units),

V- E =4mp, (A.3)
V.-B=0 (A4)
10B
1 oF

where F is the electric field strength, p. is the electric charge density and c is
the speed of light. Assuming Ohm’s Law, where the conductor is moving at

the fluid velocity V', the electric current density is
1
J:a<E+—V><B> (A.7)
c

where o is the conductivity. The electric field E can be solved for from
tion A.7| hence removed from the [Equations (A.3)| to [(A.6)] and |(A.7). The
result is an induction equation (from [Equation A.5)) for the [MHDI| approxima-

tion,

%—?:VX(VxBHD' (A.8)

where D’ is the Ohmic dissipation term proportional to %VQB. The cross

product terms in [Equation A.2| and [Equation A.8| can be simplified as follows

Vx(VxB)=B-VV+V(V-B)—-V-VB-B(V-V) (A.9)

—B-VV-V.VB-B(V-V) (A.10)
1 1 ¢ 1 B?

The second term éVB2 in |Equation A.11| can be interpreted as a pressure

gradient force. Now, with the total pressure term p? = p + Equation A2
and can be rewritten

oV 1
= ~lpyvp-_1 A12
G tVVV BV vp (A.12)
OB

5 tV:VB-B.VV=-BV.V (A.13)

I[Equations (A.12)[ and |(A.13)[ and the conservation of mass (Equation A.1]

form the basis of the [MHDI approximation of the solar wind.




120

Following a derivation from Zhou and Matthaeus [66], we will apply a
two scale decomposition for the vector fields to obtain evolution equations
for the large-scale, slowly varying components and the fluctuating turbulence.
We will separate the fluid velocity field V' = U + w into the mean flow U
and a fluctuating component w with (V) = U and (u) = 0. Likewise, we
will separate the magnetic field B = By + b into its mean flow B, and a
fluctuating component b with (B) = By. Likewise, the density and pressures
will be separated into mean and fluctuating components p = po+dp, p” = pl +

dpT. The mean components can be described as the large-scale fields with the

fluctuating part representing the small-scale field. Averaging [Equation A.12|

and [Equation A.13|

ou 1 T
5 T (U-VU+(u-Vu)) - o (Bo-VBy+ (b-Vb)) = —Vp; (A.14)
%—FU-VB(NL (u-Vb) — (By-VU + (b-Vu)) (A.15)
=—(ByV-U + (bV - u)) (A.16)

Averaging the conservation of mass

V- (Up)=0 (A.17)

Subtracting the averaged equations [Equation A.14| and [Equation A.16| from

[Equation A.12| and [Equation A.13] we get the transport equations for the

fluctuating velocity and magnetic fields.

B 1 1
9 U Vutu-VU- — (By-Vb+b-VBy) = —-Vép" + N
ot Amp P

(A.18)

b
%—FU-Vb—l—u-VBO—BO-Vu—b-VU:—bV-U—BOV-u—l—Nb

(A.19)

Likewise, we get the following for the conservation of mass

V-(up)=0 (A.20)

We could begin manipulating [Equation A.18| and [Equation A.19| but it is
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favourable to use the Elsésser representation [21]

zy =ut =utvy (A.21)

VAarTp

where vy is the fluctuating magnetic field called an Alfvén speed in Gaussian
speed units, therefore z. is also in speed units. We will also define the large-
scale magnetic field as an Alfvén speed Vy = By/+/4mp. In order to form the
Elsasser fluctuation equations, we will use the conservation of mass to remove

the gradient of the density

V- (pU)=0 (A.22)

—= pV-U+U-Vp=0 (A.23)
= U -Vp=—-pV.-U (A.24)

— %-Vp:—V-U (A.25)

we can also remove the density gradient by replacing it with divergences of the

large-scale flows as follows

1 1
By V—u=V -V,+—V- B V. A2
0 V\/m AV A-F\/mv V-Vy ( 6)
1 1 1 1 1 U 1 1

by (%—‘@w) =, P aan Y

(A.27)
L By Vb=Vi Voat ——By (bV— ) =V Vou+v4 (V- Vy)
(Vamp)? 0 = Va A T p 0 T p = Va A A A

(A.28)

We can derive the transport equations for the fluctuating Elsasser variables by

summing (for z,) or subtracting (z_) [Equation A.19|from [Equation A.18§|

ou 1 0b 1
— =+ —+U- + U-Vb U b- VU
ot drp ot + Vu \/47r Vbtu VU F VAmp v
1 1 1 1
F——By - Vu— ———By Vb+t —u-VBy— ———b- VB
Vi T
1 1 1
_ lerin= V-U)bT V-u)B A.29
/ Vi ¥ OOF i (VW Be = g (A2
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0 0 1
a—?i%+U-Wi(U-WA—gvA(VU))+u-VUq:vA~VUq:VA-Vu
1 1
—(VA‘VUA+UAV'VA>:|:—_47TIOU~VBO——_47TP’UA'VB():E(V~U)’UA:|:(V"LL)VA
1 1
=—-Vpl + N+ N¢ A.30
VPt e (A.30)
JOlu +
%+U-V(uiv,4)+(u:|:v,4)~VU:FVA-V(uivA)ivAV-VA
1 1
ﬂ:\/?_p(’u,:FUA)-VBO:l:(’UA—é’UA)(V'U):E(V"U,)VA
1 1
=—-Vpl+ N+ N A.31
VPt T (A.31)
3zi + ¥ +
W%—UVz +z VU:FVAVZ
1 1
:t\/mzq:-VBO:EévA(V-U)—i-’UAV-VA:l:(V"U,)VA
1
= —;va + Ny (A.32)
02 U Vit 2T VUV, Vet + L ¥ VB
ot VA VAaTp 0
+ _ _F U +_ _F
yEE <V-—)i—z 2NV Vi (V-u) Vi
2 2 2
1
= —;VpT + Ny (A.33)
Oz* 1 2t — 2F U
= 4L (UFVy) -Vzt+2F. (VUL —VB 2 v.=xV
7t +(UFVa) - Vz=+2 (V _47TPV o>+ 5 \Y, (2 A)

1
+(V-u)Vy = _Eva + Ny (A.34)

using V- u = 0 (i.e., incompressible fluctuations), we are finally left with
the following equations which describe the evolution of the fluctuating
fields through the use of the Elsésser variables which represent Alfvén waves
propagating anti-parallel (+) and parallel (—) to the magnetic fields along with

more general fluctuations

0z* i 1 2T — 2F U
- . + . - T .| =
Er + (U F VA) Vzt +z (VU + \/R,OVBO> + 5 vV < 5 + VA>

1
= —;va + Ny (A.35)



Appendix B

Correlations

Continuing with the Zhou and Matthaeus [66] derivation started in{Appendix A}

we will be using the equation derived in [Appendix A} [Equation A.35 and

constructing correlation functions that describe the statistical features of the
fluctuating turbulence in the solar wind.

The Elsisser field variables 2 takes space  and time t as parameters
z*(x,t) = z*. By varying the spatial coordinate by some distance w, the
Elsésser field can be taken with relative lag z*(z + w, t) = 2%’ with which we

can define a correlation tensor by ensemble averaging

Hi = <ziizj-[’> (B.1)
We can also define a cross correlation tensor of the Elsasser fields

A;'; = <ziizj¢’> (B.2)

This chapter will derive the evolution equations of the correlation and cross
correlation tensors which will form our model for the transport of the solar

wind.
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B.1 Evolution of the Correlations

With our fluctuating Elsasser variable [MHDI equation [Equation A.35|

Oz* 4 1 2zt — 2F U
- Vi) -V T.(VU =+ VB -~V (==zxV
pn + (U FVa) V& + 2 ( Wiz 0>+ 5 <2 A)

1
— _;va + N4 (B.3)

we will multiply the z;t component equation by the zf’ component, and take
+ . . . +
the z; " component equation and multiply it by the z;° component to get the

following two equations

8Z~ + +/_F V U + _1 V.B
1 :l:
zji/_t -+ zj / (1 )k F ‘/A,k) :7 kzi =+ zj /Zk. ( kY /—I k O,i)

+ ¥
z; — z; Ui 1
+Z;~HTV]€ (7 + VA,k) = —zf’;VipT + Z;E/Nii <B4)

Ozt

1
Zii aé + Z?: (Uk F VAJ{;) sz;t/ + zl-iz,f’ (kaJ + \/?_kaBO’j)
Z:I:/ _ z:F/ (Uk

: 1
NI Bt B v A [t S VA,k) — _»F VjpT_|_zij[]\fji (B.5)

i 92 9 i

Sum |Equation B.4] and [Equation B.5| and use the product rule

0 (2=

ot
L VB, ) + =zt (ViU £ ——V, By,
\/m k O,Z 7 k k Vi \/m k 0,]

+_+/ F._ +_ +_ 3/
z;zo — 2z U zZ;zi — 2]z U
s <—2’“ + VA,k) + oY, (-2’“ + m)

) + (Uk + VA,k) Vk (z;tz]i')

—|—z]7—L’zf€F (VkUi +

1
=—z/-Vp' - z-i;VjpT + 2N + 2 N; (B.6)

)

O (zFz?F
% + (U F Var) Vi (272

1 1
+ +
+zj ,z]j (kaz + \/4—7T_kaBO’Z> + z; sz/ (VkUJ + \/4—7T_kaB0’j)
U, 1 U,
+2; 27V, (7k + VA,k) -3 (272 + 27 2") Vi <7k + VA7]€>

1 1
=—z'=-Vpp" — 27 =Vp" + 27/ N + z7 N; (B.7)
p
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Now apply an ensemble average

O {zFzF
—< Z@t ] > + (Uk + VA,k) Vk <ziizji'>
1 1
+ <Zji/z2:> (VkUz + —\/WVI@BO,1> + <Ziiz2:'> (VkUJ + \/4—7r_kaBO’j)

+ <Ziizji’> vk <% + VA,k> — % (<ziizj$’> 4 <zi$zji’>) Vk (% + VA,k)

= (2N +z'N;") (B.8)

The following is the equation in the correlation tensor form as defined at the

start of this appendix

OH U
(%j + (Ur F Vag) VkHz'j; + H%Vk (_k + VAJC)

2

1 1
AT U +—V,.By, | + A Uj+ ——V, By,
Al (V0 )+ A (V0 4 )

1 U,
—5 (A5 +AJ) Vi (7 + VA,k> =N;; (B.9)

Taking the trace i = j, we get

aszi: + + Uk + +
where

1 1
IT;; = A, <VkUz' + mkao,z) + A5 <kai + \/?—pkaO,i> (B.11)

1 U,
-3 (AE + AJ) Vi (7’“ + VA,k)

I[Equation B.11|of the correlation evolution equation (Equation B.10) defines

the mixing operations that couples the inward and outward fluctuations to the
cross correlation of the two fields. The term INN*, is the nonlinear coupling

that serves to dissipate the energy into the observed heating of the solar wind.

B.2 Evolution of the Cross Correlations

To obtain a complete solution of the transport equations, we will need to

obtain an evolution equation for the cross correlation function A;;. In a similar

fashion to [section B.1} we will form the cross correlation by multiplying the z;*
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component equation by the zj_’ component, and the zj_’ component equation
and multiplying it by the z;” component. Summing the two equations and

then ensemble averaging yields

%+ka<z z) + (27 VauVizy' — 27 'VaViz ) + (2 2 —'>VkUk
+(z, 2 ") (kaiJr kaBo,) +(z' %) (kaj - \/?_pkaoyj)
- <z+ ) Vi (% - Vy k) - <z_ ) Vi (% tVa ’“)
= (z;'N;" + z} N;") (B.12)

The third term requires a bit more work to simplify, by taking out the Vj,
term out of the averaging the following steps produce a term that consists of
the dot product between the large scale Alfvén speed V4 and the gradient of

the cross-correlation function A;; with respect to the correlation lag w

(2 Vizy' — 2;'Viz) = (2] (®)Viz; (& + w) — 27 (x + w) V2] (2))
(B.13)

by translation invariance, we can let * — & — w for the second term only,

= (2] () Viz; (& + w) — z; () Vi (z — w)) (B.14)

= (2 (®)Viz; (1) — z; (x)Vyz (z_)) (B.15)

for ease, x1+ = ® + w. The gradient term can be expressed as the following

from the chain rule

using the product rule and invoking homogeneity in the last step A;; (w) =

A (—w), the derivative with respect to the offset w can be simplified

0z (x >t
<zj(w)% + z](w)aza—iv)> (B.17)
CJOE (®)zy(=y) 0z (x) Oz (m)z (=) . 0z ()
n < ow — (+) ow + ow -z (=) ow >
(B.18)

_OAf(w)  OAL(—w) 28Af(w) B
- Ow * ow ow
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Now, the evolution equation for the cross correlations is the following

A;E + + o Uk
1

_ 1
Hy (S0 ) + Hi (90~ v,

| U, 1 Uy D
_EHiij (7 + VA,k> 3 ;;Vk (7 — VAJg) = Nij (B.20)

Taking the trace i = j, we get

ATE
aat” + U ViAS + 2V Ve s AL + A;vk% +3P 42 = NP (B21)

where

1 U 1

To get the equation for A, (w), simply apply the homogeneous property A;; (w) =
A-

7i(—w). We can see that the X* terms form the 'mixing’ terms in the cross
correlation equation that provides couplings to the inward and outward fluctu-
ation correlations and depends on the gradients of the large-scale background
fields. The term N7 is the nonlinear coupling and provides the effect respon-

sible for the generation of small scales from large ones and the dissipation of

the energy. The only term that is not analogous to the correlation equation

(Equation B.10) is the gradient term with respect to the small scale separation

parameter w (Vw,kA;-;) which arises due to the defining the turbulence as lo-
cally isotropic and depends on whether the fluctuations are parallel or normal

to the mean magnetic field.
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Isotropic Turbulence

In a statistical sense, it is useful to simplify the correlation tensors by de-
termining (or assuming) symmetry properties of the turbulent fields. We will
examine two main symmetry conditions suggested from Batchelor [§]; isotropic
and axisymmetric turbulence. Batchelor [§] introduces the symmetric prop-
erties of the correlation functions in regards to the tensor of the fluctuating
velocity, most relevant to this thesis is the second order correlation tensor

f(w) = (ui(x)u;(z +w)). As stated in Zhou and Matthaeus [66], we are

interested in the cross helicity He and the total incompressible energy per unit

mass F = E, + E, with the kinetic and magnetic energy contributions F,, F

respectively. In homogeneous turbulence, these quantities can be expressed as

1

{u-u+wvs-v,) and He = 5 (u-v,). Now it is

the ensemble averages F/ =

easier to see that by defining the following correlation tensors
ij(w) = (wi(@)u;(z + w)) (C.1)

?j (w)

= po (bi(x)bj(x + w)) (C.2)

we can retrieve the total energy E = 3 [Q(w = 0) + Q% (w = 0)]. We can

also retrieve the cross helicity with the following correlation tensor

Q" (w) (u;(z)b;(x + w) + b;(x)u;(x + w)) (C.3)

1
NZTY
via Ho = Q""" (w = 0). Now, the correlation tensors introduced in
[pendix B} with which we have calculated evolution equations for, can be de-
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fined in terms of the correlation [Equations (C.1)| to |[(C.3)|

u ub,
Hi - <ziizj.[’> =Qj; + Q?j +2Q;; i (C4)
A;-; + Aj_i = <2:Z-+zj_’ + zj_zz.‘"’> = QZ _ ?j + Q;‘z — ?z F2 <QZ‘;’_ — Q;‘Zb_>
(C.5)

C.1 3D Isotropic Turbulence

Isotropic turbulence is the assumption that the products of the velocity com-
ponents, and their derivatives are invariant under rotations and reflections of a
coordinate system moving with the fluid. In this section, we will work with the

velocity correlation tensor Q;; = @}, however, the results will generalize to

the tensors [Equations (C.1)[to|(C.3)|and therefore |Equations (C.4)|and |[(C.5)|

The following is the form of the correlation function under isotropic symmetries
8]

o (w) = Flw)ww; + G(w)dy; (C.6)

ij

1/2 and

The functions F(w), G(w) are arbitrary scalar functions of w = (w;w;)
time ¢ (but we will ignore the dependence on time). In an isotropic system,
there is no dependence on the preferred direction. In order to satisfy the

incompressibility (V- u = 0),

0Qi;(w)  9Qy;(w)

e T (C.7)
we require,
2] _ O (i) + o (G0 ©5)
- g [Plwywas] + 5o (Gw) (©9)
= F(w)wjg—z + F(w)w,g—:: + w;w; 85152}) + 8?5;”) ;;Uj (C.10)
= 3F(w)w; + F(w)w;d;; + w;wi w; 821(;”) + %3%5010) (C.11)
— w; |[4F(w) + wagfuw + %%gfuw) (C.12)

=0 (C.13)
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u)(z+w) u) (x+ w)

u”(m)

u’ f(w)

Figure C.1: Longitudinal and lateral velocity correlations

therefore, for all values of w

ip) + 2500 | 10600

— .14
ow w  Ow 0 (C.14)

We shall introduce a pair of coefficient functions f(w) and g(w) defined by

ujf(w) = (wu)) (C.15)

ulg(w) = (uru)) (C.16)

that use the parallel w) and perpendicular u, velocity components relative

to the vector separation/lag w. [Figure C.1| shows the longitudinal velocity

correlation f(w) and the lateral velocity correlation g(w). From now on, we
will assume that the separation vector w is in the 1 direction only, therefore
the parallel velocity component is w) = u; and the longitudinal velocity com-
ponent is u; = wuy. The coefficient functions f and g can be related to the

correlation tensor (and the F' and G functions)
Q11 (w) = (uy(2,0,0)u)(z 4+ w,0,0)) = F(w)wiw; + G(w)dy (C.17)

= w?F(w) + G(w) = uj f(w) (C.18)

Qa(w) = (uy(2,0,0)u, (z +w,0,0)) = Flw)wsw; + G(w)dyy = u? g(w)

(C.19)
Now, |Equation C.6|and [Equation C.14] become
w;Ww;
Qui(w) = u? ((f = 9) =5 + 03;) (C.20)
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and

1 af(w)

g(w) = f(w) + 2MW (C.21)

Evaluating the correlation tensor with zero separation w = 0 to obtain the

kinetic energy Q;;(0) = E,, we get the following result
Qii(0) = u?d;; "=° 3u? (C.22)

since f(0) = g(0) = 1. Integrating the correlation tensor over the separation

vector in a single direction, with ¢, = [ f(w)dw and ¢, = [~ g(w)dw
/ Qij (w)dw = UQ)\f (’li)l’lbj + 61]) trgze 4u2€f = 4Lf (023)
0

where L; = [7 Q11(w)dw. Scaling the trace of the results, the following is the
simplification of the energy tensors of the Elsdsser variables and the energy

difference for isotropic symmetries

" Z:

H;;(0) = ?5@‘ (C.24)

1 _ D
5 (AZ(()) + Aji(())) = 551‘9‘ (C.25)

and the correlation integral tensors
e Ly, . .
H (w)dw = e (w;w; + d;5) (C.26)
0
LA . Lp . .

C.2 2D Isotropic Turbulence (Axisymmetric)

Axisymmetric turbulence follows from isotropic turbulence with the stricter
requirement of invariance under rotations about a fixed axis parallel to n. In
the specific case of the solar wind, the axisymmetric axis n is interpreted to be
parallel to the mean magnetic field By. In which case, a two-dimensional plane
exists perpendicular to the mean magnetic field that contains the isotropic

turbulent fluctuations. The following is the form for the axisymmetric second
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order correlation function

2

axi

S w? w,) = A(w?, w,)wyw; + Bw?, wy)nmn; 4+ C(w?, w,)d;;

+D(w2, ’an)wz’fl/j + E(U}2, wn)'ﬁ,zw] (028)

The functions A, B, C, D, and E are arbitrary functions of w? = w - w,
w, = w - n and time ¢ (once again we will ignore the time dependence). By

making note of the following relation [7]

0 ow 0 on 0 _wi8+<@ wnwi) 0

dw, 0w, 0w | 0w, 0w,  w 0w - w,

(C.29)

w w?
and following in a similar fashion to the 3D case, the incompressibility condi-

tion requires that

0Qu _ (144 w04, 100w 0C | OE 1-wiOE
ow; "’ ow wow w?ow, " Ow w  Ow,

) (180 0B 1—uw? aC

—|—’n/j

w Ow,, +n%+ w  Ow,

D
w30+ w2l +E) =0  (C.30)
ow

which implies that

0A 10C w, oC OE 1—w? 0F
4A + wa—w + wow Eﬁ_’wn wna_w v ow, 0 (C.31)
1 0C @_B 1—w? oC

E@wn +n8w + w  Ow,

D
can+wl LB (C.32)
ow

Obviously, calculating the relations of the scalar functions A, B, C, D, and F
is more involved than the three dimensional case, we will refer to Batchelor [7]
and Matthaeus et al. [35]. Starting with taking the correlation tensor at zero

separation w = 0

from the relations for B(0) and C(0) [7, B5], it follows that the axisymmetric

energy tensor can be simplified to

2

Q;;(0) = 5 (6; — niny) (C.34)
For our purposes,
. Z: .
H;; (0) = 5 (6,5 — n;m;) (C.35)

% (A(0) + A;;(0)) = g (03 — nim;) (C.36)



133
Likewise, integrating the correlation tensors nets
1 _ .
/0 3 (A (w) + Ay (w)) dw = Lpé;é; (C.38)

0.

where w = wé where € is a unitvector such that é-n



Appendix D

6 Equation Model Derivation

Here we use results from the earlier appendices to assemble the six equation
model for the two fluctuation symmetry cases considered (isotropic and ax-
isymmetric). Many of these results are available in Matthaeus et al. [35],
although we often provide more details here. With the correlation evolution
equations from along with the symmetry assumptions from [Ap-]
we can obtain evolution equations for the energies, written in terms

of the Elsésser variables by evaluating the correlation tensor evolution

tions (B.10)| and |(B.21)| at zero separation (w = 0),

72 = HX(0) (D.1)
D= 1 (AZ(0) + AZ(0) (D2)

For simplicity, it is easier to define a symmetric energy difference correlation

tensor as follows [35] [36]

Rgs(w) = (A:;(w) + Aj_l(w)) (D.3)

N | —

which gives RZ*(0) = D. We can obtain the evolution equations for the cor-

relation integral scales by integrating the correlation tensor evolution

tions (B.10)| and |(B.21)| from distances w = 0 to w = oo, and introducing

the lag-integrated correlation functions (we will refer to as L’s or correlation
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integrals)
Ly= / h H: (w)dw (D.4)
0
Lp= /O h RD*(w)dw (D.5)

To obtain the correlation length scales, divide the correlation integral scales

by the appropriate ”energies” to obtain distance units,

L.
=== D.
L
Ap = ED (D.7)

The following are the three evolution equations representing the energy of the

backward fluctuations Z3, forward fluctuations Z2 and the energy difference

D

072
ot
oD

U
LT U-VD+ DV -—
6t+ VD + DV 2—1—

U
+(UFVa) -VZE+ 23V (5 iVA> +M*D=Ny+8: (D8

(M*Z2+M~Z%)=Np+5Sp (D.9)

DN | —

The terms Ni,p and Si,p represent the nonlinear terms and the sources re-
spectively. The mixing terms M* will be derived in [section D.3| The following
are the evolution equations for the lag-integrated correlation functions back-

ward fluctuations L., forward fluctuations L_ and the the energy difference

LD)
OL U e
a—ti‘f‘(U:FVA)'VLi—f—LiV'<3:|:VA>+/ Hiidw:Ni—f—Si
0
(D.10)
OL U
L LU -VLp—2w-VyD+ LpV - —
ot 2
1 oo o0
+§ (/ ¥ (w)dw —I—/ E;(w)dw) = Nj + S% (D.11)
0 0

Like the energy equations, the terms N i /D and Si /p represent the nonlinear

terms and the source terms respectively. The mixing terms for the L evo-

lution equations [;° II;;dw and [~ ¥;dw will be calculated in

[Appendix D.5| converts the above evolution equations and the mixing terms

into steady-state, radial evolution equations.



136

D.1 Gradient and Divergence of the Mean Flow

Assuming the uniformly spherical expansion of the solar wind with a constant

mean speed U, U in spherical polar coordinates is

U =Ur (D.12)

We will take the gradient in spherical coordinates, which is the following

VU =V, (UT) (D.13)
o ,10 ~ 1 0.
= Ul 8_ 0 r 90 ¢rs1n98¢)<r) (D.14)
873 1(97" ~ 1 or
A Al ~ ~ sinf
- U(GO; - ¢¢r sin9) (D-16)
0 00
U
=—1010 (D.17)
,
0 01

The divergence of the mean flow is

V -

U 1057 U
o) — (D.18)

r2  Or

D.2 Gradient and Divergence of the Parker
Spiral

The sun’s large scale magnetic field can be modelled as the Parker Spiral,

expressed in spherical polar coordinates as [45]

B,(r.0,6) = B(6. &) (@) (D.19)
By(r,0,¢) =0 (D.20)

By(r,0,6) = B(6, ¢) (%) (RLO - 1) (@)Zm() (D.21)

with B(0,¢0) = By and Ry is the Alfvén critical radius, approximately 10

solar radii. With the following notation simplification for f = By, (the radial
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component) and g = By, (the azimuthal component), we will now calculate

the gradient of the Parker Spiral in spherical polar coordinates.

.0 1.0 1
Vo Bo = (ra— + ;0% +——d ¢) (17 +90) (D.22)
. (9f or 10f or 1 8f 1
= TG 7’80+ o % e ?” 96 rsin6¢f8<;5
.- 0g 891.’) 8¢ 1 1 O
—= —= — (D.2
+T¢8r or * 0¢ 89 rsm@¢¢8¢ rsin9¢ 0o (D.23)
. of 1 8f 1 of
—T?“a—f-o—f‘;%—i- 99f ¢a¢+ ¢¢f
.09 g
+ ¢E+O+ 9q§% 6¢ 7"81n9¢g <—cos€0—s1n9'r>
(D.24)
9 0 0 0 0 %
=| % oot 0 15 (D-25)
rsilné‘a_(]; 0 %f _%g _%COt eg rsfné’gg
calculating the derivatives of f and g,
af 2
o —;f (D.26)
Of _ . _9B(6,60) (R
o0 I= 00 r (D-27)
of
A D.2
5 =0 (D.25)
89 N 1 2R0 —T
a—;(r_Ro)g (D-29)
99 _ ,_ 0B(#,¢0) (QRo Ro\ (Ro 2Ry
— =g = - — — — 0
26 Y 06 AT ACY A arA e RO L) cos
(D.30)
dg
- A D.31
5 =" (D.31)
Therefore, in a more useful form,
-2 00 0 R
VarBo= |f'/f 1 0 £+ 0 0 J/g g (D.32)
0 01 —1 —cotfd O

Using the continuity equation and the constant mean flow, pUr? = pyUyR:2 —>

p = po (Ro/r)?. The radial component of the mean magnetic field as an Alfvén
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velocity can be written as

1 By (Ro\’
Vir = ——Bgr = — (—0) (D.33)

:\/%(% T (D.34)
() o5

Likewise, the azimuthal component as an Alfvén speed is

1 BO Ro 2 QR(} r .
By = —2 () (Z0) (1) sing D.
o= = i () () (=1 00
BO RO QRO T .
o) (Ze) (g D.
s () () (7). 00
= Varo (%) (1 — &> sin 6 (D.38)

r

The divergence of the Alfvén speed associated with the Parker Spiral is there-

fore
. 1 G(VATO RO/T)TQ) 4 1 8(VA9 sin&) i 1 8VA¢ . VAr
r? or rsind 00 rsing d¢ 1
(D.39)

D.3 Calculating the Energy Mixing Tensor

The energy mixing tensor is given by Hf‘; (w) evaluated with zero lag w = 0,

U, 1

(D.40)

the symmetric energy-difference correlation tensor Rgs(w) value at w = 0
depends on the symmetries of the fluctuations. We consider two cases: 3D

isotropic and 2D isotropic (axisymmetric).

D.3.1 3D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in three dimensions, Rf; 5(0) =

%51-]-, therefore the mixing term is,

U, D 1 D
szz:(()) - _vj (73 + VA,j) 56“ + 2 (vin + \/?—pviBOJ) gdzj (D.41)
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Separating out the gradient terms contracted with the delta function, the
gradient of the large-scale flow (as calculated in [section D.1|) contracted with

the delta function is

000|100
U race U

ViU;o;=—Trs [0 1 0| {0 1 0] ¢ = 2= (D.42)

r T

0 0 If (0 0 1

and the trace of the gradient of the background magnetic field (calculated in

section D.2|) times the delta function is zero,

1

——=V,; By ;0;;
200 0 0 o 100
Var 1%
:Tr{ Vi, /Var 10 Ar 0 0 Viag/Vag % 010 }
0 01 —1 —cot#d 0 0 01
€ (D.43)
The divergence terms are
; D 1
r

We can now write down the three dimensional isotropic mixing tensor MfD,

race 1 4 U
I3 (0) " ——(U+Va)D+3—D (D.45)
1 /(U
== (§ F VAT) D = M35,D (D.46)

D.3.2 2D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in a two dimensional plane

that is normal to the large-scale background magnetic field By, the energy

difference correlation tensor is RD*(0) = % <6Z'j — Bo,iéo,j> Appendix CJ).

Here we assume that the x-axis is aligned on the background magnetic field,

B, || €, and the radial direction is in the (@, 2) plane; the turbulence fluc-

tuations are perpendicular to B, (Figure D.1)). Since the gradients of the
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~

|| Bo

Isotropic Plane

Figure D.1: Two dimensional isotropic (axisymmetric) turbulence where the
Cartesian coordinate system (&, g, 2) is chosen, such that the radial and mag-
netic field plane (r, By) lie in the (&, 2) plane, with the #-axis aligning with

the background magnetic field (the field-aligned coordinate system).

large-scale magnetic field and the mean velocity are easily expressed in spher-
ical polar coordinates, we need to map from a field-aligned coordinate system
(z,9, 2) to a radially aligned coordinate system (&', 9’, 2’) locally aligned with
(7, 0, (ﬁ) This mapping is given by applying a rotation about the y-axis ©,
clockwise by the winding angle ¥ between the mean magnetic field By and

the radial direction # (Figure D.2)
B, = @y(\IJ)BO = cos U7 — sin Ugp (D.47)

Please note, the winding angle ¥ must be the negative of the angle between B,
and 7 as the correct rotation direction about the g-axis is clockwise. There-
fore, ¥ = —cos™! (BO . 'ﬁ) Now, the energy difference correlation tensor is

R (0) =2 (5”- — B{)ZBE,]) leading to the following mixing tensor
U; D L
IT5(0) = -V, (TJ - VAJ) 5 (51'@' - Bé,iBé,@-)

1 D

2 (V,U; + By, ) =
’ (VUJ VT )2

(5ij - B()zE(I)J (D.48)
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A || r
i | By I

Isotropic Plane

Figure D.2: Two dimensional isotropic (axisymmetric) turbulence where the
Cartesian coordinate system (&, g, 2) is chosen, such that the radial and mag-
netic field plane (r, By) lie in the (&, 2) plane. The Cartesian coordinate system
is rotated about the g-axis by the winding angle ¥ (clockwise) to obtain a new
radially aligned coordinate system (&', ¢’, 2') such that the &’-axis aligns with

the radial direction 7.
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The divergence terms are the same as the 3D isotropic turbulence case

Ui D D! T/ _ 1
-V; <7 + VA,Z‘) b} <5z‘z‘ - BO,iB07i> - (U= Var) D (D.49)

the term with the gradient of the mean flow is

0 0 0] [1—cos®?¥ 0O sinW¥cosW¥
o U
vin(éij_Bé,iBé,j)D:7Tr{ 010 0 1 0 }D

0 0 1| |sinWcos¥ 0 1—sin®¥

(D.50)
0 0 0
U
= 7Tr{ 01 0 }D (D.51)
0 0 1—sin®vw
trace U (1+1—sin®¥) D = v (1+cos*¥) D (D.52)

r r
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and the term with the gradient of the mean magnetic field is

\/%—pviBo,j <5ij - B(I)Z‘B()‘]> D (D.53)
-2 00 0 0 At
ZTT{ Vi /Va 10 LTI 0 Vig/Vas %
0 01 —1 —cotd 0

1—cos?¥ 0 sinW¥cosW¥
X 0 1 0 D} (D.54)

sinWeosW 0 1—sin?¥

—2(1—cos?¥) 0 —2sinWcosW¥

VAT D
r

:Tr{ “%:(1—0032\11) 1 “%:sin\lfcosllf

sin U cos U 0 1 —sin? ¥

%Sinﬁ/coslp 0 % (1 — sin? \If)
. : Vag
+ | Viy/Vagsin ¥ cos ¥ 0 Vig/Vag (1 — sin® ¥) TD} (D.55)
— (1 = cos? W) —cot f —sin W cos ¥
race . V 's
s (—2 (1 — cos? \If) + 1+ (1 — sin® \If)) “A'p
r
2Ry — V.
+ ( 0" in W cos U — sin W cos \IJ) 2 p (D.56)
r— Ry r
1 QR 3R
=~ (Var (3cos? ¥ —1) + Vigo [ =2 | (1= =2 ) sinfsin20 ) D (D.57)
r U 2r
putting all the pieces together, we get the two dimensional mixing tensor M;ED
race 1 QR SR . .
Hﬁ(O) prace 2 (U cos® U + Vi, (3 cos® U — 2) + Varo (70> <1 — 2—0> sin 0 sin 2\If> D
r r
(D.58)
= M3;,D (D.59)

D.4 Calculation of the Correlation Integral Mix-
ing Tensor

To construct the mixing terms for the correlation integral equations, we need

to integrate IT* and X*. Due to this integration step, there is a choice that
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needs to be made for the integration direction as we are integrating with
respect to the lag/separation w in the correlation tensors. After integration, we
can follow steps similar to the calculation of the energy mixing tensors where
the integration of the correlation tensor is proportional to d;; + w;w; for 3D

isotropic turbulence and w;w; for 2D isotropic turbulence (Appendix C)). The

mixing term for the L4 equations is the following

U, 1
I (w) = -V, (73 + VAJ) R (w) +2 (vin + mviBO,j) R (w)

(D.60)

and the mixing term for the energy difference correlation equation is the fol-
lowing

U, 1

(D.61)

D.4.1 3D Isotropic Turbulence

Assuming three-dimensional isotropic turbulence, the integrals of the correla-

tion tensors can be written as

* s LD NN

/0 R (w)dw = e (i + wiw;) (D.62)
T HE (w)dw = 2 (5, + i D.63
; ij(w) w_j(ij‘i‘wiwj) (D.63)

Calculating the divergence term for [;* IT;;(w)dw is the following

U; > 1
-V, (— + VM) / RP*(w)dw = —— (U £ V)
2 ") Jo r 4
trace LD

Likewise, the divergence term for [ ¥ (w)dw is the following

U. 00 1 L
-V, <71 T VAJ.> /o ij(w)dw = —; (U F Va,) f

race L
b _Ti (U F Va,) (D.67)

(85 + i) (D.66)

Calculating the gradient terms is more difficult as we need to choose the inte-

gration directions. There are two main choices for 3D isotropic turbulence, the
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first is choosing the integration unit vector w to be along the radial direction

A

w = 7. The other choice is for the integration unit vector to be normal to the

radial direction w - 7 = 0. We will be primarily focusing on integrating with

lag in the radial direction w = 7 = [1 0 0] section 2.2)). We find that the

mean velocity gradient term for fooo IT;;(w)dw cancels out with the divergence

term and evaluates as the following

000
U L o
2V; U / RDS = Q?TT{ 01 0 TD (5” + 'wi'wj) } (D68)
0 0 1

0 0 0 (2 0O
UlLp

— 27 D.
rzr{010010} (D.69)

0 0 1]]0 0 1

00 0
ULp
= _2Pr :
T2r{010} (D.70)
00 1
raceL
! DU (D.71)

Similarly, for [ %3 (w)dw

> raceL
2vin/ Hi (w)dw "= —iU (D.72)
0
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Now, calculating the mean magnetic field term for fooo IL;(w)dw

7=V B / R dw (D.73)
200 R T 200
LD Vr ' ) VA¢
:7”{ Vi/Var 10| S50 0 ViV S 0 10 }
0 0 1 -1 —cotd 0 001
(D.74)
4 00 0 0
LD VAT’ s VA¢
:TTT{ 2V /Var 1 O ==+ 0 0 Viy/Vag| —— }
0 01 —2 —cotd 0
(D.75)
race L
trac ——DVA,. (D.76)

and there is no difference for the [° 37 (w)dw

1 e trace Li
2———V,By.; Hidw = ——Vr D.77
NZE) 0’]/0 th ! 70

Therefore, the correlation integral L, mixing tensor evaluated in the radial

direction and assuming three dimensional isotropic turbulence is
Lp Lp

and the correlation integral Lp mixing tensor is

& L L L
| Shw--tEU v+ E @) =02, (D)
0

D.4.2 2D Isotropic Turbulence

Assuming the turbulent fluctuations are isotropic in two dimensions, the inte-

grals of the correlation tensors can be written as the following
/ RD*(w)dw = Lpw;w, (D.80)

/ w)dw = Liw;w; (D.81)
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Isotropic Plane

Figure D.3: Two dimensional isotropic (axisymmetric) turbulence where the
Cartesian coordinate system (&, y, 2) is chosen, such that the radial and mag-
netic field plane (r, By) lie in the (&, 2) plane, with the #-axis aligning with
the background magnetic field (the field-aligned coordinate system). Addi-
tionally plotted is the integration vector or the separation vector w which lies

arbitrarily in the isotropic plane.
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The integration direction w is in the turbulent plane at an angle v to the gy

axis (Figure D.3|). In general
w = cosyY + sinyz (D.82)

Once again, we have a choice to make with the direction of integration w,
which corresponds to a choice of the angle v, we can either choose the unit
vector to be in the radial-magnetic field plane (r, By) or we can let w be normal
to both the radial # and magnetic field By directions. We will be focusing on

integration in the (r, By) plane (section 2.2)). Similar to [subsection D.3.2| we

will fix the @-axis onto the magnetic field By = & and the radial direction #

into the (&, 2) plane. Integrating in the (r, By) plane corresponds to choosing
= 90°, in other words w = 2. We will need to applying a rotation about
the g-axis by the winding angle ¥ to get the integration vector w in the

radially-aligned coordinate system
W' = Q, (V) = sin U siny7# + cos 70 + cos ¥ sin v (D.83)

so, with v = 90°, w’ = sin ¥r + cos \I!qAS We can now move onto solving the
gradient terms. But first, the divergence terms are straightforward to work

out

U‘ o 1 race L
v, (73 4 vA,j) /0 RY (w)dw = 1 (U + Vi) Lplab] =" 22 (0 £ )

(D.84)

U.- o 1 ~ 1 Ay trace L
—Vj (73 F VAJ’) /O Hf(w)dw = —; (U F VAr) Li’w;’wi t: _Tﬂ: (U + VAT)

(D.85)
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The mean flow gradient terms are the following

000
2VU/ R’ dw—QUTr{ 010 LDﬁ;;w;} (D.86)
001

000 sin?¥ 0 sinVcosW

—2LD—Tr{ 010 0 0 0 } (D.87)
0 0 1| |sinPcos¥ 0O  cos’W¥

brace 2LDg cos® ¥ (D.88)

2V,U; /0 h H: (w)dw "= 2Ligc082\lf (D.89)

and the mean magnetic field gradient terms are the following

1 o0
9 V,Bo.; RPsq D.90
= ViBo, / Dy (D.90)
2 00 0 0 2o _r
1% N A
Ar
= 2LDT7"{ Vfllr/vAT 10 + 0 0 VA(]&/VA(? =
0 01 —1 —cotf 0
sin? ¥ 0 sinWcosW
y 0 o o } (D.91)
sinWcos¥ 0 cos® U
race L . 2Ry — 1 i
b 2_D <VA7« (—2 sin? U + cos? \If) + Vo ( 0" sin ¥ cos ¥ — sin W cos \I/)>
r— Iy
(D.92)
L QR 3R ) .
= TD (VAr (3 cos> U — 2) + Varo ( UO) (2—: - 1) sin f sin 2‘11) (D.93)
2 ! VB / h H=d
—V; . —dw

L QR 3R,
— 2_i (VAT (3 cos? U — 2) + Varo ( UO) (2_7“0 — 1) sin 6 sin 2\11) (D.94)
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Therefore, the mixing terms result in

L Lp
/H dw———D(UiVAT)+2U—cos\IJ

I Q
2272 (Vi (300 = 2) 4 Vi () (52 - 1) smosinw ) 0.95)
T

U 2r
= % (U (208 W — 1) & Vi, (6 cos® ¥ — 5) + Vg (Qé%o) (32—}}’ - 1) sinesinzqf) Lp
(D.96)
| =i
= % (U (2005 U —1)F Va, (6008 U —5) F Varo (Q[]]%O) (32—1320 — 1) sin@sinZ\Il) L.
(D.97)

Lastly, the term involving the dot product between the integration direction
w and the large scale Alfvén field V} is zero due to the integration direction

being perpendicular to the magnetic field.

—2Dw -V, =0 (D.98)

D.5 Steady State System of Equations

One may suppose that the energies Z2, D and the correlation lengths L., Lp
do not evolve over time (i.e., steady state) and only evolve over radial distance
(we are ignoring the § and ¢ dependence in Z%, D, L, and Lp). Also, assum-
ing two dimensional isotropic turbulence the following is the coupled system

of six equations describing the radial transport of turbulence

dz: U4V 22 1 N
R S — _ M*D N. S D.99
dr UFVy 1 UFVy, +U VAT jE—i_U:FVAr e )
dD D 11 1
== (MtZ* + M 77 N D.1
- ; 2U( + )+U D+USD (D.100)
= _— — ML N S
dr Uq:VAT T U F Vy, L D+U$VAT i—i_U:FVAr *
(D.101)

dLp Lp 1 L on 1o

- = _ M L M L_ —N — D.102
dr r 2U( ++ )+U D+USD (D-102)
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where the 2 dimensional mixing terms are

1 QR
MQiD = — |Ucos® ¥+ Vy, <3COSQ\I’—2) + Varo 0 1—3—R0 sin 6 sin 20
r U 2r
(D.103)
1 Q
Mo = [U (2cos2W — 1) % Vi, (6cos> W — 5) % Vg (%) (32_1% _ 1) sin 0 sin 2\11}
’ r
(D.104)
and the 3 dimensional mixing terms are
1 /U
Mz, =~ (— ¥ VAT) (D.105)
r \ 3
Var
Mg, = F2-2 (D.106)

r



Appendix E

Other Models

It is useful to compare results from our six-equation models to earlier results.
Here we summarise two such models and solve their equations through our

equation solver to reproduce their results.

E.1 Adhikari Model

Using a structural similarity assumption with the Cauchy-Scharz inequality,
a different six equation model for the evolution of solar wind has been pro-
posed by Zank et al. [64]. Adhikari et al. [I, 4] takes the system of equations
introducted by Zank et al|and makes the following assumptions. The first
is setting a = %7 b = % to attempt to retain two dimensional turbulence,

the second assumption assumes the equivalent of the gradient mixing term is

zero ' = ww (VU + \/iTpVBO) = 0 which produces the following system of
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equations in steady state

UV E v B v 2o es e
Ui—f + U? + —VAT Z+1Z_ (Z2 ddZQ z? dcf )
% (U + Vi) 272 % (U Vi) 2_2 — —apNP 4+ 8P (E.2)
(U F Var) % + (U FVa) 2 5 (UF Var) == Lo _ = —azN; +S; (E3)
dLp v \/LT dL. L dL,
dr L+ dr
+(U + VAT) (U — VAT = NL + SL (E.4)

The nonlinear terms chosen by |Adhikari et al.|is the following

VAV
N* = % (E.5)

+

Z, 7
NP =D (= E.

(%) 0
N =0 (E.7)
NP =0 (E.8)

with the Karman-Taylor parameters chosen as ay = 4 = 2, ap = 1. The
source terms were chosen as

fDnH UVA Lcav/r

S* = QOShU— LT (E.9)
SP = 2CshU§ (E.10)

SE=0 (E.11)

SP =0 (E.12)

with Cy, = 7.35. |Adhikari et al.| defines the proton temperature evolution in

steady state as

ar ~_dT 20T  1m, (Ziz_ N 77y D (Z Z+))

T US (e = 2
P A T O W o SV
(E.13)

where v = 5/3 is the adiabatic index, m,, is the proton mass, kg is the Boltz-
mann constant and « is chosen to be 1 and controls the heat dissipation from

the nonlinear terms.
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Below, we have reproduced the plots from Adhikari et al. [I] plotted with
data provided by Adhikari et al. [I] where the blue plusses is data from 0.29[AT]
to 5 [AU] from the Helios 2 and Ulysses spacecraft, the orange plusses is data
from 1 [AUl to 75 [AUl taken from the Voyager 2 spacecraft. shows
the energy over radial distance to 100 [AUT] where the top left shows the inward
fluctuation energy Z3 in (km/s)? and the top right shows the outward Z2 in
(km/s)?. The bottom left panel shows the normalized energy difference op
and the bottom right panel shows the normalized cross helicity o.. [Figure E.2
shows the correlation lengths in km from 0.29 [AT] to 100 [AUl the top panels
show the inward A, and outward A_ correlation lengths from left to right
respectively whereas the bottom panel shows the correlation length for the
energy difference A\p. [Figure E.4| shows the proton temperature measured in
Kelvin to 100 [AUL [I] switches the initial conditions for Z2 and Z2, we have
plotted the correct choices for Zi and Zi following the data except,
we have set Dy = —200 to prevent D from becoming positive which results

in \p — 00 as A\p = %. The spike seen in Ap, |[Figure 5.3| is due to op

approaching 0, but it does not become 0.

E.2 Breech Model

The Breech et al. [I3] model is a three equation model built from simplifications
of Zhou and Matthaeus [66]. The equations are effectively reduced to three
by using only one correlation length A = A, = A_ and assuming that the
normalized energy difference is constant op ~ 1/3 giving D ~ opZ?. The

Breech et al. model is written as

dz? 72 7
U~ +Z 4+ Mop™— =N+3 (E.14)
dr r r
d C C
U™~ MopZ = N + S, (E.15)
dr r
dA
U-" =Ny + Sy (E.16)

dr
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Figure E.1: Reproduced plot from Adhikari et al. [I] showing the backward

and forward propagating energies, the normalized energy difference and the

normalized cross helicity. The green line

is the |Adhikari et al.| model plotted

with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange) spacecraft
indicated by the plus markers. The red line is the optimized parameters.
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Figure E.2: Reproduced plot from Adhikari et al. [I] showing the correlation
length of the backward and forward correlation lengths and the correlation
length for the energy difference. The green line is the |[Adhikari et al. model
plotted with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange)
spacecraft indicated by the plus markers. The red line is the optimized pa-

rameters.
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Figure E.3: Reproduced plot from Adhikari et al. [I] showing the correlation

integrals of the backward and forward correlation lengths and the correlation

length for the energy difference. The green line is the |[Adhikari et al. model
plotted with data from the Helios 2/Ulysses (blue) and Voyager 2 (orange)
spacecraft indicated by the plus markers. The red line is the optimized pa-

rameters.



Tp [K]

105_

104

158

+ Voyager 2
—— Adhikari
—— Adhikari Optimized

10° 10!

Figure E.4: Reproduced plot from Adhikari et al. [I] showing the proton tem-
perature. The green line is the |[Adhikari et al. model plotted with data from

the Voyager 2 (orange) spacecraft indicated by the plus markers. The red line
is the optimized parameters.
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. Z2+22 7272
with 22 = —=— and 0. = Z; o M is the mixing term and is also assumed

to be constant. The nonlinear terms were chosen as

N = ozf’*ZT3 (E.17)

NC = Ozflg (E18)
A

Ny =BftZ (E.19)

where

V1—o,
2

FE(oe) = (VIt+oc£vi-oa) (E-20)

and ' = o.fT — f~. The source terms used were

UZ? .
S =Cy——— +UEp; (E.21)
UUc . O,
=— —UFEp;— E.22
Sc sh r U PIZ2 ( )
Borm A

where Ep; is the rate at which the energy is added proportional to the rate of

creation of new protons, the pickup ion driving

fDVAnH 7Lcav/'r'

Ep; = (E.24)

nS'LUTZOTL
The temperature equation introduced by Breech et al. is an adiabatic cooling
temperature equation modified with an increase proportional to the nonlinear

decay of the energy

dT 4T 1 my o +
- E.25
dr 3r 3 kg U f ( )

where m,, is the proton mass, kp is the Boltzmann constant.

We have plotted the above equations using the initial conditions from
ble E.1|as well as a = 0.4, 5 = 0.2,Cy, = 1,0p = —1/3, M = 1/2.
plots the forward Z? and backward Z3 fluctuation energy along with the
constant normalized energy difference op and the normalized cross helicity.
shows the single correlation length plotted against radial distance

to 100 AU and shows the proton temperature.
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Initial Values

Z

gc,0

6757.5 [(km/s)?]
—0.894
0.0011045 [AU]
3.5 x 10° [K]
0.29 [AU]

Table E.1: Solar wind initial conditions at 0.29 AU based off Helios 2 data

101

10° 10°
10%{ 10%4
% 103 % 103
S S
= X
ot 1021 w1 107
N N
101; 1014
10° \ . 10°
10° 10!
1.00 1.00
0.751 0.75 1
0.501 0.50 1
0.251 0.25 |
§ 0.00] N +F & 0.00,
5 Y
+ 4 + Ho T4 B
—0.251 + T e T FRHE —0.251
+ ++ + ++E i= e ,,7;7 I-_ e =
~0.50 P s - ~0.50
" g R
+ H$#§§i¢ﬁ£i¢E P et
—0.751 I T+ —0.751
+ + il
+ 45
—-1.00 ‘ . —1.00
10° 10!

10°

10!

Figure E.5: Energies of the Breech et al. [I3] model (green) plotted against
radial distance from 0.29 to 100 AU along with data from the Helios 2/Ulysses
(blue) and Voyager 2 (orange) spacecraft indicated by the plus markers.
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Figure E.6: Correlation length of the Breech et al. [13] model (green) plotted
against radial distance from 0.29 to 100 AU along with data from the He-

lios 2/Ulysses (blue) and Voyager 2 (orange) spacecraft indicated by the plus
markers.
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Figure E.7: Temperature of the Breech et al. [13] model (green) plotted against
radial distance from 0.29 to 100 AU along with data from the Helios 2/Ulysses

(blue) and Voyager 2 (orange) spacecraft indicated by the plus markers.
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