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Abstract
A DR-semigroup S (also known as a reduced E-semiabundant or reduced E-Fountain
semigroup) is here viewed as a semigroup equipped with two unary operations D, R
satisfying finitely many equational laws. Examples include DRC-semigroups (hence
Ehresmann semigroups), which also satisfy the congruence conditions. The ample
conditions on DR-semigroups are studied here and are defined by the laws

xD(y) = D(xD(y))x and R(y)x = x R(R(y)x).

Two natural partial orders may be defined on a DR-semigroup and we show that
the ample conditions hold if and only if the two orders are equal and the projections
(elements of the formD(x)) commutewith one-another.Restriction semigroups satisfy
the ample conditions, but we give non-restriction examples using closure operators on
sets, strongly order-preserving functions on a quasiordered set, and certain subsets of
partial categories. Following the work of Stein, we show how to construct a certain
partial algebra C(S) from any DR-semigroup, which is a category if S satisfies the
congruence conditions, but is “almost" a category if the ample conditions hold.We then
characterise the ample conditions in terms of the equality of two natural partial orders,
and in terms of a converse of the condition on S ensuring that C(S) is a category.
Our main result is an ESN-style theorem for DR-semigroups satisfying the ample
conditions, based on the C(S) construction. We also obtain an embedding theorem,
generalizing a result for restriction semigroups due to Lawson.
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630 T. Stokes

1 Preliminaries

1.1 Partial algebras

First, some terminology for partial operations. Let S be a set with partial binary
operation ◦. We here say that (S, ◦) is a partial semigroup if x ◦ (y ◦ z) is defined if
and only if (x ◦ y) ◦ z is, and then they are equal; equivalently (as is well-known), it
is a semigroup with zero, made into a partial algebra by removing 0 and retaining all
nonzero products. In a partial semigroup, we may unambiguously write a ◦ b ◦ c (if it
exists). A number of other definitions of partial semigroups exist in the literature, but
the one used here is perhaps the most commonly used one.

Here we define a (small) partial category (C, ◦, D, R) as follows: it is a set C
equipped with a partial binary operation ◦ and two unary operations of “domain" D
and “range" R such that

(PC1) for all x ∈ C , D(x) ◦ x and x ◦ R(x) both exist and equal x ,
(PC2) for all x, y ∈ C , if x ◦ y exists then R(x) = D(y),
(PC3) (C, ◦) is a partial semigroup.

It is a category if it satisfies the following strengthening of Law (PC2) above:

• for all x, y ∈ C , x ◦ y exists if and only if R(x) = D(y).

It follows easily that in the partial category C ,

• for all x ∈ C , R(D(x)) = D(x), D(R(x)) = R(x), and
• for all x, y ∈ C , if x ◦ y exists then D(x ◦ y) = D(x), R(x ◦ y) = R(y).

This is because, for all x ∈ C , D(x) ◦ x exists and so R(D(x)) = D(x), and so if
x ◦ y exists then so does D(x ◦ y) ◦ (x ◦ y) whence so must D(x ◦ y) ◦ x , and so
D(x ◦ y) = R(D(x ◦ y)) = D(x); dually, D(R(x)) = R(x) and R(x ◦ y) = R(y).

Such an “object-free" formulation of the concept of a category is frequently used
in algebra; see for example [2] and [5]. The more general partial category notion is
due to Stein, who was led to define the notion of a category with partial composition
in [8]. Those are the “with objects" form of the partial categories just defined.

We shall see that partial categories arise naturally from DR-ample semigroups, but
can also be used to construct them. Examples are also easily obtained as subsets of
small categories.

Example 1 Suppose (C, ◦, D, R) is a small category, with P ⊆ C . We borrow termi-
nology from ring theory and say that P is saturated if for all a, b ∈ C for which a ◦ b
exists, a ◦ b ∈ P implies that both a, b ∈ P . Then for saturated P , we define, for all
s, t ∈ P , s · t = s ◦ t providing s ◦ t ∈ P , and undefined otherwise.

Proposition 1.1 If C is a small category and P ⊆ C is saturated, then (P, ·, D, R) is
a partial category.

Proof First note that if s ∈ P then because D(s)◦s = s, also D(s) ∈ P , and similarly,
R(s) ∈ P . So D(s) · s = s = s · R(s). Of course, if x, y ∈ P and x · y exists in P , then
so does x ◦ y in C , and so R(x) = D(y). Finally, if x, y, z ∈ P and (x · y) · z exists in
P , then x ◦(y ◦ z) = (x ◦ y)◦ z exists inC and lies in P , so y ◦ z ∈ P , and so y · z exists
in P , and similarly for x · (y · z) which equals x ◦ (y ◦ z) = (x ◦ y) ◦ z = (x · y) · z. ��
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On DR-semigroups satisfying… 631

A rich family of examples arising in this way arises by letting C be the small
posetal category C obtained from the preordered set (X ,≤). In the current object-free
formulation, we can take C = {(x, y) ∈ X × X | x ≤ y}, with (x, y)◦ (u, v) = (x, v)

if and only if y = u and otherwise it is undefined, with D((x, y)) = (x, x) and
R((x, y)) = (y, y). Then it is easily checked that P ⊆ C is saturated if and only if,
whenever (x, z) ∈ P with x ≤ y ≤ z, it must be that (x, y), (y, z) ∈ P . For example,
let X be the totally ordered set of integers and define C = {(x, y) ∈ X × X | x ≤ y}
as above. If we let Pn = {(x, y) ∈ C | y − x < n} for some positive integer n, Pn is
evidently saturated, and so defining (x, y) · (y, z) = (x, z) but only if z − x < n and
otherwise undefinedmakes (Pn, ·, D, R) into a partial categorywhich is evidently not a
category. For example, (2, 4), (4, 6) ∈ P3 and (2, 4)◦(4, 6) = (2, 6) inC but the result
is not in P3, so (2, 4)·(4, 6)does not exist, even though R((2, 4)) = (4, 4) = D((4, 6)).

Another kind of example comes from within the path category (free category) C of
a directed graph, if we let Cn consist of all paths of length at most n > 0; clearly Cn

is saturated within C , but Cn is not a subcategory of C .

1.2 DR-semigroups

The term “DR-semigroup" was introduced in [10], but the concept was first defined
in [5], in the form of so-called reduced E-semiabundant semigroups. These are semi-
groups with distinguished subset of idempotents E such that the induced generalized
Green’s relations R̃E and L̃E are such that each R̃E -class and each L̃E -class contains
a member of E ; it is further assumed that for all e, f ∈ E , e = e f ⇔ e = f e, and
this is sufficient (but not necessary) to ensure that the member of E in each R̃E -class
and each L̃E -class is unique. This gives rise to two unary operations as follows: for
all s ∈ S, D(s) is the unique e ∈ E for which (s, e) ∈ R̃E , and similarly for R(s) in
terms of L̃E . One can then equationally characterise the resulting biunary semigroups
as those satisfying the following laws:

(DR1) D(x)x = x ,
(DR2) x R(x) = x ,
(DR3) R(D(x)) = D(x), D(R(x)) = R(x),
(DR4) D(x)D(xy) = D(xy)D(x) = D(xy),
(DR5) R(y)R(xy) = R(xy)R(y) = R(xy).

These are the DR-semigroups of [10]. They also appear in the guise of “reduced
E-Fountain semigroups" in [8] (as well as in earlier papers in the series in which the
congruence conditions were also assumed).We call the subset D(S) = {D(s) | s ∈ S}
of the DR-semigroup S the set of projections of S. Because of the left-right symmetry
in their definition, we may dualise established facts to obtain new ones (by reversing
product orders and interchanging D and R), and often do so in what follows.

The laws
D(xy) = D(xD(y)) and R(xy) = R(R(x)y)

are referred to as the congruence conditions and define the subclass of DR-semigroups
called DRC-semigroups. The congruence conditions ensure that the DR-semigroup S
can bemade into a category (S, ◦, D, R) if we define a◦b = ab but onlywhen R(a) =
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632 T. Stokes

D(b). However, they are not necessary for this: as discussed in [11], a necessary and
sufficient condition is that the following condition (equivalent to two quasiequations)
holds:

R(x) = D(y) ⇒ D(xy) = D(x) & R(xy) = R(y).

We call this the cat-semigroup condition.
We summarise some familiar key properties of DR-semigroups in the following

result.

Lemma 1.2 Let S be a DR-semigroup with ≤ the natural order on D(S) (given by
e ≤ f if and only if e = e f = f e).

1. For x ∈ S, D(x) is the smallest e ∈ D(S) under ≤ such that ex = x, and dually
for R(x).

2. For x, y ∈ S, D(xy) ≤ D(xD(y)) ≤ D(x), R(xy) ≤ R(R(x)y) ≤ R(y).

Indeed, an alternative formulation of DR-semigroups, given in [10], involves the
first property above: they are precisely those semigroups having distinguished subset
of idempotents E such that there is a smallest e ∈ E under the natural order such that
es = s, namely D(s), and dually for R(s) (and then E = D(S) = R(S)).

A further useful pair of laws is the following.

Lemma 1.3 Let S be a DR-semigroup. Then for all x, y ∈ S, D(xy) = D(D(xy)x)
and R(xy) = R(yR(xy)).

Proof Now D(xy) = D(D(xy)xy) ≤ D(D(xy)x) ≤ D(xy) from Lemma 1.2, so all
are equal and so D(xy) = D(D(xy)x). Dualise for the other claim. ��

Let S be a DR-semigroup. If e f = f e for all e, f ∈ D(S), then we say that D(S)

commutes, and D(S) is easily seen to be a semilattice in this case. (If D(S) commutes
and e, f ∈ D(S), then D(e f ) = D(e f )D(e) = D(e f )e = D( f e)e = D( f e) f e =
f e = e f , so e f = f e ∈ D(S).)
If D(S) commutes and S is a DRC-semigroup, then S is said to be an Ehresmann

semigroup; these were first defined in [5]. Every inverse semigroup is an Ehresmann
semigroup if we define D(x) = xx ′ and R(x) = x ′x for all x ∈ S (where x ′ is the
unique inverse of x).

There are two well-known partial orders on any DR-semigroup S, both of which
extend the natural order on D(S), defined as follows:

s ≤r t ⇔ D(s) ≤ D(t) & s = D(s)t,

s ≤l t ⇔ R(s) ≤ R(t) & s = t R(s).

Equivalently, s ≤r t if and only if s = et for some e ∈ D(S), e ≤ D(t) (under
the natural order on D(S)), and dually s ≤l t if and only if s = t f for some f ∈
D(S), f ≤ R(t). These relations were defined in [5], where they were shown to be
partial orders, and they have played a key role in developing ESN-style theorems for
Ehresmann and, more generally, DRC-semigroups.
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On DR-semigroups satisfying… 633

LetC be a partial category such that D(C) is partially ordered, and let P(C) consist
of all subsets of C . (Evidently, C could be a category, or the partial order on D(C)

could be equality.) Because C is a partial semigroup, P(C) can obviously be made
into a semigroup by defining, for all A, B ∈ P(C),

AB = {a ◦ b | a ∈ A, b ∈ B}.

Also define D(A) = {e ∈ D(C) | e ≤ D(a), a ∈ A} for all A ∈ P(C), and dually
for R(A).

It is shown in Example 1 in [6] that if C is a small category and the partial order
on D(C) is taken to be equality, then (P(C), ·, D, R) is an Ehresmann semigroup,
generalizing the fact that the set of binary relations on a set gives an Ehresmann
semigroup under relational composition, domain and range. More generally, we have
the following.

Proposition 1.4 If C is a partial category in which D(C) is partially ordered, then
S = (P(C), ·, D, R) is a DR-semigroup in which products in D(S) are intersections;
hence, D(S) commutes.

Proof Certainly (P(C), ·) is a semigroup.
Next, for A ∈ P(C), if a ∈ A then a = D(a) ◦ a ∈ D(A)A, so A ⊆ D(A)A.

Conversely, if e ◦ a ∈ D(A)A (so e ∈ D(A), a ∈ A), then e = R(e) = D(a) and
so e ◦ a = D(a) ◦ a = a ∈ A, and so in fact A = D(A)A. Dually, A = AR(A).
Evidently D(R(A)) = R(A), R(D(A)) = D(A) for all A ∈ P(C).

Pick A, B ∈ P(C). If e ◦ f ∈ D(A)D(B) (where e ∈ D(A), f ∈ D(B)), then
e = f , and so e ◦ f = e = f ∈ D(A) ∩ D(B). Conversely, if e ∈ D(A) ∩ D(B)

then e = e ◦ e ∈ D(A)D(B). So D(A) ∩ D(B) = D(A)D(B), which thus equals
D(B)D(A) also. Hence D(A) ⊆ D(B) ⇔ D(A) = D(A)D(B) = D(B)D(A).

Thus, for e ∈ D(AB), e ≤ D(a ◦b) = D(a) for some a ∈ A, b ∈ B, so e ∈ D(A),
and so D(AB) ⊆ D(A), so D(AB)D(A) = D(A)D(AB) = D(AB). Dually for R.

��
Of course, the partial order on D(C) can be taken to be equality. In that case, D, R

are defined exactly as for the category case given in Example 3 in [6].

2 Introducing the ample conditions for DR-semigroups

Throughout this section, S is a fixed DR-semigroup.
Following the work of Fountain and others, including Stein in [7], we say that S

satisfies the ample conditions if it obeys the following two laws: for all x ∈ S and
e ∈ D(S),

• xe = D(xe)x (left ample condition), and
• ex = x R(ex) (right ample condition).

A (left) restriction semigroup is nothing but an Ehresmann semigroup satisfying the
(left) ample condition(s). (We do not use the terminology “DR-ample semigroup", or
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634 T. Stokes

“ample DR-semigroup", since ample semigroups satisfy the congruence conditions
when viewed as biunary semigroups.)

We recall Stein’s generalized ample conditions as used in his sequence of papers
[7], [9] and [8]; these are the laws

• D(R(D(xy)x)y) = R(D(xy)x) (generalized left ample condition), and
• R(xD(yR(xy))) = D(yR(xy)) (generalized right ample condition).

The first and third parts of the next result were proved within DRC-semigroups in
[7] (see Lemmas 3.8 and 3.9 as well as Proposition 3.14 and its dual).

Proposition 2.1 Suppose S satisfies the ample conditions.

1. S satisfies the generalized ample conditions.
2. The partial orders ≤r and ≤l coincide; we call this partial order the standard

order on S, and denote it by “≤" (as it coincides with the natural order on D(S)).
3. D(S) commutes.
4. Multiplication in S is monotonic: s1 ≤ t1 & s2 ≤ t2 ⇒ s1s2 ≤ t1t2.

Proof Now for all x, y ∈ S, R(xy) = R((xD(y))y) ≤ R(R(xD(y))y) by (2) in
Lemma 1.2, so R(xy) = R(R(xD(y))y)R(xy). Hence,

R(xD(y))yR(xy) = yR(R(xD(y))y)R(xy) = yR(xy).

As this is true for all x, y, we may replace y by yR(xy) and obtain

R(xD(yR(xy)))yR(xy)R(xy) = yR(xy)R(xy),

or R(xD(yR(xy)))yR(xy) = yR(xy), and so by (2) in Lemma 1.2 and Law (DR3)
for DR-semigroups,

D(yR(xy)) ≤ R(xD(yR(xy))) ≤ R(D(yR(xy))) = D(yR(xy)),

and so D(yR(xy)) = R(xD(yR(xy))), which is the generalized right ample condi-
tion. Dualize to obtain the other one.

If x ≤r y for some x, y ∈ S, then x = D(x)y and D(x) ≤ D(y), so x =
yR(D(x)y), and R(D(x)y) ≤ R(y) by (2) in Lemma 1.2, so x ≤l y. The converse
follows dually.

Next, for e, f ∈ D(S), by (DR4) and the ample conditions, D(e f ) = D(e f )D(e) =
D(e f )e = eD( f ) = e f , and so e f = e f e. Dually, using R we obtain f e = e f e, and
so e f = f e.

Monotonicity follows from Proposition 3.16 in [5], which states that if D(S) com-
mutes and x ≤r y then xz ≤r yz, and dually for ≤l , so if the partial orders are equal
then both hold. ��

In fact two of the above properties together characterise the ample conditions.

Proposition 2.2 The ample conditions hold on S if and only if ≤r ,≤l coincide and
D(S) commutes.
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On DR-semigroups satisfying… 635

Proof The forward direction is covered by Proposition 2.1. Conversely, suppose ≤r

and≤l coincide and D(S) commutes. Then by Propostion 3.13 in [5], for all e ∈ D(S)

and s ∈ S, se ≤l s, and so se ≤r s, so se = D(se)s. The other ample condition follows
dually. ��

Following [6], we say s ∈ S is bideterministic if for all e ∈ D(S), se = D(se)s
and es = sR(es). Denote by B(S) the bideterministic elements of S. Every element
of S is bideterministic if and only if S satisfies the ample conditions. More generally,
we have the following.

Proposition 2.3 The subset B(S) is a subsemigroup of S.

Proof Suppose a, b ∈ B(S), with e ∈ D(S). Then abe = aD(be)b = D(aD(be))ab,
so abe = D(abe)abe = D(abe)D(aD(be))ab = D(abe)ab by (2) in Lemma 1.2.
Dualising gives eab = abR(eab). Hence ab ∈ B(S). ��

Obviously, if B(S) is closed under D, R, it is a DR-subsemigroup satisfying the
ample conditions. One time this happens is when D(S) ⊆ B(S).

Proposition 2.4 The set of projections D(S) commutes if and only if D(S) ⊆ B(S),
in which case B(S) is a DR-subsemigroup of S which satisfies the ample conditions.

Proof Suppose D(S) ⊆ B(S). The argument that D(S) commutes is very similar to
the proof given in the third part of Proposition 2.1.

Conversely, suppose D(S) commutes. Then S is a left C-semigroup in the sense of
[3] and so D(S) forms a semilattice by Proposition 1.2 there, so for all e, f ∈ D(S),
D(e f ) = e f and so e f = e f e = D(e f )e, and dually, e f = f R(e f ), so e ∈ B(S). ��

Small examples show that B(S) being closed under D and R is not equivalent to
D(S) commuting.

3 Examples of DR-semigroups satisfying the ample conditions

Aside from restriction semigroups (hence, inverse semigroups), there are other quite
natural examples of DR-semigroups satisfying the ample conditions. We consider two
such classes here.

3.1 Example: closure operators on sets

Let X be a non-empty set equipped with a closure operator C on its subsets. When
equipped with intersection ∩, the power set 2X of X is a semigroup, which is a DR-
semigroup in which D(T ) = R(T ) = C(T ) for all T ⊆ X . Moreover, it trivially
satisfies the ample conditions, since (2X ,∩) is a semilattice, but generally does not
satisfy the congruence conditions.
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636 T. Stokes

3.2 Example: strongly order-preserving partial functions on a quasiordered set

Throughout this subsection, suppose (X ,≤) is a quasiordered set.
For any T ⊆ X , we define its closure C(T ) to be the down-set generated by T , that

is, the set {y ∈ X | y ≤ x for some x ∈ T }. It is well-known that C is an additive
closure operator.

We say a partial function f on X is strongly order-preserving if, for all x, y ∈
dom( f ), x ≤ y ⇔ f (x) ≤ f (y). Define PSO(X) to be the subset of all strongly
order-preserving partial functions on X .

It is easy to see that every f ∈ PSO(X) is injective if the quasiorder ≤ is a partial
order. In general, PSO(X) is closed under composition and so forms a semigroup
(PSO(X), ·) under that operation.

Define domain and range operations on PSO(X) as follows: for f ∈ PSO(X),
D( f ) is the restriction of the identity map to C(dom( f )), the down-set generated
by dom( f ). Define R( f ) dually using im( f ). It follows from Lemma 12.1 in [4]
that (PSO(X), ·, D, R) is a DR-semigroup in which D(PSO(X)) commutes, which
moreover is translucent in the sense of that reference, meaning that se = D(se)s for
all s ∈ PSO(X) and e ∈ D(PSO(X)); this is nothing but the left ample condition. In
fact we have the following.

Proposition 3.1 If (X ,≤) is a quasiordered set, then PSO(X) satisfies the ample con-
ditions.

Proof It remains to check that for all s ∈ PSO(X) and e ∈ D(PSO(X)), we have
es = sR(es). Recall the inclusion order on partial functions: f ⊆ g if and only if
(x, y) ∈ f ⇒ (x, y) ∈ g.

Now, es = esR(es) ⊆ sR(es) since esR(es) is a domain restriction of sR(es).
Conversely, if (x, xs) ∈ sR(es), then (xs, xs) ∈ R(es), and so xs ≤ y for some
y ∈ im(es), so y = x1s where x1 ∈ dom(es) = dom(e) ∩ dom(s), so xs ≤ x1s
and so x ≤ x1 since s ∈ PSO(X), and so x ∈ dom(e) because it is a down-set,
so x ∈ dom(e) ∩ dom(s) = dom(es). Hence dom(sR(es)) ⊆ dom(es), and so
sR(es) ⊆ es since both are partial functions contained in s. Hence, sR(es) = es. ��

Such examples need not satisfy the congruence conditions since they contain a copy
of the power set example given earlier: the power set of X arises as the restrictions of
the identity to subsets of X and then D, R agree with C as defined above on this copy
of the power set of X .

3.3 Examples obtained from partial categories, including injective partial
functions

If C is a partial category in which D(C) is partially ordered, then by Proposition
2.4, the set of bideterministic elements of P(C), B(C) = B(P(C)), forms a DR-
subsemigroup satisfying the ample conditions and containing D(P(C)) (the down-sets
in D(C)). There is interest in exactly what the bideterministic elements are in this case.

Proposition 3.2 Let C be a partial category in which D(C) is partially ordered. Then
A ∈ B(C) if and only if, for all a, b ∈ A, D(a) ≤ D(b) if and only if R(a) ≤ R(b).
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On DR-semigroups satisfying… 637

Proof Suppose A ∈ B(C). Pick a, b ∈ A. Suppose D(a) ≤ D(b). Now let E =
{e ∈ D(C) | e ≤ R(b)}. Then E = D(E), and so because A ∈ B(C), AE =
D(AE)A. Hence, as b = b ◦ R(b) ∈ AE , we have b ∈ D(AE)A, so b = e ◦ c
for some e ∈ D(AE), c ∈ A, meaning that e = D(c), so b = D(c) ◦ c = c, and
so e = D(c) = D(b). Since D(a) ≤ D(b), we have D(a) ∈ D(AE) and therefore
a = D(a) ◦ a ∈ D(AE)A = AE . Hence, a = a′ ◦ f for some a′ ∈ A and f ∈ E ,
and so a = a′, f = R(a) ∈ E and so by definition of E , R(a) ≤ R(b). Dualising
gives the converse.

Now suppose A is such that, for all a, b ∈ A, D(a) ≤ D(b) if and only if R(a) ≤
R(b). Now for all E ∈ D(P(C)), AE = D(AE)AE ⊆ D(AE)A; we show the
opposite inclusion. Suppose x ∈ D(AE)A. Then x = e ◦ a for some a ∈ A and
D(a) = e ≤ D(a′ ◦ f ) = D(a′) for some a′ ∈ A and R(a′) = f ∈ E . But
since D(a) ≤ D(a′), we have R(a) ≤ R(a′), so R(a) ∈ E as E is a down-set.
Hence, x = e ◦ a = a = a ◦ R(a) ∈ AE . So AE = D(AE)A. Dualising gives
E A = A · R(E A). ��

Boolean Ehresmann monoids are defined in [6]. Examples include P(C) where
C is a category. The author defined the notion of a partial isometry in a Boolean
Ehresmann monoid, and it was shown that A ∈ P(C) is a partial isometry if and
only if, for a, b ∈ A, if D(a) = D(b) then a = b, and dually in terms of R. In [6],
it was shown that P I (C), the set of all partial isometries in P(C), is an Ehresmann
subsemigroup of P(C) which is in fact restriction, and moreover every restriction
semigroup S embeds in P I (C) for some category C (C can be chosen to be the
derived ordered category of S).

Following [6], for a partial category C in which D(C) is partially ordered, we say
A ∈ P(C) is a partial isometry if A ∈ B(C), and for all a, b ∈ A, if D(a) = D(b) (or
equivalently, R(a) = R(b)), we have a = b. If C is a category and the partial order
on D(C) is equality, this agrees with Lawson’s notion. Generally, let P I (C) be the
set of all partial isometries; trivially, P I (C) ⊆ B(C).

Proposition 3.3 If C is a partial category in which D(C) is partially ordered, then
P I (C) is a DR-subsemigroup of B(C) and hence satisfies the ample conditions.

Proof It is obvious that D(C) ⊆ P I (C), so it will be closed under D and R. If
A, B ∈ P I (C), then AB ∈ B(C) as the latter is a subsemigroup; but also, if a1 ◦
b1, a2 ◦ b2 ∈ AB (with a1, a2 ∈ A, b1, b2 ∈ B), and D(a1 ◦ b1) = D(a2 ◦ b2), then
D(a1) = D(a2), so a1 = a2, so D(b1) = R(a1) = R(a2) = D(b2), and so b1 = b2,
so a1 ◦ b1 = a2 ◦ b2. Hence, AB ∈ P I (C). ��

Again, the partial order on D(C) can be taken to be equality. The greater generality
used here is to enable a representation theorem for DR-semigroups satisfying the
ample conditions in Sect. 5.

An example that is not a restriction semigroup may be obtained by lettingC consist
of the posetal category obtained from the integers described after Example 1, so that
C = {(x, y) | x, y ∈ Z, x ≤ y}, with D((x, y)) = (x, x), R((x, y)) = (y, y) and
(x, y) ◦ (u, v) = (x, v) exists if and only if y = u. Then as noted there, defining
Pn = {(x, y) | y − x < n} for some positive integer n, setting (x, y) · (y, z) to be
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undefined if z − x ≥ n and otherwise to equal (x, z) makes S = (S, ·, D, R) into a
partial category. Equip D(Pn) = D(C) with the partial order of equality. Then the
elements of P I (S) may be identified with the injective partial functions f defined on
Z for which 0 ≤ x f − x < n for all x ∈ dom( f ), with f g considered undefined at
x if x f g − x ≥ n. For example, for f = {(1, 3), (3, 7)}, g = {(3, 5), (7, 9)} ∈ S5,
we have f g = {(1, 5)}, so D( f g) = {(1, 1)}, whereas D( f D(g)) = D( f R( f )) =
D( f ) = {(1, 1), (3, 3)}, witnessing the failure of the congruence conditions.

Other examples can be obtained from saturated subsets of categories as in Example
1.

4 Partial products and an ESN theorem

4.1 Background on ESN theorems

ESN-style theorems seek to describe certain classes of semigroups in terms of cat-
egories or similar partial structures. These originated with the work of Ehresmann,
Schein and Nambooripad on inverse and regular semigroups. Work has continued on
multiple fronts, but here we are interested in approaches that start with a semigroup
equipped with two unary operations, modelling “domain" and “range" and which can
then be captured via a category or similar partial structure, generally also equipped
with one or more partial order.

The original ESN theorem involved inverse semigroups. This was generalized by
Lawson toEhresmann semigroups in [5], andmore recently toDRC-semigroups in [14]
and [1]. (Previously, several intermediate cases were considered: as examples, see [12]
and [13].) However, so far no ESN-style theorems of this type have been developed for
classes of DR-semigroups not satisfying at least one of the two congruence conditions
(generally, both are required, but see [11] where only one is).

Every inverse semigroup is an Ehresmann semigroup, in which D(x) =
xx ′, R(x) = x ′x for all x (where s′ is the inverse of x); using this, Lawson extended the
ESN theorem for inverse semigroups to Ehresmann semgroups in [5]. On any Ehres-
mann semigroup (S, ·, D, R), he defined the restricted product given by s ◦ t = st
but only when R(s) = D(t); in this way, (S, ◦, D, R) is a category. On its own, the
information in this category is not sufficient to capture the structure of the Ehresmann
semigroup S, but if the partial orders ≤r ,≤l defined above for DR-semigroups are
“remembered" too, then this is sufficient. To see this, first observe that products of the
form es, s f where e, f ∈ D(S) and e ≤ D(s), f ≤ R(s) may be described purely in
terms of the category together with the two partial orders:

• es is the unique t ≤r s for which D(t) = e (the “restriction of s to e"), and
• s f is the unique t ≤l s for which R(t) = f (the “co-restriction of s to f ").

We call (S, ◦, D, R,≤r ,≤l) the derived biordered category obtained from the Ehres-
mann semigroup S. Within it, ≤r ,≤l coincide on D(S) which is a meet-semilattice
under this partial order with meet equal to semigroup product. One then observes that
for all x, y ∈ S,

xy = (xe) ◦ (ey), where e = R(x)D(y),
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meaning that the original semigroup product and hence the full Ehresmann semigroup
structure of S is captured by its derived biordered category (S, ◦, D, R,≤r ,≤l).

Lawson in [5] was able to write down a relatively small number of first-order prop-
erties of the derived biordered category of an Ehresmann semigroup, sufficient to fully
characterise the biordered categories (C, ◦, D, R,≤r ,≤l) that arise in this way from
Ehresmann semigroups. We refer the reader to [5] for the details. The inverse semi-
group case can then be seen as a special case, in which the two partial orders coincide
and the derived singly ordered category is an ordered groupoid. An intermediate case
is restriction semigroups, which are precisely Ehresmann semigroups in which the
two partial orders coincide; this case is covered in [5].

Various authors have attempted to parallel Lawson’s results within other classes of
biunary semigroups. A natural larger class where one might hope this could succeed
is DRC-semigroups, since they satisfy the congruence conditions and so determine
a category: an Ehresmann semigroup is nothing but a DRC-semigroup S in which
D(S) commutes. There is again a derived biordered category of a DRC-semigroup.
However, D(S) is no longer a semilattice or even a subsemigroup, but can be made
into an algebraic structure with two binary operations given by

e × f = D(e f ), e ∗ f = R(e f ), e, f ∈ D(S).

These give D(S) the structure of a projection algebra; see [14] and [1], where ESN-
style theorems are presented. In the former case, a notion of generalized category is
required, in which partial products exist more often than just when R(x) = D(y). In
the latter case, categories are retained, but at the cost of the introduction of a necessary
additional layer of structure: a particular functor from a category defined using the
projection algebra to the derived biordered category must be specified, to allow the
capturing of arbitrary products of projections.

The ESN-style theorems for Ehresmann semigroups and indeed DRC-semigroups
are generalizations of the inverse semigroup case to DR-semigroup settings in which
the congruence conditions hold. In what follows, we generalize the case of inverse
semigroups (and indeed restriction semigroups) in a different way: we retain the ample
conditions but drop the congruence conditions.

4.2 The (cat,trace)-product and partial categories

Throughout this subsection, let S be a fixed DR-semigroup.
It is convenient to define the following predicates on S:

• cat(x, y) ⇔ R(x) = D(y)
• trace(x, y) ⇔ D(xy) = D(x) & R(xy) = R(y).

Define the cat-product on S as before, namely

x ◦ y = xy but only when cat(x, y).

The resulting structure (S, ◦, D, R) is evidently a category if and only if S satisfies the
cat-semigroup condition as in [11], which we may state as “cat(x, y) ⇒ trace(x, y)".
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Thus, in seeking ESN theorems for DR-semigroups that are not DRC-semigroups,
one approach would be to work with those at least satisfying the cat-semigroup con-
dition, since then we get a category from the cat-product; however, it is not clear how
to then obtain ESN-style theorems in general. For example, in the Ehresmann case,
one has that xy = xD(y) ◦ R(x)y, where ◦ is the cat-product, and we have that
xD(y) = x(R(x)D(y)) is a corestriction of x and dually for R(x)y, with R(x)D(y)
the meet of R(x), D(y) in D(S). Onemight imagine that such an approach could work
in DR-semigroups in which D(S) commutes and hence is a subsemilattice. However,
requiring xD(y) ◦ R(x)y to exist for all x, y is shown in [11] to imply the congruence
conditions, and we are back to Ehresmann semigroups!

We note in passing that an approach that drops orderings entirely and concentrates
on a “biaction" of category elements on its identities is used in [2], [6] and [11]. But
such approaches lack the conceptual simplicity of order-based aporoaches since all
products of elements of the category with its identities must be recorded, rather than
just two partial orders. Moreover, the congruence conditions are required in [2] and
[6], and at least one of them in [11].

Another option is to consider other partial products and aim for something suffi-
cently category-like yet which may not yield a category; here, the work of Stein in [8]
is relevant. To find a more general setting for his earlier results relating to a problem in
representation theory, Stein defined a partial product on a DR-semigroup that may not
give rise to a category, but may still yield a partial algebra with enough category-like
features for his purposes. Thus, Stein defined on the DR-semigroup S,

x ◦ y = xy but only when both cat(x, y) and trace(x, y).

We shall call this the (cat,trace)-product in what follows.
Let ◦ be the (cat,trace)-product on S. If x ◦ y exists then R(x) = D(y) (but not

necessarily conversely!), and then also D(x ◦ y) = D(x), and R(x ◦ y) = R(y), and
the laws D(x) ◦ x = x ◦ R(x) = x are easily seen to hold. However, (S, ◦) may not
be a partial semigroup.

In [8], Stein found a suitable sufficient condition on the DR-semigroup S, not
necessarily satisfying the congruence conditions, to ensure that the derived structure
(S, ◦, D, R) is a partial category, or equivalently, to ensure that (S, ◦) is a partial
semigroup. His condition, which was that one of his generalized ample conditions
hold (see Lemma 3.8 in [8]), was dictated by representation theory considerations:
when is the semigroup algebra of a DR-semigroup isomorphic to the algebra obtained
from its derived partial algebra under the (cat,trace)-product?

Of course, another way to ensure that (S, ◦, D, R) is a partial category is to assume
that S satisfies the cat-semigroup condition: then, the (cat,trace)-product is simply the
cat-product, and (S, ◦, D, R) is a category. But in general, it is a difficult problem to
simply characterise when the (cat,trace)-product ◦ on S gives a partial semigroup (so
that (S, ◦, D, R) is at least a partial category), since this class includes such diverse
classes as DR-semigroups that satisfy the cat-semigroup conditions, and the DR-
semigroups satisfying either one of Stein’s generalized ample conditions. In neither
of these cases does there seem much opportunity to obtain an ESN-style theorem, at
least not in their full generality.
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Inverse semigroups and indeed restriction semigroups are Ehresmann semigroups,
so of course the cat-semigroup condition cat(x, y) ⇒ trace(x, y) holds. However, the
converse implication holds on these classes also. Thus, if S is a restriction semigroup,
and trace(x, y) holds for some x, y ∈ S, then D(xy) = D(x), R(xy) = R(y), and
so xD(y) = D(xy)x = D(x)x = x , so D(y) ≤ R(x), and similarly, R(x) ≤ D(y),
and so they are equal, so cat(x, y) holds. This shows that S satisfies the implication
trace(x, y) ⇒ cat(x, y).

In fact it is not difficult to equationally characterise those DR-semigroups in which
this implication holds.

Theorem 4.1 The implication trace(x, y) ⇒ cat(x, y) holds on S if and only if S
satisfies the ample conditions.

Proof Suppose trace(x, y) ⇒ cat(x, y) for all x, y ∈ S. Now pick x, y ∈ S and
let a = D(xy)x , b = yR(xy); then ab = xy and so from Lemma 1.3, D(a) =
D(D(xy)x) = D(xy) = D(ab) and dually R(b) = R(yR(xy)) = R(xy) = R(ab),
so trace(a, b), and so R(D(xy)x) = R(a) = D(b) = D(yR(xy)). Hence, for all
e ∈ D(S) and y ∈ S, D(yR(ey)) = R(D(ey)e) = R(D(ey)) = D(ey) upon using
Lemma 1.2, and so

yR(ey) = D(yR(ey))yR(ey) = D(ey)eyR(ey) = ey.

A dual argument establishes the other ample condition.
Conversely, suppose S satisfies the ample conditions, and x, y ∈ S are such that

trace(x, y) holds. Then by Lemma 1.2, D(x) = D(xy) ≤ D(xD(y)) ≤ D(x), and so
D(xD(y)) = D(x). Hence, xD(y) = D(xD(y))x = D(x)x = x , so R(x) ≤ D(y).
A dual argument establishes that D(y) ≤ R(x), and so cat(x, y) holds. ��

In fact, the DR-semigroup S, satisfying the ample conditions, gives rise to a partial
category (S, ◦, D, R) under the (cat,trace)-product because S satisfies the generalized
ample conditions as noted in thefirst part of Proposition 2.1, either ofwhich is sufficient
as noted above.

Corollary 4.2 Suppose S satisfies the ample conditions, with ◦ the (cat,trace)-product
on S. Then (S, ◦) is a partial semigroup, and so (S, ◦, D, R) is a partial category,
which is a category if and only if S satisfies the cat-semigroup condition.

Recall that if S is an Ehresmann semigroup, then we may write, for all x, y ∈ S,

xy = xD(y) ◦ R(x)y,

where ◦ is the cat-product (equivalently, the (cat,trace)-product). Here we have the
following, which follows from the first half of the proof of Theorem 4.1.

Proposition 4.3 Let S satisfy the ample conditions, with ◦ the (cat,trace)-product on
S. Then for all x, y ∈ S, xy = D(xy)x ◦ yR(xy).
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Note that D(xy) ≤ D(x), R(xy) ≤ R(y), and it appears that D(xy)x, yR(xy) can
be interpreted as restrictions and corestrictions of x, y respectively. Thus we appear
well on the way to an ESN-style result. However, some problems exist.

First, there is an issue with defining notions of restriction and corestriction in the
absence of the congruence conditions: even if S is a DR-semigroup satisfying the
ample conditions, and s ∈ S and e ∈ D(S) are such that e ≤ D(s), then D(es) = e
may fail.

Another problem is that D(xy)x contains the term “xy". If the congruence condi-
tions are assumed, then we may write D(xy) = D(x(R(x)D(y))), and then we can
express D(xy) in the language of Ehresmann categories, but it is already known how
to view Ehresmann (hence restriction) semigroups as Ehresmann categories; see [5].

Fortunately, we do have the following, eliminating the need to consider restrictions
and corestrictions entirely. First, recall the definition of the standard order on the DR-
semigroup S satisfying the ample conditions, as in the second part of Proposition
2.1.

Proposition 4.4 Suppose S satisfies the ample conditions. Then for all x, y ∈ S,
D(xy)x is the largest x1 ∈ S and yR(xy) is the largest y1 ∈ S (both under ≤) for
which x1 ≤ x and y1 ≤ y and for which x1 ◦ y1 exists under the (cat,trace)-product.

Proof First, note that D(xy)x ◦ yR(xy) exists, and D(xy)x ≤ x, yR(xy) ≤ y.
Conversely, if x1 ≤ x, y1 ≤ y and x1 ◦ y1 exists, we have xy1 = xD(y1)y1 =

x R(x1)y1 = x1y1, and so

D(x1) = D(x1 ◦ y1) = D(x1y1) = D(xy1) = D(xyR(y1)) ≤ D(xy),

by Lemma 1.2, and so x1 = D(x1)x = D(x1)D(xy)x with D(x1) ≤ D(xy) =
D(D(xy)xy) ≤ D(D(xy)x), and so x1 ≤ D(xy)x . Dually, y1 ≤ yR(xy). ��

It is therefore possible to capture the entire structure of the DR-semigroup S satisfy-
ing the ample conditions, using the partially ordered partial category (S, ◦, D, R,≤).
It remains to characterise the latter.

4.3 Ample partial categories

We say the structure (C, ◦, D, R,≤) is an ample partial category if

(APC1) (C, ◦, D, R) is a partial category;
(APC2) (C,≤) is a partially ordered set;
(APC3) ◦ is monotonic in ≤: if s1 ≤ s2, t1 ≤ t2 then s1 ◦ t1 ≤ s2 ◦ t2 if both products

exist;
(APC4) D, R are monotonic in ≤: x ≤ y implies D(x) ≤ D(y) and R(x) ≤ R(y);
(APC5) for all x, y ∈ C there are largest x ′ ≤ x, y′ ≤ y such that x ′ ◦ y′ exists;
(APC6) if x ≤ y and D(x) = D(y) then x = y;
(APC7) if x ≤ y and R(x) = R(y) then x = y;
(APC8) if x◦y exists andw ≤ x◦y then there are (necessarily unique) x ′ ≤ x, y′ ≤ y

such that w = x ′ ◦ y′.
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Several of these laws are used or at least mentioned in [5] or [1], especially the
monotonicity laws. Thus in the category case, the first four laws above state that
(C, ◦, D, R,≤) is �-structured in the sense of [5]. Laws (APC6) and (APC7) are
strengthenings of (OC4) in [5], and Law (APC8) is (OC7) in [5]. We note that most of
the laws used in [5] had their origin in the work of Ehresmann. One of the laws used
in [5] is that D(C) be a meet-semilattice; this is replaced by (APC5) here.

Lemma 4.5 If (C, ◦, D, R) is an ample partial category, then for all x, y, z ∈ C:

1. if x ≤ e ∈ D(C) then x ∈ D(C);
2. if x ≤ z and y ≤ z and D(x) ≤ D(y) then x ≤ y;
3. if x ≤ z and y ≤ z and R(x) ≤ R(y) then x ≤ y.

Proof Suppose x ≤ e. Then there are largest f ≤ D(x) and e′ ≤ e such that f ◦ e′
exists. But D(x) ◦ x exists with x ≤ e, so f = D(x) = D(e′) and x ≤ e′, so x = e′
by (APC6). Now D(x) = D(e′) ≤ D(e) = e, so because D(x) ◦ D(x) exists, we
must have D(x) ≤ x , and so because D(D(x)) = D(x), we must have D(x) = x
upon applying (APC6); hence x ∈ D(C).

Suppose x ≤ z, y ≤ z and D(x) ≤ D(y). Now there are largest e ≤ D(y), z′ ≤ z
such that e ◦ z′ exists (whence e = D(z′) since e ∈ D(C) by the first part). Since
D(y) ≤ D(y), y ≤ z and D(y) ◦ y exists, it must be that D(y) ≤ e ≤ D(y), so
D(y) = e = D(z′), and y ≤ z′, and so by (APC6), y = z′. Now D(x) ≤ D(y), x ≤ z
and D(x) ◦ x exists, so by maximality of D(y), y such that D(y) ≤ D(y), y ≤ z and
D(y) ◦ y exists, we must have that x ≤ y. Dually for the third property. ��

The first law in the above proposition asserts that D(C) forms an order ideal and
is called (OI) in [5]. Combining this with (APC5), this implies that D(C) is a meet-
semilattice under ≤.

From the second and third parts of Lemma 4.5, we easily obtain the following.

Corollary 4.6 Let C be an ample partial category. Then if x ≤ z, y ≤ z and D(x) =
D(y) or R(x) = R(y), then x = y.

The parenthetical uniqueness claim made in Law (APC8) above now follows, for
if x ′ ◦ y′ = x ′′ ◦ y′′ where x ′, x ′′ ≤ x and y′, y′′ ≤ y, then D(x ′) = D(x ′ ◦ y′) =
D(x ′′ ◦ y′′) = D(x ′′) and so by the previous corollary, x ′ = x ′′, and dually y′ = y′′.

Although less useful in the current setting, we may define notions of restriction
and corestriction in ample partial categories, the first two of which follow courtesy of
(APC6) and (APC7) above, the third from (APC5).

Proposition 4.7 Let C be an ample partial category.

1. For all y ∈ C and e ≤ D(y), there is at most one x ≤ y with D(x) = e, the
restriction of y by e, denoted by e|y;

2. for all y ∈ C and e ≤ R(y), there is at most one x ≤ y with R(x) = e, the
corestriction of y by e, denoted by y|e;

3. for all x, y ∈ C there is a largest e ∈ D(C) such that x |e, e|y and x |e ◦ e|y exist.
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Proof The first two claims are immediate from Corollary 4.6. For the third, picking
x ′, y′ as in (APC5) and letting e = R(x ′) = D(y′), clearly x ′ = x |e, y′ = e|y and so
x |e ◦ e|y exist. If also x | f , f |y and x | f ◦ f |y exist then by maximality of x ′, y′ we
have x | f ≤ x |e, f |y ≤ e|y, so f = R(x | f ) ≤ R(x |e) = e. ��

If C is an ample partial category and x, y ∈ C , we call e in Part 3 of the above the
matching term for x, y.

If C happens to be a category, then because R(x |e) = e = D(e|y) if x |e, e|y exist,
it follows that the matching term is simply the largest e ∈ D(C) such that x |e, e|y
exist. In the special case in which C is Ehresmann, e = R(x) ∧ D(y), but not in
general (even though this meet exists).

Theorem 4.8 If S is a DR-semigroup satisfying the ample conditions, with ≤ its stan-
dard order and ◦ the (cat,trace)-product, then C(S) = (S, ◦, D, R,≤) is an ample
partial category, and D(C(S)) = D(S).

Proof We have already noted that C(S) is a partial category, and that ≤ is a partial
order, so Laws (APC1) and (APC2) hold. Law (APC3) follows from the fourth part
of Proposition 2.1. Laws (APC4), (APC6) and (APC7) come from the definitions of
≤r ,≤l (both equalling ≤), and Law (APC5) comes from Proposition 4.4.

Finally, if x ◦ y exists and w ≤ x ◦ y = xy then w = D(w)xyR(w). Let x ′ =
D(w)x, y′ = yR(w). Then x ′y′ = w. But D(x ′) = D(D(w)x) ≤ D(D(w)) =
D(w) = D(x ′y′) ≤ D(x ′), so D(x ′) = D(x ′y′), and dually, R(y′) = R(x ′y′), so
trace(x ′, y′), and so cat(x ′, y′) by Theorem 4.1, and so w = x ′ ◦ y′ exists where ◦ is
the (cat,trace)-product. So Law (APC8) holds. ��

If S is a DR-semigroup satisfying the ample conditions, with ≤ its standard order
and ◦ the (cat,trace)-product, we callC(S) = (S, ◦, D, R,≤) its derived ample partial
category.

4.4 The ESN-style theorem

We have seen that DR-semigroups satisfying the ample conditions give ample partial
categories defined on the same underlying set. We next show that this process can
be run in the other direction, and that the resulting constuctions are mutually inverse.
We go on to show that, with suitably defined morphisms in each, the categories of
ample partial categories and of DR-semigroups satisfying the ample conditions are
isomorphic.

On the ample partial category C , define the pseudoproduct ⊗ as follows:

x ⊗ y = x ′ ◦ y′, where x ′ ≤ x, y′ ≤ y are largest such that x ′ ◦ y′ exists,

as in (APC5) for ample partial categories. This is a well-defined binary operation on
C . Let S(C) = (C,⊗, D, R).

Theorem 4.9 For any ample partial category C, S(C) is a DR-semigroup satisfying
the ample conditions, and D(S(C)) = D(C).
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Proof We begin with associativity. Consider (s ⊗ t) ⊗ u (where s, t, u ∈ C). Then
this equals (s′ ◦ t ′)′ ◦ u′, where s′, t ′ ∈ C are largest such that s′ ≤ s, t ′ ≤ t and s′ ◦ t ′
exists, and then (s′ ◦ t ′)′ ≤ s′ ◦ t ′ and u′ ≤ u are largest such that (s′ ◦ t ′)′ ◦ u′ exists.
By (APC8), there are s′′ ≤ s′ ≤ s, t ′′ ≤ t ′ ≤ t such that (s′ ◦ t ′)′ = s′′ ◦ t ′′. Evidently,
s′′ ◦ t ′′ ◦ u′ exists (recalling that this is unambiguous).

Now suppose also s1 ◦ t1 ◦ u1 exists, where s1 ≤ s, t1 ≤ t, u1 ≤ u. By definition
of s′, t ′, we have s1 ≤ s′, t1 ≤ t ′, so s1 ◦ t1 ≤ s′ ◦ t ′ by (APC3). Hence, since
(s1 ◦ t1) ◦ u1 exists, we must have that s1 ◦ t1 ≤ (s′ ◦ t ′)′ = s′′ ◦ t ′′ and u1 ≤ u′. So,
D(s1) ≤ D(s′′) ≤ D(s), and so s1 ≤ s′′ by 2 in Lemma 4.5, and dually t1 ≤ t ′′. It
follows that s′′, t ′′, u′ are largest subject to s′′ ≤ s, t ′′ ≤ t, u′ ≤ u and s′′ ◦ t ′′ ◦ u′
existing. By symmetry, s ⊗ (t ⊗ u) must equal the product of these three largest
elements subject to these constraints as well.

That D(s) ◦ s exists and equals s shows that D(s) ⊗ s = D(s) ◦ s = s; dually,
s ⊗ R(s) = s. Of course, R(D(s)) = D(s), D(R(s)) = R(s) for all s. For e, f ∈
D(C), (APC5) gives that e ⊗ f is the meet of e, f under ≤, and so e ≤ f if and
only if f ⊗ e = e ⊗ f = e, and so because D(s ⊗ t) = D(s′ ◦ t ′) = D(s′) for
some s′ ≤ s, t ′ ≤ t , we must have that D(s ⊗ t) ≤ D(s) and dually for R, so
D(s ⊗ t) ⊗ D(s) = D(s) ⊗ D(s ⊗ t) = D(s ⊗ t). Hence, S(C) is a DR-semigroup,
and obviously D(S(C)) = D(C).

It remains to check that S(C) satisfies the ample conditions. But for s ∈ C, e ∈
D(C), s ⊗ e = s′ ◦ e′ for some s′ ≤ s, e′ ≤ e (so e′ ∈ D(C) by 1 in Lemma 4.5), so
s ⊗ e = s′, whereas D(s ⊗ e)⊗ s = D(s′)⊗ s = f ◦ s′′ where f ≤ D(s′), s′′ ≤ s, so
f = D(s′′) ≤ D(s′), so s′′ ≤ s′ by 2 in Lemma 4.5, and so because D(s′) ◦ s′ exists,
maximality ensures that D(s ⊗ e) ⊗ s = D(s′) ◦ s′ = s′ = s ⊗ e. Dually for the other
law. ��

Theorem 4.10 The constructions S �→ C(S),C �→ S(C) are mutually inverse.

Proof If S is a DR-semigroup satisfying the ample conditions, the fact that the pseudo-
product on S(C(S)) coincides with the product on S is a consequence of Propositions
4.3 and 4.4. Of course, D and R are unchanged.

Conversely, suppose (C, ◦, D, R,≤) is an ample partial category.Define s∗t = s⊗t
whenever cat(s, t) and trace(s, t) holds in (S,⊗, D, R); this is the partial category
product in C(S(C)). Now for all s, t ∈ C , s ∗ t exists in C(S(C)) if and only if
R(s) = D(t), D(s ⊗ t) = D(s) and R(s ⊗ t) = R(t). So if s ∗ t exists then writing
s ⊗ t = s′ ◦ t ′ for some s′ ≤ s, t ′ ≤ t in C , we have that D(s′ ◦ t ′) = D(s), so
D(s′) = D(s) and so s′ = s by (APC6) for ample partial categories, and dually
t ′ = t , so s ∗ t = s ⊗ t = s ◦ t . Conversely, if s ◦ t exists then obviously s ⊗ t = s ◦ t ,
so R(s) = D(t), D(s ⊗ t) = D(s) and R(s ⊗ t) = R(t), and so s ∗ t exists. Again,
D and R are unchanged in passing from C to C(S(C)).

Finally, we must check that the partial order ≤′ on C(S(C)), namely the one on
S(C), agreeswith the original one onC ,≤. Pick s, t ∈ C , and note that D(s)⊗t = e◦t ′
for some e ≤ D(s), so e ∈ D(C), and t ′ ≤ t , with D(t ′) = e, so D(s) ⊗ t = t ′ ≤ t .
First, suppose s ≤ t in C . Then D(s) ≤ D(t) and so in D(s) ⊗ t = e ◦ t ′, by
maximality we must have e = D(s) since D(s) ◦ s exists and D(s) ≤ D(s), s ≤ t .
Hence t ′ ≤ t and D(t ′) = e = D(s), so t ′ = s since s ≤ t upon using Corollary 4.6,
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and so D(s) ⊗ t = D(s) ◦ s = s; hence s ≤′ t . Conversely, suppose s ≤′ t ; then
s = D(s) ⊗ t = t ′ ≤ t , so s ≤ t . Hence, ≤ and ≤′ coincide. ��

The class of DR-semigroups is a category with morphisms the semigroup homo-
morphisms respecting D and R; within this is the full subcategory of DR-semigroups
satisfying the ample conditions. The class of (small) ample partial categories can be
made into a category by taking the morphisms to be “functors" respecting at least the
partial order. Here, a “functor" F : C → D between partial categories is a mapping
that preserves the partial products as well as D and R.

However, to obtain a category isomorphism, it is not enough to assume that functors
preserve the partial order. In the case of Ehresmann categories, it was also necessary
to assume that the functors preserve meets of identities. In our case, even this is not
sufficient (although the condition we obtain is equivalent to this in the Ehresmann
case).

Thus if C1,C2 are ample partial categories, we say f : C1 → C2 is an ample
functor if, for all s, t ∈ C1,

• if s ◦ t exists then so does f (s) ◦ f (t), and f (s ◦ t) = f (s) ◦ f (t);
• f (D(s)) = D( f (s)) and f (R(s)) = R( f (s));
• if s ≤ t then f (s) ≤ f (t); and
• if e is the matching term for s, t then f (e) is the matching term for f (s), f (t).

Proposition 4.11 Suppose C1,C2 are ample partial categories, with f : C1 → C2 an
ample functor. Then for s, t ∈ C1:

• if s′, t ′ are the largest s′ ≤ s, t ′ ≤ t for which s′ ◦ t ′ exists, then f (s′), f (t ′) are
the largest u, v ∈ C2 such that u ≤ f (s) and v ≤ f (t) and u ◦ v exists.

Proof Pick s, t ∈ C1; if s′, t ′ are the largest s′ ≤ s, t ′ ≤ t for which s′ ◦ t ′ exists, then
e = R(s′) = D(t ′) is the matching term of s, t , and so g = f (e) is the matching term
for f (s), f (t). Hence, u = f (s)|g, v = g| f (t) are the largest u ≤ f (s), v ≤ f (t)
such that u◦v exists. Next note that f (s|e◦e|t) = f (s|e)◦ f (e|t), with f (s|e) ≤ f (s),
f (e|t) ≤ f (t), and R( f (s|e)) = f (R(s|e)) = f (e) = g, so f (s′) = f (s|e) =
f (s)|g = u, and dually f (t ′) = v. ��
The following is a generalisation of Theorem 5.7 in [5], where restriction semi-

groups were called idempotent-connected semigroups and the relevant class of
categories was called the class of inductive1-categories.

Theorem 4.12 The category of DR-semigroups satisfying the ample conditions is iso-
morphic to the category of ample partial categories.

Proof Suppose S, T are DR-semigroups satisfying the ample conditions and that f :
S → T is a homomorphism respecting D, R. If a, b ∈ S are such that a ◦ b exists in
C(S), then cat(a, b) and trace(a, b) hold, so applying the homomorphism property of
f we obtain cat( f (a), f (b)) and trace( f (a), f (b)) hold, and so f (a) ◦ f (b) exists
and evidently equals f (a) f (b) = f (ab) = f (a ◦ b), again from the homomorphism
property of f . Of course, f respects D and R. Moreover, if a, b ∈ S are such that
a ≤ b then D(a) ≤ D(b), so D(a) = D(a)D(b) and so D( f (a)) = f (D(a)) =
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f (D(a)D(b)) = D( f (a))D( f (b)), so D( f (a)) ≤ D( f (b)), but also a = D(a)b, so
f (a) = D( f (a)) f (b), so f (a) ≤ f (b). So f can be viewed as a functor C(S) →
C(T ) that respects ≤. Furthermore, we know that x ′ = D(xy)x = x R(D(xy)x) and
y′ = yR(xy) = D(yR(xy))y are the largest x ′ ≤ x, y′ ≤ y for which x ′ ◦ y′ exists by
Proposition 4.4, and that thematching term for x, y is e = R(D(xy)x) = D(yR(xy));
similarly, the matching term for f (x), f (y) in C(T ) is

R(D( f (x) f (y)) f (x)) = R(D( f (xy)) f (x)) = R( f (D(xy)x)) = f (R(D(xy)x)) = f (e).

It now follows that we have a functor F from the category ofDR-semigroups satisfying
the ample conditions to the categoryof ample partial categories, inwhich F(S) = C(S)

for any DR-semigroup S, and for the homomorphism f : S → T , F( f ) : C(S) →
C(T ) is defined by setting F( f ) = f as functions.

Conversely, suppose g : C1 → C2 is an ample functor. Of course, D and R are
preserved, and for all s, t ∈ S, s⊗ t = s′ ◦ t ′, where s′ ≤ s, t ′ ≤ t are largest such that
s′ ◦ t ′ exists. Then g(s ⊗ t) = g(s′ ◦ t ′) = g(s′) ◦ g(t ′) = g(s) ⊗ g(t) by the previous
proposition and the definition of ⊗. This shows that we have a functor G from the
category of ample partial categories to the category of DR-semigroups satisfying the
ample conditions in which G(C) = S(C) and for the ample functor g : C1 → C2,
G(g) : S(C1) → S(C2) is defined by setting G(g) = g as functions.

The functors F and G are obviously mutually inverse, completing the proof. ��

5 An embedding theorem

We can now give a representation theorem for DR-semigroups satisfying the ample
conditions, generalizing Theorem 3 in [6].

Theorem 5.1 Let S be a DR-semigroup satisfying the ample conditions. Then there is
a partial category C in which D(C) is partially ordered and an injective morphism
f : S → P I (C).

Proof As usual, denote by ≤ the standard order on S. Let C = C(S) be the derived
ample partial category of S; then in particular D(C) is partially ordered by ≤ and so
P(C) may be constructed. Define f : S → P(C) by setting f (s) = {t ∈ S | t ≤ s},
for all s ∈ S.

We first show that f is a semigroup homomorphism. Suppose a, b, c ∈ S are such
that c ∈ f (ab), so that c ≤ ab. Then c = D(c)ab with D(c) ≤ D(ab) ≤ D(a)

by the second part of Lemma 1.2. Hence, because xy = D(xy)x ◦ yR(xy) using the
(cat,trace)-product, we have

c = (D(c)a)b = D(D(c)ab)D(c)a ◦ bR(D(c)ab) = D(c)a ◦ bR(c) = a′ ◦ b′,

where a′ ≤ a, b′ ≤ b, and so c ∈ f (a) f (b). Hence, f (ab) ⊆ f (a) f (b).
Conversely, suppose c ∈ f (a) f (b), so c = a′ ◦ b′ for some a′ ≤ a, b′ ≤ b.

But a′ ◦ b′ = a′b′ ≤ ab by (4) in Proposition 2.1, and so c ∈ f (ab). Hence,
f (ab) = f (a) f (b).
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Next, we show that f respects D and R. But if e ∈ D( f (a)) then e ≤ D(b) for
some b ≤ a, so e ≤ D(b) ≤ D(a) and so e ∈ f (D(a)). Conversely, if e ∈ f (D(a))

then e ≤ D(a) and so obviously e ∈ D( f (a)). Hence D( f (a)) = f (D(a)). Dually
for R.

Pick s ∈ S. Suppose a, b ∈ f (s), meaning that a ≤ s, b ≤ s, so a = D(a)s,
b = D(b)s, D(a) ≤ D(s) and D(b) ≤ D(s). If D(a) ≤ D(b), then a = D(a)s =
D(a)D(b)s = D(a)b also, so a ≤ b and so R(a) ≤ R(b). Dualise to get the converse.
Moreover, if D(a) = D(b), then a = D(a)s = D(b)s = b. So f embeds S inPI(C)

as a DR-semigroup. ��
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