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In his classic book on group representations and special functions Vilenkin
studied the matrix elements of irreducible representations of the Euclidean and
oscillator Lie algebras with respect to countable bases of eigenfunctions of the
Cartan subalgebras, and he computed the summation identities for Bessel func-
tions and Laguerre polynomials associated with the addition theorems for these
matrix elements. He also studied matrix elements of the pseudo-Euclidean and
pseudo-oscillator algebras with respect to the continuum bases of generalized
eigenfunctions of the Cartan subalgebras of these Lie algebras and this resulted
in realizations of the addition theorems for the matrix elements as integral
transform identities for Bessel functions and for confluent hypergeometric func-
tions. Here we work out ¢ analogs of these results in which the usual exponential
function mapping from the Lie algebra to the Lie group is replaced by the
g-exponential mappings E, and e,. This study of representations of the
Euclidean quantum algebra and the g-oscillator algebra (not a quantum
algebra) leads to summation, integral transform, and g-integral transform
identities for ¢ analogs of the Bessel and confluent hypergeometric functions,
extending the results of Vilenkin for the g=1 case.

. INTRODUCTION

This article is part of a series on the study of function space models of irreducible repre-
sentations of g-algebras.'™ These algebras and models are motivated by recurrence relations
satisfied by g-hypergeometric functions®!! and our treatment is an alternative to the theory of
quantum groups.lz“23 In our earlier articles we considered irreducible representations of ¢
analogs of the three-dimensional Euclidean Lie algebra and the four-dimensional oscillator
algebra (not a quantum algebra). We replaced the usual exponential function mapping from
the Lie algebra to the Lie group by the g-exponential mappings E, and ¢,. In place of the usual
matrix elements on the group (arising from an irreducible representation) we found several
different types of matrix elements expressible in terms of g-hypergeometric series. These
g-matrix elements do not satisfy group homomorphism properties, so they do not lead to
addition theorems in the usual sense, but to various ¢ analogs of addition theorems. All of the
matrix elements are determined with respect to countable bases of eigenfunctions of the “Car-
tan subalgebra” of the g-algebra.

In his classic book?* Vilenkin studied the matrix elements of irreducible representations of
the Euclidean and oscillator Lie algebras with respect to these same countable bases, and he
computed the identities for Bessel functions and Laguerre polynomials associated with the
addition theorems for these matrix elements. However, he also studied matrix elements of the
pseudo-Euclidean and pseudo-oscillator algebras with respect to the continuum bases of gen-
eralized eigenfunctions of the Cartan subalgebras of these Lie algebras. (See also Refs. 25, 26
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in these regards.) These studies resulted in realizations of the addition theorems for the matrix
elements as integral transform identities for Bessel functions and for confluent hypergeometric
functions. Here we work out ¢ analogs of these results.

In Sec. II we introduce a family of four-parameter g-matrix elements for the unitary
irreducible representations of the Euclidean Lie algebra with respect to the standard countable
eigenbasis and work out an associated “addition theorem” for these matrix elements. (These
functions were introduced earlier in Refs. 27 as generating functions for g-Bessel functions but
their role as matrix elements obeying an “addition theorem” was not pursued. Simultaneously
with the issuance of a first preprint of our results Koelink?® issued a preprint in which he
proved this same addition theorem and reinterpreted it to yield a ¢ analog of an integral of
Weber and Sonine and of the Fourier-Bessel transform.) Then, in analogy with Vilenkin’s
work for true group representations, we introduce a ¢ analog of matrix elements of the pseudo-
Euclidean group with respect to a continuum basis of generalized eigenfunctions. This study
involves use of the Mellin transform and leads to integral transform identities for g-Bessel
functions, interpreted as “addition theorems” that in the limit as ¢ — 1 go to identities derived
by Vilenkin. In Sec. III we introduce a different g analog of the pseudo-Euclidean group and
apply the same procedures. This time it is the complex Fourier series that is relevant and the
“addition theorems” lead to g-integral transform identities for g-Bessel functions.

In Secs. 3 and 4 we apply the same ideas to ¢ analogs of the oscillator and pseudo-oscillator
algebras (these are not quantum groups) and obtain discrete, integral transform and ¢-integral
transform identities for ¢ analogs of the confluent hypergeometric functions, extending the
results of Vilenkin for the g==1 case.

The notation used for g series and ¢ integrals in this article follows that of Gasper and
Rahman.?

1Il. MATRIX ELEMENTS OF m(2) REPRESENTATIONS

The three-dimensional Lie algebra m(2) is determined by its generators H, E_, E_ which
obey the commutation relations

|H,E,1=E,, [H,E_1=—E_, [E,,E_]=0. (2.1)

We consider irreducible representations (@) of m(2), characterized by the positive number w.
The spectrum of H corresponding to (@) is the set Z={m:m an integer} and the complex
representation space has basis vectors f,,, meZ, such that

E:hfmzwfmil’ Hfm=mfm’ E+E—fm=w2fm: (2.2)
where C=E _E_ is an invariant operator. A simple realization of (@) is given by the operators

®
E =wz, E_=; (2.3)

H d
=%dz’

acting on the space of all linear combinations of the functions 2™, z a complex variable, meZ,
with basis vectors f,,(z) =2".

We can introduce an inner product such that {f,,fn) =8, nn'€Z. On the dense
subspace J7” of all finite linear combinations of the basis vectors we have

(E+f’f,>=<f!E—f'>’ <Hf9f') =<fny’> (24‘)

for all f,f' e, so H=H* and E% = E_. In terms of the operators (2.3) we can obtain a
realization of (@) and its Hilbert space structure by setting z=g"
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H=_%’ E+=wei9, E_=we™ ",

(2.5)

fuD=e, (s [ 1)@,

Matrix elements T',,, of the complex motion group in the representation (@) are typically
defined by the expansions>!®*

FEretEgHy N T (BT S (2.6)

m=—c

The group multiplication property of the operators on the left-hand side of Eq. (2.6) leads to
addition theorems for the matrix elements. For convenience in the computations to follow we
shall limit ourselves to the case where 7=0.

With the ¢ analogs of the exponential function

i x* 1 <
eq(X)_k=0 (G (%9, =l <1,
2.7
o qk(k——l)/zxk
Ex)= 2 == (—%g).,

we employ the model (2.3) to define the following g analogs of matrix elements of (w):2

[

() e(BE,)e(aE_)f,= 2 TO(aB)fw, |oa||aoB|<l,

n=—co

o0

() ¢BE)E aE_)f,= 2 Tul(aB)fw, |oB]<1,

n=—c

(-]

(¢) EBE, Ye(aE ) fo= 2 To(aB)fw, |wa|<l,

n=—c

(2.8)

(d) E(BE )E,(aE_)f,= z T’(ﬁ’,E)(a,B)f,,,,

n=—ow

(€) ey @E )VE(BE L )e(YE_VE(BE_) fu= 2 Twnl@B¥:d) fu,

n'=—c

|oy| <|z| <1/|owal.

Here, 0<g<1 and a,8,y,6eC. [All of these matrix elements, except (2.8e), were studied in
Ref. 2.] Since E% = E_ we have
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TS (a,8) =(e(BE e (QE_) fr,f )
= (fn )eq((_iE+)eq(B—E—-)fn’)

=T (B.a)=T""? (B,a),

nnt nn'
(2.9)
TP (aB)=TE (Ba), TP (aB)=TEP (Ba),
Tn’n(a9B’Y’6) = Tnn'('y’a,ayﬁ)~ (2-10)
Furthermore, since e (x)E,(—x) =1, we have the identities
IZ TS (@B TED (~a,—B) =8y, |wal,|wB| <1, (2.11)
I > TP (aB)TE (—a,—B) =84, |oal,|oB] <1 (2.12)
and, of primary interest here
Twn(eBy8)= > TP () TEP(8,8), |ywl,|aw| <1,

= 2 TSP BTE (1B, |yollaw| <1, (2.13)

; 2 Tn’l(a’Bry’a)Tln(a,’_ay'y,""y) =Tn'n(a,,By'Y’:8)’
(2.14)

laye?|,|a'y'o?|,|a'yo?|,|ay'w?| <1.

(Note that our operator derivations of these formulas and of many formulas to follow lead
automatically to formal power series identities in the “group parameters.” These identities
must then be examined case by case to determine when the series are convergent as analytic
functions of the group parameters.) Using the model (2.3) to treat (2.8) as generating func-
tions for the matrix elements and computing the coefficients of z*’ in the resulting expressions
we obtain the explicit results

..n’+l; an)* " o, 0
Tf,f’:)(a,B)=(qn ) . (aw) , 1(

. 2
(q;q)w qn—n’+1 ,q,an )

_ (@) (aw)
(4:9) . (aBo™q) o,

0¢l(qn——r;'+l ;Qaaﬂwzf_"'ﬂ), (2.15)

(""" *49) , (@)™ "
($:9)

en 0 ,
Tifrf)(a’B)= q(n—n Y(n—n —l)/21¢1(qn_n,_‘_1 ;q,—-aBa)an~n )

(g" " h9) o (o)™ "

0
= , vt — v’
- (:9) o l¢l(qn —nt1t 9 afw )s (2.16)
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T (a,8)=TP (B,a), (2.17)
(@) (@)™ - ,
T’(’ﬁm(a’ﬁ)= D) q(n—n Yn—n _1)/20¢1(qn—-n’+1 ;q,aBmzq""" .
(2.18)
If B = 0 we can express these results in terms of the Jackson g-Bessel functions (Ref. 28,
p. 25)
(@50, (2\” 0, 0 Z
Dpgy——2t 2270 7 e
Jf’ (Z,Q)— (q;q)a° (2) 2¢l<qv+l !q’ 4)’
(qv+1;q)°° z\" _ zqu+1
-’52)(?,4)="m)— (E) o¢1(qv+1 b4 ), (2.19)

JPED = (—2/4g) JV (z)
and the Hahn-Exton g-Bessel function®’

") 0
J(%9) =(¢1(¢Tq) 7" (qm ;q,qzz)- (2.20)

Indeed, setting a=ire", B=ire™¥, we see that in terms of the new complex coordinates
[ e"b] we have

o) (ee) ] N/2)+§)(n—n") »
T (aB)Y=T,7[r, &¥] =—'(‘_—,252;)—‘—1f._n'(2’w;q),

Tf;f) [ eitﬁ] = (m/2) —1/1)(n'—n)q(n'—n)/2jn’_n(rmq— l/Z;q)’

(2.21)
T [ 4] =N+ 0n=dgnmiD2], (rog=V2g),

; ot —n’y2 2
T,('ﬁ’,E)[r, enl:] = (72) + ) (n—n )q(n n’) /ZJ( )

n—

-1 .
w(2rog="%gq).
[Note that J_,(zq) = (—1)"¢"J,(24"%q), T2\ (z,9) = (—1)"JP (zq) for integer n.]

For the matrix elements (2.8¢) we obtain (through the use of the g-binomial theorem on
the factors involving £ and, separately, on the factors involving E_)

('}’w)n_,,'( _6/»}/’q)n_n, —B/a, _aqn—_n’/y ,
Tnln(a:B”yya) = (q;q)n_n’ 2¥1 qn_n'+1 ;q,a'}’w
_(@0)" ~"(—B/c,q) wr—n —Bg" ~"/a, —8/v ' .
- (@9) wr—n el Qe sgpayo® |,
|aye®| <1. (222)

Alternatively, we could obtain this result by writing the matrix element as a contour integral
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2=l gy (2.23)

1 § ( —3‘02;‘1) oo( —860/2;q) )

Tn'n(a;B)Yy8)='2—77';- (awz;q),,(‘}’a)/z;q)w

where the contour is the unit circle centered at the origin of the complex z plane, and evaluating
the integral by residues. Setting a=(1-—g¢)c’,...,0=(1—¢)8’ we see that in the limit as
g-1—.

[o(y' +8)]""

Tprn(a,B,y,6) — —fmoFl(n_;+1 ;(a+B)(Y+5)w2), (2.24)

expressible in terms of ordinary Bessel functions.?*

The second equation of Eqgs. (2.13) was already derived by Koornwinder and Swarttouw
(Ref. 27, Proposition 4.1) where it was interpreted as a ¢ analog of Graf’s addition formula for
Bessel functions

3

—x/. n/2
(y “) LG=MG=5) = L # 0.

y—xs =—o

The first equation of Eqgs. (2.13) and Eq. (2.14) have similar interpretations.
The “addition theorem” (2.14) reads?

('}"w)n—n'(—ts/’,r;q)n_n, —B/a’, __aqn_n,/’y’ 2
(G n—n 271 g 92’y @

o (’)/a))l—n'( —5/'}’;‘1)1—n' _B/a’ —Sql_"'/'y X
R et (6:9) 1—n 2¢1( g+ gayw )
’ l—n ’,
(@) ™"(a/a'q)1n aql—n/a’: 244 0.0’V w2
o, | g gy’ ),

(2.25)
laye?|,|a'y'e?|,|a'yvo?|,|ay'w?| <1.

Next we introduce a model of a ¢ analog of the pseudo-Euclidean group. The model
consists of a Hilbert space of complex valued functions f(x) = f(0) where x=e% and @ is a real
variable, such that || f]|*< « and the inner product is

® dx © .
(fig)= J; F()E(x) —= f f(0) g (6)do (2.26)
and || f||*=(f.f). The formal action of the g-algebra is
E,—ox—0e, E_—"cpe, Hexto2
r=ox=0e, E_=_—=we™’, H=x_-=—g.

The action of the “pseudo-Euclidean group” is given by the formal operator T(c,5,7,6) where
T(a,B,1,8) f(0) =e,( —aE)E(BE. Je,( —YE_)E,(8E_) f(6)

(—Bwe®,—8we=%q) , .

f(6). (2.27)

" (—awe’,—yoe Gq)
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We require that neither a nor ¥ is negative, so that the denominator in Eq. (2.27) never
vanishes. Then for various values of the parameters a, 3, ¥, 8 the operator T corresponds to
multiplication by a bounded function of 6. In particular, the multiplier is bounded under the
following circumstances:

(1) |B/a] <1,]8/y| <1,

(2) |B/a}l <1,6=y=0,
3) |8/7] <1,8=a=0,
(4) a=B=y=6=0.

For these estimates we make use of the identities

(47 %q), (4 /4);9).(4;q)
(Aq—n;q)w__:(_A)nq—n(n+l)/2(% ’q) (A;q)oo’ q q _( ) ((q )4) q

(Bg™"%q). \B)(&/Byg)(B:g) .
(2.28)

Following Ref. 24, Chap. 5, we will compute the matrix elements of the operator T with
respect to a continuum basis in which H is diagonalized. We first restrict our attention to the
subspace & of the Hilbert space where & consists of those functions f that are C* with
compact support. Then as shown in Refs. 24, 26, the complex Fourier or Mellin transform

F(A)= fj F(8)e*? do= f: f(x)x*ldx (2.29)

has the properties that (1) F(A) is an entire (analytic) function of A, (2) |F(A)|
< Ce*IRe4l for some positive constants C, k, and (3) F decreases rapidly on every straight line
parallel to the imaginary axis in the complex A plane, i.e., lim, , w|tl”|F(c+it) | =0 for
n=0,1,2,... . (We denote the space of transforms of functions in & by &.) Furthermore we
have the inversion formula

"

1 a+ioo
F(O) =5~ f +_ F(u)e *du (2.30)

a—iw

for any real number a.
Now, the induced action of the operator ¢*# on the transformed functions F becomes
diagonal

f”F(/L)Efj [77(0)1e* do= f_‘” F(O+6)eM dB=e—#F (1),

Furthermore, the induced action of the operator T on g is given by

w  (—Boe’,—bwe=%g)., .
T(a,8,7,8)F(A) = f_ (e, —0we " D) w 4 g0 4g

o (—awee,—'yme‘ 32) o
or

( _Bweay —8608_ ;q) )
0.

. 1 o
T(@B%.8)F(A) =5 f ’

a-+ico
(A—pn)é
o (—awe’,—ywe~ dé L_iw F(u)e du.
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If |Bg**/a| <1, |8¢* /7| <1, then the iterated integral is absolutely convergent and we can
interchange the order of integration to obtain

a+ico
T@BrdFW= [ KCabrdF W, 231
a—iowo
where
1 o (—Bwe’,—bwe=%q) @
. - W17 —u)8
K(&M,asﬂ,%a)——%ﬁ f—m (_awea’_ywe—e;q)w e do
1 o (—Bwx,—bw/x;q)
=— = xt-n-l
2 fo (—awx,-—ym/x;q)wxl dx.

To compute the kernel function K we evaluate the contour integral

1 (—Bwz,—8w/z;q)
—— ® A-p-1
Ivm= 27i §CN. y (—awz,—ve/zq)., z dz (2.32)

along the closed contour Cy on the Riemann surface of the integrand, where N, M are
positive integers and the contour is made up of the curves

1
_ +1/2 —-N-=-1/2
(1) z=t, yog¥ <t<_~q ,
1
_ —-N-=-1/2 it
1(2) z2=—q ¥, 0<t<2m,

. 1
(3) z=eth’ %q-N—1/2>t>,},qu+l/2,

((4) z=yogM+V2%e", 205150.

In the limit as N - oo, M — o the integrals on the large and on the small circle go to zero
if |Bg~**#/a| <1, |5¢*~#/y| < 1. Then, evaluating Eq. (2.32) by residues and (temporarily)
assuming that [a'yw2| <1 to make use of Heine’s transformation (Ref. 29, p. 9), we obtain

© —p—1
(—awx,—yw/x;q) . x dx

1 J‘w (—Box,—bw/x;q)

K(ApaBy,8) =5—

B 1 ((B/a) " ha) [ 1\
T 2isinm(u—A1) | (g,(B/a)g**q)., (?‘E)

5 B .,

s

Xl ¥ g aye?
qy—/H-l
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B &
g '*+‘,q) iewg | o T
(q,(6/7/)q’1 ( ro) oy qﬂ.c—zpﬂ ’

@oye?

(2.33)

(The apparent singularities at ayw®=q¢~", n=0,1,..., are removable.) The following special
cases of Eq. (2.33) are of interest:

1 (G2 Snls”) P
Kbt ) = smnu—a) @&/marn, 7"
lg™**#] <1, |8¢ #/y| <1,
1 ((B/a), ¢ *thg), ( 1\
KOst =iy a7 7))
[Bg~*tH/a| <1, |g | <1, (2.34)
1 (1/aw)*—+ ayw? At
K(&.U,a,o,'}’so)=2i sin W(y_i)(anZ;q)w { (q;q)w 1 1( 0 ’q,qu )

(yew) =+
+ Z’:’q) 1¢1(am ;q,q*“‘“)-

Setting a=(1—¢)a’,..,6=(1—¢)8’ in Eq. (2.33) we see that in the limit as ¢ — 1 —

! [o(e’—p) ]+ ' 2
K(/l,#;a,ﬂ,?’ﬁ) — Zisin m(—A) [ Ta—A+D) OFl(“ A+l @' =B) (Y —8"w )
(y'—8")]4* —
+%T°F'(A —pr1 @B =80 )} (2.35)

From the expression (2.27) we have the “addition formula”

T(a,B,7,0)T(a’,a,y",7)=T(a',B,7¥',5),

which, for the kernel functions, takes the form

b+icc b+ioo
f K(Apa’ By’ 8)F (u)du= f K(Avia,B,7,8)dv
b—iw

b—iwo

a+ico
X - K(vua',a,y",¥)F(p)dp. (2.36)
a—ioo
See Ref. 24, p. 268. Then, if the integrals in Eq. (2.36) are absolutely convergent we have the
functional relations

a+icw

K(/{,M;a',ﬁ,‘)",s) = J- . K(A:V;ayﬂy'}’ﬁ)K(V,M;a',a,‘}",‘}’)d%

a—ico

(2.37)
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lag*/a’|,|86" /7| <|4°| < |agd"/Bl.|v'¢"/7].

Two special cases of Eq. (2.37) are of particular interest. If a=p,y' =y we have

o B 1 fetio  (yo)~Y(1/a'@)* ™" ((6/V).d" ' (B/a'),¢" ")
KAwa' Bro)=y | . Smav—Asnr(v—m) (@6/17 " B/a)d ")

84" /71, 1Be/a’| <q° < |q*].]¢"]

dv,

and if just y=7" we have

, a+ico (I/e'o) ™" ((a/a’' )" " i)
K(Auwa',B,v,6) = L_iw K(A,v;0.8,7,8) 2isinm(u—v) (g.(a/a’)¢* ") o .

lll. A DISCRETE MODEL OF m(2) REPRESENTATIONS

In this section we study a model of an alternate ¢ analog of the pseudo-Euclidean group.
Here the generators of our algebra are 7L E +» E_ which obey the relations

q"E,=qE q", ¢¢"E_=E_q", [E,,E_]1=0. (3.1)

We consider the following class of irreducible representations () for this algebra, character-
ized by the positive number . The Hilbert space consists of complex functions f(x) with
domain x=g¢", n=0,%1,%2,... and such that (f,f ) < o, where the inner product is

(fg)= 2 [f(g)gg". (3.2)

n=—o0

The action of the algebra on this Hilbert space is given by the operators

(4]
E,=ox, E_=—, ¢'f(x)=f(gx). (3.3)

To define these operators rigorously we can restrict their action to, say, the dense subspace .Z
of all functions in the Hilbert space that are nonzero at only a finite number of points. Then it
is easy to show that B = E,,E* = E_, (¢7)*=(g") . We define the (inverse) Fourier
transform & of fe.Z by

FA)=Flzl=(fP= 2 flaVg* ieC, (3.4)

n=-—o

where z=¢". Then the induced action of the algebra on the transform space Zis
¢ F (2] =2"'F (2], E.F[z]=0F [g*']

so the operator ¢ is diagonalized in the transform space. Clearly, every & eZis analytic for
all z 5~ 0. We can recover f from its transform % via the formula

1

f@) =5y § F L1z (3.5)

where the integration path is a simple closed curve around the origin in the z plane.
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Now the action of the “pseudo-Euclidean group” is given by the operator T(a,B,7,8)
where

T(a,B’716)f(x) =eq( _aE+)Eq(BE+ )eq( _"'YE—- )Eq(aE——)f(x)

_ (—Box,—bw/x;q) ,
T (—awx,—yu/xyq)

fx), feZ. (3.6)

The induced action of T on .Z is given by

dw
(@B (1= § Ke/waby8)F w] 5, (37

where

1
K(z/w;0.B,,6) =7 n= o (—awg",—yoq™"g) .,

w

i (—Bog",—8wq"q) (Z)"

B 1 w (—Pwx,—8w/xq) .
T 2mi(1—q) f

—pu—1
o (—aox,—yo/xq), o a4

1 (—Bw,—bw;q) —aw, —q/6w 8z
T 2mi (—aw,—Ywiq) , 2 2\ —Bo, —g/yo’ ?

), =g, w=g',

(3.8)
and we require |6/y| <|w/z| <|a/B|. Here

ay, a it (al,az;q),, blb2
z¢z( ;q,z)= 2 gt

<|z|] <L
a1a,

b, b, ne—w (01,0239)n" 7

Using Ramanujan’s 14, sum, (Ref. 29, p. 239) we have the following special cases of Eq. (3.8):

1 (q,6/7,—qz/yow,—ow/zq) , & w

K/, ,0) = v —alrode rowlzg) ’?’ < '?I <b
1 (g.B/a,—awz/wqw/awzq) B z

K(z/w;e.B,v:y) 2w (—aw,~q/aw,z/wBw/azyq) ' l&l < IE‘ <L

Now the formula
T(a.B,7,6)T(a’,a,y’,y) =T(a',8,7',6)
leads to the functional relation
dy
K(z/wya' By’ ,8) = § K(z/y;0,B,7,8)K (y/w;’ yo,y",7) I (3.9)

where, choosing the integration path as the unit circle |y| =1, we have the requirements
|B/al <|z| <|v/8], |v/7'| <|w| <|a'/a|
Two special cases are of particular interest. If a=p,y’ =y we have

J. Math. Phys., Vol. 35, No. 4, April 1994

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



1962 E. G. Kalnins and W. Miller, Jr.: Models of g-algebra representations

K/

—a'w, —q/bw 82)

( '—Bw, —5(0;4) eo2!p2(

1 fﬁ (9:8/y,—qz/yoy,—oy/z,9,B/a’,— o' wy/w,quw/a’ wyq) ,, dy
=2 (—q/yv0,82/vyy/z2,0,— g/’ 0. y/w,pw/a’y;q) . y

1< |w| <|a'/al, 1<|z]<|y/8]
and if just y=9' we have
—ad'w, —q/bow 8z § v (—aw, —q/bw 62)
2'112( —Bo, —q/yo 49> Yw)_ 2¥2 —Bo, —gq/yw ’q’yy

(g,a/a’,—a'wy/w,quw/a’wyq) , dy
(—aw,—gq/a’oy/wow/a’y;q) , ¥

1<|w|<|a'/a|, |B/a|<|z|<|y/8|.

IV. MATRIX ELEMENTS OF OSCILLATOR ALGEBRA REPRESENTATIONS

In Ref. 1 a g analog of the oscillator algebra was introduced. This is the associative algebra
generated by the four elements H, E, , E_, & that obey the commutation relations

(H,E.1=E,, [HE_]1=—-E_,
(4.1)
[E,.E_1=—q7 7%, [%,E 1=[%, H]=0.

It admits a class of algebraically irreducible representations 1,; where £A are real numbers and
£>0. These are defined on a Hilbert space #° with orthogonal basis {f,: n=0,1,...} where

E+f,,=fq_("+”/2fn+1

f /q—n/Z 1- q"

fn 1s (4~2)

Hfy=(A+n)fy, gfn=/2q1_1fn'
Furthermore, the formal adjoints satisfy (E )*=E_, H*=H, &*=%. The clements
€ =qq 4% + (¢— 1)E_E_ and & lie in the center of th1s algebra, and corresponding to the
irreducible representation 1., we have € = I, &= /lq’1 1T where I is the identity operator

on 7.
A convenient model of Tm,‘ is determined by the orthonormal basis functions

’(l—q)"
=gt DA A p=0,1,... 4.3
€n=9q (:9) " ( )

[so that f,(z) =¢""*1/4z"] and the operators
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_ A PR~ |
E =4I, E_= (—g)z (1-T,7),
p 44)
— sl _ P2 -1
H=A+z, & =,2%""I.
The inner product is
o= [T r@s@pandxa,
where z=x+iy and
1—¢
PED = Ci—qag)ring "
The model Hilbert space #°(z) consists of all functions
© 0 IC qu—n(n+1)/2
f'(z)= > ¢,2", such that » ————<co.
n=0 n=0 (l_q)
This is a space of entire functions; it has the kernel function
S(Z,z)= 2, ei(Z)ei(2)=(—(1—q)gz'z;9) - (4.5)

n=0

Although the parameter A is essential in the computation of tensor products of pairs of
irreducible representations r(;,l,l"‘ it disappears from the final expressions for the matrix ele-
ments studied in this article. Thus we henceforth set A =0. Using the relations (2.3) we have
the following ¢ analogs of the matrix elements of 1 4

(e+re—): e(BE.)e(@E_) fo= 2 Ty (:B)
(e+,E—): e(BE)E (@B ) fo= 2 Ton" " (@B) furs
(e—E+): e(BE_)ESaE,) fu= 2 Toiy " (@B fu,

(E+ie—): EBE,)efaE ) fu= X Toe " (@) fr,

(4.6)
(E—e+): E(BE_)e(aE,) fo= 2 Torn " (a.B) fur,

nl

(E+,E—): E(BE)E(aE_) fy= 2 Typ "7 () f,

(E—,E+): EBE_)E,(aE.)fo=2 Ty =" (@B) [

nl
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(e4+,E—,e—,E+): e,(8E )E,(YE_)e(BE_)E[aE,) f,= Z Tpn(aB,,0) frr -

[The series for the matrix elements Tf,f;’e+)(a,[3) does not converge.] All of these sets of
matrix elements were studied in Ref. 4, with the exception of (e+,E—,e—,E+) which will be
the focus of attention here.

Since E% = E_ the following relationships hold:

T (a,B) =TS (Ba),

nn'

TEHE) (0,8) A, =TE ) (Ba), TS " (B, =T P (B),  (47)

nn' nn'

TEED (B Ay=TEED (Ba), TEFH (B Ap=T *1 (Ba).

nn' nn'

Here

(&:9) o ,
A, =——(1=g)" ",
" A(qq)n (1-9)

Since e (2) E,(—2z) =1, we have the identities

(a) 2T N aB)TEEH)(—B,—a) =8,
h

) 3 TE (@B TEH* ) (—B,—a) =6y,
h

Using the model (4.4) to compute the matrix elements (which are model independent) we
obtain the explicit results

(qn’—n-l-l;q)w(B/)n’—n

Tt (B = o

- 0 _ 2
q(n—n')(n+n'+1)/42¢l q, A ﬂ
qn —n+1 l_q

—n' 41, f 41, n—n'
=(qn + ’q)co(q" + ’q)w(a/) (' —n)(n’' +n4+1)/4
(60 (@ 59)  (1—g)* "

q_"', 0 —aB/Z
><2¢l qn—n'+l 54 ’

l1—¢q

Tf,',’s:"e_)(c:z,B)=(q’l 59) W (@) o (@) q(n’-—-n)(n'+n+l)/4l¢l( g aﬁfz)

! _nsp D
(Q;Q)w(q"“;q)w(l—q)"—" " +1 1—¢

(¢" ") o (BO" " g —m o =3n=3)/4 4 ?—" g Bl "
(49 PIgTrT 11— )
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f—n1, n —
(E+ E—)( aB)= (¢ (’q) el (B() i q(n'—-n)(n’—3n—3)/4l¢2
%9)
q"” _aBZan’—n
X " 1
g =", 0 1-q

&
—n')(n—3n'—3)/4
(n—n'")(n—3n ) 1¢2

- (@ " 49) o (g7 Fhq) o ()"
(4:9) (") (1 —g)*"

' —aBlg "
X\ powst 0% 1o )

((—aB?/(1-9)g)k9) w (¢" " iq) (@) " gm0 —3n=3)/8

TE=E (a,8) =

(:9) o
q—n’ 0 ——aB/z
X2¢1 q,,r_,,+1 ;qvm

_(=aBf (1= o (4" 50) (67 59) o (BA™™
(30) (g hq) , (1—)" ™™

q_n,y 0 —aﬁ/z
gt P =)

Xq(n—n')(n—Sn'—S)/42¢l (

The matrix elements 7(¢t¢—) TE+e=) T(E+E-) 500 polynomials in a@ and B and the
matrix elements TE~%+) are entire analytic functions of these variables.

In Ref. 4 it is shown that all of the remaining matrix elements (4.6), except the last, can
be expressed in terms of these four. Indeed, we have the operator identities

aﬁ/Zq—H—-l
eq(—-——-—l_q )eq(BE+)Eq(aE_)=Eq(aE_)eq(BE+), (4.8)
B 2 —H—-1
E,(BE ;)e,(aE_)e, (T) =e(aE_)E(BE.), (4.9)
which imply
e L A Y
T e =e| LT |10 wp)

> . (4.10)
_ aBt*q™"" _
7575 (Ba) =e T — | T .
Thus the matrix elements T, (E *+) are well defined for |aBt*q 2p-n'=1y (1—g)| <1 and the
matrix elements T(’ £+ are well defined for |aB%q~ " 1/(1—¢)| < 1.

From 1dent1t1es (4 8), (4.9) we can express the (e+,E—,e—,E+) operator in the alter-
nate forms
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T(a,B,1:8) =e,(8E, )E,(YE_)e(BE_)E,(aE.)
aYZZq—H—— 1

/2 —H-1
= )Eq(yE_)eq(BE_)eq((w—l—z—q—).

=e,(8E,)E,(aE, )Eq(

(4.11)

An explicit computation of the matrix elements yields

(Aar€/ (1 =g~ 50) o= (/8@ o trns 208

Tn’n(a:B’7’6)= ((aﬁfz/(1-—q))q""~1;q)w(q;q)n'_,.
a .. ¥ .
< b 57" B’ 1 Bs¢?
2| ayl? T,
qn —n+1’ _ l_q q——n——l

(=@t (1=0))a™"54) (= (/B)30)n—n(8:0) »
T (eBCY - 0) o (6 i (@D e

n—n'
X /B q(n+n'+l)(n’—n)/4
1—gq

a Y —n' —n
_5 ’ —Eq” ’ q . _/35/2

X 3¢;
@, — eyl (1—-)1g7" !
(4.12)

laBfq~""1/(1—q)| <1.

Indeed, from Eq. (4.11) and the fact that E% = E_ we have the identity

(:0) (871 =)V " "5 o
(4:9) w (@B (1—))g~ " L9) ,,

Tpn(,B,7,8) =(1—g)" " T (7:8,0,8).

Using Sears’ ;¢, transform (Ref. 29, p. 61) we have the alternate form

(:9)»

n—n'

(@1 - 59) o {—(g);q

Tn'n( ,B’ 96)= g
wEY (Bl (1= " 50) 0 (D) n (@) e

n—n'
X /B q(n+n'+1)(n'~n)/4
1—q

é . Y , ,
_a q"—n +l, _B qn—n , q—n
><3¢2 9,9 |

qn—n'-}-l’ W_z qn—n +2
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Setting a=(1—g)a’,..., §=(1—¢)8’ in Eq. (4.12) we see that in the limit as ¢ — 1—

T ypp(a,B,7,6)

Aa +8 ) mon ’ ’ r
GCET RN (B +Y)1F1(

(n' —n)!

T @8 B ) ),

if n'>n,
~ [AB+7)1"" ( )’2""3'*”,&( o e +6’)(B’+7))
if npn'.

In order to derive identities for the matrix elements of the operators T(a,5,7,6), Eq.
(4.11), we cannot just multiply two general operators of this sort, as was done in the previous
sections. Indeed, the resulting formal power series diverge. However, just as in Eq. (2.13) we
can write T as a composition of two two-factor operators and obtain the identities

-]

T pin(@,B,7,8) = kZO TEHED) (1,8)TE ) (0,8),
(4.13)

o

T n(a,B,7,8) = kZ T (B TEF ) (ayy), |aBl/g" (1—g)| <1

[Once the common factor eq(an 2g="~1/(1—¢q)) is removed from both sides of the first
equation of Egs. (4.13), this formula holds for all values of the parameters.] Note that relations
(2.10) are special cases of Egs. (4.13). These identities are ¢ analogs of an addition formula for
the confluent hypergeometric functions (Ref. 30, Chap. 4)

(n+4n")!

e - Y(a+6)]"1F1(n+1,(B+y)(a+5))

© ( a"}’)’ n' —n —_n—n'
Z F saB | Fy ;v8 ).
o TU—n+ DI (j—n— n+1)1 \j—n'+70 j—n—n'+0

V. CONTINUUM BASES FOR OSCILLATOR REPRESENTATIONS

Next we introduce a model of a ¢ analog of the pseudo-oscillator group. The model consists
of a Hilbert space of complex valued functions f(x) where x is a positive real variable, such
that || f]|>< oo and the inner product is

@ dx
(f.g)= fo F(x)gx) — (5.1)
and || f||*={f.f). The formal action of the ¢ algebra is
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E,=6&I, E_—=— -7,

£
(1—g)x
(5.2)

d
— =Ry
H=x—, &=~q I

The action of the “pseudo-oscillator group” is given by the formal operator T(,8,7,8) where

T(a,B,7,0) f(x) =e,(8E ) E,(YE_)e (BE_)E (aE.) f(x)

(ol (1-9)0)50) o ( apt? )”
T (8, — B/ (1-9)x)q) ,, nmo \9(1—9)

(— (g/atk),—(¥/B);q),
(g.(ye/ (1—q)x)q),

T f(x). (5.3)

[To derive this expression we have made use of the ¢g-Gauss formula (Ref. 29, p. 10).] We
require that neither 6 nor — B is positive, so that Eq. (5.3) is well defined when acting on the
subspace & of the Hilbert space, where & consists of those functions f(x) that are C* with
compact support in (0, ). Indeed, for each such f the summation in Eq. (5.3) is finite. Using
the identity (2.28) we can show that if f€ ¥ has support in a proper subset of the interval
(0,K] then the function T(e,B,y,6)f(x) vanishes for x>K and if |y/B| <1 this function
remains bounded as x — 04.

Following (Ref. 24, Chap. 8), we will compute the matrix elements of the operator T with
respect to a continuum basis in which H is diagonalized. We recall that the Mellin transform
of fe¥d

F(A)= fo ¥ ey ldx (5.4)

has the properties that (1) F(A) is an entire (analytic) function of A, (2) |F(4)]|
< CeFIReAl for some positive constants C, k, and (3) F decreases rapidly on every straight line
parallel to the imaginary axis in the complex A plane. (We denote the space of transforms of
functions in & by ¥.) Furthermore we have the inversion formula

1 a+ico —
f(x)=2—m. L_iw F(u)x~*du

for any real number a.
Clearly, the induced action of the operator ¢*” on the transformed functions F is diagonal

¢?PF (L) =e~MF(A).

Furthermore, the induced action of the operator T on 9is given by (assuming that neither §
nor —f is positive and that |y/B| <1)
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o (—ab(y7(1—g)x)q) .
T(a,ﬁ,y,a)F(/l)=fo (86, —(BH/ (1 —9)x)q) 0y n=o

© aB/Z n
(q(l—q))

(—(g/ad),— (V/BY@n .. . a:
(‘I,(Yf/(l—q)x);q)n f(q x)x" dx, ReA>0

or
1 (e (—ab(y(1=q)x)q), . & [ aBf? \"
T(@BrO)F () =0 fo & —BI0—0). = 2, (q(l—q))

(—(g/atx),— (v/B);q), [o+iw .
(a.y/ (1 —q)x)iq),, f F(u)g™x*—+*=du

a—iew

1 fw (—a&,(y//(1~q)x);q)wdx

7 Y
a+iso Tatk’ B aBf ¢!
xL_iw 21 vt ;q,% F(u)x*=#=1du
(1—g)x

if the contour is chosen so that |aB£%¢°~'/(1—q)| <1. Using Heine’s and Jackson’s trans-
formations (Ref. 29, p. 241) we can write this result as

T(@Brd)F (’”=2_m'fo 66, —B7(1—)) .
atio (—(aylf?/(1—))g* =, — (B (1—-9)x)¢":q0)

X L_iw (@B/(1—))* " 139) o
7 %q”“l
X 2 1—¢ . _.__7:{___ F(u)x*—#-14,
202 ayé? » ;%4 {8 (1—g9)x U u.
Tl—g® 7 T (1-g)x

If, in addition, |y/B| <¢°<|6¢*/a|, |¢*| <1, then the iterated integral is absolutely con-
vergent and we can interchange the order of integration to obtain

a+ico
@By dFW= [ KuaBr8)F()du, (5.5)

where
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KpmaByd)=—— [~ (—adk,—(ayf*/(1 -l ™, — (B4 (1-9)x)g"9)
(Ap;0.B,7,0) =5— fo 3 — BT (=D MaB? T A=)

afl?

-1

SR = Lo N

X2¢2 a'yfz . B/ H/A (l_q)x Xy
1% " Tl—px

lv/B| < |g*| < |8¢*/a|, |4 <1,

|¢*| <|q(1—q)/aBf?|, &,—B nonpositive.

To compute the kernel function X we evaluate the contour integral

7 __1_(—(ar/2/(1—q))q‘“1;q)w§ (—atz,—(B7(1-9)2)¢";q)
MMomi (@B (M=) @) Jeyy (82,—B/(1-q)2)q)

# aBl?
X 20 1—a iq —-’1{—— 2Btz (5.6)
R e i B¢ B (1—¢q)z
127 Td-o:

along the closed contour Cy s of Eq. (2.32). In the limit as N — o, M — oo the integrals on

the large and on the small circle go to zero. Then, evaluating Eq. (5.6) by residues and using
the formula

o R

(@0) k(B (D) s’y (cax,bpia) o sle Y
o @Dn @D i(ge), — @xyg), > by s

(see Ref. 31) we obtain

1

(— (a/8),¢* At y8LY/ (1—))q) o,

— 8P
x| (=84 (2.— (a/8)¢* %),
8 Y
—A+1 s _ L
w q ’ aq, B . aﬁfqu,_l (B_/)l-—#
3¢2 qp._,l_‘_l ’}’5{2 59, l—q l—q
H l—q
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« (—W/B)g" L (8 (1 =)V Hq) o
Yo
(q,q‘, ﬁq‘l ,q)w

8 4
—p+1 _—Aptl L A
» L a ,34’l
392 9>
5¢?
gt 71’_q 7"

-1
T Pl | %))

(The apparent singularities at the zeros of (—(85¢%/(1—q)),q), are removable.) The fol-
lowing special cases of Eq. (5.7) are of interest:

1

IS C T )
2isin m(A—p) (— B8/ (1-9))q) o,

(4:9) »

K(A,1;0,8,0,8) = {(._a/)#

g—*+1 ' B2 BY 4-#(4#,41-"“;:1)@
X1¢1(qn—l+1 b1 g )_(l—q) (4:9)

-wtl pser
X1¢I(qq/1—~y+l =1, q’l) ],

|l <1,

~1 ( B¢ )“”(—(Y/B),q“,q"“““;q)w
2isinm(A—p) \1—¢q (0.6~ (v/B)d" "49), ’

lv/Bl < |¢*| < |d*| <1,

(5.8)

K(’L’-";O’B,Yro) =
(5.9)

(= (a/8),¢#7* ),

K A" o ,01076 = - )
(44450,00,8) (9— (a/8)¢*%9).,

(=8¢

2isin T(A—p)

I <|¢*| < |8¢"/a|.
Setting a=(1—¢)a’,...,6=(1—¢)8’ in Eq. (5.7) we see that in the limit as g — 1—

(5.10)

—Aa’+8) ]+ —A+1
K(Am0,8,7,8) — [=Aa’+")] 11( +

o rew ’ ’ ’
2isinm(A—p) | T(u—A+1) p—it1 @ +8)B +7>)

[AB +7)1*7+T(A) —p+1
TT@TG—p+D ! 1(A—u+1

in agreement with Ref. 24, Chap. 8, and Ref. 25.
From the expression (5.3) we see that the *“addition formula”

;fz(a'+6')(B'+y'))} (5.11)

T(a,B,‘}’,S)T(a’,B’,—-B,-—-a) =T(a',B':’}”5) (5-12)

holds rigorously when both sides are applied to fe ¥, provided § is not positive and «, 8, B’
are not negative. Furthermore, one can show that for |y/B| <1, the function A(x)
=T(a,B,7,6) f(x) has the properties that x*h(x),x*h’ (x),x*h" (x) — 0 as x — 0+. Thus, the
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Mellin transform H(A) of 4, Eq. (5.4), has the properties that (1) H(A) is an analytic function
of A for |q’1[ <1, (2) |F(A)] < Ce*1Re 4l for some positive constants C,k with |q;"1| <1, and
(3) lim,_, | £|?|F(c+it)| =0 for |¢*~%| <1.

For the kernel functions, Eq. (5.12) takes the form

b+ico

b+4-ico
f K(A e ,B,y,8)F(u)du= fb K(A0,8,7,8)dv

b—iw —iew

X f”'“’ K(vysa'\B',—B,—a) F(u)dy. (5.13)

a—iw

Then, if the integrals in Eq. (5.13) are absolutely convergent we have the functional relations

a+ioco
K(A:.u;a',ﬁ',%ts)= f ) K(A:V;aaﬁ’y,a)K(Va#;a,’B’9—B7'—a)dv’

o (5.14)
lag*/a’|,|8¢*/v| < |&| <|ag*/Bl.1v'¢"/7|.
An interesting special case is
1 a+io
K515 = = T ).y, KO HOODK 08100
or
K(A,u;a,8,7,6)

~4(g,q.(@B ¢ /(1—))g) o

atio (—8L) " HBH(1—q) P (g"*+Lg* F g, —(aylY/ (1—a))g" i) o
X f i sin m(A—v)sin m7(v—u)g*,— (2/8)g" ", — (v/B)a"*4)

lv/Bl <|¢*1 <|g°| <1, || <|¢®| <|6¢"/a|.

We conclude by studying a model of an alternate g analog of the pseudo-oscillator algebra.
Here the generators of our algebra are ¢ HE +»E_,%& which obey the relations

dv,

E.qf=q¢"E,, qE_q "=q"PE_, |E,,E_l=—q "%,

(5.15)
[%,E . 1=1%,q ¥]=0.

We consider the following class of irreducible representations t 4, for this algebra, character-
ized by the positive number £ The Hilbert space consists of complex functions f(x) with
domain x=¢", n=0,%1,£2,... and such that (f,f ) < o, where the inner product is

(fe)= 2 fl@a(g). (5.16)

n=—oc0

The action of the algebra on this Hilbert space is given by the operators

E,=t, E_ =— A-T7h, ¢ 2f(x)=Ff(g" %) (5.17)

(1—g)x
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To define these operators rigorously we can restrict their action to, say, the dense subspace .
of all functions in the Hilbert space that are nonzero at only a finite number of points. We
define the (inverse) Fourier transform % of fe.# by

FA)=Fzl=(fP)= 2 flgVd* AeC, (5.18)

n=-—o

where z=q’1. Then the induced action of the algebra on the transform space Zis
g i F [2]=2F [2], E, F[2]1=£F[¢z],
E_F1z] /(1 Z)ﬁr[ ~1]
_Flzl=——(1—= z
l1—g q)” M

so the operator ¢~ is diagonalized in the transform space. Clearly, every ¥ € Zis analytic for
all z = 0. We can recover f from its transform & via the formula

1
f(q”')=2—m. 3€f[212‘m“ dz, (5.19)

where the integration path is a simple closed curve around the origin in the z plane.
The action of the “pseudo-oscillator group” is given by the operator T(«,B,7,8), Eq. (5.3),

for fe.%. The induced action of T on .2 is given by
dw
T(a.B,7,6)F [z] = § K(zwa.B,6)F [w] —, (5.20)

where

1
KawaBrd) =300=g Jo ~ (06utaBlw/a(1 D))

Y
w -
’ B ;74 o
X1 aylw ;q’—m x*E=ldpx,
“q(1—gq)

|v/B| <|w| <|8z/al, |z|<1, |w|< |g(1—q)/aBl?|,

8,—B nonpositive, w=g", z=g¢"

To evaluate the g-integral expression for the kernel function K we use the identity
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C
4, =, 0
4, B ((4Bz/C))., B
e T @O, Pl
EZ-’
ABz
Z, 75"
((C/B),A,Bzq)., C
+ . 392 99
(Cz,(C/Bz);q),, Bzq
< &

(Ref. 29, p. 245, TI1.34) and obtain

K(zw;a,B,7,6)

(—afstng), | (—(ay?w/q(1—q)),—(¢/af).q,(a/86),— (aw/8);9)
T 27i(84q) | (@B *w/q(1—)),(¢/88),—abiv,— (g/aliv),z,~ (aw/82)3q) ,

ap*w aw
' ¢(1—q)’ ~ &
X3¢ ayfw ow a9
“q(i-g)’ T8
B¢ 9 q
(W71 —))%) T1—¢’ "o 54
C— o/ —BIA - | ¢y ¢ M| G

alw’ 1-q° &7

Here

bybab,
a a,a;

ay, a, a; — (a1,83,05:9)
3¢3(b1 ;q,Z)= > LF g <l|z| <1

bz, b3 n=—co (bl’b2’b3;q)n ’

Now the formula

T(a,B,7,6)T(a’,B',—B,—a)=T(a" B',y,5)

leads to the functional relation

d
K(zw,a' By’ ,8)= § K(z,y;a,8,7,0) K (y,w;t’ sa,7',7) }Z , (5.22)
where, choosing the integration path as the unit circle |y| =1, we have the requirements

|aw/a’|,|8z/7] <1< |az/B|,|v'w/v|.
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