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Abstract 

This thesis introduces a class of multivariate mixture models that includes la­

tent class models and mixtures of multivariate normal distributions as special 

cases. Like latent class models, these models make free use of local inde­

pendence to reduce the number of parameters in the model and to lead to 

descriptions of clusters that are easily understood. Provision is made for the 

introduction of within cluster associations between the variables. 

Discrete, multivariate normal and location model distributions are the 'atoms' 

with which the models are built, but where more is known about the nature 

of the distributions in sub-populations other types of distributions could be 

used in place of these. 

We use the EM algorithm to find the maximum likelihood estimates of the 

model parameters, however the emphasis is less on parameter estimation than 

on the use of the estimated component distributions to cluster the data. We 

implement the approach of multivariate mixture models with a Fortran 77 

program. The program is used to fit models to several data sets, including a 

large medical data set. Analysis of the resulting clusters shows that sensible 

clusters have been achieved. 

The thesis shows how our ability to analyse data using multivariate mixture 

models can be extended to include the facility to handle situations where data 

are missing at random in the sense of Rubin (1976). The program written 

for this thesis incorporates this facility. The scope of the methods proposed 

is illustrated by clustering several data sets. 
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1.1 Outline of Chapter 1 

Chapter 1 

Introduction 

In this chapter, we describe the current methods for grouping data. Section 1.2 

gives a brief overview of cluster analysis and points out the disadvantages of using 

this technique to group data. Section 1.3 describes an approach to clustering that 

uses a finite mixture density as its model. The iterative procedure that can be used 

for finding the maximum likelihood estimates in the mixture model is described 

in section 1.4, and section 1.5 looks at the problem of deciding the number of 

components to be fitted in the mixture. Section 1.6 gives an overview of latent 

class models and section 1. 7 looks at the normal mixture model. Section 1.8 

describes the approach of Everitt (1988) for clustering data sets containing both 

categorical and continuous variables, and section 1.9 looks at a model which has 

been used for data sets with categorical and continuous variables. 

1.2 Clustering 

The classification of objects into groups such that objects within a group are similar 

to each other in some way is an activity that man has performed since early times. 

These methods have been used in many fields such as archaeology, psychology, 

medicine and market research. The development of the computer has led to an 

increase in the use of automated numerical methods of classification. Much of 

the work has been done without knowledge of related work in other disciplines 

( Gordon ( 1981)). 

Cluster analysis attempts to identify any possible tendency of the data to clump 

together to form groups. There is no prior information regarding the underly­

ing group structure, and the goal is to partition the data into groups such that 

members of a group are as similar as possible. 

This contrasts with another classification procedure, discriminant analysis, where 

the existence of a set of relevant groups are known a priori and the aim is to pro­

duce a rule for classifying new individuals. Two types of multivariate observations 

are present in this situation. The first, the training set, are those observations 

whose membership in a specific one of I{ given groups is known, and the second, 

referred to as test samples, are observations for which group membership is un­

known, and which have to be assigned to one of the J{ groups. A comprehensive 



-2-

review of discriminant analysis has been given by Hand (1981), and McLachlan 

(1992). 

There are many different methods of cluster analysis. These methods can be 

broadly categorised as hierarchical or non-hierarchical. Clustering using hierar­

chical methods, is generally obtained through two types of algorithm: (i) agglom­

erative algorithms in which there is a successive pooling of subsets of the set of 

objects, and (ii) divisive algorithms in which there is a successive partitioning of 

the set of objects. It is possible to visualise two extremes, one in which each object 

is considered to be a single member cluster, and one in which all n objects are 

contained in a single cluster. Each cluster obtained at any stage in the procedure 

is a combination or division of clusters at other stages. A hierarchical strategy 

finds an efficient path between these two extremes. 

Divisive methods proceed with all n observations considered as a single cluster. 

This single cluster is split into two sub clusters. One of these sub clusters is then 

split into two further sub clusters and so on. The decision about which cluster 

to split and how to split it can be based on variables considered one at a time 

( monothetic techniques), or on all variables considered simultaneously (polythetic 

techniques). See Hand (1981) for further details. 

The agglomerative methods of hierarchical cluster analysis techniques include some 

of the oldest and most popular methods of cluster analysis. The agglomerative 

methods proceed with n clusters, each consisting of one observation. The next step 

is to merge two clusters to yield n - l clusters. The two clusters to be merged are 

chosen by studying the similarity matrix of inter-cluster similarities. The number 

of clusters is then reduced by one by fusing the two clusters considered to be the 

most similar to each other. This is repeated until the required number of groups 

is present or until the final stage in which all n observations are in one cluster. 

Once an object is assigned to a cluster under a hierarchical strategy, there is no 

provision for reallocation of the objects that have been poorly allocated at an 

earlier stage in the process. Each stage of the analysis involves the computation 

of the cluster similarity (or distance) matrix. Since the clusters at any stage are 

obtained by the fusion ( agglomerative methods), or division ( divisive methods) of 

clusters from the previous stage, these methods lead to a hierarchical structure of 

the objects. This is represented by a dendrogram, also known as a tree diagram. 

1.2.1 Some hierarchical clustering techniques 

Most of the hierarchical clustering techniques can be implemented with the data 

represented by a matrix of proximities D = ( dij ), where dij is the proximity of ob­

servations i and j. The proximity dij, can either be a similarity or a dissimilarity 
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measure. Agglomerative hierarchical techniques differ primarily in how they mea­

sure the distance or similarity of two clusters, where a cluster may at times, consist 

of a single observation only. For example, the Euclidean distance dij between two 

observations Xi and Xj is defined as dij = I lxi - Xj 11, whilst the Mahalanobis dis­

tance is defined as d;j = [(xi - Xj )'t-1 (xi - Xj )]112 , where t- 1 is the within 

cluster covariance matrix. Further details on the properties of these distances and 

other distance measures have been given by for example, Mardia, Kent and Bibby 

(1979), and Gordon (1981). 

Consider the following two approaches to cluster analysis. With single linkage 

( nearest neighbour) clustering, the distance between two clusters is defined as the 

distance between their two nearest neighbours. That is, 

dAB = min(di ·) 
iEA J 
jEB 

where dAB is the dissimilarity between two clusters A and B and dij is the dis­

similarity between two observations i and j. This technique can lead to 'rod' type 

elongated clusters being formed as once links are formed, they cannot be broken. 

As the clusters have no nuclei, a 'chaining' effect results. Jardine and Sibson 

( 1971) show that single linkage clustering is the only technique to satisfy various 

analytical properties. 

Whereas with complete linkage (farthest neighbour) clustering, the distance be­

tween two clusters is defined as the distance between their two furthest neighbours. 

That is, 

where dAB and dij are dissimilarities between clusters A and B, and observations 

i and j respectively. This method tends to produce compact clusters with no 

chaining effect, but it does not necessarily find all groups where the within-group 

distances are less than some value. 

These techniques use different distance measures to cluster data, and for a given 

data set may produce quite different clusters. 

Lance and Williams (1967) have given a general agglomerative algorithm with 

which many of the common hierarchical methods can be described. If two groups 

rands amalgamate to form a new group t, the dissimilarity between this group and 

any other group can be expressed in an equation form. A table of the coefficients 

for different techniques has been given by Gordon (1981), and Cormack (1971). 
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1.2.2 Non hierarchical techniques 

Non hierarchical techniques of cluster analysis have the same extremes as hierar­

chical techniques, that is, n clusters consisting of one observation and one cluster 

with all n observations in it, however non hierarchical techniques allow points to 

be reallocated to other clusters during the clustering process. These techniques of 

cluster analysis often use optimisation procedures in which observations are trans­

ferred between clusters with the aim of optimising some clustering criterion. With 

this strategy the structure of the groups is optimised and the groups are thus made 

as homogeneous as possible. Once again, there are many different methods avail­

able because of different optimising criteria and different optimising algorithms. 

For further discussions on these procedures see for example, Everitt (1980) and 

Hand (1981). 

The k means algorithm described in Hartigan (1975) is a commonly used optimi­

sation technique. The means of each of the K initial clusters are found, and then 

each data point is examined to see if it is closer to the mean of another cluster 

than to the mean of its current cluster. If this occurs, that point is transferred and 

the cluster means are recalculated. The means can be recalculated after each data 

point has been reallocated, or after all the data points have been examined and 

those that needed reallocating have been transferred. The means of the K clusters 

are calculated and the process is repeated. In this procedure, the cluster mean is 

the point that minimises the sum of squares of the distances of the observations 

in that cluster to that point. 

The classification likelihood approach is a non hierarchical technique that uses a 

likelihood based approach to clustering. Under this approach, a probabilistic for­

mulation is taken in which it is assumed that the observations X1, ... , Xn each arise 

from any one of I{ possible sub-populations with a probability density function 

of f ( x; 0 k) for k = 1, ... , J{. This approach differs from the discriminant analysis 

problem in that it is not known which sub- population the observation comes from. 

Let 
if observation i E group k; 
if observation i (/:. group k, 

and define the vector of indicator variables as Zi = (zi1, ... , ZiK )'. The likelihood 

function is given by 

n K 

lc(z1,--•,Zn,01,••·,0K) = rrrr {J(xi;0k)Yik 
i=l k=l 

Let z = (z1 , ... , Zn) and¢= (01 , ... , 0K ). Maximisation of Lc(z, <p ), the loglike­

lihood for the complete data is with respect to <p and z. That is, the unobservable 

indicator variables z1 , ... , Zn are treated as unknown parameters to be estimated 
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along with <p. The maximisation process can be carried out by computing the 

maximum value of the likelihood over all possible partitions of then observations 

to the I< groups. This approach was considered by several authors including John 

(1970), Sclove (1977), Scott and Symons (1971) and Symons (1981). Unfortunately 

with this procedure, the Zij increase in number with the number of observations, 

and the maximum likelihood estimates are not necessarily consistent. 

Using the classification likelihood approach, Scott and Symons (1971) showed that 

the assumption that Xi ~ N(µk, I;) for k = 1, ... , I<, led to the cluster analysis 

procedure based on minimising [ W [, the determinant of the pooled within group 

dispersion matrix. This method of cluster analysis was discussed by Friedman 

and Rubin (1967). Scott and Symons (1971) found that this approach has the 

tendency to divide the data into clusters of equal size if the separation between 

the sub populations is not large. Marriott (1975) pointed out that the maximum 

likelihood estimates are not consistent under the assumption of underlying normal 

distributions with a common covariance structure. Bryant and Williamson (1978) 

showed that the approach can also be expected to give biased results. Under this 

approach, the Zi are treated as if they are parameters, rather than as missing 

random variables. Symons (1981) and Binder (1978) give Bayesian versions of this 

method, but we will not discuss this approach in this thesis. 

There is a vast quantity of literature available on cluster analysis, and it is not 

possible to list all references. For comprehensive reviews of clustering techniques 

see for example, Cormack (1971 ), Everitt (1980), Jardine and Sibson (1971 ), and 

Gordon (1981). For clustering algorithms see Hartigan (1975) and James (1985). 

1.2.3 The number of clusters 

In the discussions so far, we have assumed that there are I< clusters in the data set, 

but no mention has been made of how we evaluate this figure I<. Prior knowledge 

concerning the number of clusters reduces the complexity of a cluster analysis. 

However, the situation often occurs where we have a sample of data in which 

the number of clusters J{ is unknown. Finding the number of clusters present 

in the data then becomes part of the clustering problem. A general approach is 

to compare some criterion evaluated for different levels of J{. Marriott (1971) 

suggested that the value of K for which K 2 [ I; [ is a minimum will give the 

optimum number of clusters, where I; is the within cluster covariance matrix. 

With hierarchical clustering, the number of clusters is obtained by selecting one of 

the clusterings in the nested sequence of groupings displayed in the dendrogram. 

The most common method used is to examine the dendrogram for large changes 

in the distance or dissimilarity between adjacent fusion levels. A large change 
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when going from K1 to K1 -1 groups might be indicative of K 1 groups. However, 

this procedure is subjective, and two users of this approach may recommend a 

different number of groups from examination of the same dendrogram. Mojena 

( 1977) suggests a procedure based on the relative sizes of the different fusion levels. 

Milligan and Cooper (1985) discuss various rules for selecting the number of groups 

from the dendrogram. These tests can assist in assessing the number of clusters 

present in the data. 

1.2.4 The disadvantages of cluster analysis 

When a cluster analysis is performed there are some inescapable drawbacks. Any 

randomness in the data is not reflected in the grouping and with some common 

algorithms, a small perturbation in the data can lead to quite different clusters 

being formed. All clustering methods make implicit assumptions about the type of 

structure present in the data. Unless there is a specific reason for using a particular 

method, it must be ensured that the conclusions are not just an artefact of the 

method used. For example, hierarchical techniques impose a hierarchical structure 

on the data where it may not be present. Group average, complete linkage and 

Ward's method often find spherical clusters even when it appears that the data 

contain clusters of other shapes (Everitt and Dunn, 1991). Single linkage cluster 

analysis tends to find rod shaped clusters especially when there are intermediates 

present between the clusters. 

Optimisation methods tend to find spherical and elliptical clusters. If the data 

contains other shapes, they may not be found by using these methods. 

Considerable care must be taken when using cluster analysis to avoid misleading 

solutions, as clustering techniques will generate a set of clusters even when applied 

to random unclustered data. If there is strong structure present in the data, one 

hopes that it is picked up by most techniques. Hand (1981) recommends applying 

different clustering techniques to the data set as one way of verifying the structure. 

Optimisation techniques usually require large amounts of computer time as they 

try various allocations of points to clusters. The underlying assumptions about 

the distribution such as having a common covariance structure for the clusters, 

are important for these techniques. 

Hierarchical techniques operate on the matrix of proximities between the observa­

tions rather than the observations themselves, and thus the use of these methods 

entails a loss of information (Mardia, Kent and Bibby, 1979). Using a different 

clustering algorithm can result in a different grouping structure. Further, experi­

ence with real mixed populations shows that they are often substantially overlap­

ping, whereas by design cluster analysis will tend to come up with compact non 
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overlapping clusters. 

Another disadvantage with cluster analysis is that after deciding on the clustering 

algorithm to be used, the user still has to make more decisions such as deciding on 

the distance measure to use, whether or not to standardise the variables - different 

sets of weights on the variables can lead to completely different clusters. In the 

next section, we will consider an approach to clustering that uses a finite mixture 

density as its model. Advantages of this model based approach include completely 

dispensing with the need to decide on which similarity measure is appropriate and 

which clustering algorithm to use. 

1.3 The Finite Mixture model 
An alternative to algorithmic cluster analysis, is to adopt a statistical formula­

tion similar to that of discriminant analysis, and regard the observations to be 

clustered as a random sample from a finite mixture of distributions. However, 

unlike discriminant analysis, the observations are not identified as belonging to 

a particular group, and there is often very little information about the form of 

the population distributions for each group. By making generic distributional as­

sumptions, we have a well specified model, whose parameters can be estimated 

by the method of maximum likelihood. The estimated conditional probabilities of 

group membership can be estimated by Bayes rule using the parameter estimates. 

These probabilities can be used when the algorithm has converged to obtain a 

probabilistic clustering. 

As with any clustering method, clustering by finite mixture models also imposes a 

structure on the data. It is possible to check the overall fit of the mixture model to 

the data, although the individual components cannot be checked unless the groups 

turn out to be well separated. The mixture likelihood approach is an example of 

a non hierarchical clustering technique. As pointed out by Aitkin, Anderson and 

Hinde (1981), "clustering methods based on mixture models allow estimation and 

hypothesis testing within the framework of standard statistical theory". 

1.3.1 History 

The finite mixture problem has quite a lengthy history. Karl Pearson in 1884 put 

forward a solution in the case of a mixture of two univariate distributions with 

unequal variances using the method of moments. This was a difficult problem and 

involved the solution of a ninth degree polynomial equation. Later investigation, 

for example, Tan and Chan (1972), showed that likelihood estimation was superior 

to the method of moments for this problem. 

Maximum likelihood estimation for the parameters in mixture distributions was 

suggested in 1948 by Rao, who used Fisher's method of scoring for the estima-
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tion of parameters in a mixture of two univariate normal distributions with equal 

variances. This appeared to be the first use of likelihood estimation for mixtures 

(Everitt and Hand, 1981 ). However, Butler (1986) pointed out that there was an 

investigation by Newcomb in 1886, for the maximum likelihood estimation of the 

parameters of a mixture of k univariate normal populations with known variances. 

This investigation could be interpreted as an application of the EM algorithm of 

Dempster, Laird and Rubin (1977). Butler also found that Jeffreys in 1932 es­

sentially used the EM algorithm to compute the estimates of the means in two 

univariate normal populations, which had known variances and which were mixed 

in unknown proportions. 

\i\Tith the advent of high speed computers, interest increased in the likelihood esti­

mation of the parameters of mixture distributions. Hasselblad (1966, 1969) applied 

maximum likelihood estimation for the parameters of a mixture of k univariate 

normal distributions with equal variances, and then for mixtures of distributions 

from the exponential family. Day (1969) estimated the components of a mix­

ture of two multivariate normal distributions with equal covariances. Wolfe (1967, 

1970) used maximum likelihood estimation for the parameters of a mixture of K 

multivariate normal distributions with unequal covariances, and also a mixture of 

Bernoulli distributions. These three researchers all presented their solutions in an 

iterative form that corresponded to applications of the EM algorithm of Dempster, 

Laird and Rubin (1977). Further details on the EM algorithm can be found in 

section 1.4. 

There is an extensive literature on the finite mixture problem, and it is not pos­

sible to list all references. For additional references on finite mixtures, see the 

monographs on finite mixture distributions by Everitt and Hand (1981), Titter­

ington, Smith and Makov (1985), and McLachlan and Basford (1988), the reviews 

by Redner and Walker (1984) and encyclopedia entries by Everitt (1985). 

1.3.2 The mixture model 

Suppose that p attributes are measured on n observations. We regard the obser­

vations to be clustered as a random sample of a mixture from a finite number, 

J{, of populations in some unknown proportions, 1r1, ... , 7rK, respectively, where 

7rk ~ O and L 7rk = 1. The probability density function of an observation x can 

be represented in the finite mixture form 

K 
J(xi;<P) = L1rkfk(xi;0k) (1.1) 

k=l 

where fk(xi; 0k) is the density of Xi in group k, 0k denotes the vector of unknown 

parameters for group k, and ¢ = ( 1r1, 0')', the vector of all unknown parameters. 
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Note that we have overparameterized here; we only need J{ - 1 of the 7rk since the 

sum of the 7rk over the I{ groups equals one. 

The likelihood function for¢ under (1.1), is given by 

Let¢ be the maximum likelihood estimate of¢. Then each observation, Xi, can be 

allocated to group k on the basis of the estimated posterior probabilities. The k th 

mixing proportion 7rk, can be viewed as the prior probability that the observation 

belongs to group k. Under the mixture model, the posterior probability that 

observation Xi, belongs to group k, is given by 

rk(xi; ¢) = pr(observation i E group k I xi;¢) 

7rkfk(Xii Ok) 
K 

~ 7rkfk(Xii 0k) 
k=l 

for k = 1, ... , I<. Note that the use of 'posterior' and 'prior' is not related to the 

method used to estimate the parameters¢. 

A A/ 

If <f> = ( 7r1, 0')' is estimated by ¢ = ( ir', 0 )', then the observations can be parti-

tioned into I< non overlapping clusters by assigning each observation to the group 

to which it has the highest posterior probability of belonging. That is, Xi is as­

signed to group k, if 

If the parameters <f> are known, this allocation rule would be the optimal or Bayes 

rule which minimises the overall error rate (Anderson, 1958). For convenience, 

Tk (Xi; ¢) will be denoted as Zik • 

The mixture model, ( 1.1), can be fitted parametrically, usmg the method of 

maximum likelihood. In order to estimate the parameters in ¢, from the data, 

x 1, ... , Xn, it is necessary that the parameters be identifiable. The mixture distri­

bution in ( 1.1) is identifiable if there exists a one-to-one correspondence between 

the mixing distribution and the resulting mixture (Everitt, 1985). For further de­

tails on identifiability, see McLachlan and Basford (1988), and Titterington, Smith 

and Makov (1985). 

In some instances, the loglikelihood L( </>) is unbounded under the mixture model, 

and so the maximum likelihood estimator of¢ does not exist. These singularities 
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occur at certain points on the boundary of the parameter space, and a sensible 

local maxima can be found for most examples, provided we keep away from these 

boundaries (Titterington, Smith and Makov, 1985). The loglikelihood function 

may also have local maxima. The problem then arises as to whether to accept 

a given local maximum, or to go on and search for others. If the root of the 

likelihood equation is not unique, an obvious choice is the root corresponding to 

the largest of the local maxima, assuming that these have all been found. Redner 

and Walker (1984) have given, for identifiable mixtures, the regularity conditions 

that must be satisfied for a sequence of roots of the likelihood equation BL/ 8¢; = 0 

to exist and have the properties of consistency, efficiency and asymptotic normality. 

McLachlan and Basford ( 1988) maintain that the form of the regularity conditions 

suggest that they hold for many parametric families. 

In the next section, we describe the EM algorithm of Dempster, Laird and Rubin 

(1977), an iterative procedure that will be used to find the maximum likelihood 

estimates in the finite mixture model. 

1.4 The EM Algorithm 

The EM algorithm is a general iterative procedure for computing the maximum 

likelihood estimates when the data can be viewed as incomplete. The EM algo­

rithm is simple conceptually. In simple cases, the algorithm can be informally 

described as follows: First, formulate the problem such that if the missing data 

were observed, the maximum likelihood estimate of the parameter 0, would be easy 

to find. Then (1) fill in the missing values, (2) estimate the parameters, and (3) 

use the new parameter estimates to re-estimate the missing values, ( 4) re-estimate 

the parameters and so forth, iterating until convergence. In most cases, the EM 

algorithm is more complicated. Generally, missing sufficient statistics need to be 

estimated, and the loglikelihood needs to be estimated at each iteration of the 

algorithm. 

The term, 'EM algorithm', was first applied by Dempster, Laird and Rubin (1977). 

In this paper, they identified the full generality of the algorithm and proved general 

results about its behaviour. The literature was reviewed and a wide range of 

examples was provided. The algorithm was termed 'EM', signifying Expectation 

- Maximisation, as each iteration consists of an expectation step ( E step), and a 

maximisation step ( M step). 

Previous researchers, for example, Dempster, Laird and Rubin (1977), and Little 

and Rubin (1987), found that the EM algorithm had a long history of application 

in special cases prior to 1977, with the earliest EM application found being a medi­

cal application by Kendrick in 1926. Orchard and Woodbury (1972) give a general 
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approach to likelihood estimation for incomplete data, and consider a mixture of 

multivariate normal distributions, where the group assignment is regarded as miss­

ing information. Sundberg (1974) considered properties of the general likelihood 

equation, and Beale and Little (1975) further developed the theory for analysing 

multivariate normal data with missing values. Rubin (1991) presents a review of 

the ideas and basic theme of EM, and discusses some algorithmic techniques such 

as multiple imputation, that combine simulation techniques with complete data 

methods to address problems that are difficult or impossible to solve using the EM 

algorithm. 

The EM algorithm has several important properties. An advantage of the algo­

rithm is that it can be shown to converge reliably, as each iteration of the algorithm, 

increases the loglikelihood, L(</> I x), where cf> is the parameter to be estimated. 

Thus, 

L (¢(HI) Ix)~ L (<t><t) Ix), 

where L( 4/t) I x) is the loglikelihood at iteration t. See Dempster, Laird and 

Rubin (1977), and Rubin (1991) for further details on the properties of the EM 

algorithm. Wu (1983) gives a detailed account of the convergence properties of 

the EM algorithm and corrects some errors made by Dempster, Laird and Rubin. 

The main disadvantage of the EM algorithm is that the rate of convergence can 

be slow. The greater the proportion of missing data, the slower the rate of con­

vergence. Specifically, Dempster, Laird and Rubin (1977) show that when the 

eigenvalues of the jacobian matrix of the update are all less than one, the largest 

of these eigenvalues gives the rate of convergence of the algorithm. That is, the 

rate of convergence depends on the relative sizes of the information in the ob­

served data about </>, and the expected or Fishers information in the unobserved 

data about ¢. Another disadvantage is that the EM algorithm computes the 

maximum likelihood estimate of the parameters but does not directly give the 

observed information matrix that may be required to give the standard errors of 

the parameters. Louis (1982) presents a procedure for extracting the observed 

information matrix when using the EM algorithm, and a method for speeding up 

the convergence of the algorithm. Further details on the observed information ma­

trix for mixture models are given by McLachlan and Basford (1988, section 1.9). 

Meilijson (1989) presents a unification of EM methodology and Newton methods 

for speeding up the algorithm. Methods for speeding up the convergence of the 

EM algorithm are an area of current research. 

There are other general iterative procedures such as the Newton Raphson algo­

rithm and the method of scoring, that could also be used for the solution of the 

likelihood equations. It can be shown that if the loglikelihood function under the 
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mixture model is concave and unimodal, the sequence of estimates of¢ produced 

by the Newton Raphson algorithm converges quadratically near the maximum. 

However this algorithm does not always increase the likelihood as it can move to 

a local minimum, and therefore choice of starting values is more important with 

Newton's method than with the EM algorithm. At each iteration, the Newton 

Raphson algorithm requires the calculation and/or storage of the second deriva­

tive matrix of the loglikelihood. It can be seen that use of this algorithm can be 

infeasible in many problems, especially clustering problems with large numbers of 

observations and variables. The method of scoring involves the calculation and 

inversion of Fishers information matrix. The computations per iteration can be 

fairly large. This method also does not always increase the likelihood. See Redner 

and Walker (1984), and Titterington, Smith and Makov (1985, pages 88-89) for 

further details on both these algorithms. 

1.4.1 EM for exponential families 

Suppose that the complete data x have a distribution from an exponential family 

defined by 

f(x I¢)= b(x)exp(s(x)<f>)/a(<f>), 

where ¢ is a (p x 1) parameter vector, s(x) is a (1 x p) vector of complete data 

sufficient statistics, and b(x) and a( <p) are functions of x and <p respectively. 

When the EM algorithm is applied to incomplete data from the exponential family, 

the E step consists in estimating the complete data sufficient statistics s(x) given 

by 

where ¢(t) denotes the current value of <p at iteration t, and Xobs denotes the 

observed part of x. 

The ]VJ step determines the new estimate <p(t+l) of <p as the solution of the likeli­

hood equations 

which are the likelihood equations for the complete data x with s(x) replaced by 

sC t). 

We see that when the complete data comes from the exponential family, the E 

step reduces to finding the conditional expectation of the complete data sufficient 

statistics. The M step is simple and involves complete data maximum likelihood 

estimation. 
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The EM algorithm for mixture density problems can be regarded as a specialisation 

of the general EM algorithm given by Dempster, Laird and Rubin (1977). The E 

step of the algorithm requires the computation of Q(</> I </J(t)), where 

Q( ¢' I ¢) = E(log f(x I ¢') I X(abs), <p ), this is assumed to exist for all pairs 

(¢',¢); 

f(x I <p) is the density function defined for the complete data sample space; 

X(abs) are the observed data; and ¢ is the parameter to be estimated. 

The NI step consists of choosing ¢(t+l) to be the value of ¢ that max1m1ses 

Q(</>' I <f)o). 

Dempster, Laird and Rubin (1977) considered the estimation of the parameters 

of the mixture density as an estimation problem involving incomplete data, by 

regarding each observation as 'missing' a label indicating its component popula­

tion of origin. The algorithm is applied to the mixture model using the general 

formulation described above. Rather than adjoining a single variable of class as­

signments, it is more convenient to add J{ indicator variables corresponding to 

each of the K classes. 

Let the vector of indicator variables, Zi = ( Zi1, ... , ZiK )', be defined by 

if observation i E group k; 
if observation i (/:. group k, 

where the indicator vectors Z1, ... , Zn are independently and identically distributed 

according to a multinomial distribution generated by one draw on a popula­

tion made up of J{ categories in proportions 1r1, ... , 7rK. Further suppose that 

X1, ... , Xn and Z1, ... , Zn are conditionally independent. 

Maximum likelihood estimation for the 'complete data' formed by the adjoining 

of 'missing data' onto the observed data, is then simple. The complete data 

loglikelihood for the model ( 1.1) can be written in the form 

n K 

Le( <p) = LL Zik {log ?Tk + log fi(xi; 0k)}. 

i=l k=l 

Since the complete data likelihood is linear in the Zik, the Estep of the algorithm 

requires the estimation of the Zik given the data and the current vaue of the 

parameters. The M step separates into two maximisation problems, one involving 

the mixing proportions 1r1 , ... , 7rK and the other involving the parameters of the 

I( distributions. For further details on EM for mixture densities, see Redner and 

Walker (1984, section 4) and Titterington, Smith and Makov (1985). For details 

on convergence properties of EM, and properties on the estimators of mixtures of 

densities from the exponential family, see Redner and Walker (1984, section 5). 
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1.4.2 The choice of starting values for the EM algorithm 

The EM algorithm can be started in two ways. We can either input some initial 

value for ¢, say ¢ 0 , or we can execute the M step of the EM algorithm with an 

initial estimate of the group assignment. That is, input estimates of the posterior 

probabilities Zik, where Zik is set at 1 or O according to whether observation i is 

in group k or not. 

To help select starting values for the EM algorithm, McLachlan (1988) recommends 

that a principal component analysis be firstly carried out on the data. Then, the 

two dimensional scatter plots of the principal components can be examined for 

the presence of clusters. Evidence of any clustering can then be reflected in the 

initial estimates of the posterior probabilities of group membership. With medical 

applications such as the cancer data investigated in Chapter 3, there is often some 

a priori information concerning a possible group structure for the patients under 

study. This can extend to a provisional grouping of the n unclassified patients. 

As the likelihood equation for mixture models usually has multiple roots, the se­

lection of suitable starting values for the EM algorithm is important. The EM 

Algorithm should also be applied from different starting values in any search of 

local maxima. If there are several local maxima, the problem then arises as to 

which root of the likelihood equation should be used. An obvious choice is the one 

corresponding to the largest of the local maxima, although it does not necessar­

ily follow that the consequent estimator is consistent and asymptotically efficient 

(Lehmann (1980)). 

1.5 Choosing the number of groups. 

In many situations in practice, there is no a priori knowledge of the number of 

classes to be fitted to the model. An obvious way of approaching this problem 

is to use the likelihood ratio test statistic ,\ to test for the smallest value of J{ 

compatible with the data. However when testing for the number of components 

in a mixture, the usual regularity conditions do not hold for -2 log,\ to have its 

standard asymptotic null distribution of x2 with the degrees of freedom equal 

to the difference between the number of parameters under the full and reduced 

models. 

For example, consider a two component mixture model where 

with O :::; 1r1 :::; 1. To test for the existence of two components in the mixture, the 

null hypothesis Ho : J{ = 1 is approached by testing that 1r1 = 1, which falls on 

the boundary of the parameter space. An alternative formulation would be to test 
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Ho : 01 = 02, a test that the two components are identical. This test does not 

correspond to a point on the boundary of the parameter space, but if 01 = 02 , the 

mixture 

regardless of the value of 1r and the likelihood function is flat in 1r. 

Titterington (1981), and Titterington, Smith and Makov (1985) investigated the 

likelihood ratio test of Ho : K = 1 versus Ha : K = 2 for a mixture of two known 

densities in unknown proportions. They showed that, -2 log,\ is asymptotically 

zero with probability 0.5, under the null hypothesis. The distributional result 

- 2 log ,\ ~ X ( 1 ), expected under the usual asymptotic theory did not hold under 

Ho. Hartigan (1985a,b) obtained the same result for the asymptotic null distribu­

tion of -2 log,\ for a mixture of two univariate normal distributions with common 

covariances, known means and in unknown proportions. Further accounts of the 

breakdown of the regularity conditions are given for example, by Ghosh and Sen 

( 1985), and Hartigan ( 1977). 

The use of the likelihood ratio test for more complicated problems is more difficult. 

Some of the early investigations of this test used restricted numerical studies. In 

some investigations such as Hasselblad (1969), the likelihood ratio test was applied 

and the problem of the breakdown in the regularity conditions was not recognised. 

Aitkin and Tunnicliffe Wilson (1980) use the likelihood ratio test whilst pointing 

out that the asymptotic distribution may not hold satisfactorily especially with 

small samples, and that the x2 test with degrees of freedom on the number of 

parameters is not valid as mixtures are not regular. 

To test the hypotheses, Ho : K = K1 versus Ha : K = K2 for a mixture of p 

variate normals where K 1 < K2, Wolfe (1971) suggested on the basis of a small 

scale simulation performed for K = 1 and K = 2, that the null distribution of 

-2 log,\ could be approximated as -2clog ,\ ~ X~ where the degrees of freedom, 

cl, is twice the difference in the number of parameters in the two hypotheses, not 

including the mixing proportions. The suggested value of c is (n-1-p-0.5K2 )/n). 

The simulations of Everitt (1981) for testing that K = 1 versus K = 2 for mixtures 

of normal populations with equal covariance matrices, suggest that the ratio n/p 

needs to be at least 5 for Wolfe's approximation to be applicable for the determi­

nation of P values. These simulations had a sample size of between 25 and 500, 

for p up to 1 0. Everitt ( 1981) also shows that the power of the test is small unless 

the component densities are well separated. 

McLachlan and Basford (1988, page 24) recommend that Wolfe's modified ratio 

test be used as a guide to the possible number of underlying groups. They also 
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suggest that use also be made of the estimates of the posterior probabilities group 

membership in the choice of the number of groups. 

Aitkin, Anderson and Hinde (1981) expressed reservations about the adequacy 

of the chi squared approximation for the distribution of -2 log..\, and outlined a 

solution to the problem by using Monte Carlo methods for latent class models. 

This was described by McLachan and Basford (1988) as essentially a bootstrap 

approach. The likelihood ratio test statistic for the test of H 0 : I{= 1{1 versus Ha : 

K = K2 can be 'bootstrapped' as follows. Proceeding under the null hypothesis, 

the likelihood estimates¢, are found for the data by fitting a mixture model with 

K1 groups. A sample is then generated from the mixture 

K1 

f(x;¢) = L irkfk(x;0k) , 
k=l 

where the parameter estimates for the distribution are the likelihood estimates 

obtained from fitting the model to the original data. Mixture models for K 1 

groups, and then K2 groups are fitted for the sample, and -2 log.,\ is computed. 

Another sample is generated, and the process is repeated independently T times. 

The replicated values of -2 log..\ calculated from the successive samples can be 

compared with that from the original data. Further references on this bootstrap 

approach are given by McLachlan and Basford (1988). 

McLachlan ( 1987) assesses the bootstrapping of -2 log..\ for the test of a single 

normal density versus a mixture of two normal densities in the univariate case 

where both distributions have a common variance. For a sample size of 100, 

McLachlan found that as the number of replications of the bootstrap increased, 

the simulated power also increased and that the power of the test was poor unless 

the components of the mixture are widely separated. 

For the test of a single normal density versus a mixture of two normal densities with 

unequal variances in the univariate case, Feng and McCulloch (1994) show that 

the criterion used to avoid singular solutions, affects the distribution of -2 log..\. 

To avoid the failure of the standard likelihood ratio test, Aitkin and Rubin (1985) 

suggest an approach which places a prior distribution on the vector of mixing 

proportions 1r. The likelihood L( 0 I x) is firstly found by integrating the likelihood 

L(0, 1r I x) over the prior distribution of 7r. The distributional vector 0 is then 

estimated by maximum likelihood from L(0 I x). Tests on the number of groups 

are made relative to the one group model. Aitkin and Rubin (1985) maintain that 

the usual asymptotic distribution can be expected to apply with this proposal 

if the sample size is not small. However, Quinn, McLachlan and Hjorth (1987) 

demonstrate that even with the use of a prior distribution on the 1r, the regularity 
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conditions usually assumed to obtain the standard asymptotic results still do not 
hold. 

The use of Akaike's information criterion (Akaike (1974)) to assess the number of 

components in a mixture was proposed by Sclove (1983), and Bozdogan and Sclove 

( 1984). Titterington(1984), and Titterington, Smith and Makov (1985) point out 

that this criterion relies essentially on the regularity conditions needed for -2 log,\ 

to have its usual asymptotic distribution under the null hypothesis. 

Assessment of the number of modes is another way of approaching the problem 

for the number of components in a mixture. However, as bimodality can occur in 

a single normal distribution and conversely, mixtures can be unimodal, care must 

be taken. (See for example, Everitt and Hand (1981) and Titterington, Smith and 

Makov (1985)). 

The main problem is the lack of identifiability of the parameters even when the 

class of mixtures is identifiable. See for example, Hartigan (1985a), Titterington, 

Smith and Makov ( 1985). 

As can been seen, the task of identifying the number of components in a mixture 

by using statistical tests is still an unresolved problem. It should be noted that 

the question of the number of groups does not have any real meaning unless (i) 

the mixing proportions are greater than some value, and (ii) any two component 

distributions are sufficiently different in some measure. Knowledge of the subject 

area must be used to determine whether the clusters actually have a real meaning, 

or whether we have just imposed a structure on the data. The underlying structure 

of the groups cannot be checked as it is unknown, we estimate the parameters of 

the distribution and the mixing proportions. 

In this thesis, we will use the likelihood ratio test merely as a guide to the possible 

number of underlying groups in the mixture. Another guide can be found in the 

estimates of the posterior probabilities of group membership. Clearly a solution 

where observations are clearly assigned to a particular component will be of more 

practical use than one in which many observations have appreciable probability of 

membership in each of several classes. It must be remembered, however, that real 

populations do overlap, and such solutions are not necessarily meaningless. 

1.6 Latent Class analysis as a Clustering method 

Latent Class analysis was developed by the mathematical sociologist Paul Lazars­

feld who was interested in making more precise the relationship between underly­

ing or latent states that were not observable, and directly observable indicators of 

those states, the manifest variables. In latent class analysis, the observed manifest 
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variables are categorical and it is assumed that the underlying latent variable is 

also categorical. The basic assumption of the latent class model is that within 

any category of the latent variable, the manifest variables are independent of each 

other. This assumption is known as the axiom of local independence. The observed 

relationships between the manifest variables thus result from the underlying clas­

sification of the data produced by the unobserved latent variable. 

Latent class models can be expressed as a finite mixture distribution as follows: we 

assume the population to be made up of J{ groups or sub-populations G1, ... , GK 

in proportions 1r1, ... , 1r K, where 7T"k ~ 0 and I: 7T"k = l. Let x be the vector of 

responses on the p variables that we observe on each observation, where the jth 

variable can have levels numbered from 1 to Mj. Let Akjm be the probability that 

variable j takes level m in group k. Then, if the ith observation Xi happens to 

come from Gk, its probability function is given by 

p 

fk(xi; 0k) = IT Akjx;i 
j=l 

where 0k, the vector of unknown parameters of the distribution of the responses 

in the kth sub-population has the { Akjm} as components. 

The overall probability function is a mixture of these conditional probability func­

tions: 
K 

J(xi; </>) = L 1rkfk(xi; 0k) 
k=l 

The parameter vector cf> is made up of the 7T"k and the Akjm as k, j, and m take 

on all allowable values. We have overparameterized here as the 7T"k summed over k 

and the Akjm summed over m for any fixed j, k will total 1; thus we should regard, 

say, 7T"J< and the AkjMi as excluded from cf>, which has J{ - 1 + J{ (I:~=l Mj - p) 
elements. 

The original method of fitting these models, discussed at some length in Lazars­

feld and Henry (1968) for the case of binary variables, was to attempt to solve 

the system of equations known as the 'accounting equations', which equate the 

observed cell proportions to the predicted cell probabilities. These equations were 

used as the basis of parameter estimation for approximately 20 years. The solution 

of these equations can be difficult. Further details can be found for example, in 

Everitt ( 1984a). 

Goodman (1974) introduced a new iterative algorithm for the maximum likelihood 

fitting of latent class models. It soon became clear that this algorithm was a 

special case of the EM algorithm. To use latent class analysis as a clustering 
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method, the probability Tik, that the ith observation comes from the kth group, 

is first estimated by Bayes Rule from the estimated component distributions and 

the estimated proportions in each component. In fact, the estimates of these 

probabilities are also required in the course of the algorithm, although it is not 

until the algorithm has converged that they can be used for clustering. 

Everitt ( 1984a, b) gave a numerical example of the latent class model using the 

machine-design data previously analysed in 1956 by McHugh and displayed in 

Table 1.1. The data set arose from four machine-design subtests that were given 

to 137 engineers: the data were dichotomised such that '1' signifies above the 

subtest mean and '0' is below the subtest mean. 

Table 1.1 

Machine design data from Everitt ( 1984 a) 

Response Pattern Frequency 
Variable Observed Expected 

1 2 3 4 2-class 3-class 

1 1 1 1 23 20.29 19.73 

0 1 1 1 8 10.35 10.83 
1 0 1 1 6 9.27 9.33 
1 1 0 1 5 4.70 5.14 
1 1 1 0 5 5.18 5.72 

0 0 1 1 g 4.94 5.75 

0 1 0 1 3 4.50 2.89 

0 1 1 0 2 3.29 2.06 

1 0 0 1 2 3.63 1.92 

1 0 1 0 3 2.82 2.21 

1 1 0 0 14 5.67 13.63 

0 0 0 1 8 6.31 8.41 

0 0 1 0 3 2.84 3.38 

0 1 0 0 8 14.01 8.01 

1 0 0 0 4 10.43 4.33 

0 0 0 0 34 28.75 33.67 

McHugh fitted a latent class model with two classes, obtaining the maximum 

likelihood estimates using Fishers scoring technique. Everitt ( 1984a,b) fitted both 

a two class and a three class model to the data using the EM algorithm. He 

applied goodness-of-fit tests to both models by calculating the frequencies of the 

response vectors expected under the model and comparing these with the observed 

frequencies by the x2 statistic. He found that the three class model provided a 

better fit than the two class model, and this appeared to be mainly due to the 

improvement in fit of response pattern '1100' between the two models. With the 

two class model, one class could be interpreted as comprising 'creative' individuals 
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whilst the other could be interpreted as comprising 'non-creative' individuals. No 

interpretation was reported for the three class model. Further details can be found 

in Everitt ( 1984a, b). 

The versatility oflatent class analysis as a clustering method was shown by Aitkin, 

Anderson and Hinde (1981) who fitted two class and three class models to 38 

binary variables describing the teaching manner of 468 teachers. They gave a 

clear interpretation of the latent classes for these models. In the two class model, 

the latent classes could be interpreted as 'formal' and 'informal' teaching styles. 

The three class model included both of these types of teaching styles, and the third 

class shared characteristics of both the 'formal' and 'informal' teaching styles and 

could be interpreted as a 'mixed' teaching style. 

Pickering and Forbes (1984) used this method to study an even larger data set. 

This consisted of clinical and diagnostic information about approximately 50,000 

infant births. Eleven categorical variables, each having from 2 to 4 levels, were 

used to fit models having between 1 and 6 latent classes. The analysis was feasible 

because only about 600 distinct response profiles actually occurred in the data. 

Uebersax and Grove (1990) used latent class methods to analyse diagnostic agree­

ment. In their example, a panel of five diagnosticians rated 859 cases on whether it 

was appropriate to perform an operation, carotid endartectomy; the ratings were 

recoded to dichotomies where '+' was a judged indication of treatment and '-' 

was a judged non-indication of treatment. The data are displayed in Table 1.2. 
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Table 1.2 

Ratingst of treatment appropriateness by physicians. 

Diagnostic Rating Frequency 

+ + + + + 69 
+ + + + 2 
+ + + + 4 
+ + + 1 
+ + + + 2 
+ + + 1 
+ + + + 82 
+ + + 4 
+ + + 23 
+ + 8 
+ + + 67 
+ + 24 
+ + 42 
+ 41 

+ + + 5 
+ + 8 
+ 8 

+ + 5 
+ 28 

+ 49 
386 

tPatterns not recorded had O frequency. 

Uebersax and Grove fitted two, three and four class models to the data and cal­

culated the sensitivity of diagnosis for each rater. They gave an interpretation of 

'non indication', 'equivocal indication' and 'valid indication' to the three classes 

in the three class model. Further references to other studies using latent class 

methods can be found for example, in Pickering and Forbes (1984), and Uebersax 

and Grove ( 1990). 

Clustering by latent class analysis does seem to give plausible results in the sit­

uations where it has been used, and under some circumstances, it is possible to 

adjust the model to improve the fit to the data. For instance, suppose that for 

most i, there is a k such that Zik ~ 1, where i runs over observations and k runs 

over groups. In other words, most observations are firmly classified into some 

group. Then, the local independence assumption can be assessed separately for 

each group. If the assumption appears to be badly violated, the model can be ad­

justed either by dropping one of the variables, or by replacing a pair of variables 

with a new categorical variable with levels indexing the two-way table defined by 

all pairs of outcomes of the two variables, possibly combining some cells. 
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The assumption of local independence in latent class analysis makes possible the 

fitting of highly multivariate mixture models. It also means that the estimated 

parameters give clear summaries of what may be large and complex sets of data. 

1.7 The normal mixture model 

Finite mixture models are frequently fitted with the assumption that x 1, ... , Xn are 

a random sample arising from a finite mixture where the component distributions 

are multivariate normal. That is, x ~ N(µki ~k) with probability 7rk for k = 
1, ... ,K. 

We will only consider the situation where the covariance matrices are not assumed 

to be equal. Details on the case with equal covariance matrices are given by 

McLachlan and Basford (1988, section 2.1). 

Under the normality assumption, the loglikelihood L(cp), is unbounded, and it 

is well known that the maximum likelihood estimator of cp does not exist. For 

example, consider a mixture of two univariate normal distributions with density 

function 

Given a random sample of n observations from this density function, the maxi­

mum likelihood estimates of the parameters cp = ( 1r1, µ1, O"i, µ2, O"i) are found by 

maximising the likelihood function, 

n 

l ( cp) = II f (Xi; cp). 
i=l 

Suppose that µ 1 = Xi for some i. It can be seen that as 0"1 tends to zero, l( cp) tends 

to infinity. Thus each observation Xi, gives rise to a singularity in the likelihood 

function. Hathaway (1985) showed that for mixtures of normal distributions in 

the univariate case, the sequence of roots corresponding to the largest of the local 

maxima for each n is consistent and asymptotically normal and efficient. McLach­

lan and Basford ( 1988) suggest that it would be surprising if the results given by 

Hathaway (1985) applying to the univariate case do not carry over to the multi­

variate case. Further details and references for mixtures of normal distributions 

are given by McLachlan and Basford (1988), pages 38-39. 

We have looked at finite mixtures with normal component distributions, and latent 

class analysis. Both of these models can be used to fit mixture models to data 

sets that contain respectively all continuous variables or all categorical variables. 

However, frequently multivariate data is collected in which both continuous and 

categorical variables are present. An example of this can be seen in medicine, where 

continuous measurements are included along with categorical variables indicating 
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for example, the presence or absence of a certain symptom in a patient, and site 

of tumour. In the next section, we consider an approach that has been suggested 

for handling data sets having both categorical and continuous variables. This 

approach has been motivated by finite mixture models with multivariate normal 

components. 

1.8 Everitt's finite mixture approach 

Everitt ( 1988) proposes that the approach of mixture models with normal compo­

nents can be adapted for data with both categorical and continuous variables, by 

assuming that the categorical variables in the data set arise from applying 'thresh­

olds' to underlying unobservable continuous variables. He considers models where 

the continuous variables, both latent and manifest, have a multivariate normal 

mixture density. 

Suppose that x = (x1, ... , xp, xp+l, ... , Xp+q)' is a random vector with p continu­

ous variables and q categorical variables from the finite mixture distribution 

K 

J(x; ¢) = L 7rkfk(x; 8k) 

k=l 

F: 
where ~ 7rk = 1, 7rk ~ 0, fork = 1, ... , K, and where the component distributions 

k=l 
fk, are the Np+q(µk, ~) distribution. Note that it is assumed that each group k, 

has the same covariance matrix. 

Now, suppose that xp+l, ... , Xq are not directly observable, but are related to a 

set of observed variables, z1, ... , Zq, where 

1 if -00 = Cl'.kjl < Xp+j < Cl'.kj2, 

2 if Cl'.kj2 :s; Xp+j < Cl'.kj3, 

Zj = 

where Cl'.kjr, fork= 1, ... ,K, j = l, ... ,q and r = 1, ... ,M1, are the thresh­

olds generating the observed categorical variables from the unobserved continuous 

variables, Xp+l, .•. , Xp+q· 

By using the conditional density of Xp+l, ..• , Xq given X1, ••• , Xp, the density func­

tion of the observed variables, x1, ... , Xp, and z1, ... , zq, can be written in the 

form 
I( b1 bq 

h(x, z) = L 1rkNp(µk, ~) x j · · · j Nq(µklP, ~qlp) dy1 ••• , dyq 

k=l aq 
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where µklP and ~q[p are respectively the conditional mean and covariance in 

group k of Xp+l,···,xq given x1,---,xp, and the limits of integration (ai,bi) for 

i = 1, ... , q, equal the threshold values appropriate for the particular values of 

z1, ••. , Zq. Further details can be found in Everitt (1988). 

Everitt suggested maximising the loglikelihood function for this model using an 

optimisation algorithm. Everitt illustrated this procedure on four simulated data 

sets, the largest of which had 100 observations, five variables, two of which were 

categorical, and required the estimation of 33 parameters. For the data sets anal­

ysed, Everitt found that the Simplex method was the most successful in terms of 

consistent convergence, although convergence could be slow. He suggests the use 

of the algorithm of Schervish (1984) for categorical variables with more than two 

levels. Schervish ( 1984) presents an algorithm for the calculation of multivariate 

normal probabilities which has error bounds and which includes some time saving 

devices to speed the calculations. Everitt reports satisfactory performance of the 

finite mixture approach for the estimation of the models parameters when using 

the Simplex method. 

Such threshold models have been widely used for ordinal data and a brief survey 

is given in Zhaorong, McGilchrist, and Jorgensen (1992), where they are used 

in a continuous latent variable model for the comparison of 20 ternary variables 

representing variants of microbiological test methods. [This data could also have 

been analyzed by latent class analysis]. 

Everitt and Merette (1990) demonstrate Everitt's finite mixture method on four 

simulated data sets, each having three continuous and two categorical variables. 

They compared the clustering performance of Everitt's finite mixture method with 

three hierarchical clustering methods where the data had been standardised in 

a number of ways. They report good performance of the mixture method in 

comparison to conventional hierarchical methods when applied to simulated data. 

Everitt and Merette also applied this method to Fisher's iris data after two of the 

four variables had been categorised. Further details can be found in Sections 3.3.2 

and 3.3.3. They again found that Everitt's finite mixture approach performed 

better than the hierarchical methods applied. 

However, there are some severe practical limitations to the use of this method at 

present, with the method being basically restricted to data sets that have only one 

or two categorical variables. Everitt proposes the use of standard optimisation 

algorithms applied to the loglikelihood function for maximisation. The computa­

tion of loglikelihood function requires the numerical evaluation of a q-dimensional 

integral, where q is the number of categorical variables. Neither Everitt (1988), 
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nor Everitt and Merette (1990), consider any examples where the number of cate­

gorical variables is greater than two. Clearly this method is not yet ready to take 

on data sets having very many categorical variables. 

In the next section, we describe a model that has been proposed for handling data 

sets with both categorical and continuous variables. 

1.9 The location model 

Olkin and Tate (1961) proposed a model that could be used for multivariate data 

with both categorical and continuous variables. This model, which is known in 

the literature as the location model, has a distribution function in which the 

marginal distribution of the discrete variables is multiplied by the conditional 

distribution of the continuous variables given the values of the discrete. In this 

model, the discrete variables are arranged in a contingency table form, where the 

pattern of the discrete variables uniquely determines a cell in the table. The 

continuous variables are assumed to follow a multivariate normal distribution, 

where the parameters of the distribution depend on the contingency table cell as 

defined by the associated discrete variables. 

Formally, the model is described as follows. Suppose that a random sample of 

size n is taken, where each observation has R discrete and p continuous vari­

ables. Let u' = (u 1,u2,- .. ,uR) denote the vector of categorical variables, and 

v' = ( v1, v2, ... , vp) denote the vector of continuous variables, measured on each 

observation. Suppose that the r th categorical variable has mr categories, then the 
R 

R categorical variables define an R-way contingency table with M = IT mr cells. 
r=l 

Then 

(i) Then observations have a multinomial distribution over the M cells of the 
M 

contingency table, and pr( observation i E cell r) = Ar with I:: Ar = 1 for 
r=l 

r = 1, ... , M, and 

( ii) The conditional distribution of v given that u is in cell r, is Np(µr, :E). 

O lkin and Tate ( 1961) considered various aspects of the location model. In partic­

ular, they show that the likelihood function for a sample of n individuals following 

the location model, factorises into two parts:- one part consists of the multinomial 

likelihood function with parameters A1, ... , AM, while the other consists of the 

product of M multivariate normal likelihoods, the rth of which has parameters µr 

and :E. 

The location model has been used for multivariate data with both categorical and 

continuous variables by for example, Krzanowski (1983) and (1986) in the discrimi­

nant analysis context. Little and Schluchter (1985) describe methods for handling 
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missing data in the location model. Location models are termed homogeneous 

conditional Gaussian by Lauritzen and Wermuth (1989). 

A more general model can be defined by letting the dispersion matrix of the normal 

distribution vary with the contingency table cell. Krzanowski (1983) included this 

type of possibility. However, this generalisation leads to a large increase in the 

number of model parameters. Krzanowski (1988) contends that in practice, the 

assumption of a common covariance matrix between cells is not unduly restrictive, 

and that in general, satisfactory results seem to be obtained with the simpler 

model with the common covariance matrix. 

Strictly speaking, the location model in full generality can have several categorical 

variables, but for programming convenience we have reduced this to one. 

\iVe aim to demonstate in this thesis that mixture likelihood methods can be used 

to cluster highly multivariate data sets where the variables can be either categorical 

or continuous. We aim to show that our ability to analyse data using the proposed 

approach can be extended to include data sets where data are missing at random 

in the sense of Rubin (1976). 

In the next chapter, we propose a model that can be used for clustering data sets 

in which there are both categorical and continuous variables, and in which the 

number of categorical variables can be greater than two. 



Chapter 2 

Development of the model 

This chapter considers the estimation of the parameters of a finite mixture where 

the data set consists of both categorical and continuous variables. Section 2.1 

discusses the local independence assumption used in the latent class model. Section 

2.2 presents the detail for a finite mixture where the component distributions are 

multivariate normal distributions, and section 2.3 describes the latent class model. 

Section 2.4 considers the maximum likelihood estimation of the parameters for 

mixture in which the component distributions are location models. Section 2.5 

presents the general approach to multivariate mixture models for multivariate 

observations on both categorical and continuous variables. 

2.1 The local independence assumption 

Two major difficulties frustrate the wider application of multivariate normal mix­

ture models. Firstly, they are not easily adapted to cope with discrete data, and 

most real clustering problems involve data sets containing both continuous and 

discrete variables. Secondly, they lead to models with large numbers of param­

eters. For example, in fitting a mixture of two groups to a data set containing 

four variables, we need to estimate 19 parameters with the assumption of equal 

covariance matrices for the component distributions; an additional ten parameters 

need to be estimated if the covariance matrices are not assumed to be equal for the 

two groups. Highly parameterized models can lead to computational difficulties 

such as multiple roots of the likelihood equation. 

When background information is available from subject-area theory or from previ­

ous statistical analysis of similar data sets, it may be possible to specify component 

distribution functions that are not highly parameterized and that are believed to 

represent the true shape of the components. However, this thesis is concerned 

with exploratory data analyses, where little may be known a priori about the 

structure of the data. What is needed in these situations, is a flexible, but not 

overly flexible, family of multivariate distributions that can be used as a 'default' 

for the component distributions, in the absence of knowledge that would justify a 

more detailed specification. Inspiration is drawn from the latent class model that 

has been used with some success to cluster categorical data. 

The form of the component probability functions adopted in the latent class model 

implies that conditional on membership in a group, the variables are independent. 
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This local independence property is a very strong condition that often causes con­

cern to those considering the use of latent class analysis, because it is not often 

found in observable sub populations, or even in groups formed by clustering using 

latent class analysis itself. Should we contemplate fitting models that we know to 

be oversimplified? Some insight into this problem can be obtained from results of 

Scott and Symons (1971) for clustering continuous data. They show that certain 

criteria used for clustering can be derived from likelihood ratio or Bayesian classifi­

cation methods for multivariate normal mixture models. This result can be looked 

at in two ways: it can be seen as suggesting that when we choose a clustering cri­

terion in a non hierarchical cluster analysis we are implicitly choosing a certain 

mixture model for the data, or alternatively that all we are really doing when we 

choose a nominal model for the component distributions is to indirectly define a 

new clustering criterion. We would like the clusters defined by the mixture model 

not to be highly sensitive to the details in the model. Note that as discussed in 

Chapter 1, the results of Scott and Symon do not directly apply to the maximum 

likelihood estimation in finite mixture models, as their maximisation is over all 

possible assignments of observations to populations. 

In any event clustering by latent class analysis does seem to give plausible results 

in many situations where it has been used. Under some circumstances it is even 

possible to adjust the model to improve the fit to the data. Suppose that most 

observations are firmly classified to some group k, not necessarily the same group. 

That is, for most observations i, there is a group k such that the estimated posterior 

probability of i belonging to that group k is close to one. The assumption of local 

independence can then be assessed separately for each group. If the assumption 

appears to be badly violated, the model can be adjusted either by dropping one 

of the variables, or by replacing a pair of variables with a new categorical variable 

with levels indexing the two-way table defined by all pairs of outcomes of the two 

variables, possibly combining some cells. 

The assumption of local independence in latent class analysis makes possible the 

fitting of highly multivariate mixture models. It also means that the estimated 

parameters give clear summaries of what may be large and complex sets of data. 

One way of generalising the latent class model to data sets combining categorical 

and continuous data would be to adjoin to the products of discrete distributions 

in the latent class model, additional univariate normal factors for each continuous 

variable. The fitting of models of this kind are looked at in Section 2.4, but these 

models will not be sufficiently general for our purposes. 

For example, in clinical data, frequently both systolic and diastolic blood pres­

sure measurements are available. It is clear that these variables are correlated, 
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even within diagnostic groups. We will want to assume component distributions 

that at least reflect likely features of such 'real' sub-populations. Clearly, then, a 

covariance parameter for the two blood pressures should be in the model. 

In the next section, we present the detail of a finite mixture where the component 

distributions are multivariate normal distributions. 

2.2 Mixtures of multivariate normals 

Suppose that p attributes are measured on n individuals. Let x 1, . .. , Xn be the 

observed values of a random sample from a mixture of I< underlying populations 

in unknown proportions 1r1 , ... , ?rl(. Let the density of Xi in the k th group be 

fk(x; 0k), where 0k is the parameter vector for group k, and let cf>= (0 1,1r')', 

where 7r = ( 1r1, ... , 1r K )', 0 = ( 0 1, ... , 0 K )'. The density of x can be written as 

l( 

f(x; c/>) = ~ 7T"kfk(x; 0k) 
k=l 

!{ 

where ~ 7T°k = 1, 7rk ~ 0, for k = 1, ... , I<. 
k=l 

The likelihood function for the sample X1, . .. , Xn is given by 

Under the normality assumption, the component densities, fk(x; 0k), are the 

Np(µk, :Ek) densities. As described by McLachlan and Basford (1988) and in 

Chapter 1, the likelihood function for normal densities with unequal covariance 

matrices, is unbounded, since each data point gives rise to a singularity on the 

boundary of the parameter space. However, it is known that there is a sequence of 

roots of the likelihood equation that is consistent and asymptotically efficient for 

cp, and with probability tending to one, these roots correspond to local maxima 

of the likelihood function. Let ¢ denote the maximum likelihood estimate of cf>. 

Then each observation, Xi, can be allocated to a group on the basis of the esti­

mated posterior probabilites. The posterior probability that observation i belongs 

to group k is given by 

rk(xi; ¢) = pr(observation i E group k I Xi;¢) 

irkfk(Xi; Ok) 
l( 
~ irkfk(xi; ih) 
k=l 

for k = 1, ... , J{; and Xi is assigned to group k if 
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For convenience, Tk(xi; ¢) will be denoted as Zik• 

The EM algorithm is applied to the finite mixture model by viewing the data as 

incomplete. As described in Chapter 1, the EM algorithm works by the conceptual 

adjoining of 'missing data' onto the observed data to form the 'complete data', for 

which maximum likelihood estimation is simple. In the case of mixtures of dis­

tributions, the 'missing' data are the unobserved indicators of group membership. 

Let the vector of indicator variables, Zi = (zi1 , ... , ZiK )', be defined by 

if observation i E group k; 
if observation i (f. group k. 

The indicator vectors z 1 , ... , Zi, ... , Zn, are independently and identically dis­

tributed according to a multinomial distribution generated by one draw on a 

population made up of I< categories in proportions 7r1, ... , 7l"K. The hypothet­

ical 'complete data', then, consists of the n x p array of observed data together 

with the conceptual n x I< array {zik}, of class membership indicators. 

The loglikelihood for the hypothetical 'complete data' is 

n K 

= LL { Zidog 1l"k + zidog fk(xi; 0k)} 

i=l k=l 

n K l n K 

=LL Zidog 1fk - 2 LL Zik{ (xi - µk)' ~-,; 1 (xi - µk) 

i=l k=l i=l k=l 

+log((27r)Pj~kl)} (2.1) 

where log denotes the natural logarithm. 

It can be seen that the term in the curly brackets, {}, in (2.1) is in the form of a 

quadratic in Xij · The 'complete' data sufficient statistics for the model are 

n 
(i) :Z::: Zik, for each group k; 

i=l 
n . 

( ii) :Z::: ZikXij for each group k, and each variable Xij; 

i=l 
n 

( iii) :Z::: ZikXijXij' for each group k, and each pair of variables, Xij and Xij'. 

i=l 

The E step of the EM algorithm requires the calculation of 
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the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We calculate Q(¢, ¢(t)) from Le(¢) 
by replacing Zik with 

Zik = E(zik I Xi; q>(t)) 

7rkfk(xi; 0it)) 
K 
L 7rkfk(Xi; 0it)) 
k=l 

That is, Zik is replaced by Zik, the estimate of the posterior probability that ob­

servation i belongs to group k. 

In the lvl step of the algorithm, cp(t+l) is chosen to be a value of cp which maximises 

Q ( <p, <p ( t+ 1)) with respect to <p. The components of cp for this model are given by 

1 n 

irk= - LZik 
n i=l 

for j,j' = 1, ... ,P and k = 1, ... ,K. 

The EM algorithm alternates between the two calculations, the E step and the 

M step until convergence. Further details on mixtures of multivariate normal 

distributions are given by McLachlan and Basford (1988). 

In the next section, we present the detail for the latent class model, expressed as 

a finite mixture. 

2.3 The latent class model 

Suppose that the population is made up of I< groups or latent classes, in pro­

portions 1r1, ... , 1r K, where 7rk ~ 0 and I: 7rk = 1. Let x = (xi, . .. , Xp )' be the 

response vector observed on each observation, where the jth variable can have 

levels numbered from 1 to Mj. Let Akjm be the probability that variable j takes 

level m in group k. Then, if the ith observation Xi, happens to come from group 

k, its probability function is given by 

p 

fk(xi; 0k) = IT Akjx;i 

j=l 

where 0k, the vector of unknown parameters of the distribution of the responses 

in the kth sub-population, are in this case, the {>..kjm}-
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The overall probability function is a mixture of these conditional probability func­
tions: 

K 

f (xi;</>) = L nkfk (xi; 0k) 
k=l 

The parameter vector <pis made up of the 'Irk and the Akjm ask, j, and m take on 

all allowable values. Note that we have overparameterized here, as the 'Irk summed 

over k and the Akjm summed over m for any fixed j, k will total 1. 

Suppose that for j = 1, ... ,P, we define an indicator variable 

if Xij = m, 
otherwise 

for m = 1, ... , lvlj. Then, the density function for observation i in group k, can 

be written as 
P Mi 

fk(xi; 0k) = II II >..!1;;;. 
j=l m=l 

The EM algorithm is applied to the finite mixture model where the indicator 

variables z 1, ... , Zn, are as described in section 2.2. The hypothetical 'complete 

data' consists of the n x p array of observed data together with the conceptual 

n x K array {zik}, of class membership indicators. 

The likelihood for the complete data set can be written as 

n K 

Re(</>)= II II n%ik [Jk(x;0k)tik 
i=l k=l 

n K 

= IT II n%ik 
i=l k=l 

The loglikelihood for the hypothetical complete data is 

From Le ( <P), we see that the complete data sufficient statistics for the model are, 

n 
( i) I: Zik for each group k, and 

i=l 

(ii) t ZikDijm for each group k, each categorical variable Xj, and each value m 
i=l 
of Xj-
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The E step of the EM algorithm requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. Because the complete data sufficient 

statistics are linear in the unobserved Zik, we can calculate Q(</>,</>(t)) by replacing 

Zik with 

Zik = E(zik I Xi; </>(t)) 

7rkfk(Xi; 0it)) 

K (t) I: 7rkfk(Xi; 0k ) 
k=l 

That is, Zik is replaced by Zik, the estimate of the posterior probability that ob­

servation i belongs to group k. 

At the M step, 4>(t+I) is chosen to be the value of q> that maximises Q(</>, 4>(t)) with 

respect to q>. 
1 n 

irk= - L Zik 
n i=l 

for k = 1, ... , I{, j = 1, ... , p and m = 1, ... , Mj. 

The EM algorithm alternates between the E step and the M step until conver­

gence. 

In Section 1.8, we described the finite mixture approach suggested by Everitt 

( 1988) for clustering data sets having both categorical and continuous variables. 

As was pointed out, this approach was basically restricted to data sets having only 

one or two categorical variables. In the next section, we consider another approach 

for the maximum likelihood estimation of the parameters for a finite mixture where 

the data set consists of both categorical and continuous variables. Specifically, we 

fit a mixture in which the component distributions are location models. For our 

model, we shall assume that the location model has only one categorical variable. 

Strictly speaking, the location model in full generality can have several categorical 

variables, but for programming convenience we have reduced this to one. 

2.4 Mixtures of location models 
Let x 1, ... , Xn, be a random sample from the finite mixture distribution 

K 

J(x;</>) = L1rkfk(x;0k) 
k=l 
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K 
where I:: 7rk = 1, 7rk ~ 0, for k = 1, ... , K. 

k=l 

Suppose that p + 1 attributes are measured on the n individuals, where the vec­

tor of variables, x = (x 1 , ... , Xp+i)', hasp continuous variables, and one discrete 

variable. The component distributions, fk(x; 0k), have the following form. The 

discrete variable takes the values 1, ... , M with probabilities ,\kl, ... , AkM, where 

I::;:=l Akm = 1. Conditional on the discrete variable taking value m, the p con­

tinuous variables have the multivariate normal distribution, Np(Vkm, 3k)- This is 

the location model of Olkin and Tate (1961), and described in Section 1.9. 

To distinguish between the categorical and continuous variables, in this section, u 

will be used to denote the discrete variable and v will be used to denote the p x 1 

vector of continuous variables. Thus, the observation vector for observation i, Xi 

takes the form (ui, vi). 

The EM algorithm is applied to the finite mixture model, where Zi = (zi1, ... , ZiK )' 

for i = 1, ... , n, are the indicator variables as described in Section 2.2. The hypo­

thetical 'complete data' consists of the observed data together with the conceptual 

n x I{ array { Zik} of class membership indicators. 

The loglikelihood for the hypothetical 'complete data' is 

n !{ 

= LL {ziklog1rk +zidogfk(xi;0k)} 

i=l k=l 

if Ui = m, 
otherwise. 

By inspection of the preceding expression for Le( <p ), the complete data sufficient 

statistics for the model are 

n 

( i) I:: Zik, for each group k; 
i=l 

(ii) £= ZikWimVij for each class k, each continuous variable Vj and each value m 
i=l 
of the categorical variable u; 
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n 

(iii) L ZikVijVij', for each class k, each pair of continuous variables v1 and v1,, 
i=l 

for j :::; j'. 

The EM algorithm alternates between the two calculations, the Estep and the M 

step. At the t th iteration, let 0kt) =(,\kt), v~i, =t); m = 1, ... , M) denote the cur­

rent estimates of the parameters for group k. The Estep of the algorithm requires 

the calculation of Q(</J, <p(t)), the expectation of the complete data loglikelihood, 

conditional on the observed data and the current value of the parameters. 

We calculate Q( <p, ¢< t)) by replacing Zik with 

Zik = E(Zik I Xi ;¢(t)) 

7rkfk(Xi; 0kt)) 

K (t) L 1rkfk (xi ; 0k ) 
k=l 

That is, Zik is replaced by Zik, the estimate of the posterior probability that ob-

servation i belongs to group k. 

At the M Step, ¢(t+l) is chosen to be a value of¢ which maximises Q( ¢, <p(t)) 

with respect to its first argument. For this model, the components of ¢(HI) are 

given by 
1 n 

irk= - L Zik 
n i=l 

d .. , 1 
for k = 1, ... , I{; m = 1, ... , M; an J, J = , ... , p. 

The EM algorithm alternates between the E step and the M step until conver­

gence. 

In the next section, we describe a general class of multivariate mixture models 

for multivariate observations on both categorical and continuous variables. This 

approach is based on a model suggested by latent class analysis, and generalises 

both latent class and multivariate normal models. 
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2.5 A general approach to multivariate mixture models. 

We expect the data to be in the form of an n x p matrix of observations by variables 

which we regard as a random sample from the distribution 

K 

f(x; </J) = L 1rkfk(x; 0k) 
k=l 

which is a finite mixture of the I{ component distributions fk and where 7rk ~ 0 

and L 7rk = 1. 

The distributions fk(x; 0k) must be kept simple in structure for two reasons. 

Firstly we would like the model to give us an understandable decomposition of 

the data that aids us in visualising the data. Secondly the fk must be restricted 

if we are to be able to have any hope of identifying the parameters 7rk, if this were 

not so then corresponding to any decomposition f = L 7rkfk we could consider 

another decomposition where, for example, f =Ji, 1r1 = 1 and 1r2 = ... = 7rK = 0. 

The simple structure that we choose is based on local independence. We suppose 

that the vector of variables x = (x1 , ... , Xj, ... , xp)' has been partitioned so that 

then we will consider component distributions of the form 

L 

fk(x) = IT!kl(xz). 
l=l 

We will refer to the subvector of variables x1 as the lth partition cell, to avoid 

confusion with classes or groups of observations or cells in tables. 

The form of local independence that we are assuming is that within each of the 

J{ sub populations, the variables within the partition cell x.1, are independent of 

the variables in partition cell xz,, for 1 S l < l' S L. The functions fkz form the 

'atoms' out of which our model is built by crossing and mixing. The present work 

uses the following distributions for the Xkl, but it should be stressed that to a 

considerable degree the choice is arbitrary. 

( a) Discrete Distribution 
Where x.1 = { x j} is a 1-dimensional discrete random variable taking values 

1, ... , Mt with probabilities >..kll, ... , AktM,. We will denote this distribution 

by D(>..kll, ... , >..ktM, ). If all fkt are of this form, then f is a latent class 

model. 
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(b) Multivariate Normal 

Where x1 is a p1-dimensional vector of continuous random variables with 

the Np1 (µkl, "E,kl) distribution. 

( c) Location Model 

Where x.1 is a l+p1 dimensional vector of random variables with one discrete 

variable, u j, and Pl continuous variables as elements. The discrete random 

variable takes values 1, ... , Mj with probabilities ,\kll, ... , ,\klMi. Condi­

tional on the discrete variable taking value mj, the Pl continuous random 

variables have the multivariate normal distribution Np1 (vmkl, 3k1). 

The model for the ith observation can thus be written as 

K L 

f(xi; <p) = I: 1rk IT fkl(xi; lh1) 
k=l l=l 

where 0 kl consists of the parameters of the distribution fk1 as described above. 

Note that in each of the K classes or subpopulations, the vector random variable 

x1, of the lth partition cell has the same type, either (a) or (b) or (c), but the 

parameters may vary from group to group. 

It can be seen that in fitting the model to a particular data set, there is considerable 

discretion in how the partition is formed. In general, the larger the dimensions of 

the x1, the more covariance parameters must be added to the model, and the poorer 

the stability of the parameter estimates. On the other hand too few covariances in 

the model will result in a poor fit, which may or may not have consequences for the 

cluster assignments. A reasonable model selection strategy appears to be to begin 

with the model with complete local independence and fit it for a few values of K, 

the number of classes. Then variables with strong within-cluster associations can 

be grouped together in a partition cell for the next series of fits, and so on. 

It is convenient to use the notation u1 for the discrete variable when the lth par­

tition cell is of type (a) or ( c), and v 1 for the Pl x 1 vector of continuous variables 

when the lth partition cell is of type (b) or (c). So in cases (a), (b) and (c), x1 

takes the forms u1, v1 and (u1, v1) respectively. 

The model, as described above, is a mixture of K distributions, each of which can 

be seen to belong to the exponential family. It is therefore well suited for maximum 

likelihood estimation of its parameters by the EM algorithm of Dempster, Laird 

and Rubin (1977). 

Let the indicator vectors z1, ... , Zi, ... , Zn be as described in section 2.2. The 
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complete-data specification treats the Zi as known leading to the loglikelihood 

n K { L 

= ~ ~ z;,log,r, + z;, ~logfo(x;;Ok1)} 

n K K 

= LLzidog1rk + Llk(0k) 

i=l k=l k=l 

where 

1,(0k) = t, { Zik t,logfo(x;;Ok1)} 

= t, {t,z,,logJ.,(x;;Ok1)}. 

Maximising the loglikelihood Le(</>), for the complete data is equivalent to max­

imising lk(0k) separately for each partition cell. For the details of the complete 

data sufficient statistics for partition cells with 

(a) The discrete distribution 

Refer to section 2.3. 

(b) The Multivariate Normal Distribution 

Refer to section 2.2. 

( c) The Location Model 

Refer to section 2.4. 

The sufficient statistics for each partition cell can now be amalgamated such that 

the complete data sufficient statistics for the model are 

n 

( i) I: Zik, for each group k; 
i=l 

n 
( ii) I: ZikDitm, for each class k, each categorical variable u1, and each value m1 

i=l 

{ 1 if Xi/ = ffi/, 
of u1, where Ditm = O h . ot erw1se. 

(iii) Multivariate Normal partition cells 
n n 

a. I: ZikVij and I: ZikV[j, for each group k, and each continuous variable v 1 
i=l i=l 
belonging to a multivariate normal partition cell. 

n 

b. I: ZikVijVij', for each group k, and each pair of continuous variables, v 1 and 
i=l 
v1,, j < j', belonging to the same multivariate normal partition cell. 

(iv) Location Model partition cells 
n 

a. I: ZikWi/mVij for each group k, each continuous variable v 1 and each value m 
i=l 
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of the categorical variable u1, belonging to the same location model partition 

cell; 

where Wi/m = { t 
n 

if U/ = m, 
otherwise. 

b. L ZikVijVij', for each class k, each pair of continuous variables Vj and Vj', 
z=l 

j ::s; j', belonging to the same location model partition cell. 

The EM iteration alternates between two calculations, the Estep and the M step. 

Beginning at a current value for</>, say </>(t), the vector of all unknown parameters, 

the E step requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We calculate Q( </>, </>(t)) by replacing 

Zik with 
Zik = E(zik I Xii </>(t)) 

1rkfk(xi, 0kt)) 

K (t) L 7rkfk(Xi, 0k ) 
k=I 

That is, Zik is replaced by Zik, the estimate of the posterior probability that ob­

servation i belongs to group k. 

At the M Step, </>(t+l) is chosen to be a value of cf> which maximises Q( </>, </>(t)) 

with respect to its first argument. For the model of this section the components 

of </>(t+l) are given by 

fork= 1, ... ,I<, m = 1, ... ,Mi and l = 1, ... ,L. 
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Note that the level probabilities, Akim, for the categorical variables are calculated 

in the same way, irrespective of whether or not the discrete variable u 1 belongs to 

a location model partition cell. 

A program has been written in Fortran to implement the approach of multivariate 

mixture models. The program requires:- (i) the data in the form of an n x p matrix 

of observations by variables, and (ii) an input file, giving details of the number 

of observations in the dataset, number of variables, type of variables, et cetera. 

Further details of the format of the input file are given in Appendix 1. A program 

has been written to create the input file in the required format. 

The iteration may be started either from an initial classification or from an initial 

set of parameter estimates. If the number of parameters is quite large, it is usually 

more convenient to begin with a classification. The current version of the program 

uses a convergence criterion to cease iterating when the difference in loglikelihoods 

at iteration t and iteration t - 10 is 0.0000001. This can be altered if needed. We 

have used this convergence criterion as the scaled distance between the parame­

ters is similar to a difference between the loglikelihoods. McLachlan and Basford 

(1988) in program KMM compare the difference in loglikelihoods at iteration t 

and iteration t - 10 with 0.0001 x ( loglikelihood at iteration t - 10). 

The model, as described, is a mixture of K distributions, but it is interesting to 

note that it can be described in the language of graphical models used by Lauritzen 

and Wermuth (1989): if we draw a graph with vertices for each variable, and an 

extra vertex for the latent variable giving the class assignment, then variables in 

the same partition cell form a clique (maximal complete subgraph), all variables 

are connected to the latent variable, and variables in different partition cells are 

connected to each other only by a path through the latent variable. 

For fully categorical datasets, the method of Latent Class Analysis has become a 

popular method of discovering underlying cluster structure. The class of models 

described in this section, forms a natural extension of the Latent Class model to 

data sets containing both categorical and continuous variables. Like Latent Class 

models, this model makes free use of local independence to reduce the number of 

parameters in the model and to lead to descriptions of the clusters that can be 

easily understood. Provision is made, however, for the cautious introduction of 

within-cluster covariances. 

Because the EM algorithm is used to fit the models it is feasible to fit them to 

datasets with many variables and observations, so that for many applications, 

fitting these models becomes an alternative to conventional cluster analysis algo­

rithms. In Chapter 4, this approach is extended to cope in situations where data 
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are missing at random. 

In the next chapter, we demonstrate the approach of multivariate finite mixture 

models by clustering three data sets. 



Chapter 3 

Using the Multivariate Mixture Model 

3.1 Introduction 

The use of multivariate mixture models for clustering is not new but has usually 

been applied to data sets of fairly low dimension. In this chapter, we demonstrate 

that mixture model likelihood methods can be used to usefully cluster multivariate 

data sets where the variables can be either categorical or continuous. In section 

3.2, we illustrate the scope of this method by considering the clustering of cases 

on the basis of pre-trial variables alone for the Prostate Cancer clinical trial data 

of Byar and Green (1980) reproduced in Andrews and Herzberg (1985, pp 261-

247). In section 3.3, we consider the clustering of Fishers (1936) Iris data, and in 

section 3.4, we look at the clustering of observations on the basis of the results of 

a statistics examination. 

3.2 The Cancer data 

This data was obtained from a randomized clinical trial comparing four treat­

ments for 506 patients with prostatic cancer. These patients had been grouped by 

physicians using clinical criteria into Stage 3 and Stage 4 of the disease. Patients 

were classified as having Stage 3 prostatic cancer when the cancer was contained 

locally and there was no clinical evidence that the disease had spread elsewhere, 

whilst they were classified as having Stage 4 prostatic cancer when there was ev­

idence that the disease had spread to other parts of the body. This evidence 

could have been obtained from elevated acid phosphatase levels, x-rays, or both 

of these. Byar and Green (1980) originally considered this data in their investi­

gation to determine whether there may be an optimal treatment for each patient 

based on his individual characteristics. They approached this question by looking 

for treatment-covariate interactions in an exponential survival model. They found 

that younger patients with high grade tumours should have been treated with es­

trogens, whereas older patients with low grade tumours were likely to be harmed 

by estrogen treatment. 

In the analysis that follows, we shall use the multivariate mixture models approach 

to clustering this data set, not because this is necessarily the best way to answer 

the question studied by Byar and Green, but to demonstrate that the maximum 

likelihood fitting of multivariate mixture models is a viable approach to clustering 
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data sets of this size and complexity. The clusters that are obtained from using 

the approach of multivariate mixture models will be compared with the grouping 

that is available from the clinical classification. The information about the clinical 

classification will be excluded from the analysis, and the pre-trial variables will be 

used to cluster the cases. The clusters formed from using this approach, will be 

examined to see if they have any reality in terms of the underlying disease status 

of the patient. The grouping structure will also be investigated by considering the 

survival status and the trial outcome of patients in different clusters. 

There are twelve pre-trial covariates measured on each patient, seven may be taken 

to be continuous, four to be discrete, and one variable (SG) is an index nearly all 

of whose values lie between 7 and 15, and which could be considered either discrete 

or continuous. We will treat SG as a continuous variable. 

Table 3.1 

Pretreatment covariates 

Covariate 

Age 

Weight 

Performance rating 

Cardiovascular disease history 

Systolic Blood pressure 

Diastolic blood pressure 

Electrocardiogram code 

Serum haemoglobin 

Size of primary tumour 

Index of tumour stage and histolic grade 

Serum prostatic acid phosphatase 

Bone metastases 

Abbreviation Number of Levels 

(if categorical) 

Age 

Wt 

PF 4 

HX 2 

SBP 

DBP 

EKG 7 

HG 

sz 
SG 

AP 

BM 2 

A preliminary inspection of the data showed that the size of the primary tu­

mour (SZ) and serum prostatic acid phosphatase (AP) were both skewed variables. 

These variables have therefore been transformed. A square root transformation 

was used for SZ, and a logarithmic transformation was used for AP to achieve 

approximate normality. ( As for correlation, skewness over the whole data set 

does not necessarily mean skewness within clusters but when clusters were formed 

within-cluster skewness was observed for these variables.) Observations that had 

missing values in any of the twelve pretreatment covariates were omitted from fur­

ther analysis, leaving 475 out of the original 506 observations available. In chapter 
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4, we extend the multivariate mixture model to cope with data missing at random 

in the sense of Little and Rubin (1987), and in chapter 5, we describe the analyses 

for the pretreatment covariates of the cancer data set with missing values included. 

3.2.1 Two-component models. 

Because the data has already been classified by physicians using clinical criteria, 

into two groups, Stage 3 (no clinical evidence of metastasis) and Stage 4 ( clinical 

evidence of metastasis), we shall fit a mixture of two components to see the extent 

to which the program can rediscover these stages. The model does not specify a 

common covariance structure for the covariates. We regard the data as a random 

sample from the distribution 

2 

f(x; 4>) = L 1fkfk(x; 0k) 
k=l 

2 

where L 1fk = 1, and 7rk ~ 0, k = 1, 2. Under the model with complete local 
k=l 

independence for two clusters, the component distributions will be of the form 

12 

fk(xi; 0k) = IT fkz(xiz; 0kz), 
l=l 

where 0kz is the parameter vector for group k, partition l, and k = 1, 2. We 

see that h1(xi1; 0kz) is N(µkz, a-iz) for each of the eight continuous variables, and 

D( Akll, .. . , Akim, )1 for each of the four categorical variables. 

This model was fitted iteratively using the EM algorithm with the initial estimates 

of the group parameters being based on those resulting from the clinical classifica­

tion. An observation Xi is assigned to the population to which it has the highest 

estimated posterior probability of belonging; that is, we assign Xi to group k if 

fork'= 1,2; 

where 
2 

Tk(xi; ¢)=pr (ithobservation Ek I Xi; c/>) = 7rkfk(xi; 0k)/{L 7rkfk(xi; 0k)}. 
k=l 

We will use Zik to denote Tk(xi; ¢). The following general notation will be used 

for the models fitted. 'Model i, n' denotes the model that has partitioning i, and n 

groups. For the cancer data set, the number of groups fitted to the model will be 

omitted from the notation when two groups are fitted. Hence 'Model i' refers to 

the model that has partitioning i and two groups, and is equivalent to 'Model i, 2'. 

Using this notation, the model with complete local independence will be referred 

to as Model 1. 

1 refer to notation in Chapter 2. 
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Table 3.2 

Agreements and differences between the clinical and model classifications for the 

model with complete local independence, Model 1. 

Clinical 
Classification 

Class 

Stage 3 
Stage 4 

Model Classification 

Group 1 Group 2 

252 21 
20 182 

It was found for Model 1, (see Table 3.2), that the clinical classification and the 

'statistical diagnosis' are different for 41 observations out of the 475. If we take 

the posterior probability Zik to be at least 0.95 to classify an observation as being 

'definitely assigned' to a group, we find that 15 of the 41 are definitely assigned to 

a different group than the one corresponding to the clinical classification. Eight 

observations have a greatest posterior probability lying between 0.5 and 0.7. An­

other comparison between the clinical classification into stages 3 and 4 and the 

Model 1 fit can be obtained by comparing the estimated parameters under Model 1 

with their counterparts under the clinical classification. This is done in Table 3.3 

and it may be seen that the agreement is quite close. The estimated proportions 

in the two classes are ii-1 = .5637, and ii-2 = 0.4363 leading to expected numbers 

in each class of 267.8 and 207.2. This is quite close to the 273/202 split in the 

clinical classification. 

As the likelihood equation for mixture models usually has multiple roots, the EM 

Algorithm should be applied over a wide range of starting values in any search of 

local maxima. In order to search for other maxima, and to dispel any suspicion that 

the estimated parameters are close to the statistics for the clinical classification 

merely because these where used as starting values, the algorithm was run again 10 

more times from initial classifications generated by randomly splitting the patients 

into two groups. Three solutions of the likelihood equation were found for Model 1. 

From ten starting values, seven converged to a solution with a loglikelihood of -

11386.265, the same solution that was found using the parameters based on the 

clinical classification. Two iterations converged to a solution with a loglikelihood 

of -11476.051, and one iteration converged to a solution with a loglikelihood of 

-11392.972. 

Model 1 is relatively easy to fit because of the small number of parameters. It 

is also easy to comprehend because the dependence between variables is totally 

explained by the cluster structure. Once this model has been fitted, we can seek 

ways of improving the fit by adding more covariance parameters. 
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Table 3.3 

Summary statistics of the 12 pretreatment variables according to the clinical clas­

sification and the Model 1 estimates. 

(i) Continuous variables. 

Variable 

Age 

Wt 

SBP 

DBP 

HG 

sqrt(SZ) 

SG 

log(AP) 

Clinical 
Classification 

Stage MEAN STDEV 

3 71.9 6.490 
4 71.1 7.454 
3 100.1 13.090 
4 97.5 13.548 
3 14.5 2.569 
4 14.3 2.232 
3 8.2 1.542 
4 8.1 1.357 
3 137.2 18.520 
4 130.1 19.820 
3 3.087 1.377 
4 3.915 1.687 
3 9.06 1.348 
4 12.0 1.504 
3 1.622 0.548 
4 4.014 1.612 

Model 
Classification 

Group MEAN STDEV 

1 71.6 6.658 
2 71.5 7.229 
1 100.5 13.075 
2 97.2 13.419 
1 14.5 2.557 
2 14.2 2.232 
1 8.3 1.543 
2 8.0 1.336 
1 138.1 17.813 
2 129.1 20.093 
1 2.896 1.201 
2 4.140 1.702 
1 8.9 1.155 
2 12.1 1.425 
1 1.647 0.500 
2 3.921 1.697 
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(ii) Categorical variables. 

Level probabilities from the Clinical classification. 

Variable Stage Level probabilities 

PF 3 0.934 0.055 0.011 0.0 

4 

HX 3 

4 

EKG 3 

4 

BM 3 

4 

0.856 

0.524 

0.619 

0.348 

0.327 

0.996 

0.624 

0.084 

0.476 

0.381 

0.051 

0.045 

0.004 

0.376 

0.050 0.010 

0.077 0.059 0.297 0.165 

0.144 0.045 0.317 0.124 

0.004 

0.00 

Level probabilities from the Model Classification using Model 1. 

Variable Group Level probabilities 

PF 1 0.940 0.052 0.008 0.0 

2 0.850 0.087 0.053 0.010 

HX 1 0.493 0.507 

2 0.656 0.344 

EKG 1 0.332 0.046 0.075 0.061 0.311 0.171 0.004 

2 0.348 0.052 0.144 0.042 0.297 0.117 0.00 

BM 1 0.992 0.008 

2 0.639 0.361 

On examination of the within group correlation structure (using the group assign­

ment resulting from the model of complete independence, Model 1), we find that 

both groups exhibit a high correlation between systolic blood pressure(SBP) and 

diastolic blood pressure(DBP), 0.629 for group 1 and 0.622 for group 2. Within 

each group, we tested the categorical variables for pairwise independence. The 

hypothesis of independence of variables was rejected at the 0.01 level for HX and 

EKG in group 1. As the correlation existed in one group only, and combination of 

these two categorical variables would require an additional ten parameters to be 

estimated, we decided not to combine the variables HX and EKG. 

The correlation between the two types of blood pressure is incorporated into a 

new model, in which variables SBP and DBP are grouped together in a parti­

tion. We will refer to this model as Model 2. This model is a mixture of two 

component distributions, each of which is a product of four discrete distributions, 

six univariate normal distributions, and one bivariate normal distribution (for the 

blood pressures). The local independence assumption has been weakened only by 

adding a covariance parameter between the blood pressures in each of the two 
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clusters. The iteration for fitting Model 2 may be begun either from the Model 1 

parameter estimates or from the cluster assignments based on Model 1 or the 

clinical classification. Using the Model 1 estimates as starting values, the loglike­

lihood converged to -11268.723. The algorithm was applied 18 more times, where 

the initial classifications were generated by randomly allocating the patients into 

a group. Two other solutions of the likelihood equation were also found. From 

eighteen starting values, ten converged to a solution where the loglikelihood was 

-11268. 723, six converged to a solution where the loglikelihood was -11275.551, 

and two converged to a solution where the loglikelihood was -11358.818. The 

solution corresponding to the largest of the local maxima was the same solution 

that was found using initial parameters based on the clinical classification or the 

Model 1 cluster assignments. 

When the observations are assigned to their class of greater posterior probability 

under Model 2, a slightly different classification results from that given by Model 1, 

as indicated in Table 3.4. 

Table 3.4 

Agreements and differences between the clinical and Model 2 classifications. 

Clinical 
Classification 

Class 

Stage 3 
Stage 4 

Model Classification 

Group 1 Group 2 

252 21 
21 181 

Table 3.4 indicates that there are now 42 differences between the clinical and the 

model classifications. When we examine the observations that Model 2 classifies in 

a different group to the clinical classification, and compare these observations with 

those that are classified differently in Model 1, we find that there is a change in the 

classification of one observation only. The posterior probabilities of being assigned 

to Group 1 are listed in Table 3. 7 for those observations that change classification 

under Models 1 and 2, and the yet-to-be-defined Models 3 and 4. Using the same 

criteria as previously for definite assignment to a group, the same 15 observations 

that were definitely assigned to a different group than the one equivalent to the 

clinical classification under Model 1, are also definitely assigned to a group that 

differs from the clinical classification under Model 2. 

The cluster assignment from Model 2 was used, and the within group correlation 

structure was re-examined. There is a small correlation between Wt, and SBP 

and DBP, 0.169 and 0.187 for group 1, and 0.166 and 0.262 for group 2. A small 

correlation also shows up between Wt and HG, 0.193 for group 1, and 0.297 for 
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group 2. We will fit two further models and introduce both of these correlations 

separately. 

The two group mixture model is fitted with the variables Wt, SBP and DBP 

grouped together in a partition (Model 3). When the observations are assigned 

to their class of greater posterior probability under Model 3, a slightly different 

classification results from that given by Model 2, as indicated in Table 3.5. 

Table 3.5 

Agreements and differences between the clinical and Model 3 classifications. 

Clinical 
Classification 

Class 

Stage 3 
Stage 4 

Model Classification 

Group 1 Group 2 

252 21 
18 184 

As Table 3.5 indicates, there are 39 differences between the statistical diagnosis 

and the clinical classification. When we examine the observations that the model 

classifies in a different group to the clinical classification, and compare these obser­

vations with those classified differently in Model 2, we find that there is a change in 

the classifications of five observations only. (Refer to Table 3. 7 and the discussion 

following this table). 

The two group mixture model is then fitted with the variables Wt and HG grouped 

in one partition, and SBP and DBP grouped together in another partition. This 

model will be referred to as Model 4. The classifications of the observations to 

their class of greater posterior probability under Model 4 are given in Table 3.6. 

Table 3.6 

Agreements and differences between the clinical and Model 4 classifications. 

Clinical 
Classification 

Class 

Stage 3 
Stage 4 

Model Classification 

Group 1 Group 2 

252 21 
19 183 

Table 3.6 indicates that under Model 4 there are 40 differences between the clinical 

and the model classification. An examination of the observations that the model 

classifies in a different group to the clinical classification was made, and these 

observations were compared with those classified differently in Model 2. It can 

be seen from Table 3. 7 that there has been a change in the classification of two 

observations only. 
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Table 3.7 

Posterior probabilities for membership in Group 1 for the observations that change 

classification under Model 1 to Model 4. 

Observation 
32 58 220 294 482 

Model 1 Zil 0.643 0.582 0.569 0.491 0.489 
Model 2 Zil 0.583 0.625 0.572 0.492 0.519 
Model 3 Zil 0.311 0.432 0.499 0.505 0.446 
Model 4 Zil 0.398 0.517 0.518 0.447 0.421 

Clinical 
Classification 4 3 4 3 4 

An investigation of the overall differences in assignment of the observations using 

Model 1 to Model 4, showed that there was a change in the group assignment of 

five observations only under the models fitted. It can be seen from Table 3. 7 that 

these observations are not really decisively assigned to any group. Observation 32 

is assigned more convincingly to Group 2 under Model 3 and Model 4, whereas 

under Model 1 it is more convincingly assigned to Group 1. Observation 58 is 

more convincingly assigned to Group 1 under Model 2 whereas the assignment is 

not decisive under Model 1, Model 3 and Model 4. The model classifications have 

been little affected by the choice of model. In practice, this means that it does 

not really matter which of the four models is selected for this data set, as we will 

get similar results from each model because of the stability of the group structure. 

From a clustering viewpoint, the groups formed are very stable under the changes 

to the model. 

The observations whose clinical classification and model group differ for any of 

the models fitted were examined. Cause of death and treatment group may give 

us some insight into this difference. Analogously to Byar and Green (1980), the 

survival status variable was recoded to 4 levels, alive(0), death from prostatic 

cancer(l), death due to cardiovascular causes(2), and death from other causes(3). 

The posterior probabilities for being assigned to Group 1, ( the less-seriously ill 

group), the treatment group and the survival status are displayed in Table 3.8 for 

those observations where the clinical classification and the model group differ for 

any of the models fitted. It can be seen that in total, there are 43 observations 

whose model group and clinical classification disagree for any of the models fitted. 

The model classifications emerge as being very similar to the clinical classification. 

It can be seen from Table 3.8 that there are approximately the same proportions of 

observations that have a clinical classification of Stage 3 and Stage 4, and that have 
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been assigned by at least one of the models fitted to a different group than the one 

corresponding to the clinical classification. There are fifteen observations (marked 

in Table 3.8 with t), that are definitely assigned by all models to a different group 

than the one equivalent to the clinical classification. It can also be seen that there 

are more Stage 3 patients than Stage 4 patients, who are definitely assigned by 

all models fitted, to a different group than the one corresponding to the clinical 

classification. It is interesting to see from Table 3.8 that virtually all patients that 

have posterior probabilities Zii, of less than 0. 7, do not survive until the end of 

the trial. 
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Table 3.8 

Posterior probabilities, Treatment and Survival Status for those observations where the 

model classification and the clinical classification differ under some of the models fitted. 

Model 1 Model 2 Model 3 Model 4 Treat Surv. 
Obs. Zil Zil Zil Zil Stage -ment+ Status 
276t 0.000 0.000 0.000 0.000 3 E 1 
202t 0.000 0.000 0.000 0.000 3 E 1 
181 t 0.000 0.000 0.000 0.000 3 E 2 
132t 0.000 0.000 0.000 0.000 3 E 1 
371 t 0.001 0.001 0.001 0.001 3 E 0 
345t 0.003 0.003 0.003 0.003 3 E 1 
19ot 0.009 0.010 0.010 0.008 3 E 2 
34gt 0.017 0.019 0.018 0.017 3 p 0 
273t 0.023 0.025 0.019 0.025 3 p 1 
424t 0.028 0.029 0.027 0.023 3 p 3 
354t 0.026 0.029 0.026 0.034 3 p 3 
272 0.064 0.071 0.072 0.077 3 p 2 
274 0.072 0.079 0.089 0.072 3 E 1 
502 0.092 0.098 0.105 0.075 3 E 3 
356 0.098 0.107 0.105 0.106 3 p 1 

99 0.218 0.201 0.186 0.178 3 E 2 
246 0.202 0.235 0.256 0.243 3 p 2 
124 0.227 0.249 0.250 0.264 3 p 1 
353 0.367 0.385 0.365 0.320 3 p 1 
325 0.376 0.395 0.413 0.381 3 p 3 
482 0.490 0.519 0.446 0.421 4 p 1 
294 0.491 0.492 0.505 0.447 3 E 1 

32 0.643 0.583 0.311 0.398 4 E 3 
192 0.543 0.536 0.523 0.539 4 p 1 

58 0.582 0.625 0.432 0.517 3 p 1 
220 0.569 0.572 0.499 0.518 4 p 2 

37 0.647 0.603 0.615 0.596 4 p 3 
197 0.631 0.644 0.677 0.661 4 E 3 
221 0.713 0.671 0.654 0.668 4 E 2 
392 0.716 0.733 0.735 0.712 4 p 0 
458 0.748 0.767 0.768 0.750 4 E 0 

65 0.778 0.787 0.771 0.750 4 p 1 
427 0.807 0.817 0.801 0.770 4 p 0 
457 0.825 0.822 0.814 0.784 4 p 0 
462 0.804 0.798 0.823 0.850 4 p 2 
117 0.847 0.840 0.836 0.791 4 E 0 
114 0.846 0.859 0.862 0.863 4 E 3 
116 0.867 0.878 0.871 0.863 4 p 2 
196 0.898 0.914 0.916 0.909 4 E 0 
396t 0.972 0.972 0.973 0.973 4 p 3 
21st 0.984 0.983 0.982 0.981 4 p 3 
soot 0.991 0.991 0.981 0.987 4 E 0 
393t 0.996 0.996 0.997 0.996 4 p 1 

t Observation definitely assigned by all models to a different group than the one 
equivalent to the clinical classification. 
:j: E denotes Estrogen treatment, P denotes Placebo treatment. 
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How much better do the models with intra-cluster covariances fit? Compared with 

Model 1, Model 2 has 2 extra parameters - one covariance between blood pressures 

for each of two clusters - and from Table 3.9 we can see that twice the difference 

in loglikelihoods is 235.1, clearly a definite improvement. Model 3 adds 4 extra 

parameters to Model 2 for a -2 log>. of 28.0. Model 4 adds covariances between 

Wt and HG to Model 2 gaining a -2 log>. of 29.3 at a cost of 2 parameters. Both 

Model 3 and Model 4 offer better fitting models than the fully locally independent 

model for a modest number of extra parameters. The addition of too many co­

variance parameters is not recommended for fear of upsetting the stability of the 

model classifications. Model 3 is preferred on physical grounds because we would 

expect correlations between patient weight and the two blood pressures. 

Table 3.9 

Loglikelihoods for the four two-group models. 

Model 

1 
2 
3 
4 

3.2.2 Choosing the number of groups. 

loglikelihood 

-11386.265 
-11268.723 
-11254.743 
-11254.091 

As indicated in section 1.5, this thesis uses the likelihood ratio test merely as a 

guide to the possible number of underlying groups in the mixture. Another guide 

can be found in the estimates of the posterior probabilities of group member­

ship. Clearly a solution where observations are clearly assigned to a particular 

component will be of more practical use than one in which many observations 

have appreciable probability of membership in each of several classes. However it 

must be remembered that real populations do overlap, and such solutions are not 

necessarily meaningless. 

A comparison between the model fitted under the assumption of a single population 

( I{ = 1) and the analogous model under the assumption of K = 2 groups, gave 

-2 log>. = 823.2. We can be confident that there is not a single population. A 

comparison of the model fitted with two groups and the equivalent model with 

three groups gave -2 log>. = 188.3. Twice the difference in the loglikelihood ratio 

for the models fitted with three and four groups was 175.8. For convenience these 

values are displayed in Table 3.10. These are all significant x2 values. As more 

groups were included in the model, there seemed to be an increasing tendency 

to converge to a suboptimal local maxima. This was not unexpected, since each 



-54-

additional group requires an additional set of 28 parameters to be estimated. We 

are confident that the best endpoint was reached for the 2 group solution, fairly 

sure for the 3 group solution, but are not confident for the 4 group solution. We 

are unsure of whether likelihood singularities are possible with these models, but 

no instances were encountered where the algorithm failed to converge in the sense 

of our criterion. For reasons of time it was not practical to investigate 5 group 

models as the number of possible model varients coupled with increased sensitivity 

to starting values would make this a lengthy task. 

Table 3.10 

Likelihood ratio test statistic for ]{ versus I{ + l clusters. 

Table 3.11 

I{ 

1 
2 
3 

Posterior probabilities for 2-4 Groups. 

Zij 

.20- .80 

.80- .95 

.95 - .99 

.99 - 1.0 

-2 log,\ 

823.2 
188.3 
175.8 

No. of Groups 

2 3 4 
33 97 140 
44 100 134 
46 63 84 

352 215 117 

An examination of the posterior probabilities for the groups fitted, found (Table 

3.11) that as the number of groups fitted to the data increased, there was a decrease 

in the number of observations that are definitely assigned to a group (zij ~ 0.95). 

The two cluster model gives more observations that are definitely assigned to a 

group. In this analysis, the two clusters have an interpretation that agrees with 

the clinical classification of Stage 3 and Stage 4. 

The differences between the assignments of the observations for the 2 cluster and 

the 3 cluster models was investigated. When a three group model was fitted, 

most (96%) of the Group 2 (the more seriously ill), patients were assigned to 

a single cluster, whilst the bulk (98.5%) of the Group 1 (the less seriously ill), 

patients were divided between the 2 other clusters. The differences between the 

assignments of the observations for the three group and the four group models were 

also investigated. It was found for the four group model that the group assignment 
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for the two groups corresponding to the less seriously ill patients was virtually 

identical for the three and four group models, however the group corresponding to 

the more seriously ill in the three group model (AND Model 3) had been divided 

between two other clusters. This type of division indicates the stability of the 

grouping structure under the models fitted. The relationships between the groups 

for the models fitted are illustrated in Figure 3.1. 

Figure 3.1 

Relationships between the groups under the models fitted 

Clinical 
Classification 

Stage 3 
Corresponds to 

Model 3 

Group 1 
............................ 

Model 3, 3 

------------------" 

Model 3, 4 

Group 3 --------- Group 1 

Group 2 

Stage 4 
Corresponds to 

Group 2 --- Group 2 
---------

------------------ ------,,._ 
Group 3 

3.2.3 Clusters and outcomes 

Additional insight into the composition of the groups may be gained from exam­

ining the cause of death. For convenience, the recoded survival status variable is 

listed again;- alive ( O), death from prostatic cancer( 1), death due to cardiovascular 

causes(2), and death from other causes(3). 
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Table 3.12 

Survival Status for Model 3 Classifications. 

Group 

1 
2 

Survival Status 

0 

96 
41 

1 2 

24 92 
97 46 

3 

58 
21 

We can see (Table 3.12) that patients in Group 1 (corresponding to the clinical 

classification of Stage 3) have a higher probability of being alive or dying from car­

diovascular causes, whereas patients in Group 2 ( clinical classification of Stage 4) 

have more chance of dying from prostatic cancer. 

Table 3.13 

Survival Status for Model 3, 3. 

Group Survival Status 

0 1 2 3 

1 56 18 31 21 
2 38 91 44 18 
3 43 12 63 40 

In Table 3.13, we consider the survival status for Model 3, 3, the three group model 

with the same partitioning as for Model 3. Group 2 for this model corresponds 

roughly to the clinical classification of Stage 4 (Group 2 in the 2 cluster solution). 

The patients in the Group 1 have a higher probability of being alive at the end of 

the trial whereas the Group 3 patients have a higher probability of death from car­

diovascular causes, and similar moderate probabilities of death from other causes, 

and alive at the end of the trial. 

Table 3.14 

Survival Status for Model 3, 4-

Group Survival Status 

0 1 2 3 

1 45 10 62 41 
2 29 40 26 13 
3 12 51 20 9 
4 51 20 30 16 
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In Table 3.14, the survival status is considered for Model 3, 4, the four group 

model with the same partitioning as in Model 3. The patients in Group 2 have 

a higher probability of death from prostatic cancer and approximately the same 

probability of being alive at the end of the trial, and death from cardiovascular 

causes. The patients in Group 3 also have a higher probability of death from 

prostatic cancer. Group 3 consists of the more seriously ill Stage 4 patients, while 

Group 2 consists of the less seriously ill Stage 4 patients. When the results of Table 

3.14 are compared with those in Table 3.13, it can be seen that under the four 

group model, Group 1 corresponds to Group 3 of the three group model, Group 2 

and Group 3 (Table 3.14) correspond to Group 2, the more seriously ill patients 

in Table 3.13, and Group 4 (Table 3.14) corresponds to Group 1 in Table 3.13. 

Further insight into the composition of the groups may be obtained from an ex­

amination of the survival status for the treatments the patients received. At the 

time of diagnosis of the cancer, patients had been randomly assigned to one of 

four treatments:- placebo, 0.2mg diethylstilbestrol, (henceforth denoted by DES), 

1.0mg DES, and 5.0mg DES. Byar and Green (1980) noted that previous analyses 

found that 0.2mg DES had a similar effect on the cancer as the placebo had, and 

that the 1.0mg and 5.0mg DES treatments also had similar effects on the cancer. 

Analogous to Byar and Green (1980), the treatments, placebo and 0.2mg DES, 

will be combined into one treatment group, which shall be designated as 'placebo 

treatment', and the treatments, 1.0mg and 5.0mg DES will be combined into an­

other treatment group which shall be denoted as 'estrogen treatment'. The group 

structure will be investigated by looking at the survival status of the patients for 

each of the two treatment groups, placebo and estrogen. 

Figure 3.2 shows that for the Group 1 patients, the less seriously ill, estrogen 

treatment increased the percentage of patients being alive at the end of the trial, 

and decreased the percentage of patients dying from both prostatic cancer and 

other causes. However, estrogen treatment increased the percentage of patients 

dying from cardiovascular causes. Estrogen treatment would probably be the 

preferred treatment for patients in this group, provided account was taken of the 

increased risk of death from cardiovascular causes. With the Group 2 patients, 

both estrogen treatment and placebo treatment resulted in very similar proportions 

of patients dying from cardiovascular causes, and from other causes. In comparison 

to the placebo treatment, estrogen treatment decreased the proportions of patients 

dying from prostatic cancer and increased the proportions of patients who survived 

to the end of the trial. Estrogen treatment would also be the preferred treatment 

for patients in this group. 

The treatment effects will now be investigated for Model 3, 3. It can be seen 
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from Figure 3.3, that similar proportions of the Group 1 patients died from both 

cardiovascular causes, and other causes for the placebo and estrogen treatments. 

Estrogen treatment resulted in a large increase in the percentages of patients being 

alive at the end of the trial, and a large decrease in the percentages of patients 

dying from prostatic cancer. Estrogen treatment is the preferred treatment for 

this group. With the Group 2 patients, estrogen treatment again has a beneficial 

effect by giving a slight increase in the percentage of patients alive at the end of 

the trial, and a slight decrease in the percentage of patients dying from prostatic 

cancer. Both estrogen and placebo treatments have similar percentages of patients 

dying from cardiovascular causes and from other causes. Estrogen treatment has 

a small advantage over placebo treatment for patients in this group. 

Both estrogen and placebo treatment have a similar effect on the proportions of 

patients who were still 'alive at the end of the trial' for the Group 3 patients. In 

comparison to those receiving placebo treatment in this group, estrogen treatment 

decreased the percentage of patients dying from prostatic cancer, and from other 

causes, but greatly increased the percentages of patients dying from cardiovascular 

causes. 

An investigation of the treatment effects on the group structure for Model 3, 4 

was also made. (see Figure 3.4). The treatment effects for Group 1 and Group 4 

are very similar to those for the corresponding groups in the three group model. 

It has previously been shown in Figure 3.1 that in the four group model, there 

are basically two clusters for the Stage 3 patients and two clusters for the Stage 4 

patients. It can be seen that in Group 2, estrogen and placebo treatment have 

a virtually identical effect on the percentage of patients being alive at the end 

of the trial and dying from other causes. Estrogen treatment for the patients 

in this group, results in a decrease in the proportions of patients dying from 

prostatic cancer, and an increase in the proportions dying from cardiovascular 

causes. Estrogen treatment is probably the preferred treatment for patients in 

this group. It can also be seen from Figure 3.4, that estrogen treatment would be 

the preferred treatment for the Group 3 patients, as it increases the percentage of 

patients being alive at the end of the trial, and decreases the percentage of patients 

dying from prostatic cancer, cardiovascular and other causes. 

The group structure, treatment effects and survival outcome were looked at with 

respect to age for Model 3, 4 . It could be seen that younger patients (Groups 3 

and 4), fared better with estrogen treatment, whereas with the older patients, 

estrogen treatment resulted in an increase in 'deaths by cardiovascular causes'. 

This is similar to the conclusions reached by Byar and Green (1980). 
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Figure 3.2 
Percentage of total in group versus survival status by treatments, Placebo and 

Estrogen, for Model 3. 
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Figure 3.3 

Percentage of total in group versus survival status by treatments, Placebo and 

Estrogen, for Model 3, 3. 
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Figure 3.4 

Percentage of total in group versus survival status by treatments, Placebo and Es-

trogen, for Model 3, 4. 
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The variable 'months of follow-up', provides another way to gain insight into the 

composition of the group structure as it can be regarded as a surrogate for survival 

time. Because each patient in the study was followed up for at least four years 

unless death occurred, this variable was categorized to 'survival time greater than 

48 months', and 'survival time less than or equal to 48 months'. The survival 

time was investigated for the two group model, specifically Model 3. Table 3.15 

tabulates this with group assignment. 

Table 3.15 

Survival Time for Model 3 clusters. 

Group 

1 
2 

Survival Time 

::; 48 months > 48 months 

144 126 
150 55 

With the Group 1 patients, 46. 7% survive for greater than 48 months, whereas 

only 26.8% of the Group 2 patients survive for greater than 48 months. 

It is intriguing to have a closer look at the patients whose classification by Model 

3 is in conflict with the clinical classification, in Table 3.16 we tabulate survival 

time against the model classification for these patients alone. In Table 3.17 survival 

status information is summarised for the same patients. 

Table 3.16 

Survival time for the observations classified by the model to a different group than 

the clinical classification. 

Table 3.17 

Group 

1 
2 

Survival Time 

::; 48 months > 48 months 

9 9 
18 3 

Survival status for the observations classified by Model 3 to a different group than 

the clinical classification. 

Group 

1 
2 

Survival Status 

0 

7 
2 

1 

3 
10 

2 

3 
5 

3 

5 
4 
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Tables 3.16 and 3.17 suggest a more favourable outcome for Stage 4 patients clas­

sified by the model into Group 1 than for Stage 3 patients classified into Group 2. 

In short, the model classification gives a better indication of prognosis than the 

clinical classification, the patients in Group 2 being likely to succumb to prostatic 

cancer, and the patients in Group 1 more likely to survive, or die from other causes. 

The investigation has shown that the clusters found using the approach of multi­

variate finite mixture models have real meaning. The groups that were found when 

using multivariate finite mixture models with two groups, are basically equivalent 

to the groups into which the patients have been classified by clinical criteria. When 

a three group model was fitted to the data, the Stage 4 patients basically stayed 

in one group, whilst the majority of the Stage 3 patients were divided into two 

groups, one group containing patients who were more likely to die from cardio­

vascular causes, and the other group containing those who were more likely to be 

alive at the end of the trial. When a four group model was fitted to the data, the 

two groups containing the bulk of the Stage 3 patients were virtually identical to 

those found for these patients in the three group model, whilst the Stage 4 pa­

tients had been divided in two groups, one of which was more seriously ill than the 

other. We can conclude that the approach of multivariate finite mixture models 

has successfully clustered a large complex data set. 

3.3 Fishers Iris data 

We will now consider the well known iris data first discussed by Fisher (1936). This 

data set consists of four variables, sepal length, sepal width, petal length and petal 

width, measured on 50 plants from each of three species of iris, Iris Setosa, Iris 

Versicolor and Iris Virginica. From previous analyses, see for example, Krzanowski 

(1988), Mardia, Kent, and Bibby (1979), and Morrison (1976), we know that the 

three species of iris are widely different, but that I. Versicolor and I. Virginica are 

more similar to each other than either is to the I. Setosa. McLachlan (1992) in 

chapter 6, used this data to 'test' for the existence of subspecies in both the I. 

Versicolor and I. Virginica species. 

This data set has been analysed for the purpose of comparing some of the results 

obtained from using the approach of multivariate finite mixture models with those 

of Everitt and Merette (1990). In the following analyses, we will only consider 

models with three clusters. The extent of recovery of the grouping structure 

known to exist in this data set will then be evaluated by computing the Hubert 

and Arabie (1985) adjusted rand index for each model fitted. The strategy that 

has previously been used for fitting models will be followed: firstly, the model 

for complete local independence is fitted; then, using the group assignment from 

the model for complete independence, the within group correlation structure will 
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be examined. Variables with strong within cluster associations will be grouped 

together in a partition cell for the next series of fits. This process may be repeated. 

A preliminary examination of the data indicated that all four variables were ap­

proximately normally distributed in the mixture population, though the petal 

length and petal width were bi-modal distributions. A mixture of three compo­

nents with separate variances was fitted to see the extent to which the model could 

rediscover the species. 

3.3.1 Three component models 

We regard the data as a random sample from the distribution 

3 

f(x; </>) = L 1rkfk(x; 0k) 
k=l 

3 

where L 7rk = 1, and 7rk ~ 0, k = 1, ... , 3. Under the model with complete local 
k=l 

independence for three clusters, the component distributions will be of the form 

4 

fk(xi; 0k) = IJ fkt(Xiti 0kt), 
l=l 

where 0kt is the parameter vector for group k, partition cell l, and k = 1, ... , 3, 

l = 1, ... , 4. We see that !k1(x.ii; 0kt) is the N(µkl, aL) density function for each 

of the four continuous variables. 

The notation that has previously been defined in section 3.2.1 will used. However, 

to distinguish between models for the cancer data and models for the iris data, 

'Iris' will be included in the description of all models for the iris data. As we 

will only be investigating models that have three groups, the number of groups 

to be fitted to the model will be omitted from the notation. Hence, 'Iris Model i' 

denotes the model for the iris data that has partitioning i and three groups. We 

will refer to the model with complete local independence as Iris Model 1. 

The model was fitted iteratively using the EM algorithm, with the initial estimates 

of the group parameters being based on those resulting from the three species. In 

order to search for local maxima, the EM algorithm was run fifteen more times 

from initial classifications generated by randomly splitting the observations into 

three groups of size fifty. Two solutions of the likelihood equation were found for 

Iris Model 1. From fifteen starting values, thirteen converged to a solution with a 

loglikelihood of -306.860, the same solution that was found using the parameters 

based on the species classification. Two starting values converged to a solution 

with a loglikelihood of -307.178. The solution corresponding to the larger of the 

two local maxima was taken. As previously, an observation Xi is assigned to the 

population to which it has the highest estimated posterior probability of belonging. 



-66-

Table 3.18 

Agreements and differences between the species and the model classifications for 

Iris Model 1. 

Classification 
Species Model 

Group 1 Group 2 Group 3 

I. Setosa 50 0 0 
I. Versicolor 0 43 7 
I. Virginica 0 2 48 

It can be seen from Table 3.18, that under Iris Model 1, the species classification 

and the model classification are different for 9 plants. Group 1 corresponds to 

I. Setosa, Group 2 is predominantly I. Versicolor whilst Group 3 is formed from 

overlapping clusters of the Versicolor and the Virginica species. All I. Setosa 

plants are assigned to Group 1 with posterior probabilities of 2i1 = 1.00, whilst 

all Versicolor and Virginica plants have posterior probabilities of being assigned 

to Group 1 with 2i1 = 0.00. Iris Model 1 has also detected that the Versicolor 

and the Virginica species overlap whilst the Setosa species is quite separate to the 

others. 

We shall speak of an observation as being definitely assigned to a group when the 

posterior probability 2ik of assignment to Group k is greater than or equal to 0.95. 

On examination of the posterior probabilities for Iris Model 1, we find that 132 

of the 150 observations are definitely assigned to a group. Of the observations 

that are misclassified, four are definitely assigned to a different group. Observa­

tions 71 and 78 both belong to species I. Versicolor and are definitely assigned to 

Group 3 with 271 ,3 = .9596 and 21s,3 = .9862, whilst observations 107 and 120 are 

both J. Virginica and are definitely assigned to Group 2 with 2101,2 = .9854 and 

2120,2 = .9740. 

Another comparison between the Iris Model 1 fit and the species classification can 

be obtained by comparison of the estimated parameters under Iris Model 1 with 

their counterparts under the species classification. This is done in Table 3.19, 

and it can be seen that the estimates are quite close. The estimated proportions 

in each cluster are 0.333, 0.305, and 0.362 leading to expected numbers in each 

cluster of 50.0, 45.8, and 54.2. This is fairly close to the 50 observations in each 

species. 
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Table 3.19 

Summary statistics of the four variables according to the species and the Iris 

Model 1 estimates 

Classification 
Species Model 

Variable Species Mean STDEV Group Mean STDEV 

Sepal length I. Setosa 5.006 0.353 1 5.006 0.349 
I. Versicolor 5.936 0.516 2 5.835 0.478 
I. Virginica 6.588 0.636 3 6.623 0.570 

Sepal width I. Setosa 3.428 0.379 1 3.428 0.375 
I. Versicolor 2.770 0.313 2 2.700 0.295 
I. Virginica 2.974 0.322 3 3.017 0.288 

Petal length I. Setosa 1.462 0.174 1 1.462 0.172 
I. Versicolor 4.260 0.470 2 4.222 0.475 
I. Virginica 5.552 0.552 3 5.483 0.572 

Petal width I. Setosa 0.246 0.105 1 0.246 0.104 
I. Versicolor 1.326 0.198 2 1.304 0.187 
I. Virginica 2.026 0.275 3 1.990 0.292 

We will seek ways of improving the agreement between the species and the model 

classifications by adding in more covariance parameters. The group assignment 

from Iris Model 1 was used and the within group correlation structure was exam-

ined. 
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Table 3.20 

Within group correlation structure using the group assignment from Iris Model 1. 

{lower triangle only). 

Group 1. 

Sepal length 

Sepal width 0.743 
Petal length 0.267 
Petal width 0.278 

Group 2. 

Sepal length 

Sepal width 0.419 
Petal length 0.662 
Petal width 0.375 

Group 3. 

Sepal length 

Sepal width 0.373 
Petal length 0.759 
Petal width 0.178 

Sepal width 

0.178 
0.233 

Sepal width 

0.375 
0.477 

Sepal width 

0.226 
0.326 

Petal length 

0.332 

Petal length 

0.731 

Petal length 

0.432 

Using a significance level of 0.05, the critical values for a test of Ho : p = 0 are 

r* = 0.278, 0.294 and 0.266 for sample sizes equal to the numbers assigned to 

Group 1, Group 2 and Group 3 respectively. It can be seen from Table 3.20 that 

there are apparently significant correlations between each pair of variables in at 

least one of the groups. All 4 variables were therefore grouped together into one 

partition cell, allowing for a general correlation pattern. 

We will fit a mixture of three component distributions, each of which consists of 

a multivariate normal distribution with 4 variables. The component distributions 

will be of the form 

where 0k 1 is the parameter vector for group k, partition cell 1, and k = 1, ... , 3. 

We see that fk 1(xi1;0ki) is the N4(µk 1,~ki) density. We will refer to this model 

as Iris Model 2. 

The model was fitted using the parameter estimates based on those resulting from 

the species classification. Using these estimates as starting values, the loglikeli­

hood converged to -180.185. In order to search for local maxima, the EM algo­

rithm was applied another sixteen times from initial classifications generated by 
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randomly splitting the observations into three groups. Four solutions of the likeli­

hood equation were found. Eight starting values converged to a solution where the 

loglikelihood was -180.185, the same solution that was found using the parameter 

estimates based on the statistics from the species classification. Four starting val­

ues converged to a solution where the loglikelihood was -186.569, two converged 

to a solution where the loglikelihood was -189.503 and two converged to a solution 

where the loglikelihood was -192.655. The solution corresponding to the largest of 

the local maxima was used. 

When the observations are assigned to their group of greatest posterior probability 

under Iris Model 2, a slightly different classification results from that given by Iris 

Model 1. 

Table 3.21 

Agreements and differences between the species and the model classifications for 

Iris Model 2. 

Classification 
Species Model 

Group 1 Group 2 Group 3 

I. Setosa 50 0 0 
I. Versicolor 0 45 5 
I. Virginica 0 0 50 

Table 3.21 indicates that there are now five differences between the species and the 

model classifications. Group 1 corresponds to the species classification of I. Setosa, 

Group 2 is comprised of 90% of the I. Versicolor plants, whilst Group 3 consists 

of all the I. Virginica plants and some of the I. Versicolor. The observations that 

the model classifies differently all belong to I. Versicolor, and are classified by Iris 

Model 2 as Group 3. 

The posterior probabilities for Iris Model 2 were examined, and under this model, 

it was found that 141 observations are now definitely assigned to a group. The 

posterior probabilities are listed in Table 3.22, for the five I. Versicolor plants that 

are classified under Iris Model 2 into the same group as the I. Virginica plants. 
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Table 3.22 

Posterior probabilities for the I. Versicolor plants classified into the same group as 

the I. Virginica plants under Iris Model 2. 

Obs. Zil Zi2 Zi3 

69 0 0.00275 0.99725 
71 0 0.05268 0.94732 
73 0 0.04156 0.95844 
78 0 0.32860 0.67140 
84 0 0.00671 0.99329 

It can be seen from Table 3.22 that observation 78 is not decisively assigned to 

either Group 2 or Group 3, whereas the other observations are definitely assigned 

to a different group than the species classification. 

The improvement in fit gained by adding covariances to Iris Model 1 was inves­

tigated. Compared with Iris Model 1, Iris Model 2 requires an additional 18 

parameters to be estimated, ( 6 parameters for each group). Twice the difference 

in the loglikelihoods is 253.350. There is clearly a definite improvement from using 

Iris Model 2 in preference to Iris Model 1. This can also be seen from the increase 

in the number of observations that are definitely assigned to the groups. 

However, when using Iris Model 2, we are estimating a total of forty four param­

eters from quite a small data set ( 150 observations, with 4 variables measured on 

each observation). Although the test for equality of variance covariance matrices 

was rejected, it was decided that due to the large number of parameters being 

estimated, we would fit the model in which all four variables were grouped in one 

partition cell, and which assumed equal covariance matrices for the component 

distributions. This model will be referred to as Iris Model 3. The component 

distributions .fk1 (xii; 0ki), for this model, will be of the form N(µk, ~) for each 

of the three groups. 

The program written for this thesis, in its current version, does not allow for equal 

covariance matrices to be imposed for the component distributions. The follow­

ing results for Iris Model 3 were obtained using the published program KMM of 

Basford and McLachlan (1988). The model was fitted with the initial estimates 

of the group parameters being based on those resulting from the species classifica­

tion. In order to search for local maxima, the EM algorithm was run another ten 

times from initial classifications generated by randomly splitting the observations 

into three groups. Two solutions of the likelihood equation were found for Iris 

Model 1. Six starting values converged to a solution where the loglikelihood was 
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-256.354, the solution that was found using the parameters based on the species 

classification. Five starting values converged to a solution where the loglikelihood 

was -263.474. The solution corresponding to the larger of the two local maxima 

was used. 

Table 3.23 

Agreements and differences between the species and the model classifications for 

Iris Model 3. 

Classification 
Species Model 

Group 1 Group 2 Group 3 

I. Setosa 50 0 0 
I. Versicolor 0 48 2 
I. Virginica 0 1 49 

It can be seen from Table 3.23 that there are three differences between the model 

and the species classification. An examination of the posterior probabilities for Iris 

Model 3 showed that 137 observations are now definitely assigned to a group. The 

three observations, plants 71, 84 and 134, that are classified to a different group 

than the one corresponding to the species classification have posterior probabili­

ties respectively of 211,2 = 0.133, zs4,2 = 0.127, and 2134,2 = 0.745. (Note that 

Zi,l = 0.00 for these observations). It can be seen that these observations are not 

definitely assigned to either Group 2 or Group 3. 

Assumption of a common covariance structure for the iris data, has improved the 

agreement between the model and the species classifications. There are now fewer 

observations definitely assigned to a group than there were under Iris Model 2. 

As expected the cluster corresponding to I. Setosa is stable under the three models 

fitted. Both I. Versicolor and I. Virginica species always had posterior probabilities 

of 0.00 of being assigned to the same group as I. Setosa plants, whilst I. Setosa 

plants were all definitely assigned to the Group 1 with posterior probabilities of 

1.00. This occurred for all three models fitted. 

In the next subsection, additional models are fitted to this data. We do not 

recommend this procedure to be followed as a general rule. This procedure has 

been followed for comparison purposes only. 

3.3.2 Categorisation of two continuous variables 

Everitt (1988) assumed that the categorical variables in a data set arise from ap­

plying thresholds to underlying unobservable continuous variables and that the 
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continuous variables, both latent and manifest, have a multivariate normal mix­

ture density. Further details can be found in Section 1.8. Everitt and Merette 

(1990) chose the iris data to illustrate this approach by firstly categorising the 

two continuous variables, sepal length and sepal width. We will use the same 

categorisation. Specifically, sepal length was categorised with three possible out­

comes: x ::=; 5.4, 5.4 < x ::=; 6.2 and x > 6.2; and sepal width had two outcomes: 

x ::=; µ (3.428) and x > µ (3.428). 

We will thus fit a mixture of three component distributions, each of which is a 

product of two discrete distributions and one bivariate normal distribution (for 

the petal length and petal width). The component distributions are of the form 

3 

fk(xi; 0k) = IT fkz(xil; 0kz), 
l=l 

where fkz(xi1; 0kz) is N(µkz, ~kl) for the two continuous variables, and 

D( >.kll, ... , >.klm 1 ) for each of the two categorical variables2 . We will refer to this 

model as Iris Model 4. 

The model was fitted using the EM algorithm from initial estimates of the param­

eters based on those resulting from the species classification, and also from initial 

classifications generated by randomly splitting the observations into three groups. 

Three solutions of the likelihood equation were found. From ten starting values, 

eight converged to a solution where the loglikelihood was -292. 709, the solution 

that was found using the parameters based on the species classification. One start­

ing value converged to a solution where the loglikelihood was -293.243, and one 

converged to a solution where the loglikelihood was -307.69386. The solution cor­

responding to the largest of the three maxima was used. When the observations 

were assigned to their group of greatest posterior probability under Iris Model 4, 

the composition of the groups has changed greatly from those given in previous 

models. 

Table 3.24 
Agreements and differences between the species and the model classifications for 

Iris Model 4-

Species 

I. Setosa 
I. Versicolor 
I. Virginica 

2 refer to notation in Chapter 2. 

Classification 
Model 

Group 1 Group 2 

50 0 
0 37 
0 10 

Group 3 

0 
13 
40 
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Table 3.24 indicates that there are now 23 differences between the species and the 

model classification. The species I. Versicolor and I. Virginica are more difficult 

to separate using Iris Model 4, with Group 2 and Group 3 both being formed 

from overlapping clusters of I. Virginica and I. Versicolor. On examination of 

the posterior probabilities, we find that 126 observations are definitely assigned 

to a group under Iris Model 4. An examination of the posterior probabilities of 

the observations whose species and model classification differ, showed that only 

seven of these observations that are assigned to a different group to the species 

are assigned definitely to that group. 

It can be seen from Table 3.20 that there is a correlation between the continuous 

variables, sepal length and sepal width. Hence, it is expected that there may 

be some association between the two variables that result from categorising sepal 

length and sepal width. A test of the hypothesis of independence of the categories 

of these two variables was made for the three species. This test was rejected at 

the 0.05 level for I Versicolor with a X(2 ) value of 10.601, and rejected at the 0.06 

level for I Virginica with a xc2 ) value of 5.447. It was not rejected for I Setosa 

(Xe 1) = 1.058). The two categorical variables were therefore combined into one 

categorical variable having 6 levels. 

A mixture of three component distributions was fitted, where each component 

consisted of a product of a discrete distribution containing the categorical variable 

with six levels, and one bivariate normal distribution. We will refer to this model 

as Iris Model 5. The model was fitted using the EM algorithm using parameter 

estimates based on those resulting from the species classification, and also from 

initial classifications generated by randomly splitting the observations into three 

groups. Two solutions of the likelihood equation were found. From ten starting 

values, eight converged to a solution where the loglikelihood was -289.023, the same 

solution that was found using the parameter estimates based on the statistics from 

the species classification. Two starting values converged to a solution where the 

loglikelihood -299.136. The solution corresponding to the larger of the two local 

maxima was used. When the observations were assigned to their group of greatest 

posterior probability under Iris Model 5, a different classification results from that 

of Iris Model 4, as is shown in Table 3.25. 
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Table 3.25 

Agreements and differences between the species and the model classifications for 

Iris Model 5. 

Classification 
Species Model 

Group 1 Group 2 Group 3 

I. Setosa 50 0 0 
I. Versicolor 0 50 0 
I. Virgini ca 0 12 38 

There are now 12 differences between the species and the model classification. The 

composition of the grouping has changed with 12 of the I. Virginica observations 

being grouped together with the I. Versicolorobservations. Group 3 now consists of 

38 of the I. Virginica observations. An examination of the posterior probabilities 

showed that 131 observations are now definitely assigned by Iris Model 5 to a 

cluster. Five of the observations that are classified by the model to a different 

group than the species, are definitely assigned to a different group than the species. 

When the observations that Iris Model 5 classifies in a different group to the 

species are compared with those observations that are classified differently under 

Iris Model 4, it was found that the same ten I. Virginica observations are classified 

as Group 2 under both models. 

It can be seen from a comparison of Table 3.24 and Table 3.25, that the combina­

tion of the two categorical variable into one variable having six levels has improved 

the agreements between the model and the species classifications. There is also 

an increase in the numbers of observations that are definitely assigned to a group 

under Iris Model 5. However, Iris Model 5 requires 35 parameters to be estimated 

from the data, whilst Iris Model 4 requires the estimation of 32 parameters. 

3.3.3 Comparison using the Rand index 

Everitt and Merette (1990) calculated an adjusted Rand index for the model they 

proposed. To compare the results using the approach of multivariate mixture 

models with those of Everitt and Merette, the Hubert and Arabie (1985) adjusted 

Rand index was calculated for all models. 

The adjusted Rand index is defined as follows. 

a+ d - nc 
Adjusted Rand index = b d 

a+ + c + - nc 

where a gives the number of pairs of entities that are correctly grouped in the same 

cluster by true solution and the algorithm solution, d gives the number of pairs of 



-75-

entities that are correctly grouped in different clusters; b indicates the numbers of 

pairs of entities that the algorithm has incorrectly placed in the same cluster when 

the points actually came from different clusters; and c gives the count for the pairs 

of entities that the algorithm has incorrectly placed in different clusters when they 

actually came from the same cluster. The adjustment term nc is defined as 

n(n 2 + 1) - (n + 1) I: n;_ - (n + 1) I: n~1 + I: I: n;_n~)n 

2(n - 1) 

where nij is the number of points in cluster i as produced by the algorithm that 

are also in cluster j of the true solution. Then, ni., n.1 and n give the marginals 

and grand total for such a classification table. The adjustment term has been 

designed to correct the Rand index for the presence of chance agreement. Milligan 

and Cooper (1986) concluded that the Hubert and Arabie adjusted Rand index 

was the best choice for evaluating the extent of recovery of the true structure in a 

clustering solution. 

Table 3.26 

Adjusted rand index for the models investigated. 

Adjusted Number of Observations 
Model Rand Index Definitely Assigned Misclassified 

Iris Model 1 0.868 132 9 
Iris Model 2 0.923 141 5 
Iris Model 3 0.953 137 3 
Iris Model 4 0.714 126 23 
Iris Model 5 0.832 131 12 

It can be seen from Table 3.26 that Iris Model 3 recovered more of the true struc­

ture present in the data than the other models. This model also had only three 

observations where the model and the species classifications differed. Iris Model 2 

also recovered most of the true structure present in the data. When considering 

these two models, Iris Model 3 would be the preferred model to be used as the 

assumption of equal covariance matrices for the three component distributions has 

greatly reduced the number of parameters to be estimated (Iris Model 3 requires 

24 parameters to be estimated whilst Iris Model 2 requires the estimation of 44 pa­

rameters), and the model has recovered slightly more of the true structure present 

in the data than has Iris Model 2. 

Iris Model 4 did not perform very well. This model only recovered 71.4% of the 

true structure present in the data set, and it had the lowest number of observa­

tions definitely assigned to a group. The program written for this thesis, in its 



-76-

current version, does not allow for equal covariance matrices to be imposed for the 

component distributions, and it is suspected that this assumption would proba­

bly improve the extent of the structure being recovered. It would also reduce the 

number of parameters to be estimated under this partitioning from thirty two to 

twenty. Iris Model 4 also did not take into account any of the associations that 

existed between the variables. 

The combination of the two categorical variables into one categorical variable hav­

ing six levels (Iris Model 5), improved the performance of the model on all aspects 

investigated, with 83.2% of the structure being recovered and 131 of the observa­

tions being definitely assigned to a group. As well as performing better than Iris 

Model 4, Iris Model 5 also takes into account the associations that exist between 

the variables formed from categorising sepal width and sepal length. Once again, 

it is suspected that the assumption of equal covariance matrices for the component 

distributions would probably improve the agreement between the model and the 

species classification. 

Of the two models fitted to the iris data set with sepal length and sepal width 

categorised, Iris Model 5 would be the more similar model to that of Everitt and 

Merette, as account is taken in this model of the relationships known to exist be­

tween sepal length and sepal width. As pointed out in Section 1.8, Everitt and 

Merette assumed that the underlying component distributions were the N4(µk, ~) 

distribution for k = 1, ... , 3. They obtained an adjusted Rand index of 0.89 for 

their model, which assumed equal covariance matrices for the component distri­

butions. We can conclude that the approach of multivariate finite mixture models 

has been fairly successful in clustering this data set. 

In the next section, we use the approach of multivariate finite mixture models to 

cluster a data set which contains both categorical and continuous variables, and 

in which little is known a priori about the structure of the data. 

3.4 Statistics Examination Data 

This data was obtained from a statistics examination in which 66 individuals were 

assessed for their knowledge of the term's work. The examination was comprised 

of four long answer questions, and nine multiple choice questions, eight of which 

had five choices of answer, and one of which had four choices. The individuals 

were asked to attempt all questions. A copy of the examination paper is included 

in Appendix 2. The data set consists of the option selected for each of the nine 

multiple choice questions, and the mark given for each of the long answer questions. 

The multiple choice questions will be regarded as discrete variables, and the long 

answer marks as continuous variables. 
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A preliminary examination of the distributions of the continuous variables showed 

that three of the variables were approximately normally distributed. The fourth 

variable, Question 12, had a bimodal distribution with 25 of the observations 

receiving a mark of 'O' and 18 individuals receiving a mark of '12'. For the initial 

analysis this variable will be considered to be normal. Initially a two component 

model will be fitted, and then the group structure will be investigated. 

3.4.1 Two component models 

We regard the data as a random sample from the distribution 

2 

f(x;cp) = L1rkfk(x;0k) 
k=I 

2 

where I: 7rk = 1, and 7rk ~ 0 for k = 1, 2; and l = 1, 13. Under the model of 
k=l 

complete independence for two clusters, the component distributions will be of the 

form 
13 

fk(xi; 0k) = II fkl(xil; 0kt), 
l=l 

where 0kt is the parameter vector for group k, partition l, and k = 1, 2; l = 1, 13. 

For each of the 9 categorical variables, fkt(Xiti 0kt) is the D(>,,kll, ... , Aktm,) mass 

function3 , and for each of the 4 continuous variables, fkt(Xit; 0kt) is the N(µkt, ai1) 

density. 

The notation that has previously been defined in section 3.2.1 will used. However, 

to distinguish between models previously used, 'Exam' will be included in the 

description of all models for the examination data. Hence, 'Exam Model i, n' 

denotes the model for the examination data that has partitioning i and n groups. 

The two group model of complete local independence will be referred to as Exam 

Model 1, 2. 

This model was fitted iteratively using the EM algorithm with the initial grouping 

based on whether the student obtained a mark in Question 12 of::; 6 or> 6. Using 

this group assignment, the loglikelihood converged to -1372.057. The algorithm 

was also applied from a wide choice of starting values, and many other local 

maxima were found. The solution of the likelihood equation was taken to be 

the one corresponding to the largest of the local maxima, the same solution that 

was found using the grouping based on a Question 12 result of ::; 6 or > 6. As 

previously, an observation Xi will be assigned to the population to which it has 

the highest estimated posterior probability of belonging. 

3 refer to notation in Chapter 2. 
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Table 3.27 

Summary statistics for the 13 variables under Exam Model 1, 2. 

(i) Categorical variables t 

Question Group Level Probabilities 

1 1 0.170 0.532 0.191 0.085 0.021 
2 0.053 0.632 0.158 0.053 0.105 

2 1 0.468 0.149 0.128 0.255 
2 0.211 0.105 0.158 0.526 

3 1 0.000 0.064 0.596 0.149 0.191 
2 0.053 0.000 0.895 0.052 0.000 

4 1 0.511 0.170 0.021 0.234 0.064 
2 1.000 0.000 0.000 0.000 0.000 

5 1 0.064 0.042 0.745 0.085 0.064 
2 0.000 0.000 0.895 0.053 0.052 

6 1 0.106 0.702 0.043 0.106 0.043 
2 0.000 0.789 0.000 0.158 0.053 

7 1 0.043 0.553 0.277 0.042 0.085 
2 0.053 0.737 0.105 0.105 0.000 

8 1 0.234 0.298 0.085 0.213 0.170 
2 0.158 0.263 0.053 0.316 0.210 

9 1 0.469 0.213 0.043 0.191 0.085 
2 0.316 0.421 0.105 0.105 0.053 

(ii) Continuous variables. 

Question Group Mean STDEV. 

10 1 9.09 4.48 
2 11.42 3.96 

11 1 7.75 4.45 
2 10.58 3.76 

12 1 1.68 2.59 
2 11.95 0.22 

13 1 4.72 4.58 
2 8.42 4.71 

It can be seen from Table 3.27, that the continuous variables in Group 2 have a 

higher mean mark than those in Group 1. From the level probabilities, we can see 

that the individuals in Group 1 have a modal answer pattern '2, 1, 3, 1, 3, 2, 2, 2, 1', 

t Figures in bold show the probability for correct answer 



-79-

whereas the Group 2 individuals have a modal answer pattern of 

'2, 4, 3, 1, 3, 2, 2, 4, 2', the correct answer pattern. The Group 2 students appear 

to have done better in the examination than the Group 1 students. The estimated 

proportions in each group are 0. 7121 and 0.2879, leading to expected numbers of 

47.00 and 19.00 in each group. 

An examination of the posterior probabilities showed that all 66 observations were 

'definitely assigned' to a group, with posterior probabilities of assignment to that 

group of at least 0.999 for all observations. 

The group assignment from Exam Model 1, 2 was used and the within group 

correlation structure was examined. No significant correlations were found for the 

four continuous variables. Tests of independence of the categorical variables were 

made for each group, and for all combinations of the categorical variables. The 

hypothesis of independence was rejected at the 0.05 level for Questions 4 and 5 

in Group 1 only. When the multiple comparison effect is taken into account, it 

is possible that this hypothesis would not be rejected at the 0.05 level as it is 

expected that approximately two pairwise comparisons would be rejected in 36 

comparisons due to chance alone. Since there would also be a large increase in the 

numbers of parameters to be estimated by combining these two variables, it was 

decided not to combine these two variables. 

The composition of the group structure was then investigated. Further insight 

into the composition of the group structure may be gained by examining the mark 

the individuals received for the examination, and the students cumulative mark to 

date. The students cumulative mark for the year to date is comprised of a weighted 

contribution from the mark received for other items of assessment, together with 

a weighted contribution from the examination mark. 

Table 3.28 
Summary Statistics for Examination and Cumulative Marks under Exam Model 1, 2 

Group Mean STDEV 

Exa1nination 1 40.40 13.12 

Mark 2 67.47 13.15 

Cumulative 1 52.13 13.21 

Mark 2 72.32 14.85 

It can be seen from Table 3.28 that the Group 1 students have a lower examination 

mark and lower cumulative mark than do the students in Group 2. The group 



-80-

stucture will be investigated by considering the examination marks for those who 

did not pass the examination, (i.e. an examination mark of less than 50%), and 

those who passed the examination (i.e. an examination mark of 50% or more). 

The cumulative mark will be also be investigated for each group by considering 

those students with a cumulative mark of less than 65% and those students with 

a cumulative mark of at least 65%. 

Table 3.29 

Examination Marks and Cumulative Marks under Exam Model 1, 2. 

Group 

1 
2 

Examination 
Mark 

< 50% 2:: 50% 

37 10 
2 17 

Cumulative 
Mark 

< 65% 2:: 65% 

39 8 
4 15 

It can be seen from Table 3.29 that that the majority (78.7%) of the students in 

Group 1 received an examination mark of less than 50%, whereas only 10.2% of 

the Group 2 students received an examination mark of less than 50%. It can also 

be seen that Group 2 students have a higher probability of having a cumulative 

grade of at least 65%, whilst the students in Group 1 more chance of having a 

cumulative grade of less than 65%. The Group 2 students definitely have higher 

statistics grades than do the Group 1 students. 

When examining the statistics for the two groups found under Exam Model 1, 2 

(refer to Table 3.27), it can be seen that in Group 2, for Question 12, the students 

have a mean mark of 11.95 and standard deviation of 0.045. The model appears to 

be grouping the observations on the basis of the marks received for Question 12. 

An investigation of the group structure and the mark received for Question 12 

showed that Group 1 corresponded to those students who received a Question 12 

mark of less than 11, whilst Group 2 was comprised of those students who received 

a Question 12 mark at least 11 ( One student received a mark of 11 marks, and 

the remaining eighteen students in the group received 12 marks). 

The influence of the students Question 12 mark on the grouping was also de­

tected in the search for local maxima. When Exam Model 1, 2 was fitted from 

an initial classification based on whether the student obtained a mark of 12 for 

Question 12, the program 'crashed', as the program in its current version cannot 

cope computationally with a group having zero variance. There are ways to cope 

computationally with zero variance in a group. One method is to add 'random 

noise' to the variable concerned, and hence for example, a mark of 10 may be 
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represented as, 9.998 or 10.001 etc. Another method is to categorise the variable 

concerned. 

Due to the bimodal nature of the Question 12 marks (33 students received a mark 

of no more than one mark, and 18 students received a mark of twelve marks), it was 

decided to categorise the Question 12 marks. Three different models were fitted 

to the data with the Question 12 marks categorised in different ways. In the first 

model, the Question 12 marks were categorised to three levels:- marks less than 

five, marks between five and eleven, and mark equal to 12. In the second model, 

the Question 12 marks were also categorised to three levels:- marks less than five, 

marks between five and ten, and mark of eleven or twelve. In the third model, the 

Question 12 marks were dichotomised:- mark less than eleven, and mark of eleven 

or twelve. Under the model of complete independence for the two clusters, each 

component distribution is now a product of ten discrete distributions and three 

univariate normal distributions. These three models all converged to solutions 

that gave the same group assignments as those under Exam Model 1, 2, and very 

similar estimates of the parameters for Questions 1 to 11 and Question 13 as those 

displayed in Table 3.27. All observations were assigned to a group with posterior 

probabilities of 1.00. 

Due to the influence of the Question 12 marks on the group assignment, it was 

decided to categorise the Question 12 marks in a different way to see how this 

would affect the group assignment. 

The marks received for Question 12 were categorised with three possible outcomes: 

mark S 3, 4 S mark S 8, and 9 S mark S 12. A mixture of two component 

distributions was fitted. Under the model of complete independence for the two 

clusters, each component distribution is a product of ten discrete distributions 

and three univariate normal distributions. This model will be referred to as Exam 

Model 2, 2. 

The model was fitted using the EM algorithm with the initial estimates of the 

classifications based on those from Exam Model 1, 2. The model converged to a 

solution where the loglikelihood was -1276.557. The algorithm was applied another 

eight times, where the initial classifications were generated by randomly splitting 

the observations into two groups. Six other solutions of the likelihood equation 

were found in the search for local maxima. The solution corresponding to the 

largest of the local maxima was used, the solution where the loglikelihood was 

-1273.299. 

The classification of the observations to their class of greater probability under 

Exam Model 2, 2 is quite different to that given under Exam Model 1, 2. The 
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estimated proportions in each group are 0.3972 and 0.6028, leading to expected 

numbers in each group of 26.21 and 39. 78. 

Table 3.30 

Summary statistics for the 13 variables under Exam Model 2} 2. 

(i) Categorical variables t 

Question Group Level Probabilities 

1 1 0.077 0.429 0.380 0.114 0.000 
2 0.175 0.648 0.051 0.051 0.075 

2 1 0.533 0.077 0.232 0.158 
2 0.302 0.175 0.074 0.449 

3 1 0.000 0.077 0.455 0.238 0.230 
2 0.025 0.025 0.832 0.044 0.074 

4 1 0.580 0.191 0.000 0.115 0.114 
2 0.699 0.075 0.025 0.201 0.000 

5 1 0.038 0.076 0.771 0.076 0.039 
2 0.050 0.000 0.799 0.076 0.075 

6 1 0.114 0.772 0.038 0.038 0.038 
2 0.050 0.698 0.025 0.176 0.051 

7 1 0.000 0.587 0.374 0.039 0.000 
2 0.075 0.619 0.130 0.075 0.101 

8 1 0.376 0.271 0.114 0.086 0.153 
2 0.104 0.299 0.050 0.346 0.201 

9 1 0.504 0.190 0.076 0.115 0.115 
2 0.372 0.327 0.050 0.201 0.050 

12 1 0.699 0.192 0.109 
2 0.494 0.075 0.431 

(ii) Continuous variables. 

Question Group Mean STDEV. 

10 1 5.35 3.35 
2 12.67 2.11 

11 1 7.27 4.54 
2 9.41 4.18 

13 1 3.00 3.77 
2 7.63 4.71 

It can be seen from Table 3.30, that the continuous variables in Group 2 have a 

higher mean mark than those in Group 1. Assuming within group independence of 

t Figures in bold show the probability for correct answer 
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the questions, the answer pattern of highest probability for the discrete variables 

in Group 2 is '2, 4, 3, 1, 3, 2, 2, 4, 1, 1', and for Group 1 is '2, 1, 3, 1, 3, 2, 2, 1, 1, l'. 

It can be seen for Question 9 that under Exam Model 2, 2 that option 1 is the 

choice of highest probability, whereas the correct anwer choice is option 2. 

An examination of the posterior probabilities showed that 62 of the 66 observations 

are 'definitely assigned' to a group. The group assignment from Exam Model 2, 2 

was used and the within group correlation structure was examined. No significant 

correlations were found for the three continuous variables. Tests of independence 

of the categorical variables were made for each group, and for all combinations 

of the categorical variables. The hypotheses of independence of the categorical 

variables were not rejected. 

Analagously to Exam Model 1, 2, the group structure will be investigated by 

considering the mark students received for the examination and the students cu­

mulative mark to date. 

Table 3.31 

Examination Marks and Cumulative Marks under Exam Model 2, 2. 

Group 

1 
2 

Examination 
Mark 

< 50% ?:': 50% 

25 1 
14 26 

Cumulative 
Mark 

< 65% ?:': 65% 

24 2 
19 21 

Table 3.31 indicates that most of the Group 1 students fail the examination and 

have a cumulative mark of less than 65%. With the Group 2 students, 65% of 

them pass the examination and 52.5% of them have a cumulative mark of at least 

65%. It can be seen from a comparison of Table 3.29 and Table 3.31 that the 

composition of the groups has changed under the two models fitted. 

An investigation of the differences between the group assignments under Exam 

Model 1 and Exam Model 2 showed that the classifications were basically nested. 

With the exception of the group assignments for three observations, Group 1 under 

Exam Model 2 is basically a subset of Group 1 under Exam Model 1, and Group 2 

under Exam Model 1 is basically a subset of Group 2 under Exam Model 2. The 

change in the categorisation of the Question 12 marks for Exam Model 2 has 

definitely affected the group assignments. The group structure under the models 

fitted probably just reflects an underlying ordering of the observations with a 

different cut off point for the division of the observations into two groups. It is 
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possible that finite mixture analysis for this data set 1s an approximation to a 

continuous mixture. 

So far we have assumed the existence of two groups in the data. It is of interest 

to see whether the likelihood ratio test of Ho : J{ = 1 versus Ha : K = 2 would 

suggest that the data are a single population. The approximation1 suggested by 

Wolfe (1971) was used and the likelihood ratio test was conducted. Under the 

assumption of a single population for the model, the algorithm converged to a 

solution where the loglikelihood was -1465.881. Under the assumption of a two 

group model, the loglikelihood is -1372.057. The test statistic -2 log,\ = 187.647. 

The degrees of freedom for Wolfes approximation are 52. Hence we can be fairly 

confident that there is not a single population. It is not feasible to fit a model with 

three groups to this data due to the large increase in the parameters that would 

be required to be estimated from a small data set. 

Exam Model 1, 2 is without question the preferred model for this data. It can be 

seen that the clusters detected using the approach of multivariate finite mixture 

models on this small data set are actually meaningful clusters, however further 

investigation would require a much larger data set. However, it should be noted 

that finite mixture analysis for this data set may possibly be an approximation to 

a continuous mixture. 

We will conclude this chapter by giving a general stategy to be followed when using 

the approach of multivariate finite mixture models. The data should initially be 

examined for evidence of clusters by using some package such as Data Desk. Some 

exploratory data analysis should be carried out, seeking evidence of modality. But, 

as pointed out by Everitt and Hand (1981), unimodality of a distribution does not 

imply that the data is not a mixture. 

Once it is decided that a mixture model is appropriate, the model of complete local 

independence should firstly be fitted. Then, using the group assignment from the 

model for complete independence, examine the within group correlation structure. 

Variables with strong within-cluster associations can be grouped together in a 

partition cell for the next series of fits. This process is repeated if necessary. 

The number of groups to be fitted to the model should be checked by performing 

the likelihood ratio test. The posterior probabilities should also be examined. In 

all cases where the model is fitted, always check for the presence of local maxima. 

Finally, the clusters produced by the model should be examined to see if they are 

meaningful. 

1 Further details on this approximation may be found in section 1.5 



Chapter 4 

Models with missing Data 

4.1 Introduction 

Missing observations can often occur in sets of multivariate data. For example, 

in an archaeological study, often a specimen such as a skull may be damaged 

and some variables cannot be measured. Respondents in a survey may refuse to 

answer certain questions such as age or income. When plants or animals are the 

experimental units, they may die before all variables have been measured. In all of 

these cases, the data matrix may have rows in which not all variables have values. 

These missing data values may be scattered among the observations and have no 

particular pattern of occurrence. 

Missing data values arising in this type of manner are not to be confused with the 

conceptual 'missing' or incomplete data formulation used in finite mixture model 

estimation, where each observation is regarded as 'missing' a label or a variable 

that indicates its component population of origin. The missing values described 

in the previous paragraph can be regarded as 'unintended' or 'accidental' missing 

data. Recent review papers in the literature on partially missing data include those 

by Afifi and Elashoff (1966), Hartley and Hocking (1971), Orchard and Woodbury 

(1972), Dempster, Laird and Rubin (1977) and Little (1982), and a monograph on 

partially missing data by Little and Rubin (1987). 

A subsequent problem that occurs when some of the variables have not been ob­

served for some of the observations, is selecting the appropriate method to use 

in the analysis of the data. Standard statistical methods have been developed to 

analyse rectangular data sets, where the rows of the data matrix represent the ob­

servations, and the columns represent the variables measured on each observation. 

When there are missing data values in a data set, several strategies are possible. 

Statistical packages frequently exclude observations that have a missing value code 

for any of the variables involved in an analysis, and carry out a complete case anal­

ysis, using only the observations where the variables, x1, ... , Xp, are all observed. 

This approach is generally easy to carry out, and may be satisfactory with small 

amounts of missing data. Any univariate statistics are then calculated on a com­

mon sample base of cases. However there is a potential loss of information by 

discarding the incomplete cases. If the number of missing values is large, it is 
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possible to lose considerable sample size. The critical concern however, is that 

this strategy can give biased estimates as it requires the strong assumption that 

the complete cases are a random subsample of the original observations. The 

cornpletely recorded cases frequently differ from the original sample. For example, 

in a panel survey, observations that are lost to follow up often differ from those 

who remain in the study, and hence a complete case analysis can give quite biased 

results. 

An alternative approach when missing data is present, is to consider all cases which 

have values for a particular variable. This procedure is known as available case 

analysis. Unlike complete cases analysis, there is no loss of potential information 

as all available values are used. However, this technique has the disadvantage 

that the sample base changes from variable to variable according to the pattern of 

missing data, and hence the statistics calculated can be based on different numbers 

of observations. The main disadvantage to this approach as pointed out by Everitt 

and Dunn (1991) for example, is that this procedure can also lead to covariance 

and correlation matrices that are not positive definite, which means that some 

linear combinations of variables will have zero or negative estimated variances. 

Imputation procedures in which the missing values are filled in by some method 

such as mean imputation or regression imputation, are other procedures used to 

handle missing data. The resulting completed data set can then be analysed by 

standard statistical analyses. The performance of standard multivariate analyses 

with imputed data is unreliable, and it is hard to distinguish situations when the 

methods work from those when they fail. For example, Santos (1981) found that 

replacing the missing values with the sample means underestimates the variances 

and covariances. Dempster and Rubin (1983) point out that when imputation is 

used, it is easy to forget that the data is incomplete. Little and Rubin (1987) in 

chapters 2 to 4 demonstrate applications of imputation to designed experiments, 

multivariate analysis and sample surveys. Rubin ( 1991) discusses multiple im­

putation in which each missing value in a data set is replaced by a vector of m 

simulated values. Further references on imputation are given by Little and Rubin 

(1987), and Rubin (1991). 

Procedures that are model based are another approach that can be used for multi­

variate incomplete data. A model for the data and a missing data mechanism are 

specified, and the parameters are estimated by some procedure such as maximum 

likelihood. This approach has advantages over other approaches. It is flexible and 

the model assumptions underlying the resulting methods can be evaluated. The 

log likelihood takes into account the incompleteness of the data and can be used 

to obtain large sample estimates of the variance from the second derivatives of the 
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log likelihood. 

Knowledge of the mechanism that leads to the values being missing is also impor­

tant in choosing the appropriate analysis to use and in interpretation of the results 

(Little and Rubin (1987)). This mechanism may be under the control of the re­

searcher. For example, survey sampling could be viewed as leading to missing data: 

the desired survey variables are recorded for all individuals participating in the 

survey, and the variables are missing for the individuals not selected. If the sam­

ple is selected using a probability based sampling method, then the mechanism is 

under the control of the researcher and may be considered as ignorable. However, 

if some of the survey variables are missing for the sample, then the mechanism 

that leads to the observed data is not as well understood. An example in which 

the mechanism may not be under the control of the researcher but is understood, 

would be with censored data. In this instance, the data consists of the time to 

the occurrence of some event. At the end of the experiment, some of the data is 

censored as the event being monitored has not occurred prior to the completion of 

the experiment. For the censored data, we have partial information, namely that 

the failure time exceeds the time to censoring. Analysis of this type of data needs 

to take account of this type of information to avoid biased results. 

Often the analysis of incomplete data proceeds with the assumption that the pro­

cess that caused the missing data can be ignored (see Rubin (1976), and Little 

and Rubin ( 1987) ). However, Little and Rubin (1987) in chapter 1, point out that 

the mechanism leading to missing data generally cannot be ignored as the per­

formance of any method used in the analysis of multivariate data that has values 

recorded as missing, depends on the mechanism that gave rise to the missing data. 

Some methods perform adequately only when the missingness is not related to the 

observed variables. Other methods only require the weaker assumption where the 

probability of a variable being missing for a particular observation can depend on 

the observed variables for that observation but not on the values of the missing 

variables. 

4.2 Likelihood based estimation for incomplete data 

Maximum likelihood estimation for incomplete data is similar to that for complete 

data. The likelihood estimation of the parameters based on the incomplete data is 

derived, and the maximum likelihood estimates are found by solving the likelihood 

equation. However, Little and Rubin (1987) in chapter 5, point out that as the 

observed data are not generally an independent, identically distributed sample, 

the asymptotic standard errors obtained from the information matrix may not 

be relevant, and also the results that imply the large sample normality of the 

likelihood function do not immediately apply. 
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As previously, let x denote the data that would occur for each observation in the 

absence of missing values. We write Xi = (xobs,i, Xmiss,i) where Xobs,i denotes 

the observed values for observation i, and Xmiss,i denotes the missing values for 

observation i. This is a formal notation only and does not imply that the data 

are rearranged to achieve this pattern, the missing data values may be scattered 

among the observations and have no particular pattern of occurrence. 

Rubin (1976) investigated the conditions under which the process that caused the 

missing data could be ignored, when making likelihood (and Bayesian) inferences 

about the parameters of the distribution of the data. He showed that the pro­

cess that causes the missing data can be ignored when making likelihood based 

inferences about 0, the parameter of the data, if the data are 'missing at random', 

and the parameter, </>, of the missing data process is 'distinct' from 0. The correct 

likelihood is simply the density of the observed data, regarded as a function of the 

paran1eters. 

'Missing at random' in the previous paragraph means that the probability of the 

observed pattern of missing and observed values may depend on the data that are 

observed, but given these observed values, not on the values of the missing data. 

That is, the distribution of the missing data mechanism does not depend on the 

missing values, Xmiss· In particular, the probability that a variable is missing for 

a particular observation can depend on the values of the observed variables for 

that subject, but not on the values of the missing variables. A formal definition 

of 'missing at random' is given by Rubin (1976). 

Rubin ( 1976) defines </> to be 'distinct from 0' if the joint parameter space of ( </>, 0) 
is the cartesian product of the parameter space of 0 and the parameter space 

of <f>. Hence if the data are missing at random, the missing data mechanism is 

ignorable in that the observed data likelihood is proportional to the complete data 

likelihood. That is, 

L(0,</> I Xobs,R) CX L(0 I Xobs), 

where R is a missing data indicator with Rij = 1 if Xij is observed, and O if Xij 

is missing. So inference based on the observed data likelihood is equivalent to 

inference based on the complete data likelihood. 

For example, suppose that two variables, age, and income, are measured on n 

individuals. Suppose that the probability that income is recorded, varies according 

to the age of an individual, but does not vary according to the income of the 

individuals within an age group. Then the data are 'missing at random'. In this 

instance, the missingness is related to the observed data but not to the missing 

data. 
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A different approach to handling incomplete data is to treat the missing data as 

parameters and to maximise the complete data likelihood over the missing data 

and the parameters. That is, maximise the likelihood function 

Lmiss(0,Xmiss I Xobs) = L(0 I Xobs,Xmiss) = f(Xobs,Xmiss I 0) 

with respect to 0 and Xmiss, where f(xobs,Xmiss I 0) is the density of the joint 

distribution of Xobs, Xmiss with parameter 0. Little and Rubin (1983) contend 

that the function Lmiss is not a likelihood as the argument includes random vari­

ables which have a distribution under the model, and they therefore should not be 

treated as fixed parameters. Maximisation of Lmiss with respect to 0 and Xmiss 

is not a maximum likelihood procedure from this perspective. Another problem 

with treating both 0 and Xmiss as parameters, is that the number of parameters 

increases as the number of observations increases. Little and Rubin (1983) main­

tain that this approach is not reliable, and show that this approach does not share 

the optimal properties of maximum likelihood estimation, except under the trivial 

asymptotics in which the proportion of missing data goes to zero as the sample 

size mcreases. See Little and Rubin (1987) for further references on the use of this 

procedure. 

For some models and incomplete data patterns, the maximum likelihood estimates 

can be found by exploiting factorizations of the likelihood. Suppose we can find a 

parameterization,¢= ¢(0), where¢ is a one to one monotone function of 0, and 

such that the log likelihood decomposes 

where (i) ¢ 1, ... , <pJ are distinct parameters, and (ii) Cj(</>j I Xobs) correspond to the 

loglikelihoods for complete or easier incomplete data problems, for j = 1, ... , J. 

Then, the loglikelihood can be maximised by maximising each component £j( </>j I 

Xobs), separately for each j. And if ¢ is the maximum likelihood estimate of ¢, 

then by the properties of maximum likelihood estimators, the maximum likelihood 

estimator of 0, 0 is 0 = 0( J). Further information on factored likelihoods is given 

by Little and Rubin (1987). In practice, factorization of the likelihood is not 

usually possible. 

We will now consider applying an iterative method of computation to obtain the 

maximum likelihood estimates when data are missing at random. Dempster, Laird 

and Rubin (1977) showed how the EM algorithm could be used to carry out the 

maximum likelihood estimation of incomplete data. Their general model includes 

both the conceptual missing data formulation used in finite mixture models and 

discussed in Chapter 1, and the unintended or accidental missing data values 
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described earlier in this chapter. For the latter case, Dempster, Laird and Rubin 

assumed that the missing values are missing at random, and that the parameters of 

the distribution of the data are independent of the parameters of the missing data 

process. They considered the multivariate normal model as one of their examples 

with missing data. Orchard and Woodbury (1972) presented a general approach 

to likelihood estimation for incomplete data. They described a cyclic algorithm for 

computing the maximum likelihood estimates of the parameters of the distribution 

when using incomplete data from a multivariate normal distribution. Beale and 

Little ( 1975) further developed the theory for multivariate normal distributions 

with missing data. Butler ( 1986) also considers the estimation of the parameters 

of a normal population with missing data. 

Little and Rubin (1987) in Chapter 8, use the EM algorithm to compute the 

maximum likelihood estimates for the mean and covariance matrix for a random 

sample from the multivariate normal distribution where some of the data are 

missing at random. They give details of both the E step and the M step of 

the algorithm. The E step requires the use of the sweep operator, the details of 

which can be found in section 4.3. In the JV[ step, the new estimates 4>(t+l) of the 

parameters are calculated from the estimated complete data sufficient statistics. 

It can be seen that the E step imputes the best linear predictors of the missing 

values, given the observed vanes and the current estimates of the parameters. 

It also calculates the adjustments to the covariance matrix needed to allow for 

imputation of the missing values. 

Rubin and Szatrowski ( 1982) use the EM algorithm to find the maximum likelihood 

estimates for patterned covariance matrices. They found that the EM algorithm 

had the ability to handle simultaneously both missing data and patterned covari­

ance matrices. VVe will also use the EM algorithm to simultaneously handle two 

types of problems. 

We have previously used the EM algorithm for the computation of the likelihood 

estimates in the mixture problem by viewing the group assignment as the 'missing' 

data. We shall now use the EM algorithm to compute the likelihood estimates for 

mixture models, whilst simultaneously coping with both the missing data values in 

the data matrix and the 'missing' group assignments. We will initially consider, in 

Section 4.4, a mixture of bivariate normal distributions where data are missing at 

random. We will then extend the model to cope with p variables and in Section 4.5, 

we consider mixtures of multivariate normal distributions where data are missing 

at random. In section 4.6, we consider latent class analysis where data are missing 

at random, and in Section 4. 7 we look at mixtures of location model variables 

with data missing at random. In section 4.8, we extend our ability to analyse data 
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using the multivariate mixture model by including the facility to handle data sets 

in which data are missing at random. 

4.3 The Sweep Operator 

In this section we describe the use of the SWEEP operator, originally defined by 

Beaton (1964). The sweep operator will be used when we consider the maximum 

likelihood estimation for the multivariate mixture model where continuous data 

are missing at random. The version of the sweep operator we describe is the one 

defined by Dempster (1969) and Goodnight (1979). 

The sweep operator is defined for symmetric matrices as follows. A p x p symmetric 

matrix G is said to be swept on row and column k if it is replaced by another 

symmetric matrix H where 

hkk = -1/gkk 

hjk = hkj = 9jk/9kk, j-/=- k 
( 4.1) 

hjz = 9il - 9ik9kz/9kk, j-/=- k, l-/=- k 

Vie will use the notation SWP[k]G to denote the matrix defined by (4.1). The 

result of successively applying the operations SWP[k1], SWP[k2], ... , SWP[kt] to 

the matrix G will be denoted as SWP [ k1, k2, ... , kt]. 

The sweep operator is commutative and associative, (Heiberger 1989) and more 

generally, 

"here J. J. J. 1·s any permutation of the set k1, k2, ... , kt (Little and Rubin vv 1, 2, • • • , t 

1987). 

Suppose we have a sample of n observations on p variables, X1, ... , Xp. Let G be 

the (p + 1) x (p + 1) matrix 

1 X1 X2 x p 

X1 n-1 I:X; n-1 I:X1X2 n-1 I:X1Xp 

G= x 2 n-1 I:X1X2 n-1I:x2 2 n-1 I:X2Xp 

Xp n-1 I:X1Xp n-1 I:X2Xp n-1 I:X2 
p 

where .X 1, ... , Xp are the sample means, and the summations are over the p vari­

ables. If we index the rows and columns of the matrix G from O to p, row and 
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column j will then correspond to variable j. Sweeping on row and column O yields 
the m.atrix 

-1 X1 X2 Xp 

X1 S11 S21 Spl 

SWP[O]G = X2 S12 S22 Sp2 (4.2) 

Xp S1p S2p Spp 

where s11.: is the sample covariance of X 1 and Xk with factor n- 1 instead of 

(n -1)- 1 • Little and Rubin (1987) refer to (4.2) as the augmented covanance 

matrix of the variables X 1, ... , X P. We can see that sweeping on row and column 

0 corresponds to correcting the scaled cross products matrix of X 1, ... , Xp for the 

means of X 1, •.• , Xp to create the covariance matrix. This process is also referred 

to as sweeping on the constant term. 

Now suppose that SWP[O]G is swept on row and column 1. Then, 

SvVP[O, l]G 

-(1 + iri/s11) 

( -A. B) 
B' C 

xi/s11 i2 - (s12/s11)x1 

-l/s11 s12/s11 

S22 - Si2/s11 

Xp - (s1p/s11)i1 

S1p/ S11 

S2p - S1pS12/s11 (4.3) 

where A. is a 2 x 2 matrix, B is the 2 x (p - 1) matrix in which the jlh column gives 

the intercept and the regression coefficients for the regression of X(j+l) on X 1 , for 

j = 1, ... , (p - 1), and C is the (p - 1) x (p - 1) matrix containing the conditional 

covariance of X 2, ... , Xp given X1. For the case of p = 2, it can be seen from an 

examination of column 2 of ( 4.3), the familiar form of the conditional distribution 

( or regression) of X 2 on X 1 . 

The sweep operator is closely related to linear regress10n. Sweeping the con­

stant term and the first q elements gives results for the multivariate regression of 

Xq+I, ... , Xp on X 1 , ... , Xq. Suppose that 

SWP[O, 1, ... , q]G = ( -D E) 
E' F ' 

then E is (q + 1) x (p - q) matrix in which the jlh column of E gives the least 

squares intercept and the slopes of the regression of X 1+q on X1, ... , Xq for j = 
1, 2, ... , p-q, Fis the (p-q) x (p-q) conditional covariance matrix of Xq+I, ... , Xp 

given X 1, ... , Xq, and Dis a ( q + 1) x ( q + 1) matrix, the elements of which can be 
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used to give the variances and covariances of the estimated regression coefficients in 

E. Note that sweeping on a variable turns that variable from an outcome variable 

into a predictor variable. For further references on sweeping, see for example, 

Seber (1977). 

The program written for this thesis to fit multivariate mixture models, sweeps on 

a matrix equivalent to that defined by ( 4.2). This matrix is created using the 

current estimates of the mean and covariance matrices. 

vVe will now extend the approach of multivariate finite mixture models to include 

the problem of missing data. We will illustrate by firstly considering the maximum 

likelihood estimation for a mixture of incomplete bivariate normal distributions. 

vVe will assume that the data are missing at random. Little and Rubin (1987) on 

page 132, Example 7.3, demonstrate maximum likelihood estimation using the EM 

algorithm on bivariate normal data, where there is a general pattern of missing 

data on both variables. In the notation used for mixture models in this thesis, this 

example applies for the case of I( = 1. In the following section, we will generalise 

this example to fit I{ groups in the mixture of bivariate normal distributions where 

data are missing at random. This relatively simple situation allows us to be fairly 

detailed without too much notational complexity. 

4.4 Mixtures of bivariate normals 

Suppose that we have two variables measured on n observations, and that data 

are missing at random throughout the data set. We regard the data, X1, ... , Xn, 

as a random sample from the distribution 

I{ 

J(x; cp) = L 1rkfk(x; 0 k) 

k=l 

l\. 

where I: 7rk = 1, and 7rk 2:: 0, k = 1, ... , K. The component densities fk(xi; 0k) 

k=l 

1 ( O"kll O"k12) are the N 2 (µk, I:1,;) densities, with µk = ( µk1 µk2) and I;k = • 
O"k21 O"k22 

Refer to section 2.2 for the discussion and estimates for mixtures of multivariate 

normals. 

There are two types of missing data that have to be considered; one is the concep­

tual 'missing' data, the unobserved indicator of group membership, and the other 

is the unintended or accidental missing data values. In the 'complete data', we 

would know which group each observation came from, and the actual values of the 

missing variables. The hypothetical 'complete data', then, consists of the n x p 

data array that includes the observed data and the values of the missing data, and 

the conceptual n x I( array { Zik} of class membership indicators. The indicator 
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vectors Z1, .•. , Zi, ... , Zn are independently and identically distributed according 

to a multinomial distribution generated by one draw on a population made up of 

I{ categories in proportions 1r1 , ... , 1r J(. 

The complete-data specification treats the Zi as known leading to the loglikelihood 

n I( 

= LL { Zidog 7rk + Zik log fk(xi; 0k)} 

i=l k=l 

n 11: l n I( 

= LL Zik log 7rk - 2 LL Zik { (xi - µk)' I;;;1 (xi - µk) 

i=l k=l i=l k=l 

+ log (21r II;k I)} ( 4.4) 

It can be seen that the complete data sufficient statistics are, for each class k, 
n n n n n n 

LZik, LZikXi1, LZikXi2, LZikx;1 , LZikx;2 ,and LZikXi1Xi2-
i=I i=l i=l i=l i=l i=l 

Assuming that the data are missing at random in the sense of Little and Ru­

bin (1987), there are four cases that will have to be considered for a mixture of 

incomplete bivariate normal distributions:-

( a) Both Xii and Xi2 are observed. 

(b) Xii is observed, and Xi2 is missing. 

(c) Xii is missing, and Xi2 is observed. 

( d) Both Xii and Xi2 are missing. 

Case (d) is included as the estimates of the missing Xi1 and Xi2 may be required 

in the general model to be described in section 4.8. 

At the t th iteration , let 0kt) = (µkt), I;kt)) denote the current estimates of the 

parameters in group k. The E step of the algorithm requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We calculate Q(cp, cp(t)) as follows: 

It can be seen from ( 4.4) that each indicator variable Zik, is replaced with 

Zik = E(zik I Xobs,i; cp(t)) 

= P(zik = 1 I Xobs,i; cp(t)) 

( ( t)) 
7rkfk Xobs,i; 0k 
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That is, Zik is replaced by Zik, the estimate of the posterior probability that ob­

servation i belongs to group k. 

Depending on the variables observed for observation i, the remaining expectations 

may require the use of the sweep operator described in section 4.3. This is adapted 

in the following manner: 

Suppose that we form the augmented covanance matrix G, usmg the current 

estimates of the parameters for the k th group. 

G = ( ;k~ :t1\ :kk/2 ) 

µk2 O'kl2 O'k22 

where, as in section 4.3, the rows and columns of Gare indexed from Oto 2. Then 

sweeping on row and column 1 corresponds to sweeping on Xil, and sweeping on 

row and column 2 corresponds to sweeping on Xi2 . 

Suppose that for observation i, Xobs,i = Xi1, that 1s, Xi1 1s observed and Xi2 1s 

1mssmg. Sweeping on row and column 1 yields the matrix 

- (1 + µkl ) µkl O'kl2 
µk2 - --µkl 

O'kll O'kll O'kll 

SWP[l]G = µkl -1 O'kl2 (4.5) 
O'kll O'kll O'kl l 

O'kl2 O'kl2 
2 

a-kl2 
µk2 - --µkl O'k22 - --

O'kll O'kll O'kl l 

It can be seen from (4.5), that row and column 2 give the slope, (a-k12/a-k11), 

the intercept, (/lk2 - µk10"k12/a-k11), and the residual variance, (a-k22 - a-f 12 /a-k11) 

of the regression of Xi 2 on Xi1, for group k. From the properties of the bivariate 

normal distribution, see for example Bain and Englehardt (1992), we know that the 

conditional distribution of Xi2 I Xi1 is normal with mean /l2 + ( Xi1 - µ1 )a-12 / 0-11 

and variance a-22 - a-i2 /a-11. Thus, if Xobs,i = Xi1, the conditional means and 

covariances if observation i is in group k, are found from the current parameter 

estimates for group k by the sweep operator. 

The remaining expectations to be calculated in the E step are as follows. 

(t)) I Xobs,i; ek 

Xi1 observed, 

Xi1 missing, Xi2 observed, 

both Xi1 and Xi2 missing. 
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both Xi1 and Xi2 observed, 

ZikXi1 (µk2 + O"kIZ (xii - µk1)) Xi1 observed, Xi2 missing, 
O"kll 

z.kx•2 (µk1 + O"kiz (x.z - µk?.)) b d • • . _ Xi1 m1Ss1ng, Xi2 o serve , 
O"k22 

both Xi1 and Xi2 missing. 

E(ZikXI1 /Xobs,i,Bkt)) 

= E ( Zik I Xobs,i; 0kt)) E ( x;1 

E(zikXIz I Xobs,i, 0kt)) 
A 2 
ZikXiz 

I (t)) Xobs,i; Bk 

Zik ((µk2 + O"kl 2 (Xil -µk1))
2 

+o-k22 - o-I12 ) 
O"kll O"kll 

Zik (o-k22 + µi2) 

Xi1 observed, 

x iI m1ss1ng, 

Xi1 observed, 

Xi1 m1ssmg, Xi2 observed, 

both Xi1 and Xi2 missing. 

Xi2 observed, 

Xi1 observed, Xi2 mISsmg, 

both Xi1 and Xi2 mISsmg. 

The missing Xij, [xTj], are replaced by the conditional mean of Xij, [x;j], given the 

set of values Xobs i observed for that observation. These conditional means and the , 

nonzero conditional covariances are found from the current parameter estimates by 

sweeping the augmented covariance matrix (refer to equation 4.2) on the observed 
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variable. This gives the results for the regression of Xii on xi2 if xi2 is missing and 

the regression of Xi2 on Xi1 if Xii is missing. 

At the M-step, ¢/t+I) is chosen to be the value of¢ that maximises Q( ¢, ¢(t)) with 
respect to ¢. 

1 n 

'n°k = - LZik 
n. 

z=l 

for j,j' = 1,2 and k = 1, ... ,K, and where 

if Xij is observed, 

if Xij is missing. 

The EM algorithm alternates between the E step and the M step until conver­

gence. 

In the next section, we will consider the maximum likelihood estimation of a 

mixture of incomplete multivariate normal distributions, where data are missing 

at random. 

4.5 Mixtures of multivariate normals 

Suppose that p attributes are measured on n individuals. We regard the data, 

X1, ... , Xn, as a random sample from the distribution 

K 

J(x; cp) = L 1rkfk(x; 0k) 
k=l 

K 

where L 1r k = 1, 7r k ~ 0, for k = 1, ... , K. 
k=I 

Under the normality assumption, the component densities are the Np(µk, I:k) 

densities. Refer to section 2.2 for the estimates for mixtures of multivariate normals 

where there are no missing data values. 

Suppose that some of the data are missing at random, scattered throughout the 

data set. The observation vector Xi, is written in the form (xobs,i, Xmiss,i), as 

described in section 4.2. In fitting the mixture model, there are two types of 

missing data that have to be considered; one is the conceptual 'missing' data, the 
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unobserved indicator of group membership, and the other is the unintended or 

accidental missing data values. 

The EM algorithm is applied to the mixture model where the indicator variables 

Z1, • •., Zi, ••• , Zn are as described in section 2.2. The hypothetical 'complete data', 

then, consists of the n x p data array that includes the observed data and the values 

of the missing data, and the conceptual n x I( array of class membership indicators. 

The loglikelihood for the hypothetical 'complete data' is 

n l\. 

= LL {zidog1rk +zidogfk(xi;0k)} 

i=l k=l 

n K l n J,( 

= LL Zik log 7rk - - LL Zik { (xi - µk)' I;k 1 (xi - µk) 
. 2 
i=l k=l i=l k=l 

The complete data sufficient statistics for the model are 

n 

( i) L Zik, for each group k; 
i=l 

n 

+ log (21r II;kl)} 

(ii) L ZikXij for each group k, and each (continuous) variable Xij; 
i=l 

n 

(iii) L ZikXijXij' for each group k, and each pair of (continuous) variables, Xij 
i=l 
and Xij'. 

The EM algorithm alternates between the two calculations, the E step and the 

]I/[ step until convergence. At the t th iteration, let 0kt) = (µkt), I;~t)) denote the 

current estimates of the parameters for group k. The E step of the EM algorithm 

requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We calculate Q( </>, </>(t)) by replacing 

Zik with 

That is, Zik is replaced by Zik, the estimate of the posterior probability that obser­

vation i belongs to group k. When t is not clear from the context, we use the full 
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form z;2 · Depending on the variables observed for observation i, the remaining 

expectations to be calculated in the E step, may require the use of the sweep 

operator described in section 4.3. 

E( .,,.k_.,..2 IX . g(t)) ~z •• .., ij obs,z, k 

- E (~· IX .. g(t)) E ( 2 I g(t)) - "-zk obs,z, k Xij Xobs,i; k 

For j i- j', 

E(z;k.l'.ijJ.:ij' / Xobs,i; 0kt)) 

Xij present, 

Xij m1ssmg. 

Xij observed, 

Xij m1Ss1ng. 

z;kx;p:ij' both Xij and Xijt present, 

ZikXijE(Xij' / Xobs,i; 0kt)) Xij present, Xij' missing, 

i;kE(Xij / Xobs,i; 0kt))xij' Xij missing, Xij' present, 

Zik [E(;Tij / Xobs,i; 0kt)) E(Xij' / Xobs,i; 0kt)) 

+ Cov ( Xij, Xij' / Xobs,i; 0kt))] both Xij and Xij' m1ssmg. 

It can be seen from the above expectations, that when there is only one fac­

tor, :i.:;j, missing, the missing Xij, are replaced by the conditional mean of Xij, 

given the set of values, Xobs,i, observed for that observation and the current esti­

mates of the parameters. However, for the conditional expectations to be used in 

the calculation of the variance covariance matrix, i.e. E(z;kx;j / Xobs,i; 0kt)) and 

E(z;k:i.:;_;Xij' / Xobs,i; 0kt)), then respectively if Xij is missing, or if both Xij and Xij' 

are missing, the conditional mean of Xij is adjusted by the conditional covariances 

as shown above. These conditional means and the nonzero conditional covariances 

are found by using the sweep operator described in section 4.3 on the augmented 

covariance matrix that is created using the current estimates of the parameters. 

The augmented covariance matrix is swept on the observed variables Xobs,i, such 

that these variables are the predictors in the regression equation and the remaining 

variables are the outcome variables. 

In the Jvl step of the algorithm, the new estimates g(t+I) of the parameters are 

estimated from the complete data sufficient statistics. 

A (HI) ~ ~ A(t) 
Irk = ~Zik 

n i=l 
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:t(t:f:l) = _l_E (~ A(t) .... I . (t)) A(Hl) A(Hl) 
kJJ' A L Zik Xz1Xz1' Xobs z, 0k - µk. µk ., n 7r k . , " 'J • J 

z=l 

Because of the adjustment required to be made to the conditional means when 

both :1.:0 and :'Cij' are missing, it is convenient to use similar notation to that 

used by Little and Rubin (1987, page 144). The conditional covariance between 

variables j and j' for observation i, given that in group k, is defined as 

,(t) { 0 C ki • ·, = 1 (t) 
,JJ Cov (Xij,Xij' I Xobs,i,ek ) 

if either Xij or Xij' are observed, 

if both Xij and Xij' are missing, 

and the imputed value for variable j of observation i, given the current value of 

the parameters and that observation i is in group k, is defined as 

if x ij is present, 

if Xij 1s missmg. 

The parameter estimates for the mean and the variance covariances can thus be 

written in the form 

for j, j' = 1, ... , p and k = 1, ... , K. The EM algorithm alternates between the 

two calculations, the E step and the M step until convergence. 

In the next section, we consider latent class analysis where we have a general 

pattern of missing data. 

4.6 Latent class analysis with data missing at random 

Suppose that p attributes are measured on n individuals, and that some of the 

data are missing at random. We regard the data, X1, ... , Xn, as a random sample 

from the distribution 
J( 

J(x; <P) = L 1rkfk(x; 0k) 
k=l 
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1\· 

where '"" 1r k = 1 7rk > O for k = 1 r,~ L-J , - , , ... ,.r1... 
k=l 

Let x = ( x 1 , ••• , x p)' be the response vector observed on each observation where 
' the j th variable can have levels numbered from 1 to Mj. Let >.kjm be the proba-

bility that variable j takes level m in group k. 

Assuming independence of the variables within each of the K sub-populations, the 

component distributions are of the form 

p 

Jk(xi; 0k) = IT Akjx;i 

j=l 

where 0k, the parameter vector for distribution fk, are the {Akjm}- As described 
Mi 

in section 2.3, L Akjm = 1 for any fixed k and j. 
m=l 

Now suppose that for each variable j for j = 1, ... ,JJ, we define an indicator 

variable 

{ 1 if Xij = m, 
{jijm = O otherwise. 

Then, the density function for observation i in group k can be written as 

P Mi 

fk(Xi; 0k) = IT IT >-!;;;;. 
j=l m=l 

The E:M algorithm is applied to the mixture model. Let the indicators of group 

membership z 1 , ... , Zn, be as defined in section 2.2. With a general pattern of 

missing data, there are two types of missing data that have to be considered; one 

is the conceptual 'missing' indicator of group membership, and the other is the 

unintended or accidental missing data values. The 'complete data' thus consists of 

the n x p data array that includes the observed data and the values of the missing 

data, and the conceptual n x K array { zik} of class membership indicators. 

The likelihood for the complete data set can be written as 

n I( 

€c(¢) = II II 1r%ik fk(x; ekyik 

i=l k=l 

n I( 

= II II 1r%ik 

i=l k=l 

The loglikelihood for the hypothetical complete data is 
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The complete data sufficient statistics for the model are 

n 

(i) L Zik for each group k, and 
i=l 

n 

' 

(ii) L ZikDijm for each group k, each categorical variable Xj, and each value m 
i=l 
of Xj. 

The E step of the EM algorithm requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We calculate Q( ¢, 4/t)) as follows. 

vVe replace Zik with 
Zik = E(Zik I Xobs,i; <p(t)) 

7rkfk(Xobs,i; eit)) 

I( ( t) 
L 7rkfk(xobs,i; 0k ) 
k=l 

That is, Zik is replaced by Zik, the estimate of the posterior probability that ob­

servation i belongs to group k. The E step also calculates 

if x • • is observed l] 

if Xij is not observed 

if Xij is observed, 

if Xij is not observed. 

The missing indicators, Dijm, are replaced by the current value of the >,t}m. Let 

~ { Dijm if Xij is observed 
Dijm = ' "f • b d Akjm 1 Xij 1s not o serve . 

Then, we can write the expectation in the form 

At the M step, cp(t+l) is chosen to be the value of¢ that maximises Q( ¢, cp(t)) with 

respect to ()). 
l n 

irk= - L Zik 
n i=l 

for k = l, ... , I(, j = l, ... , p and m = 1, ... , M.i. 
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The EM algorithm alternates between the E step and the M step until conver­

gence. 

In section 4.5 we considered mixture models in which the component distributions 

were multivariate normal, and data were missing at random throughout the data 

set. In section 4.6, mixture models were considered for categorical variables with 

missing data values. In the next section we discuss missing data methods for mix­

ture rn.odels in which the component distributions are location model distributions. 

Little and Schlueter (1985) and Little and Rubin (1987) in chapter 10 discuss 

the location model with missing data values. They demonstrate the use of the 

EM algorithm for the maximum likelihood estimation of the parameters given the 

observed data. In the notation used in this thesis, this example applies for the 

fitting of a mixture of location models for the case k = 1. In the next section, this 

is extended to apply for a mixture of I( groups. 

4. 7 Mixtures of location models 

Let X1, ... , Xn, be a random sample from the finite mixture distribution 

K 

f(x;<f>) = L1rkfk(x;0k) 
k=l 

J( 

where L Irk = 1, 7rk :::: 0, for k = 1, ... , K. 
k=l 

Suppose that p + 1 attributes are measured on the n individuals, where the vec­

tor of variables, x = ( x 1, ... , Xp+l )', has p continuous variables, and one discrete 

variable. The component distributions, Jk(x; 0k) have the following form. The 

discrete variable takes the values 1, ... , M with probabilities Akl, •.• , AkM, where 

L~:=l Akm = 1. Conditional on the discrete variable taking value m, the p con­

tinuous variables have the multivariate normal distribution, Np(Vkm,::.k)- That 

is, each component distribution is the location model of Olkin and Tate (1961). 

Refer to section 2.4 for discussions on mixtures of location models. 

To distinguish between the categorical and continuous variables, in this section, u 

will be used to denote the discrete variable and v will be used to denote the p x 1 

vector of continuous variables. Thus, x takes the form (u, v). 

Suppose that some of the data are missing at random, and are scattered through­

out the data set. These unintended missing values can be either continuous or 

categorical variables. The EM algorithm is applied to the mixture model, where 

the indicators of group membership z1, ... , Zn are as described in section 2.2. The 

'complete data' consists of the n x p data array that includes the observed data 
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and the values of the missing data, and the conceptual n x I( array { Zik} of class 
membership indicators. 

The loglikelihoocl for the hypothetical 'complete data' is 

n F-.: 

= LL {zidog 7rk + zidog fk(xi; 0k)} 
i=l k=l 

The complete data sufficient statistics for the model are 

n 

(i) L Zik, for each group k; 
i=l 

n 

if Ui = m; 
if Ui =/= m. 

( ii) L Zik'Wim Vij for each class k, each continuous variable Vj and each value m 
i=l 
of the categorical variable u; 

n 

( iii) L ZikVijVij', for each class k, each pair of continuous variables Vj and Vj', 
i=l 

for j :::; j'. 

Note that all this is the same as in section 2.4, but now Ui and /or some of the Vij 

are m1Ss1ng. 

The EM algorithm alternates between the two calculations, the Estep and the M 

step. At the tlh iteration, let eit) =(,\it), v~t ::::it); m = 1, ... , M) denote the cur­

rent estimates of the parameters for group k. The E step of the algorithm requires 

the calculation of Q( cp, cp< t)), the expectation of the complete data loglikelihood, 

conditional on the observed data and the current value of the parameters. 

We calculate Q( cp, cp<t)) by replacing Zik with 

Zik = E(zik I Xobs,i; 4/t)) 

( 0( t)) 7rkfk Xobs,i; k 

K (t) L 7rkfk(Xobs,i; 0k ) 
k=l 

That is, Zik is replaced by Zik, the estimate of the posterior probability that obser­

vation i belongs to group k. Depending on the variables observed for observation 
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i, the remaining expectations may require the use of the sweep operator described 

in section 4.3. These expectations are calculated as follows. 

E(ZikWim I Xobs,i; q/t)) = E(zik I Xobs,i; <P(t))Epk (wim I Xobs,i; <P(t)) 

= z~!) P [ Wim = 1 I Xobs,i; { A~t), v~t, =t)}] 
where Epk(wim I Xobs,i;<P(t)) is the expectation ofwim given Xobs,i, and Pk is 

the J/h population in the mixture with parameters taken to be those at the t th 

iteration. 

This expectation involves the conditional posterior probability that observation i 

has v; at level m given the observed continuous variables, and the current values of 

the parameters. All parameters that are in the expressions that follow, are equal 

to the current parameter estimates in g(t). 

If the categorical variable is not observed, then 

P[wim = 1 I Xobs,i; {Ak,Vkm,::::k}] 

f[xobs,i; {Ak,Vkm,::::k} I wim = l]Akm 

L f [xobs,i; {Ak, Vkm, ::::k} I wim = 1] Akm 

n1=l 

( 1 ( )' ::;"-1 ( . . )) Akm exp - 2 Xobs,i - Vobs,i,km ~k,obs,i Xobs,i - Vobs,i,km 

t ),km exp ( - ~ (x,h,,i - V,b,,i,km)' cc;,;b,,i (x,b,,i - V,b,,i,km)) 
1n=l 

( ~-1 / 1 I ~ -1 I ) 
Akm exp Xobs,i ::::::..k,obs,i Vobs,i,km - 2Vobs,i,km ::::::..k,obs,i Vobs,i,km 

M ( 1 ) ~-1 I I ::;"-1 I 
L Akm exp Xobs,i ::::::..k,obs,i Vobs,i,km - 2vobs,i,km ~k,obs,i Vobs,i,km 

m=l 

, ( . :::' -1 , . - ! , . :::' -1 . v , . + ln ,\ . ) exp Xobs,i ~k,obs,i Vobs,i,km 2 Vobs,i,km ~k,obs,i obs,i,km km 

M ( 1 ) . :::'-1 ' . - - ' . :::"-1 . v' . . ln ,\ L exp Xobs,i ~k,obs,i Vobs,i,km 2 Vobs,i,km ~k,obs,i obs,i,km + km 

m=l 

exp(,km) 
M 

L exp(,km) 
m=l 

= Wimk 

where 

. :::'- . - -v . " ::::::.. . V . " n Akm ' ( 
1 I 1 / ~ -1 I + 1 \ ) 

'Yk·m = exp X 0 bs,i ~k,obs,i Vobs,i,km 2 obs,i,km k,obs,i obs,i,km (4.6) 
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and Vobs,i,km and :=:.k,obs,i are the mean and covariance matrix at level m for the 

continuous variables present for observation i. If the categorical variable, ui, 1s 

observed, then the conditional probability Wimk is just Wim . Thus, 

Let 
__ { Wimk 

Wimk 
Wim 

{ z;2 Wimk if Ui is not observed, 
A ( t) 
zik Wim if Ui is observed. 

if u i is not observed 
if u i is observed 

form= 1, ... , Jvl and k = l, ... , K. Then we write 

If Vij is mISsmg, let 'Vij;km = E( Vij I Xobs,i' Ui = m; e~t))' the predicted value of 

Vij from the regression in cell m of Vj on Vobs,i, evaluated at the current value of 

the parameters, if observation i is in group k. If Vij is observed, then Vij;km is just 

Vij · Thus we can write 

A { Vij if Vij is present, 
Vi1··,km = E( I e(t)) "f • • • Vij Xobs,i, Ui = m; k l Vij IS m1Ss1ng. 

I . ,I.. ( t)) 
E(ZikWimVij Xobs,i, <f' 

F .. , 1 or .7, .7 = , . • • , P, 

M 

= E ( Zik I Xobs,i; q>(t)) L E ( Wim I Xobs,i; q>(t), Zik) 

m=l 

X E ( VijVij' I Xobs,i; Wim, Zik, q>(t)) 
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Vij, Vij' both present 

Vij missing, Vij' present 

Vij present, Vij' missing 

Vij, Vij' both missing 

where CTkjj'; obs,i denotes the conditional covariance of Vij and Vij given Xobs,i, and 

that u = rn, and the observation is in group k. (Note that it is an assumption 

of the location model that the covariance matrix is constant over the cells of the 

table.) 

Note that these expressions are Zik times the corresponding expressions for the 

general location model with data missing at random, described by Little and 

Schluchter (1985), and given by Little and Rubin (1987) on page 202. 

The computations for the Estep are easily performed by using the sweep operator 

introduced in section 4.3. Little and Schluchter (1985) give details on computations 

using the sweep operator for the location model with data missing at random. 

These are adapted as follows: 

Suppose we let the matrix 

Q = (~: ~) 

where P is a ]VJ x M diagonal matrix with the m th element equal to 2 ln >..km for 

rn = 1, ... ,Jvl, 

( 

Vkll 

Vkl2 

Vk!M Vk2M 

d ~ 1·s the variance covariance matrix for group k. an .::,k 

Suppose we partition 3k and rk such that 

and 

~ ( 3k,obs,i 
.::,k = ~ 

~k,cov,i 

Vkpl ) 
Vkp2 

Vk!M 

where the current estimates of 3k and f are partitioned according to the observed 

and missing variables in observation i. Sweeping on the observed elements of the 
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continuous variables observed for observation i yields the matrix 

where 

Xobs,i, 

=-1 
~k,obs,i 
~-1 ~ 
:::::k,obs,i :::::k,cov,i, yields the regression coefficients of the miss1ng x's on 

A 1 A 

Gi:3 = '::.k,obs,i rk,obs,i, gives the coefficients of Xobs,i lll the linear discriminant 

function ( 4.6), 
G - ~, ~-1 ~ 

22 = :::::k,miss,i - :::::k,cov,i :::::k,obs,i :::::k,cov,i contains the residual variances and co-

variances ~k,jj'; obs,i for Xij and Xij' E Xobs,i· 

and the 1n th diagonal element of 1 G 33 = 1 P - l f k b • ~-l . I'' . yields the 2 2 2 ,o s,i k,obs,i k,obs,i 

sum of the second and third terms of the expression in the brackets in ( 4.6). 

In the J.U step of the algorithm, the new estimates e(t+l) of the parameters are 

estimated from the complete data sufficient statistics. 

l n 

-;; LZik 
i=l 

Akm 

:::::kjj' 

[t Wimk('Vij;km - Vkjm)(vij';km - Vkj'm) 

m=l 

l n 

---LZik 
rl1fk i=l 

+ cki,jj' J 

where, as in the mixture of multivariate normals described in section 4.5, an ad­

justment is required when both continuous variables,Vij and Vij' are missing. The 

conditional covariance between variables j and j' for observation i, given that in 

group k, is defined as 

( t) { 0 
ck ••• ,= ( I e<t)) 

·i,JJ Gov Vij, Vij' Xobs,i, k 

if either Vij or Vij' are observed, 

if both Vij and Vij' are missing. 

The EM algorithm alternates between the E step and the M step until conver­

gence. 
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4.8 Fitting multivariate mixture models with missing data 

In section 4.5, we considered mixture models in which the component distribu­

tions were multivariate normal, and data were missing at random. In section 4.6, 

mixture models were considered for categorical variables with missing data values. 

In section 4.7, we considered missing data methods for mixture models in which 

the component distributions are location model distributions. In this section, we 

describe the general approach to multivariate mixture models for multivariate ob­

sen'ations on both categorical and continuous variables where data are missing at 

random. 

Suppose that p attributes are measured on n observations. We regard the data, 

X1 .... , x 11 , as a random sample from a finite mixture of K component distributions 

I{ 

f(x;</>) = L1rk.fk(x;0k) 
k=l 

where _h(x: 0k) is the distribution for the kth component which has parameter 
/\-

vector 0k, and I:: 7rk = 1, 7rk 2::: 0, for k = 1, ... , K. 
k=l 

Now, suppose that the vector of variables, x = (xi,• .. ,Xj,·•. ,xp)', has been 

partitioned as described in chapter 2, so that 

where we assume that within each of the K subpopulations, the variables within 

the partition cell x. 1, are independent of the variables in cell x.11 , for 1 ~ l < l' ~ L 

(a form of local independence). The component distributions are thus of the form 

L 
fk(x; 0k) = IT .fk1(x.i; 0kt). 

l=l 

where 0kt consists of the parameters of the distribution for partition cell l. Note 

that in each of the I{ classes, the random vector x.1 of partition cell l has the same 

type, however the parameters may vary from group to group. 

The model for observation i, can thus be written as 

K L 

f(xi;<P) = L1rkITfk1(xi;0kt)-
k=l l=l 

A · 1 t·oned 1·n Chapter 2 this thesis uses the following distributions s prev10us y men 1 , 

for the partition cells x t • 
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(a) Discrete Distrib1ttion 

Where Xt = { x j} is a 1-dimensional discrete random variable taking values 

1, ... , .iVlt with probabilities Aktl, . .. , AktM,. 

(b) Multivariate Normal 

\iVhere Xt is a Pi-dimensional vector of continuous random variables with 

the Np 1 (µkt, ~kt) distribution. 

( c) Location Model 

vVhere Xt is a l+pt dimensional vector of random variables with one discrete 

variable, u j, and Pt continuous variables as elements. The discrete random 

variable takes values 1, ... , Mj with probabilities Aktl, ... , AktM·. Condi-
i 

tional on the discrete variable taking value m the Pt continuous random 

variables have the multivariate normal distribution Np, (vmkl, 3kt). 

To distinguish between the categorical and continuous variables, in this section, 

1l/ will be used to denote the discrete variable when the !th partition cell is of type 

(a) or ( c), and v I will be used to denote the Pt x 1 vector of continuous variables 

when the lth partition cell is of type (b) or (c). Thus, x. 1 takes the form ui, v 1, 

and (u1,v1) when the lth partition cell is of type (a), (b) and (c) respectively. 

Now suppose that data are missing at random throughout the dataset. The EM 

algorithm is applied to the mixture model, where the indicator vectors z1, ... , Zn 

are as described in section 2.2. There are two types of missing data that have to 

be considered in fitting the mixture model; one is the conceptual 'missing' data, 

the unobserved indicator of group membership, and the other is the unintended 

or accidental missing data values. However, these unintended missing values can 

be of four different types. They can be continuous and belong to a partition 

cell with either a multivariate normal component distribution or a location model 

component distribution, or they can be categorical variables involved in either a 

location model distribution or a discrete distribution. 

The hypothetical 'complete data' consists of an n x p data array that includes the 

observed data and the values of the missing data, and the conceptual n x K array 

of class membership indicators. 

The complete-data specification treats the Zi and the Xi as known leading to the 

loglikelihood 
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Le( lp) = log (g fJ [ ,ri" { g fo(x;; Oki)}'"]) 

= t t {zik log1rk + Zik tlogfkz(xi; 0kz)} 
z=l k=l l=l 

n I{ I( 

=LL zidog 7rk + L lk(0k) 

i=l k=l k=l 

where 

lk(Ok) = t { Zik tlogfo(x,;0k1)} 

= t {tz,.logfo{x;;O.,)}. 

Maximising the loglikelihood Le(¢) for the complete data is equivalent to max­

imising the loglikelihood lk( 0 k) separately for each partition cell, and maximising 

the LL Zik log 7rk with respect to the 7rkS. The complete data sufficient statistics 

for the model are 

n 

( i) L Zik, for each group k; 
i=l 

11 

(ii) L Z;kbitm, for each class k, each categorical variable u1, and each value m 1 
i=l 

f h ,.- { 1 if Xii = mz, 
o U/, w ere Ui/m = h . 

0 ot erw1se. 
(iii) Multivariate Normal partition cells 

11 n 
a. L ZikVij and L z;kV[j, for each group k, and each continuous variable Vj 

i=l i=l 
belonging to a multivariate normal partition cell. 

11 

b. L z;kVijVij', for each group k, and each pair of continuous variables, Vj and 
i=l 
Vj', j < j', belonging to the same multivariate normal partition cell. 

(iv) Location Model partition cells 
n 

a. L Zik'Wi/mVij for each group k, each continuous variable Vj and each value m 
i=l 
of the categorical variable uz, belonging to the same location model partition 

cell; 

where 'Wilm = { ~ if U/ = m, 
otherwise. 

11 

b '""',,.,.kv· •v· •, for each class k, each pair of continuous variables vJ· and vJ·,, 
• ,L....; ~z • l.J l.J ) 

T~ .i', belonging to the same location model partition cell. 
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The E step of the EM algorithm requires the calculation of 

the expectation of the complete data loglikelihood, conditional on the observed 

data and the current value of the parameters. We can calculate Q(</>, 4>(t)) by 

replacing Zik with 

Zik = E(zik I Xobs,i; </>(t)) 

7rkfk(Xobs,i; Bit)) 

J( ( t) 
I: 7rkfk(Xobs,i; 0k ) 
k=l 

That is, Zik is replaced by the estimate of the posterior probability Zik that obser­

vation i belongs to group k. Depending on the model to be fitted, the E step also 

calculates for the appropriate partition cell, 

( a) Discrete Distribution 

(i) E(ZikDitm I Xobs,i, Bit)). 

Refer to Section 4.6 for further details on this calculation. 

(b) M1dtivariate Normal 

(i) E(ZikVij I Xobs,i; Bit)), 

(ii) E(zikv;j I Xobs,i,0it)), 

I . 0( t)) :D • __j_ • I (iii) E(zikVijVij' Xobs,i, k or J, J • 

Refer to Section 4.5 for further details on these calculations. 

( c) Location Model 

(i) E(ZikWim I Xobs,i; <P(t)) 

(ii) E(zikWimVij I Xobs,i; <P(t)) 

(iii) E(ZikVijVij' I Xobs,i; <P(t)). 

Refer to Section 4. 7 for further details on these calculations. 

At the ]VJ step of the algorithm, 4>(t+I) is chosen to be the value of <P that maximises 

Q( <P, 4>(t)) with respect to 4>. For this model, the components of 4>(t+I) are given 

by 
1 n 

irk= - LZik 
n i=l 

(a) Discrete Distribution estimates 

for k = 1, ... , J{, l = 1, ... , L and m = 1, ... , Ji/[z. 
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(b) Multivariate Normal estimates 

where 
A(t) {Vij 
vij,k = ( I (t) 

EVij V 0 bs,i,0k) 

if Vij is present 

if Vij is missing, 

and where the residual covariance 

cffl. ·, = { o c > 
·i,JJ Cov( Vij, Vij' I Vobs,i, 0/ ) 

if either Vij or Vij' are observed 

if both Vij and Vij' are missing. 

for k = l, ... , K, l = l, ... , L and j, j' E l. 

( c) Location Model estimates 

:=.kjj' 

where 

c<t) 
ki,jj' 

and 

l n 
A • - L A A (t) A 

VkJm - -A- ZikW• kVi1··km 
n7rk . im , 

i=l 

l n 

-A- LZik 
n7rk . 

i=l 

[t Wimk(Vij;km - Vkjm)(vij';km - Vkj'm) 

m=l 

+Ck·.·,] z,.7J 

{ o 
( t) 

Cov( Vij, Vij' I Xabs,i, 0k ) 

if either Vij or Vij' are observed, 

if both Vij and Vij' are missing, 

{ 
Vij 

Vij;km ( I e(t)) E Vij Xobs,i, 1li = m; k 

if Vij is present, 

if Vij is missing. 

for k = l, ... , K, l = l, ... , L, and j, j' E l. 

The EM algorithm alternates between the E step and the M step until conver­

gence. 
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4.9 Implementing MULTIMIX with missing data 

The program requires the data to be in the form of an n x p matrix of observations 

by variables, where missing data has been coded to the value currently set in the 

Fortran parameter statement. This parameter, imiss, is currently set at -999. 

The iterations may be started either from an initial classification or from an initial 

set of parameter estimates. A program has been written to create the parameter 

input file needed for program MULTIMIX. Details of the parameter input file for 

the program can be found in Appendix 1. 

The current version of the program written for this thesis to implement the ap­

proach of multivariate finite mixture models where data are missing at random, 

uses a convergence criterion to cease iterating when the difference in loglikelihoods 

at iteration t and iteration (t - 10) is 1.0 x 10-10 . 

Little and Schlueter (1985) in their paper on the maximum likelihood estimation 

of the parameters of the distribution for a location model where data are miss­

ing at random, suggest grouping together observations with common missing data 

patterns, to avoid unnecessary sweep operations and save computational time. 

The program written for this thesis, does not follow this suggestion because, as 

each observation vector is partitioned into L partition cells, the ordering required 

to find common missing data patterns within each partition cell followed by the 

subsequent reordering, would increase the computational time ( and the memory 

requirements of the program), over that of performing some unnecessary sweep 

operations. Other possibilities were considered to avoid unnecessary sweep oper­

ations, but these would increase the memory requirements of the program. Also, 

with highly multivariate data, there will be a large number of missing data patterns 

vvith small numbers of observations with each type. 

For each observation, the partition cells are examined for the presence of missing 

data. In the multivariate normal and location model partition cells, the matrices 

for sweeping are created using the current parameter estimates in the manner 

described in sections 4.5 and 4. 7 respectively, if data are missing. These matrices 

are swept on the observed variables for that partition cell and the conditional 

means and covariances are calculated for imputing at the M step. The estimates 

of the posterior probabilities are calculated for each observation. The program 

then proceeds to the M step, where the parameters are calculated as given in 

section 4.8. 

In the next chapter, we illustrate the approach of multivariate finite mixture mod­

els by clustering multivariate data sets where data are missing at random. 



5.1 Introduction 

Chapter 5 

Clustering with missing data 

In this chapter, we demonstrate that mixture model likelihood methods can be 

used to usefully cluster multivariate data sets where the variables can be either 

categorical or continuous, and where some of the data values are missing at random 

in the sense of Little & Rubin (1987). In section 5.2, we illustrate the approach of 

multivariate finite mixture models for a data set in which the underlying structure 

is known. The extent of recovery of the true structure known to exist in this data 

set is initially evaluated for two well separated clusters, and then for two clusters 

that are more difficult to distinguish between. In section 5.3, we illustrate the 

scope of the methods proposed in Chapter 4 for the pretrial variables of the full 

cancer data set. 

5.2 The data set 

The iris data previously clustered in section 3.3 was chosen to illustrate the ap­

proach of multivariate finite mixture models with missing data for a multivariate 

normal distribution. As all four variables are observed for all observations, miss­

ing data were created, with the probability of an observation on a variable being 

missing taken as 1/3 independently of all other data values. The missing values 

generated in this fashion are missing completely at random, and the missing data 

mechanism is ignorable for likelihood based inferences (Refer to section 4.1). As 

the amount of missing data is fairly extreme, it should be a good test of the models 

ability to recover the distributional structure in this classical data set. 

In the iris data set, it is known that the species I. Versicolor and I. Virginica are 

more similar to each other than either is to the I. Setosa (see section 3.3 for further 

details and references). Initially we shall consider the clustering of cases of the 

two well separated clusters, I. Setosa and I. Versicolor, where missing data values 

have been created as per above. We shall then look at the clustering of the two 

more similar species, I. Versicolor and I. Virginica, with missing data values. The 

clusters found under the various models fitted will be compared with the species 

classification. 

Similar notation to that previously defined in section 3.2.1 will be used. To dis­

tinguish between models previously used for the iris data set, and the models to 
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be used for the two, well separated species of the iris data with m1ssmg data, 

'Separate,' will be included in the description of all models for the I. Setosa and I. 

Versicolor data set with missing data values. The models to be used for the two, 

more similar species of the iris data, I. Versicolor and I. Virginica with missing 

data values, will have 'Close, ' included in the description of all models. As only 

models with two groups will be investigated, the number of groups to be fitted to 

the models will be omitted from the notation. Hence, 'Separate, Model i' denotes 

the model that has partitioning i and two groups, fitted for the two species of iris, 

I. Setosa and I. Versicolor, with missing data values. Similarly, 'Close, Model i' 

denotes the model that has partitioning i and two groups, fitted for I. Versicolor 

and I. Virginica with missing data values. 

5.2.1 Well separated clusters 

The data set to be clustered is displayed in Table 5.1, and consists of four variables 

measured on each of 50 observations from the species I. Setosa and I. Versicolor. 

There are 144 missing values scattered at random throughout the data set. It 

can be seen that one observation has all four variables missing, thirteen observa­

tions have three variables recorded as missing, 35 observations have two variables 

recorded as missing, 31 observations have one variable recorded as missing, and 

20 observations have no variables recorded as missing. 

The available values for each variable were used to examine the distributions for 

each variable. The distributions appeared approximately normally distributed 

within the mixture population, however petal length and petal width were both 

bi modal distributions. 



Table 5.1 

Data for Separated, Models 1 and 2. 

I. Setosa I. Versicolor 

Obs X1 X2 X3 X4 Obs X1 :r2 :r3 X,1 Obs X1 :r2 :z:3 :z:4 Obs X1 :r2 X:J .1:4 
-------- ------- -- ---- -- ----

1 .5.1 3.5 * * 26 5.0 :3.0 * 0.2 51 7.0 * * 1.4 76 * 3.0 4.4 1.4 
2 4.9 * 1.4 0.2 27 * ;3.4 1.6 0.4 52 6.4 3.2 4.5 1.5 77 6.8 * 4.8 * 
3 * 3.2 1.3 * 28 5.2 3.5 * 0.2 53 * 3.1 4.9 1.5 78 * :3.0 * 1.7 
4 4.6 * * 0.2 29 5.2 3.4 * 0.2 54 * 2.3 4.0 * 79 6.0 2.9 * * 
5 * * 1.4 * 30 4.7 3.2 1.6 0.2 55 6.5 * 4.6 * 80 * 2.6 * 1.0 
6 5.4 * 1.7 0.4 31 * 3.1 1.6 0.2 56 5.7 2.8 4.5 * 81 * * 3.8 * 
7 4.6 3.4 1.4 0.3 32 5.4 3.4 1.5 0.4 57 * * 4.7 1.6 82 5.5 2.4 3.7 * 
8 * 3.4 * 0.2 33 5.2 4.1 * * 58 * 2.4 3.3 * 83 5.8 * 3.9 * 
9 4.4 * 1.4 * 34 5.5 4.2 1.4 0.2 59 * * * 1.3 84 6.0 2.7 5.1 1.6 

10 * * 1.5 0.1 35 4.9 * * * 60 5.2 * * * 85 5.4 * 4.5 1.5 
11 5.4 * 1.5 0.2 36 * 3.2 * * 61 * 2.0 3.5 1.0 86 6.0 * 4.5 1.6 
12 4.8 * * 0.2 37 5.5 * * * 62 * 3.0 4.2 * 87 6.7 * 4.7 1.5 
13 4.8 3.0 1.4 0.1 38 4.9 3.6 1.4 0.1 63 6.0 * * * 88 6.3 2.3 4.4 1.3 

I 
14 * * * 0.1 39 4.4 3.0 1.3 0.2 64 6.1 2.9 4.7 1.4 89 5.6 3.0 4.1 * f--' 

f--' 

15 * * 1.2 0.2 40 5.1 * * 0.2 65 5.6 * * 1.3 90 5.5 * 4.0 * -1 
I 

16 * * * * 41 5.0 3.5 * 0.3 66 * 3.1 4.4 1.4 91 * * * 1.2 
17 5.4 3.9 1.3 0.4 42 4.5 2.3 1.3 0.3 67 5.6 * * 1.5 92 6.1 3.0 4.6 1.4 
18 * 3.5 1.4 0.3 43 * 3.2 1.3 0.2 68 * 2.7 * 1.0 93 5.8 * 4.0 * 
19 5.7 3.8 1.7 0.3 44 5.0 * 1.6 0.6 69 6.2 2.2 * 1.5 94 5.0 2.3 3.3 1.0 
20 * 3.8 1.5 * 45 5.1 3.8 * 0.4 70 5.6 * * * 95 5.6 2.7 4.2 1.3 
21 5.4 * 1.7 * 46 4.8 * * 0.3 71 5.9 3.2 4.8 * 96 * 3.0 4.2 1.2 
22 5.1 3.7 * 0.4 47 5.1 * * * 72 6.1 2.8 * * 97 5.7 2.9 * * 
23 4.6 3.6 1.0 * 48 4.6 3.2 1.4 0.2 73 6.3 2.5 4.9 1.5 98 * 2.9 * 1.3 
24 * * * 0.5 49 5.3 * 1.5 0.2 74 * 2.8 4.7 1.2 99 5.1 2.5 * * 
25 * 3.4 1.9 * 50 5.0 3.3 1.4 0.2 75 6.4 2.9 4.3 * 100 * * 4.1 1.3 

* denotes missing value 
x1 is Sepal length, x2 is Sepal width, X3 is Petal length, and x 4 is Petal width. 
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T_he ~lo~el of complete local independence will be fitted initially. The component 

distributions will be the N( 2 ) d • f • . µkl, akl ensity unct10n for each of the 4 continuous 
variables for this model Th d 1 • h • . · e mo e wit complete local mdependence fitted to 

this data set will be referred to as Separate, Model 1. 

The model was fitted iteratively using the EM algorithm from initial estimates 

of the parameters based on the available cases of the observations with a petal 

length was less than 2, and at least 2. In order to search for other maxima 

the model was also fitted from other classifications generated by splitting th~ 

observations into hvo groups using various criteria. From the starting values tried, 

all converged to a solution where the loglikelihood was -94.0092, the same solution 

that was found using initial parameter estimates based on the species classification. 

The observations were assigned to their group of greater probability for Separate, 

?vlodel 1. 

Table 5.2 

Agreements and differences between the species and the model classifications for 

Separate, Model 1. 

Classification 
Species Model 

Group 1 Group 2 

I. Setosa 
I. Versicolor 

48 
1 

2 
49 

It can be seen from Table 5.2 that there are three observations where the species 

and the model classifications differ. An examination of the posterior probabilities 

showed that 91 of the 100 observations are definitely assigned to a group. The 

three observations that the model classifies in a different group from the one cor­

responding to the species, have posterior probabilities of assignment to Group 1 

(equivalent to I. Setosa), of f16,1 = 0.4989, f31,1 = 0.4344, and ho,1 = 0.8106. It 

can be seen that observations 16 and 37, both I. Setosa plants, have not really been 

decisively assigned to either group. It can be seen from Table 5.1 that observation 

16 has four missing values, whilst observations 37 and 60 both have only Sepal 

length present. A comparison of the Sepal length with the parameter estimates in 

Table 5.3 indicates that observation 60 has a sepal length that is more similar to 

that of I Setosa species. 

The parameter estimates for Separate, Model 1 are displayed in Table 5.3. The 

estimates of the mixing proportions in Groups 1 and 2 are 0.4989 and 0.5011, 
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leacling to expected nu b • th . . m ers in e two groups respectively of 49.89 cl 50 11 Th 1 an • • 
is is very c ose to the 50 / 50 di vision in the species. 

Table 5.3 

Parameter estimates for Separate, Model J. 

Variable Group Mean STDEV 
Sepal length 1 5.021 0.332 

2 5.939 0.464 
Sepal width 1 3.412 0.379 

2 2.752 0.315 
Petal length 1 1.453 0.173 

2 4.312 0.449 
Petal width 1 0.258 0.114 

2 1.359 0.190 

The parameter estimates displayed in Table 5.3 may be compared with those 

according to the species classification displayed in Table 3.19. It can be seen that 

the estimates are fairly close. 

The group assignment for Separate, Model 1 was used and the within group cor­

relation structure was examined. As is to be expected, significant correlations 

(r* = 0.278 for a sample size of 50 at the 0.05 level of significance), existed be­

tween each pair of variables in at least one of the groups. All four variables were 

grouped together into one partition, allowing for a general correlation pattern. 

A mixture of two component distributions will be fitted, where each component is 

the JV4(µk 1, ~kl) density. We will refer to this model as Separate, Model 2. 

The model was fitted using initial parameter estimates based on the available 

cases of the observations where the petal length was at least 2, and less than 2. In 

order to search for other maxima, the model was fitted from other classifications 

generated by splitting the observations into two groups using other criteria. The 

starting values tried converged to a solution where the loglikelihoocl was -58.382, 

the same solution found when using the group assignment based on the species 

classification or the Separate, Model 1 assignments. 

When the observations were assigned to their group of greater probability for Sep­

arate Model 2 exactly the same classification results as that given for Separate, 
' ' 

Model 1, and displayed in Table 5.2. An examination of the posterior probabil-

ities showed that 93 of the observations are definitely assigned to a group. The 

three observations that this model classifies into a different group from the one 



corresponding to the species th 
1 "fi cl ' are e same three observations that were also mis-

c assi e under Separate M cl 1 1 T 
"th . . .. ' o e • hese observations are assigned to Group 1 

w1 posterior probabilities of fl6 I = 0.4936 f = 0 3985 d ~ 
, , 37,1 • , an r 6o,1 = 0.7728. 

The parameter estimates fo s t M . 
. r epara e, odel 2 are displayed in Table 5.4. Th 

estimates of the m· • • . e 
0.5064. ixmg proportions m each group for this model are 0.4936 and 

Table 5.4 

Parameter estimates for Separate, Model 2. 

Mean vectors: 

µll = ( 5.012, 3.420, 1.455, 0.2601) 

Jl,21 = ( 5.895, 2.761, 4.291, 1.326) 

Variance covariance matrices: 

(
0.107 

O.OlJ, 

f; _ 0.074 0.133 
11 - 0.027 0.006 0.027 

0.012 0.007 0.006 

and 

(
0.238 

0.03J. 

:E21 
0.061 0.095 
0.156 0.066 0.206 
0.045 0.028 0.073 

where the variables are 

Sepal length, Sepal width, Petal length, and Petal width. 

The improvement in fit gained by the addition of the covariances to Separate, 

Model 1 was investigated. Separate, Model 2 requires an additional twelve pa­

rameters to be estimated in comparison to those required to be estimated for 

Separate, Model 1. Twice the difference in the loglikelihoods is 71.254. Using the 

log-likelihood ratio as a guide, it can be seen that there is a definite improvement in 

using Separate, Model 2 in preference to Separate, Model 1. There is also a slight 

increase in the numbers of observations definitely assigned to a group. However 

convergence was slightly slower than for Separate, Model 1. 
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Table 5.5 

Parameter Estimates for the Iris Data using the Species Classifications 

Mean Vectors: 

µ11 ( 5.006, 

µ21 ( 5.936, 

µ31 ( 6.588, 

Variance Covariance Matrices:* 

I:11 

where the variables are 

( 
0.122 
0.097 
0.016 
0.010 

( 
0.261 
0.083 
0.179 
0.055 

(
0.396 
0.092 
0.297 
0.048 

3.428, 

2.770, 

2.974, 

0.141 
0.011 
0.009 

0.096 
0.081 
0.040 

0.102 
0.070 
0.047 

1.462, 

4.260, 

5.552, 

0.030 
0.006 

0.216 
0.072 

0.298 
0.048 

0.246) 

1.326) 

2.026) 

O.OJ 

OOJ 

Sepal length, Sepal width, Petal length, and Petal width, 

Group 1 is J Setosa, Group 2 is J Versicolor, and Group 3 is J Virginica. 

Another comparison between the species classification and the Separate Model 2 

fit can be obtained by comparing the estimated parameters for Separate Model 2 

with their counterparts using the species classification. It can be seen from a 

comparison of Tables 5.4 and 5.5 that the agreement is fairly close. 

The estimates of the variance covariance matrices for the model appear to be rea­

sonable, and as is expected, they were always positive definite. The iris data set 

was taken and variables were made missing, where the probability of a variable 

being missing was 1/3. MINITAB was used to calculate estimates of the variance 

covariance matrices and the eigenvalues of these estimates were then calculated. 

This procedure was repeated 300 times. MINITAB calculated estimates of the 

variance covariance matrices for I. Virginica in which 28. 7% of the estimates had 

* Calculated using divisor of n. 
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eigenvalues of less than zero. For I. Setosa, 15% of the estimates also had eigen­

values less than zero. MINITAB calculates the covariances between each pair of 

variables (refer to MINITAB reference manual). If some data are missing, the co­

variance between each pair of variables is calculated using all rows that have both 

values present. This can lead to variance covariance matrices that are not positive 

definite. If the variance covariances were calculated using only those observations 

for which all four variables were observed, the covariances would be calculated us­

ing a very small amount of data, in this example on twelve I. Setosa observations 

and eight I. Versicolor observations. 

As has been previously pointed out, equal covariance matrices cannot be imposed 

for the component distributions in the current version of the program. It may be 

an advantage to impose this condition on this data set, as this would reduce the 

numbers of parameters to be estimated from the small data set. 

It has been demonstrated that with 36% of the data values missing, the approach 

of multivariate finite mixture models with data missing at random has been able to 

detect the structure present in the data exceedingly well when the clusters are well 

separated. In the next section, we will investigate the performance of the model 

when it is known that the data consists of two clusters that are closer together. 



Table 5.6 

Data for Close, Models 1 and 2. 

I. Versicolor I. Virginica. 
Obs X1 X2 X3 X4 Obs Xt X2 X3 :1:4 Obs :i: I :z:2 :z:3 X4 Obs :z:, :i:2 :c:i :z:4 

---- -- ---- ---------------~ -- ------------· - -- ---- -- -- --- - -

1 7.0 * 4.7 * 26 6.6 * * 1.4 51 6.:3 * 6.0 * 76 7.'2 ;3 .'2 * * 
2 6.4 3.2 * 1..5 27 * * 4.8 * 52 ri.8 '2.7 5.1 1.9 77 * '2.8 -1.8 1.8 
3 * * * 1.5 28 6.7 3.0 5.0 1.7 53 7.1 ;3.0 ri.9 * 78 * :i.o 4.9 1.8 
4 ,5.5 2.3 4.0 * 29 * 2.9 4.5 * 54 * 2.9 5.G l.8 79 G.4 * .5.G 2.1 
5 G.5 * * * 30 5.7 2.G 3.5 * 55 G.5 * * * 80 * :3.0 5.8 1.G 
6 5.7 * 4.5 1.3 31 * 2.4 * * 56 7.6 3.0 G.G * 81 * 2.8 G.l 1.9 
7 6.3 3.3 * 1.6 32 ,5.5 2.4 * 1.0 57 4.9 2.5 4.5 1.7 82 7.9 3.8 * * 
8 4.9 2.4 3.3 1.0 33 5.8 2.7 * * 58 * 2.9 6.3 1.8 83 * * ,5.6 2.2 
9 6.6 2.9 * * 34 6.0 * * 1.6 59 * * 5.8 * 84 * * * 1.5 

10 5.2 2.7 3.9 1.4 35 5.4 3.0 4.5 1.5 60 7.2 3.6 6.1 2.5 85 * * * 1.4 
11 5.0 2.0 3.5 1.0 36 6.0 3.4 * 1.6 61 * 3.2 5.1 * 86 7.7 * 6.1 2.3 
12 * 3.0 * * 37 * 3.1 4.7 * 62 * * 5.3 1.9 87 6.3 * 5.6 2.4 
13 * 2.2 * * 38 6.3 2.3 4.4 * 63 6.8 * 5.5 2.1 88 6.4 3.1 * * 

6.1 2.9 * 1.4 * 3.0 * * * * * * * 
I 

14 39 64 5.0 89 3.0 4.8 f-' 
tv 

15 5.6 2.9 * * 40 * * 4.0 1.3 65 * * 5.1 2.4 90 6.9 * * 2.1 w 
I 

16 * 3.1 4.4 1.4 41 5.5 * 4.4 1.2 66 6.4 3.2 5.3 * 91 6.7 3.1 5.6 2.4 
17 * 3.0 4.5 * 42 6.1 3.0 4.6 1.4 67 * * * * 92 * 3.1 * 2.3 
18 * * 4.1 * 43 5.8 2.6 * * 68 7.7 3.8 6.7 2.2 93 5.8 2.7 5.1 * 
19 * 2.2 4.5 1.5 44 5.0 2.3 3.3 1.0 69 7.7 2.6 * 2.3 94 * 3.2 5.9 * 
20 * * 3.9 * 45 * * 4.2 1.3 70 6.0 2.2 5.0 1.5 95 6.7 * 5.7 2.5 
21 5.9 * * 1.8 46 * * * 1.2 71 * 3.2 5.7 * 96 * 3.0 * 2.3 
22 6.1 2.8 4.0 1.3 47 * 2.9 * 1.3 72 * 2.8 * 2.0 97 * 2.5 5.0 1.9 
23 6.3 2.5 * * 48 6.2 2.9 4.3 1.3 73 * 2.8 6.7 * 98 6.5 3.0 5.2 2.0 
24 * 2.8 * 1.2 49 5.1 2.5 3.0 1.1 74 * 2.7 4.9 1.8 99 6.2 3.4 5.4 * 
25 6.4 2.9 * * 50 * * 4.1 * 75 * 3.3 5.7 2.1 100 5.9 3.0 * * 
* denotes missing value 
x1 is Sepal length, x 2 is Sepal width, X3 is Petal length, and x4 is Petal width. 
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5.2.2 Poorly separated clusters 

The data set to be clustered is displayed in Table 5.6. It consists of the four 

variables measured on each of 50 observations from the species I. Versicolor and 

I. 1/irginica. There are 152 missing data values scattered at random throughout 

the data set. It can be seen from Table 5.6 that there is one observation that has 

all four variables missing, sixteen observations have three variables recorded as 

missing, 34 observations have two variables recorded as missing, 32 observations 

have one variable recorded as missing and seventeen observations have no variables 

recorded as missing. 

The available values for each variable were used to examine the distributions for 

each variable. The distributions appeared approximately normal within the mix­

ture population. 

The model of complete independence will be fitted initially. The model of complete 

independence fitted to this data set will be referred to as Close, Model 1. The 

model ,vas fitted iteratively with the EM algorithm, where the initial estimates 

of the parameters were based on the available cases of the observations with a 

petal width of no more than 1.6, and at least 1. 7. The model was also fitted 

from classifications generated by splitting the observations into two groups using 

various criteria. From the starting values tried, all converged to a solution where 

the loglikelihood was -161.035. This is the same solution that was found when 

using the initial grouping based on the species classification. 

The observations were assigned to their group of greater probability for Close, 

Model 1. 

Table 5.7 
Agreements and differences between the species and the model classifications for 

CloseJ Model 1. 

Classification 
Species Model 

Group 1 Group 2 

I. Versicolor 
I. Virginica 

37 
6 

13 
44 

I b f T bl 5 7 that there are nineteen observations where the species t can e seen rom a e . 

d h d 1 1 'fi t· ns di·.a-er An examination of the posterior probabilities an t e mo e c ass1 ca 10 w • 

showed that 64 of the 100 observations were definitely assigned to a group, and 19 

observations had posterior probabilities of assignment to a group lying between o. 5 
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and 0.8. The posterior probabTt" f th b . 
i i ies o e o servations that are misclassified by the 

model were examined Th b . 
. . • ree O servations were definitely assigned to a group that 
is different to the one th t d . 

a correspon s to the species. These three observations 
ha~ ~ll four v~riables recorded for each observation. Three observations were not 

clecis~vely assigned to either group for Close, Model 1. It must be remembered 
that m the analogous model that was fitted to the iris data set with no missing 

data values, that is, Iris Model 1, there were 9 observations misclassified in the 
Versicolor and the Virginica species. 

The parameter estimates for Close, Model 1 are displayed in Table 5.8. The 

estimates of the mixing proportions in each group are 0.432 and 0.568, leading to 
expected numbers in each group of 43.2 and 56.8. 

Table 5.8 

Parameter estimates for Close, Model 1. 

Variable Group Mean STDEV 
Sepal length 1 5.703 0.485 

2 6.691 0.579 
Sepal width 1 2.643 0.317 

2 3.047 0.289 
Petal length 1 4.178 0.516 

2 5.520 0.563 
Petal width 1 1.329 0.199 

2 2.002 0.300 

The parameter estimates displayed in Table 5.8 were compared with their coun­

terparts for the species classification, displayed in Table 3.19. It can be seen that 

the estimates are fairly close. 

It is known that significant correlations exist between each pairs of variables in at 

least one of the groups. All four variables were then grouped together into one 

partition allowing for a general correlation pattern. 

A mixture of two component distributions will be fitted, where each component is 

the N4 (µk 1 , ~kl) density. We will refer to this model as Close, Model 2. 

The model was fitted iteratively using the EM algorithm with an initial grouping 

based on the classification assignments from Close, Model 1. In order to search for 

other maxima, the model was also fitted from other classifications generated by 

splitting the observations into two groups using other criteria. Two solutions of the 

likelihood equation were found. The solution corresponding to the largest of the 

local maxima was used, the solution where the loglikelihood was -114.736. This 
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is the same solution that wa £ d • th • · · s oun usmg e species class1ficat10ns as the initial 

grouping. The observations were assigned to their group of greater probability for 
Close, Model 2. 

Table 5.9 

Agreements and differences between the spec•es d h d • an t e mo el classifications for 
Close, Model 2. 

Classification 
Species Model 

Group 1 Group 2 

I. Versicolor 
I. Virgini ca 

36 
6 

14 
44 

It can be seen from Table 5.9 that there are twenty differences between the model 

and the species classifications. An examination of the posterior probabilities 

showed that 62 of the 100 observations were definitely assigned to a group. The 

observations that were misclassified by the model were examined. Four of these 

observations were definitely assigned to a different group than the one correspond­

ing to the species, and seven observations were not decisively assigned to either 

Group 1 or Group 2. 

An investigation of the differences in the cluster assignments between Close Mod­

els 1 and 2, showed that there had been quite a change in the cluster assignments, 

with seventeen observations being assigned to a different group. Four observations 

were definitely assigned to a different group by both models, and six observations 

were definitely assigned to a different group by either model. Sixteen of these 

observations had at least one variable missing. 

The parameter estimates for Close, Model 2 are displayed in Table 5.10. The 

estimates of the mixing proportions are 0.4216 and 0.5784, leading to expected 

numbers in each group of 42.2 and 57.8. 

Table 5.10 

Parameter estimates for Close, Model 2. 

Mean vectors: 

( 5.879, 2.858, 4.270, 1.324) 

( 6.529, 2.911, 5.440, 1.990) 
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Variance covariance matrices: 

(
0.250 

0.03J, 

f, _ 0.117 0.098 
"'-'ll - 0.192 0.143 0.309 

0.054 0.050 0.083 

and 

( 
0.457 

OOJ. 

I:21 
0.132 0.138 
0.350 0.142 0.410 
0.110 0.075 0.119 

where the variables are 

Sepal length, Sepal width, Petal length, and Petal width, 

Group 1 corresponds to I Versicolor, Group 2 corresponds to I Virginica. 

Another comparison between the species classification and the Close Model 2 fit 

can be obtained by comparing the estimated parameters for Close Model 2 with 

their counterparts using the species classification. It can be seen from a comparison 

of Tables 5.10 and 5.5 that the agreement is fairly close. 

The improvement in fit gained by the addition of the covariances to Model 1 was 

investigated. It has been pointed out in section 5.2.1 that the partitioning for 

Model 2 requires an additional twelve parameters to be estimated in comparison 

to those required to be estimated for Model 1. For the data set analysed in 

this section, bvice the difference in the loglikelihoods is 92.598. Using the log­

likelihood ratio as a guide, there is clearly an improvement in using Close, Model 2 

in preference to Close, Model 1. However, for Close, Model 2, there has been an 

increase in the numbers of observations that are not decisively assigned to either 

group, (This model has 9 observations that are not decisively assigned to either 

group whilst Close, Model 1 has 3 in this category). There has also been a slight 

decrease in the numbers of observations that are definitely assigned to a group. 

Convergence was slower for Close, Model 2 than for Close, Model 1. 

It has been demonstrated in section 5.2.1 that the approach of multivariate finite 

mixture models has been able to detect the structure known to exist in a data 

set when the amount of missing data is fairly extreme, and the two clusters are 

well separated. In section 5.2.2, the approach has been applied to the data set 

containing only the species, I. Versicolor and I. Virginica, species in which there 

is overlap, again with the data set having a fairly extreme amount of missing data 

values created. These two clusters are more difficult to distinguish between even 

when there are 110 data values missing than are the I Setosa and I. Versicolor dus-

t 1 cl · t· 5 ? 1 The approach of multivariate finite mixture models ers ana yse 1n sec 10n -~- . 
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has been able to detect th k 
e -nown structure in these two poorly separated clus-

ters, and has been able to comput bl · · 
e reasona e estimates of the variance covariance 

matrices. 

In the next section, the scope of the methods that have been proposed in Chapter 4 

will be illust rated by considering the clustering of cases on the basis of the pretrial 

variables for the cancer data set. In chapter 3, the cancer data set was clustered 

using only those observations that had no missing values in any of the pretrial 

covariates. In the following section, we shall cluster the full data set which shall 

now include those observations that were omitted from the previous analyses. 

5.3 The cancer data 

The full data set consists of 506 observations, where 31 observations have one or 

more missing data values in the twelve pretrial variables. In total, there are 62 

missing data values scattered throughout the data set. Some of these missing data 

values are categorical variables, and some are continuous. We will assume that 

these missing data values are missing at random. Further details on the cancer 
data set can be found in section 3.2. 

Models fitted to the full cancer data set will have 'Full' included in the description 

of all models. This will enable us to distinguish between analogous models fitted 

for the full cancer data set and the data set previously analysed in section 3.2. 

'Full Model i' denotes the model that has partitioning i and 2 groups, and is fitted 

to the full cancer data set. 

The general strategy followed in Chapter 2 and described in section 3.4.2 for fitting 

the model to the data will not be observed in this instance, because the additional 

information from the 31 incomplete observations should not greatly affect the 

clustering. We will therefore fit a two group model with the same partitioning 

as was used for Model 3, that is the model in which the variables Wt, SBP and 

DBP are grouped together in a partition. This model will be referred to as Full 

Model 3. 

The model was fitted iteratively using the EM algorithm from initial estimates of 

the parameters based on those resulting from the clinical classification, and also 

from initial classifications generated by randomly splitting the observations into 

two groups. Three solutions of the likelihood equation were found. From ten start­

ing values, seven converged to a solution where the loglikelihood was -11895.758, 

the solution that was found using the parameter estimates based on the clinical 

classification. Two starting values converged to a solution where the loglikeli­

hood was -11980.677 and one converged to a solution where the loglikelihood was 
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-11902. 775. The solution corres d" t th 1 
pon mg o e argest of the local maxima was 

used. 

Table 5.11 

Agreements and differences between the Clinical and Full Model 3 classifications. 

Clinical 
Classification 

Class 

Stage 3 
Stage 4 

Model Classification 

Group 1 Group 2 

270 22 
21 193 

\Vhen the observations are assigned to their group of greater probability for Full 

Model 3, it can be seen from Table 5.11 that the clinical classification and the 

'statistical diagnosis' are different for 43 observations. An examination of the pos­

terior probabilities showed that 421 of the 506 observations are definitely assignedt 
to a group. 

It can be seen from a comparison of Table 3.5 and Table 5.11, that the numbers of 

observations where the clinical and the model classifications differ, are very similar. 

An investigation of the differences in the group assignments for the 4 75 observa­

tions that were clustered for Model 3 showed that three of these observations were 

classified differently for Full Model 3. The three observations, observations 58, 220 

and 498 are all assigned for Full Model 3, to Group 1 ( equivalent to the clinical 

classification of Stage 3) with posterior probabilities Ti1 of 0.563, 0.501 and 0.560 

respectively. As can be seen, none of these three observations is decisively assigned 

to a group. For Model 3, observations 58 and 220 were also not decisively assigned 

to a group (see Table 3. 7). 

The logarithm of the odds, p/(1 - p) where in this instance, p is the posterior 

probability of being assigned to Group 1, was calculated for the 475 observations 

that were clustered for both Model 3 and Full Model 3. A plot of the difference in 

the logarithm of the odds between assignment for Model 3 and assignment for Full 

Model 3 versus the logarithm of the odds of assignment for Model 3 was made. 

No discernible patterns could be seen, but it was interesting to notice that the 

majority of the values were less than zero. This can also be seen in Table 5.12. 

This indicates that the probability of assignment to Group 1 ( the less seriously ill 

patients) is slightly higher for Full Model 3 than it is for Model 3. 

t same definition in section 3.2.1 
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Table 5.12 

Statistics for the difference in the logits for Model 3 and Full Model 3 

MEAN STDEV MEDIAN Ql Q3 MIN 
-0.126 0.174 -0.095 -0.198 -0.028 -1.24 

MAX 
0.368 

Another comparison between the clinical classification and the Full Model 3 fit can 

be obtained from a comparison of the estimated parameters for Full Model 3 with 

their counterparts under the clinical classification. The estimated proportions in 

the two groups for Full Model 3 are n-1 = 0.5652 and n-2 = 0.4348. This is compa­

rable to the sample proportions of 0.577 and 0.423 for the clinical classification. 

The parameter estimates for Full Model 3 are displayed in Table 5.13. It can be 

seen that these estimates are very similar to those displayed in Table 3.3. 

Table 5.13 
S-ummary statistics of the 12 pretreatment variables according to the Full Model 1 

estimates. 

(i) Continuous variables. 

Model 
Classification 

Variable Group MEAN STDEV 

Age 1 71.5 6.76 
2 71.3 7.65 

HG 1 138.0 17.62 

2 129.9 20.82 

sqrt(SZ) 1 2.9 1.23 

2 4.2 1.69 

SG 1 8.9 1.15 

2 12.1 1.41 

log(AP) 1 1.6 0.50 

2 3.9 1.68 

The three variables in one partition have a mean vector of 

µI£ (Wt, SBP, DBP) ( 100.4, 14.5, 

µu_ (Wt, SBP, DBP) ( 97.2, 14.2, 

and variance covariance matrices of, 

8.3) 

8.0) 

( 
173.60 6.86 4.60) ( 

182.83 4.78 

f:u = 6.86 6.43 2.44 :Eu= 4.78 4.99 

4.60 2.44 2.42 4.57 1.81 

4.57) 
1.81 
1.77 



-131-

(ii) Categorical variables. 

Level probabilities from the Model Classification using Model 1. 

Variable Group Level probabilities 

PF 1 0.929 0.064 0.007 0.000 
2 0.855 0.086 0.050 0.009 

HX 1 0.504 0.496 
2 0.669 0.331 

EKG 1 0.335 0.045 0.075 0.060 0.311 0.170 0.004 

2 0.347 0.049 0.139 0.043 0.294 0.128 0.000 

I3M 1 0.993 0.007 
2 0.634 0.366 

The program vvritten for this thesis writes out the estimated values for the missing 

continuous data values for each group fitted in the model. The estimated values for 

the missing continuous variables in the cancer data set, are displayed in Table 5.14 

for Full Model 3. 
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Table 5.14 

Posterior probabilities of assignment to Gro 1 d t. • . . up an es imates of the missing con-
tzmw-lls data val-ues for Full Model 3. 

Missing Estimate Estimate 
Obs. Til Variable A ( t) 

Xijl 
A ( t) 
xij2 

2 0.373 10 8.93 12.08 
42 0.000 1 71.54 71.31 
48 0.991 9 2.94 4.19 
57 0.365 10 8.93 12.08 
74 1.000 9 2.94 4.19 

123 0.925 10 8.93 12.08 
l r ~u 0.971 10 8.93 12.08 
131 1.000 9 2.94 4.19 
158 0.004 9 2.94 4.19 
169 0.000 10 8.93 12.08 
193 0.741 4 102.24 99.86 
262 0.006 4 97.88 94.66 
336 0.981 10 8.93 12.08 
418 0.926 10 8.93 12.08 
436 0.927 10 8.93 12.08 
471 0.985 4 100.43 97.20 
471 0.985 5 14.50 14.17 
471 0.985 6 8.28 7.98 
471 0.985 8 137.97 129.95 
473 0.847 4 100.43 97.20 
473 0.847 5 14.50 14.17 

473 0.847 6 8.28 7.98 

473 0.847 8 137.97 129.95 

474 0.669 10 8.93 12.08 

475 0.910 4 100.43 97.20 

475 0.910 5 14.50 14.17 

475 0.910 6 8.28 7.98 

475 0.910 8 137.97 129.95 

475 0.910 9 2.94 4.19 

475 0.910 10 8.93 12.08 

484 0.144 10 8.93 12.08 

485 0.000 9 2.94 4.19 

488 0.000 4 100.43 97.20 

488 0.000 5 14.50 14.17 

488 0.000 6 8.28 7.98 

488 0.000 8 137.97 129.95 

488 0.000 9 2.94 4.19 

506 0.000 10 8.93 12.08 

Variables 4, 5, and 6 correspond to the variables Wt, SBP and DBP. These three 

variables are in one partition. It can be seen from Table 5.14 that both observations 
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193 and 262 had values recorded for the variables SBP and DBP whilst the variable 
' 

Wt was a missing data value. The techniques described in section 4.5.1 have been 

used to estimate the missing Wt values by computing the conditional mean of the 

data given the set of values observed for that observation and that partition. 

It can be seen that the inclusion of the observations that had missing values in 

the twelve pre-trial variables, did not greatly affect the clustering. In the cancer 

data set, the percentage of data missing is actually fairly small. This is in contrast 

to the iris data sets analysed in sections 5.1 and 5.2, where there was quite an 

extreme amount of missing data. In section 5.1, the model has been able to detect 

the structure present in the data where the clusters have been well separated 

and there was an extreme amount of missing data. In section 5.2, it has been 

demonstrated that the model has performed well in detecting the structure in 

the overlapping clusters whilst simultaneously coping with the extreme amount of 

missing data. 

It has been demonstrated that the approach of multivariate mixture model can 

cope with both missing categorical and missing continuous data values, as well as 

the hypothetical unobserved indicator variables of class membership. The vari­

ance covariance estimates are always reasonable and positive semi definite, unlike 

estimates calculated using all available pairs of variables of data. 



Chapter 6 

Summary and concluding remarks 

6.1 Summary 

Chapter 1 presents a review of the literature on the current methods of grouping 

data. A brief description of cluster analysis is given and some disadvantages of 

using cluster analysis as a method for grouping data are pointed out. A model 

based approach to clustering is examined. 

Chapter 2 presents the detail for mixtures of multivariate normal distributions and 

latent class analysis. The assumption of the latent class model, namely the condi­

tion of local independence is discussed. An approach for handling data consisting 

of both categorical and continuous variables using mixtures of location models is 

given. and the general approach to multivariate mixture models is presented. 

Chapter 3 demonstrates our ability to analyse data using the approach of multi­

variate mixture models by clustering several data sets. The ability of the method 

to handle large, complex data sets is illustrated by considering the clustering of 

the complete cases of the pre-trial variables of Byar and Green's (1980) Prostrate 

cancer data set. This consists of twelve variables measured on each of 475 obser­

vations. Eight of the variables could be taken as continuous variables, and four 

as categorical variables. To compare the approach of multivariate mixture models 

with that of Everitt and Merette (1990), several models are fitted to Fisher's iris 

data. The extent of recovery of the structure known to exist in this data set is 

evaluated by calculating an adjusted rand index for each models fitted. In both 

of these data sets, the cluster assignments resulting from assigning each observa­

tion to the group of greatest probability, are compared with the grouping that is 

available - for the cancer data, the available grouping is the clinical classification 

of 'Stage', and for the iris data, the grouping is the species classification. In both 

examples, the model performed exceedingly well. 

Data from a statistics examination are also clustered. Unlike the previous two 

data sets clustered, there is no a priori knowledge of a group structure for this 

data set. The models fitted using the approach of multivariate mixture models, 

appeared to cluster the observations in a meaningful way. 



-135-

Chapter 4 introduces th bl f • • b e pro em o m1ssmg o servations which occurs often in 

multivariate data sets. This chapter demonstates how our ability to use the ap­

proach of multivariate mixture models can be extended to include the facility to 

handle data sets where data are missing at random in the sense of Rubin (1976). 

Chapter 5 uses the approach of mixture models to cluster multivariate data sets 

where data are missing at random. The approach is initially applied to a mixture 

of two multivariate normal distributions, where it is known that the two clusters 

are well separated. The approach is then applied to a mixture of two multivariate 

normal distributions, where it is known that the two clusters are poorly separated. 

In both cases, the data sets contained a fairly extreme amount of missing data. The 

extent of recovery of the true structure is then investigated and it is found that the 

approach of multivariate mixture models with data missing at random performed 

satisfactorily. The scope of the model is then illustrated by clustering the cases of 

the pre-trial variables of the Prostrate cancer data set, where observations with 

missing values in any of the pre-trial variables are included in the data set. The 

inclusion of these extra 31 observations only changes the cluster assignment of 

three observations, and two of these are not decisively assigned to a group under 

any of the models fitted. 

The research reported in this thesis has shown that the approach of finite mixture 

models can easily cluster data sets containing both categorical and continuous 

variables. 

6.2 Concluding remarks 
For fully categorical datasets, the method of Latent Class Analysis has become a 

popular method of discovering underlying cluster structure. The class of models 

introduced and utilized in this thesis forms a natural extension of this class to 

data sets containing both categorical and continuous variables. Like Latent Class 

models the models make free use of local independence to reduce the number of 
' 

parameters in the model and to lead to descriptions of the clusters that can be 

easily understood. Provision is made, however, for the cautious introduction of 

within-cluster associations between variables. 

Because the EM algorithm is used to fit the models, it is feasible to fit them to data 

sets with many variables and observations. As our ability to analyse data using 

multivariate mixture models includes the facility to handle situations where data 

· · t cl fitt·ng these models becomes an alternative to conventional are missing a ran om, 1 

1 t 1 · 1 · thms Missing data often presents problems for deterministic c us er ana ys1s a gon . 

clustering algorithms. 

The choice of discrete, multivariate normal and location model distributions as 
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the 'atoms' out of which our models are built has been made consciously in an 

effort to be bland and generic, but in situations where more is known about the 

nature of the distributions in subpopulations other types of distributions could be 

used in place of these. 

Either taken as presented here, or modified to incorporate subject-area knowledge 

of distributions and parameters, multivariate mixture models should prove an 

invaluable tool in exploring large complex data sets. 

There is scope for future research using multivariate mixture models. The standard 

errors of the estimates need to be investigated. It is possible that convergence of 

the EM algorithm could be sped up by the methods mentioned in section 1.4, 

although slowness of convergence was not a problem in the examples analysed in 

this thesis. The model could also be applied to different structured covariance 

matrices, for example those encountered in time series of measurements. 



Appendix 1 

Notes on Program Multimix 

This program fits a mixture of multivariate distributions using the EM algorithm. 

The models that can be fitted are multivariate normal, latent class and location 

models having one categorical variable. The data file can contain both categorical 

and continuous data, or either of these data types. The NAG subroutines for 

matrix inversion and calculation of determinants are used in this program, hence 

the program needs linking into the NAG library. 

Note: The desired form of the data matrix is to have variables in a partition cell 

being contiguous. To achieve this, the data is read in by specifying the column 

of the data array into which the Jth variable of the data file is stored in an order 

variable, JP(J). All further references to the variable J, refer to the rearranged 

order of the variables. 

The program currently has a maximum of 

1500 observations (I0B = 1500) 

6 groups 

15 variables and partition cells 

10 levels of categories 

200 iterations to convergence 

(IK6 = 6) 

(IP15 = 15) 

(IMlO = 10) 

(ITER = 200) 

NB. If these parameters are altered, remember to alter parameters (IK6 and IP15) 

in the subroutine, DETINV. 

The parameter file contains:-

NG - the number of groups (distributions) in the finite mixture to be fitted. 

NOBS - the number of observations. 

NVAR - the number of variables. 
NPAR _ the number of partition cells (sets of variables associated within each 

distribution). 
JP(J) _ The column of the data array into which the Jth variable of the data file 

·11 b t cl J - 1 NVAR For example suppose that we want the 3rd variable w1 e s ore , - , • , 
in the first column, variable 4 in the second column, variable 7 in the 3rd column, 

and then variables 1, 2, 5 and 6. Then JP(J) = 4 5 1 2 6 7 3, for J = l, • • ·, 7-

IP(L) _ the number of variables in the Lth partition cell, L = 1, • • ·, NPAR. 
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IPC(L) - number of continuous variables in the L th partition cell. 

ISV(L) - partition cell L starts at variable J. 

e.g. if variables 6, 7, and 8, are in the same partition cell, then 
ISV(L) = 6, and IEV(L) = 8. 

IEV(L) - partition cell Lends at variable J. 

IPARTYPE(L) - indicator giving the type of model for each partition cell. 

{ 
1 for a categorical model· 

IPARTYPE(L) = 2 for a multivariate nor~al model; 
3 for a location model. 

IVARTYPE(J) - an indicator for the type of each variable 

{ 
1 for a categorical variable; 

IVARTYPE(J) = 
4
23 for a multivariate normal variable; 

for a categorical variable in a location model; 
for a multivariate normal variable in a location model 

' 
NCAT(J) - the number of categories for the Jth categorical variable. For con-

tinuous variables, NCAT(J) is entered as 0. 

ISPEC - indicator variable determining whether the observations are specified 

into groups. 

!SPEC= { ~ observations are not specified into groups; 
observations are specified into groups. 

(1) !SPEC = 1 - read in the estimates of the parameters. 

PI(K)- estimated mixing proportions for each group. 

THETA(K,J ,M) - estimated probability that the J th categorical variable 

is at level M, given that in group K 

EMU(K,L,J) - estimated mean vector for group K, partition cell L and 

variable J. 

EMUL(K,L,J ,M) - estimated mean vector for group K, partition cell L, 

variable J, at the M th level of the categorical variable in the location model. 

VARIX(K,L,I,J) - estimated covariance between variables I and J for 

group K, partition cell L where I= 1, ... , IPC(L) and J = 1, ... , IPC(L). 

Note: The parameters that are required, are read in for each partition cell, 

L = 1, ... , NPAR. For example, if the variables within the partition cell are all cat­

egorical, that is, ITYPE(L) = 1, then THETA(K, J, M), for M = 1, ... , NCAT(J) 

is required for the variable in that partition cell. 

If the variables within the partition cell are continuous, multivariate normal vari­

ables, that is, ITYPE(L) = 2, then estimates of EMU(K,L,J) are required for each 

variable. 

If the variables within the partition cell follow the location model, that is, 

ITYPE(L) = 3, then THETA(K, J, M), M = 1, ... , NCAT(J) is required for the 
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categorical variable, and EMUL(K L J M) M - 1 IM(L) • · d r h , , , , - , ... , 1s require 1or eac 
continuous multivariate normal variable. (Note that IM(L) is the number of cate-

gories of the categorical variable associated with the location model.) 

The estimates are read in for group 1, and then for group 2 etc. 

(2) ISPEC = 2, read in 

IGRP(I) - variable specifying which group each observation is in. After 

reading in this variable, the program proceeds to the M step to calculate estimates 
of the parameters. 

Creating an input file 

A FORTRAN program has been written to help set up the parameter input file for 

program MULTIMIX. If ISPEC = 2, that is, the grouping of the data is specified, 

the program requires the grouping to be in a separate file. This file must be 

in existence before the program for creating the parameter input file is run. This 

program has a very basic error subroutine to check whether the number of variables 

in each partition cell matches with the total number of variables, and the type of 

each variable matches with the partition cell type. This program is being extended 

to facilitate ease of input. 



Format of the parameter file 

Format is free field. 

Input:-

NG NOBS NVAR NPAR ISPEC 

(JP(J), J = 1, NVAR) 

(IP(L), L = 1, NPAR) 

(IPC(L), L = 1, NPAR) 

(ISV(L), L = 1, NPAR 

(IEV(L), L = 1, NPAR) 

(IPARTYPE(L), L = 1, NPAR) 

(IVARTYPE(J), J = 1, NVAR) 

(NCAT(J), J = 1, NVAR) 
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If ISPEC = 1, read in estimates of the parameters. See section below. 

If ISPEC = 2, read in specified grouping of observations 

(IGRP(I), I= 1, NOBS) 

Estimates of the parameters 

(PI(K), K = 1, NG) 

**** 

For each partition cell, L = 1, NPAR read in the required parameters. 

(THETA(K,J,M), M = 1, NCAT(J)) - for categorical variables 

- repeat for each variable, J = ISV(L), IEV(L) 

(EMU(K,L,J), J = 1, IPC(L)) - for the multivariate normal model 

(THETA(K,J,M), M = 1, NCAT(J)) - for the categorical variable in location model 

(EMUL(K,L,J,M), M = 1, IM(L)) for each continuous variable J = 1, IPC(L) in 

the 

location model 

Repeat from **** for each group. 
Read in the estimates of the variance for each partition cell. (For continuous 

variables only) 
((VARIX(K,L,I,J), J = 1, IPC(L)), I= 1, IPC(L)) - repeat for each group. 
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Appendix 2 

Statistics Examination paper 

DEPARTMENT OF MATHEMATICS AND STATISTICS 
Statistical Methods 

Name: ID Number: ___________ _ 

SECTION A: Multiple Choice 

Answer by making a mark in the appropriate square 

1. The standard error of an estimator is 

the population standard deviation. 

the standard deviation of its sampling distribution. 

the difference between the estimator and the parameter. 

the bias of the estimator. 

none of these, it's actually ... 

2. Only one of the following statements about confidence intervals is 

always true. Which one? 

they take the form estimate plus-or-minus multiple of standard error. 

the parameter must lie within the confidence interval. 

the interval must be finite in length. 

the interval contains the parameter with probability equal to the confi-

dence coefficient. 

3. The significance level, a, of a hypothesis test or significance test is 

the probability that the alternative hypothesis is false. 

the probability that the null hypothesis is true. 

the probability of rejecting the null hypothesis when it is true. 

how seriously a result should be regarded. 

none of these, in fact it is ... 

4. The power function of a hypothesis test is 

the probability of rejecting Ho as a function of the true parameter value. 

one minus the significance level. 

a Minitab subcommand used for exponents. 

another name for the type II error. 

none of these, in fact it is ... 
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5. The P-value of a significance test is 

the true value of a population proportion. 

the sample value of the proportion. 

the smallest value of a at which the null hypothesis would be rejected. 

the size of the critical region. 

none of these, it's actually ... 

6. Suppose that we have a 100( 1 - a)% confidence interval for a parameter 

0, then we can test the hypothesis Ho : 0 = 00 at significance level a 

against the alternative hypothesis H 1 : 0 =/=- 00 by 

rejecting Ho whenever 00 is inside the confidence interval. 

rejecting Ho whenever 0o is outside the confidence interval. 

rejecting Ho whenever x is inside the confidence interval. 

rejecting Ho whenever x is outside the confidence interval. 

none of these, the way to do it is ... 

7. A collection, or set, of individuals, objects, or measurements whose prop­

erties are to be analysed is 

a parameter. 

a population. 

a statistic. 

a variable. 

an experiment. 

8. When testing the hypothesis Ho : a 2 = 100 against the alternative 

9. 

a2 < 100 using a sample of size 15 and a significance level of .05, what 

number forms the boundary of the critical region. 

t(14,.05). 

x2 (15, .05). 

z (.95). 

6.571. 

23.685. 

The sign test is a useful non-parametric method that can be used for a 

hypothesis test concerning 

[ the difference between two independent means. 

[ the value of the median for one population. 

[ the spread of one population. 

[ the variances of two related samples. 

[ none of these, you use it to ... 
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SECTION B : Answer on the paper in the space provided. 

vVhen a fair coin is tossed, suppose that a 'tail' scores 2 and a 'head' 

scores 4. Calculate the probability distribution function, its mean, and its 

variance, for the following random variables: 

(a) The score on a single toss 

(b) The mean score on two independent tosses. 

Does the relationship between the variances remind you of a general rule? 
State this rule. 

11. An electronic method has been developed for measuring the percentage of 

fat in cheese. If the true percentage of fat is 0, the method gives a result 

X normally distributed with mean 1.050 and variance 0.4. 

( a) If we follow the electronic procedure 3 times independently, ob­

taining the results 29.3, 30.0, 29.5, give a 95% confidence interval 

for 0. 

(b) How many electronic fat determinations would we need to do, to 

obtain a 95% confidence interval of half-width 0.01? 
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Suppose that you have a summer job at Horotiu Freezing Works. Your 

boss was pleased with the help you gave him earlier and seeks your aid 

a second time. Another small fire has occurred and he wishes to recheck 

that a batch containing a large number of carcasses is OK. This time he 

has already decided to use an ( n, c) plan with n = 15 and c = 1. He wants 

you to tell him the probability of rejecting a batch with (a) 50% (b) 20% 

and ( c) 5% of defective (ie smoke-damaged) carcasses. Work out these 
probabilities. 

13. The following data consists of weight gains in kilograms for ten pairs of 

identical twins in a designed experiment to evaluate two systems of feeding. 

One calf in each pair is randomly assigned to be fed by System A, and the 

other is fed by System B. 

Pair 
Syste1n 1 2 3 4 5 6 7 8 9 10 

A 19.0 17.7 17.6 19.1 20.9 19.5 17.2 19.5 23.2 19.5 
B 18.3 17.3 16.8 20.0 19.1 18.2 17.3 20.0 23.0 17.8 

(i) Describe two alternative tests which could be used to test the hypothe­

sis that the weight gains under the two systems are the same. For each test 

state the test statistic, what distribution it has when the null hypothesis 

is true, and how the critical region is constructed. Do not carry out the 

numerical calculations. 

(ii) Analyse the data by carrying out one of the two procedures described 

in part (i). Use either a= 0.05 or a P-value approach. 
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