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Abstract 

In aluminium reduction cells the intense magnetic fields and associated Lorentz 

forces drive steady flows in the cryolite and aluminium layers. Generally there is a 

discontinuity in velocity between the layers, which gives rise to a Kelvin-Helmholtz 

instability, and the study of this effect is the subject of the thesis. 

The role of the basic steady flow is focused in this analysis, while most previous 

MHD analyses neglect it and emphasise on the interaction between the interface 

wave and the electromagnetic field by the electromagnetic perturbation. · The sta­

tionary magnetic field is considered important as a strong driving source for the 

steady velocity in our model. 

Steady velocity fields are studied in terms of a stream function and global stability 

criteria are discussed with disturbances. Non-linear evolution of flow is investigated 

to find a steady condition and show that steady flows are stable. A normal mode 

analysis is used to formulate wave evolution equations, which are integrated for­

wards in time. 

Also an improved treatment of electromagnetic damping is developed, which m­

cludes the effect of the induced electric field. 

Using a normal mode form of the steady-state current, magnetic field or flow, the 

scheme developed in this research is suitable for industrial application where these 

would be calculated numerically. 
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Chapter 1 

Introduction 

Aluminium is produced in Hall-Heroult electrolytic cells. These consist of large 

carbon anodes suspended in an electrolyte of molten cryolite, below which is a 

molten pool of reduced aluminium which acts as a cathode. The cryolite is a solvent 

for the aluminium oxide fed to the cell. Beneath the cryolite is a pool of molten 

aluminium. The reduction of the aluminium ions to metal occurs at the anodes 

and the aluminium pool thereby increases. A strong magnetic field is generated by 

applied electric currents. The liquid aluminium is generally driven faster than the 

cryolite flow by the electromagnetic forces because of its different material properties 

such as density, viscosity and electrical conductivity. The electrical conductivity of 

the materials is especially important. The aluminium is an excellent conductor, 

the carbon a moderate conductor and the cryolite a very poor conductor. These 

differences in the electrical conductivity are critical to the current redistribution in 

the cells. 

It is well known that the interface can become unstable due to the stationary elec­

tromagnetic field and the steady velocity field driven by it. The velocity difference 

between the liquid layers can cause the interface to fluctuate, which is known as a 

Kelvin-Helmholtz instability. Other unwanted disturbances may be triggered at the 

interface, for example a current flow instability, where gravity waves are modified 

by the intense electromagnetic force. These waves are observed to grow, damaging 

the normal operation of the cell. 

The analysis of the interfacial instability has always been a great challenge which 



2 

needs much time and effort. It has been intensively studied to achieve optimum cell 

design and operation for the last two decades and more. Although aluminium is 

one of the most important materials in modern industry, the production cost has 

always been an issue and depends largely on the electrical power consumption during 

the reduction process. The main goal is to consume the least electrical energy to 

produce the most aluminium. 

In large-scale reduction cells, a small surface/volume ratio is desirable to minimise 

heat loss. As these large-scale reduction cells require greater current flow, more 

intense magnetic forces induced from strong electric currents are generated. The 

strong magnetic forces and the circulation flows originating from them are considered 

important factors in cell operation and energy efficiency, as they can seriously disturb 

the interface between two liquid layers. The unstable interface can make an electric 

short by direct contact between liquid aluminium and anodes and consume a huge 

amount of electric energy. Therefore, it is essential that the interfacial instability 

be controlled. 

The main part of this dissertation is devoted to studying the K-H (Kelvin-Helmholtz) 

instability, which arises from the velocity difference between two liquid layers. It 

will be shown that the interfacial instability can occur with the different liquid 

densities and/or with the different steady velocities between the liquid layers, as 

both cause a pressure imbalance at the interface which transfers energy into the 

interface disturbance. While the first mechanism arises purely from the density 

difference even when the velocity field is continuous at the interface, the second 

mechanism or the K-H instability is much stronger. 

Ziegler [85] investigated the effect of the steady velocity on the interface with the first 

mechanism. Though his work deserves our attention, it seems to be insufficient to 

explain the cell instability, as the velocity difference is not considered in the analysis. 

We should consider both the density difference and the steady velocity difference, 

because there is always a velocity difference between the aluminium and the cryolite 

layers in a real cell. Since the KH instability is known to be a strong effect (see 

Section 1.2) it is likely to be the strongest destabilising influence, although there 

exist also other possible instabilities which will be reviewed in Chapter 2. 

A nonlinear cell model will be integrated forwards in time. In order to avoid an 
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unphysical pressure discontinuity across the layers, we start the system from a state 

in which both layers are at rest. The steady velocity is gradually increased from 

zero to a constant value in the transient period of 10 seconds as shown in Figure 

5.1. The normal mode techniques, which were developed by Sneyd & Wang [74], are 

adapted to formulate the wave evolution equations. This leads to a coupled system 

of nonlinear ordinary differential equations which can be integrated numerically. 

In the first section, the background of this dissertation is introduced. We will review 

the aluminium reduction process and the physical model for the interfacial instability 

analysis, including cell geometry. In the second section, the difference between the 

current flow instability and the K-H instability will be briefly discussed in terms of 

the steady velocity of the basic flow and the stationary electromagnetic field. The 

layout of this thesis will be presented in the last section. 

1.1 Background 

1.1.1 Aluminium reduction process 

Aluminium is produced by the electro-chemical reduction of alumina to aluminium. 

The process consumes much electricity and is represented by the following electro­

chemical equilibrium equation: 

2Al20 3 + 3C + Electrical Energy===} 4Al + 3C02 . 

Strong magnetic fields are generated by the electrical current fields. Then they in­

teract together and cause strong electromagnetic forces, which can drive circulation 

flows in the molten electrolyte (a mixture of sodium and aluminium fluorides, which 

is usually known as cryolite) and the molten aluminium contained in the cell and 

impair the current efficiency. They deform the interface between the two liquids 

which impedes efforts to reduce electrical energy consumption, although they also 

have a beneficial stirring effect. It is well known that this electrical energy con­

sumption has always been a major issue in the aluminium industry. Actually, the 

energy consumption has been reduced remarkably by improved cell design, for ex-: 

ample by reducing the A.CD (anode-cathode distance) since Charles Hall and Paul 

Heroult invented the modern reduction process for manufacturing aluminium from 
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Collector bars 

Figure 1.1: Cross-section of a II a I 11111 i u i II rn reduction cell 

alumina. It cost about 34kWh to produce 011r· kil11gram of aluminium when the first 

commercial reduction cell was built in 1890. Thi:-. tig11n• has now been reduced to 

about 13kWh [83]. 

A typical cell would carry 100-500kA, contain t<·11 tu t \\"('lit>· anodes, operate at 960°C 

and have a rectangular steel shell 7-12m 101112,. :3-,,m \\"ide and l-2m deep as shown 

in Figures 1.1 and 1.2. Reduction cells are us11al1Y arranged in lines of several tens 

of cells known as pot-lines and an aluminium pla111 might contain several pot-lines 

usually running parallel to one another and a fr"" meters apart. Figure 1.1 shows 

a cross-section of a typical reduction cell. An inner liner of carbon materials is 

insulated from the steel shell with refractory material. The insulation by the carbon 

lining and the frozen cryolite is important for the control of heat efficiency. The 

normal thickness of the aluminium layer is O.l-0.2m. The thickness of the cryolite 

is 0.03-0.05m, which is one of major factors for interfacial instability and energy 

consumption. A thick cryolite layer often results in the cell being overheated, as it 

is a much poorer conductor than the aluminium layer. Most Joule dissipation occurs 

here. On the contrary, a thin cryolite layer may not be able to raise the cryolite 

temperature high enough for an efficient reduction process. Also, a thin cryolite 
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Figure 1.2: Position of anodes 

layer may cause an unstable interface, as will be discussed in Chapter 6. The anode 

must be adjusted regularly to maintain the ACD as the anode carbon is consumed 

by the reduction process. 

The electric current enters from the riser bus, goes to an anode bus from which it 

is distributed to each anode. Then it flows through the anodes into the electrolyte, 

into the molten aluminium pool and into the carbon cathode blocks. After passing 

through the carbon cathode blocks, the current is carried to the next cell through a 

bus bar system, which interconnects all the collector bars to the riser bus between 

the cells. 

The large currents surrounding conductors and adjacent cells generate strong elec­

tromagnetic fields within the two liquids contained in the cell. As the currents pass 

through these liquids Lorentz forces are developed. These forces cause circulation 

of the liquids in a predominantly horizontal direction with velocities of the order 

of 10-1m/sec. In addition, they cause an undesirable deformation of the interface. 

The cryolite has much greater resistivity than the other materials and the energy 

consumption can be significantly reduced if the ACD is minimised. However, there 

are great penalties associated with making this distance too small. Touching the 

aluminium with the anode results in local overheating due to excessive current den­

sities and to passage of current through the cell without the usual electro-chemical 
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Figure 1.3: A simplified cell geometry. 
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generation of aluminium. The reduction or elimination of such distortion will there­

fore result in the ability to run the cell at much lower energy consumption rates. 

An ACD of about 0.04m is used for a cell. 

Aluminium has a slight solubility in the cryolite and this dissolved aluminium is 

transported from the aluminium/ cryolite interface to the vicinity of the anodes where 

it is reoxidised, presumably by carbon dioxide bubbles. The transport mechanism is 

convection and turbulent diffusion in the cryolite layer. Therefore the cryolite flow 

driven by the electromagnetic forces can have an effect on current efficiency. It also 

has the beneficial effect already mentioned. 

1.1.2 Mathematical model 

Our model consists of a large rectangular box with three horizontal layers repre­

senting the liquid aluminium, cryolite and anodes as shown in Figure 1.3. The flat 

aluminium/cryolite interface is located at z = 0 and the z-axis is directed upward. 

The heights of the liquid aluminium and the cryolite are ha and he respectively. 

The current densities, magnetic fields, velocities, mass transport rate and current 

efficiency should be amenable to calculation with some reasonable simplifications. 

The flows are three dimensional and normally unsteady. The magnetic fields are 
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affected by the ferromagnetic steel shell. Current distributions within the cell are 

a function of electro-chemical reactions and contact resistances that are difficult to 

predict. 

In spite of these difficulties, cell analysis appears to be worthwhile. Even idealised 

calculations can result in reasonable agreement with measurements. The calcu­

lations can, to some extent, substitute for measurements which are expensive or 

impossible in the hostile environment of a real cell. Furthermore they can be an 

economical alternative to optimisation of actual operating cells. Even quite simple 

changes in the conductors around a cell would cost tens of thousands of dollars in 

materials and labour. It will take several days at least to determine the current 

efficiency and interface geometry for the modified cell. On the contrary, the same 

modification can be simulated on the computer without spending much time or 

money. 

1.2 The current flow instability and the K-H in­

stability 

The physics of interfacial instability in aluminium reduction cells has been widely 

discussed by means of MHD or hydrodynamics. In spite of many theoretical discrep­

ancies among the various analyses arising from the different simplifying assumptions, 

the production efficiency has been improved greatly by these efforts. It is useful to 

introduce basic features of the current flow instability and the K-H instability, before 

we review previous instability theories in Chapter 2. 

Moreau & Ziegler [52] showed that two different kinds of instabilities can develop in 

aluminium reduction cells. One is the classical K-H instability of a sheared interface 

slightly modified by MHD effects. The other is a MHD instability, essentially elec­

tromagnetic, which can generate long wavelength waves (about 1.5m) propagating 

in the direction of horizontal current. 

Later, Ziegler [85] confirmed that the interfacial instability can arise from MHD 

driven steady flows, even when there is no velocity discontinuity at the interface. 

Some Russian authors also indicated that the interfacial instability is hydrodynamic 
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Tl ---- -
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Figure 1.4: Current perturbation due to the interfacial displacement TJ in a cell 

rather than MHD in nature (see Almukhametov [2], [3] and Ai [1]). Recently, Wang 

[83] pointed out the importance of the K-H instability mechanism. Although it 

is not a new idea completely, the K-H instability approach is remarkable because 

most other authors (Potocnik [60], [59] & [58], Urata [77], [55] & [54], Leblanc [37], 

Echelini [24], Medina [43], Kent [32] and other authors [64], [76], [23], [40] & [39]) 

have dealt with the current flow instability. 

In this thesis, we will discuss the above two different interfacial instabilities in alu­

minium reduction cells - one is the current flow instability with MHD interaction 

between the interface wave motion and the current flow in a strong magnetic field, 

and the other is the K-H instability. 

1.2.1 The current flow instability 

As reviewed in previous sections, strong electric current passes through both alu­

minium and cryolite layers during the reduction process. The current flow is dis­

tributed according to the electric conductivities of the layers and the electromagnetic 

boundary conditions between the layers (see [83] for further details). 

Figure 1.4 shows a current perturbation due to the interface wave displacement TJ 

in a cell, which generates dynamic forces in a strong magnetic field. As cryolite is 
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a poor conductor, the current flow is diverted through the narrowest part of the 

cryolite layer. The consequent change in electromagnetic forces may accentuate the 

layer perturbation. The instability depends crucially on the change in the current 

distribution. Thus, we call it the current flow instability in this thesis. 

It is obvious that the electromagnetic interaction is an important factor in cell in­

stability. However, it does not seem to be so critical always in real cells. Sneyd's 

analysis [74] supports this very well. He pointed out that typically, when the alu­

minium/cryolite interface is perturbed, the restoring force due to gravity is much 

stronger than that due to electromagnetic effects. The resulting oscillation is there­

fore essentially a combination of normal gravity modes, weakly coupled by the elec­

tromagnetic force. 

1.2.2 The K-H instability 

The KH instability is driven by the velocity difference between the aluminium and 

cryolite layers. In a simplified model as shown in Figure 1.5, a sheet vortex is gener­

ated by the steady velocity difference between the liquid layers. When a disturbance 

is applied to the liquid layers, the growth rate of the sheet vortex a is proportional 

to the gravitational wave number n and the magnitude of the steady velocity U as 

follows [9]: 

a= ~nU/2. 

The positive root for a corresponds to an exponentially-growing disturbance, show­

ing that the sheet vortex is unstable to any disturbance periodic with respect to x 

for which n =fa 0. In this instability, no MHD interaction is included. This instability 

is purely hydrodynamic but owes its existence to the MHD body forces. In Chapter 

6, we will discuss the K-H instability further in detail. 

In the K-H instability approach, one of our main conclusions is that vertical magnetic 

field, which is the main source of the horizontal driving force for the steady velocity, 

is one of most important sources of instability in aluminium reduction cells. 
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Figure 1.5: A plane sheet vortex to a small disturbance 

1.3 Scheme of the thesis 

The aim of this dissertation is to study the Kelvin-Helmholtz instability and the 

electromagnetic damping effect in aluminium reduction cells. This research pro­

gresses through three main steps. Firstly, we establish a hydrodynamic instability 

model and formulate wave evolution equations to simulate the interface movement. 

Secondly, based on this mathematical model, we investigate the K-H instability 

mechanism. Finally, the effect of the electromagnetic damping force due to the 

induced current is calculated and compared with previous results. 

To investigate the effect of the steady velocity on the interfacial instability more 

realistically, the steady pressure distribution term at the interface and the initial 

transient adjustment of the steady velocity are included in our improved model. As 

the steady velocity term is gradually increased to a constant value in time, we use 

a time integration method to solve the wave evolution equation instead of normal 

eigen analysis. 

In Chapter 1, the background and the scope of this study is introduced and the 

general information about aluminium reduction cells is reviewed. 

In Chapter 2, we will discuss previous theories and analyses of the interfacial insta­

bilities. 

In Chapter 3, basic physics of interfacial instability will be reviewed. The Navier-
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Stokes equations, the Maxwell equations, the Lorentz force and the perturbation 

equations are summarised in this chapter. 

We shall discuss the stability of the two-dimensional flows with closed stream lines 

in Chapter 4. This will give some useful information about the instability of single 

layer flows in rectangular containers. Based on this study, we find that the instability 

observed in aluminium reduction cells is not due to an intrinsic instability in the 

single-layer flows, but the K-H instability mechanism between two liquid layers. 

Chapter 5 formulates the wave evolution equations and explores the K-H instability, 

which is the main part of this thesis. We shall establish our model with some physical 

and mathematical assumptions, formulate the d:rnamic equations with the normal 

mode method and verify the numerical model Ii~· testing gravity-wave periods and 

energy conservation. 

The numerical simulations for the K-H instabilit\ and the results will be discussed in 

Chapter 6. Various cell design and operation para11wters such as the steady velocity 

magnitudes, ACD, damping coefficient, cell di11wnsion and liquid metal depth will 

be included in this discussion. 

In Chapter 7, we will formulate and evaluat<' Pl<'ct romagnetic damping due to the 

induced current, which is a stabilising effect. Tlw 1111111erical results will be compared 

with previous work. 

Finally, we shall summarise and conclude the res<'arch results in Chapter 8. 



Chapter 2 

Review of literature 

The physics of the interfacial instability is well known, but its application to im­

proving cell design has always been a great challenge. The strong current and the 

associated magnetic field generate electromagnetic forces which are useful for main­

taining an even temperature distribution by stirring the bath, but which may also 

cause many undesirable effects by driving the steady velocity in the liquid layers. 

Also, they affect the interface movement by the electromagnetic interaction. 

In this chapter, we briefly review and discuss the major instability theories intro­

duced in the past two decades. During this period, numerical analysis has emerged 

as an important tool in applying the theories. The analytical approach is seldom 

possible, as the theory becomes more complicated [35]. The disagreements between 

the theories have their origins in the different assumptions made in describing the 

physics of the cell. 

2.1 Introduction 

In this section, we first give a brief list of the papers and then will discuss each in 

more detail in Section 2.2. 

Urata [79], [77] is the first author to formulate an approximate wave equation for 

the interface to investigate the MHD effects in aluminium reduction cells. His work 
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highlighted the destabilising of horizontal gradients in the vertical background mag­

netic field. 

Several previous authors (Sneyd [72], Moreau & Ziegler [52], Pigny & Moreau [57], 

Potocnik [59] and Descloux, Flueck & Romerio [20]) have analysed the linear stability 

of the interfacial waves and concluded that the magnetic field distribution and the 

ACD are all important factors. It was indicated by Urata and Potocnik that unstable 

modes are ofrelatively long wavelength ( one meter or more). Moreau & Ziegler [52] 

emphasised the importance of horizontal distribution of a vertical cell current. They 

show a horizontal component of current in the steady aluminium layer can give rise 

to unstable waves on the interface. 

The first self-consistent MHD instability theory was established by Sneyd [72] using a 

horizontally infinite model. It was found that the external magnetic field could drive 

a long-wavelength instability which became easier to trigger as the ACD diminished. 

This work was extended [73] later to show that a much stronger instability arises 

from the vertical gradient in the horizontal background magnetic field. His analysis 

relies on a perturbation technique. 

Moreau & Ziegler [52] developed a similar model in which the field and the current 

are uniform, but with a horizontal current component in the aluminium layer. The 

drag force was assumed to depend linearly on the velocity vector by Moreau. David­

son [16] examined the effect of vertical magnetic field or the vertical gradient of the 

horizontal magnetic field. 

Ziegler [85] suggested a time integration method in which a small perturbation to 

the interface is given as an initial condition for evaluating the coefficients of the next 

time step. The stability of a system can be measured by a form of energy expressed 

in terms of the wave evolution coefficients. This method is an alternative to solving 

the eigenvalue problem. 

A recent study by Sneyd & ·wang [7 4], [83] considers a system of coupled ordinary 

differential equations for time-development of the mode amplitudes and shows that 

instability can occur via mode interactions by the electromagnetic perturbation force 

due to one mode feeding energy into the other. They studied the effect of cell 

dimensions, electric current density and magnetic field. 



14 

Bojarevics and Romerio [13] derive equations very similar to Sneyd and Wang's 

work. The governing equations couple hydrodynamic variables and electric current. 

Modified gravitational waves were examined, which can be either purely oscillating 

or exponentially growing. With an approximation method, the eigenvalues of the 

two interacting modes were deduced from the wave equations. 

Davidson & Lindsay [17] derived a sufficient condition for the interface stability from 

the MHD coupled equations without extracting the eigenvalues. Using Gershgorin's 

theorem [34] to estimate the eigenvalues of the coupled system of equations they 

produced a new instability criterion for both travelling and standing waves. 

2.2 Instability theories 

2.2.1 Urata equation for single Fourier-component wave 

After the first formal research on the cell instability was reported by a group of 

engineers at Mitsubishi, Urata was the first author to formulate the interfacial wave 

equations using shallow water theory [79]. He derived linearised perturbation equa­

tions from the two dimensional N avier-Stokes equation in Cartesian coordinates. 

It is well known that the electromagnetic forces affect the interface oscillation, as 

shown in the Urata equation (2.1). When we assume that both the liquids are steady 

and the vertical electromagnetic force is negligible, it is written as 

(2.1) 

where 77 represents the interface wave displacement. The horizontal component of the 

electromagnetic force is induced by the interaction between the vertical magnetic 

field Bz and the horizontal current Jx, Jy· The interaction between the vertical 

current j 2 and the horizontal magnetic field Bx, By can be neglected since it does 

not contribute to the slope of the liquid metal due to the continuity at the interface. 

The above equation shows that the gradients of the vertical magnetic field 8ffxz , 8fuz 

affect the slope of the liquid aluminium surface. The horizontal current around 

the metal pad interacts with the vertical magnetic field and induces the strong 

horizontal flow of the metal. The uniform component of B 2 contributes only to 
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the circulation of the metal, while the horizontal gradients of Bz contribute to the 

interface displacement. 

Segatz [65] separated the total transferred energy into components caused by the 

different terms of the electromagnetic forces as shown below. Most of the kinetic 

energy is transferred by the terms involving the vertical magnetic field Bz and the 

horizontal current Jx, Jy· 

Bx(jzUy - )yUz) 
By(jxUz - JzUx) 
Bz(jyUx - JxUy) 
Jx(byUz - bzuy) 
Jy(bzUx - bxuz) 
lz(bxUy - byux) 

-10.6% 
0.7% 
92.1% 
21.7% 
0.0% 
-3.9% 

In this theory, the mechanism that drives the instability is the interaction of the 

vertical field with the local currents set up in the metal by an arbitrary electrolyte­

metal interface disturbance (see Urata & Mori [79], Shiota & Ikeuchi [54] and Urata 

[77]). This engenders forces that propagate the interface disturbance. This method 

is based on solution of a wave equation for the interface of a specific cell, so that 

values of the magnetic fields are input from a theoretical model or from measured 

values of the cell. Their conclusion is that horizontal gradients of the externally 

imposed vertical magnetic field are the main causes in destabilising the interface. 

2.2.2 Sele's instability model 

Sele ([68], [69], [70] and [71]) has studied the interfacial instability based on a nu­

merical flow model. A local increase in the height of the electrolyte-metal interface 

leads to an increase in the local vertical current density in the bath. This increase in 

current spreads out horizontally in the metal pad. The horizontal currents interact 

with the vertical magnetic flux density to produce a horizontal force in the metal 

pad, normal to the slope of the interface. This causes the interface to rotate, leading 

to a wave that travels around the cell. A stability criteria is devised correlating the 

ACD, metal depth, cell current and the vertical magnetic flux density. He derived 

an instability criterion by extracting eigenvalues in a finite rectangular cell on the 

basis of a simple dynamic model, which described the motion of a rotating tilted 

interface due to the interaction between horizontal electric currents and a vertical 
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magnetic induction field. Sele's conclusion is that a weak vertical magnetic field 

gives the most stable cells. 

2.2.3 Moreau and Ziegler's instability model 

Moreau & Ziegler [52] also explained a mechanism for an electromagnetic instabil­

ity that depends on the interaction of the magnetic field caused by an interface 

disturbance or perturbation with the steady horizontal current in the metal pad. 

Important parameters in determining the stability are the magnitude of the hori­

zontal current density, ACD and metal depth. It is shown that the vertical current 

has almost no effect. 

2.2.4 Sneyd's horizontally infinite model 

Besides the above effects, the interfacial instability can be affected by the external 

magnetic field due to distant current sources. Sneyd [72] analysed a plane horizontal 

poorly conducting layer (cryolite), sandwiched between two highly conducting semi­

infinite layers, the lower one a fluid (liquid aluminium) and the upper solid ( carbon 

anode). In the static state, he assumed the uniform electric current J as purely 

vertical, 

(2.2) 

and the magnetic field Bi as a linear function of position as follows: 

or 

(2.3) 

where B 0 is a constant vector and O:.ij a constant second-order tensor. 

The first term is due to local currents, while the second term is due to remote 

(background) current sources. Using the above magnetic field, Sneyd calculated the 

Lorentz force. A dispersion relation at the interface is derived from the linearised 

equation of motion in the fluid layers. The eigenvalues are extracted to obtain the 

growth rate of the interface wave. His result shows that the stability of the interface 
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depends on the form of the magnetic field due to far current sources. Finally, Sneyd 

suggested the cell should be made as symmetrical as possible to minimise horizontal 

gradients in the far field. Lympany [39], [40) also found that the connection geometry 

in which the current is delivered and withdrawn from the cell has an important 

influence on the interface movement. 

In spite of the above useful results, this model has the limitation that the analysis 

is two-dimensional and the lateral boundary condition is not considered. 

2.2.5 Sneyd and Wang's normal mode analysis: resonance 

of standing waves 

The normal mode method is a useful tool for analysing general systems. It is based 

on the idea of expressing variables as a linear combination of normal modes. Then 

the equations can be simplified by the orthogonal property of the normal modes. 

Sneyd and Wang [74] developed a normal mode analysis for a combination of gravity 

waves, while Urata analyses a single Fourier component wave. Sneyd and Wang 

derive a system of coupled ordinary differential equations for the time-development 

of the mode amplitudes. In order to determine the conditions for instability, growth 

rates are determined by computing the eigenvalues of an interaction matrix and an 

approximate method using only the three leading diagonals (see (2.6)) is developed 

to reduce the computation efforts. 

The main advance in this analysis is that this model is three-dimensional and consid­

ers the vertical and lateral boundary conditions realistically. Also the main physical 

parameters such as velocity, force, current and magnetic fields can be analytically 

expressed in terms of Fourier components. Thus, this approach is very practicalfor 

real application. 

As will be explained in detail for the general normal mode analysis in Chapter 5, 

the interface displacement 71(x, y) can be expanded in terms of the eigenfunctions 

En as follows: 
00 

71(x, Y, t) = L, T/n(t)En(x, y), (2.4) 
n=l 
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where 

En(x, y) = cos nx1f'X cos ny1f'Y' 
a b 

which satisfies lateral boundary conditions. The subscripts n, nx and ny are integers 

in the above equations. The coefficients rJn(t) are functions of time describing the 

evolution of the wave. They should be small, as we make usual small-amplitude 

linearising assumption. 

The linearised equation of motion in each layer is written as: 

OU \7 - f Pm= - p - pgz + M, (2.5) 

where pis the perturbation pressure and fl\I df'11otPs the perturbed Lorentz force. 

Wave evolution equations for the interface col'fhl'i<'nts 71k(t) are obtained by taking 

the inner product of the above equation with irrnt at io11al gravity-wave modes \7 ¢k 

in each layer, yielding the following coupled s~·st Pill of evolution equations: 

rjk + D% (T/k - E f-.k,,IJ,,(f )) = 0, 
11=0 

(2.6) 

where the gravitational frequency nk is a co11st a11t and the dimensionless parameter 

E is a measure of the relative importance of 111a.!.!;11Pt ii' and gravity restoring forces 

to interfacial waves. The growth rates of t IH· i 111 <·rfa<·<· displacement coefficients T/k 

are determined by the above wave evolution <'<p1at ions. The magnetic interaction 

coefficients "/kn represent mode coupling arising from th<' Lorentz force perturbation. 

Sneyd & Wang [74] showed that a resonan<·<· of t ii<· 11cighbouring waves can occur 

when two different modes have similar frecp1<•nc·i<·s. For two modes with approxi­

mately equal frequencies, the stability can be anal~·spci in term of the 2x2 interaction 

matrix for two such modes. Their analysis shows how the cell dimensions affect the 

instability by changing the natural frequencies of the standing waves. The magnetic 

term is considered to be small compared with the gravity term. The waves consist 

essentially of a combination of gravity modes weakly coupled by electromagnetic 

effects. The heterogeneous magnetic field links evolution of different modes, which 

may thereby destabilize one another. If any two modes have similar frequencies they 

may interact resonantly to destabilize the cell at quite small electrical current den­

sity, the magnetic restoring force established by one mode feeding energy into the 

other. The combination of two modes can be more unstable than either mode indi­

vidually. The cell dimension and the vertical magnetic field are the most important 
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factors in avoiding this interaction between the neighbouring modes in optimum cell 

designs. The equation quoted on this section is of exactly the same form as Sneyd 

and Wang's. 

2.2.6 Bojarevics and Romerio's work 

Bojarevics & Romerio [13] generalised Sele's criterion [69], which depends on the 

aspect ratio of cell. They derive equations very similar to Sneyd and Wang's work 

in the previous section. 

The governing equations couple hydrodynamic variables and electric current. Mod­

ified gravitational waves were obtained, which can be either purely oscillating or 

exponentially growing. For approximated solutions, having in mind the situation in 

which two neighbouring frequencies are very close and the natural frequency is lo­

cated between them, the eigenvalues of the two interacting modes were deduced from 

the wave equations. Bojarevics and Romerio studied the effect of cell dimensions, 

electric current density and magnetic field with the criterion. 

They established a coupled set of interface equations of the form 

X +nx = EKX, 

where x is a column vector which represents the amplitude of the gravitational 

modes. The gravitational wave matrix n is diagonal with elements equal to the 

square of the gravitational frequencies and the K is the interaction matrix which 

arises from the Lorentz force. The scalar E is the ratio of the Lorentz force to inertia. 

The interaction matrix K is determined by calculating the redistribution of current 

caused by one gravitational mode. Normally, there is a critical value of E at which 

complex eigenvalues appear. The dominant contribution to the perturbed Lorentz 

force arises from the interaction between a horizontal current in the aluminium and 

the vertical component of the background magnetic field B z. Their results show that 

standing waves are predicted to go unstable once Bz exceeds some critical value. On 

the other hand, travelling waves are unstable whenever there is a horizontal gradient 

in Bz, provided that friction is ignored. 
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2.2. 7 Davidson & Lindsay's work 

Recently, Davidson & Lindsay [17] introduced a simplified mechanical analogy to 

find a stability threshold in aluminium reduction cells. They considered a compound 

pendulum as shown in Figure 2.1. It consists of a large flat aluminium plate attached 

to an adjacent, parallel surface by a light, rigid strut. The strut is pivoted at its 

top end so that the plate is free to swing about two horizontal axes, x and y. The 

density of the cryolite (Pc) and the horizontal magnetic field (Bx and By) are ignored 

in this analysis. 

Taking moments about the pivot, two equations of motion for the pendulum are ob­

tained, which include the coupling terms associated with the Lorentz forces. Finally, 

they derive an instability equation as 

2joBz _ 
1

, 2 _ 2
1 H - wx WY' 

Pa 

where w is the conventional gravitational frequencies of the pendulum. 

The behaviour of w2 can be explained in a complex plane. As j 0 B 2 is increased the 

two natural frequencies converge on the real axis. At a critical value of j 0 B 2 , the two 

frequencies meet and then move off into the complex plane. Thus, the result shows 

that the sensitivity of the pendulum to the destabilizing influence of j 0 B 2 depends 

on the initial separation of the gravitational frequencies, which was established by 

Sneyd & Wang and Bojarevics & Romerio. 

Also Davidson & Lindsay derived a sufficient condition for the interface stability 

from the MHD coupled equations in the previous section 

without extracting the eigenvalues. using Gershgorin's theorem [34] on the eigen­

values of the interface wave equations, they produced a new instability criterion for 

both travelling and standing waves. Gershgorin's theorem links each eigenvalues to 

one of the diagonal elements of the matrix Og and places a bound on the separation 

of the natural frequencies w; and the gravitational frequencies w~i in the complex 

plane: 
00 

lwf - w;il :S f L [Kikl, 
k=l 
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B, H Aluminium plate 

Lx 

Figure 2.1: A compound pendulum. 

where Kik is the element of the interaction matrix K. This allows us to place a 

lower bound on the critical value of the background magnetic field at which an 

instability first appears. Finally, for the closest gravitational frequencies w;i and 

w;j, a sufficient condition for stability is expressed as: 

00 00 

\w;i - w;j\ > E(L \Kik\ + L \Kjk\) 
k=l k=l 

or 
\w;i - w;j \ J0 Bz 

-oo---"---~oo~-- > -----
L \Kip\+ L \Kjpl Pahc + Peha 

p=l p=l 

It is remarkable that we can obtain the instability condition directly without solving 

the governing equations of motion. Also we do not need to solve the eigenvalue 

problem, while Sneyd & Wang and Bojarevics & Romerio give simple approximate 

methods to solve it. Above all, the new equation is valid regardless of the existence 

or form of boundaries. 

When an infinitely long channel is considered, the travelling waves may become 

unstable even with a uniform, vertical magnetic field. This result is quite different 

to previous works by Sneyd [72], Moreau & Ziegler [52] and Pigny & Moreau [57] 

which require more complex magnetic fields to become unstable. However, in any 

case, as the influence of the lateral boundaries of the cell is ignored, these travelling 

wave models have their limit in real applications. 

Davidson & Lindsay also derived a sufficient condition for the stability of standing 

waves in a finite domain. In case of rectangular lateral boundaries, the model leads to 

the standing waves of Sneyd & Wang's work. According to this instability condition, 

it is frequently not the pair of modes with closest gravitational frequencies which 

first become unstable. The largest growth rate is not necessarily observed in the 

first unstable mode-pair. It is interesting to note that relatively few mode-pairs are 
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coupled to be destabilised geometrically in rectangular cells and the uncoupled pairs 

cannot become unstable. 

Finally, we can conclude that Bojarevics & Romerio, Sneyd & Wang and Davidson 

& Lindsay, in spite of the slight differences in their approaches, all of them tried to 

produce an instability condition by observing the eigenvalues of the MHD coupled 

equations which represent the growth rate of the interface waves. 

2.2.8 Ziegler's steady velocity analysis 

Ziegler [85] established a purely hydrodynamic instability model without considering 

the electromagnetic interaction effect between the interface wave and the magnetic 

field. Using Fourier-Galerkin spatial discretization and the finite difference dis­

cretization in time, the evolution equations are solved with basis functions, which 

are chosen to satisfy the vertical and lateral boundary conditions for the interface 

and horizontal velocity field. He assumed the same steady velocity in both liquid 

layers and showed that the interface becomes unstable above a critical value of the 

steady velocity. 

Ziegler formulated the perturbation equations for the interfacial instability using 

shallow-water theory. The shallow-water approximation assumes the liquid layer 

thickness is quite small compared to a typical wavelength. This method is similar 

to that used by Urata [79]. 

In order to represent the velocity field Ziegler used a stream function of the form of 

Fourier components in phase p: 

I J 

'lj;P =LL Spij sin Xi sin }j. (2.7) 
i=O j=O 

However, we shall show later that a superposition of such modes cannot represent 

a steady flow. Thus only a single Fourier component should be allowed if 'lj;P is to 

represent a steady flow. In any case Ziegler used the stream function with a single 

Fourier component in his numerical simulations. 

The final set of equations is solved for the first 8 modes in each horizontal direction, 

and is integrated in time using Adams-Moulton method. A trial velocity is input and 
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the program is run until the perturbation energy is either 100 times greater or 100 

times less than the initial energy or if the simulated time exceeds 1.5 hours without 

either of these occurring. If the configuration is stable, the velocity is increased and 

the process repeated to find the critical velocity. 

Both fluids are assumed to have the same steady velocity in this calculation. The 

results determined from this hydrodynamic analysis for the four flow configurations 

examined are shown below. Figure 5.4 shows a typical steady flow configuration 

(2,1) used in Ziegler's calculation. 

Flow configuration 
(1,1) 
(1,2) 
(2,1) 
(2,2) 

Modes 
8x8 
6x6 
6x6 
6x6 

Critical velocity (m/sec) 
0.43 
0.28 
0.16 
0.17 

Generally speaking, higher steady velocities and more complex steady flow patterns 

make the system more unstable, although the dependence is not linear. The velocity 

at which the interface becomes unstable is of the same order as that measured in 

industrial cells. 

The effect of drag parameter a on critical velocity is calculated with the steady flow 

configuration (2,1) as follows: 

Drag Parameter a 
0.5 
1.0 
2.0 

Critical Velocity (m/sec) 
0.11 
0.17 
0.33 

The ACD is one of the most important factors for cell operation. Figure 2.2 shows 

the critical velocity for various values of the ACD. As the ACD is increased, the 

system becomes less stable. This comes from the simple fact that the damping force 

will be decreased as the ACD is increased since the Moreau damping coefficient has 

been adopted (see the next section). His result on the ACD is contradictory to the 

conventional knowledge and the real measurements. We discuss this point in more 

detail in Chapter 6. 
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Figure 2.2: Effect of ACD on the critical steady velocity by Ziegler for the basic 

flow configuration (2,2). 

2.2.9 Damping 

In this section, we review simple drag models which incorporate both the drag force, 

which is associated with turbulent viscosity and the induced current density, due to 

the external magnetic fields. Normally, the threshold for the instability predicted 

from many theories is much lower than that observed in real cells, because damping 

has been neglected. 

Moreau [51] introduced a simplified model by considering the damping due to the 

no-slip condition on the solid boundaries. This model produced convincing results 

compared with those from a two-dimensional hydrodynamic model based on the 

Navier-Stokes equations. Later, this model was incorporated into the interfacial 

instability theory for infinite models by Sneyd [73] and Pigny & Moreau [57] allowing 

steady flows in both layers. 

Moreau's model was mainly concerned with the vertical momentum flux and the 

friction on the interface. This was estimated by analysing orders of magnitude in 

the Navier-Stokes equation with a magnetic body force: 

T a ( a ) p (U · v') U = - v' P + J X B - - + - TJe -U , 
H OXi OXi 

(2.8) 
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Figure 2.3: Effect of Wang's model of mag11<'ti<" damping on the critical velocity in 

a reduction cell when J3 = 0.5aa = 2.5 x 10'; is ass11111ed, where cell length a=7.7m, 

width b=3.3m, metal depth ha=0.2m and _-\C'D=ll.0-lm. 

v' · U = 0. (2.9) 

where U stands for the velocity, P for the pn·ss11n· aud 11,, for the effective viscosity 

associated with two-dimensional motion. Tll(' t 1·rn I f1 represents the drag force 

induced from the no-slip condition at the top aud 1,()t tom of the fluid layer. H is 

the fluid layer depth and Tis a drag force. :\lon·a11 showed that the force balance of 

the system can be achieved only between tll(' rnag11<·t ic force, the pressure gradient 

and the drag force, while other terms are relatiwl.,· small. 

Using a constant drag coefficient k, he assumed an approximately linear relationship 

between the drag force T and the velocity U as follows: 

T=kU. (2.10) 

To consider the damping due to the induced current density, Wang [83] modified 

Moreau's linear damping model by assuming a drag coefficient dependent on the 

magnetic field as well as the thickness of each layer: 

(2.11) 
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The value of coefficient 0: suggested by Ziegler [85] 

0: = 1.0 kg/ ( m 2 sec) , (2.12) 

is used while we expect /3 to be of the same order as the electrical conductivity a. 

0: = 1.0 is calculated with values of Vx = 0.15 m/s and L = 3 m respectively, from 

the following formula by Bird [11] for turbulent drag on a flat plate: 

(
LV )-1/5 

0: = 0.037 pV; µxP 

Figure 2.3 shows Wang's result. The damping effect of induced current is increased 

greatly when B 2 is greater than 0.008 Tesla. We will discuss this result further in 

Chapter 7. 

In this chapter, we reviewed and discussed previous interfacial instability theories 

which are related with our research. Based on this review, our model will be estab­

lished, simulated and compared with other models in Chapter 5 and 6. 



Chapter 3 

Basic physics of interfacial 

instability 

Interfacial instability can be caused by the current perturbation or the KH insta­

bility. As reviewed in Chapter 2, the steady velocity fields and the magnetic fields 

are the crucial parameters in the analysis. These effects can be predicted by the 

MHD equations. In this chapter, we review the basic MHD equations and linearised 

perturbation equations (For further details, see [49], [22], [27], [36], [50] and [26]). 

3.1 Basic MHD equations 

3.1.1 Navier-Stokes equations 

The superscript a and c will denote the aluminium and the cryolite layer respectively. 

This notation is used in this thesis, unless specified otherwise. The Na vier-Stokes 

equations are commonly used to describe the flow. As we assume that the liquids 

are incompressible and inviscid, we have the following form of the Navier-Stokes 

equations, 

pV + p (U · v') U + v' P - F = 0, (3.1) 

and the continuity equation, 

v' · U = 0, (3.2) 
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where p = the mass density, U = the velocity field, P = the pressure and F = the 

body force. 

The body force includes gravity and the electromagnetic forces: 

F = -pgz + J x B, (3.3) 

where g = gravitational acceleration, J = the current field and B = the magnetic 

field. 

As the normal velocities on liquid/solid boundaries are zero, the boundary condition 

for the velocity field is written as: 

U ·ii= 0, (3.4) 

where ii is an unit normal vector to the liquid and solid boundaries. 

Continuity of normal velocity Un and pressure Pat the aluminum/cryolite interface 

implies 

pa= pc, 

u~ = u~ = o. (3.5) 

The vorticity equation can be obtained by taking the curl of the equation (3.1): 

pf!+ p (U · v') 0-p (0 · v') U - v' x F = 0, (3.6) 

where the vorticity n = v' x U. 

3.1.2 Maxwell's equations 

Since the materials in the cell interior are not ferromagnetic, Maxwell's equations 

can be written as follows: 

v' · B = 0, 

oB 
v' XE=--. at · 

v'. D = q, 

oD 
v' x H = J+ at, 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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where E = the electric field, D = the electric displacement, H = the magnetic in­

duction and q = the charge density. We also have two other relations by virtue of 

the definition of the D and the H, 

H=B 
µ ' 

(3.11) 

(3.12) 

where the free space dielectric constant E0 and the permeabilityµ take the following 

values in SJ.units, 

µ 

8.8552 x 10-2 Fm-1 , 

4n x 10-7 Hm- 1 . 

Ohm's law is used to complete the boundary value problem, 

J =erE, 

where the electric conductivity takes the following values: 

era 5 X 106 n-lm-1 , 

ere 10-2 n-1m- 1 . 

(3.13) 

If we make the usual MHD approximation of neglecting the displacement current 

8D/8t [33], (3.10) becomes 

V X H = J. (3.14) 

Using Ohm's law, we can write 

J =er (E + U x B) . (3.15) 

The second term in the above equation is known as the induced current density and 

represents current generated by fluid motion. We will discuss further the induced 

current in Chapter 7. 

Thus, we have the electromagnetic equations as follows: 

V·B=O, 

V X B = µJ, 

8B 
V X (J - erU X B) = -er at . (3.16) 
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By eliminating J from the above equations, we have finally 

'v · B = 0, 

'v X ( i 'v X B -au X B) = -a~~. (3.17) 

The lateral boundaries for both layers in a cell are made from the frozen cryolite 

which is an electrical insulator, so the normal component of the electric currents on 

these boundaries is assumed to be zero 

On the top and the bottom of the cell where the currents are distributed through 

the anode, we have 

( i 'v X B) · Z Jtop ( X, y), 

( -i 'v X B) · Z = ]bottom ( X, Y) · (3.18) 

where Jt0 P and ]bottom represents distributions on the anode/cryolite and aluminium/ 

cathode interfaces. They are normally unknown and can be solved for in conjunction 

with the internal fields. 

3.1.3 The Lorentz force 

The magnetic fields can be expressed in terms of the current density, using the 

Biot-Savart law 

B = 1:_ j J x r dv, 
41r r3 

(3.19) 

where r is the spatial coordinate vector. The current density J can be obtained by 

solving Laplace's equation for the current potential ¢ with appropriate boundary 

conditions. Also it is possible to determine J from potential theory only if we can 

assume that J is slowly-varying, so that 13 ~ 0 and 'v x J ~ 0 [72]. 

Using the conservation of the current 'v · J = 0, we have another equation as follows: 

0. (3.20) 
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As defined in the previous section, the Lorentz force is written as: 

JxB 
1 
- (v7 X B) X B. 
µ 

(3.21) 

(3.22) 

If we separate the magnetic field into internal Bint and external (background) part 

Bext [74], we have 

or 

1 
FL = - [v7 X (Bint + Bext)] X (Bint + Bext). 

µ 
(3.23) 

(3.24) 

as v7 x Bext = 0 in the fluid. The antisymmetric term Bint represents the internal 

part B due to local current, while the symmetric term Bext represents the external 

field due to remote current sources, such as those in the bus bar, which is often 

known by empirical measurements. 

3.2 Linearised perturbation equations 

\\Then we assume a small perturbation from an equilibrium state on the aluminium/ 

cryolite interface, we can decompose the system variables as follows: 

U/ u +u, 

P l p +p, 

J' J +j, 

B' B+b, (3.25) 

where capital letters represent the steady state and lower case letters the small 

perturbation. Only the first order perturbations will be considered in this thesis. 

Substituting the above equations into the Navier-Stokes equations, to leading order 

we have 

pu + p (U · v7) u+p (u · v7) U + v7p - f = 0, 

v7 · u = 0, 

(3.26) 

(3.27) 
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jxB+Jxb 
1 

(-Vxb)xB+Jxb. 
µ 

On solid boundaries, the normal component of the velocity field is zero, 

Un= U · Il = 0. 

On the aluminium/cryolite interface, we have 

D 
-(17- z) = 0 
Dt 

or 

D 
Uz Di TJ 

iJ + U-'\11. 

By the pressure continuity on the interfact>. m· l1aw 

Similarly, we can write the magnetic field JH·rtml,.1tio11 as follows: 

V · b = o. 

( 1 ) ab V X -V X b - U X b - U X B,,1, = \ x (u X Bext) - -. 
uµ at 

3.3 System analysis 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

A spectral analysis is widely used to analys<' ti!(' ~tabilit.~· of a linear system. Math­

ematically, the physical variables such as the wloci t,·. the pressure and the surface 

wave displacement can be assumed proportional to 

i(k·x-wt) e . 

The wave behaviour is determined by the dispersion relation between the wave 

number vector k and the angular frequency w of the system. All modes can be 

examined at a time by this method. 

Another method is a time evolution simulation. This is often an inevitable option 

for the analysis of the nonlinear system. We shall adopt this method to calculate 

the critical steady velocity in this thesis, as our equations are dependent on time 

with the transient adjustment of the basic steady velocity. 



Chapter 4 

Two-dimensional flows in 

rectangular containers 

In this chapter, we will discuss the stability of the two-dimensional flows with closed 

streamlines in rectangular containers. It is interesting to discuss the stability of 

single layer, before we investigate the interfacial instability between two liquid layers 

in aluminium reduction cells. This study is to find whether single layer flows are 

stable themselves without any interfacial mechanism or not. First, two-dimensional 

steady laminar flows and the representation of stream functions for basic steady flows 

will be discussed. Then Arnol'd's stability theorem will be discussed. The global 

stability criteria provided by this theorem will give a general picture about the 

disturbances and the stability. A normal mode analysis is introduced to investigate 

an unsteady evolution of flow when two different modes are initially present. 

4.1 Two-dimensional steady laminar flows with 

closed streamlines 

First we discuss the features of two-dimensional steady laminar flows with closed 

streamlines consisting of one or several eddies. We assume steady laminar motion of 

large Reynolds number - i.e. that viscous forces are small compared with pressure 

forces nearly everywhere in the cell. It is assumed that the Reynolds number is large 



34 

enough for the thickness of the associated viscous layers to be small compared with 

the linear dimensions of the region of fluid under consideration. 

The equations governing the steady laminar motion of a uniform incompressible 

fluid are obtained from the continuity equation and the Navier-Stokes equation as 

follows [8]: 

v7 · u = 0, 

(p q2) 
U X w - '\7 p + 2 + v'\7 X w 

au 
at 
0, 

where the vorticity term w and the scalar velocity term q are defined by: 

w '\7 XU, 

q I u 1-

(4.1) 

(4.2) 

(4.3) 

( 4.4) 

When the Reynolds number of the motion is large, viscous forces are small every­

where except in the neighbourhood of certain singular surface and the equation ( 4.2) 

reduces approximately to 

u X w = '\?H, 

where H is the local total head in the fluid, 

2 

H = p_ + <]__ 
p 2 

(4.5) 

(4.6) 

The local total head His constant over stream-vortex surfaces or 'Bernoulli surfaces', 

each such surface containing the local vectors u and win its tangent plane everywhere 

and being swept out by a vortex line. However, when the viscosity v =I=- 0 the stream­

vortex surfaces will not exist because u x w is then not necessarily parallel everywhere 

to the gradient of some scalar function. 

In order to understand the effect of viscosity, no matter how small the value of v 

may be, we take the line integral of equation ( 4.2) around a closed contour with line 

element dl, 

f ( u x w) · dl- f dl · v7 H - v f ('\7 x w) · dl = 0. (4.7) 

The second term on the left-hand side vanishes since H is a single-valued function 

of position. We can make the first term on the left-hand side zero by choosing the 
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closed contour to coincide with a streamline, of which a line element will be denoted 

by ds. Thus we have the exact integral condition 

f (Vxw)·ds=O, 

to be satisfied for every closed streamline. 

(4.8) 

When the flow is two-dimensional, we can introduce the stream function 'lj;,and use 

the orthogonal curvilinear coordinates ( 'lj; l), the lines ~ = constant being every­

where normal to the streamlines. The displacements corresponding to increments 

in 'lj; and~ are d'lj;/q and hd~, where his an unknown function of 'lj; and~- Now the 

inviscid flow equation ( 4.5) can be written as: 

w( 'Ip) = d~~'lj;). (4.9) 

The above equation is approximately valid everywhere when the Reynolds number 

of the motion is large. 

When evaluating the integral in ( 4.8) for streamlines lying in the region of small 

viscous forces, we can make use of the approximation ( 4.5) whence V x w becomes 

a vector parallel to the local streamline and ( 4.8) takes the form 

dw f d'lj; qds = 0. (4.10) 

Thus we have 
dw 
d'lj; = 0, 

or 
dH( 'lj;) 

w( 'lj;) = d'lj; = constant, (4.11) 

everywhere in a connected region of small viscous forces [8]. 

The above simple equation contains a significant physical meaning. In steady flows, 

the net viscous diffusion of vorticity across a closed streamline must be zero. This 

is possible only if vorticity w is approximately constant across streamlines, which is 

well-known as the Prandtl-Batchelor theorem [9]. 

Now we consider a stream function for steady flows. Ziegler [85] used a combina­

tion of Fourier components as a stream function \JI for the basic steady flow in his 

linearised equations as follows: 

K 

'Ip = L UnHn(x, y), 
n=l 
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H . nx'lrX . ny'lrY 
n = Sln -- Slil --

a b 

satisfy the following equations: 

Hn = 0 on lateral boundaries. 

(4.12) 

(4.13) 

However, the above expression for the stream function does not in general represent 

a steady flow. We must first check the physical and mathematical features of the 

basic flow. 

When the flow in the cell is steady, the vorticity must be constant along closed 

stream lines. Thus we can express this mathematically as follows: 

D 
-w 
Dt 

8 
-w + u · \lw at 
o. 

where the first term is zero for steady flow, 

Thus the second term of the above equation must be zero, 

u · \lw = 0. 

As the velocity u can be expressed in terms of stream function as follows: 

U =\l'l/J X z, 

(4.14) 

( 4.15) 

( 4.16) 

we can obtain the relationship between 'l! and w in two dimensional flow as follows: 

) .I 

-:J" O!. , -u b\'.Yi" 

U·\lw 

where the P.oisson bracket ['l/J, w] denotes 

['l/J,w] = 

(\l'l/J X z) · \lw 

-['l/J,w] 

0, ( 4.17) 
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The steady-flow condition [1/J, w] 

function of w, 

0 is equivalent to the condition that 1/J is a 

1/J = F(w). 

For example, when the stream function has a single Fourier component, 

(4.18) 

it is clear that this represents a steady flow. Indeed 

so w and 1/J are functionally related. However, when we consider a stream function 

with two Fourier components, 

( 4.19) 

1/J and w are not functionally related unless .\1 = .\2 . Thus a stream function 

with several Fourier components will not generally represent a steady flow. Ziegler 

neglected this point in some of his numerical applications. 

4.2 Global stability criteria in rectangular con­

tainers 

In the previous section, we summarised the approximate relationship between the 

vorticity and the streamline in two-dimensional high Reynolds number steady lam­

inar flow. The linear stability of flows of this type to two-dimensional disturbances 

will be discussed by Arnol'd's stability theorems in this section. 

4.2.1 Arnol'd's stability theorems 

When the two-dimensional steady flow ip(x, y) is perturbed by an unsteady distur­

bance <f>(x, y, t) the stream function w(x, y, t) [45] may be represented by 

w(x, y, t) = 1/J(x, y) + c</>(x, y, t), ( 4.20) 
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Domain V 

u 

Figure 4.1: A topologically simple streamline pattern. 

where Eis some small parameter and ef>(x, y, t) and w(x, y, t) vanish on the boundary 

S. Because the vorticity is constant on a fluid particle 

Dw 
Dt 

0. 

Arnol'd [7], [6] observed that for any such flow, the functional 

A ('11) = Iv [t 1v1w1 2 - C (-v72'¥)] dV, 

is also conserved by the flow for any function C, i.e. 

iA (w) = 0. 
dt 

( 4.21) 

( 4.22) 

( 4.23) 

This follows from the individual conservation laws for kinetic energy and vorticity. 

To first order in E the functional A (w) will be written as follows: 

Now, by the relation 

and by the divergence theorem 

we have 

A (w) 

Iv v7 · ('l/Jv7¢>)dV = fs 'l/Jv7¢> · iidS = 0, 

A( 'l/J) + E Iv [-'l/J'\72¢> + v72¢>C' (- '\72'1/J)] dV 

A('l/J) + E Iv [c'(-v72'l/J) - 'l/J] v724>dV. 

(4.25) 

( 4.26) 
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where the S denotes the boundary of the volume V. The functional A (w) will be 

stationary for any function cp(x, y) when W = 'I/; if the function C is chosen so that 

C'(w) = '1/;(w). (4.27) 

Then by Taylor expansion of the vorticity function in the equation ( 4.22), 

C(-v'2w) C ( - v'2 ( 'I/; + t<P)) 

C(-v'2'1/;) + C'tv'2¢ + ic''t2(v'2¢)2 + o(t2). (4.28) 

The functional A (w) will be written as follows: 

(4.29) 

where the functional B ( ¢) is given by 

(4.30) 

Because A (w) is constant, for all time the functio11al I3(6) is equal to its initial value 

in the linear approximation. The Arnol'd stability tlworem can be summarised as 

follows; the magnitude of the perturbati011 lo! ca11 0111~· increase when it contrives 

to keep the value of B(¢) small [4], [48], [10]. Thus a11 unstable normal mode¢= 

\¢\eat, when Real(a) > 0, must satisfy B(o) = 0. 

4.2.2 Global stability criterion 1n two dimensional vortex 

flows 

Now we consider the functional in the previous section 

expressing the disturbance ¢ (see the section 4.3) as 

( 4.31) 

where the Greek subscript et is used for summation - i.e. 

00 

a0 (t)Ha(x, y) = L anHn(X, y). 
n=l 



40 

For a steady fl.ow 'l/; = Hm, the functional will have the form as 

B(¢) = fv[iv7¢1 2 -:~(v72¢)2]dv 

fv [a;.\;IIHaii2 - A~ a;.\!IIHall2] dV 

/)1- ;£)a;-X;IIHall2dV. ( 4.32) 

Each term of the functional will have a positive or a negative value according to the 

ratio t- If we separate the functional with the positive and the negative terms and 

make it zero as follows: 

( 4.33) 

The above equation is a necessary condition for a perturbation ¢ to be destabilis­

ing. Although ( 4.33) does not provide complete stability information, nevertheless 

some interesting conclusions can be drawn. Since the first sum is positive and the 

second negative, terms from each must be present to satisfy the equation. Thus a 

destabilising ¢ must contain some positive Hm components with n < m and some 

negative with n > m. 

In the next section, we shall use a normal mode analysis in order to find the exact 

stability boundary. 

4.3 Nonlinear evolution of flow 

In this section we consider the time-evolution of non-steady flow. We derive a system 

of ordinary differential equations for the evolution of the Fourier coefficients in the 

normal mode expansion of the stream function. Then we use these equations to give 

the general condition for steady fl.ow and to show that single Fourier-component 

flows are stable. 
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A general velocity field u can be represented with the stream function 

u = V'lj; X z, (4.34) 

and the stream function 'lj; can be expanded in terms of Fourier components, 

(4.35) 

The vorticity equations are obtained from the Navier-Stokes equations as follows: 

aw 
at+ u · Vw = 0. ( 4.36) 

Substituting (4.34) and (4.35) into (4.36), we have 

(4.37) 

By taking the inner product of the above equation with the eigenfunctions Hm and 

by the property of orthogonality, we have 

( 4.38) 

where 

( 4.39) 

The above system of ordinary differential equations were numerically integrated in 

time using the NAG routine D02BBF. At each calculation step we checked the total 

kinetic energy 6.E, 

6.E 

and the total vorticity n, 

fr(-V 2 '1j;)df 

>.2 fr 'lj;df, 

in order to ensure the energy and the vorticity conservation. 

( 4.40) 

(4.41) 
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4.4 Steady flow 

4.4.1 Derivation of the steady-flow condition 

From the nonlinear flow evolution equation of flow ( 4.38) it follows that the condition 

for steady flow is 

m = 1, 2, 3, .... ( 4.42) 

Clearly the coefficient Mmo/3 is antisymmetric in a and /3 so ( 4.42) can be written 

in a more symmetrical form. Interchanging the dummy indices a and /3, obtain 

>..~Mm130 a13a0 

->..~Mmo/3aoa13. 

Thus the equation ( 4.42) can be written as 

One obvious solution of ( 4.44) is 

{ 
ai : c (a constant) 

ai - 0 

m = 1, 2, 3, .... 

when i = k, 

when i # k, 

( 4.43) 

( 4.44) 

1.e. a flow consisting of just one Fourier component. In this case, w = ->}i/J. For a 

flow consisting of just two Fourier components ai and aj say the condition for steady 

flow becomes 

m = 1, 2, 3, ... , (4.45) 

which is satisfied only when >..i = Aj. Such repeated eigenvalues could occur for 

example in a square cell. Generally speaking, however, there seem to be no simple 

solutions for an infinite number of non-zero a0 . 
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Figure 4.2: A typical unsteady oscillation of d(t) in a rectangular container, where 

the initial disturbances a1 = a2 = O.Olm/sec and t0 = 1000 sec. 

4.4.2 Periodic flows 

A more general question is the existence of periodic solutions. It is convenient to 

define a norm for the vector A= (a1 , a2 , a3 , .•• , an) of Fourier components by setting 

( 4.46) 

In order to test for periodic solutions we investigate the difference magnitude d(t) = 
IA(t) - A(to)I, where t0 denotes a fixed time after the initial transient behavior 

during the wave oscillation. When we apply an initial disturbance such as a 1 = 
a2 = 10-2m/sec, a3 = a4 ... an = 0, a typical oscillation of d(t) is shown in Figure 

4.2. Figure 4.3 also shows an unsteady oscillation of d(t) with various combinations 

of initial disturbances a2 = ra1 . 

If d(t) = 0, it means that an(t) - an(t0 ) = 0 for all n - i.e. the an(t) are identical 

with the an(t0 ) so the solution over the next time interval t - t0 will be a repeat of 

the previous one. This establishes that the solution is periodic. We calculated d(t) 

for only the first 6000 seconds on account of numerical error. At least one of the 

solutions in figure 4.3 (when r = 0.2) appears to be periodic. 
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Figure 4.3: An unsteady oscillation of d(t) where the initial disturbances a1 

0.01, a2 = ra1m/sec and t0 = 1000 sec. 

4.4.3 Linearised stability analysis of single-component flows 

Suppose that ak = l so that the basic flow is v7 Hk x z and let the remaining a0 be 

small perturbations. The linearised form of equation ( 4.38) can be written 

(4.47) 

It is shown in Appendix I that Mimn is antisymmetric in each pair of suffixes, so 

Thus we can write 

( 4.48) 

Now if we define 

b0 = ( ,\% - 1";) a0 , ( 4.49) 

equation ( 4.48) can be written in the form 

( 4.50) 



45 

The final form of the evolution equation is 

where 
A _ ,\~\ \Hmll2 

m - (,\~ - ,\D' 
We can view ( 4.51) as a matrix equation 

Ab=Sb 

(4.51) 

where b is the vector of perturbed Fourier coefficients, A is a diagonal ( and hence 

symmetric) matrix and S an antisymmetric matrix. The growth rates are the eigen­

values of the generalised eigenvalue problem 

Ax= ,\Sx, 

which are purely imaginary [34]. The instability growth is proportional to e>.t, 

and since all ,\ are purely imaginary there is no exponential growth. We conclude 

therefore that single-component flows are stable. 

In order to confirm the analytical result, we calculated the eigenvalues numerically. 

When a large number of modes are involved it will take much time to find the 

eigenvalues so we calculated only the first ten modes in each direction using the NAG 

routine F02AFF. High-frequency modes in any case are more strongly damped. The 

numerical results also show that the eigenvalues are purely imaginary. 
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4.5 Conclusion 

In this chapter, we showed single-component flows are steady, but it is not clear 

that any flow with more than one Fourier component is steady except in the case of 

repeated eigenvalues. We have also derived a global stability criterion by Arnol'd's 

stability theorem. Arnol'd's stability theorem gives some insight into the stability 

of a single-component flow but not a complete picture. A non-linear evolution 

equation is derived for multi-component flows. Numerical integration shows that 

periodic flows exist, but with quite long periods. The non-linear evolution equation 

can be used to derive conditions for a general stead~, flow. 

Finally, we have shown that a single-componrnt Ho\\' is stable. Hence any hydrody­

namic instability must be due to interfacial <'ff<·<·t s. 

In the following chapter we investigate int('[fa('ial i11st ability between two liquid 

layers which is our main interest. 



Chapter 5 

Wave evolution equations 

It is well known that disturbances can grow at the interface in aluminium reduc­

tion cells. The steady velocity difference is one of the main destabilising factors, 

as reviewed in Chapter 2. In this chapter, in order to investigate the interfacial 

instability, we shall formulate the wave evolution equations with the normal mode 

method. A simulation program is developed to follow the evolution of the interface 

using the wave evolution equations. The code is verified by reproducing gravity 

wave modes and by confirming energy conservation of the perturbed system. 

5.1 Physical and mathematical simplifications 

Some physical and mathematical simplifications are inevitable to formulate the sys­

tem equations, as is usual in most analyses. The following simplifications are adopted 

in our model: 

• The cell geometry is rectangular as shown in Figure 1.3. The cell geometry 

is not simply rectangular but includes a frozen ledge as shown in Figure 1.1. 

This assumption is essential to formulate system equations analytically. 

• The gaps between the anodes are neglected. The current and magnetic fields 

are not exactly uniform in most cases. Sometimes, we assume a uniform 

magnetic field to simplify the numerical calculations. 
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• The basic flows are known and steady. The basic flows are driven by the sta­

tionary electromagnetic forces in the cell and can be obtained from experimental 

data or numerical simulations. 

• The flows in both liquid layers are incompressible. Both liquid aluminium and 

cryolite are almost incompressible. 

• The vertical component of rotational velocity is small. Because of the strong 

turbulence, there is efficient vertical transport in a cell. We ignore the de­

pendence of the rotational velocity in the vertical direction and consider only 

variations in the horizontal direction as the aluminium and the cryolite layers 

are relatively thin compared with the cell length and width . 

• Viscosity is negligible. This is acceptable as the dynamic viscosity term is 

much smaller than other physical terms such as pressure, inertia and magnetic 

forces. However, the boundary effect is used to estimate a frictional damping 

in this thesis by a model introduced by Moreau {51}. 

• The bubble induced flow is neglected. It can influence the flow in the cryolite 

layer {87}. However, we will ignore it to simplify our analysis, and it would be 

very difficult to estimate. 

5.2 Normal mode analysis 

In this section the system equations will be obtained from the linearised equations 

of the motion, the interface boundary condition and the vorticity equations. The 

normal mode method will be adopted to formulate the wave evolution equations in 

terms of eigenfunctions which satisfy the lateral boundary conditions. The velocity 

field is decomposed into rotational and irrotational terms, which can be expressed 

in terms of a stream function and velocity potential respectively. Then we shall 

substitute the velocity perturbation into the equation of motion and the interface 

equation and make use of the orthogonality of the basis eigenfunctions in order to 

obtain scalar equations. Finally, a system of ordinary differential equations for the 

eigenfunction coefficients will be obtained. 

The steady velocity difference causes a pressure difference at the interface between 
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two liquid layers, which disturbs the flow in the cell. Thus the steady pressure terms 

will be included for the continuity of the pressure at the interface. We integrate 

numerically the wave evolution equations forwards in time from an initial equilibrium 

state, where the steady velocity is zero. 

5.2.1 Eigenfunctions 

As is usual in the normal mode analysis, the eigenfunctions En(x, y), n = l, 2, ... , of 

the eigenvalue problem 

\7 E · ii = 0 on lateral boundaries, 

(5.1) 

(5.2) 

are chosen as our basis functions, satisfying the same lateral boundary conditions as 

the velocity field. The eigenvalue corresponding to En is denoted by An. The basis 

eigenfunctions En satisfy the following orthogonality relations: 

l EnEmdxdy = OmnllEnll2 = IIEmll2, 

l \7 En · \7 Emdxdy = OmnA~ 11 En 112 = A~ 11 Em 112. (5.3) 

In a rectangular cell, En are chosen as 

nx7rX ny1rY 
En= cos-a-cos-b-. 

Then, the interface displacement can be expanded in terms of the En as: 

00 

rJ = L TJn(t)En, (5.4) 
n=l 

where the rJn(t) are functions of time, which we call wave evolution coefficients. We 

adopt the usual assumption of linear wave theory that rJ is very small, compared 

with the wavelength. 

5.2.2 Velocity perturbation 

In general, the Lorentz force is rotational and therefore so is the fluid motion in a 

cell. It is useful to decompose the velocity perturbation u into a rotational term Ur 
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which is purely horizontal and an irrotational term Up. The velocity field up can be 

expressed in terms of a velocity potential ¢ and Ur in terms of a stream function 'i/J 

mathematically as follows: 

v' </J(x, y, z)+v''i/J(x, y) xz. 

The boundary conditions for the ¢ and the 'i/J are summarised as: 

y'2 ¢ v' . up = 0, ~! = 0 on solid boundaries, 

-w, 'i/J = 0 on lateral boundaries. 

(5.5) 

(5.6) 

For the aluminium and cryolite layers, since u and Ur are both solenoidal we have 

Also on the solid walls, the boundary condition are written as: 

The </Ji are both specified uniquely since they must satisfy the kinematic boundary 

condition, 
[)<j)i . 
- =7] an 

on the interface. The velocity potential ¢ is chosen to have the following form: 

00 

<P = L, 9n(z)En(x, y)bn(t) 
n=O 

where the function 9n(z) is chosen as: 

c( ) __ cosh [-Xn (z - he)] 
gn Z - An sinh (.\nhc) ' 

to satisfy the vertical boundary conditions 

g~(z)' = g~ (z)' = 1 at z = 0, 

(5.7) 

(5.8) 
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g~(z)' = g~(z)' = 0 at z = -ha or z = he, (5.9) 

where ha and he denote liquid aluminium depth and ACD respectively (see Figure 

1.3). 

As we assume the vertical component of Ur is small, we can expand the rotational 

velocity field in terms of two dimensional stream function 'l/J(x, y) as follows: 

where, in order to expand 'l/J, we introduce a second set of eigenfunction 

. nx'lrX . ny'lrY 
Hn=sm-a-sm-b-, 

satisfying 

V 2 H + .\2 H = 0, 

H = 0 on lateral boundaries. 

(5.10) 

(5.11) 

(5.12) 

Similarly, in steady state, the basic flow U and the steady vorticity n can be ex­

pressed in terms of scalar function \JI as follows: 

u vw xz 
UV H(x, y) x z, 

n VxU 

UV X { V H ( X' y) X z} 

-UV2 H(x, y)z 

U.\2 H(x, y)z. 

(5.13) 

(5.14) 

The steady velocity U is assumed to be constant in Ziegler's work. The pressures 

vary as ~pa(va) 2 in the aluminium and as ~pc(vc)2 in the cryolite, so they cannot 

balance everywhere on the interface because pa =J. pc and va =J. vc. Thus, his compu­

tation begins with an initial pressure imbalance between two liquid layers. However, 

in order to avoid the initial pressure difference, we increase the steady velocity grad­

uallv from zero to a constant value for the transient period of 10 seconds as shown 

in Figure 5.1, 

(5.15) 

where the (3 is related to the acceleration rate. The value of U will be constant after 

the initial transient period t0 = 0 (/3- 1). 
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lJk --------------------------------------------------------------------------

0 Time to 

Figure 5.1: The initial adjustment of the steady velocity. 

5.2.3 Equations of motion 

The first-order perturbation of the N avier-Stokes equations (see Section 3.2) is writ­

ten as : 

ou k n- - U pat + u + pHZ x u + pwz x 

+VpT- f 

0, (5.16) 

where k and f denote frictional drag coefficient and body force respectively and the 

pressure term PT is represented as: 

PT =p+pV. u. (5.17) 

5.2.4 The pressure distribution of the basic steady flow 

In order to formulate the pressure continuity condition at the interface we must first 

find the zeroth-order pressure distribution. From Navier-Stokes equations for two 

dimensional steady flows, we can obtain the pressure gradient term VP as follows: 

p U·V U= -VP- pgz, (5.18) 
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u2 
p( n x u+v'2 ) = -v'P - pgz 

p>..2'l/Jv''l/J + v' (P + P ~2) = -pgz. 

Then integration of the above equation gives the pressure distribution as 

p = C - i ( )...2'lj;2 + lv''l/Jl2) - pgz. 

(5.19) 

By the boundary condition 'ljJ = 0 at x = y = z = 0, when we take a single-Fourier 

component flow 'ljJ = U Hn we have 

p Po - i ( >..2'lf;2 + lv'11;12) - pgz 

Po - iu2 ( >..2 H 2 + Iv Hl2) - pgz, (5.20) 

where U is a constant and P0 denotes the pressun· at .r. = y = z = 0. 

The above equation represents the pressure dist ri h11 t ion by the steady velocity field. 

It is interesting to observe that the wave lengt Ii uf the pressure distribution is half 

that of the velocity distribution because oft Ill' sq11an' terms in the above equation. 

In the next section, this expression for the st<'a<h pn·ssure P is needed to formulate 

the pressure continuity condition at the interfac·1·. 

5.2.5 The continuity of the pressure at the interface 

From the continuity of the total pressure across th<· interface, we can write 

pa + pa = P' + / 1' • 

or 

(5.21) 

where p =the pressure perturbation and P =the steady pressure distribution of the 

basic flow. 

Using (5.20) we find that pressure continuity across the interface implies 

(Pc_ pa) 

1 (pa(ua)2 - pc(uc)2) ( )...2 H2 + Iv' H12) 

+ (pa - l) 9T/· (5.22) 

This equation gives the displacement of the interface necessary for continuity of 

pressure. 



54 

5.2.6 Scalar formulation 

All the dynamic equations obtained from the previous sections are vector equations; 

to obtain the scalar evolution equation for time-dependent coefficients bm, cm and 

rJm, we take the inner product of the equation of motion with "v <f>m as follows: 

p < u, "v <l>m > + < ku, "v <l>m > +p < Oz X u, "v <l>m > 

+p < WZ XU, "v</>m > + < "vpr, "v</>m > - < f, "v</>m >= 0, 

where the symbol <> denotes the inner product in the domain V, 

<x,y>= [x·ydV. 

(5.23) 

The first inner product term p < u, "v <l>m > is written by the divergence theorem as: 

< u, "v</>m >= Iv "v. (u<f>m) dV 

i (u. ii) <f>mdr, (5.24) 

where ii is a normal vector to the boundaries in the domain V. The only contribution 

to the above integral arises from the upper and lower surface of the interface, r+ 
and r-, as u · ii = 0 on solid boundaries. Thus, we have the result for each layer in 

terms of the evolution variable bm as follows: 

p < u, "v</>m >=pi (u. ii) <f>mdr 

pi :t ("iJ </>+ "iJ 'l/J X Z) · ii<f>mdf. 

As the second rotational velocity term is horizontal, it will vanish with the inner 

product of the vertical vector ii and only the vertical irrotational velocity term will 

remain as follows: 

p < u, "v <l>m > = pi :t ("v <I>) . z<f>mdr 

pi Ea ba <f>mdf 

pi Ea (gm(O)Em) dfba 

P9m(O) Ir EaEmdfba 

P9m(O)c5ma I IEml l2ba 

P9m(O)JIEml l2bm. (5.25) 
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The above calculation is obtained on the lower surface of the interface (aluminium 

layer). This calculation applies to the aluminium layer where the outward normal 

on the interface is z. In the cryolite layer the normal is -z and the negative result 

will be obtained. Thus, we use a variable"( to represent the direction of integration 

as follows: 

(5.26) 

where ,a = l and ,c = -1, which depends on the lower and upper surface of 

interface, r- and r+. Here we take ii = z by linearisation. 

Similarly, we have the second inner product < ku, v' <l>m > in terms of the evolution 

variable bm as follows: 

< ku, v' </>m >= Iv v' · (ku) </>mdV 

fr (ku. ii) <Pmdr 

kgm(O)ba fr EaEmdf 

,kgm (O)c5mn I !En I l2bn 

,kgm(O) I IEml l2 bm. (5.27) 

The third inner product p < flz x u, v' <l>m > is written in terms of the evolution 

variables b0 and en as follows: 

p < nz Xu, v'</>m >= p Iv (nz Xu). v'</>mdV 

p Iv (flz X u) . v' (gm(z)Em) dV 

p Iv {nz x (v'bo:Ea9n + v'caHn x z)} · v' (gm(z)Em) dV. (5.28) 

By the separation of variables for the volume integration, this equation can be 

expressed in terms of bn and Cn as: 

p < nz x u, v'</>m >= p I 9a(z)gm(z)dz fr n[Ea, Em]dfba 

+p I 9m(z)dz fr flv' Ha· V Emdfca 

\2u - Q(1) b PAk k 9mn mnk n 

\ 2u - Q(2) +p/\k k 9m mnkCn, (5.29) 

where the subscript k represents the basic steady flow configuration and the inte­

gration coefficients are defined in Appendix II. 
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The fourth inner product p < wz x U, V¢m > is written in terms of the evolution 

variable Co: as follows: 

p < wz XU, V¢m >= p fv (wz XU). V¢mdV 

pl [(-V2vi) z x (UkVHkxz)] · V¢mdV 

pl [(,\;Ho:co:) z x (UkVHkxz)] · V¢mdV 

pl (,\;UkHo:VHkco:) · V (gm(z)Em) dV 

,2 U - Q(3) 
PA.a: k 9m mo:kCo:. (5.30) 

The fifth inner product< Vpr, V¢m > is written in terms of the evolution variables 

bo:, Co: and TJo: as follows: 

< Vpr, V¢m >= Iv Vpr · V¢mdV 

l Pr (V <Pm · ii) df 

[prEmdf 

l (p + pV · u) Emdf 

~p(Uk) 2 [ ( AkHl + JV HkJ 2 ) Emdf 

+pgJ JEo:J J2 6mo:TJo: 

U (o)Q (4) b +p k9o: mo:k a: 

U Q(5) 
+p k mo:kCo:, (5.31) 

where the following calculations are used to obtain the integration coefficients: 

lPEmdf = l [~p(Uk)2 ( AkHl + JV Hkl 2)] Emdf 

+ l (pgTJ) Emdf 

~p(Uk) 2 [ (,\%Hl + JVHkJ 2 ) Emdf 

+pg l Eo:EmdfTJo: 

~p(Uk) 2 [ ( AkHl + JV HkJ 2) Emdf 

+pgJ JEmJ J2TJm, (5.32) 

U·u U-(up+ur) 

(Uk V Hk xz) · v' (go:(z)Eo:bo:) 
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+ (Ukv'Hk X z). (v'Haca X z) 

Uk9a(z)[Ea, Hk]ba 

(5.33) 

Finally, the last inner product < f, v' ¢m > is written in terms of the evolution 

variable 1]0 as follows: 

where 

< f, v'</Jm > 

< fMa1Ja, v'</Jm > 

l fMa · v'</JmdV1Ja 

Gma T/a, 

Gma < fMa, v' <Pm > 

l fMa · v'</JmdV, 

(5.34) 

(5.35) 

The fMa and the j 0 denote the current perturbation and the magnetic force due to 

the a'th mode of the interfacial wave respectively. By combining the above results, 

we have the first of five evolution equations: 

Amb~ + Bmb':n + Cmab~ + Dmab~ 

+EmaC~ + FmaC~ + Gma'T/a + Qm = 0. 

The coefficient matrices in the above equation are listed in Appendix II. 

5. 2. 7 The interface boundary condition 

(5.36) 

The kinematic condition on the interface is considered in this section. The vertical 

velocity of the fluid particles on the interface satisfies: 

DTJ 
Uz=O -

Dt 
iJ+ u. v'rJ, (5.37) 

and 

8¢ 
Uz=O oz 

Eaba. (5.38) 
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Eabo iJ + U · \IT] 

iJ + (Uk '1 Hk xz) · '1 E0 T}0 

EaiJo + Uk[Ea, Hk]TJo, 

where the square bracket [A,B] denotes a Jacobian. 

By the orthogonal property of the eigenfunctions En, 

ba £ EaEmdf = T/a £ EaEmdf 

+Uk £[Ea, Hk]EmdfTJo, 

or 

Dividing both sides by JIEmJl2, we have the interface equations as follows: 

_ . Uk (4) 

bm - TJm + JJEmJJ2QmokTJo· 

(5.39) 

(5.40) 

From the above equations, we can obtain the second and the third evolution equa­

tions in terms of the variable bm and TJ0 : 

ba . Uf Q(4) 
m = TJm + JJEmJJ2 mokTJo, 

or 

5.2.8 The vorticity equation 

(5.41) 

(5.42) 

The perturbation of vorticity can be obtained by taking the z-component of the curl 

of (5.16) as follows: 

ow k 1 ~ - + -w + u · '70 + U · Vw - - ('1 x f) · z = 0, at P P 
(5.43) 



where 

u-v70 

U·v7w 
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(up+ Ur)· v7 (>.%UkHk) 

v7 (ga(z)Eaba) · v7 ( >.%UkHk) 

+ (v7 Haca x z) . v1 ( >.%UkHk) 

9a(z)>.%Uk v7 Ea· v7 Hkba 

->.~Uk[Ha, Hk]ca, 

U · v7 ( >.;Haca) 

(Uk v7 Hk x z) . v7 ( >.;Haca) 

>.;Uk[Ha, Hk]ca. 

Taking the inner product with the eigenfunction Hm, we have 

Finally we can obtain two additional evolution equations as follows: 

0, 

0, 

where the wave evolution coefficients are listed in Appendix II. 

5.3 Wave evolution equations 

(5.44) 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

As a result, we have the wave evolution equations for the five sets of unknown 

variables b~, b~, c~, c~ and TJa in the aluminium reduction cell as follows: 

Amb~ + Bmb~ + Cmab~ + Dmab~ 

+Emc,C~ + Fmc,C~ + GmaTJa + Qm = 0, 
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T/m + Ima'r/a - b~ = 0, 

0. (5.49) 

The first set of equations are obtained from the linearised Navier-Stokes equations, 

the second and the third from the interface equations and the last two sets from the 

vorticity equations. The second equation (5.49) can be used to eliminate b~ and b~ 

in the above equations. Thus we can reduce the number of the equations as follows: 

Amb~ + Em (b~ - HmaT/a) + C11wb'.', + Dmk (b% - Hkn'r/a) 

+EmaC~ + FmaC~ + Gma'r/a + Q,,, = 0. 

0, 

0, 

(5.50) 

Sometimes, it is convenient to write the abm·(· ('<p1at ions as 4m x 4m matrix form 

as follows: 

(Aa + Ba) Oma 0 () -IJ,,,Hnw ba a 

0 laOma 0 () ·a Ca 

0 0 .](16,,,(1 () ·c 
Ca 

0 0 () <\,," 'r/a 

(Cma + Dma) Ema F1TI(\ ( G,,,11 - DmkHkn) ba a 

Kma Lma 0 Jfma ca a 

Nma 0 Omo (P,,,o - NmkHkn) cc a 

-Oma 0 0 Ima 'r/a 

Qm 

0 

0 
(5.51) 

0 

or simply we can write 

X=AX+B, (5.52) 
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where the coefficient matrices are: 

(Ao:+ Bo:) Omo: 
-1 

0 0 -BmHmo: 

0 Jo:Omo: 0 0 
A X 

0 0 Jo:Omo: 0 

0 0 0 Omo: 

(Cmo: + Dmo:) Emo: Fmo: (Gmo: - DmkHkn) 

Kmo: Lmo: 0 Mmo: 

Nmo: 0 Omo: (F'mo: - !VmkHkn) 

-Omo: 0 0 Imo: 
-1 

(Ao: + Bo:) Omo: 0 0 -BmHmo: Qm 

0 Jo:Omo: 0 0 0 
B (5.53) 

0 0 Jo:Omo: 0 0 

0 0 0 Omo: 0 

The above wave evolution equations are linear, but have time-dependent coefficients 

because of the initial adjustment period for the basic flow. Thus, we are unable to 

use an eigenvalue analysis to obtain the wave growth rate. Only the time integration 

method is possible to investigate the instability. 

5 .4 Verification 

The wave evolution equations obtained in the prev10us sections were integrated 

forward in time by the NAG routine D02PDF and the Numerical Recipes routine 

RK4 in Fortran [61]. We found the critical steady velocity such that the interface 

displacement just becomes unstable. When we use a typical cell shown in Chapter 5 

with a single-eddy steady flow, the critical steady velocity of 0.23 m/sec is obtained 

(with two eddies, 0.24 m/sec). It is of the same order as those that are measured in 

industrial cells [85]. In order to minimise the numerical error, we use the integration 

step 0.05 sec in this thesis. The critical steady velocity is changed according to the 

integration step as follows: 



Integration step (sec) 
0.01 
0.5 
0.7 
0.8 
1.0 
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Critcal steady velocity (m/sec) 
0.23 
0.23 
0.22 
0.2 
0.19 

A detailed description of the scheme will be given in Chapter 6. 

To verify our model and its implementation, we first will recover the natural fre­

quencies for a cell under the gravity force by letting the steady flows be zero. These 

results will be compared with Urata's analytic calculation. Segatz (see [67), [65] and 

[66]) used a similar verification without Lorentz forces for his model. 

Secondly, we check the total energy to confirm energy conservation and the energy 

exchange between the kinetic energy and the potential energy when there is no 

damping term. 

Finally, we calculate the energy dissipation by the frictional damping in order to 

compare it with the total energy loss during the perturbation process. 

5.4.1 Gravity wave period 

It is well known that an internal gravity wave arises at the interface between two 

liquids having different densities. As the difference of both densities is small, the 

long period oscillation may be expected. By neglecting viscosity of both liquids and 

the electromagnetic forces, the period T is derived from the dynamic equations as 

follows: 
T = 27f pa coth (kha) + pc coth (khc) 

kg (pa_ pc) 

where the wave number: 

(5.54) 

k~ + ki 
k = a2 b2 · (5.55) 

The above simple calculation indicates fairly good agreement with the observed 

periods in a real cell. The slight discrepancy is due to neglecting the effects of the 

electromagnetic forces, the basic steady flow of the liquid metal and cell geometry. 

Using the above equations, the pure gravity wave period T of a typical cell used in 
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The total system energy 
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Figure 5.2: The total energy conservation, where h1 = 0.2m, h2 = 0.04m, p1 = 
2270kg/m, p2 = 2088kg/m and the initial interface displacement T/i = TJ2 ... = T/n = 
0.001m. 

Chapter 6 is analytically estimated as follows: 

21r 
2270 coth (1.03574 x 0.2) + 2088 coth (1.03574 x 0.04) 

1.03574 X 9.8 (2270 - 2088) 

36.26, 

where the wave number k of (1,1) mode is calculated by 

ki + ki 
k = 7r a2 b2 

1 1 
7r 7.72 + 3.32 

1.03574. 

The period of 36.26 sec shows a good agreement with our numerical result 36.4 sec. 

5.4.2 Energy conservation 

In order to confirm energy conservation and the energy conversion between the 

kinetic and potential energy, we check the total energy at every calculation step 



64 

Dissipated Energy 

/ 
/ 

~ 0.0020 / 

E 
/ 

/ z 
/ 

>- I 

~ 
Cl) 
C 
w 

0 

0 I 
f--

0.0010 I 

I 

I 

Total Energy 

0.0000 
0 100 200 300 400 500 

Time (sec) 

Figure 5.3: The energy dissipation by the frictional damping force, where h1 = 

0.2m, h2 = 0.04m, p1 = 2270kg/m, p2 = 2088kg/m, a=l and the initial interface 

displacement 'T/i = .,,2 ... = 'Tln = O.OOlm. The steady velocity ua = 0.2m/sec, 

uc = O.lm/sec and the initial adjustment period 10 sec for the basic steady flow are 

applied. 

without any damping terms. Figure 5.2 shows the energy conservation during the 

perturbation with an initial disturbance. 

5.4.3 Energy dissipation by the frictional damping force 

The energy dissipation is also checked with the frictional damping term. We consider 

both the rotational and irrotational velocity terms. The total dissipated energy must 

be equal to the initial perturbation energy. The dissipation rate Rd by the frictional 

damping force is written as follows: 

J (ku) · udV 

J kup · UpdV + J kur · UrdV + 2 / kup · UrdV, 

J kup · UpdV + J kur · UrdV 

Rp + Rr, (5.56) 

where the inner product of the rotational and the irrotational term J kup · UrdV = 0. 
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Then the dissipated energy fl.Ed is written as 

(5.57) 

where the irrotational term Rp and rotational term R,. of the dissipation rate are 

calculated as 

kl Up. UpdV 

k l "v ¢· "v </>dV 

k [[{ Oz9m(z)}2 + 9m(z)2 A~]E!b~dV 

k 1[{ Oz9m(z)} 2 + 9m(z)2 A~]dz £ E!dfb~ 

k 1[{0z9m(z)}2 + 9m(z) 2A~]dzl1Emll2b~ 

k{g~m (z) + A~ 9mm (z)}IIEmll2b~, 

kh l Ur· UrdV 

kh £ ("v'I/J x z)·("v'I/J x z)dr 

khA~ £ l'I/Jl 2df 

khA~I IHmll2c~. 

(5.58) 

(5.59) 

Figure 5.3 shows the initial perturbation energy and the energy dissipated by the 

frictional damping force. The initial perturbation energy should exactly equal the 

total energy dissipated during the frictional damping process. It is interesting to 

observe the energy increment during the initial transient period (10 seconds), as we 

gradually increase the steady velocity from zero to a constant value. Even after the 

transient period, we can observe occasional temporary energy increases. It seems 

to be the main reason that kinetic energy is transfered from the steady velocity 

field by the interfacial mechanism continuously. Thus, when the steady velocity is 

increased beyond the critical speed, the system will be unstable due to the kinetic 

energy transfer. 

Figure 5.4 shows the basic steady fl.ow configurations used in our numerical calcu­

lations. Unless otherwise specified, we use the basic flow configuration (1,1) in this 

thesis. 
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Figure 5.4: Basic flow configuration (1,1) with one eddy (top) and (2,1) with two 

eddies (bottom). 



Chapter 6 

The Kelvin-Helmholtz and 

pressure driven instabilities 

The K-H instability has been previously disrnssPd b.\· some authors (see Moreau & 

Ziegler [52], Pigney [57] and Wang [83]). The stPady velocity of the basic flow is a 

main concern in the above analyses, while otll('r st uclies have been more concerned 

with instabilities driven by the electromagnetic tic•lds. such as the current instability. 

There exist strong circulation flows in the aluminium reduction cell, which are driven 

mainly by electromagnetic forces. The average wlocit_\· of the steady flows depends 

on the various cell design and operating paramct<'rs. and is normally about 0.1 -

0.2m/sec. It is much slower in the cryolite layer because of its relatively weak elec­

trical conductivity and higher viscosity [83]. This giw rise to a velocity discontinuity 

at the interface and the K-H instability. 

In this chapter, we review a simplified K-H instability model, then discuss our model 

which is formulated with the normal mode method in Chapter 5. The former shows 

the K-H instability mechanism clearly in a two dimensional infinite cell, while we use 

the three dimensional cell model with vertical and lateral boundary conditions to be 

more realistic. Both models confirm that the magnitudes of the steady velocities, 

the ACD and cell geometry are crucial factors. 
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5.5 Conclusion 

A coupled system of ordinary differential equations are formulated with the normal 

mode method and verified by reproducing the gravity wave mode and by confirming 

the energy conservation. In the next chapter, we shall investigate the dynamic be­

haviours of the interface in the view of the K-H instability mechanism by calculating 

the critical steady velocity with the simulation program formulated in this chapter. 
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Figure 6.1: A simplified K-H instability model. 

6.1 A simplified K-H instability model 

We shall consider one dimensional flow in two liquid layers with the different hor­

izontal velocities, which are bounded by parallel plane walls as shown in Figure 

6.1. There is a discontinuity in the velocity at the interface z = 0. We assume an 

interface perturbation T/ represented by 

TJ TJoiX 

'11 ei(lx-wt) 
'/0 ' (6.1) 

where T/o is a constant, l is the horizontal wave number and w is the angular fre­

quency. 

The linearised perturbation in each layer to the Navier-Stokes equation is 

(6.2) 

where the index j represents the layer, Ui denotes the basic steady flow, ki is the 

drag coefficient and Pi is the pressure perturbation. 

We assume Uj and Pj to be proportional to eix: 
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Criterion II 
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Figure 6.2: The critical velocity difference versus the wavelength, where h1 = 0.2m, 

h2 = 0.04m, p1 = 2270kg/m, p2 = 2088kg/m and a = 1.0. 

(6.3) 

By applying the following boundary conditions, Uz = 0 on the solid / liquid bound­

aries 

and the interface condition, 

(8;:1 ) = 0, 
z=h1 

(~:) = 0, 
z=-h2 

DTJ 
Dt 
aTJ -+u··V'11 at 1 ·, 

-i (w - Uil) T/, (6.4) 

to the above equation, we finally obtain the following two instability criteria in terms 

of the velocity difference 6.U at the interface [83): 

6.U2 (p2C2 + P1Ci) 6 pgl (k2C2 + k1C1)2 
2: [ 2 2 2 2] ' l2C1C2 C1C2 (p1k2) + C1C2 (p2ki) + P1P2 (k1C1) + P1P2 (k2C2) 

6.U2 > 4 (p2C2 + P1 C1) 6 pgl + (k2C2 + k1 C1)2' 
- 4l2p1p2C1C2 

(6.5) 
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Figure 6.3: The critical velocity difference versus the wavelength for the second crite­

rion with different drag coefficients, where h1 = 0.2m, h2 = 0.04m, p1 = 2270kg/m, 

P2 = 2088kg/m and a= 1 or 100. 

where 
C _ cosh(lh1) C _ cosh(lh2) 

1 - sinh(lh1)' 2 - sinh(lh2) · 

Both criteria must be satisfied for a cell to be stable as shown in Figure 6.2. They 

show the K-H instability can occur even between the same liquid layers, when p1 = 
P2-

Normally, the first criterion is more important than the second. It is also interesting 

to observe that the first criterion does not depend on the drag coefficient greatly, 

while the second does as shown in Figure 6.3. Though this model is not enough for 

real applications, it shows the K-H instability mechanism very simply and clearly. 
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6.2 Normal mode method for the K-H instability 

in aluminium reduction cells 

When we neglect the electromagnetic fields, the wave evolution equation can be 

written as follows: 

(Am+ Bm) Oma 0 0 -BmHma ba 
Q 

0 lmOma 0 0 ·a Co 

0 0 lmOma 0 ·c 
Co 

0 0 0 Oma T/o 

(Cmo + Dmo) Ema Fma ( Gmo - DmkHka) ba 
Q 

Kma Lma 0 Mmo ca 
Q 

Nma 0 Omo (Pma - NmkHka) cc 
Q 

-Oma 0 0 Ima T/o 

Qm 

0 

0 
(6.6) 

0 

where all the coefficients are the same as shown in Chapter 5. 

The model developed in Chapter 5 is employed for the hydrodynamic instability in 

an aluminium reduction cell. Current perturbation effects are not included in this 

stage. As one of most important results in this research, two different hydrodynamic 

instability mechanisms will be introduced. The first mechanism, which was studied 

by Ziegler, shows that instability is possible even when the velocity difference = 0. 

This must be due to the density difference between two liquid layers, and seems to 

be generated from the steady pressure difference at the interface (see Section 5.2.4). 

However, the second mechanism known as the K-H instability is due to the velocity 

difference between the liquid layers and is much stronger. It occurs between the 

liquid layers of the same density, if there is a steady velocity difference. The cell 

instability is determined by a complex interaction of both mechanisms. We include 

the above two mechanisms in our model. Various design and operation parameters 

such as ACD, liquid metal depth, cell length and steady flow pattern are investigated 

in this chapter. 
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6.2.1 Instability threshold 

In Ziegler's work, the instability of a cell is measured by an alternative form of kinetic 

and potential energy of the system expressed in terms of the Fourier coefficients. The 

total perturbation energy is a useful indicator of instability growth when an initial 

disturbance is applied at the interface, which is affected by the steady velocity of 

the basic flow in the interfacial mechanism. The system can be perturbed without 

the initial disturbance because the initial pressure imbalance causes the interface to 

grow immediately. However, in our perturbation we apply the initial disturbance as 

it is necessary to check the critical velocity with an instability threshold. 

The system is deemed unstable if the perturbation energy increases over the thresh­

old during the simulation and stable if it decreases or does not change. Ziegler 

assumed a cell to be unstable if the energy is 100 times greater than that calculated 

from the initially given perturbation to the interface. The simplified energy form 

was evaluated using square terms of all the coefficients. The initial perturbation 

was applied to the interface displacement TJ, not to the velocity fields. 

In our model, we are going to take a slightly different formulation from Ziegler's. We 

calculate the exact values of the perturbation kinetic energy .6.K E and the potential 

energy .6.P E for the irrotational velocity, the rotational velocity and the interface 

displacement terms as follows: 

.6.KE lp{(V +u) · (U +u)- U · U}dV 

pl (2U · µ + u · u)dV 

pl {2U ·(up+ Ur)+ Up· Up+ 2up ·Ur+ Ur· Ur }dV. (6.7) 

As Iv Up · urdV = Iv V · updV = 0 in the above equation, when we take a steady 

flow U = Uk v' Hk x z, we have 

.6.KE P fv(2U ·Ur+ Up· Up+ Ur· Ur)dV 

p2Ukck fv v' Hk · v' HkdV + .6.K Ep + .6.K Er 

p2Ukhck fr v' Hk · v' Hkdf + .6.K Ep + .6.K Er 

p2Ukh>-kilHkJl2ck + .6.KEp + .6.KEr, (6.8) 

where the kinetic energy perturbation terms for the irrotational and the rotational 



velocity are written as 
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p Iv Up. UpdV 

p Iv v' </>· v' </>dV 

P fv[{8z9a(z)} 2 + 9a(z) 2 >.;]E;b;dV 

p 1[{ 8z9a(z)}2 + 9a(z) 2 >.;]dz fr E;dfb; 

P 1[{8z9a(z)}2 + 9o(z)2>.!]dzllE0 il2b;, 

flK Er p Iv Ur · UrdF 

ph Ir (v'~ X z)·(v''lp X z)df 

ph>.; fr \1/J\ 2dr 

ph>.; 11 HQ 11 2 (}l . 

6..P E (pa - p'')_q I wl\ . 

(pa - rn !J f f 1 J(hJdf lr },, 
i r ., 
2(pa - p')!J lr 1rdf 

!(pa - p')g f E~df17; 
2 lr 
l(a c)\\£\\22 2, P - P !J o 11n· 

Thus we have the total perturbation energy .6.E as: 

6..E = .6.K E + .6.P E, 

(6.9) 

(6.10) 

(6.11) 

(6.12) 

while Ziegler took a pseudo-energy term which is roughly approximated from the 

wave evolution coefficients to simplify the calculation [85]. His energy term is a little 

far from the exact value of the perturbation energy. 

In our simulations, we adopt Ziegler's threshold and assume a cell to be unstable if 

the perturbation energy 6..E is 100 times greater than that of the initial perturbation. 

The initial perturbation of 10-3m is given only to all the coefficients associated with 

the interface displacement 17 (171 = 172 = ···Tln = 0.001m) while others are assumed 
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X 

zero (b1 = b2 = ... bn = 0 and c1 = c2 = ... en = 0). If the perturbation energy is 100 

times less than that calculated from the initially given perturbation to the interface 

or the simulated time exceeds 1.5 hours without the above divergence occurring, the 

system is considered to be stable. According to our simulation, Ziegler's assumption 

for the instability threshold of 100 times greater or less than the initial perturbation 

energy looks reasonable, since the critical velocity is quite insensitive to the value 

of this threshold. Using a threshold value of 500 or reducing it to 20 makes no 

measurable difference. 

When the configuration is stable, the steady velocity is incremented, the initial 

conditions reset and the process repeated in Ziegler's calculation. However, in order 

to find the critical steady velocity more conveniently, we use a bisection method in 

our simulations. We use an initial interval [0.1, 0.4] m/sec for the steady velocities 

and bisect until the error is less than 10-3m/sec. Thus we can simply vary the 

parameters gradually to plot the relationship to the critical steady velocity. 
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6.2.2 Wave modes 

In Chapter 5 we derived the following wave evolution equations: 

X=AX+B, (6.13) 

which are solved by the NAG routine D02PDF or the Numerical Recipes RK4 [61]. 

The elements of the matrix A and B are listed in Chapter 5. The wave Fourier 

expansion is truncated to 120 modes in total from O to 10 in the x-direction and 

from Oto 10 in they-direction respectively, as shown in Figure 6.4. The mode (0,0) 

is not included. The higher frequency waves are quickly dissipated by viscosity, 

so do not affect the long period stability seriously. However, generally speaking, 

the more wave modes we take in each direction, the greater opportunity for cell 

instability. Thus we would expect the critical steady velocity to decrease somewhat 

as the number of modes increases. 

The following table shows the critical steady velocity vs. number of modes in a 

reduction cell: 

Number of modes 
24 
48 
63 
80 
99 
120 
224 

Critical steady velocity 
0.228m/sec 
0.227m/sec 
0.227m/sec 
0.227m/sec 
0.227m/sec 
0.226m/sec 
0.226m/sec 

It is interesting to observe that the above result shows that high frequency waves 

less than a wavelength of lm do not affect the K-H instability significantly. 

6.2.3 Cell dimension and operation parameters 

The cell dimension and operation parameters used in this thesis are as follows, unless 

specified otherwise: 



Cell length 
Cell width 
Anode-cathode distance 
Aluminium liquid depth 
Density of aluminium 
Density of cryolite 
Drag coefficient 
Basic flow configuration 
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a= 7.7m 
b = 3.3m 
ACD = 0.04m 
ha= 0.2m 
pa = 2270kg/m2 

pc = 2088kg/ m 2 

a=l 
(1,1) or (2,1) 

6.2.4 Steady flow pattern 

Ziegler (1993) took the steady flows in both the aluminium and cryolite layer as 

expressed by the following stream function: 

(kx'lrX) (k 1ry) '¢ = '¢0 sin -a- sin T , 
where kx and ky are positive integers which determine the number of steady eddies 

in a cell in the x and y direction respectively. As his analysis assumes that both the 

layers have the identical velocity fields, 

(6.14) 

no K-H instability is present. 

Wang (1996) also assumed identical flow patterns but of different magnitudes, taking 

(6.15) 

The exact value of the velocity difference ratio rd is difficult to measure in real cell. 

Wang's assumption [83] is based on the fact that the velocity field in the cryolite 

layer is much smaller than that in the aluminium layer. The discontinuity in the 

velocity fields at the interface will give rise to a K-H instability when '¢0 attains a 

certain critical value. 

We adopt Wang's assumption rd = ! unless otherwise indicated. The effect of the 

velocity difference on the critical steady velocity is shown in Figure 6.5. We hold '¢a 

constant so that 
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Figure 6.5: The critical steady velocity versus the velocity difference ratio rd in an 

aluminium reduction cell, where a=7.7m, b=3.3m, ha=0.2m, ACD=0.04m and the 

initial interface displacement TJi =10-4m is applied. 

and the velocity difference varies from 'l/Ja to O as rd increases. Hence generally 

K-H instability decreases with rd. The one-eddy curve shows the K-H instability 

between rd = 0. 7 and rd = 1.0. However, the two-eddies curve does not leap up near 

rd = 1. That is not easy to explain because of some complicated interaction with 

the pressure-driven instability. 

We also impose a gradual acceleration of the steady flow in order to avoid an initial 

pressure difference between the liquid interface due to the steady velocities of both 

the layers. The steady velocity becomes constant after the initial acceleration for 

t0=10 seconds as shown in Figure 5.1. We apply the perturbation to an initial 

equilibrium state, which is theoretically very important in our instability analysis 

(see Section 5.2.2). 

6.3 Operation and design parameters 

In this section, we discuss effects of some operation and design parameters in the 

aluminium reduction process. Notwithstanding our complicated formulation of the 
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Figure 6.6: A typical interface displacement under a one-eddy basic flow 

wave evolution equations, the numerical simulation results give us reasonable predic­

tions for the interfacial instability, which are mostly found to be physically realistic. 

A typical interface displacement under one eddy basic flow is shown in Figure 6.6. 

6.3.1 Steady velocity of the basic flow 

One of the most important factors in the hydrodynamic cell instability is the basic 

steady velocity driven by the electromagnetic forces. It is obvious that generally 

the higher steady velocity differences make the system more unstable, as they will 

generate more pressure difference at the interface. However, the instability is not 

linearly dependent on the steady velocity, as shown in Figure 6.5. Although it is hard 

to explain simply because of some complicated interaction with the pressure-driven 

instability, the system becomes more unstable with the greater kinetic energy (i.e. 

rd = l.O) applied to the steady flow, especially in case of one eddy. The opposite 

trends in the curves seems to be due to the velocity difference, when K-H instability 

is dominant against other mechanisms. 

We can also confirm the existence of Ziegler's instability mechanism when rd = l in 

Figure 6.4. When the circulation of the basic flow is stirred by the electromagnetic 

forces, it is well-known that the interaction between Bz, iz and jy provides the main 



80 

1 .0 ,----~-----.---..----,--,--,-----,--,---~--,---.----,------,,----~-----,----, 

u 
Q) 
Ill 

" -S 

0.8 

£ 0.6 
u 
0 
oi 
> 
>­

"O 
D 
~ 0.4 
Ill 

0 
u 

:;::; 

8 
0.2 

'· 

' 
'. 

I 
I 

a = 5. 
a = 3. 
a= 1. 

a = 0. 

0. 0 '--~----'---"------'----"'-~----'--......._----'---'--_,__----'--'--~----'------' 
0.00 0.02 0.04 

ACD (m) 
0.06 0.08 

Figure 6. 7: The critical steady velocity Uc versus the ACD with different drag 

coefficients a, with a one-eddy basic flow. Here a=7.7m, b=3.3m and ha=0.2m. 

driving source. Thus, in order to reduce the steady velocity, the vertical magnetic 

component Bz must be minimised during the cell operation. It goes without saying 

that this result coincides with most previous MHD analyses also. 

The critical steady velocity Uc for onset of instability is clearly sensitive to the 

magnitude of the velocity discontinuity !J.U, but there does not appear to be a 

simple relation between them. Moreover Uc cannot be determined easily in real 

cells since there is no obvious way of controlling the steady induced velocity fields. 

Also an approximate calculation from the dynamic equations does not guarantee 

the result as well. Thus, the empirical data should be carefully checked with the 

simulation results and adjusted properly. 

6.3.2 Effect of ACD 

It is often observed that cells tend to become more stable when the ACD is increased 

[83] and our predictions generally follow this trend. It is common for a cell system to 

become stable as the ACD increases between 0.03m - 0.07m in our model as shown 

in Figures 6. 7 and 6.8, which agrees with previous observations [83] very well. 
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Figure 6.8: The critical steady velocity Uc versus t hP ACD with different basic flow 

configurations in an aluminium reduction cell. whPre a=7.7m, b=3.3m, h0 =0.2m, 

ACD=0.04m and the initial interface displacPllll'llt 111 =10-4 m. 

However, the system will be more stable as the ACD decreases below 0.03m, because 

the frictional damping force increases with decre,L'>ing depth, being proportional to 

1/h in Moreau's model. If we assume no frictio11al damping force (a= 0), the critical 

velocity decreases continuously as the ACD deneasPs (see Figure 6.7). Therefore, 

the simple application of the frictional drag coPffirirnt can produce an unrealistic 

damping force in our simulation, especially i11 thP ra11ge of the ACD under 0.03m. 

Ziegler's result in Figure 2.2 shows this mecha11ism very clearly, which is contra­

dictory to the usual observations and measurements [38]. As his model neglects 

the vertical velocity field, only the effect of the frictional drag force seems to be 

reflected in the change in ACD. Our model explains both the usual observations 

and the Ziegler's result together. 

In practice, the ACD is usually around 0.04 m. Unfortunately, we find that it is 

not the optimum value for cell stability as shown in Figure 6.7. If we are able to 

take this to 0.03m, the system will become more unstable. However, as we reviewed 

earlier, if we reduce the ACD too much, the electrical short will occur between the 

anode and the liquid flow, which must be the first thing to avoid in cell operation. If 

we increase the ACD vice versa, it will cost too much electrical power normally. No 
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Figure 6.9: The critical steady velocity Uc versus the drag coefficient a in an alu­

minium reduction cell, where a=7.7m, b=3.3m, ha=0.2m, ACD=0.04m and the 

initial interface displacement rJi =10-4m. 

doubt the ACD is the most important and sensitive factor among the cell operation 

parameters, which should be determined not only by cell instability, but also by 

electric power economy. 

6.3.3 Effect of frictional drag 

The frictional drag force is one of the main factors in reducing the cell instability. 

As is usual, the higher damping force makes the system more stable. Unfortunately, 

in real applications, there is no practical way to maximize the frictional drag as it 

depends on the liquid viscosity and turbulence, although it is slightly related to the 

ACD, the steady velocity and the cell dimension. 

It is interesting to observe that at a certain steady velocity, the system still remains 

stable even without any drag force as shown in Figure 6.9. Also it shows the system 

will become less stable unless there is a frictional drag force. 
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Figure 6.10: The critical steady velocity Uc versus the liquid aluminium depth in 

an aluminium reduction cell, where a=7.7m, b=3.3m, ACD=0.04m and the initial 

interface displacement 'T/i =10-4m. 

6.3.4 Liquid aluminium depth 

The liquid aluminium depth is also one of the factors, which affects cell instability, 

particularly in the range between 0.15m - 0.25m as shown in Figure 6.10. Normally 

the aluminium depth is about 0.2m in real cells. 

6.3.5 Cell length 

The cell length also affects Uc and determines the natural frequencies of interfacial 

gravity waves, as reviewed in Chapter 2. It is interesting to find that the cell length 

affects the K-H/pressure instability very little in the case of a one-eddy flow, as 

shown in Figure 6 .11. 
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Figure 6.11: The critical steady velocity Uc versus the cell length, where b=3.3m, 

ha=0.2m, ACD=0.04m and the initial interface displacement 771 =10-4m. 

6.3.6 Basic steady flow configurations 

The basic flow configuration is one of the major factors affecting cell stability, as 

shown in Ziegler's work. The following table summarises the relationship between 

Uc and the steady flow pattern. 

No. of eddies Basic flow Uc(m/sec) 
1 (1,1) 0.23 
2 (2,1) 0.24 
2 (1,2) 0.12 
4 (2,2) 0.08 

The system is dramatically more unstable for the (1,2) and (2,2) flows. Generally 
speaking, the system will become more unstable, the more eddies of the basic steady 
flow. 

According to the basic flow configuration, the effect of other cell parameters such as 
the ACD, frictional drag, liquid aluminium depth and cell length is varied as shown 
in the previous sections. Especially, the ACD is affected by the steady flow pattern 
significantly in the range under 0.02m (see Figure 6.8). 
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6.3. 7 Ziegler's work (Ua = uc) and the K-H instability (Ua =J 
ue) 

We calculated the critical steady velocity with the same dimensions and operation 
parameters as used by Ziegler in our model as follows: 

Steady Flow Configuration 
(1,1) 
(2,1) 

modes 
8x8 
6x6 

Ziegler's results 
0.43m/sec 
0.16m/sec 

Our results 
0.12m/sec 
0.12m/sec 

The above results show that Ziegler's calculation cannot detect some instabilities 
which ours can. One of the main difference is due to the vertical velocity field, 
which he ignored. Another problem is that his numerical integration begins with an 
unbalanced pressure difference at the interface. 

6.4 Conclusion 

The K-H instability always occurs with the velocity difference between the liquid 
layers. We can find the K-H mechanism as shown in Figure 6.5. The critical steady 
velocity does not linearly depend on the velocity difference, because of the compli­
cated interaction of the pressure difference between two liquid layers. We include 
both the K-H and the pressure difference effects in our analysis. 

In the K-H instability mechanism, the steady velocity difference of the basic flow 
generates the kinetic energy at the interface. Due to this mechanism with the other 
design and the operating parameters in the cells, the interfacial instability has always 
been a challenge. 

In most cases, the steady velocity in aluminium layer is much greater than that in 
cryolite layer. Wang [83] assumed the value of the aluminium steady velocity twice 
greater than that of the cryolite velocity, Uc = !Ua in his analysis. As a matter 
of fact, Ziegler's result does not seem to occur in real cell operations although it is 
assumed theoretically. The steady velocity in the aluminium layer is always greater 
than that in the cryolite layer. Thus, we find that the K-H instability is one of the 
most destabilising mechanisms in aluminium reduction cells. 

We estimated the critical steady velocity with various cell operation and design 
parameters in our K-H instability model. It is shown that the ACD, the frictional 
drag coefficient, the liquid aluminium depth, the cell length and the basic flow 
configurations are the main parameters affecting stability. Among them, the ACD 
is a dominant and sensitive parameter in real cell operation, as the other parameters 
are not so simple to control. 

The K-H instability mechanism shows that a cell system can become more unstable 
even when we reduce the steady velocity in cryolite layer while the aluminium layer 



86 

maintains the original velocity, because the velocity difference is increased. Thus, 
the simple reduction of the cryolite velocity does not help a cell system become more 
stable. This is one of interesting results in our study. Because the steady velocity 
in aluminium layer is always greater than that in cryolite layer, the hydrodynamic 
coupling mechanism in spite of its complexity guides us to the following conclusion. 
The steady velocity in aluminium layer must be minimised during the reduction 
process in order to control the cell instability properly. 



Chapter 7 

Induced magnetic damping 

In this chapter, we explore a method of incorporating induced electric currents into 
our model. The main effect of the induced currents is to damp the instability. In 
a mean flow, the induced magnetic force can be as large as 40% of the imposed 
magnetic force according to previous research [35]. The induced current is driven 
by the EMF caused by the conducting fluid flowing across magnetic field lines. The 
kinetic energy is converted to electric energy via Ohmic dissipation of the induced 
currents. Thus, this force acts as a damping source by dissipating the kinetic energy. 

In the first section, the general features of induced magnetic damping will be briefly 
introduced. In the second section, we will consider magnetic damping of surface 
waves for liquid metal in a rectangular insulating container. The aim is to study in­
duced magnetic damping in a simple situation to illustrate some important features. 
In the third section, we study the same problem, but in a perfectly conducting con­
tainer, to illustrate the importance of the container conductivity. Finally, in the last 
section we re-calculate the critical steady velocity with magnetic damping included. 

7 .1 Introduction 

As we reviewed in Chapter 1, liquid aluminium flows are predominantly driven by 
the strong magnetic forces which can be calculated from the magnetic fields and 
the electric currents flowing in the metal pad. In a real cell, apart from the electric 
currents imposed on the cell through the anodes, the metal motion in the magnetic 
fields induces extra currents in the pad. If the cell boundaries are insulating, electric 
charge may accumulate and create the induced electric field which partly counteracts 
the imposed electric field. 

Thus the magnetic forces consist of two parts: one due to the imposed currents and 
the other due to the induced currents. Thus we can decompose the current density 
in terms of the imposed currents J0 and the induced current J1 which consists of 



88 

the induced term au x B and the induced current potential term rp as follows: 

J Jo +J1 

Jo+ (aux B + v7rp). (7.1) 

It is essential to include the induced electric potential v7 rp, which represents a back 
electromagnetic force [83] necessary to satisfy the lateral boundary condition J. n = 
0 where the cell boundary is insulated. Actually the cell boundary is conducting, but 
since carbon is a much poorer conductor than aluminium we treat it as insulating. 
Here we assume shallow layer, so the vertical velocity component is much smaller 
than the horizontal velocity components. We also assume a well-mixed layer so that 
the velocity is independent of z. Also the induced current J will have only horizontal 
components (see Section 7.2.5). 

Using the conservation of the induced current v7 · J 1 = 0 and the electromagnetic 
boundary condition, we have equations for the induced electric potential rp as follows: 

v7 2 rp = -a\7 · (u x B), 

f.Jrp = -an · ( u x B) on all th<' boundaries. 
f.Jn 

(7.2) 

(7.3) 

The second equation indicates that no inducf'd rnrr<'Ilt escapes from the liquid metal 
because the aluminium is much better elect rim! rnnductor than its surrounding 
material. The induced current potential cp can IH' calculated numerically for given 
velocity u and magnetic fields B from the abow Poisson equation. 

Generally, the v7rp term tends to oppose the induc<'d force term u x B in order to 
cancel the normal component at the boumlar:,,. Considering only au x B as the 
induced current density and neglecting the <'ff<'ct of v;: will probably overestimate 
the damping effects of the induced current d<'nsitY [83]. 

The Lorentz force f takes the following form: 

f JxB 

J 0 X B + [a(u x B) + Yep] x B. (7.4) 

The induced magnetic force is strong in the aluminium layer while the turbulent drag 
force dominates it in the cryolite layer because aa » ac. Thus, in our formulation, 
the induced magnetic damping term will be considered only in aluminium layer. 

7 .2 Induced magnetic damping of free-surface waves 
in an insulating container 

To simplify the physical problem, first we shall consider the induced magnetic damp­
ing in an insulating rectangular container as shown in Figure 7.1. This analysis 
assumes a shallow layer and B = Bzz for simplicity. The purpose of the following 
section is to illustrate the crucial influence of the conductivity of the container. 
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Figure 7.1: A rectangular container, where the free surface of liquid aluminium flow 
is affected by the electromagnetic force. 

7.2.1 Velocity perturbation 

We apply similar methods to obtain the wave evolution equations to those used in 
Chapter 5. The perturbation velocity field can be expressed by a velocity potential 
¢, and a stream function 'I/; mathematically as follows: 

U = "\1¢, + "\J'I/) X Z. (7.5) 

The velocity potential ¢, is chosen to have the following form, which satisfies the 
boundary conditions, 

</> 9a(z)Ea(X, y)ba(t) 

def </>aba(t), (7.6) 

where the 9a(z) = g~(z) (here we have only one liquid layer) and Ea are exactly the 
same functions as used in Chapter 5. 

Then, the free surface displacement T/ can be expanded in terms of the Ea and the 
time t, 

T/ = TJa(t)Ea. (7.7) 

7.2.2 Equations of motion 

The general form of the linearised equation of motion is simplified from the Navier­
Stokes equations as follows: 

au k n~ ~ V pat + u + pHZ x u + pwz x 

+"vpr - f1 = 0, (7.8) 
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where f1 denotes the induced magnetic damping force. 

The governing equations for the </> are written as: 

"v · u = "v2¢ = 0, ~ = 0 on solid boundaries, iJ = ~ on free surface. 

7.2.3 Scalar formulation 

As before to obtain the scalar evolution equation for the variables bm, we shall take 
the inner product of the equation of motion with "v </>m as follows: 

p < U, "v c/>m > + < ku, "v </>m > + < "vp, "v c/>m > 
< f1, 'vc/>m >= 0. 

Now we have the evolution equations as follows: 

where fm denotes the induced magnetic damping term. 

The coefficient matrices in the above equation are listed as: 

Am= P9m(O)IIEmll2, 

Cm= kgm(O)IIEmll2, 

Gm= P9IIEmll2-

7.2.4 Free surface displacement 

The usual kinematic free-surface condition implies: 

. 8¢ 
Uz=O = 1J = 8z. 

Thus, we have 

or we simply find 

Now using bm = iJm, (7.10) can be written as: 

Am ijm +CmiJm + Gm1Jm - f m = 0. 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 
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7.2.5 Calculating the induced current 

From Faraday's law, the induced current Jr is given by: 

Jr a- (u x B) + "vcp 

"vX X z, 

where the current stream function x can be expressed as 

(7.16) 

(7.17) 

which automatically satisfies the lateral boundary conditions. In this shallow layer 
assumption, vertical velocity is considered to be much smaller than horizontal ve­
locity (ux, Uy » u2 ). Then the induced current Jr will be independent of z (each 
horizontal cross-section of container is identical). 

Taking the z-component of the curl of (7.16) we eliminate the current potential term 
cp as follows: 

[o-"v X (u X B)] · z 
a- (B · "v) u · z 

B OUz 

O" z oz 
O" B 2 g~(z )Enbn, (7.18) 

where assuming that B = B2 z is constant, the term "v x (u x B) can be simplified 
using the standard vector identity as 

"v x (u x B) (B · "v) u - (u · "v) B + u ("v · B) - B ("v · u) 

(B · "v) u. (7.19) 

We can use (7.17) and (7.18) to express the dm coefficients in terms of the T/m· Since 

>-.!Hndn 
CJ B2 9~ (z )Enbc,, 

We take the inner product of each side with Hm and obtain, 

)..~\Hm\2dm = CJBzQ~~T/n, 

(7.20) 

(7.21) 

where the coefficient Q~~ is defined in Appendix IL Here we have used the orthog­
onality of the Hm. Also since g'(O) = 1 and g'(-h) = 0 it follows that 

To summarise, we can write, 

Jo g" (z)dz = l. 
-h 

(7.22) 

(7.23) 
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where 
aB Q(9) S z mo 

mo - A~hl1Hmll 2 . 

The above equation shows that the evolution coefficient dm for the induced current 
can be expressed in terms of the wave evolution coefficient iJ0 and the magnetic field 
Bz. This result will be used to calculate the induced damping force in the next 
section. 

7.2.6 Calculating the induced damping force J1 x B 

When we include the induced magnetic damping term, the general form of the 
linearised equation of motion is written as: 

OU k n~ ~ U p {)t + U + pHZ X U + pwz X 

+'v'pr - fr= 0, (7.24) 

From (7.16), fr can be represented by the current stream function x and the magnetic 
field B as follows: 

Jr x B 
(v'x x z) x B 
[do(t)v' Ha X z] X B 
-Bz v' H 0 d0 (t). (7.25) 

Then, by the inner product of the equation of motion (7.24) with v' Em, the evolution 
equations can be written with the additional coefficient T mo as follows: 

(7.26) 

where the induced damping coefficient T mo is 

(7.27) 

7.2.7 The energy dissipation rate by the induced force 

We shall calculate the rate Rr at which the induced magnetic damping force fr does 
work. This rate is useful for investigating the effects of the magnetic field on the 
induced damping. When B is constant, we can write the energy dissipation rate 



93 

f ( J 1 x B) · udV 

f [(dm(t)V Hm X z) X BJ. udV 

f (-BzVHm)dm(t) · {Vga(z)Eaba(t) + VH0 c0 (t) x z}dV 

-f Bz V Hmdm(t) · V 90 (z)E0 b0 (t)dV 

-f Bz V Hmdm(t) · (V Haca(t) x z)dV, (7.28) 

where the last term of the above equation vanishes as follows: 

Thus, we have 

where 

and 

Bzdm(t)ca(t) f V Hm · (V H0 x z)dV 

Bzdm(t)c0 (t)h f V Hm · (V H0 x z)df 

Bzdm(t)ca(t)h f [Hm, H 0 ]df 

o. (7.29) 

R1 -Bz f OaHm&0 E0 df f 90 (z)dzdm(t)b0 (t) 

Umadm(t)b0 (t) 

UmaSmkbk(t)b0 (t), 

U - -B Q(lO) -
mo - z ma 9a, 

(7.30) 

(7.31) 

from the previous section. 

The rate R1 shows that the magnetic damping force is irrotational, and therefore 
has no affect on the rotational part of the fluid motion. If we integrate the rate R1 

in time, we can obtain the total energy dissipated by the induced damping, which 
must equal the decrease in D.K E + D.P E over the same time interval. 

7.2.8 Numerical results 

In order to verify the formulation, we calculate the total perturbation energy D.E 
and the dissipated energy D.DE by the induced damping as follows: 

D.E = D.PE + b.KE, (7.32) 
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Figure 7.2: The energy dissipation by the induced magnetic damping in a rectangular 
container, where a=7.7m, b=3.3m, ha=0.2m, a=O, B 2 =0.005 Tesla and the initial 
interface displacement 7Ji =0.0lm. 

b..DE f R1dt 

f UmaSmkbkb0 dt, (7.33) 

where the potential energy D..P E and the kinetic energy b..K E are written as: 

b..KE 

b..PE 1 r 2 
""ipg lr !rJI dr 

1 r 2 2 
2pg lr Emdf1Jm 

tpg!IEmii21J!, 

!P { u · udV 
2 lv 
! p { "v ¢ · "v </>dV 
2 lv 

tp l [{ozgm(z)}2 + g!(z)-\!] E!b!dV 

!P { [{02 gm(z)}2 + g!(z)-\!] dz!!Emi!2b~. 
2 lz 

(7.34) 

(7.35) 

In calculating D..K E, the rotational flow motion is not included, as we give the 
irrotational perturbation. Figure 7.2 shows all the energy is eventually dissipated 
by magnetic damping. 

Also Figure 7.3 shows the kinetic energy dissipation time by the induced magnetic 
damping due to the vertical magnetic field B2 in a rectangular container. The 
stronger magnetic field shows the shorter dissipation time, as we expected. 
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Figure 7.3: The energy dissipation time by tlH' induced magnetic damping in a 
rectangular container, where a=7.7m, b=3.3rn. liu=0.2m, o:=1, Bz=0.005 Tesla and 
the initial interface displacement 711 =0.0lrn. TIH· dissipation time is defined to be 
the time taken for the energy to decay to 17c of its initial value. 

In this section, we investigated the inducc•d magnetic damping in an insulating 
container. The assumption of insulating walls rnrrcsponds to the situation in an 
alumunium reduction cell, but here for simplicit_\· we have considered only a single 
layer. This simplification shows us the energ_\· dissipation mechanism by the induced 
magnetic damping force very well. 

7.3 Induced magnetic damping in a perfectly con­
ducting container 

In this section, we consider the induced magnetic damping in containers with perfectly­
conducting walls. In this case, the lateral boundary conditions J 1 · ii = 0 are· no 
longer valid. On the perfectly-conducting boundaries, the electric field E is con­
tinuous. So E = 0 in fluid adjacent to the boundaries. Thus the induced current 
potential cp = 0 on the boundaries. 

From Maxwell's equations as in Section 7.2, we write the induced current in the 
form: 

Jr = au x B + 'v cp. (7.36) 

By the conservation of the induced current 
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0, 

'v2 r.p -a'v · (u x B) 
-aBz('vxu) · z 
-aBzWz 
-aBz)...;H0 cn 

aBz'v2'lj;. 

(7.37) 

(7.38) 

Thus r.p = a Bz'lj; is the solution since this also satisfies the required boundary con­
dition. 

Therefore, the induced force f1 is 

J1 X B 

where 'v <Pz = UzZ, 

[a(u x B)+'vr.p) x B 
a(B · u)B - a(B · B)u + a'vr.pxB, 

aB;[uzZ - ('v</J + 'v'lj; X z) + 'v'lj; X z] 
aB;(uzz - 'v</J) 
-aB;('v</Jx, 'v</Jy, 0), 

7.3.1 Equations of motion 

(7.39) 

When we include the induced damping term, the general form of the linearized 
equation of motion is written as: 

au k o~ ~ u 
p at + u + PHZ X u + pwz X 

+'vpr - f1 = 0, (7.40) 

where the f1 is the induced magnetic damping force in a electrically conducting 
container. 

The inner product < f 1, 'v <Pm > is written in terms of the wave evolution variable 
bo:(t) as follows: 

< J / X B, 'v <Pm > 
< -aB;('v<Px, 'v</Jy), 'v</Jm >, (7.41) 

when 
(7.42) 
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Figure 7.4: The energy dissipation by the induced magnetic damping in a perfectly­
conducting container, where B2 =0.005 Tesla, a=7.7m, b=3.3m, h0 =0.2m, a=l and 
the initial interface displacement TJi =0.0lm. 

Finally, we have 

where 

-aB; j g0 (z)gm(z)dz l v7 E0 • v7 Emdfb0 

T!nbm, (7.43) 

(7.44) 

Thus, the first evolution equations can be written with the additional coefficient T! 
as follows: 

(7.45) 

The perturbation of vorticity can be obtained by taking the z-component of the curl 
of the equation of motion as follows: 

ow k l ~ - + -W + U · \70 + U · \lw + -(\7 X f1) · Z = 0, m P P 

where the induced damping term vanishes since 

~ [v7 x {-aB;(v7</>)h}] · z 
p 

0. 

(7.46) 

(7.47) 

Thus, the above equation shows us that the vorticity equation is not affected by the 
induced damping force. 
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Figure 7.5: The energy dissipation time by the induced magnetic damping in a 
perfectly-conducting container, where a=7.7m, b=3.3m, ha=0.2m, a=l and the 
initial interface displacement r,1 =0.0lm. 

7.3.2 Wave evolution equations 

Now we have the wave evolution equations with the induced damping term for the 
three sets of unknown variables b0 , c0 and rJa: in a electrically conducting container 
as follows: 

.. 1 . 
Am rJm +(Cm+ Tm)T/m + Ema:Ca: + Gma:T/a: = 0, 

'T/m - bm = 0, 

JmCm + Kma:ba: + Lma:Ca: + Mma:rJa: = 0. 

(7.48) 

(7.49) 

(7.50) 

The second equation is derived in Section (7.2) and the last equation is the vorticity 
equation as used in Section (5.2.8). 

7.3.3 Numerical results 

Figures 7.4 and 7.5 compare the rate of energy dissipation in insulating and con­
ducting containers. Clearly the damping is much stronger in conducting containers. 
In an insulating container an induced electric field is established to ensure that no 
current can flow through the wall. This field partially cancels the au x B field, and 
so reduces the induced current. 

In this section, we investigated the induced magnetic damping in a perfectly-conducting 
container which has a different electromagnetic boundary condition. Finally, we will 
explore the induced magnetic damping perturbation in aluminium reduction cells in 
the next section, which is our main interest. 
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7.4 Induced magnetic damping in aluminium re­
duction cells 

Magnetic damping occurs almost exclusively in the aluminium layer, as the cryolite 
is much poorer electrical conductor. Because carbon walls are relatively insulating, 
we can take the induced current J 1 in terms of a current stream function x (see 
Section 7.2.5) as follows: 

J1 = Vx(x, y) x z, 
so that J 1 satisfies the current continuity equation, 

(7.51) 

(7.52) 

The current stream function x can be expanded in terms of the eigenfunction Ha, 

x(x, y) = Ha(x, y)da(t). (7.53) 

This formulation is based on the same assumptions as discussed in the previous 
sections. 

From Maxwell's equations, we can write 

a(uxB+v7cp) J1 

Vx x z, (7.54) 

where the cp denotes the electric potential. 

To determine x we consider the z-component of the curl of the above equation, 
eliminating cp: 

[av7 x (u x B)] · z 
a[(B · v7) u - (u · v7) BJ· z 
aBzOzU · z - a(u · v7)Bz 
aBzoz(v7</> + v7'ljJ X z). z 
-a{(v7<f> + v7'ljJ X z)·v7}Bz 

a Bzoz{ Oz9a(z)Eaba} 
-{ aga(z)(v7 Ea · v7 Bz)ba + a[Bz, Ha]ca} 

a{Bzo;ga(z)Ea - 9a(z)v7 Ea· v7 Bz}ba 

-a[Bz, Ha]Ca. 

Here we have used the vector identity: 

v7 x (u x B) (B · v7) u - (u · v7) B + u (v7 · B) - B (v7 · u) 
(B · v7) u - (u · v7) B, 

assuming incompressible flow, and B = Bzz. 

(7.55) 

(7.56) 
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By rearranging (7.55), we have 

_v72X a{Bz8;ga(z)Ea 

-ga(z)V Ea· V Bz}ba - a[Bz, Ha]Ca 

a{Bz8;ga(z)Ea - 9a(z)V Ea· V Bz}ba 

-a[Bz, Ha]Ca, 

where ba and Ca denote the same variables as used in Chapter 5. 

(7.57) 

By taking the inner product of the above equation with Hm over the liquid volume, 
we have 

A; Iv HaHmdV da = a Iv {Bz8;ga(z)Ea - 9a(z)V Ea· V Bz}HmdVba 

-a fv[Bz, Ha]HmdV Ca, (7.58) 

or 

a f 8;ga(z)dz Ir BzEaHmdfba 

-a f 9a(z)dz Ir Hm V Bz · V Eadfba 

-aha h[Bz, Ha]Hmdfca 

(aQ(n) - a g- Q(12))b ma amaa 
h Q(l3) -a a ma Ca, (7.59) 

where the integration coefficients are written in Appendix II. 

Finally, by orthogonality of the eigenfunctions Ha, we have one more set of evolution 
equation for the electromagnetic damping as follows: 

where 

Pd - 5(l) b 5(2) 
.J.Lrn m - ma a+ maCa, 

Rm= A~hallHmll2 , 

5(1) = aQ(ll) - a g- Q(l2) ma ma a ma, 
5(2) = -ah Q(l3) 

ma a ma· 

7.4.1 Equations of motion 

(7.60) 

(7.61) 

When we include the electromagnetic damping term, the general form of the lin­
earised equation of motion is written as: 

au k n~ ~ u 
p at + u + PHZ X u + pwz X 

+VPT-f1=0, (7.62) 
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where the f1 is the electromagnetic damping force by the induced current in a re­
duction cell. 

The inner product < f1, V <l>m > is written in terms of the coefficients d0 as follows: 

where 

< f1, V</>m > 
< (-Bz V Ho)do(t), V</>m > 

l (-BzVHo). V</>mdVdo 

l (-Bz V Ho)· V (gm(z)Em) dV d0 

_ g- Q(14)d m moo 

Q~~ = frnzVH0 • VEmdf, 

,..,, __ g- Q(14) 
.lmo - m mo· 

The induced damping force is given by 

f1 J1 X B 
(Vx x z) x B 

[do(t)V Ho X z] X B 

(-Bz V H0 )d0 (t). 

(7.63) 

(7.64) 

(7.65) 

The first of six evolution equations can be written with the additional coefficient 
T mo representing the induced magnetic damping as follows: 

Ambm + Bmb':n + Cmobo + Dmob~ 

+EmoCo + FmoC~ + GmoT/o + Tmodo + Qm = 0. (7.66) 

The perturbation of vorticity can be obtained by taking the z-component of the curl 
of (7.62) as follows: 

aw k l ~ 
- + -w + u. vn + u. Vw + -[V X (-f1 )] . z = 0, at P P 

where the electromagnetic damping term will vanish as: 

[V X f1] · Z [V X (-Bz V Ho) do(t)]. z 
0. 

(7.67) 

(7.68) 

(7.69) 

As before we find that the induced magnetic damping term does not affect vorticity. 
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Figure 7.6: The critical steady velocity when th<· induced magnetic damping force 
is included, where a=7.7m, b=3.3m, h0 =0.2m and ACD=0.04m. 

7.4.2 Wave evolution equations 

When we include magnetic damping the evolution equations for the six coefficients 
b~, b;, c~, c;, d~ and T/o take the form: 

. . 
Amb~ + Bmb~ + Cmob~ + D,,wb~1 + 
EmoC~ + Fm0 C~ + Gmn1/0 + T,,,od~ + Qm = 0, 

b~ = b~ - H,,l(IT/n. 

Tim + lmoT/o - b':n = 0. 

Jmc~ + Kmob~ + LmoC~ + J\.l,,IO 1]o 

Jmc~ + Nmob~ + OmoC~ + Pmn'T/o 

0, 

0, 

(7.70) 

(7.71) 

(7.72) 

(7.73) 

(7.74) 

D d0 = 5(1) b0 + 5(2) c0 (7. 7_ 5) -'-'-'?n m mo o mn o· 

By eliminating the b;, the b; and the d0 in the above equations, we can reduce the 
number of the equations: 

(Am+ Bm)b~ - BmHmoT/o 

+(Cmo + Dmo + Tmk5k~/Rk)b~ +(Emo+ Tmk5k~/Rk)c~ 

+FmoC~ + (Gmo - DmkHko)'TJo + Qm = 0, 

Jmc~ + Kmob~ + LmoC~ + Mmo'TJo 

Jmc':n + Nmob~ + OmoC~ + (Pmo - NmkHko)'TJo 

Tim + lmo'TJo - b~ = 0. 

0, 

0, 

(7.76) 

(7.77) 

(7.78) 

(7.79) 
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7.4.3 Numerical results 

Results for the critical velocity when magnetic damping is included are shown in 
Figure 7.6. Generally, we find that the induced current is able to increase the critical 
steady velocity by less than O.Olm/sec approximately. This result shows that the 
positive effect of the vertical magnetic field due to the induced magnetic damping 
is only slight. Also Figure 7.7 shows that the induced damping is affected by the 
basic flow patterns. 

In order to compare the electromagnetic boundary conditions, we calculate the crit­
ical steady velocity in a perfectly-conducting cell, where there is no insulation be­
tween the liquid aluminium and the cell wall. Figure 7.8 shows the effect of the 
induced magnetic damping force in a conducting cell, which is much stronger than 
in an insulating cell. 

In addition, we reproduce Wang's modified magnetic damping estimation [83] ac­
cording to the following formulation: 

as reviewed in Chapter 2. This result shows that his formulation is useful only when 
we estimate the coefficient f3 properly as shown in Figure 7.8. In his approximation, 
the /3 has the value in the range of 10-2a-10°a which is too wide to be useful. How­
ever, if a reasonable estimation is provided from empirical data, his approximation 
is very convenient for calculation (i.e. f3 = 0.5a works reasonably well). 
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Figure 7.8: The critical steady velocity due to the modified magnetic damping by 
Wang when /3 = 0.5a = 2.5 x 106 is assumed, where a=7.7m, b=3.3m, h0 =0.2m, 
a=l and ACD=0.04m. 

7.5 Conclusion 

In the analysis of the induced magnetic damping perturbation for a single layer 
container, it is shown that the vertical magnetic field Bz damps the liquid surface 
movement. The horizontal magnetic field is neglected for simplicity in our analysis. 

Also the effect of the induced magnetic damping in a perfectly-conducting container 
is investigated with a different electromagnetic boundary condition, which shows 
stronger damping than in an insulating container. 

In aluminium reduction cells with two liquid layers, though the induced magnetic 
damping force is weak, but does slightly improve the cell stability. 

In conclusion, the electromagnetic field can affect the cell instability in two different 
ways. One is the induced magnetic damping effect due to the induced current which 
is positive for the interfacial instability and another is the driving effect on the 
steady flow due to the imposed magnetic field which is negative. Our simulation 
result shows that the negative effect is much greater than the positive. Thus it 
is very clear that the magnetic field B, which is the most dominant factor for the 
driving source on the basic steady flows, must be minimised for the control of the 
interfacial instability. 



Chapter 8 

Conclusions 

We have investigated the K-H instability, which is a purely hydrodynamic interfacial 
instability in aluminium reduction cells. Also electromagnetic damping is studied 
with an improved treatment. The steady velocity difference between two liquid lay­
ers has been highlightened to explain the complex nature of the instability .. The 
cryolite and aluminium velocity fields are represented in terms of potentials and 
stream functions, the Na vier-Stokes equations are formulated as a system of ordi­
nary differential equations for the time-dependent coefficients. The system in then 
integrated forward in time by standard methods. Various cell design and operation 
parameters such as steady velocity, ACD, frictional drag coefficient, cell dimension, 
liquid metal depth and velocity difference are considered in the numerical simula­
tions. This study shows the K-H instability is one of the most dominant mechanisms 
in the interfacial instability. 

In this chapter, we shall summarise the major research activities, the conclusions, 
the limitations and the suggestions on further work. 

8.1 Research activities 

The major research activities performed in this study are summarised as follows: 

• A normal mode method is used to derive a system of ordinary differential 
equations describing the evolution of time-dependent 2D flow in rectangular 
regions. These can be linearised to determine the stability of steady flows. 

• The conditions for steady 2D flow in rectangular regions are examined. In 
particular we show that a single Fourier-component flow is steady and stable. 

• To ensure that the initial state is an equilibrium we start the flow evolution 
from a state of rest, gradually increasing the layer flows to their steady values. 
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This avoids an the initial pressure discontinuity across the interface which is 
present in previous work. 

• The total perturbation energy is calculated to verify energy conservation and 
detect the instability. A bisection method is applied to find the critical steady 
velocity more efficiently. 

• The program is used to predict the critical steady velocity practically with 
various cell design and operation parameters such as ACD, liquid metal depth, 
cell length, drag coefficient, steady velocity of basic flow and flow patterns. 
This may prove a useful tool in cell design. 

• The K-H instability mechanism and Ziegler's work are compared in the anal­
ysis of the hydrodynamic interfacial instability. It is shown that the K-H 
instability mechanism is strongly destabilising as there exists a considerable 
velocity difference between the liquid layers in real cells always. 

• Preliminary calculations with a single layer of conducting fluid in a rectangu­
lar container showed that electromagnetic damping depends crucially on the 
electrical conductivity of the container walls. It is much weaker in an insulat­
ing container than a perfectly-conducting one, because insulating walls inhibit 
the flow of induced current. This effect means that magnetic damping is much 
less effective in aluminium reduction cells than an order-of-magnitude analysis 
might suggest. 

8.2 Conclusions 

The main conclusions are summarised as follows: 

• In a rectangular container a two-dimensional flow which includes only one 
Fourier component, is stable and steady. So it seems likely that the instability 
which occurs in aluminium reduction cells is not due to an inherent instability 
but to the interfacial mechanism between two liquid layers. 

• The steady velocity in the aluminium layer is the most significant factor in 
the K-H instability. The interfacial instability can be improved by reducing 
the strong magnetic field, which drives the basic steady flow. 

• Any interfacial instability approach will not be enough to configure the cell 
stability without considering the K-H instability mechanism, as the velocity 
difference always exists between two liquid layers in real cells. 

• The purely hydrodynamic approach in the view of the K-H instability mecha­
nism is very practical and useful for the evaluation of the interfacial instability 
in aluminium reduction cells without damaging the original physics seriously, 
unless the current flow instability is so dominant. 
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• The effect of the electromagnetic damping due to the induced current can 
reduce the interfacial instability slightly. However, the negative effect of the 
magnetic field by driving the basic flow is much stronger than the positive by 
the induced magnetic damping for the interfacial instability. 

• Using the normal mode method for the form of the steady-state current, mag­
netic field or flow, the scheme is suitable for industrial application where these 
would be calculated numerically. 

8.3 Limitations and further work 

Although we are able to achieve some useful results in this research, there are in­
evitably some physical and mathematical limitations on account of the assumptions 
and the simplifications we made for our model. The limitations of this study and 
the suggestions on further work can be summarised as follows: 

• The estimation of the frictional drag coefficient a: An approximate value of the 
drag coefficient a = l.Okg/m2s was used in our simulation, which is calculated 
with values of Vx = 0.15m/s and L = 3m respectively from the formula by Bird 
[11]. The drag coefficient a can be adjusted properly according to the steady 
velocity and the cell width. The adjustment will give more realistic results for 
the simulation as the drag coefficient affects the interfacial instability. 

• The estimation of the steady velocity difference ratio rd for the basic flow 
from the given electromagnetic field: For theoretical analysis, we assumed the 
steady cryolite velocity as half of the steady aluminium velocity in reduction 
cells, as Wang [83] did. However, it is not easy to measure or estimate the exact 
value of the velocity difference ratio. For more realistic simulation of the cell 
instability, the steady velocity difference must be estimated properly from the 
empirical data, as the instability mechanism depends upon it in a complex way. 
We are able to predict the critical steady velocity at which the system becomes 
unstable with our simulation program from the given steady velocities. If we 
can properly estimate and control the steady velocity difference ratio from the 
given electromagnetic field, it will be more efficient for the instability analysis. 
Antille, Flueck and Romerio [5] tried to obtain the steady velocity field from 
simultaneous measurements of anodic current fluctuations, which are analysed 
by an FFT method giving frequencies and amplitudes of the different modes. 
This method does not involve solving the Navier-Stokes equations. There are 
also some useful commercial program packages such as FLUENT [83]. A data 
acquisition method should be developed with a proper simulation package. 
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Appendix I 

Proof that Mma/3 is antisymmetric in each 
pair of suffixes 

In Section 4.3, we defined 

This is clearly antisymmetric in a and (3. 

Now 
\7 x (HmHo: \7 H13) = V(HmHo:) x \7 Hf3 

= Hm \7 Ho: X \7 Hf3 + Ho: \7 Hm X \7 Hf3, 

Integrating the above equation over the cross-section and applying Stokes's theorem, 
we have 

= Mmo:{3 + Mo:mf3, 

where C is the boundary of the c~oss-section. 

The left-hand side integration equals zero since Hm and Ho: vanish on the boundary 
C, so 

Hence Mmo:f3 is antisymmetric in the first and the second suffixes. Antisymmetry in 
the first and the third suffixes follows since 
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Appendix II 

The integration coefficients 

Ym= f 9m(z)dz 

Ym0t= f 9m(z)g°'(z)dz 

9~= f Oz90t(z)dz 

Q~~k = l Hk[Ea, E,,i]<Ir 

Q~~k = l Hk v' Ho ·, E"'dr 

Q~~k = l Ha v' Hk · , E"'dr 

Q~~k = fr[Eo. Hk]E",df 

Q~~k = l Em v' Hk. \ Hndf 

Q~i = fr ( >.%Hl + Iv lhf) E"'dr 

Q~~k = fr[Hn. Hk]H"'dr 

Q~~ = l foj3J<)ofmn.iH111df 

Q~~ = l E0 H111 df 

Q(10) = { "v H · v' E dr 
mOt lr Q m 

Q~~ = l BzEaHmdf 

Q~~ = l Hm v' Bz · "v Eadf 

Q~~ = fr[Bz, Ha]Hmdf 

Q~~ = frBzv'Ha · v'Emdf 
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Bm = -pcg~(O)IIEmJl2 

Cma = paUfg~(O)Q~~kdr + paA%Uf 9':na Q~~k + kag~(O)IIEmll2 

Dma = pcUfg~(O)Q~~k + PcA%Uf 9:a Q~~k - kcg~(O)IIEmJl2 

E _ a, 2 ua -a Q(3) a, 2ua -a Q(2) auaQ(5) ma - P Aa k gm mak+P /\k k gm mak + P k metk 
D _ C \ 2 uc -C Q(3) C \ 2 uc -C Q(2) cucQ(5) 
rma - P Aa k gm mak + P /\k k gm mak + P k metk 

Gma = - Gma + (pa - Pc) gJ IEaJl26mo 
(Uf - un (4) 

Hrna= JJEmJl2 Qmak 

Uf (4) 

Ima= IIEmll2Qmak 

K _ -a ,2uaQ(3) ma -9 et /\k k akm 

Lma =A~;: IIHmll2 + ( A! - A%) UfQ~~k 

M - _ _!__Q(s) ma - pa ma 

N. -c , 2 ucQ(3) ma =9 et /\k k akm 

Oma= A~ ;:11Hmll2 + (A!- A%) UfQ~~k 

P, - _ __!_Q(B) ma- pc ma 
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Appendix III 

Analytic formulation of the wave evolution 
coefficients 
Although most integrals in the wave evolution coefficients are somewhat compli­
cated, fortunately they can be integrated analytically. Numerical integration using 
such methods as Gaussian Quadrature can also be an alternative for calculating 
the coefficients. Normally, it will take much time for the computation, while the 
analytic integration shortens the calculation time greatly. To simplify the integrals, 
the combination rule of trigonometric functions is used in the analytic formulation. 

The functions g: and 9:0 : As the integral form used in the 9: and the 9:0 is part 
of a volume integral, the integration direction is chosen upward in the z-direction 
as follows; 

-a IO a l ( .>,. ha -.>.. ha) 
9o:= 9o:(z)dz = 2_x2 . h.X ha e o - e o ' 

-ha O Sln o: 

9:0 = 1° g~(z)g!(z)dz 
-ha 

1 
= X 

4.X0 (sinh.X0 ha) Am (sinh-Xmha) (.X~ - A~) 

[-Xo:eAoha+Amha - Ao:e(-Aoha-Amha) 

-AmeAoha+Amha + Ame(-Aoha-Amha) 

+-Xo:eAoha-Amha - Ao:e(-Aoha+Amha) 

+-XmeAoha-Amha - Ame(-Aoha+Amha>j. 

The integration coefficient Q~0 k: Using the combination rule of trigonometric func­

tions, the integration coefficient Q~~k is written as; 

Q~~k = Ir Hk[Eo:, Em]dr 

= Ir Hk8xEo:8yEmdr - Ir Hk8yEo:8xEmdr 

Similarly, we can obtain all other integration coefficients in the wave evolution equa­
tions analytically. 
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