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Abstract

The full n-Latin square is the n× n array with symbols 1, 2, . . . , n
in each cell. In a way that is analogous to critical sets of full designs,
a critical set of the full n-Latin square can be used to find a defining
set for any Latin square of order n. In this paper we study the size of
the smallest critical set for a full n-Latin square, showing this to be
somewhere between (n3 − 2n2 + 2n)/2 and (n − 1)3 + 1. In the case
that each cell is either full or empty, we show the size of a critical set
in the full n-Latin square is always equal to n3 − 2n2 − n.

1 Introduction

For convenience, we adopt the notation N(a) for the set of positive integers
{1, 2, ..., a}.

We introduce the combinatorial structures in this paper under the um-
brella of the very general concept of a Latin array, defined as follows. Let
G be a tripartite multigraph with partite sets R = {r1, r2, ..., rm}, C =
{c1, c2, ..., cn} and S = N(t). Then, a Latin array L(G) is any decomposition
of G into triangles. We often represent L in array form, i.e. the triangle
(r, c, s) ∈ L corresponds to the occurrence of the symbol s in cell Lr,c, where
r ∈ R, c ∈ C and s ∈ S. If G is a simple complete tripartite graph with
m = n = t, then L is simply a Latin square of order n. We can use the idea
of a Latin array to describe the following generalizations of Latin squares.
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If m = n = t and there are k edges between every pair of vertices in G,
then L(G) is a multi-Latin square of order n and index k (or a k-Latin square
of order n). Equivalently, a k-Latin square of order n is an n × n array of
multisets of cardinality k from N(n) with each symbol occurring exactly k
times in each row and k times in each column (see [3]). The following is an
example of a 3-Latin square of order 4.

1,2,4 1,2,3 2,3,4 1,3,4
1,1,3 2,2,4 1,3,4 2,3,4
2,4,3 1,3,4 1,2,2 1,3,4
4,2,3 1,3,4 1,3,4 1,2,2

Note that a 1-Latin square of order n is a Latin square. The n-Latin square
of order n given by L = {{r, c, s} | r ∈ R, c ∈ C, s ∈ S} is the full n-Latin
square. That is, the full n-Latin square is the n-Latin square with each cell
containing N(n).

Next we say that L(G) is an (m,n, t)-balanced Latin rectangle if G is a
complete tripartite multigraph with |R| = m, |C| = n, |S| = t, each vertex
of R connected exactly t times to each vertex of C and exactly n times to
each vertex of S; and each vertex of C connected exactly m times to each
vertex of S.

An (m,n, t)-balanced Latin rectangle is thus an m×n array of multisets of
size t such that each element of N(t) occurs n times in each row and m times
in each column. The example below is a (4, 5, 3)-balanced Latin rectangle.

1,2,3 1,1,2 2,2,3 1,2,3 1,3,3
1,2,2 1,2,3 1,2,3 1,2,3 1,3,3
1,3,3 1,2,3 1,2,3 1,1,3 2,2,2
1,2,3 2,3,3 1,1,3 2,2,3 1,1,2

In the special case when each cell contains N(t), the Latin array is the full
(m,n, t)-balanced Latin rectangle. Observe that an (n, n, n)-balanced Latin
rectangle is an n-Latin square of order n and that the full (n, n, n)-balanced
Latin rectangle is also the full n-Latin square.

The above general notion of a Latin array allows us to succinctly define
defining sets and critical sets for each of the arrays under consideration in
this paper.

Given a tripartite multigraph G as above, any partial decomposition of
G into triangles (that is, any set of edge-disjoint triangles in G) is a partial
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Latin array. Thus we have defined a partial Latin square, a partial k-Latin
square of order n and a partial (m,n, t)-balanced Latin rectangle.

For any partial Latin array, we may ask whether or not it completes
to a Latin array with the same parameters. Here the graph G is always
fixed, so we are in effect asking whether a partial decomposition of G into
triangles may be completed to a decomposition of G into triangles. If L(G)
is a partial Latin array and there is an unique Latin array L′(G) such that
L(G) ⊆ L′(G), then we say that L(G) is a defining set of L′(G). If upon
removing any triangle from L(G), the partial Latin array formed is no longer
a defining set, then we say L(G) is a critical set of L′(G).

We emphasize again that G is fixed. Thus, a defining set of the full n-
Latin square has unique completion to an n-Latin square L of order n, where
L turns out to be the full n-Latin square. For example, consider the partial
Latin array given below.

1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4

By inspection, given that each symbol occurs 4 times in each row and column,
the Latin array has unique completion to a 4-Latin square of order 4 which
is the full 4-Latin square. Next, if we remove 1 from cell (1, 1), the partial
Latin array has two completions to 4-Latin squares of order 4:

1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4

2,2,3,4 1,2,3,4 1,2,3,4 1,1,3,4
1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4
1,2,3,4 1,2,3,4 1,2,3,4 1,2,3,4
1,1,3,4 1,2,3,4 1,2,3,4 2,2,3,4

Applying a similar argument for the removal of each element, the partial
Latin array above is a critical set for the full 4-Latin square.

We identify any partial Latin array as saturated if each cell is either
empty or contains N(t). In particular, a critical set of the full n-Latin square
is saturated if each cell is either empty or contains N(n). Otherwise it is non-
saturated. Thus the example given above is a saturated critical set. We may
similarly define critical sets for the full (m,n, t)-balanced Latin rectangle as
being either saturated or non-saturated.
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As we are dealing with multisets we must be careful to make our notation
precise. If we denote the multiplicity of an element s in a multiset A by νA(s),
then some of the multiset notations are defined by the following multiplicity
functions:

• νA∩B(s) = min{νA(s), νB(s)},

• νA∪B(s) = max{νA(s), νB(s)},

• νA\B(s) = max{0, νA(s)− νB(s)},

• νA]B(s) = νA(s) + νB(s),

where A ] B is the multiset sum of the multisets A and B. The size or the
number of entries in a Latin array L, denoted by |L|, is the cardinality of the
multiset sum of the multisets in each cell of L (i.e. the sum of multiplicities
of each element over all the cells). The size of any partial Latin array L(G)
can also be thought of as the number of edges between R and C used in
triangles. Thus the above critical set has size 36.

This paper is motivated by the analogous concept of full designs (see
[1, 5, 6, 7, 9, 10]). For block size k, a full design simply consists of all the
possible subsets of size k from the foundation set N(v). In [6], it is shown
that any minimal defining set for a design is the result of an intersection of
the design with a minimal defining set of the full design of the same order.

We have the following similar result:

Theorem 1. Let C be a defining set of the full n-Latin square and let L be
any Latin square of order n. Then L ∩ C is a defining set for L.

Proof. Suppose there exist two distinct Latin squares L and L′ of order n
such that each contain L∩C. Let T = L\L′ and T ′ = L′ \L. If Ln is the full
n-Latin square, (Ln \ T ) ] T ′ is an n-Latin square of order n which contains
C but is not equal to Ln. Thus C is not a defining set, a contradiction.

The study of critical sets in full n-Latin squares thus has the potential
to yield information on critical sets in Latin squares, which have been exten-
sively studied (see [2, 8] for surveys).

In Section 2, our aim is to study saturated critical sets of the full n-
Latin square. We investigate these under the more general guise of saturated
critical sets of full balanced rectangles. We classify the exact size of such
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structures, showing in Theorem 6 that a saturated critical set for the full
n-Latin square has size exactly equal to n3 − 2n2 − n.

In Section 3 we turn our focus on the non-saturated case. We calculate a
lower bound for the smallest size of any 2×n sub-rectangle of a critical set of
the full n-Latin square. Using this result, we show that a lower bound for the
smallest size of a critical set of the full n-Latin square is (n3 − 2n2 + 2n)/2.
Finally in Section 4 we give a construction which provides an upper bound of
(n− 1)3 + 1 for the size of the smallest critical set of the full n-Latin square;
we conjecture this is best possible.

2 Saturated critical sets of full balanced rect-

angles

In this section, we determine the exact size of any saturated critical set of
the full (m,n, t)-balanced Latin rectangle. This in turn implies the exact size
of any saturated critical set of the full n-Latin square.

We remind the reader of the following well-known results from graph
theory. If T is a tree (i.e. a connected graph with no cycle) with n vertices,
then T has n − 1 edges and has at least one vertex of degree 1. A simple
connected graph with n vertices and at least n edges contains a cycle.

Given a saturated partial (m,n, t)-balanced Latin rectangle, L, we define
Ge(L) = (V1 ∪ V2, E) (where V1 = {r1, r2, ..., rm} and V2 = {c1, c2, ..., cn})
to be the bipartite graph that corresponds to the empty cells of L. That is,
edge {ri, cj} is in Ge(L) if and only if the cell Li,j of L is empty. We say that
there is a cycle in L if and only if there is a cycle in Ge(L).

First we show that any saturated partial (m,n, t)-balanced Latin rectan-
gle is a defining set if and only if it contains no cycle of empty cells.

Theorem 2. Let k > 2. A saturated partial (m,n, t)-balanced Latin rectangle
is a defining set for the full (m,n, t)-balanced Latin rectangle if and only if it
contains no cycle of empty cells.

Proof. Let D be a saturated partial (m,n, t)-balanced Latin rectangle. Sup-
pose that D contains a cycle of empty cells and let these empty cells be
Di(1),j(1), Di(1),j(2), Di(2),j(2), ..., Di(µ),j(µ), Di(µ),j(1) such that {ri(1), cj(1)}, {ri(1), cj(2)},
{ri(2), cj(2)}, ..., {ri(µ), cj(µ)}, {ri(µ), cj(1)} are the edges of the corresponding
cycle in Ge(D). We need to show that D now also completes to a non-
full (m,n, t)-balanced Latin rectangle. Such a completion can be achieved

5



by filling Di(1),j(1), Di(2),j(2), ..., Di(µ),j(µ) with the multiset (N(k) \ {x})] {y}
and the remaining empty cells of the cycle with (N(k) \ {y}) ] {x}, where
x 6= y : x, y ∈ N(k). Thus D is not a defining set.

Conversely, let D be a saturated partial (m,n, t)-balanced Latin rectangle
with no cycles. Then Ge(D) also contains no cycles and thus has at least
one vertex of degree 1. So D has a row or column with only one empty cell,
and this empty cell is forced to contain N(t), obtaining another saturated
partial (m,n, t)-balanced Latin rectangle with no cycles and fewer empty
cells. Recursively, since D is finite, D has a unique completion.

Consequently, a saturated critical set of the full (m,n, t)-balanced Latin
rectangle, being a defining set, must contain no cycle. We next show that
adding an empty cell to such a critical set creates a cycle, thus increasing the
number of possible completions it has.

Lemma 3. Let C be a saturated critical set of the full (m,n, t)-Latin rectan-
gle. Then deleting the entries of any cell which contains N(t) creates a cycle
in C.

Proof. Suppose that a saturated (m,n, t)-balanced Latin rectangle, D, uniquely
completes to the full (m,n, t)-balanced Latin rectangle and we can add an-
other empty cell to D (i.e. delete the entries of a cell which contains N(t))
without forming a cycle. Then by Theorem 2, the new partial rectangle is also
a defining set with a smaller size, so D is not a critical set by definition.

Theorem 4. Let C be a saturated critical set of the (m,n, t)-balanced Latin
rectangle. If |E| is the number of empty cells in C, then

|E| = m+ n− 1.

Proof. By Theorem 2 and Lemma 3, Ge(C) is connected but has no cycle,
i.e. Ge(C) is a tree with m+n vertices. Thus Ge(C) has m+n−1 edges.

Since a full n-Latin square is also an (n, n, n)-balanced Latin rectangle,
the following corollary is immediate.

Corollary 5. Let L be the full n-Latin square and let C be a saturated critical
set of L. If |E| is the number of empty cells in C, then

|E| = 2n− 1.
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And since an n-Latin square of order n contains n3 entries, we can easily
work out the size of any saturated critical set of the full n-Latin square from
the above theorem.

Theorem 6. A saturated critical set of the full n-Latin square has size s =
n3 − 2n2 − n.

Note that in this section we have also classified the structure of any
saturated critical set of the full n-Latin square.

3 Sub-rectangles of critical sets of the full n-

Latin square

We next analyse critical sets for the full n-Latin square which are not neces-
sarily saturated. To work towards determining an upper bound for the size of
such structures, we explore the properties of the sub-rectangles within these
critical sets, beginning with 2× 2 sub-arrays. An intercalate within a Latin
array is a set of triangles

{(r, c, s), (r, c′, s′), (r′, c, s′), (r′, c′, s)},

where r 6= r′, c 6= c′ and s 6= s′.

Lemma 7. Any 2×2 sub-array within a defining set of a full n-Latin square
must contain no intercalates in its complement.

Proof. If not, the intercalate may be replaced with the set of triangles

{(r, c, s′), (r, c′, s), (r′, c, s), (r′, c′, s′)}

and more than one completion is possible.

It is therefore necessary to avoid intercalates in the complement of any
2× 2 sub-array of any defining set for a full n-Latin square. We can achieve
this in two ways; either the union of the elements of at least one of the
diagonally opposite pairs of cells is the set N(n) or the union of the elements
of the two diagonally opposite pairs of cells are equal with size n− 1. Thus
the minimum size for one of these 2× 2 sub-arrays is n. We formally present
this idea in the following lemmas.
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Lemma 8. Let S be a 2× 2 sub-array of the full n-Latin square with size at
most n− 1. Then the complement, S̄, of S contains an intercalate.

Proof. At least one symbol s appears in each cell of S̄ and at least one symbol
s′ 6= s appears in at least three cells of S̄. Thus, S̄ contains an intercalate.

Lemma 9. Let S be the 2× 2 sub-square of a defining set of the full n-Latin
square, with cells S1,1, S1,2, S2,1, S2,2 as shown below.

S1,1 S1,2

S2,1 S2,2

Then S̄ contains no intercalate if and only if at least one of the following
holds:

(1) |S1,1 ∪ S2,2| = n,
(2) |S2,1 ∪ S1,2| = n,
(3) S1,1 ∪ S2,2 = S2,1 ∪ S1,2 and |S1,1 ∪ S2,2| = |S2,1 ∪ S1,2| = n− 1.

Proof. Suppose S̄ contains an intercalate. Then |S̄1,1∩S̄2,2| > 1, |S̄1,2∩S̄2,1| >
1, and either S̄1,1 ∩ S̄2,2 6= S̄1,2 ∩ S̄2,1 or |S̄1,1 ∩ S̄2,2|, |S̄1,2 ∩ S̄2,1| > 2. Thus
|S1,1 ∪ S2,2| 6 n − 1, |S1,2 ∪ S2,1| 6 n − 1 and either S1,1 ∪ S2,2 6= S1,2 ∪ S2,1

or at least one of these sets is of size at most n− 2.
Conversely, suppose that conditions (1), (2) and (3) of the lemma are false.

If |S1,1 ∪S2,2| = |S1,2 ∪S2,1| = n− 1 then S1,1 ∪S2,2 6= S1,2 ∪S2,1. Otherwise,
either |S1,1 ∪ S2,2| or |S1,2 ∪ S2,1| is of size of at most n − 2. In both cases,
there exists two distinct symbols s, s′ ∈ N(n) such that s /∈ S1,1 ∪ S2,2 and
s′ /∈ S1,2 ∪ S2,1; thus S̄ contains an intercalate.

Corollary 10. Let S be a 2× 2 sub-array of a critical set of the full n-Latin
square with cells S1,1, S1,2, S2,1, S2,2 (as in the statement of Lemma 9) and
let S1 = S1,1 ∪ S2,1 and S2 = S1,2 ∪ S2,2. Then either |S1 ∪ S2| = n or
|S1 ∪ S2| = n− 1 and |S1,1|+ |S1,2|+ |S2,1|+ |S2,2| > 2(n− 1).

We now apply this result to more general 2 × m sub-arrays of defining
sets of full n-Latin squares. First we describe the structure of these sub-
arrays in the cases when one of the columns has at most one entry. In the
results below, without loss of generality, we assume the rows and columns of
the sub-arrays are indexed by N(2) and N(m), with Si,j denoting the set of
elements in cell (i, j). We also define Sj = S1,j ∪ S2,j (j ∈ N(m)).
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Corollary 11. Consider a 2×m sub-array of a defining set for a full n-Latin
square. For any j ∈ N(n):

(1) If |Sj| = 0 , then either |Sk| = n or |S1,k| = |S2,k| = n− 1 for all k 6= j.
(2) If |Sj| = 1 , then |Sk| > n− 1 for all k 6= j.

We shall make use of the following technical lemma.

Lemma 12. Let S = {S1, S2, ..., Sm} be a set of subsets of N(n) such that:

|
m⋂
i=1

Si| > n− y0;

for some y0 ∈ N(n), and
|Si ∪ Sj| = n

for all i, j ∈ N(m) such that i 6= j. Then

m∑
i=1

|Si| > mn− y0.

Proof. Without loss of generality, |S1| 6 |S2| 6 ... 6 |Sm|. For each µ ∈
N(m), let Tµ =

⋂m
i=µ Si, and let Yµ = Sµ \ Tµ with |Yµ| = yµ. Then Sµ =

Tµ ∪ Yµ and |Sµ| = |Tµ|+ yµ (∗).
First we show that |Tk| > n−yk−1 and |Sk| > n−yk−1+yk for 1 6 k 6 m.

For k = 1, observe that |T1| > n− y0 and |S1| > n− y0 + y1. Now, let k > 2
and let k 6 i 6 m. Let l = k−1. Since Sl = Tl∪Yl, Tl ⊆ Si, and |Sl∪Si| = n;
Tl ∪ (N(n) \ Sl) ⊆ Si. So Tl ∪ (N(n) \ Sl) ⊆ Tk. But Tl ∩ (N(n) \ Sl) = ∅;
thus, |Tk| > |Tl|+ |N(n) \ Sl| = n− yl and |Sk| > n− yk−1 + yk (from ∗).

Finally, observe that

m∑
i=1

|Si| >
m∑
i=1

(n− yi−1 + yi)

= mn− y0 + ym
> mn− y0.

Corollary 13. Let S be two rows of a defining set of the full n-Latin square of
order n > 2 such that for all j, k ∈ N(n), |Sj∪Sk| = n. Then |S| > (m−1)n.
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Proof. Without loss of generality, let |S1| = x. Then |
⋂m
i=2 Si| > n−x so by

Lemma 12,
m∑
i=2

|Si| > (m− 1)n− x and thus |S| > (m− 1)n.

Lemma 14. Let S be two rows of a critical set of the full n-Latin square of
order n > 2. Then |S| > (n− 1)2 + 1.

Proof. Let m be the largest integer such that there exists m columns, each
with at most n − 2 entries in S. We split our proof according to the cases
m = 0, m = 1 and 2 6 m 6 n.

Case 1: m = 0. Then clearly |S| > n(n− 1) > (n− 1)2 + 1.

Case 2: m = 1. Without loss of generality, let |S1| = x, 0 6 x 6 n − 2.
If x = 0, then by Corollary 11, |S| > n(n − 1). Else |S| > x + (n − 1)2 >
(n− 1)2 + 1.

Case 3: 2 6 m 6 n. Without loss of generality, let |Sj| 6 n − 2 for all
j ∈ N(m). By Corollary 10, |Sx ∪ Sy| = n for all x, y ∈ N(m), x 6= y. So by

Corollary 13,
m∑
i=1

|Si| > n(m− 1), and thus

|S| =
m∑
i=1

|Si|+
n∑

i=m+1

|Si|

> n(m− 1) + (n−m)(n− 1)
= (n− 1)2 +m− 1
> (n− 1)2 + 1.

To conclude this section, we use the above lemmas to formulate a lower
bound for the size of the smallest critical set of the full n-Latin square.

Theorem 15. Let C be a critical set of the full n-Latin square. Then

|C| > n3 − 2n2 + 2n

2
.

Proof. Being an n× n array, C has
(
n
2

)
distinct pairs of rows with each row

occurring in n − 1 pairs. From the previous lemma, each pair of rows has
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size at least (n− 1)2 + 1. Thus

|C| >
(
n
2

)
((n− 1)2 + 1)

n− 1
=
n

2
((n− 1)2 + 1) =

n3 − 2n2 + 2n

2
.

4 An upper bound for the size of the smallest

critical set

We begin this section by constructing a non-saturated critical set of the full
n-Latin square of size (n− 1)3 + 1. We assume n > 2 throughout.

To this end, let C be the following array. The final row and column are
empty except for the symbol n occurring in the cell where they intersect; any
cell neither in the final row nor the final column contains N(n− 1).

Figure 1: The array C.

1, 2, . . . , n− 1 1, 2, . . . , n− 1 · · · 1, 2, . . . , n− 1
1, 2, . . . , n− 1 1, 2, . . . , n− 1 · · · 1, 2, . . . , n− 1
...

...
. . .

...
...

1, 2, . . . , n− 1 1, 2, . . . , n− 1 · · · 1, 2, . . . , n− 1
· · · n

Clearly C has size (n− 1)3 + 1. We only need to show that it is a critical set
of the full n-Latin square.

Theorem 16. The array C is a critical set of the full n-Latin square.

Proof. We first show that C is a defining set of the full n-Latin square.
Suppose we try to complete one of the first n − 1 cells of column m, m ∈
N(n − 1), with the symbol s, s ∈ N(n − 1). Then cell Cn,m is now forced
to contain at least two copies of the symbol n and for some k ∈ N(n − 1),
k 6= m, cell Cn,k, must not contain the symbol n. This implies that column
k has at most n − 1 occurrences of n so C cannot complete to an n-Latin
square. Thus for all i, j ∈ N(n− 1), Ci,j is forced to contain N(n). Cells in
the final row and column follow suit.
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We next show that C is a minimal defining set. Suppose we remove the
symbol x, x ∈ N(n − 1), from cell Cp,q, p, q ∈ N(n − 1). Then the 2 × 2
sub-square formed by the cells Cp,q, Cp,n, Cn,q, and Cn,n does not meet the
conditions stated by Corollary 10 and thus C cannot be a critical set of the
full n-Latin square. On the other hand, if the symbol n is removed from Cn,n,
then again, by Corollary 10, any 2 × 2 sub-array containing Cn,n cannot be
contained in a critical set of the full n-Latin square.

We make the following conjecture.

Conjecture 17. The exact size of the smallest critical set of the full n-Latin
square is (n− 1)3 + 1.

We finally show the above conjecture is true in the special case when a
critical set of the full n-Latin square contains only n− 1 elements of N(n).

Lemma 18. Let C be a critical set of the full n-Latin square such that a
symbol from N(n) does not occur in any cell. Then |C| > n(n− 1)2.

Proof. Without loss of generality, suppose that the symbol 1 does not occur
in C and the symbol 2 occurs at most n(n− 1)− 1 times in C. Then there
exists two cells, Ci,j and Ci′,j′ of C, such that i 6= i′, j 6= j′ and neither cell
contains the symbol 2. Thus the cells Ci,j, Ci,j′ , Ci′,j′ and Ci′,j contain an
intercalate in the complement. So each symbol occurring in C (apart from
1) occurs at least n(n− 1) times and thus |C| > n(n− 1)2.
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