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ABSTRACT

Second-order structure functions and power spectral densities are popular tools in the study of statistical properties across scales, particularly
for the analysis of turbulent flows. Although intimately related, analyses primarily use one or the other. We introduce a framework for
estimating the power spectrum using the second-order structure function without applying Fourier transforms—enabling one to take advan-
tage of the real-space structure function calculations. We validate and showcase this method, comparing it to classical Fourier power spec-
trum estimates determined from analytical calculations, fractional Brownian motion, turbulence simulations, and space-physics and
astrophysical observations of turbulence. We show that this method is able to robustly obtain the expected power law behavior where we use
turbulence ranges as test-cases.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0310561

I. INTRODUCTION

In the analysis of complex physical systems—particularly those
exhibiting turbulent, fractal, or stochastic behavior—two key statistical
tools are frequently employed: the power spectral density (PSD, which
we will use interchangeably with power spectrum and spectrum) and
the second-order structure function (SF).

The power spectral density characterizes how the power (or vari-
ance) of a signal is distributed over some notion of scale—wavenumber
or frequency. Power spectra are defined and often estimated through
Fourier transform methods.1 These methods come in many variations,
e.g., the periodogram,2 Blackman–Tukey (BT),3 Welch’s method, and
the Lomb–Scargle periodogram.4 These classical/non-parametric meth-
ods have been developed over decades and have their respective advan-
tages, disadvantages, and use-cases depending on the behavior of the
data that are being examined.5–7 Some of these use-cases refer to
gapped or non-uniformly sampled data, which breaks the classic
Nyquist aliasing relation and leads to degraded performance on spectral
estimation.8 Vast amounts of research have been performed in compar-
ing and quantifying the influences of gapped and non-uniformly sam-
pled data for different methods of PSD estimation through
interpolation of the data in gaps or window/tapering the data.9–14

Alternatively, the structure function—specifically, the second-
order structure function—measures the average squared difference
between the signal at two points separated by a given lag. This lag

separation is also some notion of scale—in the time or spatial domain.
The structure function is often estimated directly from the observed
data where lag separations are available, i.e., values are based on pairs
in the data, so if one or both values in a pair are missing, it can simply
be ignored.15–19

Though PSDs and SFs operate in different domains (frequency/
wavenumber vs time/space), under assumptions of stationarity, the SF
is mathematically related to the PSD by an integration of the PSD.20–23

In the case of a stationary, homogeneous process with a PSD that has a
range of wavenumbers that is a power-law EDðkÞ / k�b, the second-
order SF SDð‘Þ / ‘g is expected to scale with g ¼ b� 1 within spe-
cific bounds 1 < b < 3.

In turbulence studies, power-law scaling is a key signature of
energy cascades for both the PSD24 and the SF.25 The spectral slopes in
either domain have been used to estimate the turbulent kinetic energy
dissipation rates across various environments, including the ocean,26,27

the atmosphere,28 and chemical processes.29 The power-law scaling
has been used to understand the role turbulence plays in promoting
and inhibiting star-formation in the interstellar medium, with both the
PSD and SF providing complementary statistics about energy cascades
via spectral slopes, and transitional scales via changes in slopes.30–34

Since the earliest of space missions, the PSD and SF spectral esti-
mates have been used to measure the properties of turbulence in the
solar wind,35,36 a “laboratory” for plasma turbulence experiments.37–44
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This is an astrophysical context that often provides in situ measure-
ments, typically as one-dimensional (1D) time-series data. SFs are fre-
quently employed to mitigate the effect of data gaps and telemetry
dropouts with accurate spectral estimation claimed for missing frac-
tions of up to 68%.45–47 Some work has shown that the SF is suscepti-
ble to missing data,23,48 but it has been suggested that this can be
mitigated using empirically derived correction factors.49

Beyond solar wind studies, two-dimensional telescope observa-
tions of line emissions of the interstellar and intracluster mediums are
used to infer the velocity structure of astrophysical fluids.50,51

However, these images often consist of irregularly shaped or non-
uniformly distributed binned pixels, which makes traditional Fourier-
based PSD estimation difficult. Therefore, SF analysis is often
used.19,52,53

Similarly, in two-dimensional x-ray observations of the intraclus-
ter medium, the surface brightness maps often contain gaps caused by
observational constraints or the removal of contaminating sources
such as galaxies.54–56 These gaps introduce aliasing artifacts in Fourier
PSD estimates, prompting the use of spatial-domain techniques.57–60

Full spectral characterization can still be useful as correcting for instru-
mental or observational noise is often done in Fourier space,54 whereas
uncertainties are better understood in the spatial domain.23,61,62

In this paper, we discuss a method for directly estimating the
power spectrum using second-order structure functions. Practically
speaking, this method uses lag-space computations, which can be
advantageous when Fourier-space computations may introduce alias-
ing problems.60,63,64

Previous studies have used approximate variants of this approach,
including in the analysis of solar wind time-series data65–68 and labora-
tory turbulence experiments.69,70 Our work extends these efforts by
using a more rigorous derivation,68,71 including corrections for system-
atic biases that were previously unrecognized. Additionally, we provide
a detailed investigation of the mathematical relationship between the
lag distance and the Fourier wavenumber and provide extensions of
common values to arbitrary dimension.

The remainder of this paper starts with detailing the calculations
required to obtain the SF to PSD relation (Sec. II). Next, Sec. III dis-
cusses the biases and factors associated with approximating the PSD
with the structure function. This is accomplished through analytical
work and examples with additional analytical work in Appendix A.
Section IV introduces details regarding the practical implementation
of and validates the performance on fractional Brownian motion
(fBm) fields with comparison to the analytical scenarios of Sec. III.
Finally, Sec. V showcases the method with high-resolution real-world
datasets/observations.

II. METHOD

This section outlines the approach we take to obtain an equivalent
spectrum, by which we mean a quantity calculated using structure
functions (or similar quantities) that—without use of a Fourier trans-
form—can be interpreted as an approximation to the actual spectrum.
Similar approaches and formulas have been presented previ-
ously.68,69,71–73

We begin by considering a zero-mean scalar field, sDðxÞ, for
which measurements are available in a Euclidean space of dimension
D, with x 2 RD the vector of spatial coordinates. An important dis-
tinction here is that D is not necessarily the dimension of the system
itself (Ds, say). Indeed, the latter will often be larger than D since

measurement techniques are frequently restricted to 1D or 2D samples
of 3D systems. We assume that the statistics (e.g., moments) of sDðxÞ
are homogeneous.

Recall that the angle-averaged second-order structure function,

SDð‘Þ ¼ hjsDðx þ ‘Þ � sDðxÞj2i; (1)

is related to the angle-averaged autocorrelation function,

RDð‘Þ ¼ hsDðxÞsDðx þ ‘Þi; (2)

by the standard result

SDð‘Þ ¼ 2RDð0Þ � 2RDð‘Þ; (3)

where the overbar and h�i indicate averaging over two things: position
x and the direction of the lag vector ‘ for fixed magnitude ‘.
Homogeneity means that quantities so averaged do not depend on the
(absolute) positions x.

Letting ‘ ! 1, we have

SDð1Þ ¼ 2RDð0Þ ¼ 2hsDðxÞ2i; (4)

since lim‘!1 RDð‘Þ ¼ 0. As this is essentially the “energy” associated
with sD, we may make use of Parseval’s theorem to relate it to the
(Fourier space) integral of an angle-integrated energy spectrum,
EDðkÞ,

SDð1Þ ¼ 2
ð1
0
EDðkÞ dk ¼

ð1
0

dSDð‘Þ
d‘

d‘; (5)

where the rightmost form follows from the fundamental theorem of
calculus and SDð0Þ ¼ 0. The definition of EDðkÞ—the angle-integrated
spectrum available when the measurement space dimension is D—is
important and will be discussed shortly.

Introducing the equivalent wavenumber74

ke ¼
b
‘
; (6)

where b is a conversion factor to be defined later, and using it to make
a change of variable in Eq. (5) yieldsð1

0

‘2

b
dSDð‘Þ
d‘

dke ¼ 2
ð1
0
EDðkÞ dk: (7)

Equation (7) is exact, although, of course, it does not mean that
the integrands are equal. Nonetheless, we now assume that there may
be some scale range(s) over which the integrands are approximately
equal, and define the equivalent spectrum by,

~E S
D keð Þ ¼ 1

2
1
b
‘2
dSDð‘Þ
d‘

����
‘¼b=ke

: (8)

When the near equality of the integrands is good, we will then have

~E S
DðkeÞ � BEDðkeÞ; (9)

where the bias B is discussed below. The relationship to signature func-
tions75 is discussed in Appendix C.

To reiterate: for homogeneous turbulence Eq. (7) is exact—how-
ever, it of course does not mean that the integrands [used in inferring
Eq. (8)] are pointwise equal. For example, the following definite inte-
grals are equal:

Ð 1
0 x dx ¼ 1

2

Ð 1
0 dx and yet their integrands are not.
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Nonetheless, we will demonstrate there are circumstances under which
there is an equivalence/proportionality of the integrands, at least for
some range of ke. These circumstances are explored analytically in Sec.
III and empirically validated in Sec. IV, making use of several model
spectra that are relevant to turbulence problems. As we shall see that
analysis indicates that the methodology can be useful in various appli-
cations. However, care is needed. As b and B typically vary with the
application, we urge readers to individually examine the systematic
biases for their specific use-cases.

As a technical matter, ~E S
DðkeÞ is a biased estimator that approxi-

mates the actual spectrum EDðkÞ by allowing for a possible deviation
in amplitude by the factor B and a possible shift of the wavenumber
argument. Determining suitable values for B and b is a key step in
obtaining a useful and accurate equivalent spectrum and these factors
are discussed in detail in Sec. III A.

Let us return to the definition of EDðkÞ. We will need to distin-
guish between several types of spectra: modal, angle-averaged, and
reduced. See Appendix A for definitions. (Note that when D ¼ 3 some
works call the angle-averaged spectra the 3D spectrum.75,76 Herein, we
will use the less ambiguous terms angle-averaged or omni-directional.)
Suppose that we have access to realizations of the full continuum of
values of sDðxÞ in the D-dimensional space in which measurements
occur (e.g., D ¼ 2 because of line-of-sight integration, or D ¼ 1 for
observations made by a spacecraft). Using these realizations, one can
construct the correlation function for all lags ‘ and Fourier transform
it to obtain a modal spectrum, EDðkDÞ [see Eq. (B1)]. Employing
appropriate polar coordinates, this can be integrated over the D� 1
angles to get the EDðkÞ that appears in Eqs. (5)–(9). It is this quantity
that the equivalent spectrum is an approximation to.

Frequently, the measurements will be made in 1D or 2D, while
the system itself will be 3D. For those situations, the modal and angle-
integrated spectra for the system will differ from the spectra EDðkDÞ
and EDðkÞ obtainable from the measurement dataset. Examples are
given in Subsection 2 of Appendix B. Moreover, as is well known,
except in special cases (e.g., high symmetry), it is not usually possible
to obtain the angle-integrated spectrum associated with the full system,
EsysðkÞ, say, from EDðkÞ.

Note also that the definitions and formulas provided here are also
valid when sDðxÞ is replaced by a vector field vDðxÞ, in which case the
absolute value becomes the vector norm and the scalar multiplication
in Eq. (2) becomes the Euclidean dot product.

III. AMPLITUDE B AND WAVENUMBER b BIAS

Equations (6) and (9) have introduced somewhat arbitrary factors
(B and b) that can be thought of as corresponding to an amplitude
bias (B) and wavenumber bias (b). Here, bias is used to mean a sys-
tematic correction is needed. The amplitude bias is associated with cor-
recting the “power” of ~E S

DðkeÞ and will often be considered as the ratio
of the genuine Fourier spectrum EDðkÞ to the structure function based
estimate ~E S

DðkeÞ. The wavenumber bias is associated with converting
the lag-scale ‘ to the Fourier wavenumber k.

This section describes the process for investigating the appropri-
ate amplitude factor B and wavenumber factor b, which could be used
in future work, and developed further for specific use cases. We pro-
pose formulas and approximations for B and b that result in adequate
estimations for most turbulence spectra. These formulas should be
applicable for many other scale-dependent phenomena assuming their
spectra are similar to the ones we model.

For reference, Table I provides a list of symbols and their defini-
tions used throughout this paper.

A. Pure power law spectrum

As has been extensively discussed in the literature, a relationship
between the structure function and the amplitudes of the power spec-
trum can be calculated for pure power law spectra.21,22 Our equivalent
spectrum approach also has a bias B, which is readily calculated for a
pure power law. Using the following pure power law spectrum with
1 < b < 3,

EDðkÞ ¼ Ak�b; (10)

we can calculate the structure function using its exact spectral
representation,20,23

SDð‘Þ ¼ 2
ð1
0

1� T Dðk‘Þ½ �EDðkÞdk; (11)

where T Dðk‘Þ is given by Eq. (B5).
The equivalent spectrum corresponding to the pure power-law

EDðkÞ is analytically evaluated using Eq. (11) as

TABLE I. Frequently used symbols in this paper.

Name Symbol Definition(s)

Angle-averaged second-order
structure function

SDð‘Þ Eqs. (1) and (11)

Angle-averaged autocorrela-
tion function

RDð‘Þ Eq. (2)

Angle-integrated spectrum EDðkÞ Eqs. (5) and (17a)
Equivalent wavenumber ke Eq. (6)
Amplitude bias correction
factor

B Sec. III

Wavenumber bias correction
factor

b Sec. III

Equivalent spectrum ~E S
DðkeÞ Eqs. (8), (18a),

and (23)
Equivalent spectrum (power
law approx.)

~P S
DðkeÞ Eq. (32)

Local power law slope for
~E S
DðkeÞ

D~bðkeÞ Eq. (31)

Effective energy-containing
scale for EDðkÞ

kp Eq. (15a)

Effective energy-containing
scale for ~E S

DðkeÞ
ke;p Eq. (15b)

Estimated b factor at kp bestp;D Eq. (27)

Empirical b factor at kp bemp
p;D Eq. (30)

Analytical bias for a pure
power law function

Bpow
D Eq. (12)

Analytical bias for the exp.
model spectrum

B exp
D Eq. (29)

Analytical bias for the exp.
model using ~P S

DðkeÞ
~B

exp�pow
D Eq. (33)
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~E S
DðkeÞ ¼

2
b

� �1�b C
D
2

� �
C

3� b
2

� �

C
bþ D� 1

2

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Bpow
D

Ak�b
e

h i
|fflfflfflffl{zfflfflfflffl}
EDðkeÞ

: (12)

As indicated by the square brackets, clearly ~E S
DðkeÞ contains

EDðk ¼ keÞ. However, there exist additional coefficients that depend
on b, D, and b. These coefficients [denoted Bpow

D in Eq. (12)] form a

natural bias in the spectral estimation, i.e., ~E S
DðkeÞ has a different

amplitude than EDðk ¼ keÞ. Such amplitude biases have previously
been investigated in the signature function literature72,75 (see Appendix C
for more details).

We now emphasize two scenarios that can be deduced from the
above equations:

• b is a function of the spectral index b.
We could determine a b to equate Eq. (12) to Eq. (10), i.e.,
Bpow
D ðb; bÞ ¼ 1 implies

b ¼ bpowD ðbÞ � 2
C

D
2

� �
C

3� b
2

� �

C
bþ D� 1

2

� �
2
6664

3
7775
1=ð1�bÞ

: (13)

We can clearly see that the value of b needed to equate Eq. (12)
to Eq. (10) changes with b and D [see the Bpow

D ðb; bÞ ¼ 1 con-
tour in Fig. 1]—the source of this result is discussed in Sec.
III C.
If we were to choose a b dependent on the power law index b, we
would complicate the relationship between a wavenumber k and
lag distance ‘. Not to mention, practically determining b would
require a priori spectral slope knowledge. In this case, there is no
universal b.

• b is a constant.
It would be more natural to fix b ¼ const: to obtain a physically
motivated relationship ke ¼ b=‘ describing the connection
between the Fourier wavenumber and a real-space (lag) scale.
Equivalence of Eqs. (12) and Eq. (10) requires that

B ¼ Bpow
D b; bð Þ � 2

b

� �1�b C
D
2

� �
C

3� b
2

� �

C
bþ D� 1

2

� � : (14)

In Fig. 1, we display a visualization of Eq. (14) showing how the
bias factor Bpow

D ðb; bÞ behaves as a function of b and b for
D ¼ 1; 2; 3. In other words, b does not influence the spectral
power-law—it is possible to obtain the correct power-law slope
for any reasonable, constant choice of b. Any discrepancy
between the chosen b and Eq. (13) is simply absorbed into the
systematic bias Eq. (14). However, with different values employed
in the literature, unfortunately, a constant b factor is a great
source of ambiguity—with values of 1; p; or 2p commonly
used.34,68,71,72,75,77

This ambiguity is highlighted in Sec. III B.
For now, if we assert b ¼ 1, then as Fig. 2 shows, Bpow

D is low
(for D ¼ 2; 3) to modest (for D ¼ 1) for reasonable b values
(e.g., Kolmogorov b � 5=3). This explains some of the success
in previous solar wind (D ¼ 1) analyses,67,68 which effectively
applied ~E S

DðkeÞ with b ¼ 1 (see Subsection 2 of Appendix B for
further details). Also notable is the bias for D ¼ 2: it is close to
unity for 1 < b� 2 (i.e., nearly no bias), suggesting that this is
an effective method for estimating power spectral densities of
observations of turbulence (telescope images) in astrophysical
plasmas such as the intracluster medium (ICM) of galaxy clus-
ters,78 and the interstellar medium (ISM).51 However, we note
that telescope images are two-dimensional projections of
three-dimensional physical structures, and therefore do not
correspond to truly D ¼ 2 measurements (see Subsection 2 of
Appendix B for further details). We leave the impact of the
projection to future work.
For steep spectra (large b), Bpow

D is large and so ~E S
DðkeÞ becomes a

worse estimate—consistent with the signature function literature (see
Appendix C).

FIG. 1. The amplitude bias Eq. (14) for a pure power law angle-integrated spectrum
Eq. (10), for Euclidean dimensions D ¼ 1, D ¼ 2, and D ¼ 3. The line contours
correspond to linear spacings of 0.25 starting from BpowD ¼ 0:25 to 1.75 with
BpowD ¼ 1 represented by the solid gray line. The solid vertical gray line represents
the (Kolmogorov) power law slope of 5=3.
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Since a b dependent b argument seems impractical for analysis of
real observations, from here on we focus on the case of a constant b,
and explore which value of b is most appropriate under some example
circumstances, along with the amplitude biases induced and how to
correct for them.

B. Analytical solutions of model correlation functions

Unbounded pure power law spectra are not physical, and
regions of pure power law do not even necessarily indicate turbu-
lent behavior. In addition, we are also left with ambiguity in a con-
stant b. We, therefore, consider a more nuanced approach where
we attempt to determine appropriate choices of b by focusing on
the location of the peaks of EDðkÞ and ~E S

DðkeÞ by modeling spectra
that are not pure-power law functions. The peaks of the associated
spectra are at the wavenumbers:

kp ¼ argmax
k

EDðkÞ
� �

; (15a)

ke;p ¼ argmax
ke

~E S
DðkeÞ

n o
; (15b)

where kp and ke;p can be thought of as an effective energy-containing
scale characteristic of the turbulence energy-containing/outer scales
(e.g., injection scale, correlation scale).22

From Sec. III A, we already know the pure power-law behavior is
well captured by ~E S

DðkeÞ. However, if we wish to accurately approxi-
mate the PSD using the equivalent SF, it should also accurately
describe an energy-containing scale L. We investigate model spectra
with a distinctive scale range in EDðkÞ associated with the L � 1=kp
that transitions to a pure power law regime at k � 1=L.

We will use the following model:

RDð‘Þ ¼ De�‘=L; (16)

where L corresponds to some energy-containing scale (in this case, the
correlation length). This is a case already present in the literature for
the Hurst parameter H ¼ 1=2, but we have extended to arbitrary
dimensionsD.22

The corresponding angle-integrated spectrum is1,57

EDðkÞ ¼
X2

D

ð2pÞD
ð1
0
RDð‘ÞT Dðk‘Þ k‘ð ÞD�1

d‘ (17a)

¼ 2ffiffiffi
p

p DLDkD�1

L2k2 þ 1ð ÞðDþ1Þ=2

C
Dþ 1
2

� �

C
D
2

� � (17b)

¼

2
p

L
1þ L2k2

; D ¼ 1;

2L2k

1þ L2k2ð Þ3=2
; D ¼ 2;

12
p

L3k2

1þ L2k2ð Þ2
; D ¼ 3;

… :

8>>>>>>>>>><
>>>>>>>>>>:

(17c)

Using Eq. (3) with Eq. (8), the equivalent spectrum is

~E S
DðkeÞ ¼ � ‘2

b
dRDð‘Þ
d‘

; (18a)

¼ b
D
Lk2e

e�
b

Lke : (18b)

Equations (17b) and (18b) have local power law behavior as

DbðkÞ ¼ � d ln ðEDðkÞÞ
d ln ðkÞ ¼ �D� 1� 2L2k2

1þ L2k2
; (19)

D~bðkeÞ ¼ � d ln ð~E S
DðkeÞÞ

d ln ðkeÞ
¼ � b

Lke
þ 2: (20)

EDðkÞ and ~E S
DðkeÞ follow the same power law slope for kL; keL � 1,

i.e., EDðkÞ � k�2; ~E S
DðkeÞ � k�2

e . See Appendix A for an analytical
case where ~E S

D¼1ðkeÞ has the correct power law behavior for general
power law b.

The effective energy-containing scales (kp; ke;p) of Eqs. (17b) and
(18b) are found using DbðkpÞ ¼ D~bðke;pÞ ¼ 0, which are

kp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D� 2

p

2L
¼

0; D ¼ 1;

1ffiffiffi
2

p 1
L
; D ¼ 2;

1
L
; D ¼ 3;

…;

8>>>>>>><
>>>>>>>:

(21)

ke;p ¼ b
2L

: (22)

This naturally provides the relationship b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D� 2

p
for D > 1,

which ensures that the peaks of Eqs. (17b) and (18b) are aligned. This
does not imply the amplitudes at the peaks are equal, i.e.,
EDðkpÞ 6¼ ~E S

Dðke;pÞ. We merely choose a b so that the peaks of the
respective spectra are located at the same wavenumber (kp ¼ ke;p).
Note, the case for D ¼ 1 provides b ¼ 0 because the peak of Eq. (17b)
is at k ¼ 0.

Unfortunately, this method of estimating an appropriate constant
b is dependent on the underlying model of RDð‘Þ. Table II shows
some analytical expressions using different forms of RDð‘Þ. Note, the
third row in Table II is analogous to the model eddy of a swirling fluid

FIG. 2. The amplitude bias Eq. (14) with fixed b ¼ 1 for a pure power law angle-
integrated spectrum Eq. (10), for Euclidean dimensions D ¼ 1 (dashed), D ¼ 2
(dotted), and D ¼ 3 (dashed-dotted). The solid vertical gray line represents the
(Kolmogorov) power law slope of �5=3.
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of characteristic size L for D ¼ 3 (Townsend’s model).75,79 The model
correlation functions and spectra in Table II may serve as adequate
models to verify some spectral estimate behaviors. We also note that
some of the models in Table II result in non-positive ~E S

DðkeÞ for a
range of ke 	 1=L. In these cases, ~E S

DðkeÞ would not be an appropriate
approximation of EDðkÞ within that negative region [since EDðkÞ is a
non-negative function, i.e., EDðkÞ 
 0]. Similar analysis have also been
to applied to the signature functions (for D ¼ 3) to examine their
validity for representing the turbulence energy-containing range75 (see
Appendix C for more details).

It has been noted in previous work that local features in the PSD
are non-local in the SF [see Eq. (11)] and the transfer of these local fea-
tures from one space to the other is dependent on the functional form
of the PSD.75,80 It would appear that the equivalent spectrum inherits
this property—which we discuss in Sec. IIIC. Consequently, when the
constant b equates the energy-containing scales, its value depends on
the functional form of the PSD. Therefore, there is no universal con-
stant b.

C. ~ES
DðkeÞ as a filtered function of EDðkÞ
An alternative method we can use to estimate a constant b is to

describe Eq. (8) as a filter on EDðkÞ:

~E S
D

b
‘

� �
¼
ð1
0
EDðkÞGDðk‘Þdk; (23)

where

GDðk‘Þ ¼
1
b
‘2

@

@‘
1� T Dðk‘Þ½ �

¼ 2D=2�1C D=2ð Þ ‘
b

k‘ð Þ2�D=2J D=2ðk‘Þ; (24)

which is calculated by differentiating under the integral of

~E S
D

b
‘

� �
¼ 1

b
‘2

@

@‘

ð1
0

1� T ðk‘Þ½ �EDðkÞdk
	 


; (25)

when the spectral representation of the SF [Eq. (11) is used in Eq. (8)].
Ideally, GDðk‘Þ would be a d function-like to select from EDðkÞ

the appropriate energies for the corresponding physical scale ‘. We
now show that Eq. (24) is not d function-like.

To associate k‘ with b, we say that k‘ ¼ bK, where K ¼ k=ke
and assert K ¼ 1, i.e., ke � k. Figure 3 shows Eq. (24) as a function of
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FIG. 3. Filter function GDðk‘Þ normalized by its maximum (in the generated grid) to
[�1, 1] for D ¼ 1; 2; 3. The black dashed-dotted, dotted, and dashed contours cor-
respond to k‘ ¼ 1, k‘ ¼

ffiffiffiffiffi
2D

p
, and k‘ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dþ 2

p
.
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k and ‘ along with contours corresponding to b ¼ 1, b ¼
ffiffiffiffiffiffi
2D

p
, and

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dþ 2

p
. We have chosen these values based on extensions of lit-

erature results72,75 to D ¼ 1; 2, along with low-order coefficients of
Taylor expansions of GDðk‘Þ about k‘ ¼ 0. The first peak of GDðk‘Þ is
better represented by

ffiffiffiffiffiffi
2D

p
to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dþ 2

p
. If we crudely assume that

GDðk‘Þ behaves d function-like, then GDðk‘Þ preferentially selects
from EDðkÞ at the locations corresponding to

ffiffiffiffiffiffi
2D

p
to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dþ 2

p
.

As a first-order approximation, assuming the peak of Eq. (24) is
where the peak of the corresponding ~E S

DðkeÞ is located could provide a
suitable method for estimating an appropriate b for an unknown
EDðkÞ. To find where these peak contours of the GDðk‘Þ lie, we first
remove the extra ‘ dependence and define the following 1D function:

~GD x ¼ k‘ð Þ � GD k‘ð Þ b
‘
� x2�D=2J D=2ðxÞ: (26)

We numerically evaluate ~b ¼ xpeak ¼ argmax ~GDðxÞ
� �

. As ‘ linearly
scales the filter for a fixed k, ~GDðxÞ is an appropriate substitute for
GDðk‘Þ. We show ~b

2
as a function of D in Fig. 4. The linear fit ~b

2 ¼
1:85Dþ 2:04 is approximately our stated ~b

2 ¼ 2Dþ 2 contour in
Fig. 3 for D < 4. Estimates from Table II are also included in Fig. 4.
These estimates are obtained from the peaks of Eq. (23), i.e., rather
than from just one part of the integrand.

As k‘ increases, GDðk‘Þ oscillates about 0 (see Fig. 3), which
shows that GDðk‘Þ is not d function-like. The oscillations cause ~E

S
DðkeÞ

to be influenced by EDðkÞ across all scales, i.e., the relation has non-
local influences. It also explains the dependence of B; b on the form of
EDðkÞ as seen in this and the Secs. III A and III B. For a fixed ‘, the fil-
ter peaks at k‘ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:85Dþ 2:04

p
and oscillates around 0 with increas-

ing k. As a crude approximation, we could say, GDðk‘Þ is d function-
like and the contributions (oscillations) at large k cancel out. However,
for a PSD with large b, the difference in PSD amplitude between adja-
cent wavenumbers is larger, meaning successive contributions from
EDðkÞ with GDðk‘Þ in Eq. (23) would not perfectly cancel out. For
D ¼ 1; 2, the oscillations grow larger in amplitude with increasing k,
meaning the successive contributions would also not perfectly cancel
out. For small b, the amplitude between adjacent wavenumbers is simi-
lar, meaning successive contributions would approximately cancel,

resulting in a net zero contribution for scales k‘ � 1. The influence of
the non-canceled non-local contributions propagates into b and B and
explains the observation from Fig. 2 that for all D ¼ 1; 2; 3 at large b,
the bias is large—and also explains the dependence on the form of the
PSD. For D ¼ 1, the bias is larger than D ¼ 2; 3 because the growth
in amplitude of the oscillations is greater than D ¼ 2; 3.

We conclude this section by suggesting

bestp;D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D� 2

p
forD > 1

1 forD ¼ 1
¼

1 forD ¼ 1;ffiffiffi
2

p
forD ¼ 2;

2 forD ¼ 3;

…

8>>>>><
>>>>>:

8>>>>><
>>>>>:

(27)

as a D-dependent b factor. The slope of ðbestp;DÞ
2 with D is approximately

the slope of the linear fit shown in Fig. 4. Equation (27) also closely rep-
resents the first two analytical solutions in Table II without the non-
physical b ¼ 0 for D ¼ 1 from the b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D� 2

p
solution. The sub-

script-p represents that this b is associated with correcting the peak (the
energy-containing scale) of the equivalent spectrum. This is in contrast
to the pure power law regime where the b to equate (all) the amplitudes
is analytically known [bpowD , Eq. (13)]. It is the case that bestp;D 6¼ bpowD .
Therefore, aligning the energy-containing scales (using b ¼ bestp;D) comes
at the cost of the amplitude bias in the power law regime (see Fig. 1).
The accuracy of bestp;D to align the energy-containing scales is discussed
further in Sec. IIID. In Sec. III E, we show that the cost of using bestp;D
(instead of bpowD ) in the pure power law regime can be corrected for.

D. Model spectrum with an energy-containing scale

Now, we define a model angle-integrated spectrum,

EDðkÞ ¼ XDk
D�1 k

k0

� ��a

e�k20=k
2

" #
; (28)

that contains exponential growth at small k, which represents a turbu-
lence energy-containing range that has a well-defined effective energy-
containing scale (peak) at kp ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2k20=b

p
. The model spectrum then

transitions to pure power law decay b ¼ a� Dþ 1 at k � kp.
The corresponding amplitude bias function is

B exp
D

k
kp

; b; b

 !
¼ 21�bbb�1C

D
2

� �

�M0;2
3;0

b� 1
2

; 1
a
2

���� 8
b2b

k2

k2p

 !
e
bk2p

2k2 ; (29)

where Mm;n
p;q is the Meijer G-function.81 The Meijer G-function is

unfortunately more analytically complicated than even the generalized
hypergeometric functions! Although they can be analytically difficult
to analyze, we use numerical methods that are readily available
through Python packages such as mpmath. When Eq. (28) is the
Fourier spectrum, the equivalent spectrum has a systematic bias
described by Eq. (29). This bias is wavenumber dependent, unlike the
pure power-law example from Sec. III A. Note that Eq. (29) is applica-
ble to only Eq. (28), and under different EDðkÞ (e.g., different powers

FIG. 4. The location of the first peaks (~b ¼ xpeak ¼ argmax ~GDðxÞ
� �

) of the filter
~GDðxÞ � x2�D=2J D=2ðxÞ as a function of dimension D. The first peak locations
(red crosses) are estimated using numerical methods, and the black solid line is the
linear fit. The dashed and dotted black lines are some reasonable approximations.
The red, green, and blue dashed-dotted lines correspond to the estimates of b from
Table II. Note that the estimates from Table II correspond to the integrated influence
of GDðk‘Þ with EDðkÞ rather than just one part of the integrand.
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in the exponential term), the corresponding bias function will be dif-
ferent for the reasons described in Sec. III C.

Figure 5 shows the b required to align the position of the peaks of
~E S
DðkeÞ with EDðkÞ. We analytically solve for ~E S

DðkeÞ using Eq. (23)
with Eq. (28),82 then numerically find ke;p.

We see the complexity initially discussed in Sec. III C: while the
filter preferentially selects at the scale associated with
b �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:85Dþ 2:04

p
, it is the integration with (the nonlinear) EDðkÞ

that determines the actual peak location of ~E S
DðkeÞ. The factor bp natu-

rally depends on the form of the EDðkÞ. The previous fit of b2p ¼
1:85Dþ 2:04 significantly differs from the analytical solutions. Given
Eq. (28), Fig. 5 shows b depends on b and D with negligible depen-
dence on k0. At (Kolmogorov) b � 5=3, the choice of bp ¼ bestp;D [Eq.
(27)] approximates the analytical bp (particularly for D ¼ 1; 3). We
also provide a b and D dependent empirical estimate by fitting to the
data shown in Fig. 5,

bemp
p;D ðbÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ D� 1

2

r
þ 3ðD� 1Þ þ 1

10
; (30)

that approximates the numerical bp across b values. However, practi-
cally, using b ¼ bemp

p;D would require a priori knowledge of b, and there-
fore, we largely ignore this estimate.

Figure 6 shows Eq. (29) at the (equivalent) wavenumber corre-
sponding to the effective energy-containing scale of Eq. (28). We note
the following:

• There is no b that allows B exp
D

k
kp
¼ 1; b; b


 �
¼ 1 for all b 2 ½1; 3�

for D ¼ 2; 3. So even for a b dependent b, there will still be a sys-
tematic bias in the equivalent spectrum.

• For D ¼ 1, bemp
p;D closely follows the B exp

D ¼ 1 contour line: the
peaks of EDðkÞ and ~E S

DðkeÞ are aligned in wavenumber
(kp � ke;p) and amplitude: EDðkpÞ � ~E S

Dðke;pÞ.
• For D ¼ 2 and D ¼ 3, bemp

p;D closely follows a constant contour
B exp
D � 0:75. The peaks are aligned in wavenumber and differ in

amplitude for all b by the same constant factor:
EDðkpÞ � ~E S

Dðke;pÞ.

FIG. 5. b factor (bp) corresponding to aligning the position of the peaks of ~E
S
DðkeÞ with EDðkÞ using the model spectrum Eq. (28) for different b and k0 values (circles). Note,

the circle markers are colored representing different k0 (shown by the colorbar), but bp appears almost independent of k0. The black horizontal lines correspond to 1 (dashed-
dot), 2D� 2 (solid), 2D (dotted), and 2Dþ 2 (dashed) as discussed in Sec. III C with bestp;D denoted as “est.” where appropriate. The b-dependent thick black dashed line is the
empirical formula Eq. (30) (bempp;D , denoted as “emp.”). The solid vertical gray line represents the (Kolmogorov) power law slope of �5=3.

FIG. 6. Similar to Fig. 1. The bias [Eq. (29)] at the peak of the spectrum k ¼ kp for
an angle-integrated spectrum of the form Eq. (28), for Euclidean dimensions D ¼ 1,
D ¼ 2, and D ¼ 3. The line contours correspond to linear spacings of 0.25 starting
from B exp

D ¼ 0:25 to 1.75 with B exp
D ¼ 1 represented by the solid gray line. The

solid vertical gray line represents the (Kolmogorov) power law slope of 5=3. The
dashed-dotted black line corresponds to bempp;D [Eq. (30)].

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 38, 025107 (2026); doi: 10.1063/5.0310561 38, 025107-8

VC Author(s) 2026

 
0
1
 
A
u
g
u
s
t
 
2
0
2
6
 
0
4
:
5
9
:
2
4

pubs.aip.org/aip/phf


We note that at scales ke 	 kp, ~E
S
DðkeÞ becomes negative and,

therefore, would not physically represent EDðkÞ at those scales.
However, in this section, we have determined appropriate b values
(bemp

D and � bestD ) that align the effective energy-containing scales of
~E S
DðkeÞ to those of EDðkÞ. We will investigate the power law behavior

in Sec. III E and show that B exp
D ! Bpow

D as ke � kp.

E. The power law limit

Investigation of Eq. (29) indicates that B exp
D ! const for a fixed b

and b as k � kp.
We have analytically calculated the local power law index,

D~bðkeÞ ¼ � d ln ð~E S
DðkeÞÞ

d ln ðkeÞ
; (31)

of ~E S
DðkeÞ corresponding to Eq. (28). We note that we need to clamp

D~b 2 ð1; 3Þ as required by Eq. (14). We provide D~bðkeÞ as a
ke-dependent argument to Bpow

D and compare Bpow
D ðD~bðk=kpÞ; bÞ to

B exp
D ðk=kp; b; bÞ. Figure 7 shows that we have a biased spectrum at

k � kp, and a unbiased spectrum at k� 10kp as the ratio clearly

asymptotes to 1. Therefore, we can acknowledge that B exp
D ! Bpow

D at
large k. This is consistent with the findings in Sec. III B and Appendix
A: ~E S

DðkeÞ will exhibit the correct pure power law behavior [for reason-
able underlying EDðkÞ] with an intrinsic amplitude bias as described
by Bpow

D .
Previous works67,68 have focused on the turbulence inertial range

and have made the approximation SDð‘Þ / ‘g where g ¼ b� 1 and,
therefore, effectively Eq. (8) is of the form83

~P S
DðkeÞ �

1
2
g
b
‘SDð‘Þ � B~E S

DðkeÞ; (32)

where ~P S
DðkeÞ is the power law region approximation to ~E S

DðkeÞ. For
an unbounded pure power law spectrum [Eq. (10)], then the approxi-
mation SDð‘Þ � ‘g is exact, and therefore, Eqs. (12), (14), and (32) are
exact. Note that the b cases discussed in Sec. III A are still present—
either b is b dependent, or b is constant with the specific value being
ambiguous (see Secs. IIIA–IIID) and ~P S

DðkeÞ has a systematic ampli-
tude bias described by Eq. (14).

Using the model spectrum of Eq. (28) with the equivalent spec-
trum power law approximation [Eq. (32)], we get the following ampli-
tude bias function:

~B
exp�pow
D

k
kp

; b; b

 !
¼ F

b
e

b
2

k2p
k2

kp
k

� �"
23b=2Db

ffiffiffi
b

p k
kp

 !b

� C
b� 1
2

� �
� 4

ffiffiffi
2

p
bbbb=2

k
kp

M0;2
3;0

� bþ 1
2

; 1
a
2

���� 8
b2b

k2

k2p

 !
C

D
2
þ 1

� �#
; (33)

where F ¼ 2�b�3=2b�b=2ðb� 1Þ=D. This bias function is shown in
Fig. 8 for b ¼ 1. In the pure power law region k � kp, the bias asymp-
totes to a constant for a fixed b. As with B exp

D [Eq. (29)], ~B
exp�pow
D

approaches Bpow
D for k � kp.

Previous applications of ~E S
DðkeÞ in the literature have used the

pure power law approximation form ~P S
DðkeÞ [Eq. (32)].

67–69 Similar to
Figs. 1 and 10, Fig. 8 explains its success. For any reasonable underly-
ing spectrum EDðkÞ, the turbulence inertial range is well captured by
~E S
DðkeÞ [and ~P S

DðkeÞ] with an amplitude bias that is described by
Bpow
D ðb; bÞ.

We have shown that we can debias (apply a systematic correction
to) the equivalent spectrum in the pure power law regime, assuming
that we can estimate the correct power law. We have also shown that
the equivalent spectrum will exhibit the correct power law behavior at
large k (for 1 < b < 3).20,22,57 This will form the basis for a model
independent debiasing technique which is introduced and discussed in
Sec. III F.

F. Summary

In summary of this section, we have found that the equivalent
spectrum has a systematic bias in amplitude for different Fourier spec-
tra. In the pure power-law case, this bias is readily determined and
depends on b; D, and b. We have examined two cases. First, if we
assume b is b-dependent, then this systematic bias can be canceled
out. However, this method would be difficult to implement on real
observations. In addition, the Fourier spectrum is of a different form,

FIG. 7. The ratio of the amplitude biases Eqs. (14) and (29) as a function of k=kp
and b, for Euclidean dimensions D ¼ 1, D ¼ 2, and D ¼ 3. The line contours cor-
respond to linear spacings of 0.25 starting from B exp

D ¼ 0:25 to 1.75 with 1 repre-
sented by the solid gray line. The solid horizontal gray line represents the
(Kolmogorov) power law slope of 5=3.
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e.g., contains an exponential growth region, then a b-dependent b can-
not exactly equate the equivalent spectrum to the Fourier spectrum at
the peaks of the spectra—there will still be a systematic bias in the
equivalent spectrum. Second, we could assume b is constant and
obtain a physically motivated relationship between wavenumber and
physical lag-scale ke ¼ b=‘. Although there is ambiguity in values for b
(that are dependent on the form of the Fourier spectrum), we provide
constant b values that are appropriate to align the peaks of the equiva-
lent spectrum to the Fourier spectrum. We can then apply a general-
purpose debiasing technique to reduce the systematic bias present in
the equivalent spectrum to obtain a better estimate of the Fourier spec-
trum. This method is far more practical for implementation on real
observations.

IV. IMPLEMENTATION AND VALIDATION

In Sec. III (particularly, Sec. III E), we have built the intuition that
the behavior of ~E S

DðkeÞ is consistent with EDðkÞ for regions where
EDðkÞ is a power law. We will start this section by introducing the

practical implementation of ~E S
DðkeÞ and the method for debiasing

based on Sec. III E. This will do away with the need for the bias func-
tions, which requires modeling the underlying spectrum. We then vali-
date the implemented method on fBm fields and compare the results
to analytical expressions from Sec. III.

A. Implementation

To calculate our estimate ~E S
DðkeÞ, via the second-order structure

function SDð‘Þ, we perform the following steps in order, with bullet
points indicating recommendations and additional details:

Step 1: Calculate the averaged second-order structure function
SDð‘Þ.
• Calculating SDð‘Þ can be done using codes like fastSF18 or
our provided Python code on Github.

• Usually, SDð‘Þ has low amplitude-high frequency oscillations,
which can propagate into the derivative(s) when calculating
~E S
DðkeÞ which results in a noisy spectral estimate.84,85 Therefore,

we suggest binning, or smoothing SDð‘Þ before moving onto the
next step. We urge readers to exercise caution when binning the
SF. Over-binning can lead to the loss of information that reflects
the true turbulence statistics—associated with intermittency
effects, for example—and could bias scaling exponent esti-
mates.86,87 Future work will need to examine the influence of
different binning procedures and binning scales.
In this paper, we bin SDð‘Þ in log-space, i.e., the bins are equally
spaced in log-space. Due to our binning implementation,
depending on the number of bins and the span of the data,
some bins incorporate no data. In those cases, we interpolate
those missing values (in log-space) based on the surrounding
bins. We typically use between 16 and 64 bins. This is chosen
based on visually comparing the binned to un-binned
SDð‘Þ—we wish to retain as many features as possible while
removing any high-frequency oscillations (which are particu-
larly present at large ‘).

• Practically, at large ‘, SDð‘Þ tends to have large fluctuations
around the value of twice the variance [Eq. (4)] as it samples
inhomogeneities beyond the correlation scale.88 We recommend
stopping at a maximum lag ‘max �

N
2 Dx, where Dx ¼ L=N is

the discretized sampling spacing.
Step 2: Create the “uncorrected” estimate ~E S

DðkeÞ using Eq. (8)
with an appropriate b.
• We use numpy.gradient that uses a second-order central
differences method with first-order forward/backward differ-
ences at the boundaries.

• Appropriate b are: bestD [Eq. (27)] and bemp
D [Eq. (30)]. To use

bemp
D will require either a priori spectral slope knowledge, or a
second correction will need to be applied after an initial guess of
b, which can be used to understand the appropriate b and,
therefore, bemp

D . We use bestD .
• ~E S

DðkeÞ creates an estimate for EDðkÞ that still requires the sys-
tematic correction to the amplitude (as shown in the analysis in
Sec. III). The “uncorrected” estimate will form an initial guess,
and its properties can be used to better understand the correc-
tion required.

• We interpolate the ke of ~E
S
DðkeÞ onto the same k as EDðkÞ. The

discrete wavenumber spacing is mDk, where Dk ¼ 2p=L and

FIG. 8. The amplitude bias [Eq. (33)] of the power law approximation for the model
spectrum Eq. (28) as a function of k=kp and b with b ¼ 1, for Euclidean dimensions
D ¼ 1, D ¼ 2, and D ¼ 3. The line contours correspond to linear spacings of 0.25
starting from ~B

exp�pow
D ¼ 0:25 to ~B

exp�pow
D ¼ 1:75 with 1 represented by the solid

gray line. The solid horizontal gray line represents the (Kolmogorov) power law
slope of 5=3.
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the discrete lag spacing is ‘ ¼ nDx for integers n;m 2 ½1;N=2�.
The equivalent wavenumber ke ¼ zDke will, therefore, have
non-integer spacing according to z ¼ n�1, where Dke ¼ bN=L.
Given k 2 ½2p=L; pN=L� for m 2 ½1;N=2� and ke 2
½2b=L; bN=L� for z�1 ¼ n 2 ½1;N=2�, it would be natural to
conclude b ¼ p. However, Sec. III suggests otherwise. As a
result, we cut ~E S

DðkeÞ so that max kef g ¼ min ½pN=L; bN=L�
� �

and min kef g ¼ max ½2p=L; 2b=L�
� �

.
Step 3: Estimate the local power law slope of the “uncorrected”

estimate D~bðkeÞ ¼ � d ln ð~EDðkeÞÞ
d ln ðkeÞ .

• Once again, we use numpy.gradient.
• We emphasize that this does not require a priori knowledge of
the spectral index—a local power law index is estimated numeri-
cally, at every k-value on the grid.

• D~bðkeÞ is (roughly proportional to) the second derivative of
SDð‘Þ, which emphasizes the need to bin and/or smooth SDð‘Þ,
~E S
DðkeÞ, and D~bðkeÞ. Noise from the first derivative (~E S

DðkeÞ)
propagates into the second derivative (D~b).89

• Since Bpow
D ðb; bÞ is only valid for 1 < b < 3 (Sec. III A), we

clamp to 1:01 < D~bðkeÞ < 2:99.
• We apply a final step of binning and interpolation. We bin
in log-space to between 4 and 16 data-points. We find that
this is often enough to describe the local power law for power
law spectra. Interpolate back onto ke for easy use in the next
step.

Step 4: Finally, take the “uncorrected” spectrum and estimate the
“debiased” form of the equivalent spectrum: B�1~E S

DðkeÞ, where
B ¼ Bpow

D ðD~bðkeÞ; bÞ.
• Figure 7 is equivalent to the error obtained using this local
debiasing technique for a Fourier spectrum of the form Eq. (28).
This is suitable as a general approach method where the under-
lying spectrum is largely unknown, or the analytical formula for
the bias is difficult to obtain. Additionally, the C-functions in
Eq. (14) are more easily tractable from Python packages like
scipy compared toM0;2

3;0.
We provide these steps as Python code on Github.

B. fBm validation

We now consider fractional Brownian motion fields (fBm) with
spectral shape specified in Eq. (28). Our fBm fields are used solely for
testing purposes as we know exactly what power law we expect and
they are quick to generate. We generate the field sDðxÞ using a spectral
synthesis method90 by defining

ŝD kð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
EDðkÞ
Etotal

r
cosðhÞ þ i sinðhÞð Þ; (34a)

ED kð Þ ¼

0; jkj < kmin;
0; jkj > kmax;

jkj
k0

� ��a

e�k20=jkj
2

; otherwise;

8>><
>>: (34b)

where Etotal ¼
Ð1
�1 EDðkÞdDk is the total energy (i.e., we have normal-

ized so that the energy of the fBm field is 1), and h are the random
phases sampled from a uniform distribution from 0 to 2p. Practically,
when the number of grid pointsN is uniformly sampled in the physical

domain L: kmin corresponds to the discrete wavenumber spacing
Dk ¼ 2p=L and kmax corresponds to the Nyquist wavelength pN=L.
We then take the inverse Fourier transform of ŝDðkÞ to obtain the fBm
field sDðxÞ.

Fractional Brownian motion fields have been used extensively to
validate methods for interstellar turbulence,30,91–95 with modifications
using Perlin noise as the basis functions or exponentiating.96,97 They
have similarly been used for the ICM, when measuring the turbulence
structure from rotation measure observations98 and ICM telescope &
method testing.99 It is important to note that these fields are not turbu-
lent since they are missing higher-order features like intermittency.
The equivalent spectrum derivation makes the assumption of homoge-
neity [at Eq. (3)], which could have significant consequence. However,
this could also have small consequence as we are looking at second-
order statistics only (autocorrelation, power spectrum, structure func-
tion) which are minimally influenced by the higher-order effects of
intermittency and non-Gaussianity. The influence of intermittency on
~E S
DðkeÞ will be left for future work. Though, we do apply the technique

to observations of the turbulent solar wind in Sec. V.

1. Bias validation

We generate D ¼ 1 and D ¼ 2 fBm fields, sampling a range of
a 2 ½D;Dþ 2� corresponding to EDðkÞ power law b � a� Dþ 1 2
½1; 3� and k0 2 ½10; 20�. For D ¼ 1, we set N ¼ 106, and for D ¼ 2, we
set N ¼ 2048 withL ¼ 2p.

Performing a similar technique that was used to produce Fig. 5,
we calculate EDðkÞ and ~E S

DðkeÞ for each fBm field and estimate the
effective energy-containing scales kp and ke;p. Figure 9 shows the esti-
mate for bp: the b-factor required to equate ke;p to kp. We see that the
fBm fields follow bemp

p;D . There is some noticeable scatter, likely due to
the numerical differentiation and the binning and interpolation
procedure.

Figures 10 (D ¼ 1) and 11 (D ¼ 2) compare the amplitudes of
~E S
DðkeÞ to EDðkÞ of the fBm fields at the effective energy-containing

scale (of EDðkÞ: k; ke ¼ kp) and in the asymptotic pure power law

FIG. 9. Similar to Fig. 5. The b factor (bp) corresponding to aligning the position of
the peaks of ~ES

DðkeÞ and EDðkÞ using fBm fields with a spectrum of Eq. (28) for dif-
ferent b and k0 values (circles, with the color bar representing different k0). The
black horizontal lines correspond to 1 (dashed-dotted), 2D� 2 (solid), 2D (dotted),
and 2Dþ 2 (dashed) as discussed in Sec. III C with bestp;D denoted as “est.” where
appropriate. The b-dependent thick black dashed line is the empirical formula Eq.
(30) (bempp;D , denoted as “emp.”). The solid vertical gray line represents the
(Kolmogorov) power law slope of �5=3.
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range (k; ke � kp). Values for the power law range are determined by
selecting a single k, where k; ke � kp. The structure function is sam-
pled with linear spacing Dx. The linear spacing of Dx corresponds to
ke with non-linear, non-integer spacing (proportional to z ¼ 1=n for

n 2 ½1;N=2�), which leads to few data points in log-spaced bins at
large ke. This can result in poor numerical derivative estimates at the
large ke. By increasing the resolution (decreasing Dx), larger ke can be
determined more accurately. Due to these resolution effects, numerical
noise dominates at large ke so we are limited to k; ke ¼ 30kp for
Fig. 10 and k; ke ¼ 5kp for Fig. 11. At larger ke than selected, without
the numerical noise, we expect B exp

D will approach Bpow
D (Sec. III E).

The fBm amplitude biases for both Figs. 10 and 11 match the analytical
expression well with only a small amount of scatter in Fig. 10(a).

Since the fBm fields match so well to the analytical expressions,
we have confidence in an appropriate selection for b and B to correct
for the systematic biases in ~E S

DðkeÞ. An initial estimate ~E S
DðkeÞ can be

corrected for by choosing an analytical expression for B. There is a bit
of leeway in a suitable choice of b as there is some scatter in Fig. 9.
Either b ¼ bestp;D or b ¼ bemp

p;D would be natural choices. We recommend
b ¼ bestp;D due to the simplicity. The factor bemp

p;D requires prerequisite
knowledge of b or an additional correction step. At the Kolmogorov
slope b � 5=3, bestp;D is an appropriate estimate to bemp

p;D .

2. Large 1D fBm validation

As additional validation, we have created a large (N ¼ 107) one-
dimensional fBm field using the spectral synthesis method (with
L ¼ 2p, k0 ¼ 20, b ¼ 5=3). We compare the bias (ratio) of ~E S

DðkeÞ to
EDðkÞ. The “ground truth,” EDðkÞ, is a typical Fourier transform PSD
(the periodogram2) calculated via the FFT. We test with two debiasing
functions: Bpow

D and B exp
D .

Figure 12 shows that the “uncorrected” curve ~E S
DðkeÞ is noisy at

ke � kp and at ke � 103. This highlights the necessity of smoothing as
the noise will propagate into D~b and then into B�1~E S

DðkeÞ. The bin-
ning we have applied is by-eye examined to ensure the important fea-
tures (slopes and scales) are retained—future work will focus on the
case of intermittent signals as well as for signals with data gaps. The
“uncorrected (binned)” curve correctly reduces the noise at ke � kp.
Our simple smoothing and binning steps are unable to significantly
reduce the noise at k� 104. The “uncorrected” and “uncorrected

FIG. 11. Similar to Fig. 10 for D ¼ 2. In panel (b) k; ke � 5kp.

FIG. 10. The ratio of the amplitude of ~ES
DðkeÞ to EDðkÞ of D ¼ 1 fBm fields of differ-

ent b and k0 at (a) the peak k; ke � kp and in (b) the power law regime
k; ke � 30kp. The black solid line corresponds to the analytical B exp

D (Sec. III D).
The black dashed line corresponds to the analytical BpowD (Sec. III A). The solid verti-
cal gray line represents the (Kolmogorov) power law slope of �5=3.

FIG. 12. Bias (~ES
DðkeÞ=EDðkÞ) of the equivalent spectrum ~ES

DðkeÞ compared to the
“ground truth” FFT-based estimate for EDðkÞ. The gray curve is the initial ~ES

DðkeÞ
and the blue line shows the same ~ES

DðkeÞ, but we have binned and interpolated to
reduce the high-frequency noise. The gray horizontal line shows the constant pure
power law bias BpowD ðb ¼ 1; b ¼ 5=3Þ. The red dashed line shows debiasing using
B ¼ BpowD ðD~b; b ¼ 1Þ. The black dashed line corresponds to debiasing using
B ¼ B exp

D ðk=kp; b ¼ 1;b ¼ 5=3Þ. The gray shaded regions indicate (roughly)
where the errors become large.
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(binned)” spectrum follows Bpow
D ðb ¼ 1; b ¼ 5=3Þ at 1� k=kp � 104

as asserted by our analytical analysis in Sec. III E.
The two “debiased” B�1~E S

DðkeÞ are functionally identical to

EDðkÞ when 30� k=kp � 2� 103. For all versions of ~E S
DðkeÞ (“uncor-

rected,” “uncorrected (binned),” “debiased, Bpow
D ,” “debiased, B exp

D ”),
the bias at kp is small. As ke ! 0 (which corresponds to ‘ ! 1)
SDð‘Þ ! const:, which means dSDð‘Þ=d‘ ! 0. We expect the ke � kp
region will not necessarily capture the exponential growth that we
have modeled. At k=kp � 103, the “debiased, Bpow

D ” curve has large
fluctuations around the expected value. This is due to the numerical
noise for D~b propagating into Bpow

D .
The results for “debiased, Bpow

D ” appear equivalent to “debiased,
B exp
D ,” but “debiased, B exp

D ” theoretically only applies to the spectral
model of the form Eq. (28). For simplicity and robustness, in Sec. V,
we will stick to debiasing using Bpow

D with a local power law estimate
D~b. The disadvantage of using D~b is that it is equivalent to using a sec-
ond derivative of SDð‘Þ, which results in the numerical difficulties at
large ke.

V. EXAMPLES

We apply ~E S
DðkeÞ to simulated and genuine data products with

suitable resolution and for dataset dimensions D ¼ 1; 2; 3. For com-
parison, we generate a “ground-truth” EDðkÞ using a typical Fourier
transformmethod (i.e., periodogram) via the FFT.2,5

We now emphasize some additional important caveats. The
spectra, ~E S

DðkeÞ and EDðkÞ, correspond to the spectra representing the
dataset. Usually, the dimension of the dataset D is not equal to the
dimension of the system. In other words, observations typically obtain
projections and slices of the full (usually 3D) system—we have lost

information. Nonetheless, the spectra, ~E S
DðkeÞ and EDðkÞ, are associated

with the dataset and their associated biases, b and B, are assumed to be
the same as investigated above, withD given by the dataset dimension.

The relations of the spectra of the dataset to the spectra of the sys-
tem can be non-trivial. Additionally, aliasing issues can be introduced
resulting from misinterpreting Fourier modes in the observation that
are associated with the unobserved dimensions. These issues are pre-
sent in all situations where the full system cannot be observed. We
describe some of these cases for the examples that we show in this sec-
tion in more detail in Subsection 2 of Appendix B.

Note that the analyses in this section are not intended to be a
breakdown or discussion on PSD themselves, or provide any physical
insights. We merely compare the equivalent spectrum to traditionally
accepted techniques on high-fidelity data across a range of data types.

A. Solar wind, D51

Viewed as a natural wind tunnel, the solar wind as a “laboratory”
for plasma turbulence experiments37,39,42 is unique as it provides deca-
des of high-resolution in situ astrophysical plasma turbulence observa-
tions. As a result, the solar wind spectrum is remarkably well
studied.100 The solar wind has also been used in previous analyses of
the equivalent spectrum.67,68

Solar wind observations are performed by sensors that generate a
time-series of data. In other words, the observations have a dataset
dimension of D ¼ 1 (all time-series observations have dataset dimen-
sion D ¼ 1). Of course, the solar wind magnetic field fluctuations are
determined by a system that is spatially not 1D, i.e., the system

dimension > 1. Given some additional assumptions (such as Taylor’s
hypothesis), the time-series observations can be assumed to approxi-
mate a one-dimensional spatial slice of the physical system. We discuss
additional intricacies with estimating spectra associated with D ¼ 1
observed slices in Subsection 2 of Appendix B.

Some solar wind observations rely on multiple spacecraft such as
the Magnetospheric Multiscale (MMS) mission.101 The unique mea-
surement capabilities of MMS, which are a set of satellite that fly in for-
mation, enable direct access to measurements with a handful of fixed
spatial separations. These spatial separations probe specific equivalent
wavenumbers of the spectrum using the same data (which would not
be possible to estimate using traditional Fourier techniques). This
application is an advantage of the equivalent spectrum.67

We use data from Wind,102 which has been at Lagrange point 1
(�1 au), since May 2004. One month [2007/01/01–2007/02/01] of cal-
ibrated version 4 (datatype “h4-rtn”) solar wind magnetic field data
from the Wind magnetic field instrument (MFI) is obtained using
PySPEDAS. The data are D ¼ 1 time series observation that has
N ¼ 28 955 151 data points for each magnetic field component
bðtÞ ¼ ðbRðtÞ; bTðtÞ; bNðtÞÞ in units of nT, with a sampling spacing of
Dt � 0:092 s. We obtain the fluctuations by dbðtÞ ¼ bðtÞ � hbðtÞi,
where h�i is the temporal average over the entire interval. We apply a
1% Tukey window to each dbðtÞ to reduce aliasing effects.36 The struc-
ture function, its corresponding PSD estimates, and the periodogram
estimates are calculated on this windowed data.

The solar wind data [shown un-windowed in Fig. 13(a)] have
Fourier PSD estimates according to solar wind turbulence phenome-
nology at 1 au, which are shown in Figs. 13(b)–13(d) with the follow-
ing distinct regions of interest:

• At the largest scales (smallest frequency, x), the solar wind PSD
measures the temporal variability of the source of the solar wind
(the Sun) and exhibits a x�1 power law.103,104 This is often called
the 1=f or pink noise range. In this region, since b � 1, Bpow

D is
minimal (see Sec. III A). Therefore, the “uncorrected” and
“debiased” estimates are similar, if not identical. See Fig. 13(c) for
an inset/close-up. The “uncorrected” and “debiased” estimates
closely follow the “binned” EDðkÞ because Bpow

D is � 1.
The correlation length, kC, is an outer/energy-containing scale22

that represents the largest typical scale over which the turbulent
fluctuations are correlated. The correlation length kC varies
� k�1=2

C as the radial distance increases from the sun105 and also
over sample and time106 but typically is of the order � 106 km
at 1 au.107,108 The spectrum follows x�1 scaling for
x < U=kC � 0:0004Hz.
At scales x�U=kC , the 1=f range transitions to a turbulence
inertial range.

• The turbulence inertial range is where the classic MHD turbu-
lence phenomenology is observed with a x�5=3 power law corre-
sponding to the Kolmogorov turbulence phenomenology.24 The
solar wind is a highly dynamic environment, so depending on the
realization associated with the observation dataset, departures
from Kolmogorov b ¼ 5=3 can be observed.41,109–111 The
spectrum begins to steepen past x�U=kC and transitions to a
b � 5=3 cascade region. When the spectrum is steeper, there is a
small bias in the amplitude of the “uncorrected” estimate. Yet,
the behavior of the “uncorrected” curve remains consistent with
EDðkÞ, i.e., the correct power law is obtained.
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At first glance, it may appear that the “uncorrected” power law
slope is shallower than 5=3. As discussed in Secs. III D and III E,
~E S
DðkeÞ will have the correct power law at x� 10xp, where xp is

the effective energy-containing scale (in this case, �U=kC). In
the inertial range, at large x, D~b � 5=3.
The “debiased” spectrum almost exactly follows the “binned”
EDðkÞ. The bias in the “uncorrected” curve is well described by
Bpow
D using D~b.

The inertial range is bounded at the largest scale by kC and the
smallest scale by dissipation effects. In the nearly collisionless
solar wind, a relevant dissipation scale is the ion-gyroscale qi.

• In the solar wind, the kinetic effects modify the cascade at scales
comparable to the ion kinetic scale. When the plasma beta 
 1, this
scale is the ion-gyroradius. At 1 au, at the scales where the ions (pro-
tons) gyrate around the magnetic field are qi � 102 km,112–114 the
MHD fluid description fails and kinetic effects begin to dominate.
From Taylor’s hypothesis, U=qi � 4Hz. The dynamics in this
region are debated and depend on a wide range of conditions, but
overall, a steepening of the spectrum (from 5=3) is expected.100,115

Figures 13(b) and 13(d) show that the spectrum departs from
b � 5=3 as x�U=qi. The amplitude bias in the “uncorrected”
curve becomes larger. Once again, this effect is due to the intrin-
sic bias in the amplitudes of the spectral estimate for power law
behavior that is corrected for when debiased. The “debiased” esti-
mate yields a similar result to the binned periodogram estimate.
At larger b, and at the transition region around x � U=qi, using
Bpow
D with D~b still adequately describes the bias in the “uncor-

rected” curve.
For the regions where the bias is � 1 (i.e., where the spectrum is
� x�1), the “uncorrected” estimate well represents the EDðkÞ.
Since the behavior of the spectrum is almost entirely power law,
the choice of b is not significant for the outcome of the

“debiased” curve, but for a consistent argument, we have chosen
b ¼ 1 (bestD ) and applied the appropriate debiasing function Bpow

D .
Overall, the “uncorrected” curve yields similar behavior to EDðkÞ
with a small amplitude error in the x�1 and x�5=3 power law
regimes, respectively. The “debiased” B�1~E S

DðkeÞ closely follows
EDðkÞ at all scales with minimal error. Our spectral estimates are
consistent with the literature and expected solar wind turbulence
phenomenology.100

B. Interstellar medium, D52

Telescope observations using wavelengths from radio-waves to
gamma-rays often provide two-dimensional images of gas, dust, and
plasma. Spectral analyses on these images have been used to under-
stand the dynamics of, e.g., the Milky Way’s interstellar medium
(ISM),50,51,116 the ISM of other galaxies,52,53,117 the intracluster
medium of galaxy clusters,54–56,78 and the cosmic microwave
background.118,119

The Local Group is a prime candidate for understanding pro-
cesses in galaxies,120 enabling exceptionally high-fidelity data from our
neighborhood (astronomically speaking). Within our Local Group, the
Large Magellanic Cloud (LMC) is an irregular dwarf galaxy with a sin-
gle spiral arm121 that spans an angular diameter distance of� 10:7� in
the sky.122 We use already processed available data that make use of a
spectral feathering technique combining data from a range of tele-
scopes to provide a higher-resolution observation and, therefore, spec-
tral range.123,124 We use the Herschel Photodetector Array Camera
and Spectrometer (PACS)125 160 lm band.124 Observations of far-
infrared radiation corresponds to thermal emission from dust heated
by starlight126 and can be used to constrain dust properties such as sur-
face density and temperature.127,128

FIG. 13. (a) 1 month of Wind solar wind magnetic field component fluctuation data. (b) PSD estimate (periodogram) of the data in (a) raw (solid blue) and binned (solid gray).
The dashed-dotted red line indicates the equivalent spectrum ~ES

DðkeÞ with b ¼ 1. The black dashed line shows ~ES
DðkeÞ, we have debiased the initial estimate of ~E

S
DðkeÞ using

B ¼ BpowD and D~b . The black dashed vertical lines show the approximate scales where the spectrum is expected to change slope: the correlation scale kC , and the ion gyro-
radius qi . (c) and (d) show zoomed-in insets from (b) as indicated by the gray dotted boxes near to kC and qi , respectively.
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Data with sharp boundaries can introduce aliasing artifacts into
the Fourier transform.129 Astronomical literature typically reduces
these artifacts via window functions36,130,131 or by estimating the PSD
by the D-variance57–59 or difference-of-Gaussian55,60,132 techniques.
We take a central 90002 section of the provided foreground subtracted
data and apply a 25% Tukey window to reduce sharp boundaries. Seen
in Fig. 14(b), the image is effectively padded with 0’s and smoothed at
the edges of the LMC.

Figure 14(a) shows the PSD estimates for the data sobs2 ðxÞ (with
dataset dimensionD ¼ 2 and x 2 R2) in Fig. 14(b). Literature spectral
analysis of the LMC over a range of wavelengths and telescopes pro-
vides a consistent power law of b � 1.133 This is compatible with our
analysis. ISM analyses typically use the angle-averaged spectrum,
which is obtained by averaging over a spherical shell SðkÞ of radius
k ¼ jkj,

E2 kð Þ ¼ 1
2pk

ð
ED kð ÞdS kð Þ; (35)

and is related to the angle-integrated spectrum by E2ðkÞ / k�1E2ðkÞ
[see Eq. (B2)]. Therefore, reported power laws in the literature are
steeper by k�1 .133–135

The gray region in Fig. 14(a) indicates the region where the point
spread function (PSF) starts to dominate the spectral estimate. For the
LMC, it has been acknowledged that apparent spectral breaks are
caused by the PSF.133 The observed field sobs2 ðxÞ is a convolution of the
non-blurred field strue2 ðxÞ with the PSF of the telescope GPSF

2 ðxÞ (we are
ignoring the influence of noise),

sobs2 ðxÞ ¼ strue2 
 GPSF
2

� �
ðxÞ: (36)

Note that strue2 ðxÞ is not necessarily the field that represents the
system. If the system is 3D, then strue2 ðxÞ is the corresponding projec-
tion (integration) along the line-of-sight and the observation, sobs2 ðxÞ,
applies a convolution with the telescope PSF on top of the projection
of the field. The spectral estimations we show represent the dataset.
Conversion to the 3D system is non-trivial and requires further

assumptions that are out-of-scope for this paper (see Subsection 2 of
Appendix B for more details).

The convolution theorem states that a convolution in real-space
is multiplication in Fourier space,

Eobs
2 ðkÞ ¼ Etrue

2 ðkÞEPSF
2 ðkÞ: (37)

where Etrue
2 ðkÞ is given by Eq. (B1). If we assume isotropy of all the

spectra in Eq. (37), by integrating both sides of Eq. (37) over regions
where k ¼ jkj,

Eobs
2 ðkÞ ¼ Etrue

2 ðkÞEPSF
2 ðkÞ; (38)

where EPSF
2 ðkÞ is the angle-averaged spectrum [Eq. (35)] of the point-

spread function and Eobs
2 ðkÞ, Etrue

2 ðkÞ are the observed and non-
blurred angle-integrated spectra [Eq. (B2)], respectively. Therefore, our
observed PSD is a multiplication of the non-blurred angle-integrated
spectra and the angle-averaged spectrum of the PSF. Modeling the PSF
of the Herschel PACS 160lm band as a Gaussian with a full-width at
half-maximum of � 3:4 pc,136 we show E

PSF
2 ðkÞ ¼ e�k2r2 in (a) scaled

to an order of magnitude below the amplitude for comparison pur-
poses only. We do not retrieve Etrue

D ðkÞ in our analysis as the Gaussian
PSF we use is not the true PSF present in the data123,136 and the pro-
cess for obtaining Etrue

D ðkÞ is the same for ~E S
DðkeÞ as traditional EDðkÞ.

See other spectral analysis literature for removing the influence of the
PSF.54,133

The “uncorrected” slope at k�
ffiffiffi
2

p
=ð2� FWHMÞ follows the

“binned” periodogram. The spectrum is steeper in this range resulting
in a larger bias and therefore a “debiased” slope that is smaller in
amplitude at k�

ffiffiffi
2

p
=FWHM than the “binned” spectrum. The

exponential-like roll-off in the (approximately Gaussian) PSF means
the local power law debiasing technique might not be as effective. In
this region, numerical noise for D~b could also be strong, similar to
Fig. 12. This could explain the discrepancy between the “debiased” and
“binned” curves.

The “uncorrected” and “debiased” PSD estimates are similar
where k�

ffiffi
2

p

2
FWHM due to the � k�1 power law behavior, which has

FIG. 14. Similar to Fig. 13: (a) spatial PSD estimates of (b) Herschel PACS 160 lm observation of the Large Magellanic Cloud.123,124 The gray shaded region indicates where
the effects of the limiting resolution of the data (the telescope’s point spread function) start to influence the spectral estimates (k �

ffiffi
2

p

2�FWHM). Also showcasing the PSF influ-
ence, the gray dashed line shows a Gaussian approximation for the PSF normalized to an order of magnitude below unity. We have used b ¼

ffiffiffi
2

p
.
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small bias. The “uncorrected”, and “debiased” slopes are similar to the
“binned” periodogram estimate beyond the FWHM scale, which
means the same techniques for reducing the influence of the PSF could
be applied to ~E S

DðkeÞ as EDðkÞ. The PSF effects on the spectrum are
outside the scope of this paper.

C. Isotropic hydrodynamic simulations, D53

In the absence of any real observation of turbulence that spans an
entire three-dimensional domain, we resort to simulations. We use
data from an available high-resolution (10243) three-dimensional
incompressible, homogeneous, isotropic hydrodynamic turbulent sim-
ulation.137 The simulation is a direct numerical simulation of turbu-
lence in a triply periodic cube where the Navier–Stokes equations are
solved for in an incompressible fluid using a deterministically forced
and statistically steady pseudo-spectral code.138 We use a single snap-
shot—hit.1024.06468.h5—which corresponds to � 13 integral
time-scales. The turbulence is fully developed.

To ease computations, we calculate the following parallel and per-
pendicular structure functions using the simulation’s velocity field fluc-
tuations duðxÞ ¼ ðduxðxÞ; duyðxÞ; duzðxÞÞ [depicted in Fig. 15(b)]:

Sk;x3 ð‘Þ ¼ hjduxðxÞ � duxðx þ ‘êxÞj2i; (39a)

S?;x
3 ð‘Þ ¼ hjduyðxÞ � duyðx þ ‘êxÞj2i; (39b)

� hjduzðxÞ � duzðx þ ‘êxÞj2i; (39c)

to form S3ð‘Þ ¼ Sk;x3 ð‘Þ þ 2S?;x
3 ð‘Þ. Note, Eqs. (39b) and (39c) are

equal only under perfect isotropy.
Since the simulation is incompressible, the zero-divergence con-

dition required for this decomposition is met. The “binned” EDðkÞ
(ground-truth) is calculated by integrating partial shells in the quad-
rant of positive kx; ky , with all of kz . The resultant EDðkÞ is multiplied
by 4 to account for the missed quadrants for kx; ky . The PSD estimates
using b ¼ 2 (bestp;D) are shown in Fig. 15(a).

A Kolmogorov k�5=3 cascade region is present in the simula-
tion. We see the k�5=3 inertial range (power law slope) is captured

well by ~E S
DðkeÞ (for both “uncorrected” and “debiased”). The

“uncorrected” curve has a larger amplitude in the inertial range
(3� k� 20) than EDðkÞ. This amplitude is appropriately corrected
for in the “debiased” curve as it almost exactly follows the “binned”
estimate. Due to the nature of the forcing in the simulation, there is
no observed region with exponential growth (like that which was
modeled in Sec. III D).

At larger k, the viscous term in the Navier–Stokes equation begins
to dominate and results in an exponential roll-off in the spec-
trum.139,140 Toward the dissipation regime k� 60, the “uncorrected”
estimate has a large bias and shows steepening of the curve, but not
enough to describe the expected decay of the “binned” EDðkÞ. At these
large k, with steep decay curves, we would expect ~E S

DðkeÞ � k�3 corre-
sponding to the steepest b possible for the equivalent spectrum (Sec.
III A). This is also seen in the structure function.20,57,141,142 In a steep
dissipation regime like EDðkÞ � e�k=kdiss , D~b will approach 3 for
k� kdiss. Since limb!3� B

pow
D ðb; bÞ ¼ 1, using B ¼ Bpow

D ðD~b; bÞ will
result in decay of B�1~E S

DðkeÞ that is more rapid than the expected

e�k=kdiss . The accuracy of the “debiased” B�1~E S
DðkeÞ for steep dissipa-

tion regimes is not guaranteed. We see the “debiased” B�1~E S
DðkeÞ

decays more rapidly than EDðkÞ at k� 40. At k� 100, the “uncor-
rected” curve has approached D~b � 3 and due to the clamping of D~b
(Sec. IVA), the “debiased” curve will exhibit a constant power law
behavior.

Due to the limited available bandwidth in the simulation, the
k�5=3 cascade region can be small.143 One such reason is the “bottle-
neck effect”: energy can pile-up in k-space around the dissipation scale
kdiss.

144 This is evident in Fig. 15(c) showing the compensated spectra
k5=3EDðkÞ, the pile-up starts around k� 20. It has been shown that the
scaling properties of SDð‘Þ and EDðkÞ can be quite different in the bot-
tleneck region.80,145,146 It has also been suggested that the second-
order structure function is less sensitive to the bottleneck effect due to
the non-local influence of the filter on EDðkÞ in Eq. (11).147 The bottle-
neck effect in the “debiased” curve appears less pronounced in
Fig. 15(a). However, in Fig. 15(c), the shape of the compensated

FIG. 15. Similar to Fig. 13: (a) spatial PSD estimates of a 10243 3D incompressible hydrodynamic turbulence simulation137 using b ¼ 2. (b) z-slices of the simulation cube with the color
map representing duz from�7 (blue) to 7 (red) and the vector field representing dux ; duy . (c) The same spectra shown in (a) but compensated by k5=3. Axes scales are in code units.
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spectrum for the “debiased” curve is almost identical for k > 3 to the
“binned” k5=3EDðkÞ with just an apparent offset in equivalent wave-
number by � 25%. Understanding the dynamics of the compensated
equivalent spectrum [and other transformations on ~E S

DðkeÞ] will be left
for future work.

Overall, the “uncorrected” curve shows that the equivalent spec-
trum must be debiased appropriately. In the case of a 3D incompress-
ible hydrodynamic isotropic homogeneous simulation, using
B ¼ Bpow

D with a local power law slope estimate D~b results in an
appropriate estimation of the PSD. The inertial range is shown in both
the “uncorrected” and “debiased” curves as Bpow

D is small for b � 5=3
and D ¼ 3. It is important to debias the equivalent spectrum since the
“uncorrected” curve looks like a broken power law spectrum of
�k�5=3 transitioning to � k�3 at k� 60. The “debiased” curve is able
to show dissipation-like behavior beyond k� 60. Although it is unable
to exactly match EDðkÞ.

D. Missing data

One of the main strengths of this method is its application to
datasets with missing data, for which Fourier methods are well-known
to struggle with. We plan to test this more exhaustively in future work,
however here we show an initial test as proof of concept.

We test our method on sparse/gapped synthetic D ¼ 1 fractional
Brownian field (fBm) data. We synthesize an fBm field of N ¼ 10 000
points in arbitrary units using the method described in Sec. IVB—this
makes the “true” data, which we compare the estimates to. We gener-
ate “gapped” data by randomly removing large blocks, as well as ran-
domly removing singular points of data from the “true.”We remove a
total number of data points corresponding to � 90% missing data and
N ¼ 1000 points [shown in Fig. 16(a)]. From the “gapped” and “true”
dataset, we can compute the “true” PSD estimate and estimates of the
PSD using only the “gapped” data.

In Fig. 16(c), we compute the SF of the gapped data and com-
pare it to the SF of “true.” The SF can be computed directly on the

“gapped” data where lag separations are available, i.e., values are
based off pairs in the data, so if one or both values in a pair are miss-
ing, it can simply be ignored. It is recommended to apply correc-
tions to “gapped” SF estimations; however for our example, we
assume these corrections should be small since the field is
Gaussian.49 At small ‘, the SF shows the same power-law for both
the “gapped” and “true.” The “gapped (raw)” estimate is noisy at
large scales, which necessitates the binning procedure, which we
show as “gapped (binned).” The “gapped (binned)” SF mostly fol-
lows the “true” SF, except at scales 0:05� ‘� 0:2—associated with
the correlation scale of the synthesized fBm field. We use the
“gapped (binned)” SF for computing ~E S

DðkeÞ.
In Fig. 16(b), we show the “uncorrected” ~E S

DðkeÞ and “debiased”

B�1~E S
DðkeÞ, which corresponds to a PSD estimation solely from the

(� 90%) “gapped” dataset. This constitutes a reasonable approxima-
tion of the “true (binned)” (periodogram) Fourier estimate on the full
dataset. The “debiased” estimate follows the amplitude and slope in
the power-law regime (k� 102) as well as following the general trend
of the “true (binned)” PSD at k� 102.

For comparison of gapped PSD estimates, we include the
Blackman–Tukey (BT) method.3 The BT method estimates the PSD
using the Fourier transform of an estimate for the autocorrelation
function; hence, for the same reasons, we can compute the structure
function on the “gapped” dataset, we can compute an estimate for the
autocorrelation function on the “gapped” dataset, i.e., only pairs of
non-missing datapoints are considered. The BT method only exhibits
similar behavior to the “true” estimate at k� 102, the information at
large k (k� 102) is lost. The BT performs poorly as a PSD estimate in
this range, whereas the equivalent spectrum method is able to obtain
the expected behavior.

However, further work is required for quantifying the accuracy of
~E S
DðkeÞ on gapped data of different types and where the data are non-

Gaussian. Additionally, corrections to the estimation of the SF with
gapped data should be considered in future work.49

FIG. 16. (a) Complete realization of a synthetic D ¼ 1 fBm field (black) and a mock sparse/gapped sampling corresponding to � 90% missing data (gray dots). (b) PSD esti-
mates on “gapped” compared to the PSD estimates computed on the “true” fBm field (blue and gray for the corresponding binned). (c) Second-order structure functions on the
full data (gray) and on the gapped data (blue). The SF of the gapped data is binned to produce the smoothed SF estimate (red).
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VI. CONCLUSION

We have introduced a method for estimating the angle-integrated
power spectral density EDðkÞ using the angle-averaged second-order
structure function SDð‘Þ: ~E

S
DðkeÞ [Eq. (8)]. We have thoroughly vali-

dated ~E S
DðkeÞ as a PSD estimate through a range of analytical and

numerical techniques. With generalizations for dimension and power
law of the data, we make the technique applicable to a wide range of
fields and turbulence regimes.

Through ~E S
DðkeÞ, we are able to investigate the relationship

between Fourier wavenumber k and lag/physical-scale ‘ through the
parameter b ¼ k‘. Appropriate decisions on b rely on the structure of
EDðkÞ, but we have provided estimated and empirical formulas that
should be appropriate for many circumstances [Eqs. (27) and (30)].
These results shed some light on the range of b values employed in the
literature.34,68,71,72,75,77

The ratio in amplitude between the structure function-based esti-
mate for the spectrum ~E S

DðkeÞ and the actual spectrum EDðkÞ, denoted
B, has also been investigated. We show that in most cases, we are able
to account for the differences. We have suggested techniques for
reducing these effects. By modeling spectra analytically, or through
fractional Brownian motion fields, the appropriate B-factor can be
understood. We also propose a general-purpose debiasing method
using the pure power law bias Bpow

D [Eq. (14)] with a local power law
estimate D~b [Eq. (31)], which works well on practical data, or where
the expected power law is not well known. In some cases, B � 1, and
this debiasing makes little difference; in other cases, it makes a signifi-
cant difference.

This paper relates previous literature usage of the power-law
approximation of the equivalent spectrum Eq. (32)49,65–67 to Eq. (8)68

in Sec. III E. We also develop an understanding of the systematic biases
of the equivalent spectrum through B, which is previously unreported.

The behavior of b and B depending on the structure of EDðkÞ has
been discussed throughout Sec. III C.

Finally, we showcased use of the equivalent spectrum for one-
dimensional in situ solar wind turbulence measurements, two-
dimensional dust surface density of the Large Magellanic Cloud, and a
three-dimensional hydrodynamic turbulence simulation. We find
good agreements with Fourier PSD, which is used as the ground truth.

We show an example of the equivalent spectrum performing
with gapped and sparse data, but future work will require further
investigation and quantification of the accuracy of the estimator.
Another area of potential improvement is in improving the technique
by reducing noise introduced from the numerical differentiation and
our naive binning and interpolation routines. Improvements could be
made, for example, through Kalman,148,149 Savitzky–Golay,150 or other
filtering techniques85,151 and even semi-parametric profile fitting.152
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APPENDIX A: ADDITIONAL ANALYTICAL SOLUTIONS

Following existing analytical spectral models from the litera-
ture22 with D ¼ 1 and power law 1 < b < 3,

E1ðkÞ ¼
2
p

A2

A2 þ k2

� �b=2

; (A1)

the equivalent spectrum is

B~E S
1ðkeÞ ¼

C
b

Ab
2ke

� �Hþ1
"
Ab
ke

IH�1
Ab
ke

� �
� Ab

ke
I�ðH�1Þ

Ab
ke

� �

þ Ab
ke

IHþ1
Ab
ke

� �
� Ab

ke
I�ðHþ1Þ

Ab
ke

� �

þ 2HIH
Ab
ke

� �
� 2HI�H

Ab
ke

� �#
; (A2)

where C ¼
ffiffi
p

p

sinðpHÞC Hþ1
2ð Þ, I�ð�Þ is a modified Bessel function of the

first kind of �-th order, and b ¼ 1þ 2H for 0 < H < 1. While the
term ðAb2keÞ

Hþ1 does not have the correct behavior (it is only

� k�H�1
e ), the remaining � k�H

e term can be seen by expanding the
series representation of the modified Bessel functions,

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 38, 025107 (2026); doi: 10.1063/5.0310561 38, 025107-18

VC Author(s) 2026

 
0
1
 
A
u
g
u
s
t
 
2
0
2
6
 
0
4
:
5
9
:
2
4

https://github.com/mab68/Equivalent_Spectrum
pubs.aip.org/aip/phf


I�
Ab
ke

� �
¼
X1
m¼0

1
C mþ 1ð ÞC mþ � þ 1ð Þ

Ab
2ke

� �2mþ�

; (A3)

up to terms of Oðk�1
e Þ. For ke � 1=A, the terms in the square

brackets are dominated by � k�H
e , which primarily stems from the

above series representation of the term 2HIH Ab
ke


 �
. This gives us the

remaining term to match the expected power law behavior
of � k�2H�1

e .

APPENDIX B: DIMENSIONAL CONSIDERATIONS

1. D-Dimensional spectra

We define the angle integrated spectrum EDðkÞ by first defin-
ing the modal spectrum

ED kð Þ ¼ 1

2pð ÞD
ð1
�1

hsDðxÞsDðx þ ‘Þixe�ik�‘dD‘; (B1)

with h�ix averaging over spatial coordinate x only. The angle-
integrated spectrum is then obtained by integrating over a spherical
shell SðkÞ of radius k ¼ jkj,

EDðkÞ ¼
ð
EDðkÞdSðkÞ: (B2)

The angle-integrated spectrum, EDðkÞ, can be expressed in terms of
the angle-averaged autocorrelation function,

EDðkÞ ¼
X2

D

2pð ÞD
ð1
0
RDð‘ÞT Dðk‘Þ k‘ð ÞD�1

d‘; (B3)

where

XD ¼ 2pD=2

CðD=2Þ (B4)

is the surface of the unit-sphere in D-dimensions, where X1 ¼ 2,
X2 ¼ 2p, and X3 ¼ 4p, and

T DðxÞ ¼
CðD=2ÞJ D=2�1ðxÞ

ðx=2ÞD=2�1
(B5)

encapsulates the angle-averaging/integration and integral transfor-
mation process for RDð‘Þ and EDðkÞ. The functions Cð�Þ and J nðxÞ
are the (complete) Gamma function and the Bessel function of the
first kind of n-th order, respectively. For common D values, we get
the expected transforms:1,57 T 1ðxÞ ¼ cosðxÞ, T 2ðxÞ ¼ J 0ðxÞ, and
T 3ðxÞ ¼ sinðxÞ

x . In other words, EDðkÞ is the appropriate D-dimen-
sional Fourier transformation.

Note, our convention of EDðkÞ is twice the usual turbulence
definition, i.e., we have

Ð1
0 EDðkÞdk ¼ hsDðxÞ2i and EDðkÞdk would

be twice the energy per unit mass. It is a simple procedure to multi-
ply the middle equation of Eq. (5) by a factor of 2 and propagate to
the below equations to obtain the usual turbulence theory
convention.

2. Sliced and projected data

In a lot of practical cases, observations of phenomena are
restricted to only 1D slices, 2D projections, or 2D slices. These

restrict the type of spectrum we obtain and could introduce addi-
tional artifacts and aliasing to the spectral estimates.

In the case of the solar wind (Sec. VA), measurements are per-
formed by sensors moving in relation to the plasma rest frame.
These sensors generate a time-series of data: such as magnetic field
measurements bðtÞ. We can construct the structure function and
autocorrelation functions as

SðsÞ ¼ hjbðtÞ � bðt þ sÞj2i; (B6)

RðsÞ ¼ hbðtÞ � bðt þ sÞi; (B7)

where h�i averages over t, j � j is the vector norm, and we assume sta-
tionarity. We can also Fourier analyze these data by applying the
Fourier transform to R1ðsÞ, giving a PSD PðxÞ that depends on fre-
quency. Following the steps in Sec. II, we see thatð1

0

dSðsÞ
ds

ds ¼
ð1
0
PðxÞdx (B8)

leads to the following approximation:68

1
2
1
b
s2
dSðsÞ
ds

� BPðxÞ: (B9)

By assuming that the bulk flow is sufficiently fast, the temporal
variations of bðtÞ at a fixed location (� 1 au) can be interpreted as
spatial variations by x ¼ �U t (Taylor’s frozen-in hypothesis),21,153

where U � 400 km=s is the average bulk flow speed of the slow
solar wind.154 Using Taylor’s frozen-flow hypothesis, we can inter-
pret the time/frequency functions, SðsÞ, RðsÞ, PðxÞ, as
(approximations to) spatial functions with the lag ‘1 in the direction
of the bulk flow U,

S3ð‘1 ¼ �Us; 0; 0Þ � SðsÞ; (B10)

R3ð‘1 ¼ �Us; 0; 0Þ � RðsÞ; (B11)

and the Fourier transform of R3ð‘1; 0; 0Þ corresponds to the
“reduced” spectrum,40

Eredðk1Þ ¼
ð1
�1

ð1
�1

Eðk1; k2; k3Þdk2dk3: (B12)

The exact association to the full spectrum requires careful con-
sideration and further assumptions, e.g., whether the turbulence is
restricted to 2D planes, or is fully 3D.155 However, assuming fully
3D isotropic turbulence, we obtain

~E S
redðke;1Þ �

1
2
1
b
‘21
@S3ð‘1; 0; 0Þ

@‘1
� BEredðk1Þ; (B13)

where ke;1 ¼ b=‘1 is the equivalent wavenumber associated with k1.
From Eq. (B12), it is easy to see that there is a form of aliasing

where Eredðk1Þ is the energy associated with all wavevectors that
have the same k1 component. For example, some model functions
from Table II for Eredðk1Þ are shown in Table III. These functions
are largest at k1 ¼ 0. We also show the associated ~E S

redðke;1Þ in Table
III and can see that ~E S

redðke;1Þ has a peak not at the origin—
~E S
redðke;1Þ does not appear to exhibit such aliasing as with

Eredðk1Þ.75,156 Nevertheless, as with Eq. (9), we can investigate cases
in which the approximation holds true for appropriate biases b and
B for a range of ke.
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Above, we see that a slice of data produce projections of the
Fourier spectrum. Now, we look at projections of data that are com-
mon in astronomical observations of turbulence such as the
interstellar medium (Sec. VB). For a 3D scalar field s3ðx; y; zÞ,
the plane-of-sky (POS) observation pðx; yÞ is the projection along
the line-of-sight (LOS) z-axis:

pðx; yÞ ¼
ð
LOS

s3ðx; y; zÞdz; (B14)

where we have assumed there are no additional emissivity or modu-
lation factors inside the integrand. From the projection-slice
theorem, the spectrum of pðx; yÞ—the plane-of-sky spectrum
EPOSðkx; kyÞ—is proportional to a slice of the full 3D spectrum of
s3ðx; y; zÞ at LOS wavenumber kz ¼ 0:

EPOSðk2Þ / E3ðk2; kz ¼ 0Þ; (B15)

where k2 ¼ ðkx; kyÞ. By integrating wavenumber shells j2 ¼ jk2j in
the observed 2D Fourier plane [following Eq. (B2)], we obtain
EPOSðj2Þ 6¼ E3ðkÞ, where E3ðkÞ is the angle-integrated spectrum of
s3ðx; y; zÞ.

We assume that ~E S
DðkeÞ approximates the angle-integrated

Fourier spectrum that is computed on the observed data, i.e.,
EPOSðj2Þ, PðxÞ. Conversion from the observed spectrum to the
spectrum representing the dynamics of the system, e.g., E3ðkÞ, is a
separate problem altogether.

APPENDIX C: RELATION TO SIGNATURE FUNCTIONS

We use the integrands of Eq. (7) to motivate Eq. (9). This, of
course does not mean we assume point-wise equality of the inte-
grands of Eq. (7). If we wished to assume point-wise (approximate)
equality of the integrands, an equivalent expression would be

1
2
1
b
‘2
ð1
0
dð‘� rÞ dSDðrÞ

dr
dr � �

ð1
0
dðk� keÞEDðkÞdk: (C1)

From dHðxÞ
dx ¼ dðxÞ, where HðxÞ is the Heaviside step-function, Eq.

(C1) is

1
2
1
b
‘2

@

@‘

ð‘
0

dSDðrÞ
dr

dr � � @

@ke

ð1
ke

EDðkÞdk: (C2)

Intrinsic to the process in Eq. (C2) is the filtering:

ð‘
0

dSDðrÞ
dr

dr �
ð1
ke

EDðkÞdk; (C3)

i.e., the assumption that the structure function is well approximated
by the sum of energy of all wavenumbers k 
 ke,

SDð‘Þ �
ð1
ke

EDðkÞdk: (C4)

In this sense, ke could be referred to as a “cutoff wavenumber”
rather than an “equivalent wavenumber.”

It is worth noting from Eq. (11), that really, there are higher-
order contributions to SDð‘Þ,75 e.g., ignoring order-unity constants
and Taylor expanding 1� T Dðk‘Þ for small k,

SDð‘Þ �
ð1
ke

EDðkÞdkþ ‘2
ðke
0
k2EDðkÞdkþ � � � : (C5)

In other words, SDð‘Þ is the sum of energy in scales � ‘ and the ens-
trophy in scales 
 ‘ (plus higher-order corrections). In Sec. III C,
we see that ~E S

DðkeÞ is not described by filters with sharp cutoffs.
A similar branch of literature worth mentioning is the signa-

ture function,72,73,75,79,156,157 Vð‘Þ, which is intended to describe the
turbulent energy distribution in real, rather than k-space with the
following requirements:

Requirement 1: Vð‘Þ 
 0,
Requirement 2:

Ð1
0 Vð‘Þ ¼ hsDð~xÞ2i,

Requirement 3: for a random distribution of eddies of size � ‘e,
the corresponding Vð‘Þ has a clear peak around ‘ � ‘e.

No function has been found to meet all of these requirements,
so usually, Requirement 1 is relaxed to

Ð ‘
0 VðrÞdr 
 0.75,156

It has been noted that the relationship of the signature function
to the angle-integrated spectrum is

‘Vð‘Þ � kEDðkÞ½ �ke : (C6)

which is similar to Eq. (9) upon re-arranging, for Vð‘Þ ¼ dSDð‘Þ
d‘ ,

ke ¼ b=‘, and assuming B ¼ 1 (point-wise equality). The estimate,
Eq. (C6), is poor when EDðkÞ exhibits steep gradients—which often
occur outside the turbulence inertial range—and facilitates in the
proposed constraint of the valid region of g 	 ‘ 	 LI , where g is
the Kolmogorov microscale and LI is the integral scale.75 This
remark is backed by examination of Vð‘Þ and how it represents
models with energy-containing ranges (like Secs. III B and III D for
D ¼ 3).75

Our approach [see Eq. (9)] does not assume point-wise equal-
ity: B accounts for this. Practically, B allows for corrections based
on local gradients and [in the context of Eq. (C6)] reduces the error
in the approximation. This correction factor can be modeled in sev-
eral ways: the first requiring additional a priori assumptions about
the shape of EDðkÞ [a parametric-style approach, e.g., Eq. (29)], and
another that assumes local power-law behavior (a non-parametric
style approach, Sec. III E). Of course, B is not universally applicable,
and is merely sought to reduce the error for some range of ‘.
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