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Abstract

The purpose of this thesis is to investigate the properties of multiperfect num-

bers with low abundancy, and to include the structure, bounds, and density

of certain multiperfect numbers.

As a significant result of this thesis, an exploration of the structure of an

odd 4-perfect number has been made. An extension of Euler’s theorem on the

structure of any odd perfect number to odd 2k-perfect numbers has also been

obtained.

In order to study multiperfect numbers, it is necessary to discuss the fac-

torization of the sum of divisors, in particular for σ(qe), for prime q. This

concept is applied to investigate multiperfect numbers with a so-called flat

shape N = 2ap1 · · ·pm. If some prime divisors of N are fixed then there are

finitely many flat even 3-perfect numbers. If N is a flat 4-perfect number and

the exponent of 2 is not congruent to 1 (mod 12), then the exponent is even.

If all odd prime divisors of N are Mersenne primes, where N is even, flat and

multiperfect, then N is a perfect number. In more general cases, some neces-

sary conditions for the divisibility by 3 of an even 4-perfect number N = 2ab

are obtained, where b is an odd positive integer.

Two new ideas, namely flat primes and thin primes, are introduced since

these appear often in multiperfect numbers. The relative density of flat primes

to all primes is given by 2 times Artin’s constant. An upper bound of the

number of thin primes is T (x) � x
log2 x

. The sum of the reciprocals of the thin

primes is finite.



Acknowledgements

First, I am pleased to express my profound thanks to my chief supervisor,

Professor Kevin Broughan, who quite unselfishly aided and encouraged me at

many theoretical and computational junctures during my PhD thesis. I also

had to learn plenty of computer technology from him.

Next, I would like to express a special gratitude to my second supervisor,

Dr. Ron Sorli (from University of Technology, Sydney), who gave me valuable

mathematical and LaTeX advice. I hope to receive his continuous support in

future.

My acknowledgements extend to the Mathematics Department of Waikato

University, where I obtained great support for my research. I would also like

to thank the New Zealand Institute for Mathematics and its Applications

(NZIMA) for offering me a doctoral scholarship.

Furthermore, I am very appreciative of the assistance of Andrea Haines for

her grammatical suggestions, and Jackie Broughan for her English language

support.

Finally, I want to thank my family for their understanding and generous

support.



Contents

1 Summary of the Literature 1

1.1 Mathematical notations and symbols . . . . . . . . . . . . . . 1

1.2 A historical background . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Perfect numbers . . . . . . . . . . . . . . . . . . . . . . 6

1.2.2 Multiperfect numbers . . . . . . . . . . . . . . . . . . . 11

1.3 An outline of this thesis . . . . . . . . . . . . . . . . . . . . . 13

1.4 Summary of the main findings . . . . . . . . . . . . . . . . . . 14

2 Restricted forms for an odd multiperfect number of abun-

dancy 4 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 The factorization of the sum of divisors 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Exponent of q modulo p . . . . . . . . . . . . . . . . . . . . . 34

3.3 The factorization theorem . . . . . . . . . . . . . . . . . . . . 39

3.4 Prime power values of σ(qe) . . . . . . . . . . . . . . . . . . . 45

4 Counting multiperfect numbers up to x 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Counting perfect numbers . . . . . . . . . . . . . . . . . . . . 54

4.3 Flat primes and thin primes . . . . . . . . . . . . . . . . . . . 64

4.3.1 Upper or lower thin numbers . . . . . . . . . . . . . . . 68

4.3.2 Upper or lower flat primes . . . . . . . . . . . . . . . . 70

4.3.3 Upper and lower thin primes . . . . . . . . . . . . . . . 81

4.3.4 Hardy-Littlewood-Bateman-Horn conjectures . . . . . . 84

4.4 Theorems on flat numbers . . . . . . . . . . . . . . . . . . . . 86



v

5 Even 3-perfect numbers of a flat shape 93

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.2 Special cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.3 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6 Even perfect numbers of abundancy 4 110

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.2 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.3 Lemmas and theorems . . . . . . . . . . . . . . . . . . . . . . 112

7 Other properties of multiply perfect numbers and unsolved

problems 126

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

7.2 Upper bound for 5-perfect numbers of a flat shape . . . . . . . 126

7.3 Conjectures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

References 138



Chapter 1

Summary of the Literature

1.1 Mathematical notations and symbols

The lowercase letters p and q denote prime numbers.

The following notations are standard:

(a1, · · · , an) denotes the greatest common divisor of the integers a1, · · · , an.

[x] denotes the integer part of the real number x.

{x} denotes the fractional part of the real number x.

π(x) denotes the number of prime numbers less than or equal to x.

Z denotes the set of all integers.

N denotes the set of all positive integers.

P denotes the set of all prime numbers.

# denotes the number of elements in a set.

We use Landau’s O, o, and � notation [71]:

f(x) = O(g(x)) or f(x) � g(x)

for a range of a real x, there is a constant A such that the inequality

|f(x)| ≤ Ag(x)
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holds over the range.

f(x) = o(g(x)) as x → ∞,

means

lim
x→∞

f(x)

g(x)
= 0

(g(x) 6= 0 for x sufficiently large.) The same meaning is used when x → ∞ is

replaced by x → α, for any fixed α.

In this thesis, f(x) = Oε(x
ε) means there is a constant C depending on

ε > 0, such that

|f(x)| ≤ Cxε,

holds over the range of a real x.

A subset A of positive integers has asymptotic density d(A) = α, where

0 ≤ α ≤ 1, if the proportion of elements of A, among all positive integers from

1 to n, has a limit α as n tends to infinity. That is,

d(A) = lim
n→∞

|A(n)|
n

= α,

where A(n) = A ∩ {1, 2, · · · , n}.

A function f(x) of a real variable x > 0 is written as o(x) if f(x)
x

→ 0, as

x → ∞. If |A(x)| = αx + o(x), then d(A) = α.

A function f is said to have an upper bound C if f(x) ≤ C for all x in its

domain.

Let k be a positive integer. Any collection of positive integers whose sum

is equal to k is said to form a partition of k [54]. For example,

5 = 4 + 1 = 3 + 2 = 3 + 1 + 1 = 2 + 2 + 1

= 2 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1,

so that there are 7 partitions of 5.
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The factorization of a positive integer N as a product of powers of distinct

primes pi, i = 1, · · · , k can be given by

N =

k
∏

i=1

pαi
i .

The notation vp(N) = e means pe||N , that is, pe | N and pe+1 - N . vp(N) = 0

if p does not divide N .

The number of distinct prime divisors of N is denoted by

ω(N) = k

and the total number of prime divisors of N is denoted by

Ω(N) =
k
∑

i=1

αi.

The sum of divisors function is denoted by

σ(N) =
∑

d|N
d.

For prime p and positive integer α, we have

σ(pα) = 1 + p + p2 + · · ·+ pα =
pα+1 − 1

p − 1
.

It is well-known that σ is a multiplicative function. Given the prime factor-

ization of N we have

σ(N) =

k
∏

i=1

σ(pαi
i ) =

k
∏

i=1

pαi+1
i − 1

pi − 1
.

Given integers a, b and m with m > 0, we say that a is congruent to b modulo

m and write

a ≡ b (mod m)

if m divides the difference a − b.

A powerful number is a positive integer m such that for every prime number

p dividing m, p2 also divides m.
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By convention positive integers of the form

Mn = 2n − 1, (n ≥ 1)

are called Mersenne numbers. If a prime p is a Mersenne number, we say p is

a Mersenne prime.

A multiperfect (or multiply perfect) number (MPN) N is any positive in-

teger which satisfies the equation σ(N) = kN with k ≥ 2 an integer called the

abundancy of N . A MPN of abundancy k is also called a k-perfect number.

If k = 2, we call this MPN a perfect number.

Definition 1.1 We say p is a super flat prime if either p is a Mersenne

prime, p + 1 = 2a, or p + 1 = 2ap1 · · · pm, where a ≥ 1, m ≥ 1 and each pi is

a super flat prime.

Example 1.1 Since 19 + 1 = 22 · 5, 5 + 1 = 21 · 3, 3 + 1 = 22, then 19 is a

super flat prime.

Definition 1.2 We say a positive integer N is an upper flat number if

N + 1 = 2e or N + 1 = 2eq1 · · · qm where e ≥ 1 and the qi’s are distinct odd

primes. If a prime p is an upper flat number we say p is an upper flat prime.

Let

F (x) := #{p ≤ x : p is an upper flat prime}.

There are corresponding definitions of the terms lower flat number and

lower flat prime obtained by replacing a shift by +1 with a shift by −1:

Definition 1.3 We say a positive integer N is a lower flat number if

N − 1 = 2e or N − 1 = 2eq1 · · · qm where e ≥ 1 and the qi’s are distinct odd

primes. If a prime p is a lower flat number we say p is a lower flat prime.
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Definition 1.4 We say a positive integer N is an upper thin number if

N + 1 = 2eq or N + 1 = 2e where e ≥ 1 and q is an odd prime. If a prime p

is an upper thin number we say p is an upper thin prime. Let

T (x) := #{p ≤ x : p is an upper thin prime}.

Definition 1.5 We say a positive integer N is a lower thin number if

N − 1 = 2eq or N − 1 = 2e where e ≥ 1 and q is an odd prime. If a prime p

is a lower thin number we say p is a lower thin prime.

Definition 1.6 Let p and q be distinct primes. The exponent of q modulo

p, expp q, is the minimum positive integer k such that p | qk − 1, [2, Chapter

10].

Definition 1.7 The discrete power of p to base q, [p|q], is the maximum

positive integer l such that pl | qexpp q − 1. If p = q we set [p|q] = 0.

Definition 1.8 We say a prime p is a super thin prime, if p = pi, and

pi + 1 = 2aipi−1, where i = 2, · · · , m, ai ≥ 1 and p1 + 1 = 2a1 with a1 ≥ 2, the

pi’s are distinct odd primes.

Definition 1.9 We say a positive integer N is flat if its odd part is squarefree,

i.e. if N can be written in the form N = 2a · p1 · · · pm where a ≥ 0, m ≥ 0 and

p1 < p2 < · · · < pm, where the pi are odd primes. If N is flat then the value of

a is called its exponent and the value of m its length.

1.2 A historical background

In the history of mathematics, many famous mathematicians such as Pythago-

ras (500 B. C.), Euclid (275 B. C.), Fermat (1636-1643), Mersenne (1639-1643),

Euler (1772), Lucas (1876), and Lehmer (1901) have investigated the proper-

ties of perfect numbers. However the history of the study of MPNs with
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abundancy k > 2 is only about 400 years old. In 1918, Dickson [28] traced the

development of the mathematics of MPNs. According to Schroeppel (1995)

[90], the frequency of finding multiperfect numbers (including perfect num-

bers) has increased dramatically in the last 20 years. From antiquity to 1910,

only 47 MPNs had been discovered, but to date 5190 MPNs are known (of

which 5145 have abundancy k > 2, and the rest 45 are even perfect numbers).

1.2.1 Perfect numbers

Euclid produced the first significant mathematical result on perfect numbers.

In Proposition 36 of Book IX of the Elements, he provided a form for a set of

even perfect numbers using the formula for the sum of a geometric progression.

That is, if the sum 1 + 2 + 22 + 23 + · · ·+ 2k−1 = 2k − 1 is a prime number

(k > 1), then N = 2k−1(2k − 1) is a perfect number, [14, p. 220].

From the literature we see ([78] and [29]) that Nicomachus (about A. D.

100) classified numbers into three types: abundant numbers which satisfy

σ(N) > 2N ; perfect numbers which satisfy σ(N) = 2N ; and deficient numbers

which satisfy σ(N) < 2N . Nicomachus also stated that perfect numbers will

be arranged in regular order; that is, only one among the units, one among the

tens, one among the hundreds, and one among the thousands; for example,

6, 28, 496, 8128 are the only perfect numbers in the corresponding intervals

between 1, 10, 100, 1000, 10000; and the last digit of the successive perfect

numbers is alternately 6 and 8. These statements of Nicomachus imply that

(1) all perfect numbers are even; (2) the nth perfect number has n digits; (3)

all perfect numbers end in 6 and 8 alternately; (4) Euclid’s formula provides

all perfect numbers; (5) there are infinitely many perfect numbers.

With the test of time, it has been discovered that some of Nicomachus’s

assertions are correct, some are incorrect and some are still open questions. In
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1536, Hudalrichus Regius gave the factorization 211 − 1 = 2047 = 23 · 89, in

which 11 is the first prime such that 2p − 1 is not a prime number. He also

found that 213 − 1 = 8191 is prime, so he discovered the 5th perfect number

212(213 − 1) = 33550336. This showed that Nicomachus’ assertion (2) is false

because the 5th perfect number has 8 digits, (See [78]).

In 1548-1626, Cataldi [28] proved that all perfect numbers given by Euclid’s

form end in 6 or 8. In 1603, Cataldi [78] found and listed all primes ≤ 750,

then proved that 217−1 = 131071 is a prime because 131071 < 562500 = 7502,

and he could check the number with his list of primes (≤ 750) to show 131071

does not contain any other prime divisor. We now know, following Euler (see

below), this means that the 6th perfect number 216(217 − 1) = 8589869056.

From this result we can see that Nicomachus’s assertion (3) is false, because

the last digit of both the 5th and 6th perfect numbers is 6. The two perfect

numbers do not end in 6 and 8 alternately. Cataldi also found the 7th perfect

number 218(219 − 1) = 137438691328 by the same method.

In 1652, Broscius [28] pointed out that perfect numbers could be expressed

using sums of arithmetical progressions: 6 = 1 + 2 + 3, 28 = 1 + 2 + 3 + 4 +

5 + 6 + 7, 496 = 1 + 2 + 3 + · · ·+ 31. He also speculated that perfect numbers

end in 6 or 28.

In 1647, Mersenne [28] stated that Mp = 2p − 1 is prime for p=2, 3, 5,

7, 13, 17, 19, 31, 67, 127, 257 and composite for all other primes p < 257.

But Mersenne could not test the prime factors for all of the numbers he had

announced without advanced calculation tools. Traditionally, a number of the

form Mn = 2n − 1 (n ≥ 1) is called a Mersenne number, and if Mn is prime,

then this number is said to be a Mersenne prime.

In 1849, one of Euler’s posthumous manuscripts revealed the relation be-

tween Mersenne primes and even perfect numbers. Euler provided a proof

of Euclid’s type, that is, every even perfect number must be of the form
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2k−1(2k − 1). Therefore, if one could find primes of the form 2p − 1 (where

necessarily p is prime, so Mp is a Mersenne prime), then one would find a

corresponding even perfect number, (see [28]).

By observing the form of Mersenne numbers, we can see that a higher

Mersenne prime can come from a lower Mersenne prime. For example, 7

is a Mersenne prime, and a new Mersenne prime 127 can be obtained from

27 − 1. It was hoped that if the number Mn was prime, then MMn would

also be a prime. However, in 1953 a high-speed computer found an exception

MM13 = 2M13 − 1 = 28191 − 1, which is a composite number with 2466 digits,

(see [102]). A useful way to search for Mersenne primes on a computer was

provided by Lucas’s (1876) criterion, (see [33]). The criterion is that for a

given sequence by u1 = 4, un+1 = u2
n − 2 (n = 1, 2, · · · ), given a prime p ≥ 3,

the Mersenne number Mp is prime if and only if Mp divides up−1. This can

be tested by computing the residue modulo Mp of the un. Today this method

is still used. For instance, on September 4, 2006, Curtis Cooper and Steven

Boone discovered the 44th known Mersenne prime, 232,582,657 − 1, just nearly

nine months from their last discovery, the 43rd Mersenne prime. The new

prime has 9,808,358 digits, (see [105]). We still do not know whether there

are infinitely many Mersenne primes. Therefore the question regarding the

number of even perfect numbers is still unsolved.

In order to decide whether a certain Mersenne number is prime or compos-

ite, Fermat (1640) stated and Euler (1747) proved that, if p is a prime, and

Mp = 2p − 1 is composite, then there are no prime factors other than those of

the form kp+1 with k an integer. For example, 211−1 = 23 ·89 has the factor

23; 237 − 1 has the factor 223; and 223 − 1 has the factor 47. From this result,

Cunningham (1894) stated that the corollary proved by Lucas (1878) is that

if p and 2p+1 are both odd primes with p ≡ 3 (mod 4), then Mp = 2p − 1 has

the factor 2p + 1. (See [102]).
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Bachet de Mëzirac (1581-1638) [28] proved Euclid’s theorem that N =

2p−1(2p − 1) is perfect if 2p − 1 is a prime, but if 2p − 1 is composite, then

N is abundant. He also asserted that every multiple of a perfect or abundant

number is abundant; every divisor of a perfect number is deficient; and the

product of two odd prime powers is deficient. These results follow from the

following well known definitions: if N1, N2, · · ·Ns are the divisors of a perfect

or abundant number N , and a is an integer > 1, then σ(aN) ≥ aN1 + aN2 +

· · ·+aNs +1 = aσ(N)+1, implies σ(aN)
aN

≥ σ(N)
N

+ 1
aN

> 2; if p is a prime, then

σ(pk)
pk = pk+1−1

pk(p−1)
< pk+1

pk(p−1)
= p

p−1
= 1+ 1

p−1
≤ 2; if the two primes are p and q with

2 < p < q, then σ(pjqk)
pjqk = pj+1−1

pj(p−1)
· qk+1−1

qk(q−1)
< p

p−1
· q

q−1
≤ (1 + 1

2
)(1 + 1

4
) = 15

8
< 2.

In the history of mathematics, interest has also focused on discovering

whether odd perfect numbers exist or show their non-existence, but mathe-

maticians could only find some necessary conditions for the existence of odd

perfect numbers. Euler was the first to provide a significant result on odd

perfect numbers. Euler not only proved that every even perfect number is of

Euclid’s type, but he also proved that any odd perfect number N if it exists

must be of the form N = pkm2, where p is a prime, the common factor of both

p and m is only 1, and p ≡ k ≡ 1 (mod 4); and in particular, N ≡ 1 (mod 4).

For more details see [28].

After obtaining the basic structure which is Euler’s form, mathematicians

investigated the properties of the size, the factors, the number of prime factors,

and the exponents of prime factors of odd perfect numbers. During the 19th

century, some significant results were discovered. Lebesgue (1844) [28] proved

that if N is an odd perfect number then ω(N) ≥ 4. Sylvester (1887) [36]

proved that no odd perfect number has factor 105 and there is no odd perfect

number N with ω(N) < 6. In 1888, Sylvester and Servais [36] proved that no

odd perfect number exists with ω(N) = 3. Sylvester (1888) [36] also proved

that any odd perfect number N with ω(N) < 8 must be divisible by 3 and
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that there is no odd perfect number N with ω(N) = 4. Catalan (1888) [17]

proved that if 3, 5, or 7 are not factors of an odd perfect number N , then

ω(N) ≥ 26 and thus N > 1044. In 1951, Webber [101] proved that ω(N) ≥ 6,

Robbins (1972) [87] and Pomerance (1974) [80] improved this to ω(N) ≥ 7.

Chein (1979) [18] and Hagis (1980) [40] independently proved that ω(N) ≥ 8.

Cohen (1991) [22] and Sorli (1999) [25] used different methods to prove that

ω(N) ≥ 6 and then 7. In 2007 Nielsen [77] improved this to ω(N) ≥ 9.

Sylvester (1888) [36] proved that if N , an odd perfect number, is not divis-

ible by 3, then ω(N) ≥ 8 . This was improved to ω(N) ≥ 10 by Kishore (1977)

[61]; to ω(N) ≥ 11 by Hagis [42] and Kishore [63] in 1983; and to ω(N) ≥ 12

by Nielsen [77] in 2007. Another area of research interest was to investigate

the finiteness of odd perfect numbers. In 1913, Dickson [27] stated that “for

a given s, there are at most finitely many odd perfect numbers N such that

ω(N) = s”. This was proved by Shapiro (1949) [91] and Rózsa Péter (1959)

[33].

Some results on the number of total prime factors of an odd perfect num-

ber N are Ω(N) ≥ 23 by Cohen (1982) [20], Ω(N) ≥ 29 by Sayers (1986)

[89], Ω(N) ≥ 37 by Iannucci and Sorli (2003) [57]. Hare improved the result

that Ω(N) ≥ 47 (2004) [49] and Ω(N) ≥ 75 (2007) [48] using an idea from

Pomerance (1974) [80].

On the upper bound of an odd multiperfect number N with ω(N) = k,

Pomerance (1977) [82] proved that N < (4k)(4k)2
k2

. This result was improved

to 44k
by Heath-Brown in 1994 [51] and to D4k

with D = (195)1/7 by Cook in

1999 [26], and further to 24k
by Nielsen in 2003 [76].

On the lower bound of an odd perfect number N , the best result we have

today is very close to 10500 by William Lipp [66], which is an application of a

method developed by Brent, Cohen, and te Riele (1991) [10], whose result was

N > 10300. Early results were N > 1050 by Hagis (1973) [39] and N > 10160 by
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Brent and Cohen (1989) [9]. Bernhard (1949) [6], Kühnel (1949) [65], Kanold

(1957) [60], Tuckerman (1973) [100], and Kishore (1977) [61] contributed to the

lower bound of odd perfect numbers. Some related results are that N > q3k/2,

if N is an odd perfect number with q a prime, k an even integer, and qk | N

but qk+1 - N (by Brent, Cohen, and te Riele [10]), and that some prime power

(> 1020) is a factor of any odd perfect number (by Cohen, 1987 [21]).

For the lower bound of the large prime factors of an odd perfect number N ,

the largest prime pk ≥ 100129 was proved by Hagis and McDaniel (1973) [45],

improved to pk ≥ 106 by Cohen and Hagis (1998) [24], and further increased to

pk ≥ 107 by Jenkins (2003) [58]. The second largest prime pk−1 was shown to

be greater than or equal to 139 by Pomerance (1975) [81] and extended to be

greater than or equal to 1009 by Hagis (1981) [41]. Iannucci (1999 [55], 2000

[56]) proved pk−1 > 104 and the third largest prime factor pk−2 > 102. Grün

(1952) [38] proved the smallest prime factor p1 < 2
3
k + 2. Kishore (1981 [62])

showed that for 2 ≤ i ≤ 6, pi < 22i−1
(k − i + 1). This result was improved by

Cohen and Sorli (2003) [25].

1.2.2 Multiperfect numbers

The early study of multiperfect numbers was done in the 17th century by

mathematicians Mersenne, Descartes, Fermat, and Frenicle among others.

Descartes provided 5 rules for finding multiperfect numbers: (1), if N is

3-perfect, and 3 - N , then 3N is 4-perfect; (2), if N is 3-perfect, 3 | N ,

but 5 - N , 9 - N , then 45N is 4-perfect; (3), if N is 3-perfect, 3 | N , but

7 - N , 9 - N , 13 - N , then 3 · 7 · 13N is 4-perfect; (4), if σ(N) = kN with k a

natural number, 29 | N , but 210 - N , 31 - N , 43 - N , 127 - N , then 31N and

16 · 43 · 127N are (k + 1)-perfect numbers; (5), if 3 - N , and if 3N is 4-perfect,

then N is 3-perfect.



12

Descartes derived his six 4-perfect numbers and tested the first four 3-perfect

numbers by his rules. Frenicle and Mersenne doubted that it would be possible

to find all multiperfect numbers by Descartes’ rules. However Descartes re-

sponded that infinitely many multiperfect numbers could be generated by his

rules. In 1638, Descartes obtained the 3rd 5-perfect number 27355·72·13·17·19.

In 1644, Mersenne asserted that he could find all k-perfect numbers with k an

integer through his general method. For details see [28].

With the appearance of high-speed computers since the 1950s the search for

multiperfect numbers has significantly improved. Between 1955 and 2006, 4634

new multiperfect numbers had been found including new perfect numbers, as

well as 9-perfect, 10-perfect and 11-perfect numbers. It should be mentioned

that all known six 3-perfect numbers had been discovered by the end of 1643,

in the time of Mersenne, Fermat and Descartes (1639-1643). It seems that all

3-perfect numbers have been discovered. See [78].

From the late 19th century to the early 20th century, there were some

discoveries of multiperfect numbers of lower abundancy. Desboves (1878) [28]

observed that 3-perfect numbers of the form 2n · 3 · p with p a prime are only

120 and 672. This result was proved by Westlund (1900) [103], that is, the

only 3-perfect numbers of the form pa
1p

b
2p3 with pi’s primes are 233 · 5 = 120

and 253 · 7 = 672. Carmichael (1906) [15] proved that (1) 233 · 5 = 120

and 253 · 7 = 672 are the only two multiperfect numbers with ω(N) = 3;

(2) multiperfect numbers with ω(N) = 4 are only the third 3-perfect number

293·11·31 (discovered by Jumeau and Croix [28]) and the first 4-perfect number

25335 · 7 = 30240 (discovered by Descartes) [28]; (3) those with ω(N) = 5 are

only the fourth 3-perfect number 2133 ·11 ·43 ·127, the second 4-perfect number

23325·7·13, the fourth 4-perfect number 29335·11·31 (discovered by Descartes)

and the eighth 4-perfect number 27335217 · 31 (discovered by Mersenne) [28].

Westlund (1901) [104] also proved that the only 3-perfect number of the form
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pa
1p2p3p4 with p1 < p2 < p3 < p4 is the third 3-perfect number 293 · 11 · 31.

Lehmer (1900) [28] proved that for a 3-perfect number N , ω(N) ≥ 3; for a

4-perfect number, ω(N) ≥ 4; for a 5-perfect number, ω(N) ≥ 6; for a 6-perfect

number, ω(N) ≥ 9; for a 7-perfect number, ω(N) ≥ 14. In 1902, Cunningham

[28] stated that the number of multiperfect numbers N with a special form

2q−1(2q − 1)F , where F is a factor of N , is at least one, for 1 ≤ q ≤ 39

(except 33, 35, 36) or q = 45, 51, 62. For example, the third 4-perfect number

22 ·32 ·5 ·72 ·13 ·19. Tables 4.1, 6.1 and 7.1 provide some examples of k-perfect

numbers for every value of k up to and including k = 11.

The properties of odd multiperfect numbers are very similar to odd perfect

numbers. It was shown by Carmichael [16] in 1907 that ω(N) ≥ 4, where

N is an odd multiperfect number. Artuhov (1973) [3] proved that there exist

finitely many odd multiperfect numbers with ω(N) = s, where s is an arbitrary

positive integer, (comparing with Dickson’s theorem for odd perfect numbers in

1913 [27]). ω(N) ≥ 11 and N > 1070 were shown by Cohen and Hagis (1985)

[23], which improved on N > 1050 by Beck and Najar (1982) [5]. Iannucci

(1999) [55] showed that for odd 3-perfect numbers the largest prime factor

must be greater than 107. Hagis (1986) [43] proved that the third largest

prime factor of an odd 3-perfect number has to be at least 100. Kanold (1957)

[60] proved that for an odd 3-perfect number N with ω(N) ≥ 9, then N is a

square, and N > 1020. In 1987, Kishore [64] showed that ω(N) ≥ 12 for an

odd 3-perfect number N . In 1993 Hagis [44] gave a simple proof of Kishore’s

result.

1.3 An outline of this thesis

Here is an outline of the thesis: In Chapter 2 restricted forms for an odd multi-

perfect number of abundancy 4 are developed. In Chapter 3 the factorization
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of the sum of divisors of an integer is studied. Chapter 4 treats counting

multiperfect numbers up to x. Chapter 5 treats even 3-perfect numbers of a

so-called flat shape; Chapter 6 deals with even perfect numbers of abundancy

4. In Chapter 7 other properties of multiply perfect numbers are developed,

and unsolved problems are presented in the form of conjectures.

1.4 Summary of the main findings

Here are some of the main findings in this thesis:

Chapter 2:

Theorem 2.3 gives the structure of an odd 4-perfect number: Let N be an

odd 4-perfect number. Then N has one of the following forms, where the αi

are positive integers and the pi odd primes:

(A) N = qe1
1 qe2

2 p2α1
1 · · · p2αm

m for primes qi and positive integers ei with

qi ≡ ei ≡ 1 (mod 4).

In the remaining types N = qep2α1
1 · · · p2αm

m with q prime where:

(B) q ≡ 1 (mod 4) and e ≡ 3 (mod 8) or

(C) q ≡ 3 (mod 8) and e ≡ 1 (mod 4).

Corollary 2.4 shows that no square or squarefree number is odd and 4-perfect.

Theorem 2.11 shows that if 9 is the maximum power of 3 dividing N then

N is not an odd 4-perfect number.

Chapter 3:

Theorem 3.9 investigates the factorization of σ(qe):

(1) Let q be an odd prime and e a positive integer. Then

σ(qe) = 2(v2((q+1)(e+1))−1)(2{ e
2
}) ×

∏

p|(e+1,q−1)

pvp(e+1)

×
∏

16=expp q|e+1

p
[p|q]+vp( e+1

expp q
)

where p is an odd prime.
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(2) Let q = 2 and e a positive integer, then

σ(2e) =
∏

1<expp 2|e+1

p[p|2]+vp(e+1)

where p is an odd prime.

And Theorem 3.15 is a consequence of Theorem 3.9:

(1) Let q be prime, p an odd prime and e ≥ 1. If σ(qe) = pj , then j = [p|q]

and e + 1 = expp q is prime. For example, σ(34) = 112, and σ(32) = 13.

(2) Conversely, let e be even and the prime p be odd. If e + 1 = expp q is

prime and the equation e+1 = expp q, for given e and q, has a unique solution

p ∈ P, then σ(qe) = p[p|q].

Chapter 4:

Theorem 4.35 shows that there are infinitely many groups of 8 consecutive

odd upper flat numbers.

Theorem 4.15 shows that asymptotically the number of thin numbers is

the same as that of the primes.

Theorem 4.23 shows that the relative density of upper flat primes to all

primes is given by 2 times Artin’s constant.

Theorem 4.25 proves that the relative density of primes which are both

lower and upper flat to all primes is
∏

p odd(1− 2
p2−p

) = 0.53511 · · · , where the

product is taken over odd prime values of p.

Corollary 4.26 shows that those primes which are both lower and upper

flat are about 54% of all primes, those either lower or upper flat but not both

- each about 21%, and those neither upper nor lower flat - 4%.

Corollary 4.29 proves that the sum of the reciprocals of the upper thin

primes is finite.

Chapter 5:

Theorem 5.9 proves that N = 2ap1 · · · pm, with some restrictions, is not a

3-perfect number:
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Let N = 2ap1 · · · pm, with a ≥ 1, pi + 1 = 2aipi−1, ai ≥ 1, where pi is an

odd prime for 1 ≤ i ≤ m and p0 is a prime. Then N is not a 3-perfect number.

Proposition 5.13 proves that, for a 3-perfect number N = 2ap1 · · · pm with

a even, not all prime factors of σ(2a) are Mersenne primes.

Some examples are given of particular classes of number with a flat shape

N = 2ap1 · · ·pm which are not 3-perfect numbers:

Example 5.3 shows that N = 2e · 3 · 23 · 7 · 31 is not a 3-perfect number for

any e ≥ 1.

Example 5.9 shows that if N = 2e · 5 · 19 · 37 · 73 · 9343 · p1 · · · pm, where

pi + 1 = 2fi · qi, (i = 1, 2, · · · , m), pi’s are distinct, with pi’s, qi’s odd primes,

and pi 6= 5, 19, 37, 73, 9343, and e ≥ 1, then N is not a 3-perfect number.

Chapter 6:

Theorem 6.3 shows that all primes appearing in a flat 4-perfect number

N = 2ap1p2 · · · pm are super flat primes (which are defined in Definition 1.1).

Theorem 6.4 gives some necessary conditions for the divisibility by 3 of

an even 4-perfect number N = 2ab, where b is an odd positive integer. For

example, if a is odd, then N is divisible by 3.

Theorem 6.9 proves that if N = 2ap1 · · ·pm is a 4-perfect number with the

pi’s distinct primes and a 6≡ 1 (mod 12) then a is even.



Chapter 2

Restricted forms for an odd

multiperfect number of

abundancy 4

2.1 Introduction

This chapter is based on the paper by Broughan and Zhou [12]. No odd k-

perfect numbers are known for any k ≥ 2, and it is believed that none exist.

For a survey of known results see [93] or [35] and the references given there.

For example, if N is odd and 4-perfect then N has at least 22 distinct prime

factors. If it is also not divisible by 3 then it has at least 142 prime factors.

In this chapter we consider the properties of classes of odd numbers which

must be satisfied if they are to be 4-perfect. Conversely, we also consider

the properties of classes which can never be 4-perfect. In a number of cases

theorems follow, with some changes, in the pattern of corresponding results

for 2-perfect numbers. However, mostly because of the number of primes

involved, some of those techniques, from the theory of 2-perfect numbers, are

not so readily available.



18

We show that Euler’s structure theorem, that every odd 2-perfect number

has the shape N = qep2α1
1 · · · p2αm

m , where q ≡ e ≡ 1 (mod 4), has an extension

to odd 4-perfect numbers, and then to odd 2k-perfect numbers. For 4-perfect

numbers there are three possible shapes like Euler’s form, (A) with 2 q’s instead

of 1, (B) with q ≡ 3 ( mod 8) and e ≡ 1 ( mod 4), and (C) with q ≡ 1 ( mod 4)

and e ≡ 3 (mod 8), (Theorem 2.3). An immediate corollary is that no square

or squarefree number is 4-perfect, (Corollary 2.4).

For 2k-perfect numbers we need to derive a fact, which could be of inde-

pendent interest. For j ≥ 1, odd primes p and odd e, we have 2j||σ(pe) if and

only if 2j+1||(p + 1)(e + 1), (Theorem 2.5).

We include negative results (i.e. shapes which no odd 4-perfect number

can have) for odd 4-perfect cubes (Theorem 2.10), numbers with 9 being the

maximum power of 3 dividing N (Theorem 2.11), numbers with each of the pi

occurring to the power 2 (Theorem 2.12), and a positive result on the power

of 3 dividing any odd 2k-perfect number (Theorem 2.13).

2.2 Lemmas

We begin with two lemmas, summarizing well known results.

Lemma 2.1 Let d and n be positive integers and p a prime number.

If d + 1 | n + 1 then σ(pd) | σ(pn).

The converse of this lemma is also true - see Lemma 3.10.

Lemma 2.2 (Congruences modulo 3)

Let p > 3 be a prime number and let e be a positive integer.

If p ≡ 1 (mod 3), then σ(pe) ≡































1 (mod 3) if e ≡ 0 (mod 3),

2 (mod 3) if e ≡ 1 (mod 3),

0 (mod 3) if e ≡ 2 (mod 3).
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If p ≡ 2 (mod 3), then σ(pe) ≡















1 (mod 3) if e ≡ 0 (mod 2),

0 (mod 3) if e ≡ 1 (mod 2).

2.3 Results

Theorem 2.3 (Euler equivalent)

Let N be an odd 4-perfect number. Then N has one of the following forms,

where the αi are positive integers, the pi are odd primes and m ≥ 2:

(A) N = qe1
1 qe2

2 p2α1
1 · · · p2αm

m for primes qi and positive integers ei with

qi ≡ ei ≡ 1 (mod 4).

In the remaining types N = qep2α1
1 · · · p2αm

m with q prime where:

(B) q ≡ 1 (mod 4) and e ≡ 3 (mod 8) or

(C) q ≡ 3 (mod 8) and e ≡ 1 (mod 4).

Proof. (1) Let N = pβ1

1 · · · pβm
m where the pi are odd primes and the βi whole

numbers. Then σ(N) = 4N implies 22||σ(pβ1
1 ) · · ·σ(pβm

m ) so either 21 is the

maximum power of two dividing two distinct terms in the product and the

remaining terms are odd, or 22 is the maximum power dividing one term and

the remaining terms are odd. So type (A) is the former shape and (B) and (C)

the latter. In the treatment for type (A), we need to know that if 2||σ(qe) and

q is prime, then q ≡ e ≡ 1 (mod 4). This has not yet been proved; the case

j = 1 of Theorem 2.5 can be used for this. Therefore we need only consider

primes q and powers α such that 22||σ(qα).

(2) Claim: If q ≡ 1 (mod 4) and α ≡ 3 (mod 8) then 4 | σ(qα).

σ(qα) = 1 + q + · · ·+ qα

≡ 1 + α (mod 4)

≡ 0 (mod 4).

so 4 | σ(qα).
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(3) In the same situation as in (2), 8 - σ(qα): Write

σ(qα) = 1 + q + q2 + q3 + · · ·+ q3+8e,

group the 4 + 8e terms in 1 + 2e sets of 4 terms, so that

σ(qα) ≡ (1 + q + q2 + q3)(1 + 2e) (mod 8),

where we have used q4 ≡ 1 ( mod 8). Replacing q by 1+4x, for some integer x,

and reducing modulo 8 we get σ(qα) ≡ 4 · (1+2e) (mod 8), which is non-zero,

so 8 - σ(qα).

(4) Claim: If q ≡ 3 (mod 8) and α ≡ 1 (mod 4) then 4 | σ(qα). Let

α = 1 + 4e and q = 3 + 8x then (where f, x, y, z and w are integers)

σ(qα) =
(3 + 8x)2f − 1

2 + 8x
where f is odd

=
(1 + 2y)2f − 1

2y
where y is odd

=
1

2y
(

(

2f

1

)

(2y)1 +

(

2f

2

)

(2y)2 + · · · )

= 2f + 2f(2f − 1)y + 4z

= 4w

so 4 | σ(qα).

(5) In the same situation as in (4) 8 - σ(qα): write

σ(qα) =
q2+4e − 1

2 + 8x
≡ q2 − 1

2
≡ (3 + 8x)2 − 1

2
≡ 4 (mod 8).

so, again 8 - σ(qα).

(6) The remainder of the proof consists in showing the above cases con-

stitute the only possibilities by examining in turn the 14 possible additional

values of {q, e} modulo 8. In summary, using the notation qe for the val-

ues of q and e modulo 8, and using the same techniques as used in parts

(2), (3) and (4) of the proof, the cases 11, 15, 51, 55 give 4 - σ(qe). The cases

17, 33, 37, 57, 71, 73, 75, 77 give 8 | σ(qe), so cannot occur. The remaining cases
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53, 35 are covered by (B) and (C). We have already proved 13 in (B), and 31

in (C).

Finally, since a 4-perfect number must have at least 4 different prime factors

[28, Lehmer (1900)], we get m ≥ 2. �

Corollary 2.4 No square or squarefree number is odd and 4-perfect.

Proof. Since the exponents of the leading primes are odd, and one of the

three forms is always present, the first part of the claim is immediate. For the

second part we need only consider the special forms N = q1q2 and N = q1,

where the qi are odd primes which are not possible, so no odd 4-perfect number

is squarefree. �

It might be of interest to speculate, on the basis of Euler’s theorem and the

above, on the general form for division of σ(pα) by powers of 2. However

for powers 23, and beyond, the situation appears to be well structured but

mysterious.

For example, in the following each pair corresponds to the classes modulo 24

of an odd prime and odd exponent (p, e) such that 23‖σ(pe). The list appears

to be complete for this power of 2:

(1, 7), (3, 3), (3, 11), (5, 7), (7, 1), (7, 5),

(7, 9), (7, 13), (9, 7), (11, 3), (11, 11), (13, 7).

Note that in each case 24‖(p + 1)(e + 1). It is a beautiful fact that this is true

in general for all powers of 2.

Theorem 2.5 For all odd primes p, powers j ≥ 1 and odd exponents e > 0

we have

2j‖σ(pe) ⇐⇒ 2j+1‖(p + 1)(e + 1).
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Proof. (1) Let 2j‖σ(pe). First expand p to base 2:

p = 1 + e12
1 + e22

2 + · · ·+ 2j+1η,

where η ∈ {0} ∪ N and ei ∈ {0, 1}. There exists a minimum i with 1 ≤ i ≤ j

so that

p = 1 + 21 + 22 + · · ·+ 2i−1 + 0 · 2i + · · · + 2j+1η, η ∈ {0} ∪ N

since otherwise

p = 1 + 21 + · · ·+ 2j + 2j+1η ≡ −1 (mod 2j+1)

so

σ(pe) = 1 + p + p2 + · · ·+ pe

≡ 1 − 1 + 1 · · · − 1 ≡ 0 (mod 2j+1)

so 2j+1|σ(pe) which is impossible. Hence we can write

p = 2i − 1 + 2i+1β, β ∈ {0} ∪ N.

Therefore p + 1 = 2i · o where here, and in what follows, “o” represents a

generic odd integer, with not necessarily the same value in a given expression.

Since e + 1 is even, there exists a positive integer l such that e + 1 = 2l · o.

Since 2j‖σ(pe) we have

p2l·o − 1

p − 1
= 2j · o

and therefore

(2i · o − 1)2l·o − 1 = 2j · o · (2i · o − 2). (2.1)

(1a) If i > 1 examine both sides of equation (2.1) in base 2 and equate the

lowest powers of 2. This leads to i + l = j + 1 since 2i · o− 2 = 2 · o. Therefore

l = j − i + 1.
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(1b) If i = 1 write p + 1 = 2 · o so p − 1 = 2k · o for some k ≥ 2. Hence,

because 2j ||σ(pe),

p2l·o − 1 = 2j · 2k · o

(1 + 2k · o)2l·o − 1 = 2j+k · o

so, again comparing the lowest powers of 2 on both sides, k + l = j + k so

l = j = j − 1 + 1. Hence, for all i ≥ 1, l = j − i + 1 and we can write

p = 2i − 1 + 2i+1 · x

e = 2j−i+1 − 1 + 2j+1−i+1 · y

where x, y are integers. Hence (p + 1)(e + 1) = 2j+1(1 + 2x)(1 + 2y) so

2j+1||(p + 1)(e + 1).

(2) Conversely, let 2j+1||(p + 1)(e + 1) so for some i > 0, 2i||p + 1 and

2j+1−i||e + 1. We now consider two cases, depending on the values of i and j.

(2a) Let i = 1 and j = 1. (This is really Euler’s theorem). In this case

p + 1 = 2 · o = 2(2x + 1) so p = 4x + 1 and e + 1 = 2 · o. Therefore

σ(pe) =
p2·o − 1

p − 1
=

po − 1

p − 1
(po + 1)

= (1 + p + · · ·+ po−1)((4x + 1)o + 1)

= o · (4y + 2) = 2 · o

so 21||σ(pe).

(2b) Let i = 1 and j > 1. Again p = 4x + 1. The inductive hypothesis is

that for all j′ < j, 2j′||(p2j′ ·o − 1)/(p − 1). Then

σ(pe) =
p2j−1·o − 1

p − 1
(p2j−1·o + 1)

= 2j−1 · o((4x + 1)2j−1·o + 1)

= 2j−1 · o(4y + 2)

= 2j · o
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so in this case also 2j‖σ(pe).

(2c) Let i > 1. First we make some preliminary polynomial constructions

where all polynomials are in Z[x]. For n ∈ N define fn, qn, sn, rn by

fn(x) = (1 + x)n − 1 = xqn(x)

sn(x) = (1 + x)n + 1 = (x + 2)rn(x) for n odd.

Then

f2·o(x) = ((1 + x)o − 1)((1 + x)o + 1) = x · ro(x) · (x + 2) · qo(x),

and for l ≥ 1

f2l·o(x) = f2l−1·o(x) · s2l−1·o(x)

= s2l−1·o(x) · s2l−2·o(x) · · · s2·o(x)x(x + 2) · ro(x) · qo(x)

s2l·o(x) = (((1 + x)2l

)o − (−1))

= ((1 + x)2l − (−1))(((1 + x)2l

)o−1 + · · ·+ 1)

= ((1 + x)2l

+ 1)(· · · )

Since i > 1, if x = 2i · o − 2 = 2 · o, then x + 1 = 2 · o + 1 = o and

s2l·o(x) = (o2l

+ 1) (an even number of odd terms + 1) = 2 · o · o = 2 · o,

and x + 2 = 2i · o. Note also that qo(x) = ((1 + 2y)o − 1)/(2y) = o + 2z = o

and ro(x) = ((1 + x)o + 1)/(x + 2) = (oo−1 − oo−2 · · ·+ 1) = o, where x, y and

z are integers. Therefore, with this value of x

f2l·o(x)

x
= 2l−1 · o · 2i · o · o · o = 2l+i−1 · o.

Now, at last, we can complete the proof. Let x = p − 1 = 2i · o − 2 and

l = j + 1 − i. Then

σ(pe) =
pe+1 − 1

p − 1
=

(1 + x)2l·o − 1

x

=
f2l·o(x)

x
= 2l+i−1 · o = 2j · o

so 2j ||σ(pe). �
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Remark: Theorem 2.5 can be recovered from early papers on Lucas sequences,

([7] and [106]). In a private communication, Florian Luca stated that the

general version in this current setting is the following:

Theorem 2.6 (Luca) (A) Let q > 2 and p be distinct primes and put f for

the exponent of p modulo q. Then

vq

(

pe+1 − 1

p − 1

)

= vq

(

pf − 1

p − 1

)

+ vq

(

e + 1

f

)

. (2.2)

In the above, it is understood that the right hand side is zero if f does not

divide e + 1.

(B) Let p be an odd prime. Then

v2

(

pe+1 − 1

p − 1

)

= v2 (p + 1) + v2

(

e + 1

2

)

.

In the above, it is understood that the right hand side is zero if e is even.

Actually Theorem 2.5 is a corollary of Theorem 2.6 (B). Furthermore, if q = 3,

we can obtain another corollary as follows:

Corollary 2.7 Let p be a prime, e ≥ 1 and suppose 3 | σ(pe). Then

v3(σ(pe)) = v3((p + 1)(e + 1)).

Proof. Assume 3 | σ(pe). By Theorem 2.6, taking q = 3, then either

p ≡ 1 (mod 3) or p ≡ 2 (mod 3). In the first case, f = 1 and the right hand

side of equation (2.2) becomes v3(e +1) = v3((p + 1)(e+ 1)), since p + 1 is not

a multiple of 3. In the second case, f = 2 and if e + 1 is odd, then the right

hand side of equation (2.2) is not zero, but the left hand side is zero, which is

a contradiction, so e + 1 is even in which case it is v3(p + 1) + v3((e + 1)/2) =

v3((p + 1)(e + 1)), again as desired. �

The following corollary is a consequence of Theorem 2.6 (B), by taking p = Mq:
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Corollary 2.8 Let Mq be a Mersenne prime and let e be an odd positive in-

teger. If 2j||σ(Me
q ) then j ≥ q.

From Theorem 2.6 we also get the following corollary, which is an extension

of Euler’s theorem to perfect numbers of abundancy 2k.

Corollary 2.9 Let N be odd and 2k-perfect. Then there exists a partition of

k, k = k1 + · · ·+ kn, with ki ≥ 1, such that

N =

n
∏

i=1

pei
i

m
∏

j=1

q
2fj

j

where the ei are odd, the pi, qj odd primes, and for each i with 1 ≤ i ≤ n

there exist positive integers li and mi such that 2li ||pi + 1, 2mi||ei + 1 and

li + mi = ki + 1.

Proof. Let σ(N) = 2kN . Since σ is a multiplicative function, then

σ

(

n
∏

i=1

pei
i

m
∏

j=1

q
2fj

j

)

=
n
∏

i=1

σ(pei
i )

m
∏

j=1

σ(q
2fj

j ) = 2k
n
∏

i=1

pei
i

m
∏

j=1

q
2fj

j .

Since 2 - σ(q
2fj

j ), then

2k||
n
∏

i=1

σ(pei
i ), and 2ki||σ(pei

i ),

so,

k =
n
∑

i=1

ki.

Also, by Theorem 2.6 (B),

2ki+1||(pi + 1)(ei + 1),

so, the result follows. �

Theorem 2.10 (Cubes)

Let N be an odd cube with 3 - N .
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(A) If N has shape N = qe1
1 · qe2

2 · p2α1
1 · · · p2αm

m with q1 ≡ 5 (mod 12),

q2 ≡ 1 (mod 4) and e1 ≡ e2 ≡ 1 (mod 4), then N is not a 4-perfect number.

(B) If N has shape N = qep2α1
1 · · · p2αm

m with q ≡ 5 (mod 12) and e ≡

3 (mod 8), then N is not a 4-perfect number.

(C) If N has shape N = qep2α1
1 · · · p2αm

m with q ≡ 11 (mod 24) and e ≡

1 (mod 4), then N is not a 4-perfect number.

Proof. Let N be an odd cube with 3 - N and σ(N) = 4N .

(A) Since N is a cube, then e1 ≡ 0 (mod 3), but e1 ≡ 1 (mod 4), so

e1 ≡ 9 (mod 12). Since q1 ≡ 5 (mod 12), which implies q1 ≡ 2 (mod 3), by

Lemma 2.2, we have σ(qe1
1 ) ≡ 0 (mod 3).

Since σ function is multiplicative, then we can write

σ(N) = σ(qe1
1 )σ(qe2

2 )σ(p2α1
1 ) · · ·σ(p2αm

m ),

the first factor on the right hand side is congruent to 0 modulo 3, so σ(N) ≡

0 (mod 3). Since σ(N) = 4N ,

0 ≡ qe1
1 qe2

2 p2α1
1 · · · p2αm

m (mod 3),

but each factor on the right hand side is non-zero modulo 3. Hence N is not

4-perfect.

In part (B), q ≡ 5 (mod 12) implies q ≡ 2 (mod 3). Since e ≡ 3 (mod 8)

and e ≡ 0 (mod 3), then

σ(qe) = σ(q3+24x) ≡ 0 (mod 3), where x is some integer.

In part (C), q ≡ 11 (mod 24) implies q ≡ 2 (mod 3). Since e ≡ 1 (mod 4)

and e ≡ 0 (mod 3), then

σ(qe) = σ(q9+12y) ≡ 0 (mod 3), where y is some integer.

By the same argument as part (A), the results in parts (B) and (C) also follow.

�
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Theorem 2.11 Let N be an odd positive integer with 32‖N and if any one

of 13, 61 or 97 appears in the prime factorization of N , then it does so to a

power congruent to 2 modulo 6. Then N is not an odd 4-perfect number.

Proof. Let the hypotheses of the theorem hold for N , but let it also be odd

and σ(N) = 4N .

Now if 13, 61 or 97 appear, even though each is congruent to 1 modulo

4, their powers, being congruent to 2 modulo 6, are even, so must appear

amongst the pi in each of the three shapes given in Theorem 2.3.

Then 32‖N implies 13 = σ(32) | N . So 132+6e1||N with e1 ≥ 0, and by the

argument given below, 612+6e2||N and 972+6e3||N with e2, e3 ≥ 0.

Now, by Lemma 2.1, for all primes p and positive numbers e, σ(p2) | σ(p2+6e).

So 3 · 61 = σ(132) | σ(132+6e1) | σ(N) = 4N , which implies 3 · 61 | N . Again

3 · 13 · 97 = σ(612) | σ(612+6e2) | σ(N), which implies 3 · 13 · 97 | N . Finally

3 · 3169 = σ(972) | σ(972+6e3) | σ(N), so 33 | σ(132+6e1)σ(612+6e2)σ(972+6e3) |

σ(N). Therefore 33 | N , which is a contradiction to 32‖N . Therefore N is not

4-perfect. �

The following result uses techniques similar to those developed for 2-perfect

numbers by Steuerwald in [95].

Theorem 2.12 (Small powers)

(1) If N is odd, 3 | N and N has the shape either (1a) N = q1+4e1
1 ·

q1+4e2
2 · 32 · p2

1 · · ·p2
m or (1b) N = q3+8e1

1 · 32 · p2
1 · · · p2

m where, in either case,

qi ≡ 1 (mod 4), or (1c) q1+4e
1 · 32 · p2

1 · · · p2
m, where q1 ≡ 3 (mod 8), where the

primes are distinct, then N is not an odd 4-perfect number.

(2) If N is odd, 3 - N and N has the shape either (2a) N = q3+8e ·p2
1 · · · p2

m

with q ≡ 1 (mod 4) or (2b) N = q1+4e · p2
1 · · · p2

m with q ≡ 3 (mod 8), or (2c)

N = q1+4e1
1 · q1+4e2

2 · p2
1 · · · p2

m, with qi ≡ 1 (mod 4), then N is not a 4-perfect

number.
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Proof. (1) Let N satisfy σ(N) = 4N . Then σ(32) = 13 | N . In case (1c),

q1 is not in the set {13, 61, 97}. Assume first that the qi are not in this set in

cases (1a) and (1b). (Below we consider the situation which arises when a qi

is in this set.)

Under this assumption we obtain the chain:

σ(132) = 3 · 61, σ(612) = 3 · 13 · 97, σ(972) = 3 · 3169,

so 33 | N , which is false. Hence N is not 4-perfect.

Since the exponent of each qi is odd, for q = q1 or q2, e = e1 or e2,

q + 1 | σ(qe).

If q = 13, since q + 1 | N we obtain the chain:

σ(72) = 3 · 19 | N, σ(192) = 3 · 127 | N, σ(1272) = 3 · 5419 | N,

giving 33 | N , which is false.

If q = 61 we can assume also σ(132) = 3 · 61 | N . Again, since q + 1 | N

We obtain the chain:

σ(312) = 3 · 331 | N, σ(3312) = 3 · 7 · 5233 | N, σ(1272) = 3 · 5419 | N,

again giving 33 | N , which is false.

If q = 97 then (q + 1)/2 = 72 | N and the same chain as in the q = 13 case

can be derived with the same conclusion. Thus our assumption that no qi is

in the set {13, 61, 97} is valid and the proof is complete.

(2a) and (2b): Let N satisfy σ(N) = 4N and 3 - N , with shape

N = qf · p2
1 · · · p2

m,

where 3 < p1 < · · · < pm and f is odd.

Since, for each i, σ(p2
i ) = 1 + pi + p2

i and 3 - N , we must have pi ≡

2 (mod 3).
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By Theorem 2.3, q is congruent to 1 modulo 4 or 3 modulo 8. Because f

is odd, q + 1 | σ(qf) | N and since also 3 - N we cannot have q ≡ 2 (mod 3),

so must have q ≡ 1 (mod 3).

Since σ(p2
1) < (p1 +1)2 < p2

2, σ(p2
1) is divisible by at most one pi. Therefore

either (a) σ(p2
1) = qg with 1 ≤ g or (b) σ(p2

1) = qg · pi for some i. Case (b) is

impossible, since it is invalid modulo 3. In case (a), [8, Lemma 1] shows the

only possibility is g = 1.

Let x = (q + 1)/2. Then x ≡ 1 (mod 3). Since x is too small to include

a power of at least two q’s, it must be a product of the pi. We cannot have

x = pi since pi ≡ 2 (mod 3), so it must have at least 2 prime factors, with the

smallest factor being less than or equal to
√

x, and therefore pi ≤
√

x for some

i. But then

q = 1 + p1 + p2
1 ≤ 1 + pi + p2

i ≤ 1 +
√

x + x ≤ q + 3

2
+

√

q + 1

2

so q = 5 or q = 7. Each of these is impossible since q ≡ 1 (mod 4) and

1 (mod 3) or q ≡ 3 (mod 8).

(2c): Now let N = q1+4e1
1 q1+4e2

2 p2
1 · · · p2

m, be odd and 4-perfect with 3 - N .

Since σ(N) = 4N we can write:

σ(q1+4e1
1 )σ(q1+4e2

2 )(1 + p1 + p2
1)(· · · )(1 + pm + p2

m) = 4q1+4e1
1 q1+4e2

2 p2
1 · · · p2

m.

Considering this equation modulo 3 shows each pi ≡ 2 (mod 3) and then

σ(q1+4e1
1 )σ(q1+4e2

2 ) ≡ q1+4e1
1 q1+4e2

2 (mod 3). But qi ≡ 2 mod 3 implies, by

Lemma 2.2, 3 | σ(q1+4ei
i ), which is impossible. This means q1 ≡ 1 (mod 3),

q2 ≡ 1 (mod 3).

(Now we modify the argument of Steuerwald, and find that the Lemma of

Brauer [8, Lemma 1] is not needed.) Since σ(p2
1) < p2

2, σ(p2
1) is divisible by at

most one of the pi, so we can write

σ(p2
1) = qg1

1 qg2

2 pi or σ(p2
1) = qg1

1 qg2

2 or σ(p2
1) = qg1

1 or σ(p2
1) = qg2

2 ,
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where q1 < q2, gi ≥ 1 except in the first case where gi ≥ 0. Consideration of

these possibilities modulo 3 shows that the first case cannot occur.

Since e1 is odd, by Lemma 2.1, x = q1+1
2

| N and x ≡ 1 (mod 3). Now x is

too small to include a qi in its prime factorization, so must be a product of the

pi. We cannot have x = pi (consider modulo 3 again), so there must be two

or more of the pi in the factorization of x, so there exists an i with pi ≤
√

x.

But then, in all remaining cases,

q1 ≤ 1 + p1 + p2
1 ≤ 1 + pi + p2

i ≤ 1 +
√

x + x = 1 +

√

q1 + 1

2
+

q1 + 1

2
,

so q1 ≤ 1+
√

q1+1
2

+ q1+1
2

. But this means q1 must be 2, 3, 5 or 7. Each of these

is impossible, since q ≡ 1 (mod 4) and 1 (mod 3). This contradiction verifies

our conclusion (that no such 4-perfect number exists) in this final case. �

If we call the leading prime(s) to odd power(s) with special shape the “Euler

part” and the rest the “squared part”, then the previous result says that

“no odd 4-perfect number exists with squared part a square of a squarefree

number”.

The following result is based on the technique of Starni [94] whose theorem,

for 2-perfect numbers, had uniform powers for the pi. This, in turn depended

on a result of McDaniel [69] (incorrectly cited), where the powers are not

uniform.

Theorem 2.13 Let N = Π32β
∏M

i=1 p2αi
i be odd and 2k-perfect, where the pi’s

are distinct odd primes with pi > 3, β > 0, the Euler part Π has any of the

forms given by Theorem 2.3, and, for all i αi 6≡ 1 (mod 3). Then 32β | σ(Π).

Proof. Firstly (σ(32β), 32β) = 1. Since αi 6≡ 1 (mod 3), 1 + 2αi ≡ 1, 5 (mod

6). Since pi ≡ 1,−1 (mod 6), σ(p2αi
i ) ≡ 1 (mod 6) if pi ≡ −1 (mod 6),

or σ(p2αi
i ) ≡ 1 + 2αi (mod 6) if pi ≡ 1 (mod 6). But then, subject maybe to
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some reordering, there exists an m ≥ 0 with

P :=

M
∏

i=1

σ(p2αi
i ) ≡

m
∏

i=1

(1 + 2αi) (mod 6)

≡
m
∏

i=1

(1 + 2αi) (mod 3).

By the given assumption, 1 + 2αi 6≡ 0 (mod 3), so P 6≡ 0 (mod 3), and thus

(P, 32β) = 1.

But for some positive integer k, σ(N) = 2k · N so therefore

σ(Π)σ(32β)P = 2kΠ32β

M
∏

i=1

p2αi
i .

Therefore 32β | σ(Π). �



Chapter 3

The factorization of the sum of

divisors

3.1 Introduction

In this chapter we examine the factorization of N = σ(qe). Of course there

is the well known factorization using cyclotomic polynomials, but we take a

different point of view, examining which primes and the power to which each

prime divides N .

The purpose of this study is to lay some groundwork to continue the study

of multiperfect numbers begun in Chapter 2. Some well known concepts are

applied, in case p and q are primes, the exponent of q modulo p, expp q, and a

positive integer which is called here the discrete power of p to base q, [p|q].

For example exp2 q = 1 for all odd primes q. If q 6= 3, exp3 q ≡ q (mod

3) = 3−(q|3)
2

, where we have used the least positive residue and (a|b) is the

Legendre symbol. If p > q then expp q > 1. If expp q > 1 and α > 1 then

expp q | α if and only if p | qα − 1.

As a consequence of the above concepts we can write

p[p|q]||qexpp q − 1.
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It is obvious that 1 ≤ expp q | p − 1 (by Fermat’s Theorem [47, p.63]) and

expp q = 1 if and only if p | q − 1 (by the definition of the exponent of q

modulo p). Also 1 ≤ [p|q] ≤ expp q · log q/ log p by taking the logarithm of each

side of the inequality p[p|q] ≤ qexpp q. For each a ≥ 1 and q ≥ 3, there exists at

most a finite number of odd primes p with expp q = a, (since the values of p

depend on qa − 1).

In Section 3.2 we set out a number of lemmas and corollaries, using the

language of discrete powers and exponents. These add some insight into the

question of why most prime divisors of σ(qe) occur to the first power. Section

3.3 has the main theorem of this chapter, namely Theorem 3.9 which gives a

complete breakdown of the prime factorization of σ(qe). For example when

q = 2:

σ(2e) =
∏

1<expp 2|e+1

p[p|2]+vp(e+1).

The corollaries of this theorem include necessary condition e + 1 | f + 1 for

σ(qe) to divide σ(qf).

In Section 3.4 a set of conditions is found under which σ(qe) is a prime

power. This is closely related to a classical question studied by many people

including Suryanarayana [97], Edgar [31], and Estes [34] et al. Although in

our case by limiting the scope to primes q, we are able to use Theorem 3.9 to

obtain a converse result which is Theorem 3.15.

3.2 Exponent of q modulo p

The following two lemmas and their proofs are derived from standard results

[84, Part P] which date back to Euler.

Lemma 3.1 If p is an odd prime and x an integer such that p | x − 1, then
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for every i ≥ 0

vp(x
pi − 1) = vp(x − 1) + i.

Proof. Let vp(x−1) = e ≥ 1. Then for some integer y, x = 1+ype. Therefore,

using the Binomial Theorem,

xp − 1 =

(

p

1

)

ype +

(

p

2

)

y2p2e + · · ·+
(

p

p

)

ypppe.

But vp(
(

p
1

)

ype) = e + 1 and for 2 ≤ j < p, vp(
(

p
j

)

yjpje) ≥ 1 + je. Using the

property vp(u) < vp(v) implies vp(u + v) = vp(u) gives

vp(x
p − 1) = vp

((

p

1

)

ype +

(

p

2

)

y2p2e + · · · +
(

p

p

)

ypppe

)

= vp

((

p

1

)

ype

)

= e + 1.

The proof of the lemma is completed using induction, replacing x by xp. �

Lemma 3.2 If p is an odd prime and x > 1 an integer with p | x− 1 then for

every e ≥ 1

vp

(

xe − 1

x − 1

)

= vp(e).

Proof. Let e = mpf with (m, p) = 1, f ≥ 0 and f = vp(e). Since x ≡

1 (mod p), 1 + x + · · · + xm−1 ≡ m (mod p) and p - m, so vp(
xm−1
x−1

) = 0.

Therefore vp(x
m − 1) = vp(x − 1) ≥ 1, where the last inequality follows from

the hypothesis p | x − 1.

Then, by Lemma 3.1 applied to xm, vp(x
mpf − 1) = vp(x

m − 1) + f so

vp

(

xe − 1

xm − 1

)

= vp

(

xmpf − 1

xm − 1

)

= f = vp(e).

�

Theorem 3.3 (Prime factorization of σ(qe))

Let i ≥ 1 and p be any odd prime, q a prime with q ≥ 2 such that p 6= q.

Then
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(1) if expp q = 1 then p | σ(qe) if and only if p | e + 1, and

(2) if expp q > 1 then p | σ(qe) if and only if expp q | e + 1.

In case (1) pi||σ(qe) if and only if for some h ≥ 1 with (h, p) = 1 we have

e + 1 = pi · h.

In case (2) pi||σ(qe) if and only if for some h ≥ 1 with (h, p) = 1 we have

e + 1 = pi−[p|q] · expp q · h.

Proof. (1) Now expp q = 1 if and only if p | q − 1. By Lemma 3.2

vp(σ(qe)) = vp

(

qe+1 − 1

q − 1

)

= vp(e + 1)

and both implications of this part follow directly.

(2) First the divisibility criteria: If expp q > 1 we have p - q − 1, so

q − 1 6≡ 0 (mod p). Hence p | σ(qe) if and only if p | qe+1 − 1 which is true if

and only if expp q | e + 1.

Now consider the order of p when it does divide σ(qe): note first that

expp q ≥ 2 if and only if p - q − 1 if and only if vp(q − 1) = 0. First as-

sume that h = 1 and e + 1 = pi−[p|q] · expp q for some i ≥ [p|q]. Then

p[p|q]||qexpp q − 1 implies vp(q
expp q − 1) = [p|q] ≥ 1. By Lemma 3.1, for all

j ≥ 0, vp(q
expp q·pj − 1) = [p|q] + j, so if we write i = vp(q

expp q·pj −1), it follows

that j = i − [p|q]. Therefore

vp(σ(qe)) = vp

(

qe+1 − 1

q − 1

)

= vp(q
e+1 − 1)

= vp(q
expp q·pi−[p|q] − 1) = i.

The result for the form e + 1 = pi−[p|q] · expp q · h with h > 1, (h, p) = 1 follows

by replacing q by qh in the above argument. �

For example when p = 3 and q = 2, if h ≥ 1 has (h, 3) = 1 and i ≥ 1, then

3i||σ(22·3i−1h−1)
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and these are the only possibilities for 3i||σ(2e).

It is a matter of observation that numbers of the form σ(qe), apparently,

are never powerful. Indeed, most prime factors of such numbers are to power

1, and it is only the ‘small’ primes which occur to powers higher than 1. The

next result is an attempt to quantify this observed phenomena: It is really just

a restatement of Theorem 3.3.

Corollary 3.4 Let pi‖σ(qe) where, as before, p is an odd prime, q a prime,

and e, i ≥ 1. If p | (q−1, e+1) then i = vp(e+1). If p - q−1 and expp q | e+1

then i = vp(e + 1) + [p|q].

So for a prime to divide σ(qe) to the power 2 or greater, that prime must either

divide e + 1 to a power higher than 1 if it divides q − 1, or have its exponent

of q modulo p divide e + 1 and itself divide e + 1, or satisfy this exponent

condition and have a discrete power to base q which is 2 or more. So even

though there are three possible situations for the square of a prime to divide

σ(qe), they all restrict the size of the prime in terms of e or are quite hard to

satisfy.

Note that for each q there are only a finite number of primes with expp q = 1,

namely the prime divisors of q − 1. Also prime pairs with [p|q] > 1 are some-

what rare - discrete powers are usually 1.

Among the primes p < 106 and for q ∈ {2, 3, 5, 7, 11, 13, 17, 19}, the only

discrete powers which are greater than 1 are:

(1) q = 2, 10932‖2364 − 1; 35112‖21755 − 1;

(2) q = 3, 112‖35 − 1;

(3) q = 5, 22‖51 − 1; 207712‖510385 − 1; 404872‖540486 − 1;

(4) q = 7, 52‖74 − 1;

(5) q = 11, 712‖1170 − 1;

(6) q = 13, 22‖131 − 1; 8632‖13862 − 1;
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(7) q = 17, 24‖171 − 1; 32‖172 − 1; 460212‖177670 − 1; 489472‖1724473 − 1;

(8) q = 19, 32‖191−1; 73‖196−1; 132‖1912−1; 432‖1942−1; 1372‖1968−1.

Corollary 3.5 If e + 1 is prime or a power of 2, then the power of any prime

p dividing σ(2e) is given by [p|2].

By considering the equation σ(N) = kN modulo 2 it is easy to see that, if N

is even with N = 2a · p2α1
1 · · · p2αm

m , a ≥ 1 and k ≥ 2, then N is not k-perfect.

It follows that no even square is k-perfect.

Corollary 3.6 Let p be an odd prime and q a distinct prime with expp q > 1.

If p | e + 1 then pi||σ(qe) with i ≥ 2. If p - e + 1 and [p|q] = 1 then pi||σ(qe)

with i = 1.

Corollary 3.7 If p2 | σ(qe) and expp q > 1 and [p|q] = 1 then p | e + 1.

Example 3.1 Consider the factors of σ(2209):

σ(2(2·3·5·7−1)) = 32 · 72 · 11 · 31 · 43 · 71 · 127 · 151 · 211 ·

281 · 331 · 337 · 5419 · 29191 · 86171 · 106681 ·

122921 · 152041 · 664441 · 1564921.

Here the only prime factors which appear on the right hand side, to other than

the first power are divisors of 209 + 1 in accordance with the corollaries.

Corollary 3.8 Let p and q be odd primes with expp q > 1 and such that

expp q | e + 1. If pj‖σ(qe), then

[p|q] ≤ j ≤ [p|q] +

(

log( e+1
expp q

)

log p

)

.

Hence if p > (e + 1)/ expp q, then j = [p|q].

This again explains why most large primes which appear in the factorization of

σ(qe) do so to the first power. Moreover, to visualize this we use the following

graph.
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Figure 3.1: The proportion of squarefree σ(2n), more than 70% of n where

1 ≤ n ≤ 200.

This graph is a plot of bn versus n where

bn := #{e|e ≤ n, σ(2e) is squarefree}.

It indicates that not only large primes appear to power 1, but in a significant

proportion of cases, all primes appear to power 1 in σ(2e). I was not able to

prove this but have the conjecture: there exists a constant α > 0 such that

lim inf
n→∞

(

bn

n

)

≥ α.

3.3 The factorization theorem

Theorem 3.9 Let q be an odd prime and e a positive integer. Then

σ(qe) = 2(v2((q+1)(e+1))−1)(2{ e
2
}) ×

∏

p|(e+1,q−1)

pvp(e+1)

×
∏

16=expp q|e+1

p
[p|q]+vp( e+1

expp q
)

where p is an odd prime.

Let q = 2 and e a positive integer, then

σ(2e) =
∏

1<expp 2|e+1

p[p|2]+vp(e+1)
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where p is an odd prime.

Proof. Let σ(qe) =
∏m

i=1 pαi
i , then we can separate the pi’s into three types.

Type 1: If p = 2. If e is even, then 2 - σ(qe), because σ(qe) is an odd

number. If e is odd, then by Theorem 2.5, the highest power of base 2 in

σ(qe) is v2((q + 1)(e + 1)) − 1, so, the component of the prime 2 in σ(qe) is

2v2((q+1)(e+1))−1.

Type 2: If p is an odd prime and expp q = 1. Then, p | q − 1. And, by

Theorem 3.3 part (1), we have pj‖σ(qe) ⇔ e + 1 = pj · h, for some h ≥ 1,

with (h, p) = 1, so, j = vp(e + 1). So, the component of type 2 in σ(qe) is

∏

p|(e+1,q−1) p
vp(e+1).

Type 3: If p is an odd prime and expp q > 1. Then, expp q|e + 1. Also, by

Theorem 3.3 part (2), we have

pj‖σ(qe) ⇔ e + 1 = pj−[p|q] · expp q · h,

for some h ≥ 1, with (h, p) = 1, so

j = [p|q] + vp

(

e + 1

expp q

)

.

Thus the component of type 3 in σ(qe) is

∏

16=expp q|e+1

p
[p|q]+vp( e+1

expp q
)
.

Therefore the factorization of σ(qe) is:

σ(qe) = 2(v2((q+1)(e+1))−1)(2{ e
2
}) ×

∏

p|(e+1,q−1)

pvp(e+1)

×
∏

16=expp q|e+1

p
[p|q]+vp( e+1

expp q
)

where the products extend over odd primes p that satisfy the given conditions.

�
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Example 3.2 We use the factorization theorem of the σ function to explain

the 29th 4-perfect number d29, (see Table 6.1).

d29 = 225 · 34 · 7 · 112 · 194 · 151 · 683 · 911 · 2731 · 8191.

Since σ function is multiplicative, then σ(d29) can be expressed as a product of

divisor sums that involve prime factors of d29, and this is why σ(151) is being

considered.

σ(151) = 2(v2((151+1)(1+1))−1)(2{ 1
2
}) ×

∏

p|(1+1,151−1)

pvp(1+1)

×
∏

16=expp 151|1+1

p
[p|151]+vp( 1+1

expp 151
)

= 23 · 19.

Since (e + 1, q − 1) = (2, 150) = 2, p - 2 for any odd prime p, so the term

∏

p|(e+1,q−1) p
vp(e+1) does not exist.

Since 1 6= expp 151 | 2, so expp 151 = 2, then p | 1512 − 1 = 24 · 3 · 52 · 19,

since 3 | 1511−1 and 5 | 1511−1, so we only choose p = 19. Since [19|151] = 1

and v19(
2

exp19 151
) = 0, so the term

∏

16=expp q|e+1 p
[p|q]+vp( e+1

expp q
)
= 19.

The same method can be applied for the other prime divisors on σ(d29).

The next result is the converse of Lemma 2.1. It is well known but useful.

Lemma 3.10 If σ(qe) | σ(qf), then e + 1 | f + 1.

Proof. Let σ(qe) | σ(qf) and e < f . Suppose e + 1 - f + 1, then

(f + 1) = (r + 1)(e + 1) + s, where r ≥ 0, 1 ≤ s < e + 1.

Then there exists n ∈ N, such that

(1 + q + · · ·+ qe)n = (1 + q + q2 + q3 + · · ·+ qr(e+1)+e) +

qr(e+1)+e+1 + qr(e+1)+e+2 + · · ·+ qf .
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But by

(1+q+· · ·+qe)(1+qe+1+q2(e+1)+· · ·+qr(e+1)) = (1+q+q2+q3+· · ·+qr(e+1)+e),

there exists m ∈ N, such that

(1 + q + · · ·+ qe)m = q(r+1)(e+1)(1 + q + q2 + · · · + qf−(r+1)(e+1)).

But q - (1 + q + · · ·+ qe) implies

1 + q + · · ·+ qe | 1 + q + · · ·+ qf−(r+1)(e+1)

so

f − (r + 1)(e + 1) ≥ e,

implies

s ≥ e + 1,

which is a contradiction, so

e + 1 | f + 1.

�

Note this is also a corollary of Theorem 3.17(B) given below.

Corollary 3.11 If n, m are positive integers, and for all odd p if expp 2 | n

implies expp 2 | m, then n | m.

Example 3.3 We can also use Theorem 3.9 to examine cases where σ(qe) is

not squarefree, or investigate the forms directly.

(1) σ(2e) is not squarefree if and only if there exists an odd prime p with

expp 2 | e + 1 and either [p|2] ≥ 2 or p | e + 1. This is the case if for example,

e ≡ 5 (mod 6) when p = 3 or e ≡ 19 (mod 20) when p = 5.

(2) σ(3e) is not squarefree if and only if either e is odd (when 4 | σ(3e)) or

there exists a prime p > 3 with expp 3 | e + 1 and ([p|3] > 1 or p | e + 1).
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(3) σ(5e) is not squarefree if e ≡ 3 (mod 4) or e ≡ 2 (mod 3) or e ≡

41 (mod 42) when 22 | σ(5e), 32 | σ(5e) and 72 | σ(5e) respectively. Note that

if 72 | σ(5e) we have also 32 | σ(5e).

(4) Let q be an odd prime with q ≡ 3 (mod 4) and let e be odd. Then

22 | σ(qe) so σ(qe) is not squarefree.

Corollary 3.12 Let q be an odd prime and e ≥ 1. Then σ(qe) is not squarefree

if and only if

either (1) q ≡ 3 (mod 4) or e ≡ 3 (mod 4);

or (2) there exists an odd prime p with either subcase (a) (expp q = 1 and

p2 | e + 1); or subcase (b) (expp q > 1 and expp q | e + 1) together with (either

[p|q] > 1 or p | e + 1).

Proof. (⇒): If σ(qe) is not squarefree, then, ∃ p ∈ P, such that pi‖σ(qe), with

i ≥ 2.

Case 1: If 2i‖σ(qe), with i ≥ 2, then, both q and e are odd. By Theorem

2.5, we have, for all odd primes q, powers i ≥ 1 and odd exponents e > 0,

then,

2i‖σ(qe) ⇔ 2i+1‖(q + 1)(e + 1).

So 23 | (q+1)(e+1) therefore 2 | ( q+1
2

)( e+1
2

), so either 2 | q+1
2

⇒ q ≡ 3 ( mod 4);

or 2 | e+1
2

⇒ e ≡ 3 (mod 4).

Case 2: If pi‖σ(qe), with i ≥ 2 and p is an odd prime and q a prime, then,

p 6= q. Then, by Theorem 3.3, we have possibility subcase (a), if expp q = 1,

then, pi‖σ(qe) ⇔ e+1 = pi ·h, for some h ≥ 1 with (h, p) = 1, so p2 | e+1; or

possibility subcase (b), if expp q > 1, then, pi‖σ(qe) ⇔ e+1 = pi−[p|q] ·expp q ·h,

for some h ≥ 1 with (h, p) = 1, so, i − [p|q] ≥ 0 ⇒ i ≥ [p|q], since i ≥ 2, so

either [p|q] ≥ 2, or i − [p|q] ≥ 1 ⇒ p | e + 1.



44

(⇐): Case 1: If q ≡ 3 (mod 4) and e is odd, then,

σ(qe) = 1 + q + q2 + · · ·+ qe

≡ 1 + (−1) + (−1)2 + · · · + (−1)e

≡ 0 (mod 4).

So, 22 | σ(qe), so, σ(qe) is not squarefree.

Case 2: If e ≡ 3 (mod 4) and q is odd, then, by Theorem 2.5,

1 + v2(σ(qe)) = v2((e + 1)(q + 1)) ≥ 3.

So, 22 | σ(qe), so, σ(qe) is not squarefree.

Case 3: If expp q = 1 and p | e + 1, then, p | q − 1 ⇒ q ≡ 1 (mod p). Also,

p | e + 1 ⇒ e + 1 ≡ 0 (mod p). So,

σ(qe) = 1 + q + q2 + · · ·+ qe

≡ 1 + e (mod p)

≡ 0 (mod p2).

So, p2 | σ(qe), so, σ(qe) is not squarefree.

Case 4a: If expp q > 1, and expp q | e + 1, and [p|q] ≥ 2, then, by Theorem

3.3, we have, pi‖σ(qe) ⇔ e + 1 = pi−[p|q] · expp q · h, for some h ≥ 1 with

(h, p) = 1. So, i − [p|q] ≥ 0 ⇔ i ≥ [p|q] ≥ 2, so, σ(qe) is not squarefree.

Case 4b: If expp q > 1, and expp q | e + 1, and p | e + 1, then, by Theorem

3.3 again, e + 1 = pi−[p|q] · expp q · h, for some h ≥ 1 with (h, p) = 1. Since,

p | e + 1, so, i − [p|q] ≥ 1, so, i ≥ [p|q] + 1 ≥ 2, so, p2 | σ(qe), so, σ(qe) is not

squarefree. �

Corollary 3.13 For odd primes p ≥ 2, if (e + 1, f + 1) = 1, then

(σ(pe), σ(pf)) = 1
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Corollary 3.14 If q1 and q2 are distinct odd primes and (e + 1, f + 1) = 1,

then

(σ(qe
1), σ(qf

2 )) =
∏

p|(qe+1
1 −1,qf+1

2 −1)

pmin{[p|q1],[p|q2]}.

3.4 Prime power values of σ(qe)

Since σ(2e) = 2e+1−1, σ(2e) will be prime if and only if 2e+1−1 is a Mersenne

prime. Are there any examples of σ(qe) = pj with p an odd prime, q a prime

and j ≥ 2 other than σ(34) = 112? A computer search (q ≤ 106 and e ≤

100) did not reveal any additional solutions. By a theorem of Ljunggren [67],

xn−1
x−1

= yj with n > 2 and j = 2, has only two solutions (3, 5, 11, 2) and

(7, 4, 20, 2) for (x, n, y, j). Thus, σ(34) = 112 and σ(73) = 202 = 2452, and only

the first case is a solution for j = 2 of the equation σ(qe) = pj. Theorem 3.15

will address this question, and we will see that the solutions are rare.

First, we will give some well-known identities (see [73, p160] and [84, p22])

about cyclotomic polynomials before considering general cases:

(A) for p an odd prime, q a prime,

Φp(q) =
qp − 1

q − 1
= σ(qp−1) (3.1)

(B) for p a prime and (p, n) = 1, then for all real x

Φnp(x) =
Φn(xp)

Φn(x)
(3.2)

(C) for p a prime and p | n, then for all real x

Φnp(x) = Φn(xp) (3.3)

(D) if a real number x ≥ 2, then each number in the sequence

Φ3(x), Φ4(x), Φ5(x), Φ6(x), Φ7(x) · · ·

(with Φ6(x) excluded when x = 2) has a prime factor which is not a factor of

any of the preceding numbers.
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Theorem 3.15 Let q be prime, p an odd prime and e ≥ 1. If σ(qe) = pj, then

j = [p|q] and e + 1 = expp q is prime.

Conversely, let e be even and the prime p be odd. If e+1 = expp q is prime

and the equation e+1 = expp q, for given e and q, has a unique solution p ∈ P,

then σ(qe) = p[p|q].

Proof. Case 1. Suppose expp q = 1, then, (by Theorem 3.3), pj‖σ(qe) if and

only if for some h ≥ 1 with (h, p) = 1, we have e+1 = pj ·h. By the definitions

of expp q and [p|q], we have p[p|q]‖qexpp q − 1, so therefore q − 1 = p[p|q] ·w, with

(p, w) = 1, and so q = p[p|q]w + 1. Since σ(qe) = pj , we can write

pj = qe + qe−1 + · · ·+ q + 1

= (p[p|q]w + 1)e + · · ·+ (p[p|q]w + 1) + 1.

We want to obtain a contradiction, and it is enough to consider the highest

power of p in the right hand side of above equation. Then

pj · h > j + 1 ⇔ pj · h − 1 > j

⇒ [p|q]w(pj · h − 1) > j

⇔ [p|q]we > j (since e + 1 = pj · h)

⇔ p[p|q]we > pj .

Since

pj = σ(qe) > p[p|q]we > pj ,

so, it is a contradiction. Therefore expp q = 1 is false.

Case 2. Suppose expp q > 1, then, again by Theorem 3.3, pj‖σ(qe) if and

only if for some h ≥ 1 with (h, p) = 1, we have

e + 1 = pj−[p|q] · expp q · h.
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Since expp q > 1, so, p - q − 1, and p[p|q]‖qexpp q − 1, and therefore

qexpp q − 1 = p[p|q] · w with (p, w) = 1. Since,

pj = σ(qe)

=
qe+1 − 1

q − 1
,

therefore

pj(q − 1) = qe+1 − 1

= qexpp q·pj−[p|q]·h − 1.

Let k = j − [p|q], and suppose k ≥ 1. Then

pj(q − 1) = qexpp q·h·pk − 1

= (qexpp q − 1)((qexpp q)h·pk−1 + · · · + (qexpp q) + 1).

Therefore

pk(q − 1) = w((p[p|q]w + 1)(h·pk−1) + · · ·+ (p[p|q]w + 1) + 1) (3.4)

Case 3(a). If p > q, then we can find a contradiction, because the value of

the right hand side in above equation (3.4) is greater than the value of the left

hand side. This follows since the LHS is less than pk+1 and the RHS is at least

as great as ppk
.

Case 3(b). If p < q, then

LHS = pk((p[p|q]w + 1)
1

expp q − 1)

≤ pk(p[p|q]w + 1 − 1)

= pk+[p|q] · w.

Since p is an odd prime, p ≥ 3, and k ≤ 3k − 2 for k ≥ 1, and therefore, for
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equation (3.4)

k ≤ [p|q] · (h · pk − 2)

⇔ k + [p|q] ≤ [p|q] · (h · pk − 1)

⇔ pk+[p|q] ≤ p[p|q]·(h·pk−1)

⇔ pk+[p|q] · w ≤ p[p|q]·(h·pk−1) · w

⇒ LHS ≤ pk+[p|q] · w ≤ p[p|q]·(h·pk−1) · w < RHS.

So, this is a contradiction. Therefore k = j − [p|q] must be 0, so, j = [p|q].

Case 4. Now, we can write the simplified relation e + 1 = expp q · h. Next,

we will show that h = 1. Suppose, h > 1, then, e + 1 > expp q. Since p - q − 1,

and

pj = σ(qe) = qe + · · ·+ q + 1, for some j ≥ 1,

and since j = [p|q],

p[p|q]‖qexpp q − 1 ⇒ pj‖qexpp q − 1 ⇒ pj‖(qexpp q−1 + · · · + q + 1),

so,

pj ≤ qexpp q−1 + · · ·+ q + 1

< qe + · · · + q + 1

= pj.

So, it is a contradiction and therefore h = 1. Therefore e + 1 = expp q.

Case 5. Now, we want to show that e + 1 = expp q is prime. Firstly, we

consider a special case: suppose e + 1 = p1 · p2, the product of two primes

with 3 ≤ p1 < p2. (Note that e is even since 2 - σ(qe).) By the factorization

property of cyclotomic polynomials, we have,

σ(qe) = Φp1(q) · Φp2(q) · Φp1p2(q)

= σ(q(p1−1)) · Φp2(q
p1)

= σ(q(p2−1)) · Φp1(q
p2).
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Since σ(q(p1−1)) | σ(qe) and σ(q(p2−1)) | σ(qe), then σ(q(p1−1)) = pa and

σ(q(p2−1)) = pb for some positive integers a and b, where we may assume

a < b, so σ(q(p1−1)) | σ(q(p2−1)), so p1 | p2, but this is impossible. Hence e + 1

is not the product of two distinct primes.

Now we consider two cases, the first when e + 1 is the product of two or

more prime powers and the second when e + 1 is a power of a single prime.

Subcase 1. Assume that e + 1 is not a prime and let e + 1 = hk, where h,

k > 1. Then

σ(qe) = pj =
qe+1 − 1

q − 1
=

(

qhk − 1

qk − 1

)(

qk − 1

q − 1

)

.

Since qk−1
q−1

> 1 then p divides qk−1
q−1

implies qk ≡ 1 mod p. Hence

qhk − 1

qk − 1
= 1 + qk + · · · + qk(h−1) ≡ h mod p.

But p divides qhk−1
qk−1

, hence p | h. Since this is true for every divisor h of e + 1,

then e + 1 is a power of p.

Subcase 2. Let e + 1 = pk, with k > 1 and p a prime. Then by (3.3)

σ(qe) =
qe+1 − 1

q − 1

= Φp(q) · Φp2(q) · · ·Φpk(q).

Each number in the sequence

Φp(q), Φp2(q), Φp3(q), · · · , Φpk(q)

has a prime factor which is not a factor of any of the preceding numbers (except

Φ6(2), which is not the case here). Since σ(qe) = pj, we get a contradiction.

Therefore if e + 1 = pk, k = 1.

Combing Subcase 1 and Subcase 2, we have e + 1 = p, with p a prime.

For the converse, we simply apply Theorem 3.9. �

Note that in Theorem 3.15 above, in order to show that e + 1 = expp q is

prime, in case p | q−1, a proof can be found in some papers by Suryanarayana
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(1967, 1970, [96], [97]), Edgar (1971, 1985, [30], [31]), and Estes et al. (1985,

[34]). In the situation here, p - q − 1, but we are able to use the first part of

these proofs.

Corollary 3.16 If for fixed q ≥ 2 and prime a the equation a = expp q has a

unique prime solution p and σ(qa−1) = pj, then σ(qa−1) is prime if and only if

[p|q] = 1.

Proof. Case 1. We first want to show that if q > 2, the hypotheses are not

satisfied.

By the definition of the exponent of q modulo p, p | qa−1, where a = expp q,

p is a prime.

Since, p is the unique prime solution of the equation a = expp q, so, p = 2,

(since qa − 1 is an even number). But then 2 | q − 1, so a = 1, because by the

definition, a is the minimum natural number such that p | qa − 1 holds. But,

a is a prime, so, this is a contradiction. Therefore q > 2 is impossible.

Case 2. Now we fix q = 2.

By the definition of [p|q], we have p[p|2]‖2a − 1. Let [p | 2] = j.

Since, σ(qa−1) = σ(2a−1) = 2a − 1 = pj, by Theorem 3.15, j = [p|q], so,

therefore σ(2a−1) is a prime if and only if [p|q] = 1. �

The following is a well known result [2, p.23] which is quite useful:

Theorem 3.17 If a > 1, m ≥ 1 and n ≥ 1. (A) If d | m then ad − 1 | am − 1;

(B) If ad − 1 | am − 1, then d | m; (C) (am − 1, an − 1) = a(m,n) − 1.

Proof. (A) If d | m then ad − 1 | am − 1:

Since if de = m, then

am − 1 = (ad)e − 1

= (ad − 1)(ad(e−1) + ad(e−2) + · · · + 1).
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(B) If ad − 1 | am − 1, then d | m:

Suppose d - m. Let m = dq + r with 1 ≤ r < d. Then ∃b, such that

(ad − 1)b = am − 1

= adq+r − 1

= adqar − 1

= (adq − 1)ar + ar − 1

= (ad − 1)car + (ar − 1),

where c = ad(q−1) + ad(q−2) + · · ·+ a + 1.

So

(ad − 1)(b − car) = ar − 1,

so

ad − 1 | ar − 1,

so d ≤ r, but r < d, which is a contradiction. Hence Lemma 3.10 follows

immediately.

(C) Let m > n. Since (m, n) | m and (m, n) | n, by (A), we get

a(m,n) − 1 | (am − 1, an − 1).

(am − 1, an − 1) = (am − 1 − (an − 1), an − 1)

= (am − an, an − 1)

= (an(am−n − 1), an − 1), ( but (an, an − 1) = 1 )

= (am−n − 1, an − 1), ( let m = nq + r )

= (ar − 1, an − 1)

= (an − 1, ar − 1).
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By the Euclidean algorithm, n → (m, n), as r → 0, so

(am − 1, an − 1) = (a(m,n) − 1, a0 − 1)

= (a(m,n) − 1, 0)

= a(m,n) − 1.

�

Corollary 3.18 If p is a prime, e ≥ 1, and f ≥ 1, then

(σ(pe), σ(pf)) =
p(e+1,f+1) − 1

p − 1
= σ(p(e+1,f+1)−1).



Chapter 4

Counting multiperfect numbers

up to x

4.1 Introduction

In this chapter there are some results about counting multiperfect numbers. In

Section 4.2 we provide some estimates of counting perfect numbers developed

by Hornfeck [52], Kanold [59], and Wirsing [83], (Theorems 4.8, 4.9, and 4.10).

In Section 4.3 we discuss two classes of primes which are flat primes and thin

primes [11]. Some properties are described: the asymptotic density of thin

numbers (Theorem 4.15); the density of flat numbers (Theorem 4.17); the

relative density of flat primes (Theorem 4.23); the density of primes which

are both lower and upper flat (Theorem 4.25); an upper bound of the number

of thin primes (Theorem 4.28 and Corollary 4.29). In Subsection 4.3.4 we

introduce the Hardy-Littlewood-Bateman-Horn conjectures. In Section 4.4 we

investigate flat numbers: the maximum number of successive odd numbers

which are flat (Theorem 4.30); and show there are infinitely many groups of 8

consecutive flat numbers (Theorem 4.35).
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4.2 Counting perfect numbers

In this section we consider the perfect numbers N , corresponding to N we

define N(x) as the number of perfect numbers less than or equal to x, that is,

#{N ≤ x : σ(N) = 2N}.

Hornfeck [52](1955) showed that N(x) = O(x1/2), and [53] (1956) improved

his result in this form limN→∞
N(x)√

x
≤ 1

2
, where lim denotes the limit supremum.

Kanold [59](1956) improved Hornfeck’s result to N(x) = o(
√

x).

I first give the details of the works by Hornfeck and Kanold, and then

describe the much stronger and more general theorem of Wirsing. Before

these theorems we provide some lemmas. In this chapter, absolute constants

c0, c1, · · · and x0, x1, · · · in different theorems or lemmas are not necessarily

the same. No work in this section is original, but proofs of theorems from the

literature have been elaborated.

Lemma 4.1 [72, Lemma7.7, p208] Let m, n ≥ 1 be natural numbers and let

A(m, n) denote the number of solutions of the inequality a1 +a2 + · · ·+am ≤ n

with integers ai ≥ 0, i = 1, 2, · · · , m. Then A(m, n) =
(

m+n
m

)

.

Proof. This proof is taken from [72]. It is included to assist the reader.

Suppose there are n balls and m walls. Let a1 be the number of balls between

the first and second wall, let a2 be the number of balls between the second and

third wall, and so on, so that am−1 is the number of balls between the last two

walls. Let a0 be the number of balls to the left of the first wall, and let am be the

number of balls to the right of the mth wall. Then a0 = n−∑m
i=1 ai ≥ 0. Thus

an arrangement of n balls and m walls determines a choice of non-negative ai

with a1+a2+· · ·+am ≤ n and vice versa. So the number of solutions, A(m, n),

is
(

m+n
n

)

(or
(

m+n
m

)

) from n+m possible positions choosing n balls (or m walls).

�
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Lemma 4.2 The number of solutions (b1, b2, · · · , br), with b1+b2+· · ·+br ≤ k

and bi ≥ 1, (i = 1, 2, · · · , r), is
(

k
r

)

.

Proof. Since b1 + b2 + · · ·+ br ≤ k, (bi ≥ 1, i = 1, · · · , r), so

(b1 − 1) + (b2 − 1) + · · · + (br − 1) ≤ k − r.

By Lemma 4.1, we have the number of solutions (b1, b2, · · · , br) is

A(r, k − r) =

(

k

r

)

.

�

Lemma 4.3 Let p1, p2, · · · , pk be primes without necessarily being distinct,

then
k
∏

i=1

(

1 +
1

pi − 1

)

< exp

(

k
∑

i=1

1

pi − 1

)

.

Proof. Firstly we have

1 +
1

n
< 1 +

1

n
+ (

1

n
)2 1

2!
+ · · · = exp(

1

n
),

for any n ∈ N.

Thus, for any prime pi,

k
∏

i=1

(

1 +
1

pi − 1

)

< exp

(

k
∑

i=1

1

pi − 1

)

.

�

Note that in the following lemmas and theorems all constants xi are absolute.

Lemma 4.4 There is an absolute constant x2 such that if x ≥ x2, then

exp

(

log x/ log log x

(log x) − 1

)

< 2.
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Proof. Observe that

lim
x→∞

log x

(log x − 1) log log x
= 0

Therefore, for any positive number ε, there exists a real number N (with

N > ε) such that if x ≥ N then

0 ≤ log x

(log x − 1) log log x
< ε.

The absolute constant x2 is the value of N that corresponds to ε = log 2. The

result follows. �

Lemma 4.5 Let x be a real number sufficiently large, then

(

log x

log 2

)log3/4 x

= O
(

2
log x

log log x

)

.

Proof. There exists a real number x3 such that if x ≥ x3 then

(

log log x − log log 2

log 2

)

log3/4 x ≤ log x

log log x

we have

(

log x

log 2

)log3/4 x

=
(

2
log log x−log log 2

log 2

)log3/4 x

≤ 2
log x

log log x .

Thus, the result follows. �

We can obtain the following Lemma 4.6 from [88, eqn.(3.6)]:

Lemma 4.6 For x > 1, we have

π(x) < 2x/ log x.

Lemma 4.7 Let A(x) denote the number of a ≤ x, where a = 2p−1, with p

prime, then A(x) ≤ c1

√
x, where c1 is an absolute constant.
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Proof. Since a = 2p−1 ≤ x, so p ≤ log x
log 2

+ 1 = y, (say). Then by Lemma 4.6,

A(x) ≤ π(y) <
2y

log y

≤ c0
log x

log log x
≤ c1

√
x,

for x sufficiently large, where c0, c1 are some absolute constants. �

Theorem 4.8 (Hornfeck [52]) N(x) < c
√

x, where c > 0 is a constant.

Proof. This proof is the same as [52], but with more details.

Case 1. For odd perfect numbers. Let N1, N2 be odd perfect numbers, and

N1 = pα1
1 m2, (p1, m) = 1; N2 = pα2

2 m2, (p2, m) = 1. Since

2 =
σ(N1)

N1

=
σ(N2)

N2

which implies

1 + p1 + · · ·+ pα1
1

pα1
1

=
1 + p2 + · · ·+ pα2

2

pα2
2

so

(1 + p1 + · · ·+ pα1
1 )pα2

2 = (1 + p2 + · · ·+ pα2
2 )pα1

1

since pα1
1 - (1+p1+· · ·+pα1

1 ), and pα2
2 - (1+p2+· · ·+pα2

2 ), so pα1
1 | pα2

2 | pα1
1 , and

therefore p1 = p2, and α1 = α2. Hence, once we fix m, then pα is determined

so pαm2 is perfect. Therefore there exists a one to one correspondence between

a subset of squares m2 and its corresponding perfect numbers pαm2.

Let No(x) = #{N ≤ x : σ(N) = 2N, N odd}. Since m2 ≤ x implies

m ≤ √
x, thus we have No(x) ≤ √

x.

Case 2. For even perfect numbers. Let Ne(x) = #{N ≤ x : N = 2p−1(2p −

1), σ(N) = 2N} and A(x) = #{a ≤ x : a = 2p−1}. Since N is an even perfect

number, we have N = 2p−1(2p − 1), with 2p − 1 primes, so Ne(x) ≤ A(x). By

Lemma 4.7, Ne(x) < c1

√
x.

Therefore, N(x) < c
√

x, where c > 0 is an absolute constant. �
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Theorem 4.9 (Kanold [59])

N(x) = o(
√

x)

Proof. Case 1. For even perfect numbers. Let N1(x) = #{N ≤ x : N =

2p−1(2p − 1), σ(N) = 2N}, then only for even perfect numbers, we have N =

2p−1(2p −1), where p and 2p −1 are primes. Since 2p−1 < 2p −1 and 2p−1(2p −

1) ≤ x, then 4p−1 < x implies p < log x
log 4

+ 1.

By Lemma 4.6 we have

N1(x) ≤ π

(

log x

log 4
+ 1

)

< 2

log x
log 4

+ 1

log( log x
log 4

+ 1)
, (4.1)

for all sufficiently large x.

From inequality (4.1), we can get N1(x) � log x
log log x

= o(
√

x), for all suffi-

ciently large x.

Case 2. For odd perfect numbers. If N is an odd perfect number, then

it has the shape N = pα · q2β1

1 · · · q2βr
r , with p ≡ α ≡ 1 (mod 4). Suppose

q1 < · · · < qr. If k > 1 is a given integer, then according to a theorem of

Dickson [27], there are at most finitely many odd perfect numbers N when

ω(N) ≤ k. If ω(N) > k, then r ≥ k.

Let N2(x) = #{N ≤ x : σ(N) = 2N, N odd, ω(N) > k, pα ≥ k}, then by

the theorem of Hornfeck (Theorem 4.8), there is a one to one correspondence

N ↔ m2 = N
pα ≤ N

k
, so we can get the estimate N2(x) ≤

√

x
k
.

Let N3(x) = #{N ≤ x : σ(N) = 2N, N odd, ω(N) > k, pα < k}. Now,

we want to show that for N3(x), there also exists a one to one correspondence

between m and N , where

m2 =
N

pαq2βr
r

, (m 6= N).
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Suppose the same m corresponds to N and N , N 6= N , then

N = pα · q2βr
r · m2 (4.2)

N = pα · q2βr
r · m2 (4.3)

2 =
σ(N)

N
=

σ(m2)

m2
· σ(pα)

pα
· σ(q2βr

r )

q2βr
r

(4.4)

=
σ(N)

N
=

σ(m2)

m2
· σ(pα)

pα · σ(q
2βr
r )

q2βr
r

. (4.5)

From N = pα · q2β1

1 · · · q2βr
r (4.2) and pα < k, since q1 ≥ 3, q2 ≥ 5, q3 ≥ 7, · · · ,

by observation the following inequalities hold:

qr, qr ≥ 2k + 1 > 2pα, 2pα (4.6)

From (4.4) and (4.5) we obtain by a simple manipulation:

pα · q2βr
r (1 + p + · · · + pα)(1 + qr + · · · + q2βr

r )

= pα · q2βr
r (1 + p + · · · + pα)(1 + qr + · · ·+ q2βr

r )

(4.7)

Now from the inequalities (4.6) we get q2βr
r | q

2βr
r | q2βr

r therefore qr = qr;

βr = βr.

After canceling equal terms in (4.7) we obtain p = p; α = α. Since

m2 =
N

pαq2βr
r

≤ N

pαq2
r

≤ N

pα(2k + 1)2
≤ x

5(2k + 1)2
,

where p ≡ 1 (mod 4) and α ≥ 1, so m ≤
√

x
5(2k+1)2

, therefore, N3(x) is the

same as the number of m.

From N1(x) � log x
log log x

, N2(x) ≤
√

x
k
, and N3(x) ≤

√

x
5(2k+1)2

, for all suffi-

ciently large x and fixed k > 1 we get

N(x) � log x

log log x
+

√

x

k
+

√

x

5(2k + 1)2
< 3

√

x

k
, x > x0. (4.8)

Now let ε > 0 be given and choose k > (3
ε
)2, then N(x) < ε

√
x. Therefore

N(x) = o(
√

x) has been proved. �
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We now provide an expanded version of the theorem of Wirsing, which is given

by [83, Theorem 7.8. pp.1008-1010].

Theorem 4.10 There are absolute constants c0, x0 such that if x ≥ x0 and α

is any rational number, then the number of n ≤ x with σ(n) = αn is at most

xc0/ log log x.

Proof. Suppose α is given in the reduced form α = u/v. Suppose x is large,

n ≤ x, and σ(n) = αn. Let n = ab, where b is the largest divisor of n, all

of whose prime factors p satisfy p ≤ log x or p | v (if v 6= 1). Let the prime

factorization of a be pβ1
1 pβ2

2 · · ·pβk

k , with each pi > log x. Then (a, b) = 1. Since

σ(n) is a multiplicative function, we have

σ(n) = σ(ab) = σ(a)σ(b) = a · αb. (4.9)

From vσ(n) = aub, if pe | v, then p | v and pe | aub. But p - u, since (u, v) = 1

and p - a, since (a, b) = 1, so pe | ub. But this is true for every prime power

divisor of v, hence v | ub, and αb = ub/v is an integer.

We want to show that σ(b) - αb, and apply this idea to show the number a

depends only on b, and thus determine n.

Let l be the least integer ≥ log x/ log log x. Since a ≤ n ≤ x and log x < pi,

we have

(log x)β1+···+βk < pβ1

1 · · · pβk

k = a ≤ x,

β1 + β2 + · · ·+ βk <
log x

log log x
≤ l, (4.10)

so that k ≤ l. Then by Lemmas 4.3 and 4.4

1 ≤ σ(a)

a
=

k
∏

i=1

(1 + p−1
i + · · ·+ p−βi

i ) <
k
∏

i=1

(

1 +
1

pi − 1

)

< exp

(

k
∑

i=1

1

pi − 1

)

< exp

(

l

(log x) − 1

)

< 2

(4.11)

for x ≥ x1. Thus for x ≥ x1 we have a | σ(a) if and only if a = 1. So by

equation (4.9) we see that for x ≥ x1 either a = 1 or σ(b) - αb. Furthermore,
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if a′ | a, (a′, a/a′) = 1, and a′ < a, then applying inequalities (4.11) to a/a′ we

have σ(a′b) - a′ · αb.

Now let us use b to construct the number a, which is an ordered k-tuple

(with k ≥ 0) of positive integers β1, β2, · · · , βk satisfying inequality (4.10).

First, if k = 0, then a = 1, and we get n = b. So assume k > 0, then σ(b) - αb

(otherwise, there does not exist solutions for a, since σ(a) - a and σ(b) | αb, so

a contradiction for equation (4.9)). Let p1 be the least prime that divides σ(b)

to a higher power than it divides αb. If there is a solution for the following

equation (4.12),

σ(b)

pβ1

1

=
αb

σ(pβ1

1 )
, (4.12)

we say a = pβ1
1 .

If there is no solution for the equation (4.12), then let p2 be the least prime

that divides σ(bpβ1

1 ) to a higher power than it divides αbpβ1

1 . Now try to find

the solution for the equation (4.13),

σ(b)σ(pβ1

1 )

pβ2
2

=
αbpβ1

1

σ(pβ2
2 )

. (4.13)

If there is a solution for equation (4.13), then a = pβ1

1 pβ2

2 .

This procedure either ends in an integer a = pβ1
1 pβ2

2 · · · pβk

k or there does not

exist a satisfying equation (4.9). If a is constructed, it does not necessarily to

satisfy equation (4.9). But if some a satisfying equation (4.9) does exist, this

procedure will find it.

Thus for x ≥ x1 the number of n ≤ x satisfying σ(n) = αn (or vσ(n) = uab)

is at most BC, where B is the number of b ≤ x such that v | b and for every

prime p in b we have p ≤ log x or p | v and C is the number of ordered tuples

of natural numbers satisfying inequality (4.10).

By Lemma 4.2 we have C ≤
(

l
k

)

≤ 2l. Now we have B ≤ B1B2B3, where B1

is the number of b1 ≤ x of the form qγ1

1 qγ2

2 · · · qγt
t where q1, q2, · · · , qt are all of

the primes in v exceeding log x and γ1, γ2, · · · , γt are natural numbers, B2 is the
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number of b2 ≤ x such that every prime in b2 is in the interval (log3/4 x, log x],

and B3 is the number of b3 ≤ x divisible by no prime exceeding log3/4 x.

An upper bound for B1 is the number of sequences γ1, γ2, · · · , γt of natural

numbers such that

γ1 + γ2 + · · ·+ γt ≤ l.

Thus by Lemma 4.2 B1 ≤
(

l
t

)

≤ 2l.

The total number of prime factors in a choice for b2 is at most

(log x)/ log(log3/4 x) ≤ 2l.

Say the primes in (log3/4 x, log x] are r1, r2, · · · , rm. Then B2 is at most the

number of sequences δ1, δ2, · · · , δm of non-negative integers with

δ1 + δ2 + · · · + δm ≤ 2l.

Thus by Lemma 4.1, we have

B2 ≤
(

m + 2l

m

)

≤ 2m+2l.

Note that m = π(log x) − π(log3/4 x) < π(log x). By Lemma 4.6,

π(log x) < 2 log x/ log log x

holds for all log x > 1. Thus m < 2l, so that B2 ≤ 24l.

If p is a prime and pβ divides some choice for b3, then pβ ≤ x so that

β ≤ (log x)/ log 2. Thus B3 is at most the number of ordered π(log3/4 x)-tuples

with each coordinate a non-negative integer at most (log x)/ log 2. Thus by



63

Lemma 4.5,

B3 ≤ (1 + (log x)/ log 2)π(log3/4 x)

≤ (1 + (log x)/ log 2)log3/4 x

� (log x/ log 2)log3/4 x

= (2(log log x−log log 2)/ log 2)log3/4 x

� 2log x/ log log x

= 2l,

for x ≥ x2.

From the above, if x ≥ x2, then B ≤ B1B2B3 ≤ 26l. Since C ≤ 2l, if we

choose x ≥ x0 = max{x1, x2}, then the number of n ≤ x with σ(n) = αn is at

most 27l < x7/ log log x, completing the proof of the theorem. �

Note: The number “b” appearing in this proof are all “smooth”, i.e. all

of the prime factors are small. We can shorten the above proof by using the

theorem estimating the number of smooth numbers up to x with prime factors

≤ loga x, a ≥ 1, namely [72, p.203, eqn.(7.16)], φ(x, loga x) = x1−1/a+o(1), in

the case a = 1.

Pollack [79] applied the distribution of gcd(N, σ(N)) on the natural num-

bers N ≤ x to obtain another proof of Wirsing’s theorem.

Theorem 4.11 [79, Theorem 1.3.] For each x ≥ 3, we have

∑

N≤x

gcd(N, σ(N)) ≤ x1+c/
√

log log x,

where c is an absolute positive constant.

Theorem 4.12 [79, Theorem 1.4.] Fix ε > 0. The number of N ≤ x with

gcd(N, σ(N)) > A is at least x/A1+o(1) as x → ∞, uniformly for 2 ≤ A ≤ x1−ε.

Theorems 4.11 and 4.12 immediately have the following consequence:
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Theorem 4.13 [79, Corollary 1.5.] Fix α ∈ (0, 1). The number of N ≤ x for

which gcd(N, σ(N)) > xα equals x1−α+o(1) as x → ∞.

To get the multiperfect number bound from Theorem 4.13, we first want to

count the multiperfect numbers in (x/2, x], then (x/4, x/2], etc. More explic-

itly, suppose that j is the smallest positive integer with x/2j ≤ log x. If N is

a multiperfect number in (x/2j, x/2j−1], then

N = gcd(N, σ(N)) > x/2j > (x/2j−1)1−ε,

for any fixed ε > 0 and all large x, (see the remark below). So by the upper

bound half of Theorem 4.13 with α = 1 − ε, the number of such N is at most

(x/2j−1)ε+o(1) < (x/2j−1)2ε, for large x. Summing over j we get an upper

bound of Oε(x
2ε) for the number of multiperfect numbers in (log x, x]. Since

there are only O(log x) multiperfect numbers below log x, which is negligible.

Remark: Given ε > 0, choose x, so 2
1
ε
−1 < log x/2, then choose j ∈ N such

that log x/2 < x/2j ≤ log x. With these choices it follows that 2
1
ε
−1 < x/2j ,

which implies x/2j > (x/2j−1)1−ε.

So we get the following corollary:

Corollary 4.14 If

M(x) = {N ≤ x : N | σ(N)},

then ∀ε > 0,

#M(x) = Oε(x
ε).

4.3 Flat primes and thin primes

Some interesting subclasses of primes have been identified and actively con-

sidered. These include Mersenne primes (of the form 2p − 1), Sophie Germain

primes (of the form 2p + 1), Fermat primes (of the form 22n
+ 1), Cullen’s
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primes (of the form p · 2p + 1), Wieferich primes (which are primes p such

that p2 | 2p−1 − 1), primes of the form N2 + 1, of the form N ! ± 1, etc. See

for example [85, Chapter 5] and the references in that text. For any one of

these classes, determining whether or not it is infinite has proved to be a very

difficult problem.

In this section we explore two classes of primes, the so-called lower or

upper flat primes and the lower or upper thin primes. They have simple

representations, and we are able to get an idea of their densities relative to the

full set of primes.

These primes are similar to primes of the form k · 2e + 1 considered by

Erdős and Odlyzko, Chen and Sierpiński among others ([32],[19],[92]). There

the focus is mainly on the admissible values of odd integers k with k ≤ x, rather

on the density of primes themselves having that structure. Erdős showed [32,

Theorem 1] that the number N(x) of odd numbers less than or equal to x of

the form (p + 1)/2e satisfies

c1x ≤ N(x) ≤ c2x,

where c1 and c2 are positive absolute constants. In the opposite direction, a

simple modification of the derivation of Sierpinski [92] gives an infinite number

of integers N (including an infinite set of primes) such that N · 2e − 1 is

composite for every e = 1, 2, 3, · · · .

In Theorem 4.17, we will show that the number of upper flat (or lower flat)

numbers is asymptotically the same as that of the odd squarefree numbers, i.e.

the number of upper (or lower) flat numbers is given by 4x/π2 + O(
√

x).

For example, among the first 100 primes, 75 primes are either upper flat or

lower flat and among the first 1000 primes, 742 are either upper flat or lower

flat. For upper thin or lower thin primes the corresponding numbers are 38

and 213 respectively. The first 10 upper flat primes are 3, 5, 7, 11, 13, 19, 23,
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29, 31, and 37. The first 10 upper thin primes are 3, 5, 7, 11, 13, 19, 23, 31,

37 and 43.

If M(x) is the number of Mersenne primes up to x, then clearly, for all

x ≥ 1:

M(x) ≤ T (x) ≤ F (x) ≤ π(x), (4.14)

where for each x > 0, π(x) is the number of primes up to x.

Figure 4.1 shows the ratio of F (x)/π(x) over a small range. This gives

some indication of the strength of Theorem 4.23 below - in the given range

over 70% of all primes are upper flat or lower flat.

20 000 40 000 60 000 80 000 100 000

0.746

0.748

0.750

Figure 4.1: The ratio F (x)/π(x) for 1 ≤ x ≤ 105
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Figure 4.2: The ratio of thin primes to twin primes up to x for 1 ≤ x ≤ 104

c1 = 23 · 3 · 5,

c2 = 25 · 3 · 7,

c3 = 29 · 3 · 11 · 31,

c4 = 28 · 5 · 7 · 19 · 37 · 73,

c5 = 213 · 3 · 11 · 43 · 127,

c6 = 214 · 5 · 7 · 19 · 31 · 151.

Table 4.1: Known 3-perfect numbers

Figure 4.2 shows the ratio of the number of thin primes up to x to the number

of twin primes up to x. The relationship between thin and twin primes comes

from the method of proof of Theorem 4.28 below.

These types of number arise frequently in the context of multiperfect num-

bers. For example, when k = 3 all of the known examples of so-called 3-perfect

numbers {ci : 1 ≤ i ≤ 6} are included in Table 4.1 [90]. Each ci−1 is an upper

flat number and each odd prime appearing on the right hand side is an upper

thin number.

This section is organized as follows: in Subsection 4.3.1 we first show that

the number of upper thin numbers up to x, is asymptotically equal to that of

the primes up to x. In Subsection 4.3.2 we show that the relative density of

upper flat primes is given by 2A where A is Artin’s constant. A corollary to

this is that there is an upper flat prime in every interval [x, (1 + ε)x], for any

ε > 0 and sufficiently large x. This is followed by a demonstration that primes

which are both lower and upper flat have an asymptotic density and constitute

more than half of all primes. In Subsection 4.3.3 we then show that the upper
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thin primes are sufficiently sparse that the sum of their reciprocals converges.

The final subsection is a numerical validation of what might be expected for

the density of thin primes under the Bateman-Horn conjectures.

4.3.1 Upper or lower thin numbers

Theorem 4.15 As x → ∞, the number of upper (or lower) thin numbers up

to x is the same as that of the primes up to x.

Proof. Firstly, the number of upper thin numbers less than or equal to x, as

x → ∞, namely N(x), is given by

N(x) =

b log x
log 2

c
∑

n=1

π
( x

2n

)

+ O(1).

Next we will show that limx→∞ N(x)/π(x) = 1. To this end first consider

a single term in the sum. By [88, Theorem 2, p.69], there is a positive real

absolute constant α such that for x sufficiently large,

x

log x + α
< π(x) <

x

log x − α
.

Therefore, for all n ∈ N such that 1 ≤ n ≤ b log x
log 2

c (which makes the numerators

and denominators of the ratios below positive for sufficiently large x),

lb :=
1 − α

log x

1 + α
log x

− n log 2
log x

<
2nπ( x

2n )

π(x)
<

1 + α
log x

1 − α
log x

− n log 2
log x

=: ub.

Clearly lb and ub tend to 1 as x → ∞ uniformly for n in the range

1 ≤ n ≤ log x/ log log x =: b.

The difference between the upper and lower bounds is

ub − lb =
1

d

( 4α

log x
− 2αn log 2

log2 x

)

≤ 4α

d log x
,

where d =
(

1 − α

log x
− n log 2

log x

)(

1 +
α

log x
− n log 2

log x

)

= 1 − α2

log2 x
+

n2 log2 2

log2 x
− 2n log 2

log x
≥ 1

4
,

so ub − lb ≤ 16α

log x
,
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for all n in the given range and x sufficiently large.

Now ensure that x is sufficiently large so

|1 − lb| ≤
2α

log x
− n log 2

log x

1 + α
log x

− n log 2
log x

≤
2α

log x

1
2

+ α
log x

≤ 4α

log x
.

This implies, for x sufficiently large and 1 ≤ n ≤ b,

|2
nπ( x

2n )

π(x)
− 1| ≤ |2

nπ( x
2n )

π(x)
− lb| + |lb − 1|

≤ |ub − lb| + |lb − 1| <
20α

log x
.

Using this bound we derive

∣

∣

∣

∑

n≤b

π( x
2n )

π(x)
− 1
∣

∣

∣

≤
∣

∣

∣

∑

n≤b π( x
2n )

π(x)
−
∑

n≤b
π(x)
2n

π(x)

∣

∣

∣
+
∑

n>b

1

2n

≤
∑

n≤b

1

2n

∣

∣

∣

2nπ( x
2n )

π(x)
− 1
∣

∣

∣
+ o(1)

≤
∑

1≤n

20α

2n log x
+ o(1) = o(1)

as x → ∞.

For the remaining part of the summation range for N(x), namely for

b < n ≤ blog x/ log 2c, note that this corresponds to values of x and n which

satisfy

x

2n
≤ x1− log 2

log log x .

Using π(x) ≤ x and defining

S(x) :=

b log x
log 2

c
∑

n=b

π
( x

2n

)

� log x · x1− log 2
log log x ,
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it follows (using say l’Hôpital’s rule) that S(x)/π(x) → 0 as x → ∞. Hence

N(x)/π(x) → 1. The proof for lower thin numbers is similar. �

From this we have consequences such as that an infinite number of successive

primes are separated by a thin number and vice versa.

4.3.2 Upper or lower flat primes

Define the so-called logarithmic integral for x ≥ 2:

Li(x) :=

∫ x

2

dt

log t
.

Lemma 4.16 ([73, p.130]and [47, pp.269-270]) The asymptotic number Q(x)

of squarefree numbers less than or equal to x is given by

Q(x) =
6x

π2
+ O(

√
x).

Theorem 4.17 The number of upper flat numbers up to x, namely F (x), is

given by for all x ≥ 2:

F (x) =
4x

π2
+ O(

√
x).

Proof. Let D(x) be the number of odd squarefree numbers. Then

F (x) = D(x/2) + D(x/4) + · · · ,

where there are at most b log x
log 2

c non-zero terms in this sum. Also the number

of all squarefree numbers is given by

Q(x) = D(x) + D(x/2).

Let E(x) be the number of the even squarefree numbers so E(2x) = D(x).

Counting the squarefree numbers in [x, 2x] gives

(D(2x) − D(x)) + (E(2x) − E(x)) = Q(2x) − Q(x)
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and therefore

D(2x) − D(
x

2
) = Q(2x) − Q(x).

Hence

D(x) =

∞
∑

n=0

(

Q
( x

22n

)

− Q
( x

22n+1

))

.

By Lemma 4.16,

Q(x) =
6x

π2
+ O(

√
x),

so

F (x) = D(x/2) + D(x/4) + · · ·

=
∞
∑

n=0

(

Q
( x

22n+1

)

− Q
( x

22n+2

))

+
∞
∑

n=0

(

Q
( x

22n+2

)

− Q
( x

22n+3

))

+ · · ·

=
∞
∑

n=0

Q
( x

22n+1

)

=
6x

π2

(

1/2

1 − 1/4

)

+ O(
√

x)

=
4x

π2
+ O(

√
x).

�

Lemma 4.18 (Bombieri-Vinogradov theorem)[71] Let π(x; q, a) =
∑

p≤x
p≡a mod q

1,

where q > 0, (q, a) = 1 (integers). Then for fixed A > 0, there exists

B = B(A) > 0 such that

∑

q≤Q,(q,a)=1

∣

∣

∣
π(x; q, a) − π(x)

φ(q)

∣

∣

∣
= O

( x

logA x

)

,

where Q =
√

x

logB x
.

Lemma 4.19 Let n = 2ea2, with e, a positive integers. Then

1

φ(2ea2)
= O

( 1

2eφ(a2)

)

,

where φ is Euler’s function.
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Proof.

φ(n) = φ(2ea2)

= n
∏

p|2ea2

(

1 − 1

p

)

= 2ea2

(

1 − 1

2

)

∏

p|a2; p odd

(

1 − 1

p

)

= 2e−1a2
∏

p|a2; p odd

(

1 − 1

p

)

=















2eφ(a2) if a is even

2e−1φ(a2) if a is odd

≥ 2e−1φ(a2),

so

1

φ(2ea2)
≤ 1

2e−1φ(a2)
=

2

2eφ(a2)
,

so

1

φ(2ea2)
= O

( 1

2eφ(a2)

)

.

�

Lemma 4.20 Let p be a prime and a, b, e, x, y be integers, then

∑

p≤x

∑

a>y
p+1=2ea2b

1 = O
( x

2ey

)

.

Proof. Here we first replace p + 1 by n, and then allow n to range over all
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positive integers up to x.

∑

p≤x

∑

a>y
p+1=2ea2b

1 �
∑

n≤x

∑

a>y
2ea2|n

1

=
∑

y<a≤
√

x
2e

b x

2ea2
c

≤ x

2e

∑

y<a≤
√

x
2e

1

a2

<
x

2e

∑

y<a

1

a2

≤ x

2ey
.

Thus
∑

p≤x

∑

a>y
p+1=2ea2b

1 = O
( x

2ey

)

.

�

Lemma 4.21 [47, Theorem 328, p.267]

n

φ(n)
= O(log log n).

Lemma 4.22 The function g(n) = 21−eφ(2en2) is multiplicative, where e, n

are positive integers.

Proof. Let (a, b) = 1. Case 1. Suppose both a and b are odd. Then,

g(a)g(b) = 21−eφ(2ea2)21−eφ(2eb2)

= 21−eφ(2e)φ(a2)21−eφ(2e)φ(b2)

= φ(a2b2),

g(ab) = 21−eφ(2ea2b2)

= 21−eφ(2e)φ(a2b2)

= 21−e2e−1φ(a2b2)

= φ(a2b2).
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Case 2. Suppose a is even and b is odd, then a = 2αc, where c is odd.

g(a)g(b) = 21−eφ(2e22αc2)21−eφ(2eb2)

= 22−2e2e+2α−12e−1φ(c2b2)

= 22αφ(c2b2),

g(ab) = 21−eφ(2ea2b2)

= 21−eφ(2e+2αc2b2)

= 21−e2e+2α−1φ(c2b2)

= 22αφ(c2b2).

So, g(ab) = g(a)g(b), that is, g(n) is a multiplicative function. �

Theorem 4.23 For all H > 0

F (x) = 2
∏

p

(

1 − 1

p(p − 1)

)

Li(x) + O

(

x

logH x

)

,

i.e., the relative density of upper (or lower) flat primes p is 2A = 0.7480 · · ·

where A is Artin’s constant,

A =
∏

p

(

1 − 1

p(p − 1)

)

.

Proof. We begin with following the method of Mirsky [70]. Fix e ≥ 1 and let

x and y satisfy 1 < y < x and be sufficiently large. Let H > 0 be the given

positive constant. Define

Fe(x) := #{p ≤ x : p is prime and m squarefree such that 2em = p + 1}.

If µ(n) is the Möbius function and µ2(n) the characteristic function of the

squarefree numbers, we can write

µ2(n) =
∑

d2|n
µ(d).
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Then

Fe(x) =
∑

p≤x
p+1=2em

µ2(m) =
∑

p≤x

∑

a:a≥1
a2b2e=p+1

µ(a)

= Σ1 + Σ2,

where Σ1 :=
∑

p≤x

∑

a:1≤a≤y
a2b2e=p+1

µ(a),

and Σ2 :=
∑

p≤x

∑

a>y
a2b2e=p+1

µ(a).

Now using the Bombieri-Vinogradov theorem (Lemma 4.18) for the number of

primes in an arithmetic progression, which is valid with a uniform error bound

for the values of e which will be needed:

Σ1 =
∑

a≤y

µ(a)
∑

p:p≤x
p≡−1 mod 2ea2

1

=
∑

a≤y

µ(a)

(

Li(x)

φ(2ea2)
+ O

(

x

log2H+1 x

))

=

(

∑

a≥1

µ(a)

φ(2ea2)

)

Li(x) + O

(

x

log x

∑

a>y

1

φ(2ea2)

)

+ O

(

xy

log2H+1 x

)

.

By Lemma 4.22 the function g(n) := 21−eφ(2en2) is multiplicative, and the

series in the sum below is absolutely convergent, so the coefficient of Li(x)

may be rewritten

1

2e−1

∑

a≥1

2e−1µ(a)

φ(2ea2)
=

1

2e−1

∏

p

(

1 − 2e−1

φ(2ep2)

)

=
1

2e−1

3

4

∏

p odd

(

1 − 1

p2 − p

)

=
3A

2e
.

Now consider the sum in the first error term for Σ1. By Lemmas 4.19 and

4.21,
∑

a>y

1

φ(2ea2)
�
∑

a>y

1

2eφ(a2)
� 1

2e

∑

a>y

log log a

a2
.

Therefore

O

(

x

log x

∑

a>y

1

φ(2ea2)

)

= O

(

x log log y

2ey log x

)

.
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For the second sum we use Lemma 4.20:

|Σ2| ≤
∑

p<x

∑

a>y
p+1=2ea2b

1 ≤
∑

a>y
2ea2b≤x

1 = O
( x

2ey

)

,

and therefore

Fe(x) =
3A

2e
Li(x) + O

(x log log y

2ey log x

)

+ O
( x

2ey

)

+ O
( xy

log2H+1 x

)

.

If we choose y = logH x, then

Fe(x) =
3A

2e
Li(x) + O

(

x

logH+1 x

)

.

Now let

De(x) := #{p ≤ x : p is prime, p + 1 = 2em, with m squarefree and odd}.

By, [70, Theorem 1], D1(x) = A · Li(x) + O
(

x
logH+1 x

)

. Considering the even

and odd cases, for all e ≥ 1, we have Fe(x) = De(x) + De+1(x) so

F1(x) + F2(x) + · · · = D1(x) + 2(D2(x) + D3(x) + · · · )

and therefore

F (x) =

b log x
log 2

c
∑

e=1

De(x) + O(log x)

=
1

2
(D1(x) + F1(x) + F2(x) + · · · ) + O(log x)

=
A

2

(

1 +
3

21
+

3

22
+ · · ·

)

Li(x) + O

(

x

logH+1 x

)

= 2ALi(x) + O

(

x

logH x

)

and this completes the proof for upper flat primes. The proof for lower flat

primes is similar. �

Since 2A > 0.74, the relative density of either lower flat or upper flat primes

is greater than 74%. Thus, in the worst possible case the density of primes
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which are neither lower nor upper flat would be less than 26% + 26% = 52%,

leading to a lower bound of 48% for the density of the set of primes which

are both upper flat and lower flat. However, this figure underestimates the

proportion of such primes - see Theorem 4.25 and its corollary below.

Corollary 4.24 For all ε > 0 and x ≥ xε there exist an upper flat prime and

a lower flat prime in the interval [x, (1 + ε)x].

Proof. Since F (x) = 2Ax/ log x + O(x/ log2 x), for fixed ε > 0 we have

F (x + εx) − F (x) =
2Aεx

log x
+ O

(

x

log2 x

)

,

which is strictly positive for all x sufficiently large. �

Note also that it would be possible to adapt the method of Adleman,

Pomerance and Rumely [1, Proposition 9] to count lower or upper flat primes

in arithmetic progressions.

Theorem 4.25 Let the constant H > 0 and the real variable x be sufficiently

large. Let the set of primes p which are both lower and upper flat which are

less than x be given by

B(x) = {p ≤ x : ∃e ≥ 1, f ≥ 1 and odd squarefree u, v so p − 1 = 2ev,

p + 1 = 2fu}.

Then

B(x) = A2Li(x) + O

(

x

logH x

)

where the constant

A2 =
∏

p odd

(

1 − 2

p2 − p

)

= 0.53511....
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Proof. Let e, f ≥ 1 and define the sets:

Le := {p ≤ x : ∃ odd squarefree v so p − 1 = 2ev}

Uf := {p ≤ x : ∃ odd squarefree u so p + 1 = 2fu}.

Then L1 ∩ U1 = ∅ and Le ∩ Uf = ∅ for all e ≥ 2, f ≥ 2 so we can write

B(x) = {∪f≥2L1 ∩ Uf} ∪ {∪e≥2U1 ∩ Le}

where all of the unions are disjoint.

Now fix e ≥ 2. We will first estimate the size of U1 ∩ Le,where

U1 ∩ Le = {p ≤ x : ∃ odd squarefree u, v so p + 1 = 2u, p − 1 = 2ev}.

Then

#U1 ∩ Le =
∑

p≤x

∑

p+1=2u,
p−1=2ev,

u, v odd and squarefree

1

=
∑

p≤x

∑

a,b odd,(a,b)=1,
p≡−1 mod a2, a2≤x/2
p≡1 mod b2, b2≤x/2e

p≡1+2e mod 2e+1

µ(a)µ(b)

=
∑

p≤x

∑

a,b odd,(a,b)=1,a2b2≤x22−e−1

p≡u mod 2e+1a2b2
,

µ(a)µ(b)

=
∑

p≤x

∑

d odd,d2≤x22−e−1,
p≡u mod 2e+1d2

τ ∗(d)µ(d)

where u, the residue obtained through an application of the Chinese Remainder

Algorithm, is dependent on d and e, and τ ∗(d) is the number of unitary divisors

of d, a multiplicative function with τ ∗(p) = 2. This function arises because for

fixed d ≥ 1, the number of decompositions d = ab with (a, b) = 1 is τ ∗(d).

We then split and reverse the sum in a similar manner as in the proof of

Theorem 4.23.

#U1 ∩ Le =
∑

p≤x

∑

d odd, d≤y
p≡u mod 2e+1d2

τ ∗(d)µ(d) +
∑

p≤x

∑

y<d≤x/
√

2e+1

p≡u mod 2e+1d2

τ ∗(d)µ(d)

= Σ1 + Σ2.
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For Σ1:

Σ1 =
∑

d odd, d≤y

τ ∗(d)µ(d)

(

Li(x)

φ(2e+1d2)
+ O

(

x

log3H+3 x

))

=

(

∑

d≥1, d odd

τ ∗(d)µ(d)

φ(2e+1d2)

)

Li(x) + O

(

x

log x

∑

d>y

τ ∗(d)

φ(2e+1d2)

)

+O

(

xy

log3H+3 x

)

.

Let ε > 0 be given. Indeed ε = 1
2

is sufficient for our proof. To bound the

sum in the second error term, we use the estimate τ ∗(d) � τ(d) � dε and

Lemma 4.22. Then,

∑

d>y

τ ∗(d)

φ(2e+1d2)
≤ 1

2e

∑

d>y

τ ∗(d)

φ(d2)

� 1

2e

∑

d>y

τ ∗(d) log log d

d2

� 1

2e

∑

d>y

log log d

d2−ε
,

so

O

(

x

log x

∑

d>y

τ ∗(d)

φ(2e+1d2)

)

= O

(

x

log x

1

2e

log log y

y1−ε

)

For Σ2:

Σ2 =
∑

p≤x

∑

y<d≤x/
√

2e+1

p≡u mod 2e+1d2

τ ∗(d)µ(d)

�
∑

n≤x

∑

2e+1d2|n
y<d

dε

=
∑

y<d

b x

2e+1d2
cdε

≤ x

2e+1

∑

y<d

1

d2−ε

� x

y1−ε
.
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Putting these bounds together and choosing y = log2H+2 x,

#U1 ∩ Le =

(

∑

d≥1, d odd

τ ∗(d)µ(d)

φ(2e+1d2)

)

Li(x) + O

(

x

log x

log log x

logH+1 x

)

+O

(

x log2H+2 x

log3H+3 x

)

+ O

(

x

log(2H+2)/2 x

)

=
1

2e

∏

p odd

(

1 − 2

p2 − p

)

Li(x) + O

(

x

logH+1 x

)

.

Summing over e ≥ 2 and, noticing that the sizes for each corresponding

L1 ∩ Ue are the same, we obtain the stated value of B(x). �

Figure 4.3 compares the number of primes up to 80, 000 with the number

of primes up to 80, 000 which are both lower and upper flat.

20000 40000 60000 80000

0.532

0.534

0.536

0.538

0.542

Figure 4.3: The ratio B(x)/π(x) for 1 ≤ x ≤ 8 · 104

Corollary 4.26 It follows from Theorems 4.23 and 4.25 that the set of ratio-

nal primes may be divided into 4 disjoint classes: those both lower and upper

flat - about 54%, those either lower or upper flat but not both - each about 21%,

and those neither upper nor lower flat - 4%.

Corollary 4.27 It follows that primes which are both upper and lower flat

and congruent to 1 modulo 4 (respectively 3 modulo 4) are a positive relative
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proportion of all primes. These must therefore be of the form p = 2s − 1

(respectively p = 2s + 1) where s is odd and squarefree.

Comment: Note that not both p + 1 and p − 1 can be squarefree for

odd primes p, and that the same applies to p ± h for odd shifts h. It appears,

numerically, that for fixed odd h, the proportion of primes p with both p+h and

p−h flat is always over 50%, with smaller proportions for h ≡ ±1 ( mod 6) and

larger for h ≡ 3 (mod 6). The larger proportions appear to be all significantly

larger than the smaller. This warrants further investigation.

4.3.3 Upper and lower thin primes

In the paper [99, Theorem 3] a proof is set out for a result given below on the

number of primes up to x giving a lower bound for the number primes with

fixed consecutive values of the number of distinct prime divisors of shifts of the

primes by a, with the parameter a having the explicit value 2. It is remarked

that a similar proof will work for all integer (non-zero) a. Here is the statement

taken from the review of [99] in Mathematical Reviews (MR1347377) (although

the lower bound for m is not given):

Let a be a non-zero integer and (for m ≥ 1) define

P(m, x, ω) := #{p : p ≤ x, ω(p + a) = m}.

Then there exist positive absolute constants b and c such that as x → ∞

P(m, x, ω) + P(m + 1, x, ω) ≥ c
x(log log x)m−1

(m − 1)! log2 x

holds for 1 ≤ m ≤ b log log x.

If we use the result in case a = 1, we are able to show the number of thin

primes is infinite.
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To see this let a = 1, m = 1 and x be sufficiently large. Then

T (x) + M(x) = P(1, x, ω) + P(2, x, ω)

= #{p ≤ x : p + 1 = 2e or p + 1 = 2eqf , e ≥ 1, f ≥ 1, or p = 2}

where

M(x) := #{p ≤ x : p + 1 = 2eqf , e ≥ 1, f ≥ 2}.

(Note this is not the same as the M(x) in equation (4.14).) Then

M(x) ≤
log x
∑

e=1

log x
∑

f=2

π

(

( x

2e

)
1
f

)

+ O (log x)

� log x

log x
∑

e=1

π

(
√

x

2e

)

� log2 x π
(√

x
)

� √
x log x

Therefore, by the quoted result above, the number of thin primes less than or

equal to x is bounded below by a constant times x/ log2 x, so must be infinite.

However there are parts of the proof of [99, Theorem 3] that do not appear

to work, even for the given case a = 2, and, in addition, the implied lower

bound should be m ≥ 2. Apparently the best available safe result, using the

method of Chen [19], appears to be that of Heath-Brown [50, Lemma 1] from

which we can easily show that if H(x) is the number of primes such that

p ≤ x and either p + 1 = 2p1 or p + 1 = 2p1p2, with the pi’s odd primes, then

H(x) � x/ log2 x.

Based on this evidence, the Bateman-Horn conjecture set out in Section 5

below, and numerical evidence, we are led to the conjecture on lower bound

for T (x):

Conjecture: The number of upper thin primes up to x satisfies

T (x) � x

log2 x

and has the same asymptotic density as the number of twin primes up to x

and the same is true for the lower thin primes.
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The order of difficulty of this conjecture appears to be similar to showing

that there are an infinite number of twin primes or Sophie-Germain primes.

As usual upper bounds are much easier to obtain (see Theorem 4.28 below):

Theorem 4.28 As x → ∞

T (x) � x

log2 x
.

Proof. First let e ≥ 1 be fixed and apply the sieve of Brun in the same manner

as for the classical twin primes problem (for example [98, Theorem 4]) or [4,

Theorem 13.1]) to count

Je(x) := #{p ≤ x : 2ep − 1 is prime}.

Note that if

A = {m(2em − 1) : m ≤ x}

and ρ(d) is the number of solutions modulo d which satisfy

m(2em − 1) ≡ 0 (mod d),

then ρ is a multiplicative function. Also ρ(2) = 1 and ρ(p) = 2 for odd primes

p, leading to the same bound as in the twin primes problem, namely

Je(x) � x

log2 x
.

Now we use the fact, proved using induction for m ≥ 4, that, for all m ≥ 1,

m
∑

n=1

2n

n2
< 5

2m

m2
. (4.15)
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Finally, let x be large and choose m ∈ N so 2m ≤ x < 2m+1. Then

T (x) =

b log x
log 2

c
∑

e=1

(

Je

( x

2e

)

+ O(1)
)

�
b log x

log 2
c−1

∑

e=1

x

2e

1

log2 x
2e

+ O(log x)

≤
b log 2m+1

log 2
c−1

∑

e=0

2m+1

2e

1

log2 2m+1

2e

+ O(log x)

=
1

log2 2

m+1
∑

n=1

2n

n2
+ O(log x)

< 5
1

log2 2

2m+1

(m + 1)2
+ O(log x) by (4.15)

� x

log2 x
,

completing the proof of the theorem. �

So the asymptotic bound is the same as that for twin primes. In the same

manner as originally derived by Brun for the sum of reciprocals of the twin

primes (for example [74, Theorem 6.12]) we obtain:

Corollary 4.29 The sum of the reciprocals of the thin primes is finite.

Proof. If pn is the n’th thin prime then, by Theorem 4.28,

n = T (pn) �
pn

log2 pn

� pn

(log n)2
so

1

pn
� 1

n log2 n
.

�

4.3.4 Hardy-Littlewood-Bateman-Horn conjectures

The well known Hardy-Littlewood-Bateman-Horn conjectures ([46], [4]) give

an asymptotic formula for the number of simultaneous prime values of sets of
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polynomials in Z[x], with some restrictions on the polynomials. In the case of

twin primes the polynomials are fo(x) = x, f1(x) = x + 2 and if

π2(x) := #{p ≤ x : p + 2 is prime}

then the formula predicted is

π2(x) ∼ 2C2

∫ x

2

du

log2 u

where C2 is the so-called twin prime constant [75] defined by

C2 :=
∏

p>2

(

1 − 1

(p − 1)2

)

.

In the case of thin primes the conjectures only apply to forms with fixed e ≥ 1

with polynomials f0(x) = x, fe(x) = 2ex − 1. If

Te(x) := #{p ≤ x : p + 1 = 2eq}

Then the formulas predict

Te(x) ∼ 2C2

2e

∫ x

2

du

log2 u
.

The factor 1/2e occurs simply because p ≤ x+1 if and only if q ≤ x/2e. Hence

T (x)

π2(x)
∼
∑log x/ log 2

e=1 Te(x)

π2(x)
∼ 1.

To test this numerically we evaluated the ratio of the number of thin primes

up to x to the number of twin primes up to x for x up to 4 × 106 in steps of

105 and obtained the following values:

{1., 1.20343, 1.16852, 1.17134, 1.16036, 1.15882, 1.14819, 1.1447,

1.14499, 1.1428, 1.13515, 1.12896, 1.12543, 1.1234, 1.11715,

1.1184, 1.11729, 1.11438, 1.11168, 1.1099, 1.11169, 1.1106,

1.11125, 1.11095, 1.11221, 1.11317, 1.1134, 1.11251, 1.1118,

1.11306, 1.11179, 1.11015, 1.10986, 1.1096, 1.10876, 1.10924,

1.10912, 1.10676, 1.10623, 1.10536}.
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demonstrating some convergence towards the predicted value 1. If the rela-

tionship between the thin and twin primes could be made explicit this would

assist in a proof of the twin primes conjecture.

Igor Shparlinski, in a private communication, alerted us to the theorem of

Heath-Brown. The computations were produced using Mathematica.

4.4 Theorems on flat numbers

The following Theorems 4.30, 4.31, 4.32, 4.33, 4.34 and 4.35 investigate the

properties of the upper flat numbers.

Theorem 4.30 The maximum number of successive odd numbers which are

upper flat is 8. That is,

N + 1 = 2e1b1

N + 3 = 2e3b3

N + 5 = 2e5b5

N + 7 = 2e7b7

N + 9 = 2e9b9

N + 11 = 2e11b11

N + 13 = 2e13b13

N + 15 = 2e15b15

where N is an upper flat number, bj’s are squarefree numbers.

Proof. Let N be an upper flat number. By the definition of an upper flat

number,

N + 1 = 2ep1 · · ·pm,
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where e ≥ 1, and pi ∈ P, i = 1, 2, · · ·m. Let b = p1 · · · pm, then b is a squarefree

odd number. So, b only can exist between the power of 3, 3α, with α ≥ 2.

Since N ·32− (N −1) ·32 = 9, ∀N ∈ Z, so, an upper flat number N in intervals

[32(N − 1), 32N ], where there are 9 consecutive odd numbers, could not be

32N − 1, so the number of members in a group of upper flat numbers having

above restriction is no more than 8. �

Theorem 4.31 Restrictions on the values of the (ej), where ej’s are the ex-

ponents in Theorem 4.30, (j = 1, 3, 5, 7, 9, 11, 13, 15). For e1e3e5e7e9e11e13e15,

we have the following patterns:

(A) 1, 2, 1, ∗, 1, 2, 1, ∗

(B) ∗, 1, 2, 1, ∗, 1, 2, 1

(C) 1, ∗, 1, 2, 1, ∗, 1, 2

(D) 2, 1, ∗, 1, 2, 1, ∗, 1

where the symbol ∗ denotes any positive integer ≥ 3.

Proof. Let N be an upper flat number having restriction in Theorem 4.30.

We will separately consider the value of ej with j=1, 3, 5, 7, 9, 11, 13, 15.

First, let e1 = 1. Then, N + 1 = 2b1, N + 3 = 2e3b3, so 1 + b1 = 2e3−1b3.

So, there are 2 possibilities: (1), if 1 + b1 = 2c, with c odd, then e3 = 2,

since c = 2e3−2b3, c and b3 are odd, force 2e3−2 = 1; (2), if 1 + b1 = 2mc,

with m ≥ 2, and c odd, then 1 + b1 = 2mc = 2e3−1b3, then c = 2e3−1−mb3,

since b3 is odd, so 2e3−1−m = 1, so e3 = 1 + m ≥ 3, and we use symbol ∗ to

express ej ≥ 3. Since, N + 5 = 2e5b5, so 4 + 2b1 = 2e5b5, so 2 + b1 = 2e5−1b5,

since 2 + b1 and b5 are odd numbers, so force e5 = 1. Since N + 7 = 2e7b7,

so 6 + 2b1 = 2e7b7, so 3 + b1 = 2e7−1b7. (1), if 1 + b1 = 2c, with c odd, then

3 + b1 = 2 + (1 + b1) = 2(1 + c) = 2e7−1b7, then 1 + c = 2e7−2b7, since 1 + c is
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even and b7 is odd, so, e7 − 2 ≥ 1, so e7 ≥ 3, so e7 = ∗; (2), if 1 + b1 = 2mc,

with m ≥ 2 and c odd, then 3 + b1 = 2 + 2mc = 2(1 + 2m−1c) = 2e7−1b7, since

m ≥ 2, so 1 + 2m−1c is odd, so 2e7−2b7 = 1, so e7 = 2. Since N + 9 = 2e9b9,

and N + 13 = 2e13b13, so 4 + b1 = 2e9−1b9, and 6 + b1 = 2e13−1b13, since bj ’s are

odd, so 4 + b1 and 6 + b1 are odd, so e9 = e13 = 1. Since, N + 11 = 2e11b11, so

10 = 2e11b11 − 2b1, so 5 + b1 = 2e11−1b11. (1), if 1 + b1 = 2c, with c odd, then

5 + b1 = 4 + (1 + b1) = 2(2 + c) = 2e11−1b11, then 2 + c = 2e11−2b11, since 2 + c

and b11 are odd, so e11 = 2; (2), if 1 + b1 = 2mc, with m ≥ 2 and c odd, then

5 + b1 = 4 + 2mc = 2(2 + 2m−1c) = 2e11−1b11, then 2 + 2m−1c = 2e11−2b11, since

2 + 2m−1c is even and b11 is odd, so e11 − 2 ≥ 1, so e11 ≥ 3, so e11 = ∗. Since,

N + 15 = 2e15b15, so 7 + b1 = 2e15−1b15, (1), if 1 + b1 = 2c, with c odd, then

7 + b1 = 6 + (1 + b1) = 2(3 + c) = 2e15−1b15, so 3 + c = 2e15−2b15, since 3 + c is

even and b15 is odd, so e15 − 2 ≥ 1, e15 ≥ 3, so e15 = ∗; (2), if 1 + b1 = 2mc,

with m ≥ 2 and c odd, then 7 + b1 = 6 + 2mc = 2(3 + 2m−1c) = 2e15−1b15,

so 3 + 2m−1c = 2e15−2b15, since 3 + 2m−1c and b15 are odd, so e15 = 2. Now,

we have proved that when e1 = 1 there are 2 patterns: (A) 121 ∗ 121∗, if

1 + b1 = 2c with c odd; and (C) 1 ∗ 121 ∗ 12, if 1 + b1 = 2mc with m ≥ 2 and c

odd.

Next, we fix e1 = 2. Since N + 1 = 22b1, N + 3 = 2e3b3, N + 7 = 2e7b7,

N + 11 = 2e11b11, N + 15 = 2e15b15, so 1 + 2b1 = 2e3−1b3 ⇒ e3 = 1; 3 + 2b1 =

2e7−1b7 ⇒ e7 = 1; 5 + 2b1 = 2e11−1b11 ⇒ e11 = 1; and 7 + 2b1 = 2e15−1b15 ⇒

e15 = 1, since bj ’s are odd. Since, N + 5 = 2e5b5, so 1 + b1 = 2e5−2b5,

so either (1), if 1 + b1 = 2c, with c > 0 odd, then e5 = 3 = ∗, or (2),

if 1 + b1 = 2mc, with m ≥ 2 and c odd, then e5 ≥ 4, so e5 = ∗. Since

N + 9 = 2e9b9, so 2 + b1 = 2e9−2b9 ⇒ e9 = 2. Since, N + 13 = 2e13b13,

so 3 + b1 = 2e13−2b13 so either (1), if 1 + b1 = 2c, with c > 0 odd, then

3 + b1 = 2(c + 1) = 2e13−2b13 ⇒ e13 ≥ 4, so e13 = ∗, or (2), if 1 + b1 = 2mc,

with m ≥ 2 and c odd, then 3 + b1 = 2(2m−1c + 1) = 2e13−2b13 ⇒ e13 = 3 = ∗.
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Therefore, when e1 = 2, the pattern is: (D) 21 ∗ 121 ∗ 1.

Finally, let e1 = ∗ ≥ 3. Since N + 1 = 2∗b1, N + 3 = 2e3b3, N + 7 = 2e7b7,

N + 11 = 2e11b11, and N + 15 = 2e15b15, so 1 + 2∗−1b1 = 2e3−1b3 ⇒ e3 = 1,

3 + 2∗−1b1 = 2e7−1b7 ⇒ e7 = 1, 5 + 2∗−1b1 = 2e11−1b11 ⇒ e11 = 1, and

7 + 2∗−1b1 = 2e15−1b15 ⇒ e15 = 1, since the left hand side of the equations are

odd. Since, N + 5 = 2e5b5, and N + 13 = 2e13b13, so 1 + 2∗−2b1 = 2e5−2b5 ⇒

e5 = 2, and 3 + 2∗−2b1 = 2e13−2b13 ⇒ e13 = 2. Since, N + 9 = 2e9b9, so

1 + 2∗−3b1 = 2e9−3b9, if 1 + 2∗−3b1 is odd, then e9 = 3 = ∗, if 1 + 2∗−3b1 = 2mc,

with m ≥ 1 and c odd, then e9 ≥ 4, so e9 = ∗. Therefore, when e1 ≥ 3, then

the pattern is: (B) ∗121 ∗ 121. �

Theorem 4.32 Restrictions on the values of the (bj) for (A) and (C):

b5 = b1 + 2

b9 = b5 + 2

b13 = b9 + 2;

for (B) and (D):

b7 = b3 + 2

b11 = b7 + 2

b15 = b11 + 2,

where (A), (B), (C) and (D) are the patterns in Theorem 4.31 and bj’s are

squarefree numbers in Theorem 4.30.

Proof. For patterns (A) and (C), e1 = e5 = e9 = e13 = 1, so N + 1 = 2b1;

N+5 = 2b5; N+9 = 2b9; and N+13 = 2b13. Therefore, b5 = b1+2; b9 = b5+2;

b13 = b9 + 2.

For patterns (B) and (D), e3 = e7 = e11 = e15 = 1, so N + 3 = 2b3;

N +7 = 2b7; N +11 = 2b11; N +15 = 2b15. Therefore, b7 = b3 +2; b11 = b7 +2;

b15 = b11 + 2. �
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Theorem 4.33 3 | b5; 3 | b11, where b5 and b11 are the squarefree numbers in

Theorem 4.30.

Proof. In a group of 8 odd consecutive integers, each number lies between

powers of 3, 3α with α > 1, we will show that only the first number N1 of such

a group possibly satisfies the following form:

N1 + 1 = 2e1b1

N1 + 3 = 2e3b3

N1 + 5 = 2e5b5

N1 + 7 = 2e7b7

N1 + 9 = 2e9b9

N1 + 11 = 2e11b11

N1 + 13 = 2e13b13

N1 + 15 = 2e15b15

where bj ’s are odd squarefree numbers. Since for other numbers Ni of a group

having above restriction with 2 ≤ i ≤ 8, Ni + k with k = 1, 3, 5, · · ·15 will be

broken by some 3α with α ≥ 2. Therefore, N1 can be expressed as 18N +1 for

some integer N ≥ 0. So, N1 +5 = 2e5b5 becomes 18N +6 = 3(6N +2) = 2e5b5,

so 3 | b5. Similarly, N1 + 11 = 18N + 12 = 3(6N + 4) = 2e11b11, so 3 | b11. �

Theorem 4.34 One or two bj have 5 | bj, where bj’s are the squarefree num-

bers in Theorem 4.30.

Proof. From Theorem 4.30, we can deduce that only the first number 18N +1

with N ∈ Z of a group of 8 successive odd numbers possibly satisfies the

structure in Theorem 4.30. Hence, (18N +1)+1 = 2e1b1 ⇒ 2e1−1b1 = 9N +1 ≡

4N +1 (mod 5); (18N +1)+3 = 2e3b3 ⇒ 2e3−1b3 = 9N +2 ≡ 4N +2 (mod 5);
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(18N +1)+5 = 2e5b5 ⇒ 2e5−1b5 = 9N +3 ≡ 4N +3 (mod 5); (18N +1)+7 =

2e7b7 ⇒ 2e7−1b7 = 9N +4 ≡ 4N +4 (mod 5); (18N +1)+9 = 2e9b9 ⇒ 2e9−1b9 =

9N +5 ≡ 4N (mod 5); (18N +1)+11 = 2e11b11 ⇒ 2e11−1b11 = 9N +6 ≡ 4N +1

(mod 5); (18N + 1) + 13 = 2e13b13 ⇒ 2e13−1b13 = 9N + 7 ≡ 4N + 2 (mod 5);

(18N + 1) + 15 = 2e15b15 ⇒ 2e15−1b15 = 9N + 8 ≡ 4N + 3 (mod 5). There are

5 possibilities about the relation between 5 and bj ’s: (1), if N ≡ 0 (mod 5),

then 5 | b9; (2), if N ≡ 1 (mod 5), then 5 | b1 and 5 | b11; (3), if N ≡ 2 (mod

5), then 5 | b3 and 5 | b13 (mod 5); (4), if N ≡ 3 (mod 5), then 5 | b5 and

5 | b15; (5), if N ≡ 4 (mod 5), then 5 | b7. Therefore, this theorem is true. �

Theorem 4.35 There are infinitely many groups of 8 consecutive odd upper

flat numbers.

Proof. Consider n groups of 8 odd consecutive integers, each lying between

powers of 3, 3α with α > 1. Since a group of upper flat integers can be written

in the form

N + 1 = 2e1b1

N + 3 = 2e3b3

N + 5 = 2e5b5

N + 7 = 2e7b7

N + 9 = 2e1b9

N + 11 = 2e11b11

N + 13 = 2e13b13

N + 15 = 2e15b15

where the bj ’s are odd. The largest number in these groups is 18n − 1. A

group of 8 numbers will have all of the bj ’s squarefree unless one of them is

divisible by a square of an odd prime. If p is a prime and p2 ≤ 18n − 1, then
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the number of odd numbers less than or equal to 18n− 1 all divisible by p2 is

b18n−1
2p2 c. Therefore, S(n), the number of groups of 8 which have all of the bj ’s

squarefree, satisfies

S(n) ≥ n −
√

18n
∑

p=5

18n

2p2

> n − 9n
∞
∑

p=5

1

p2

> n − 9n
1

10

=
n

10
.

So,

lim
n→∞

S(n) = ∞

Therefore, there exist an infinite number of groups of 8 consecutive odd inte-

gers, where bj ’s are squarefree, i.e. upper flat integers. �



Chapter 5

Even 3-perfect numbers of a flat

shape

5.1 Introduction

In this chapter we study even 3-perfect numbers with a flat shape

N = 2ap1 · · · pm,

where a ≥ 1 and p1 < p2 < · · · < pm. All known even 3-perfect numbers

{ci : 1 ≤ i ≤ 6} have a flat shape, (see Table 4.1). If some prime divisors of

N are fixed then there are finitely many even 3-perfect numbers, (Theorem

5.10). If all odd prime divisors of N are super thin primes, and p0 is a prime,

(p1 + 1 = 2a1p0), then N is not a 3-perfect number, (Theorem 5.9). If the

sum of the reciprocals of odd primes of N is greater than 3
5
, then N is not a

3-perfect number, (Theorem 5.8). If N = 2ap1 · · · pmMq1 · · ·Mql
, where pi’s are

super thin primes, pi + 1 = 2aipi−1, (1 ≤ i ≤ m), Mqj
’s are Mersenne primes,

and p0 is one of the Mqj
’s, then the number of such N ’s is finite, (Theorem

5.11). We also provide some special cases and examples.
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5.2 Special cases

In this section, we discuss six special flat patterns. Some of them are not

multiperfect numbers, some of them are only even 3-perfect numbers, and

some are only even perfect numbers. It is convenient to investigate the numbers

which have a flat shape, and we include a case of odd squarefree numbers.

Theorem 5.1 If N = p1 · · · pm, p1 < p2 < · · · < pm are odd primes, then N

is not a multiperfect number.

Proof. Suppose N = p1 · · · pm is a multiperfect number, then N | σ(N),

implies pm | (p1 + 1) · · · (pm + 1). Since p1 < · · · < pm, so all prime factors

of (pi + 1) are no more than pi+1
2

< pm, for all pi’s. Therefore, N is not a

multiperfect number. �

Theorem 5.2 If N = 2p1 · · · pm, and N 6= 6, where m ≥ 1 and

2 < p1 < · · · < pm, then N is not a multiperfect number.

Proof. Suppose N = 2p1 · · · pm is a multiperfect number, then N | σ(N), so

pm | 3(p1 + 1) · · · (pm + 1), since p1 < · · · < pm, so pm - (p1 + 1) · · · (pm + 1), so

pm = 3, but N 6= 6, so N is not a multiperfect number. �

Theorem 5.3 If N = 4p1 · · · pm is a multiperfect number, where m ≥ 1 and

2 < p1 < · · · < pm, then N = 28 is the only one solution.

Proof. Suppose N = 4p1 · · · pm is a k-perfect number, k ≥ 2, then N | σ(N),

so pm | 7(p1+1) · · · (pm+1), since 2 < p1 < · · · < pm, so pm - (p1+1) · · · (pm+1),

so pm = 7. Now there are four possibilities as follows: Case (1), N = 4 · 7;

Case (2), N = 4 · 3 · 5 · 7; Case (3), N = 4 · 3 · 7; Case (4), N = 4 · 5 · 7. By

checking σ(N)
N

, N = 4 · 7 = 28 is the only one solution. �

Theorem 5.4 If N = 2a, then N is not a multiperfect number.
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Proof. Since σ(N) = σ(2a) = 2a+1 − 1 is an odd number, but N = 2a is an

even number, so σ(N)
N

is not an integer. Therefore, N is not a multiperfect

number. �

Theorem 5.5 If N = 2ap1 is a k-perfect number, with a ≥ 1 and p1 is an odd

prime, (k ≥ 2), then k = 2.

Proof. Let N = 2ap1 be a k-perfect number and k 6= 2. Then

σ(N) = (2a+1 − 1)(p1 + 1) = k · 2ap1

implies

(2a+1 − 1)

p1
· (p1 + 1)

2a
= k,

so 2a ≤ p1 + 1 ≤ 2a+1, so 1 ≤ p1+1
2a ≤ 2. Since p1+1

2a is an integer, so we have

the following two cases:

Case (1). If p1+1
2a = 1. Then p1 + 1 = 2a implies 2p1 + 2 = 2a+1, so

2p1 + 1 = 2a+1 − 1 = h1p1, where h1 ≥ 1, so p1(h1 − 2) = 1, so false.

Case (2). If p1+1
2a = 2. Then p1 + 1 = 2a+1, so p1 = 2a+1 − 1, hence k = 2.

�

The following theorem is a particular case of the result of Carmichael [15].

Carmichael proved that if N = 2a1pa2
2 pa3

3 is a multiperfect number, then N is

not a perfect number and there are only two such values of N (120 and 672),

and these are 3-perfect numbers.

Theorem 5.6 If N = 2ap1p2 is a k-perfect number, with k ≥ 2, a ≥ 1, and

p1 < p2 odd primes, then k = 3 and the only two solutions are c1 = 23·3·5 = 120

and c2 = 25 · 3 · 7 = 672.
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Proof.

k =
σ(N)

N

< 2

(

1 + p1

p1

)(

1 + p2

p2

)

≤ 2 · 4

3
· 6

5

< 4.

We get k = 3 or 2. But k 6= 2, by Euler’s Theorem. Therefore, k = 3.

Now σ(N) = 3N and N = 2ap1p2, so

(2a+1 − 1)(p1 + 1)(p2 + 1) = 3 · 2ap1p2.

If 3 - N , then

3 =
σ(N)

N
< 2

(

6

5

)(

8

7

)

< 3,

which is false.

Hence p1 = 3 | N , so

(2a+1 − 1)(3 + 1)(p2 + 1) = 32 · 2ap2,

implies the following three cases:

Case (1). 2a+1 − 1 = 32p2 and p2 + 1 = 2a−2. Then, p2 = 7, so a = 5, so

N = c2 = 25 · 3 · 7.

Case (2). 2a+1 − 1 = p2 and p2 + 1 = 32 · 2a−2. Then, 2a+1 = 32 · 2a−2,

which is false.

Case (3). 2a+1 − 1 = 3p2 and p2 + 1 = 3 · 2a−2. Then, a = 3 and p2 = 5, so

N = c1 = 23 · 3 · 5. �

5.3 Lemmas

Lemma 5.7 Let q1 < q2 < · · · < ql, where qi’s are odd primes, and

Mqi
= (2qi − 1) are primes, i = 1, 2, · · · , l, l ≥ 3. Then

q1 · · · ql > 6 + q1 + · · · + ql.
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Proof. Suppose q1 · · · ql ≤ 6 + q1 + · · ·+ ql.

If l = 3, since Mersenne primes M3 = 7 and M5 = 31, so we have

3 · 5 · q3 ≤ q1 · q2 · q3

≤ 6 + q1 + q2 + q3

≤ 6 + 3q3.

So 15q3 ≤ 6 + 3q3, which implies q3 ≤ 1
2
, a contradiction.

If l ≥ 4, then

2l−1 · ql < q1 · · · ql

≤ 6 + q1 + · · ·+ ql

≤ 6 + l · ql.

So

2 · (2l−1 − l) < ql · (2l−1 − l) < 6

so

2 · (2l−1 − l) < 6

so

2l − 2l < 6

a contradiction for l ≥ 4.

Therefore,

q1 · · · ql > 6 + q1 + · · · + ql.

�

5.4 Results

Theorem 5.8 If
∑m

i=1
1
pi

≥ 3
5
, with distinct odd primes p1 < p2 < · · · < pm,

then any N = 2a · p1 · · · pm with a ≥ 1 is not a 3-perfect number.
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Proof. Let N = 2a · p1 · · · pm be a 3-perfect number, then σ(N) = 3N . Using

Theorems 5.2 and 5.3, we can assume a ≥ 3. We have

2a · 3 · p1 · · · pm = (2a+1 − 1) · (p1 + 1) · · · (pm + 1)

then
(

2 − 1

2a

)(

1 +
1

p1

)

· · ·
(

1 +
1

pm

)

= 3

so

8

5
≥ 3

2 − 1
2a

=
m
∏

i=1

(

1 +
1

pi

)

> 1 +
m
∑

i=1

1

pi

≥ 8

5
,

so a contradiction.

Therefore, N = 2a · p1 · · · pm is not a 3-perfect number. �

Theorem 5.9 If N = 2ap1 · · · pm, with a ≥ 1, pi + 1 = 2aipi−1, ai ≥ 1, where

pi is an odd prime for 1 ≤ i ≤ m and p0 is a prime. Then N is not a 3-perfect

number.

Proof. Suppose N is a 3-perfect number. Then, σ(N) = 3N . We get

σ(N) = (2a+1 − 1)(p1 + 1) · · · (pm + 1)

= (2a+1 − 1)2(
∑m

i=1 ai)p0 · · ·pm−1

= 3 · 2ap1 · · · pm

implies

a =
m
∑

i=1

ai

and

(2a+1 − 1)p0 = 3pm.

If p0 = 3, then pm = 2a+1 − 1, so pm + 1 = 2a+1, but pm + 1 = 2ampm−1, where

pm−1 is an odd prime, so a contradiction.

If p0 = pm. From pi + 1 = 2aipi−1, we know p0 < p1 < · · · < pm. So

pm = p0 < pm, which is again a contradiction.
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Therefore, N = 2ap1 · · · pm, with the above conditions is not a 3-perfect

number. �

Theorem 5.10 If N = 2ep0p1 · · · pm is 3-perfect, where the pi’s are odd, dis-

tinct primes, then any N ′ = 2fp0p1 · · · pmpm+1, and N ′′ = 2gp0p1 · · · pmpm+1 · · · pl,

where e ≥ 1; f ≥ 1; g ≥ 1; m ≥ 0; pi + 1 = 2aipi−1, ai ≥ 1, i = 1, 2, · · · , and

p0 is a Mersenne prime, then N ′ and N ′′ are not 3-perfect numbers.

Proof. Since N = 2ep0p1 · · · pm is a 3-perfect number, then

σ(N) = σ(2e)σ(p0)σ(p1) · · ·σ(pm)

= (2e+1 − 1)(p0 + 1)(p1 + 1) · · · (pm + 1)

= (2e+1 − 1)2a02a1p0 · · · 2ampm−1

= 3N

= 3 · 2ep0p1 · · · pm

implies

e = a0 + a1 + · · ·+ am,

and

2e+1 − 1 = 3pm.

Suppose N ′ = 2fp0p1 · · · pmpm+1 is a 3-perfect number, then

σ(N ′) = σ(2f)σ(p0)σ(p1) · · ·σ(pm)σ(pm+1)

= (2f+1 − 1)(p0 + 1)(p1 + 1) · · · (pm + 1)(pm+1 + 1)

= (2f+1 − 1)2(a0+a1+···+am+am+1)p0p1 · · · pm−1pm

= 3N ′

= 3 · 2fp0p1 · · ·pmpm+1

implies

f = a0 + a1 + · · ·+ am + am+1

= e + am+1,
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and

2f+1 − 1 = 2(e+1+am+1) − 1

= 3pm+1

= 3(2am+1pm − 1)

= 3pm2am+1 − 3

= (2e+1 − 1)2am+1 − 3

= 2(e+1+am+1) − 2am+1 − 3

implies

2am+1 + 2 = 0,

so a contradiction. Therefore, N ′ is not a 3-perfect number.

Suppose N ′′ = 2gp0p1 · · · pmpm+1 · · ·pl is a 3-perfect number, then

σ(N ′′) = (2g+1 − 1)2(a0+a1+···+al)p0p1 · · ·pl−1

= 3N ′′

= 3 · 2gp0p1 · · ·pmpm+1 · · · pl−1pl

implies

g = (a0 + a1 + · · ·+ am) + am+1 + · · ·+ al

= e + am+1 + · · · + al,

and

2g+1 − 1 = 3pl.
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So

2g+1 − 1 = 3(2alpl−1 − 1)

= 3 · 2alpl−1 − 3

= 3 · 2al(2al−1pl−2 − 1) − 3

= 3 · 2(al+al−1+···+am+1)pm − 3y − 3 (for some y ∈ Z+)

= (2e+1 − 1)2(al+al−1+···+am+1) − 3y − 3

= 2g+1 − 2(al+al−1+···+am+1) − 3y − 3,

implies

3y + 2 + 2(al+al−1+···+am+1) = 0,

so a contradiction. Therefore, N ′′ is not 3-perfect. �

Theorem 5.11 Let N = 2ap1 · · ·pmMq1 · · ·Mql
, where pi+1 = 2aipi−1, ai ≥ 1,

i = 1, 2, · · · , m; Mqj
’s are Mersenne primes; p0 is one of Mqj

’s.

For given a, then there are only finitely many 3-perfect numbers of the above

shape N .

Proof. Let N = 2ap1 · · · pmMq1 · · ·Mql
be a 3-perfect number. We have

σ(N) = σ(2a)σ(p1) · · ·σ(pm)σ(Mq1) · · ·σ(Mql
)

= (2a+1 − 1)(p1 + 1) · · · (pm + 1)(Mq1 + 1) · · · (Mql
+ 1)

= (2a+1 − 1)2(
∑m

i=1 ai+
∑l

j=1 qj)p0 · · · pm−1

= 3N

= 3 · 2ap1 · · ·pm

l
∏

j=1

Mqj
.

So

a + 1 =
m
∑

i=1

ai +
l
∑

j=1

qj + 1

and

(2a+1 − 1)p0 = 3pm

l
∏

j=1

Mqj
.
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Say p0 = Mq1 , then

2a+1 − 1 = 3pm

l
∏

j=2

Mqj
.

Since 1 ≤ a < +∞, so 2a+1 − 1 < +∞, and thus the numbers of pm and Mqj
’s

are limited, (j = 1, 2, · · · , l). So there are finitely many 3-perfect numbers N

of the shape given above. �

Theorem 5.12 Let N = 2ap1p2 · · ·pm be a 3-perfect number, with a even, and

p1 < p2 < · · · < pm odd primes. If 3 | N , then 9 - pm + 1.

Proof. Let N be 3-perfect number, and a = 2b, then σ(N) = 3N . Because

3 | N , we have p1 = 3. Then

σ(N) = (22b+1 − 1)(3 + 1)(p2 + 1) · · · (pm + 1)

= 22b32p2 · · · pm,

so

(22b+1 − 1)4(p2 + 1) · · · (pm + 1) = 22b32p2 · · · pm.

Suppose 9 | pm + 1, then 3 - pj + 1, (2 ≤ j ≤ m − 1), so pm ≡ 2 (mod 3), and

for 2 ≤ j ≤ m − 1, pj ≡ 1 (mod 3).

Since pm - pi + 1, 1 ≤ i ≤ m, so pm | 22b+1 − 1. So

22b+1 − 1 = pm

∏

j∈S

pj,

for some subset S, where S ⊂ {2, · · · , m − 1}.

Since 22b+1 − 1 ≡ 1 (mod 3), and pm

∏

j pj ≡ 2 (mod 3), we obtain a

contradiction. Therefore 9 - pm + 1. �

Proposition 5.13 Let N = 2ap1p2 · · · pm be a 3-perfect number, with a even,

and p1 < p2 < · · · < pm odd primes. Then not all prime factors of σ(2a) are

Mersenne primes.
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Proof. Let N be 3-perfect number and a = 2b. Then σ(N) = 3N so

σ(N) = (22b+1 − 1)(p1 + 1)(p2 + 1) · · · (pm + 1)

= 3 · 22bp1p2 · · · pm.

Suppose all prime factors of 22b+1 − 1 are Mersenne primes.

Since p1 < p2 < · · · < pm, so pm - pi + 1, for all 1 ≤ i ≤ m, so pm | 22b+1 − 1,

so pm is a Mersenne prime, then pm + 1 = 2am . Similarly, pm−1 - pi + 1,

for 1 ≤ i ≤ m − 1, and pm−1 | 22b+1 − 1, so pm−1 is a Mersenne prime. By

induction, p1, · · · , pm−2 are prime factors of 22b+1 − 1, then they are Mersenne

primes, so 3 does not divide the left hand side of the above equation. But 3

divides the right hand side of the equation, which is a contradiction.

Therefore, not all prime factors of 22b+1 − 1 are Mersenne primes. �

Similarly we can show the following property:

Proposition 5.14 Let N = 2ap1p2 · · · pm be a 3-perfect number, with a even,

and p1 < p2 < · · · < pm odd primes. Then the maximum non-Mersenne prime

factor of N divides σ(2a).

Lemma 5.15 If N is a flat 3-perfect number with odd exponent and 3 - N

then every odd prime divisor of N is congruent to 1 modulo 3.

Proof. Let N be flat and 3-perfect with N = 2a ·p1 · · · pm, where the exponent

a is odd, and suppose that 3 - N . Then

3 · 2a · p1 · · · pm = σ(2a) · (p1 + 1) · · · (pm + 1). (5.1)

Since a is odd and 22 ≡ 1 (mod 3), so σ(2a) = 2a+1 − 1 ≡ 0 (mod 3). There-

fore

2a · p1 · · · pm =
σ(2a)

3
(p1 + 1) · · · (pm + 1). (5.2)

Since 3 - N , so all of the prime factors pi’s are not 3, i = 1, 2, · · · , m.
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If there exists a prime factor pi of N with pi ≡ 2 (mod 3), for some i ∈

{1, 2, · · · , m}, then in the right hand side of equation (5.2), (pi + 1) ≡ 0 (mod

3), giving 3 | N , a contradiction. �

Theorem 5.16 Let N be flat and 3-perfect with exponent a and length m and

with 3 - N . If a 6≡ 1 (mod 12) then a is even. If a ≡ 1 (mod 12) then m is

odd and every odd prime divisor of N is congruent to 1 modulo 3.

Proof. See Chapter 6 (Section 6.3, after Theorem 6.11). �

5.5 Examples

Example 5.1 If N = 2a · 23, then N is not a 3-perfect number.

Proof. Suppose N is 3-perfect, then σ(N) = 3N , so

σ(N) = (2a+1 − 1) · 23 · 3

= 3N

= 3 · 2a · 23.

So

2a+1 − 1 = 23 · 2a−3. (5.3)

Since the left hand side of equation (5.3) is odd, so a = 3, so 23 = 24 − 1 is a

contradiction. Therefore, N = 2a · 23 is not 3-perfect. �

Example 5.2 If N = 2a · 3 · 23, then N is not a 3-perfect number.

Proof. Suppose N is 3-perfect, then σ(N) = 3N , so

σ(N) = (2a+1 − 1) · 22 · 23 · 3

= 3N

= 3 · 2a · 3 · 23.
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So

2a+1 − 1 = 2a−5 · 3 · 23. (5.4)

Since the left hand side of equation (5.4) is odd, so a = 5, so 26 − 1 = 3 · 23 is

a contradiction. Therefore, N = 2a · 3 · 23 is not a 3-perfect number. �

Example 5.3 If N = 2a · 3 · 23 · 7 · 31, then N is not a 3-perfect number, for

any a ≥ 1.

Proof. Suppose N is a 3-perfect number, then σ(N) = 3N , so

σ(N) = (2a+1 − 1) · 22 · 23 · 3 · 23 · 25

= 3N

= 3 · 2a · 3 · 23 · 7 · 31.

So

2a+1 − 1 = 2a−13 · 3 · 23 · 7 · 31 (5.5)

implies a = 13 and 214 − 1 = 3 · 43 · 127 6= 3 · 23 · 7 · 31, so a contradiction.

Therefore, N = 2a · 3 · 23 · 7 · 31 is not a 3-perfect number. �

Example 5.4 If N = 2a · 13 · 7, then N is not a 3-perfect number.

Proof. Suppose N is 3-perfect, then σ(N) = 3N , so

σ(N) = (2a+1 − 1) · 2 · 7 · 23

= 3N

= 3 · 2a · 13 · 7.

So

2a+1 − 1 = 2a−4 · 3 · 13 (5.6)

implies a = 4 and 25 − 1 = 31 6= 3 · 13, so a contradiction. Therefore,

N = 2a · 13 · 7 is not a 3-perfect number. �
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Example 5.5 If N = 2a · 13 · 7 ·Mp, where Mp is a Mersenne prime, then N

is not a 3-perfect number.

Proof. Suppose N is a 3-perfect number, then σ(N) = 3N , so

σ(N) = (2a+1 − 1) · 2 · 7 · 23 · 2p

= 3N

= 3 · 2a · 13 · 7 · Mp.

So

2a+1 − 1 = 2a−4−p · 3 · 13 · Mp (5.7)

implies a = 4 + p, and

25+p − 1 = 3 · 13 · Mp

= 3 · 13 · (2p − 1).

So

2p =
38

7

a contradiction. Therefore, N = 2a · 13 · 7 · Mp is not a 3-perfect number. �

Example 5.6 If N = 2a ·79 ·5 ·Mp ·Mq, where Mp, Mq are distinct Mersenne

primes, then N is not a 3-perfect number.

Proof. Suppose N is a 3-perfect number, then σ(N) = 3N , so

σ(N) = (2a+1 − 1)24 · 5 · 2 · 3 · 2p · 2q

= 3N

= 3 · 2a · 79 · 5 · Mp · Mq.

So

2a+1 − 1 = 2a−5−p−q · 79 · Mp · Mq (5.8)
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implies a = 5 + p + q and

2a+1 − 1 = 26+p+q − 1

= 79 · Mp · Mq

= 79 · (2p − 1)(2q − 1).

Since p, q are odd, so 3 | (26+p+q − 1) implies 3 | 79 · (2p − 1)(2q − 1), so a

contradiction. Therefore, N = 2a · 79 · 5 ·Mp ·Mq is not a 3-perfect number. �

Example 5.7 If N = 2a · 79 · 5 · Mq1 · · ·Mql
, where l is odd, and Mqi

are

Mersenne primes, i = 1, · · · , l. Then, N is not a 3-perfect number.

Proof. Suppose N is a 3-perfect number, then we can get

26+q1+···+ql − 1 = 79 ·
l
∏

i=1

(2qi − 1)

Since

2r − 1 | 2s − 1 ⇔ r | s

so

qj | 6 +

l
∑

i=1

qi

where j = 1, · · · , l. So
l
∏

j=1

qj · x = 6 +

l
∑

i=1

qi

where x is a positive integer. So

q1 · · · ql ≤ 6 + q1 + · · · + ql.

By Lemma 5.7, this is a contradiction. Therefore, N = 2a · 79 · 5 · Mq1 · · ·Mql

is not a 3-perfect number. �

Example 5.8 If N = 2a ·5 ·19 ·37 ·73 ·9343, then N is not a 3-perfect number.
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Proof. Suppose N is a 3-perfect number, then

σ(N) = (2a+1 − 1) · 2 · 3 · 22 · 5 · 2 · 19 · 2 · 37 · 27 · 73

= 3N

= 3 · 2a · 5 · 19 · 37 · 73 · 9343,

implies

(2a+1 − 1) · 212 = 2a · 9343,

implies a = 12, and 2a+1 − 1 = 213 − 1 = 8191 6= 9343, so a contradiction.

Therefore, N is not a 3-perfect number. �

Example 5.9 If N = 2a · 5 · 19 · 37 · 73 · 9343 · p1 · · · pm, where pi + 1 = 2ai · qi,

(i = 1, 2, · · · , m), pi’s are distinct, with pi’s, qi’s odd primes, and pi 6=

5, 19, 37, 73, 9343, then N is not a 3-perfect number, for any a ≥ 1.

Proof. Let p1 < p2 < · · · < pm. Suppose N is a 3-perfect number, then

σ(N) = (2a+1 − 1) · 2 · 3 · 22 · 5 · 2 · 19 · 2 · 37 · 27 · 73 · 2a1 · q1 · · · 2am · qm

= (2a+1 − 1) · 212+
∑m

i=1 ai · 3 · 5 · 19 · 37 · 73 ·
m
∏

i=1

qi

= 3N

= 3 · 2a · 5 · 19 · 37 · 73 · 9343 ·
m
∏

i=1

pi,

implies

(2a+1 − 1) · 212+
∑m

i=1 ai ·
m
∏

i=1

qi = 2a · 9343 ·
m
∏

i=1

pi

implies

a = 12 +

m
∑

i=1

ai

and

ω((2a+1 − 1)
m
∏

i=1

qi = ω(9343 ·
m
∏

i=1

pi) = m + 1,

so

ω(2a+1 − 1) = 1.
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Since

pm -
m
∏

i=1

qi,

so

pm = 2a+1 − 1,

but

pm = 2amqm − 1,

implies qm = 1, so a contradiction. Therefore, N is not a 3-perfect number. �

Example 5.10 Let N = 2a · (3 ·5 ·19 ·37 ·73 ·9343) · (7 ·13 ·103 ·823) · (31 ·61 ·

487) · (127 ·4261412863) · (8191 ·16381) · (131071 ·4194271) · (524287 ·1048573),

where a ≥ 1, then N is not a 3-perfect number.

Proof. Suppose N is a 3-perfect number, then σ(N) = 3N .

σ(N) = (2a+1 − 1)(214 · 3 · 5 · 19 · 37 · 73)(210 · 7 · 13 · 103)(29 · 31 · 61)

(232 · 127)(214 · 8191)(222 · 131071)(220 · 524287)

= 3 · 2a · (3 · 5 · 19 · 37 · 73 · 9343)(7 · 13 · 103 · 823)(31 · 61 · 487)

(127 · 4261412863)(8191 · 16381)(131071 · 4194271)(524287 · 1048573),

then

(2a+1 − 1) · 2121 = 3 · 2a · 9343 · 823 · 487 · 4261412863 ·

16381 · 4194271 · 1048573

implies a = 121, then

2122 − 1 = 3 · 9343 · 823 · 487 · 4261412863 ·

16381 · 4194271 · 1048573,

so a contradiction. So N is not a 3-perfect number. �



Chapter 6

Even perfect numbers of

abundancy 4

6.1 Introduction

In this chapter the known set of 4-perfect numbers, in particular those having

a flat shape, will be discussed [13]. We begin with observations based on the

structure of the known thirty-six 4-perfect numbers. Eight phenomena are

presented in Section 6.2, but we are not able to prove all of these properties.

The structure of 4-perfect numbers with a flat shape N = 2ap1 · · · pm is con-

sidered. Only the 7th 4-perfect number d7 = 28 · 3 · 5 · 7 · 19 · 37 · 73 and the

10th 4-perfect number d10 = 214 · 3 · 5 · 7 · 19 · 31 · 151 have a flat shape. We

can show that the exponent of 2 in a 4-perfect number is not congruent to 3

(mod 4), not congruent to 5 (mod 6), not congruent to 9 (mod 10), (Lemma

6.2), not congruent to 9 (mod 12) (Lemma 6.6). Therefore, we can show that

if the exponent of 2 is not congruent to 1 (mod 12), then it is even (Theorem

6.9). The length m of a flat 4-perfect number is also discussed (in Lemmas 6.1,

6.7 and 6.8, Theorem 6.9). Furthermore, we provide a more general result for

4-perfect numbers with a shape N = 2apa1
1 · · · pam

m . Under some conditions, N
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is divisible by 3 (Theorem 6.4). The structure of σ(2a) is described (in The-

orems 6.3, 6.10 and 6.11). Theorem 6.12 shows that if all odd prime divisors

of N are Mersenne primes, where N is even, flat and multiperfect, then N is

perfect.

6.2 Observations

At the end of this chapter the list of all of the 4-perfect numbers is given, d1

through d36, which have been discovered up until the date of writing this thesis

[90]. Below are some observations based on this list. These are easy to make,

but most appear to be quite difficult in general to resolve. Here N is a generic

4-perfect number.

Observations:

(1) 4 | N .

(2) 3 | N .

(3) The power of the largest prime divisor of N is 1.

(4) There are only two numbers N with shape 2a · p1 · · · pm.

(5) The largest prime always occurs in the factorization of σ(2e).

(6) Primes with odd discrete powers to the base 2 always appear in the

factorization of σ(2e) which consists exactly of those primes.

(7) The number of Mersenne primes in N is exactly the number of distinct

primes in the factorization of σ(2e).

(8) Each odd prime which appears in N is super thin.

In Theorem 6.11 of this chapter we prove that for any number N = 2ab with

b an odd positive integer, then not all of prime factors of σ(2a) are Mersenne

primes, provided σ(2a) is not a prime and a 6= 5. In Chapter 5, we obtained a

similar result in Proposition 5.13, but in that case where N = 2ap1 · · · pm is a

3-perfect number with a even and the pi’s are distinct odd primes.
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6.3 Lemmas and theorems

First we show that if the number N has a flat shape, then the power of 2

“determines” the number.

Lemma 6.1 If a ≥ 1 is fixed, then there exists at most one 4-perfect number

of shape 2ap1 · · · pm, where p1 < p2 < · · · < pm are distinct odd primes, and

then 3 ≤ m ≤ a + 2.

Proof. Let N1 = 2a · b1 and N2 = 2a · b2, where the bi are odd and squarefree.

Then

σ(N1) = σ(2a)σ(b1) = 2a+2b1

implies σ(2a) | b1. Similarly σ(2a) | b2 and b1/b2 = σ(b1)/σ(b2), therefore

b1σ(b2) = b2σ(b1).

If b1 6= b2, let b1 = c · p1 · · · pm, b2 = c · q1 · · · ql where none of the primes pi

equal any of the primes qj . Then

p1 · · · pm(q1 + 1) · · · (ql + 1) = q1 · · · ql(p1 + 1) · · · (pm + 1).

If p is the maximum prime in the set {pi, qj}, then p divides one side of this

equation but not the other. Hence b1 = b2.

Derivation of the bounds on m:

Let N = 2ap1 · · · pm be a 4-perfect number, and σ(N) = 4N .

Suppose m = 1, then

σ(N) = (2a+1 − 1)(p1 + 1)

= 2a+2p1.

Since (p1 +1) - p1, p1 is a Mersenne prime, so p1 +1 = 2a+2, and p1 = 2a+1 − 1,

so a + 2 = a + 1, which is a contradiction. So, m 6= 1.
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Suppose m = 2, then

σ(N) = (2a+1 − 1)(p1 + 1)(p2 + 1)

= 2a+2p1p2.

Assume p1 + 1 = 2a1q1 · · · ql, where the qj ’s are primes, 1 ≤ j ≤ l.

So qj < p1 < p2, so qj = 2, so p1 is a Mersenne prime. Let p1 + 1 = 2a1 .

Since (p2 + 1) - p1 and (p2 + 1) - p2, so (p2 + 1) | 2a+2, so p2 is also a

Mersenne prime. Let p2 + 1 = 2a2 . So

(2a+1 − 1)2(a1+a2) = 2a+2(2a1 − 1)(2a2 − 1)

So, a1 + a2 = a + 2, a1 < a2, a1 | a + 1, and a2 | a + 1 imply

a1a2 ≤ a + 1 < a + 2 = a1 + a2,

So, a1 = 1, and thus p1 = 1, which is a contradiction. So m ≥ 3.

Since N = 2ap1 · · · pm is a 4-perfect number, so

σ(2ap1 · · · pm) = 4 · 2ap1 · · · pm,

so

(2a+1 − 1)

(

p1 + 1

2

)

· · ·
(

pm + 1

2

)

= 2a+2−mp1 · · · pm,

so

a + 2 − m ≥ 0

Therefore, 3 ≤ m ≤ a + 2. �

Now we show that there are restrictions on a for N = 2ap1 · · · pm to be

4-perfect.

Lemma 6.2 Let the 4-perfect number N have shape 2ap1 · · · pm with

p1 < p2 < · · · < pm distinct odd primes, then a 6≡ 3 (mod 4); a 6≡ 5 (mod 6);

and a 6≡ 9 (mod 10).
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Proof. (1) Let a ≡ 3 (mod 4) and N = 2ap1 · · · pm. Since 4 | a + 1 we have

15 = σ(23) | σ(2a) so we can write

(2a+1 − 1)(p1 + 1) · · · (pm + 1) = 2a+2p1 · · · pm,

15 · 2a+1 − 1

15
(p1 + 1) · · · (pm + 1) = 2a+23 · 5 · p3 · · ·pm,

15 · 2a+1 − 1

15
· 22 · 2 · 3 · (p3 + 1) · · · (pm + 1) = 2a+23 · 5 · p3 · · ·pm,

and therefore 32 divides the right hand side, a contradiction, showing that

a 6≡ 3 (mod 4).

(2) Let a ≡ 5 (mod 6) and N = 2ap1 · · ·pm be a 4-perfect number. So

(2a+1 − 1)(p1 + 1) · · · (pm + 1) = 2a+2p1 · · · pm.

Since a + 1 ≡ 0 (mod 6), so 5 + 1 | a + 1, so

63 = 32 · 7 = σ(25) | σ(2a) = 2a+1 − 1.

So, 32 | p1 · · · pm, which is a contradiction. Therefore, a 6≡ 5 (mod 6).

(3) Let a ≡ 9 (mod 10) and N = 2ap1 · · · pm be a 4-perfect number. So

10 | a + 1, then σ(29) | σ(2a), so 3 · 11 | σ(2a), and thus p1 = 3, pj = 11. So

σ(2a)(p1 + 1) · · · (pj + 1) · · · (pm + 1) = 2a+23 · · ·11 · · ·pm

implies

σ(2a)

3 · 11
· 22 · · · 22 · 3 · · · (pm + 1) = 2a+2 · p2 · · · pj−1 · pj+1 · · · pm

so 3 | p2p3 · · · pj−1pj+1 · · · pm, which is a contradiction. Therefore, a 6≡ 9 (mod

10). �

Now we show that all primes appearing in a flat 4-perfect number are in fact

super flat.
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Theorem 6.3 Let a ≥ 1. If there exist odd primes p1, · · · , pm such that

N = 2ap1 · · ·pm is 4-perfect then σ(2a) is squarefree and each of its prime fac-

tors is a super flat prime, such that (qi + 1, qj + 1) = 2b, where qi and qj are

distinct prime factors of σ(2a), b ≥ 1.

Proof. Let N = 2ap1 · · ·pm be a 4-perfect number, where the pi’s are odd

primes, (i = 1, · · ·m). Then σ(N) = 4N , so

σ(2a)σ(p1 · · · pm) = 2a+2p1 · · · pm,

since p1 · · ·pm is squarefree and σ(2a) is odd, we have σ(2a) | p1 · · · pm, so σ(2a)

is squarefree.

Since σ(pi) = pi + 1, and σ(pi) | 2ap1 · · · pm, so pi + 1 = 2ai
∏

j∈I pj, where

I ⊆ {1, · · · , m}, and j 6= i, so pi is a super flat prime.

Suppose there are at least two distinct prime factors qi and qj of σ(2a),

such that (qi + 1, qj + 1) = 2bc and (2, c) = 1 with c ≥ 3.

Since c | qi +1 and c | qj +1, so c2 | (qi +1)(qj +1) | σ(N), so c2 | N , which

is a contradiction. Therefore, (qi + 1, qj + 1) = 2b, b ≥ 1. �

Although the table of examples suggests that all even multiperfect numbers of

abundancy 4 are divisible by 3, we are not able to show this completely, but

have the following conditions:

Theorem 6.4 Let N be 4-perfect and even and let N = 2apα1
1 · · · pαm

m be its

standard prime factorization. Then in the following three cases N is divisible

by 3:

(A) If a is odd,

(B) If there exists an i with αi odd and pi ≡ 2 (mod 3),

(C) If there exists an i with αi ≡ 2 (mod 3) and pi ≡ 1 (mod 3).

If 3 | N with a even then necessarily at least one of (B) or (C) hold.
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Proof. (A) If N = 2a · pα1
1 · · · pαm

m and a is odd, then since

(2a+1 − 1)σ(pα1
1 ) · · ·σ(pαm

m ) = 2a+2pα1
1 · · ·pαm

m

and 3 | 2a+1 − 1, one of the pi must be 3, so 3 | N .

(B) If one of the αi is odd and the corresponding pi ≡ 2 (mod 3), then,

since 2 | αi + 1, by Lemma 2.1, 1 + pi | σ(pαi
i ), so again 3 | N .

(C) Let us suppose that 3 does not divide N . Let b = pα1
1 · · · pαm

m so 3 - b.

And, because of point (A) we may assume that a is even. Then the hypothesis

σ(N) = 4N gives

(2a+1 − 1)σ(b) = 2a+2b

which implies

σ(b) = 2b +
2b

2a+1 − 1
.

Suppose b ≡ 2 ( mod 3). Then since each divisor d of b satisfies 3 - d, each sum

b/d + d ≡ 0 (mod 3). But from the equation above, σ(b) ≡ 0 (mod 2), so,

since each divisor of b is odd, b has an even number of divisors. Arrange them

in pairs {b/d, d} and add to show that 3 | σ(b) leading to 3 | b, a contradiction.

This means b ≡ 1 (mod 3). Then by the given hypothesis and definition

of b, there is a pi ≡ 1 (mod 3) and, by (B) if any of the pi ≡ 2 (mod 3), then

its corresponding αi is even (otherwise 3 | b).

Now consider the equation σ(N) = 4N :

(2a+1 − 1)σ(pα1
1 ) · · ·σ(pαm

m ) = 2a+2 · b

with a even, and take this equation modulo 3. This leads to

(1 + α1) · · · (1 + αl) ≡ 1 (mod 3),

where, if needed, we have reordered the αi to place the non-empty set of

those with pi ≡ 1 (mod 3) first. But given an αi ≡ 2 (mod 3) we obtain

0 ≡ 1 (mod 3), a contradiction which implies therefore 3 | b, so finally 3 | N .
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For the necessary condition assume N = 22a ·pα1
1 · · · pαm

m and 3 | N . Because

22a+1 − 1 ≡ 1 (mod 3) we must have an i with 3 | σ(pαi
i ). If exp3 pi = 1 if

and only if pi ≡ 1 (mod 3), we must have, by Theorem 3.3, 3 | αi + 1 so

αi ≡ 2 (mod 3) which is (C). If however exp3 pi = 2 then 3 - pi − 1 and

3 | p2
i − 1, so we must have 2 | αi + 1 so αi is odd and pi ≡ 2 (mod 3), which

is (B). �

Note that, in greater generality than Lemma 6.1, we have the following The-

orem 6.5:

Theorem 6.5 If a is powerful, then there exists at most one squarefree number

b such that N = ab is multiperfect with (a, b) = 1 of any given fixed abundancy

k, (k ≥ 2).

Proof. Assume both N1 = ab1 and N2 = ab2 are k-perfect numbers, where b1

and b2 are two distinct squarefree numbers.

Let b1 = cp1p2 · · · pm, b2 = cq1q2 · · · ql, where c ≥ 1 is squarefree, and

p1 < p2 < · · · < pm, q1 < q2 < · · · < ql, pi’s and qj ’s are odd distinct primes.

Since N1 and N2 are k-perfect, so σ(N1) = kN1 and σ(N2) = kN2, which

implies,

σ(acp1 · · · pm)

acp1 · · · pm
=

σ(acq1 · · · ql)

acq1 · · · ql
.

Since (a, b1) = 1, (a, b2) = 1, (c,
∏m

i=1 pi) = 1, (c,
∏l

j=1 qj) = 1, so we have

σ(p1) · · ·σ(pm)

p1 · · · pm
=

σ(q1) · · ·σ(ql)

q1 · · · ql
,

so,

(p1 + 1) · · · (pm + 1)q1 · · · ql = (q1 + 1) · · · (ql + 1)p1 · · ·pm. (6.1)

Since p1 < · · · < pm, then pm - pi + 1, for all i, (i = 1, 2, · · · , m).

Since pi 6= qj , for all i and j, then pm - qj, for all j, (j = 1, 2, · · · , l).

So the left hand side of equation (6.1) does not divide by pm, which is a

contradiction. Therefore, b1 = b2.
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This completes the proof of this Theorem. �

Note: Using the same method as in Lemma 6.2 above we can show that all

indices a with a ≡ j ( mod j+1) for 15 ≤ j ≤ 50 do not give rise to a 4-perfect

number of the flat shape.

A superficially more straight forward approach to this problem involves the

simple relationship between perfect numbers of abundancy 3 and 4: If 3 - m

then m is 3-perfect if and only if 3m is 4-perfect. However, to succeed with

this approach, we need to assume the table of the six known 3-perfect numbers

is complete, and we are not able to do this.

We now develop another restriction on the exponent a.

Lemma 6.6 Let N be flat and 4-perfect with exponent a and length m. Then

a 6≡ 9 (mod 12).

Proof. Let σ(N) = 4N and a = 12b + 9 with b ≥ 0, then

σ(N) = σ(2a)σ(p1) · · ·σ(pm)

= (2a+1 − 1)(p1 + 1) · · · (pm + 1)

= (26b+5 + 1)(26b+5 − 1)(p1 + 1) · · · (pm + 1)

= 212b+11p1p2 · · · pm.

If for any i, (2 ≤ i ≤ m), pi ≡ 2 (mod 3), then 3 | pi + 1, implies N has too

many 3’s. So we can say pi ≡ 1 (mod 3), for all i, (2 ≤ i ≤ m).

Since

26b+5 + 1 = 3(21x + 11) = 3(3y + 2),

then p1 = 3, and 3y + 2 is the product of some prime factors of N . So

3y + 2 =
∏

i∈I pi, where I = {2, 3, · · · , m}. Since 3y + 2 ≡ 2 (mod 3), but

∏

i∈I pi ≡ 1 (mod 3), so a contradiction.

Therefore, N is not a 4-perfect number, if a ≡ 9 (mod 12). �
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Lemma 6.7 Let N be flat, 4-perfect with exponent a, N = 2ap1 · · · pm. If

a ≡ 1 (mod 12) then 3 | N , for 2 ≤ i ≤ m, pi ≡ 1 (mod 3), and m is even.

Proof. Suppose a = 12b + 1, b ≥ 0. We can assume b ≥ 1 by Theorem 5.2.

Because σ(N) = 4N we have

σ(N) = (212b+2 − 1)(p1 + 1)(p2 + 1) · · · (pm + 1)

= 212b+3p1p2 · · · pm, and

σ(2a) = 212b+2 − 1

= 3(21x + 1)

= 3(3y + 1),

where x = 212b−4 + 212b−10 + · · · + 22 and y = 7x.

So, p1 = 3, and

(212b+2 − 1)

3
(p2 + 1) · · · (pm + 1) = 212b+1p2 · · · pm (6.2)

If any pi ≡ 2 (mod 3), with 2 ≤ i ≤ m, then pi + 1 ≡ 0 (mod 3), implies

there would be too many 3’s, so for all i with 2 ≤ i ≤ m, we must have

pi ≡ 1 (mod 3). Now taking the equation (6.2) modulo 3, we get

m
∏

i=2

(pi + 1) ≡ 2m−1 ≡ 2a ≡ 2 (mod 3)

and therefore 2m ≡ 1 (mod 3) so m must be even. �

Lemma 6.8 Let N be flat and 4-perfect with even exponent and suppose also

3 - N . Then the length of N is even.

Proof. Let N = 2ap1 · · · pm and a = 2b. Since 3 - N , for 1 ≤ i ≤ m each

pi ≡ 1 (mod 3), and if 2βi‖pi + 1, since (pi + 1)2−βi is a product of primes

congruent to 1 modulo 3, it must also be congruent to 1 modulo 3. Thus each

βi is odd. Since β1 + · · ·+ βm = 2b + 2, m must be even. �
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Theorem 6.9 Let N be flat and 4-perfect with exponent a and length m. If

a 6≡ 1 (mod 12), then a is even. If a is even and 3 - N then m is also even.

If a ≡ 1 (mod 12) then 3 | N and m is even.

Proof. Suppose N = 2ap1p2 · · · pm is a 4-perfect number. By Lemma 6.2, we

know a 6≡ 5 (mod 6), which implies a 6≡ 5 (mod 12) and a 6≡ 11 (mod 12).

By Lemma 6.6 a 6≡ 9 (mod 12). By Lemma 6.2 again, since a 6≡ 3 (mod 4),

we have a 6≡ 3 (mod 12) and a 6≡ (7 mod 12). Therefore, since by hypothesis

a 6≡ 1 (mod 12), a must be even. By Lemma 6.8 if a is even and 3 - N , then

m is even. By Lemma 6.7 if a ≡ 1 (mod 12) then 3 | N and m is even. �

Theorem 6.10 Let N = 2ap1p2 · · · pm be 4-perfect, where p1 < p2 < · · · < pm

are odd primes, a = 2b+1, and b ≥ 1. If 2b+1−1 is prime, then 2b+1−1 = pm.

Proof. Case 1. Suppose 2b+1−1 = pm−1, then pm | 2b+1 +1 = pm−1 +2. Since

pm−1 + 2 ≤ pm, so pm = pm−1 + 2, so pm = 2b+1 + 1, but this is impossible,

since 3 | 2b+1 + 1.

Case 2. Suppose 2b+1 − 1 = pj , for some j with 1 ≤ j ≤ m − 2, then

pm | 2b+1 + 1, so pm ≤ pj + 2, but pj + 2 < pm, so a contradiction.

Combining Case 1 and Case 2, if 2b+1 − 1 is a prime, then 2b+1 − 1 = pm.

�

Theorem 6.11 If 2a+1 − 1 is not a prime, where a 6= 5 is a positive integer,

then not all of its prime factors are Mersenne primes.

Proof. Suppose all prime factors of 2a+1 − 1 are Mersenne primes. Then for

m ≥ 2,

2a+1 − 1 = (2r1 − 1)(2r2 − 1) · · · (2rm − 1). (6.3)

By the primitive divisor theorem [86, (3.17), p20.], since a 6= 5, so a + 1 6= 6,

then there is a prime factor p | 2a+1 − 1, but p - 2ri − 1 for some i, 1 ≤ i ≤ m,

which is a contradiction.
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Therefore, not all prime factors of 2a+1 − 1 are Mersenne primes, if a ≥ 1

and a 6= 5. �

Theorem 5.16 is a corollary of Theorem 6.9. Now we give the proof of Theorem

5.16 as follows:

Proof. Let M = 3N . Then M is a flat 4-perfect number with the same

exponent a as N . By Theorem 6.9, when a 6≡ 1 (mod 12), a is even. When

a ≡ 1 (mod 12), again by Theorem 6.9 the length of M is even so the length

of N is odd and, by Lemma 5.15, every odd prime divisor of N is congruent

to 1 modulo 3. �

It is also of some interest to observe the existence of Mersenne primes in the

factorizations of the multiperfect numbers. Of course every 2-perfect number

must be divisible by a Mersenne prime. We are able to show this persists

for flat multiperfect numbers of multiplicities 3 and 4, but that non-Mersenne

primes must always be present:

Theorem 6.12 Let N be even, flat and multiperfect. (A) If the multiplicity

is not greater than 4 then N is divisible by at least one Mersenne prime. (B)

If all odd prime divisors of N are Mersenne primes then N is perfect.

Proof. Let N = 2ap1 · · · pm with m ≥ 1.

(A) We can assume that 3 - N . If the multiplicity k = 2 then N = 2p−1Mp

where p is prime and Mp is a Mersenne prime.

Let k = 4. Write

(2a+1 − 1)(p1 + 1) · · · (pm + 1) = 2a+2p1 · · · pm.

If p1 is not Mersenne, the least odd divisor of p1 + 1 is an odd prime q < p1

which divides p1 · · · pm and, therefore, divides N . This contradicts the fact

that p1 is the least odd divisor of N . Thus p1 is Mersenne.
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Now let k = 3. If a is odd, write

(

2a+1 − 1

3

)

(p1 + 1) · · · (pm + 1) = 2ap1 · · · pm.

Like in the case k = 4, we deduce from this equation that p1 is Mersenne.

Assume none of the pi are Mersenne. Since 3 - N , then pi 6= 3 and

(2a+1 − 1)(p1 + 1) · · · (pm + 1) = 3 · 2ap1 · · · pm

Also, the (2a+1 − 1, pi + 1) = 1 and (pi + 1, pj + 1) = 2αij , αij ≥ 1, ∀i 6= j.

Hence

ω(2a+1 − 1) + 1 + m ≤ ω(3 · 2ap1 · · · pm) = m + 2

which implies

ω(2a+1 − 1) = 1.

Since 2a+1−1 is odd, it must be squarefree, so ω(2a+1−1) = 1 implies 2a+1−1

is a Mersenne prime.

(B) Let σ(N) = kN for some k ≥ 2 and suppose that all of the pi are

Mersenne. Then

σ(2a)(p1 + 1) · · · (pm + 1) = k · 2a · p1 · · · pm.

There exist primes qi such that pi = 2qi − 1. Therefore

(2a+1 − 1) · 2q1 · · · 2qm = k · 2a · (2q1 − 1) · · · (2qm − 1)

so a ≤ q1+· · ·+qm and for each i, 2qi−1 | 2a+1−1. But then Lemma 2.1 implies

qi | a + 1, and, since necessarily these qi’s are distinct primes, q1 · · · qm | a + 1

giving

q1 · · · qm ≤ a + 1 ≤ q1 + q2 + · · · + qm + 1.

It follows (say by induction on m) that m = 1, therefore N = 2a · p1. Then

(2a+1 − 1)(p1 + 1) = k2ap1
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implies p1 | 2a+1 − 1 and 2a | p1 + 1, so 2a ≤ p1 + 1 ≤ 2a+1 or

1 ≤ p1 + 1

2a
≤ 2.

If (p1 + 1)/2a = 1 then p1 + 1 = 2a, so p1 = 2a − 1 and 2a − 1 | 2a+1 − 1,

which implies a = 1. It leads to the perfect number 6. If (p1 +1)/2a = 2, then

p1 = 2a+1 − 1 giving k = 2, so N is perfect. �

Comment: The six flat 3-perfect numbers given in Chapter 5 have been

known for over 100 years. There are no flat multiperfect numbers known of

abundancy 5 or more, so in addition to the conjecture that all even 4-perfect

numbers, flat or otherwise, are divisible by 3, an additional problem in this

area is to find an upper bound for the possible multiplicities of flat multiperfect

numbers. We have not been able to do this.
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d1 = 25 · 33 · 5 · 7

d2 = 23 · 32 · 5 · 7 · 13

d3 = 22 · 32 · 5 · 72 · 13 · 19

d4 = 29 · 33 · 5 · 11 · 31

d5 = 27 · 33 · 52 · 17 · 31

d6 = 29 · 32 · 7 · 11 · 13 · 31

d7 = 28 · 3 · 5 · 7 · 19 · 37 · 73

d8 = 210 · 33 · 52 · 23 · 31 · 89

d9 = 213 · 33 · 5 · 11 · 43 · 127

d10 = 214 · 3 · 5 · 7 · 19 · 31 · 151

d11 = 213 · 32 · 7 · 11 · 13 · 43 · 127

d12 = 25 · 34 · 72 · 112 · 192 · 127

d13 = 28 · 32 · 72 · 13 · 192 · 37 · 73 · 127

d14 = 27 · 310 · 5 · 17 · 23 · 107 · 3851

d15 = 27 · 36 · 5 · 17 · 23 · 137 · 547 · 1093

d16 = 214 · 32 · 72 · 13 · 192 · 31 · 127 · 151

d17 = 25 · 34 · 72 · 112 · 194 · 151 · 911

d18 = 29 · 34 · 7 · 113 · 312 · 61 · 83 · 331
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d19 = 28 · 32 · 72 · 13 · 194 · 37 · 73 · 151 · 911

d20 = 225 · 33 · 52 · 19 · 31 · 683 · 2731 · 8191

d21 = 217 · 310 · 7 · 192 · 23 · 37 · 73 · 107 · 127 · 3851

d22 = 217 · 36 · 7 · 192 · 23 · 37 · 73 · 127 · 137 · 547 · 1093

d23 = 225 · 34 · 7 · 112 · 192 · 127 · 683 · 2731 · 8191

d24 = 225 · 35 · 72 · 13 · 192 · 127 · 683 · 2731 · 8191

d25 = 217 · 310 · 7 · 194 · 23 · 37 · 73 · 107 · 151 · 911 · 3851

d26 = 225 · 310 · 5 · 19 · 23 · 107 · 683 · 2731 · 3851 · 8191

d27 = 217 · 36 · 7 · 194 · 23 · 37 · 73 · 137 · 151 · 547 · 911 · 1093

d28 = 225 · 36 · 5 · 19 · 23 · 137 · 547 · 683 · 1093 · 2731 · 8191

d29 = 225 · 34 · 7 · 112 · 194 · 151 · 683 · 911 · 2731 · 8191

d30 = 225 · 35 · 72 · 13 · 194 · 151 · 683 · 911 · 2731 · 8191

d31 = 233 · 34 · 7 · 113 · 31 · 61 · 83 · 331 · 43691 · 131071

d32 = 233 · 310 · 7 · 11 · 23 · 83 · 107 · 331 · 3851 · 43691 · 131071

d33 = 233 · 36 · 7 · 11 · 23 · 83 · 137 · 331 · 547 · 1093 · 43691 · 131071

d34 = 237 · 34 · 7 · 113 · 31 · 61 · 83 · 331 · 43691 · 174763 · 524287

d35 = 237 · 310 · 7 · 11 · 23 · 83 · 107 · 331 · 3851 · 43691 · 174763 · 524287

d36 = 237 · 36 · 7 · 11 · 23 · 83 · 137 · 331 · 547 · 1093 · 43691 · 174763 · 524287

Table 6.1: Known 4-perfect numbers



Chapter 7

Other properties of multiply

perfect numbers and unsolved

problems

7.1 Introduction

In Section 7.2 of this chapter we apply the method of Goto [37] (Proposi-

tion 7.1) to obtain an upper bound for 5-perfect numbers with a flat shape

N = 2ap1p2 · · · pm (Proposition 7.2). We also discuss an example to show that

multiply perfect Fermat numbers do not exist ([68], Example 7.1). Finally

we provide some conjectures about multiperfect numbers, which come from

Chapters 4, 5 and 6, (Section 7.3).

7.2 Upper bound for 5-perfect numbers of a

flat shape

Let N = N1N2 · · ·Nk, where N1, · · · , Nk denote prime powers satisfying

Ni < Nj , (Ni, Nj) = 1 for i < j.
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Proposition 7.1 [37, Takeshi Goto]

Let a, b, k be positive integers. Suppose that N is a positive integer with k

distinct prime factors. If

k
∏

i=1

(

1 +
1

Ni

)

=
a

b
,

then

N ≤ (b + 1)2
k−1−1

(

(b + 1)2k−1 − 1
)

.

Proposition 7.2 Let e be a positive integer. If N = 2ep1p2 · · · pm with the

pi’s odd primes (i = 1, · · · , m), is a 5-perfect number, and we define a and b

by
m
∏

i=1

(

1 +
1

pi

)

=
a

b
,

with (a, b) = 1, then we have the following upper bound for N :

If (a + 1, b) = 1 then

N ≤ (b + 1)2
m−1

(

(b + 1)2m − 1
)

;

If (a + 1, b) ≥ 3 then

N ≤
(

1

3
b + 1

)2m−1
(

(

1

3
b + 1

)2m

− 1

)

.

Proof. Since N = 2ep1 · · ·pm is a 5-perfect number, we have σ(N) = 5N .

Therefore

σ(N)

N
=

(

2 − 1

2e

) m
∏

i=1

(

1 +
1

pi

)

= 5.

Since
m
∏

i=1

(

1 +
1

pi

)

=
a

b
,

so

2e =
a

2a − 5b
.

It follows that

2e · 5b = a(2e+1 − 1),
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implies a | 2e · 5b, since (a, b) = 1, so a | 2e · 5. Now we need only consider the

following 3 cases:

Case 1. If a = 2α, (α ≤ e), then

5b = 2α+1 − 2α−e,

implies α = e, so

1 +
1

2e
=

a + 1

a
.

So

(

1 +
1

2e

) m
∏

i=1

(

1 +
1

pi

)

=

(

1 +
1

2e

)

a

b

=
a + 1

a

a

b

=
a + 1

b
.

We have either (a + 1, b) = 1 or (a + 1, b) = c1 ≥ 3 (since a is even and b is

odd).

If (a + 1, b) = 1, then by Proposition 7.1, we get an upper bound for N :

N = 2e

m
∏

i=1

pi ≤ (b + 1)2
m−1

(

(b + 1)2m − 1
)

.

If (a + 1, b) = c1 ≥ 3. Let a+1
b

= a1

b1
, (a1, b1) = 1, then b1 ≤ 1

3
b. By Proposition

7.1 again, we get an upper bound for N :

N = 2e
m
∏

i=1

pi ≤
(

1

3
b + 1

)2m−1
(

(

1

3
b + 1

)2m

− 1

)

.

Case 2. If a = 2α · 5, (α ≤ e), then b = 2α−e(2e+1 − 1), implies α = e, then

a = 2e · 5, b = 2e+1 − 1. So

(

1 +
1

2e

) m
∏

i=1

(

1 +
1

pi

)

=
a + 5

a

a

b

=
a + 5

b
.
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Implies either (a + 5, b) = 1 or (a + 5, b) = c2 ≥ 3. Therefore, we get an upper

bound for N by Proposition 7.1:

N = 2e
m
∏

i=1

pi ≤ (b + 1)2
m−1

(

(b + 1)2m − 1
)

,

where (a + 5, b) = 1;

N = 2e
m
∏

i=1

pi ≤
(

1

3
b + 1

)2m−1
(

(

1

3
b + 1

)2m

− 1

)

,

where (a + 5, b) = c2.

Case 3. If a = 5, then 2eb = 2e+1 − 1, implies 1 = 2e(2 − b), so e = 0 and

b = 1, which is a contradiction. �

Here I give an example of an infinite set of numbers which are not multiperfect.

Example 7.1 [68] There are no multiperfect Fermat numbers.

Proof. Let Fn =
∏k

i=1 pαi
i . Then

σ(Fn)

Fn
=

k
∏

i=1

(

pi − p−αi
i

pi − 1

)

<

k
∏

i=1

(

pi

pi − 1

)

=

k
∏

i=1

(

1 +
1

pi − 1

)

,

then

log

(

σ(Fn)

Fn

)

≤
k
∑

i=1

log

(

1 +
1

pi − 1

)

<

k
∑

i=1

(

1

pi − 1

)

.

Since Fn = 22n
+ 1, so pi ≡ 1 (mod 2n+2), [85] it follows that

pi − 1 = 2n+2 · ni ≥ 2n+2 · i,

then pi ≥ 2n+2 · i + 1 for all i = 1, · · · , k. Hence,

log Fn =
k
∑

i=1

αi log pi ≥ k log p1 ≥ k log(2n+2 + 1).

So,

k log
(

2n+2 + 1
)

≤ log Fn = log
(

22n

+ 1
)

.

Since

log(y + 1)

log(z + 1)
≤ log y

log z
whenever y ≥ z > 2,
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it follows that

k ≤ log(22n
+ 1)

log(2n+2 + 1)
≤ log(22n

)

log(2n+2)
=

2n

n + 2
.

Thus

k
∑

i=1

1

pi − 1
≤ 1

2n+2

k
∑

i=1

1

i

≤ 1

2n+2
(1 + log k)

≤ 1

2n+2

(

1 + log

(

2n

n + 2

))

<
n log 2

2n+2

< log 2.

Hence, σ(Fn)
Fn

< 2, therefore Fn cannot be multiply perfect. �

7.3 Conjectures

If pi + 1 = 2aipi−1, with pi’s odd primes, and ai ≥ 1, (i = 1, 2, · · · , m), where

p0 is the n’th Mersenne prime, we say the corresponding sequence pi’s are in

the n’th tree. For example, 5 + 1 = 21 · 3; 11 + 1 = 22 · 3; 23 + 1 = 23 · 3;

19 + 1 = 22 · 5; 37 + 1 = 21 · 19, so we say the primes 5, 11, 23, 19, 37 are in

the 1st tree. The first seven trees are given in figures below.

By observing the form of each of the 6 known 3-perfect numbers I am led

to Conjectures 7.3 and 7.4:

Conjecture 7.3 Any 3-perfect number has all of its non-Mersenne primes

from the 1st tree, and any primes from other trees are Mersenne primes.

Conjecture 7.4 There are at most a finite number of integers with the flat

shape, N = 2a · p1 · · · pm, which are 3-perfect.

There are only 8 known flat multiperfect numbers, six with abundancy 3 and

two with abundancy 4. Thus I have Conjectures 7.5, 7.6 and 7.7:
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Conjecture 7.5 There are only a finite number of multiperfect numbers which

have the flat shape N = 2a · p1 · · · pm.

Conjecture 7.6 If N is a flat and multiperfect number then its abundancy is

less than or equal to 4.

Conjecture 7.7 All 3-perfect numbers have the flat shape N = 2a · p1 · · · pm.

I also have the following Conjectures. Unfortunately, I was not able to make

progress with these problems. They seem to be very difficult.

Conjecture 7.8 If N is an even 4-perfect number, then 4 | N .

Conjecture 7.9 If N is an even 4-perfect number, then 3 | N .

Conjecture 7.10 If N is a 4-perfect number, then the power of the largest

prime divisor of N is 1.

Conjecture 7.11 There are only two 4-perfect numbers with a flat shape

N = 2ap1 · · ·pm.

Conjecture 7.12 The largest prime factor of an even 4-perfect number N

with 2a‖N always occurs in the factorization of σ(2a).

Conjecture 7.13 Prime factors of an even 4-perfect number N with 2a‖N ,

with odd discrete logarithms to the base 2, always appear in the factorization

of σ(2a) which consists exactly of those primes.

Conjecture 7.14 The number of Mersenne primes in an even 4-perfect num-

ber N is exactly the number of distinct primes in the factorization of σ(2a).

Conjecture 7.15 Each odd prime which appears in a flat 4-perfect number

N is a super thin prime.
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e1 = 27 · 34 · 5 · 7 · 112 · 17 · 19

f1 = 215 · 35 · 52 · 72 · 11 · 13 · 17 · 19 · 31 · 43 · 257

g1 = 232 · 311 · 54 · 75 · 112 · 132 · 17 · 193 · 23 · 31 · 37 ·

43 · 61 · 71 · 73 · 89 · 181 · 2141 · 599479

h1 = 262 · 315 · 59 · 77 · 113 · 133 · 172 · 19 · 23 · 29 · 312 · 37 · 41 ·

43 · 53 · 612 · 712 · 73 · 83 · 89 · 972 · 127 · 193 · 283 · 307 · ...

i1 = 2104 · 343 · 59 · 712 · 116 · 134 · 17 · 194 · 232 · 29 · 314 ·

373 · 412 · 432 · 472 · 53 · 59 · 61 · 67 · 713 · 73 · 792 · ...

j1 = 2209 · 377 · 523 · 726 · 1114 · 1311 · 179 · 1912 · 234 ·

293 · 319 · 374 · 415 · 437 · 47 · 53 · 59 · 613 · 67 · ...

k1 = 2468 · 3140 · 566 · 749 · 1140 · 1331 · 1711 · 1912 ·

239 · 297 · 3111 · 378 · 415 · 433 · 473 · 534 · 593 · ...

Table 7.1: Examples of multiperfect numbers ( abundancy from 5 to 11)

Conjecture 7.16 If N is a 3-perfect number with the shape 2ap1 · · · pm, where

a is an even positive integer, then 3 - N .

Conjecture 7.17 If N is a flat even 4-perfect number, then the exponent of

2 is even.

Conjecture 7.18 The number of thin primes up to x satisfies

T (x) � x

log2 x
.

Table 7.1 includes the smallest multiperfect numbers of abundancy from 5 to

11 [90].
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