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Abstract

The study of geodesics is of intrinsic significance in the study of the geometry
of space-time. In this thesis null, space-like and time-like geodesics are studied
in the case of the space-times of Schwarzschild, Reissner-Nordstrom and Kerr
black holes. These space-times have been investigated with varying degrees
of thoroughness in many articles and some books. However, there are some
significant gaps in these treatments and the central aim of this thesis is to fill
these gaps where necessary. Moreover, the following topics are covered for the

first time.

1. In Chapter 4 a thorough treatment of the space-like geodesics of the
Schwarzschild solutions has been given. These geodesics are the trajecto-
ries of Tachyons (faster than light particles) and are treated in a complete
manner. This has been done by obtaining exact solutions and solving

them numerically.

2. In Part II all solutions for geodesics for a Reissner-Nordstrom black hole
have been given in complete detail, i.e. time-like, null and space-like

geodesics and orbit of a charged particle.

3. In Chapter 14 all solutions for geodesics in the equatorial plane of a Kerr
black hole have been given in complete detail, i.e. time-like, null and

space-like geodesics.

4. The study of special types of non-equatorial geodesics for a Kerr black
hole have been given in complete detail, i.e. time-like (Chapter 17), null
(Chapter 15) and space-like (Chapter 16). This has been done in order
to distinguish the qualitatively different types of solutions.

Calculation of the explicit formulas, which describe these geodesics, as well as
numerically computed diagrams representing the geodesics have been incorpo-

rated in these studies. The following subjects have been also treated:



il

5. Solutions for the geodesics in Reissner-Nordstrom black holes with |Q.| >
M, which are black holes with one (|Q.| = M) or no horizon (|Q.| > M)
(Chapter 8).

6. Solutions of geodesics in extreme and fast Kerr black holes, i.e. black
holes with a = M (extreme) and a > M (fast). As in the case of
|Q.| > M, fast black holes have naked singularities (Chapter 14).

7. Some general observations about orbit types of the Kerr black holes
regarding relationships between parameters such as angular momentum,

energy, Carter constant and mass and angular momentum of black holes
(Chapter 13).

8. Some corrections to errors found in the literature.

While it has not been possible to cover all different cases which occur for possi-
ble relations amongst the parameters specifying a general black hole, interest-
ing geodesics have, however, been studied and a more thorough presentation

of the properties of geodesics has now been given.
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Chapter 1

Introduction

1.1 Gravitational collapse

A star is a self-gravitating collection of atoms supported by thermal pressure.
Eventually, fusion at the core must stop, after which the star cools and con-
tracts. For M < 1.4M, = Mc (Chandrasekhar limit) (adopted from [42,
chapter 1], but [31, chapter 24| gives the value 1.2 solar masses), the star is
supported by electron degeneracy pressure, and ends as a white dwarf.

For M > Mg the star must continue to contract until nucleon-nucleon
repulsion halts the implosion. The result is a neutron star (Mpax ~ 3Mg),
unless the core’s mass is so great, that gravity overcomes neutron-degeneracy
pressure and pulls the star on in to form a black hole. The original analysis
of the collapse of a star with uniform density and zero pressure was given by

Oppenheimer and Snyder in 1939.



1.2 Black holes

1.2.1 Theoretical history

The idea of a dark star has its origins with John Mitchell [15] who presented
this concept to the Royal Society in 1783. By using Newton’s theory of gravi-
tation with his corpuscular theory of light, he found that for a star of the same
density as the Sun, the escape velocity would be the speed of light if the star
had a radius R = 486R, and mass M = 1.2 x 108M,. The French mathe-
matician and philosopher Pierre Simon Laplace also independently published
the idea of such a star. These objects were at the time not believed to exist.

In 1915, Einstein presented his theory of General Relativity. His theory
was widely accepted once it was established that it explained the precession
of Mercury’s orbit, and predicted the bending of starlight by the Sun. One
of the first solutions to Einstein’s equations in a vacuum was determined by
Karl Schwarzschild. This was a spherically symmetric exact solution. It has
a special property of having a so called Schwarzschild Radius » = 2M which
is the radius below which the gravitational attraction between the particles
of a body must cause it to undergo irreversible gravitational collapse. The
Schwarzschild solution represents the empty space-time external to a spheri-
cally symmetric object. It has a singularity at » = 0 where r is the natural
radial coordinate.

In the 1920’s to the 1960’s there was considerable development of the the-
ory of General Relativity as it related to the idea of black holes (see [7] or
summary in [37]). Subsequent to the measurement of the bending of light by
the expedition led by Sir Arthur Eddington there was much research into the
theory of Einstein. In his book “The Internal Constitution of Stars” Edding-
ton maintained that all stars ended their life cycle by collapsing into white

dwarfs. After applying quantum physics and Relativity to Eddington’s calcu-



lations, astrophysicist S. Chandrasekhar showed that only stars of mass below
a certain limit could become white dwarfs. This mass is known as the Chan-
drasekhar limit. This notion was not accepted by Eddington and was the
cause of dispute for some time thereafter. In fact if the mass of a star is more
than 1.2M, then the star cannot stabilize and further collapse is inevitable.
Indeed, Baade and Zwicky predicted that further collapse strips atoms of their
electrons resulting in the idea of a neutron star. These stars have enormous
densities.

The first idea of a black hole occurs in the work of Oppenheimer and Sny-
der who calculated that if a star has sufficient mass it must collapse and cut
itself off from communication with the rest of the universe. Not even neutron
degeneracy pressure, which gives rise to neutron stars, can stop the collapse. It
was realised that for the Schwarzschild radius » = 2M the Schwarzschild solu-
tion was not singular but that if the mass was contained inside this “horizon”
boundary no light could escape. If the Schwarzschild radius was contained
inside the star then this was not relevant.

On physical grounds it is expected that black holes should rotate and have
a oblate “shape” which requires different solutions to the equations of General
Relativity other than that of Schwarzschild. The unique solution which has all
the correct properties was obtained by Roy Kerr [30]. It is a so called Petrov
Type D solution. The metric is readily interpretable when written in terms
of the so called Boyer-Lindquist coordinates. The geodesics of this metric can
be explicitly calculated because of the existence of the fourth constant of the
motion in addition to the Lie symmetries that are known to be present which
correspond to time translation and axial symmetry.This space-time has been
well studied with one principal result being that a collapsing star loses all its
individual characteristics and its final state is determined by mass and angular

momentum only. Therefore, the final state is determined by a Kerr metric with



these parameters.

1.2.2 Observational history

It was not until in 1963 when Maarten Schmidt [35] discovered extremely
luminous distant objects called quasars that the existence of black holes was
generally acknowledged. Their enormous energy output from small volumes
of space suggested that they were powered by accretion of matter onto very
massive black holes residing in galactic nuclei. From observations in the 1980’s
of motions of stars around the galactic center, it is now believed that such
supermassive black holes (SMBHs) with masses in the range 10° to 10'° solar
masses exist in the center of most galaxies ([26, 16, 32]). [14] argue that SMBHs
may be of pregalactic origin. If that is true primordial black holes would be
the centers for growing protogalaxies.

The first observational evidence for the existence of a stellar massive black
hole was given in the early 70’s by the observations of the binary X-ray source
Cygnus X-1 ([20, 38, 9]). Today, there are about 20 stellar mass black hole
candidates that range in mass from 3 to 15 solar masses
([13, 29]). Additionally, there is some evidence for intermediate-mass black
holes, (those with masses of a few thousand times of the Sun.) ([21})

The big boost for black hole research came when the Hubble Space Tele-
scope (HST) was launched (1994). Over the last decade the combination of
HST and ground-based data has led to the measurement of the black-hole
masses of some 40 inactive galaxies in the nearby Universe and the last few
years has also seen a new industry emerge in estimating the black-hole masses

of active galaxies ([33]).



1.3 Outline of thesis

It is known (e.g. [42] or [31]) that gravitational collapse in a general relativity
context ultimately leads to the formation of a black hole where the external
solution is characterized by the generalized Kerr-Newman four parameter fam-
ily of vacuum solutions. The parameters that specify this family are identified
with the mass, the angular momentum, the electric charge, and the magnetic
charge. This thesis considers only the cases of zero magnetic charge. The
derivation of these metrics is given in Appendix B and in greater detail in [7].

One of the best ways to grasp the essence of the geometry of a space-time
is to study geodesics. They are the analogues of straight lines in curved space
geometries, and they are second in importance only to curvature. A curve A
on M is a geodesic if its tangent vector, after parallel propagation, remains
a multiple of itself. There are two types of geodesics described by freely falling
particles, time-like and null. If they have non-zero positive rest-mass they are
time-like and if they are massless they are called null. Space-like geodesics
can be perceived as trajectories of particles faster than light (tachyons) [17].
Geodesic motion is interesting in an astrophysical context as many astrophys-
ical models assume that in-falling matter moves along time-like geodesics, and
because radiation propagates to a distant observer along null geodesics (as
long as the wavelength is small compared to the radius of the black hole) [9],
[10].

Geodesics are examined in many papers (for a list see e.g. [37]), but many
solutions are omitted, usually because they lack clear physical significance
(e.g. space-like geodesics or naked singularities). The intention of this thesis is
to “fill these gaps”, and as a result, give a comprehensive study of the geodesics
of black holes.

In the first part of the thesis solutions are given for geodesic orbits in a

black hole characterized only by mass (Schwarzschild). Radial orbits (null,



time-like and space-like) are depicted (schematically only) in [31, Chapter 31].
General space-like orbits are discussed and numerically obtained trajectories
shown in [27]. In this thesis analytical solutions of general space-like orbits
are presented (refer to Abstract-section 1).

The chapters dealing with time-like and null geodesics are based on ex-
haustive discussion in [7, chapter 3]. The complete analytical solution for 7
and t coordinates of general orbits are added to that. These were generated
by Maple software and then manually simplified. Time-like and null orbits
are also discussed in [22] and [12], who restricts the analysis to the time-like
circular geodesics. [31, Chapter 25| describe qualitative features of orbits of
particles with zero or finite mass.

The second part of the thesis examines geodesics of a charged black hole
(Reissner-Nordstrom-refer to Abstract—section 2). Time-like circular orbits
for a naked singularity (|Q.] > M, where Q. is charge of the black holes)
are discussed by [28]. [7, chapter 5] examines null and time-like radial and
circular orbits of black holes with |Q.| < M. In this thesis [7, chapter 5] is
extended by solving equations of motion for general time-like and null orbits.
The space-like orbits and black holes with |Q.| > M are included (refer to
Abstract-section 5). The solution for ¢ = #(7) in Schwarzschild space-time
for general geodesics did not bring any new features compared to solutions for
t = t(7) for the space-like radial geodesics, therefore, we do not present explicit
formulas in this case (that is why there are not large formulas in chapters after
Schwarzschild space-time). Motion of charged particles is mentioned briefly.

In the third part geodesics of rotating black holes are discussed. General
features are thoroughly examined in [34, chapter 4]. Discussion of general
features of the time-like and the null geodesics can be found in [7, chapter 7]
and [39]. There is a small discussion of general null geodesics by [2], but his

emphasis is on equatorial geodesics. Equatorial geodesics of a black hole with



1.088M > a > M are investigated by [19]. Null geodesics in the equatorial
plane are used in [11] to study the black hole as a gravitational mirror. Null
geodesics of naked singularity are covered by [5]. An account of null geodesics
for the range 0 < a? < M? is given in [24]. General time-like geodesics ap-
pear in [43] with emphasis on the bound geodesics; time-like geodesic of naked
singularity appear in [18]; [6] are interested in geodesics in the naked singu-
larity which (do not) violate causality; [45] uses numerical methods to obtain
criteria for the existence of bound particle orbits. The space-like orbits in the
equatorial plane are added, and time-like and null geodesics where analytical
solutions are not given are completed in the form of elliptic integrals (refer to
Abstract—section 3). We do not restrict ourselves with the condition a? < M?2.
Finally we give several examples of orbits out of the equatorial plane (refer to
Abstract—section 4).

Throughout the thesis ¢ = G = 1, where ¢ is velocity of light in vacuum
and G the gravitational constant. Metrics with the signature (4, —, —, —) are
used. Unless stated otherwise, we assume that £ and M are positive.

For easy orientation the original work of this thesis is printed blue.



Part 1

Geodesics in Schwarzschild

space-time



Chapter 2

Introduction to geodesics in the

Schwarzschild space-time

In this part of the thesis we will give solutions for geodesic orbits in the
Schwarzschild space-time (black hole characterized only by mass M), which is
space-time with an event horizon at » = 2M. Solutions for time-like and null
geodesics (except for solution for 7 and ¢ coordinates of non-radial geodesics)
are based on (and in greater detail explained in) [7, Sections 19 and 20], while
space-like geodesics (sometimes associated with tachyons) are new.

[27] claim there exist repulsive space-like orbits. Our analysis in chapter 4
shows that because of restrictions which have to be made on parameters F,
L, and M, there are only attractive space-like orbits in the Schwarzschild
space-time.

Pictures of geodesics in this part were generated by MATLAB (for source

codes see appendix A.1) from differential equations.



Chapter 3

The null geodesics in the

Schwarzschild space-time

For the Schwarzschild space-time, the Lagrangian is

_1 2M (2 7;2 292 2 .2 -2

where dot denotes differentiation with respect to 7. The corresponding cano-

nical momenta are

oL 2M ) . L Y
pt—a—(l_T)t, p@——a—sb—(”m@)% 652
___8[,_ 1——2 _17" and ———aﬁ—r29 |
Pr="% = r =%

By rescaling the affine parameter 7, we can arrange that the Lagrangian has

the value 0 for null geodesics which describe the motion of massless freely

falling particles.

Further integrals of the motion are

2M\ dt
pr = (1 — —) — = constant = F  (say) (3.3)
r T

and
9 . 2, dp
Py, = 1r°sin°0 pr constant , (3.4)
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where E' is the ‘kinetic energy’ as we can see from equation (3.6). Moreover,
since a geodesic is described in an invariant plane (6 = 7/2), equation (3.4)
gives
2 dy
Pp=r1"7"= constant = L (say), (3.5)
where L represents angular momentum about an axis normal to the invariant

plane.

The constancy of the Lagrangian for null geodesics with equations (3.3)

dr\? oM\ L2
— -2 )2 — g2, .
() (-2 % 30

From the integral of the motion follows

and (3.5) gives

dp L (3.7)

dr 2
By regarding 7 as a function of ¢ and substituting » with v = =1 as the

independent variable, equation

(j—;) = 2Mu® —u® + % = f(u) (say), (3.8)

is obtained, where

D=L/E (3.9)

represents the impact parameter. This equation must be considered together

with (3.3) and (3.7).

3.1 The radial geodesics

The relevant equations are

ﬁ =4F (3.10)
dr

because dp/dr = 0, and so L = 0. Then from (3.3), after integration,

t = &7, + constant, , (3.11)
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where

.
L —r42M1 (— _ 1) . 3.12
r r 4+ n Wi ( )

Equation (3.11) must be compared with the equation
r = £ET + constanty (3.13)

which relates r to the proper time 7. From equations (3.11) and (3.13) it is
evident that while the radial geodesic crosses the horizon in its own proper

time, it takes an infinite coordinate-time to reach the horizon.

3.2 The unbound orbits

The different cases that must be distinguished are related to the location of

the roots of the cubic equation

1
f(u) = 2Mu® — u® + 52 =0. (3.14)

The sum and the product of the roots uy, us, and ug of this equation are given

by
1 1

m and UrUu2U3z = —W . (315)

UL + Ug + Ug =

The equation f(u) = 0 must allow a negative real root; and the two remaining
roots may either be real (distinct or coincident) or be a complex-conjugate

pair. The three cases are distinguished in fig. 3.1.

e Case («): For every pair of values E and L, which permits three real roots
up; < 0 < ug < ug, there exists two distinct orbits limited, respectively,
to the intervals 0 < u < uy and u > wus, i.e. orbits of the first kind and
orbits of the second kind. The orbits of the first kind are the analogues
of Newtonian hyperbolae, while the orbits of the second kind are unique

to Einsteinian gravity.
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f(u) f(u) f(u)

A

Uy = U3 /u1 u

(@) ©) (7)

Figure 3.1: The disposition of the roots of a cubic f(u) = 0.

e Case (): The two kinds of orbits coalesce as they asymptotically ap-
proach a common circle by spiralling round it from opposite sides an

infinite number of times.

e Case (7): These orbits are most conveniently parameterized by imagi-
nary eccentricity. They are similar to the radial geodesics in view of the

fact that they start from infinity and end in the singularity.

3.2.1 The geodesics of the first kind

First the case when all the roots of the cubic equation f(u) = 0 are real and

the two positive roots are distinct will be looked at. Let the roots be

P—-2M—-Q 1 P—-2M+Q

0 = _ d = 3.16
arp - <0 w=g, and g e 810)

Uy =

where P denotes the perihelion distance and () is a constant to be soon speci-

fied. The sum of the roots has been arranged to be equal to ﬁ as required by

equation (3.15). The arrangement of the roots, u; < us < ug, demands that
Q+P—6M>0. (3.17)

Next, with u;, us, and ug as specified in equation (3.16), and the expression

(3.14), we obtain the relations

Q* = (P —2M)(P+6M) (3.18)
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and
p3
DzZ:ET:EEZ' (3.19)
The relation (3.18) and the inequality (3.17) give
P>3M. (3.20)
Additionally, from equation (3.19), the inequality
D >3MV3=D. (say) (3.21)

can be obtained. Hence, the orbits in question lay entirely outside the circle
r = 3M, and have impact parameters bigger than the critical value.

By a substitution
1 Q—-—P+6M

U — — =

7 SV P (14 cosx), (3.22)

or, equivalently,

Q-P+2M Q—-P+6M
u+ =

TP SMP (1 —cosy), (3.23)

it can be determined that

u=7 when X=T, and
(3.24)
u =0 and r — oo when sinQK:Q_P—+2]W:sinzx;°o (say)
2 Q- P+6M 2 yJ-
The substitutions (3.22) and (3.23) also reduce equation (3.8) to
dx\"_ @ 2 2 X
axy X (- —) 2
(dgo) P( k* sin 5) (3.25)
where
— P+6M
k2 = Q—+6 (3.26)

20
and @, P are defined in (3.18) and (3.19) respectively. The solution for ¢ than

can be represented by the Jacobian elliptic integral in the form

¢=ﬂK%%—Nxﬂﬁﬂ¢g? (3.27)

where the origin of ¢ has been chosen at the perihelion passage when y = 7

(see equations (3.24)).
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The critical orbits

The conditions for occurrence of two coincident roots can be described as

follows. The derivative of equation (3.14) allows u = (3M)~! as a root; and if
D =3MV3, (3.28)

u = (3M)~! will be a double root of equation (3.14). From the equation (3.15),

f(u) = 0 can be found. The full equation, suitable for this case,

B -wled) o) o

is satisfied by the substitution

1 1 —
u = —6—M + W tanh2 % y (330)

where ¢ is a constant of integration. For ¢y such that

wo 1
tanh? == = = 3.31
anh” 75 = o, (3.31)

it can be inferred that
u=20 and r — 00 when v =0. (3.32)

In addition it can be observed that

1

Ky

when © — 00. (3.33)

So, a null geodesic, which comes from infinity with an impact parameter D =
3M+/3, asymptotically approaches the circle of radius 3M (unstable circular

orbit), by spiralling around it.

3.2.2 The geodesics of the second kind

In this section, in place of (3.22), the substitution

1, @+P-6M X
P AP ¢

(3.34)
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is made to obtain the null geodesics, whose ranges are ug < u < oco. This
reduces equation (3.8) to the same form (3.25) with the same value of k%. We

may now write (cf. equation (3.27))

v =2F(x/2, k)\/g, (3.35)

where the origin of ¢ is now at aphelion passage. An example of general null

geodesics of the first and second kind is in figure 3.2.

The critical orbits

With the orbit (3.30), there must be an associated orbit of the second kind,
which starts at the singularity and, from the opposite side, asymptotically
approaches the same circle at r = 3M, by spiralling around it. Such an orbit

can be obtained by the substitution

1 1 5 &
U= + mtan 5 (3.36)

in the same equation (3.29). Inserting the appropriate solution in equation

(3.36), we obtain

1 2e¥
U= + . 3.37
IM M (e@ . 1)2 ( )
Along this orbit
U — 00 and r—0 when w—0
and (3.38)

u— (3M)~* as © — 0.

1

The orbit approaches the circle at 57,

asymptotically, by spiraling around
it an infinite number of times (cf. section 3.2.1). There is one important
difference from the behavior of the orbits of the first kind: the circle at ﬁ is

the perihelion for the orbits of the first kind, whereas it is the aphelion for the

orbits of the second kind (see figure 3.3).
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M=0.14286,P =1
90

180

270

Figure 3.2: Orbits of the first and the second kind with P = 1. The orbit
of the first kind arrives from infinity, and after reaching the perihelion, goes
again to infinity. Orbit of the second, starting from a certain distance from the
black hole (aphelion), falls into the singularity. (M = 1/7 in the scale along

the coordinate axes).
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Special case D=3 M3

90

15

180

270

Figure 3.3: An example of the orbits of the orbits of the first kind, that starts
from infinity, and the second kind, that starts from a certain distance from the
black hole (radius of the unstable circular orbit) and falls into the singularity.
The two orbits coalesce (D = 3M+/3). (M = 1/7 in the scale along the

coordinate axes.)
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3.2.3 The orbits with imaginary eccentricities

To conclude this chapter, the orbits when the equation f(u) = 0 has a pair of
complex-conjugate roots, besides a negative real root, will be regarded. The

roots shall be expressed in terms of an imaginary eccentricity ie (e > 0)

1 2 1+1e d 1—1ie
= — = = —_= 1 —=
Uy 2 I 9 Ug ! ) a Uus I )

(3.39)
where latus rectum, [, is some positive constant and the eccentricity e is more
than 1. These orbits have an impact parameter less than the orbits studied in
sections 3.2.1 and 3.2.2.

Now, parameters e?> and p are no longer independent but related: e? =

3 — p~'. With the assumption (3.39) regarding the roots of f(u) = 0, the

(1) 4]

equation to be looked at is

du\? 1 2
=) =92M 4 =
(62) =2 (- +7)

and the substitution is

1
u = - 14—etaun§ . (3.41)
l 2
The range of £ must be terminated at &,, where
tan %O =—¢ !,
or, (3.42)
sin -— = — and cos-—— =

2 V1+ e 2 JVI+er

For, when & = £, u becomes zero and when £ < &, u becomes negative.

With the substitution (3.41), equation (3.40) reduces to

% = +/2[61 — 1 + 2uesin € + (6 — 1) cos&]. (3.43)

The solution for ¢ can be expressed in terms of Jacobian elliptic integral

¥
1 dy
+p = , 3.44
v VA/\/l—kQSiHQ’Y (3:44)
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where
A = /(6 —1)2+ 4pu2e?, (3.45)
AN +6p—1
o= = - 4
and

in o — AN+6p—1-—2 [2uesin§ + (61— 1) cos §] cos§ ‘ (3.47)
A+6p—1

The solution for ¢ can be written as

K(k) —F(y, k)
= ) 3.48
@ N (3.48)
In particular, as the orbit goes off to infinity,
K(k) — F(¢oo, k)
o = 3.49
@ TR (3.49)
where 1), is given by
A+1
sin? o — —— (3.50)

A+6p—1"



Chapter 4

The space-like geodesics in the

Schwarzschild space-time

The constancy of the Lagrangian with equations (3.3) and (3.5) gives

E2 7;2 L2
- — oL =1,
1—-2M/r 1-=2M/r r?

This can be rewritten in the form

(B (- 2)E) -+

By considering r as a function of ¢, we obtain equation

dr\? ) rt o 2Mrd
<@) = (E +1)ﬁ—7—r +2Mr.

Letting

U :r’l,

we obtain the basic equation of the problem (cf. equation (3.8)):

du\? oM  E?+1
(u) = 2Mu® — u? — U+ + .

) L2 L2
The solution can be completed by direct quadratures of the equations

dr 1 dt E

a2 d == .
de  Lu? o de  Lu?(1 —2Mu)

(4.2)

(4.5)
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We observe that in contrast to the earlier definition (3.14), f(u), as now defined,
has a linear term in u; and, as in the case of null geodesics, the constant term

is always positive.

4.1 The radial geodesics

The radial geodesics have zero angular momentum. The equations governing
these geodesics are
dr? 2M dt E
- — (E?24+1) = == d _— = — 4.7
(dT) ( + ) r a dr  1-2M/r (4.7)
We shall consider trajectories of particles which start from rest at some finite
distance r; and fall towards the center. The starting distance is related to the

constant £ by
_2M
B2+ 1

(4.8)

T

As we can see, r; cannot be bigger than 20 . (The space-like radial geodesics
always “start” under the horizon.)
The equations of motion are most conveniently integrated in terms of a vari-

able n where

r = r; cosh? g : (4.9)

Clearly when 1 = 0 then r = r;; and the value of  when r crosses the horizon
at r =2M is
Ny = 2arcsinhF . (4.10)

Since for r =0

no = 2im (4.11)

is not real, radial space-like geodesics do not reach the singularity.

In terms of 7, the equations to be integrated are

dr\? n dt E cosh® 2
— ] =(E*+1)tanh®*> and — = 2 4.12
(dT) ( - ) Wy s cosh? 1 — cosh? o ’ ( )
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together with
d
d_; = r;sinh g cosh g . (4.13)

To have 7 positive with n positive,

dr . o\ 1/2 n o 2M 12 n
E_(l—{_E) tanhg— ( - ) tanh§. (4.14)
From equations (4.13) and (4.14), we now obtain
dr 3\ 7 3
o i h2<=(1 h L 4.15
a; (2M> cosh” 2 (1 + coshn) M (4.15)
Therefore,
3
7 = (n+sinhn)y/ — (4.16)

8M’
where we have assumed that 7 = 0 at starting point n = 0. From equation

(4.16) it follows that the particle crosses the horizon at finite arc lenght,

3
r
= (sinh — 4.17
i = (sinhm + )|/ oo (4.17)
The equation to be integrated to obtain ¢ is
dt cosh* 2 3
== il S— s (4.18)
dn cosh® 7 — cosh® & V 2
On integration, this equation gives
r} 21 . 5 tanh 7
t=F (2M> [5(7) +sinhn) + (1 + E?) n} —4M arctanhtanh g (4.19)
According to this equation,
t— —oco as n—ng—0. (4.20)

Solutions (4.16) and (4.19) are illustrated in fig. 4.1. Because the space-like
geodesics do not relate to any known physical object, the interpretation of this
section is not clear. One might speculate that while the arc lenght of a tachyon
increases, its coordinate time decreases, thus the particle moves backward in
time. Also from the equation (4.8) that r; is never 0 unless M = 0, therefore

radially moving tachyon does not reach singularity.
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Proper time, 1

r'M

Schwarzschild time, t

0 | | | | | |
-10 -8 -6 -4 -2 0

t/M

Figure 4.1: Proper time (7) and coordinate time (¢) along a space-like radial

geodesic; initial condition is r; = M.
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4.2 The unbound orbits

These orbits are governed by the equation
du\”
— ) =f 4.21
(F) =, (1.21)

2M  E*+1
f(u):2Mu3—u2—L2u+ T2

where

(4.22)

Letting wuy,us, and ug denote the roots of the cubic equation f(u) = 0, we

have
E?+1
= 4.2
s = TN (423)
and
1
U1 + U9 + Uz = (424)

9
Since — (E? + 1) < 0, the equation f(u) = 0 must always allow a negative real
root. From (4.24) it follows that we cannot have all roots negative.

The different cases that must be distinguished are, therefore, essentially
the same as those for the null geodesics. There are no bound orbits in case of
space-like geodesics!

The different cases we have distinguished can also be inferred by interpret-

V= (1 - %) (f—j - 1> (4.25)

as 'potential energy* (see equation (4.2)). (In fig. 4.2 there are displayed some

ing

examples of potential energy.) The unstable orbits correspond to maximum

potential.

4.2.1 Orbits of the first kind

Orbits of the first kind occur in cases («), and (3); and we shall write the real

roots of equation f(u) = 0 as

1 1
ulz—j(e—l), U2:7<€+1), andu3:2——

~| N

(4.26)
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The effective potential

0 0.5 1 15 2 25 3 35 4 4.5 5

Figure 4.2: The effective potential appropriate for space-like trajectory (comp.
equation (4.25)). L/M is a) 0, b) 3, ¢) 4.33, d) 5, e) 10, f) 15.
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To be in conformity with ordering, u; < us < ugz, we must require
[ >2M(e+3). (4.27)

Defining

= (4.28)

M
[

we have the important inequality

1
2(e +3)

< (4.29)

or

1—6p—2ue>0. (4.30)

The condition, that

f(u)—2M<u+€;1> (u—e—;l) (u—ﬁJr%) (4.31)

agrees with its definition (4.22), yields relations,

E*+1 1
T = l—3(4M ~0(1-¢%), (432

%:%[M(?)—i—ez)—l] and

or, in terms of u,

E?+1 1
7= z_2<4’“‘ —1)(1—¢€*) . (4.33)

1 1
ﬁzm[u(3+e2)—l} and

We write, since e? > 1,

1 1 E*+1 1
=0 [t (3+¢€*) —1] and 72— 1_2(1 —4p) (e —1) . (4.34)
Since L? > 0 and E*> +1 >0
n(3+e)—-1>0, (4.35)
and
< L (4.36)
n<g- :

The allowed range of u and e, according to (4.30) and (4.35), can be seen in
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Solutions for coefficients yp and e

e 101
ol
sl
7L
6L
5k
al
sk
2r T ~ -
1 I --~1-~-~-‘~_1
0 0.05 0.1 0.15 0.2 0.25
u
Figure 4.3: Area marked A designates where allowed pairs of e and p lie.
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fig. 4.3.
An alternative expression for £? may be noted here:

E? 1
T3 = (e — 2+ D)(2pe +2u— 1) (4.37)

We shall make a substitution
1
u = 7(1+ecosx). (4.38)
Since e > 1,
u =0 when x =arccos(—e ") = xoo (say) . (4.39)

But the perihelion passage still occurs when y = 0. The allowed range of x is,
therefore,

0 < X < Xoo = arccos (—e ). (4.40)

The substitution (4.38) reduces equation (4.21) to the simple form

d 2
(d—X) =1 2u(3+ecosx) = 1 — 6+ 2ue — 4pe cos? % , (4.41)
o

or, alternatively,

d 1/2
j:ﬁ =(1—6u+ 2ue)1/2 (1 — k? cos® %) : (4.42)
where
4dpe

K= ———— 4.43
1 —6p+2ue ( )

The inequality (4.29) guarantees that
k<1 and 1—6p+2ue>0. (4.44)

It is now apparent that the solution for ¢ can be expressed in terms of the

Jacobian elliptic integral

P
_ dy
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where
1
Y=5r—x). (4.46)
Thus, keeping in mind restriction in the range of x, we may now write the

solution for ¢ in the form

2 T X
= Kk)—F(=—=,k 4.47
4 \/1—6,u+2ue[ (k) (2 2’ )]’ (4.47)
where K(k) denotes the complete elliptic integral,
w/2
d

- / 7 . (4.48)

) 1 — k2sin?~y

In writing the solution for ¢ in the form (4.47), we have taken the origin of
¢ at the perihelion passage where x = 0. The trajectory goes off to infinity,

asymptotically, along the direction

2

1 1
P = Poo = NIES TR [K(k) — F(¢oo, k)} (woo = — arccos (e )) )
(4.49)

The solution can be now completed by direct integration of the equation

(4.6) for t and 7. Thus,

L [de dgp dX
—— | £ _ = 4.
TTL) L dy u?’ (4.50)

and

_/dx u?( 1— 2Mu) (4.51)

By making use of equations (4.33), (4.37), (4.38), and (4.42), we obtain

I ZeQSinX\/l—/#—l—k?sinQ%
= — +
TTT @SR (e—1) - 2e R 2esin? — e — 1

2’ 2

+H(g—§,e2_—el,k) [k2(6+3) 6_1} 1_3;;?3) 1) (4.52)

+2eE<g—K k>+F<z—§,k>+
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and

2¢? sin
(e2—1) (1 — e+ 2ecos? X) [k2(e — 1) — 2¢?]

(1 —2p+ 2pe)(1 — 2u — 2pe) (1 — k2 cos? %)
: +
p(1l — 6+ 2pue)

T X dpe
-8l == =) ———— k
(2 21— 2p+ 2pe€’ )

(e—1)(e2—1) (1 — e+ 2ecos2X) [k2(e — 1) — 262]{(6 —1)[2e(e+

t=—

+

+1) (e*k* — ek® — k* — 2¢* + 2¢) cos® g + k% (e + 1)2 +
2 (1 1.2.2\1 _ 2 _ 2 X\ 2] 1.
+2¢* (1 — k*¢?)] 2€/€<€+1)[(€ 1)<1+ecos 2) e}}
3 (1 —2p — 2pue) n(T_x 2e A
(2ue —2p + 1)(1 — 6p + 2ue) 2 27e—1
{(e* = D)[K*(1 — 4pe + 4p) + 8pe] + 2k*(e — 1) — 4e}

(e — 1) [k2(e — 1) — 2¢2]

(= 2p 4 2pe)(1 — 21 — 2M6)+
p(l — 6p + 2pue)

+

—F (2 —Xk) k(e — 1) — 2¢] \/(1 — 20+ 2ue)(1 — 2u — 2ue)+
(€2 — 1)[1{32(6 — 1) — 2¢?] (1l — 6+ 2pue)

—2¢E (3 — %, k) (1 — 2+ 2pe)(1 — 2u — 2pe)
(€2 —1)[k%(e — 1) — 2€?] p(l — 6+ 2pe)

P
[1 — k2~
0

¥
7
I, ) 0/ 1—a2t2)/(1 - 2)(1 — k2t2) (4.55)

+

. (4.53)

where

and

are elliptic integrals.

The case 2u(3 +¢) =1

In this case, the perihelion distance, rp, is given by

l 3+e
= =2M . 4.56
v 1+e 1+e (4.56)
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For these orbits

L2 4 2 2_1
= (3+e) and l?2+1:6

M2 (e—3)(e+1) 2—9° (4.57)

According to the allowed range of e (see fig. 4.3), the corresponding perihelion-
distances must be

2M <r, <3M. (4.58)

It is convenient to go back to the equation (4.41); it gives

dx\’ d
(ﬁ) = 4pe sin® g or ﬁ = —2 (pe)? sin% , (4.59)

where the negative sign has been chosen so that ¢ may increase when x de-

creases. The required solution of equation (4.59) is

X
Intan = . 4.
Menan4 (4.60)

AN
Il
|

The asymptotic direction is

1 o0
Poo = —— Intan X (4.61)

Ve 4

(see X0 in equation (4.39)).
4.2.2 Orbits of the second kind

To obtain the solution for these orbits, we now make a substitution

(12 1 346\, ,¢
u = <2M l)+(2M i )tan 5" (4.62)

By this substitution,

and (4.63)
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we further find that equation (4.21) now reduces to

4\ 2
(—£> = (1 —6p+ 2pue) < — k?sin? 5) (4.64)
dyp
with the same definition of k2 as for the orbits of the first kind. Thus we may
now write
2 §
= Fl2 k). 4.65
7 V1—"06u+2ue (2’ ) (4.65)

At aphelion, £ = 0 and ¢ = 0; and at the singularity £ — 7 and ¢ takes the
finite value

2
= K(k). 4.66
%0 T— 6/ 1 2e (k) ( )

In fig. 4.4, an example of unbound orbits is illustrated (as given by solutions
(4.60) and (4.65)).

The solution for the arc lenght 7 and the coordinate time ¢ can be obtained

by integrating the equations

dr 1 de dt E dep
T~ ¥ ad & &, 4
A€~ Lwzde MY a6 T Twr(1— 2Mu) d¢ (4.67)

(Numerical solution for integrals (4.50), (4.51) and (4.67) are shown in fig-

ure 4.5.) By making use of equations (4.33), (4.37), (4.62), and (4.64)
obtain

:4u—1 2ue—|—1)+k2(4,u—1)]+
—2(2ne —2p + 1)

§ 2u(e+1) .
,LL(e—l—l) —I—(Q,ue—i-Gu 1)H(2’—1—4,u 7k)
. E*(4p — 1) (4pe + 1) + 4ple + 1) (ne — 3+ 1)

2u(4p — 1) (e 4 1) [4p — 1+ 2pu(e + 1) sin? §] *
((2ue + 6 — 1) (1 — k?sin? §) sin € cos § (4.68)
[2p(e + 1) + k2(4p — 1)] [4p — 1 + 2p(e + 1) sin® §] '

kl ,uez—i—?)u—l (2ue+6p—1)E (5, k)
(e+1
§
(5
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M =0.14286,1=45,e=5
90

2.5

180

270

Figure 4.4: The orbit of the first kind arrives from infinity, and after reach-
ing the perihelion, goes again to infinity. Orbit of the second, starting from
a certain distance from the black hole (aphelion), falls into the singularity.
Eccentricity is e = 5 and latus rectum is [ = 4.5 (M = 1/7 in the scale along

the coordinate axes.)
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Proper time

AN

first kind

\4/ second kind
0 1 1 1 1 J

-4.5 -4 -3.5 -3 -25 -2

Schwarzschild time

first kind
second kind

o
(4]
T

-4.5 -4 -35 -3 -25 -2 -15 -1 -0.5

Figure 4.5: Proper time (7) and Schwarzschild time () along space-like
geodesics of the first and second kind; M = 1/7, | = 4.5 and e = 6.
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and

t= +
Bue +6p —1—4p2e | (1 —4p)(e+ 1)[k?(1 —4p) —2p(e + 1))
N —[44(3€® + 20€® + 31e + 18) — 4p?(4e? + 9e — 3) + pu(e — 6) + 1] F (5, k) N

Kl { (2ue + 61— 1)*E (§, k)

2u(1 — 4p) (e +1)* (1 — 2 — 3pee)

(2pe + 6p — 1)1 éwk
21— 4y

201 (1= 40 (e + 1)” [k2(1 — 4p1) — 2pu(e +1)]
(K1 = 4p) (64p°e” + 144p°e + 9617 — 40p° — T2p e — 24p°e” — 2p+

+5ue — 1) — 4p°(e + 1) (28pe” — 9¢® — 19e + 60pe + 48p — 2)| +

E1—2u—3pue

- (s, ——
(3pe + 61— 1) (2, 1 )
(1 —2p — 3pe)(3ue + 6 — 1 — 4p2e)

—p(2pe + 6 — 1)4/1 — k2 sin® g sin? &

(1 —4p)[k2(1 — 4p) — 2p(e + 1)) [1 — 4 — 2psin® §(e + 1)]

+

(4.69)

(4.70)

_ \/(1 — 20+ 2pe)(1 — 2p — 2pe)
. :
The case 2u(3 +e) =1
When 2u(3 + €) = 1, the roots of f(u) =0 are
1 1 e—1 e+1
ulz—j(e—l) and u2:u3:4M+ TR
and the substitution that is suggested is
1 2§
u =7 1 +e+2etan 5 ) (4.71)
By this substitution,
e+1
U =Uy = Uz = when £ =0, and u — oo when £ — 7. (4.72)

We further find that equation (4.21) reduces to

4\ 2
(i) = 4pesin® g : (4.73)
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We observe that this is exactly the same equation we obtained when consid-
ering the orbits of the first kind in the same context, uy = uz (see equation

(4.59)). And, as before, we shall write

1 §
Intan = . 4.74
Menan4 (4.74)

Along this orbit, ¢ = 0 when £ = 7 and r — 0; and ¢ — 00 as £ — oo and we

Y=

approach the aphelion at r = #e In fig. 4.6 there is an example of solutions

(4.60) and (4.74).

4.2.3 The orbits with imaginary eccentricities

Finally, we have to consider the case when f(u) = 0 allows only one real root
and pair of complex-conjugate roots (the case () of fig. 3.1). It is evident
that the corresponding orbits, while arriving from infinity, will fall into the
singularity though they may circle the origin one or more times before doing
so. As in section 3.2.3, we shall characterize these orbits by an imaginary
eccentricity ie and write roots of f(u) = 0 as in equations (3.39). With the
present definition, we can obtain the equations which replace equations (4.33)
and (4.37) by simply writing —e? wherever +€? occurs and conversely. We

thus obtain

1 1 E*+1 1
EonpG-) -1, T =gl (1+e),

and (4.75)
E2

1
ﬁ = m (4/1/262 +4/L2 — 4IU+ 1) .

Accordingly, we must now require
1 2
p> g and 3p —pe®—1>0. (4.76)

The second inequality imposes restrictions

1
2 <3 -~ and uw>1/3. (4.77)
i
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Special case 2u(3+e) =1
90

180

270

Figure 4.6: The case 2u(3+4¢) = 1. The orbit of the first kind comes from infin-
ity, and after spiralling infinitely around the black hole, reaches the perihelion.
The orbit of the second kind starts form aphelion, and after spiralling around
the black hole infinitely, reaches singularity. Eccentricity is e = 6 (M = 1/7

in the scale along the coordinate axes.)
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The analysis of section 4.2.3 applies equally to the present considerations
with the only proviso that (4.77) holds. Since these orbits are unbounded, the
solution for ¢ is given by the same equation (3.48) as in section 4.2.3. The
origin of ¢ is at the singularity (where £ = m and ¢ = +7/2). But the lower
limit on ¢, say 1, as the orbit goes off to infinity, can be obtained from

equation (3.47) by inserting for sin$ and cosg the values appropriate for &,

2

given in equation (3.42). We find

1
A +6p—1

A —1
sin? o, = (A+6/L—1—262 s ) . (4.78)
e

In fig. 4.7 an example of solution (3.48) is illustrated.

The solution for the arc lenght 7 and the coordinate time ¢ can be obtained
by integrating the equations (4.67). Numerical solution for integrals (4.50) and
(4.51) are shown in figure 4.8. By making use of equations (4.75), (3.41), and
(3.43), we obtain

p(B3—e*)—1 tan — 1 .
VH 2pe’ [Ap (e* = 1) — (2 + 1)]

(J tan +1 2ue — \4p2e? +36p2 — 12+ 1 — 6p + 1>

T =

tan——l 2M€—\/4M2€2+36M2—12M+1+6M—1

(6 — 1)y/4p2e® + 362 — 12+ 1 — 12u(3p — 1) — 1
(1 —6u)\/4p2e® +36p2 — 12u+ 1 — 12u(3u— 1) — 1

tan +1 \/4u62+36u —12,u+1—2ue+6u—1>

tan——l \/4u e? +36p2 —12u+ 1 —2pe — 6+ 1

\/ p—1) (tan? § — )+4uetan§+
(

1
61— 1) (tan?§ — 1) — dpetan §
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M = 0.14286, | = 0.16, e = 1[1]
90

0.4

180

270 The
orbit of the first kind arrives from infinity, and after reaching the perihelion,
goes again to infinity. Orbit of the second, starting from a certain distance
from the black hole (aphelion), falls into the singularity.

Figure 4.7: Orbits with [ = 0.16 and with imaginary eccentricity e = i

(M = 1/7 in the scale along the coordinate axes). The orbit arrives from

infinity, and falls into the singularity.
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Proper time

0.2

0.1r

Schwarzschild time
0.38

0.36
0.34r
0.321

0.3

Figure 4.8: Proper time (7) and Schwarzschild time (¢) along a space-like

geodesic with an imaginary eccentricity; M = 1/7, [ = 0.16 and e = i.
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1

V21— 642) (61— 1) + /A6 + 3642 — 1200+ 1
_ (61— 1) (tan?$ — 1) — dpetan §
pe (€2 +1) (4p — 1) [(6p — 1) (tan? § — 1) + 4petan §]

(tan§1 +1) (2ue — /Au2e? + 36p2 — 12u+ 1 — 6p + 1)
(taung1 — 1) <2,ue — /Au2e? +36p2 — 12 + 1+ 6 — 1) 7

1 —6p+ /4p2e? + 36p2 — 12u + 1
1 —6p — /4p2e? + 36p2 — 12 + 1

_|_

((e+1) (1 —4p)-

c(2ue+6p—1)+ (dp (e +1) + € —1) VAp2e? + 36p2 — 124 + 1) :

: \/(6,u -1) <1 — tan? %) + 4pe tan %—i—

+ ((ne —4pe® —3p+e” +1) VAp2e? +36p2 — 12+ 1 — 3pe+

+e® + 1 —2ue® + 120 + pi’e® — 9 — 10e’ 1 + 22°€?) -

_I_

: \/(G;L —1) (1 — tan? §> + 4uetan§
4 4
1
+ . :
4e2 (tan% —1) (\/4u262 —36p? —12u+1— 2ue> p® (e +1)
\/(tan2 £—1)(6p—1) +4petan’
(tan?§ — 1) (6 — 1) — 4petan
(tan§ +1) (2pe = \/A2e? =367 — 120+ 1 — 6 + 1

(tan & — 1) <2,ue — /Ap2e? — 3617 — 1200+ 1+ 6 — 1) ’
)
)

11

(2,ue — /Ap2e? — 367 — 1200+ 1+ 6 — 1) (e—1+Ve2F1
<2ue — /Ap2e? — 367 — 120+ 1 — 6y + 1) (e+1+ve+1

1 — 6+ \/4p2e? — 36p2 — 12u+ 1+ 6p — 1
1 — 6 — \/4p2e? — 36p2 — 12u+ 1+ 6p — 1

: [2@@2 ~3u+1) <2,ue ~ ApPe® — 3612 — 12+ 1+ 6 — 1) .

: (1 +2(e — 1)tan§ —4etan2§+2(e+ 1)tan3§ — tan’ %) +
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+2+V2) + pE-) -1
(40— 1) (2 +1)¥

1T

(t 1) (Q/w VAZe? — 362 — 120 + 1 — 6 + 1)
)

an? § +
(tan? § = 1) (2ue — v/4u2e? = 3607 — 120+ 1+ 60— 1)

(2,ue—\/4u262—36p2—12p+1+6u—1> (e—1-veZ+1)
(2,ue— \/4#262—36,u2—12,u—|—1—6,u+1> (e+1—Ver+1)

(6 — 1)y/4p2e® — 36p2 — 12u + 1 + 12u(1 — 3p) — 1
(1 — 6p)\/4p2e® — 36p2 — 12u + 1+ 12u(1 — 3u) — 1

/1—6,u 6u—1—2,ue+\/4p262—36u2—12,u+1.
1 — 6p — 2ue + \/4p2e? — 362 — 121 + 1
(1 —6p) (1 — tan? )—Hluetanf1
(6p— 1) (1 — tan? )jtél;ze‘czaulﬂf1

(e—l)tan%—l—equ 1+tan§l.
g
1

2(e2 + 1)(1 —4p) (1 +2etan$ —tan?4) | 1 —tan$

\/(6,u —1) (1 — tan? ) + 4uetan
i

and

1 2ue — \/Ap2e? + 36p2 — 12+ 1+ 6 — 1
2ue — \/4p2e? 4+ 36p2 — 12u+ 1 — 6p + 1
\/(G;L 1) (tan?$ — 1) + 4petan$

£
4'
(61 — 1) (tan? % -1) - 4uetan§

tan § — 1) (2ue — /A2 + 3612 — 120+ 1 + 6y — 1)’

\/€2+1+1—6 \/4u262+36,u2—12u+1—2ue—6u—|—1>
62—1—1—1—6)<\/4,u262+36u2—12u+1—2ue+6u—1)’
6 — 1 — \/4p2e? +36u2 — 12u + 1 1 +\/62+1+€
6 — 14 /4p2e? +36p2 — 12u+1 ) \ /e Ve+1—e

\/4M2€2+4M2 —4p+1
. 2 _l’_
e +1

|: ( tan +1 (2,&6—\/4,&262—{—36,[12—12#—1-1—6,&—1-1
(
(
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5 (tan & + 1) <2,u6 — /AP 1 367 — 12+ 1—6p+ 1

)
)

+ I
Ve (tan%—l) <2ue— VAuZe2 +36p2 — 12p+ 1+ 6p— 1

1—2p+2ue+\/4/He2+4u2—4,u+1>

2u—1+2u6+\/4u262+4u2—4,u+1>

Y

NN

VAp2e? 4+ 36p2 — 12+ 1 — 2pe — 6p + 1)

Vauze? +36p2 — 12p+ 1 — 2ue + 6p — 1

\/6u— 1 — \/4p2e? + 36p2 — 12,u+1> N

6 — 1+ /4p2e? +36u2 — 12 + 1

9 (tan% +1) <2,ue — /Ap2e? +36p2 — 12+ 1 — 6+ 1

)
)

+ I
Ve (tan%—l) <2ue— VApZe2 +36p2 — 12p+ 1+ 6p — 1

(2,u— 1 — 2ue + \/4p2e® + 4p? — 4p + 1)
(1 — 20— 2pe + \/4pZe? + 4p? — dp + 1>

<\/4;L262 +36p% — 12+ 1 —2pe — 640 + 1)

<\/4u262 +36p% — 12+ 1 — 2pe + 6p — 1) ’

\/G,u— 1 — \/4p2e? + 3612 — 12u+1> \/tan% -1

6 — 1+ /4u2e? + 36p2 — 12 + 1 tanf—l+1

(4.79)




Chapter 5

The time-like geodesics in the

Schwarzschild space-time

Remember that freely falling particles with positive rest-mass describe time-
like geodesics. This chapter is taken from [7, Chapter 3] and shortened.

For time-like geodesics 2L has the value 1, and we can write

(j_:>z+ (1-%) <1+f—§) = E*. (5.1)

As in chapters 3 and 4 we obtain the basic equation of the problem (cf. equa-

tions (3.8) and (4.5))

(_)2 = 2Mud —u? + u— : (5.2)

5.1 The radial geodesics

Again we shall consider trajectories of particles with L = 0 which start from
rest at some finite distance r; and drop towards the center.

This time the change of variables will be

=T (1 + cosn) = rj cos g : (5.3)

r
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In terms of 7, the equations to be integrated are (compare with equations

(4.12) and (4.13))

dr\? Y dt E cos® 4
(E) = (1 — E*)tan 5 and P T cos? I (5.4)

together with

d
d_:] = —rysin g cos g . (5.5)

Because we are considering infalling particles,

d oM\ "/?
r——(l—E2)1/2tanQ:—( > tan 7. (5.6)

E_ 2 T

From equations (5.5) and (5.6) follows (compare with equation (4.15))

dr B\ rd
— == —=(1 ol 5.7
a (2M> cos” o (1+ cosn) i (5.7)
With the assumption that 7 = 0 at n = 0, we obtain
7’-3 1/2
T = (8_1M> (n 4+ sinn). (5.8)

Similarly to section 4.1 the situation differs when we consider the equation of
the trajectory in coordinate time, t. To obtain ¢, the equation (cf. equations

(5.4) and (5.7))
dt cos® 1 r3
dn cos? 1 — cos? BtV 2M

(5.9)

must be integrated. After integration

P21 tan ing + tan in
t=FE| = = i 1—E? 2M 1 2 2= ).
(2M> [2(7]—1—511177)—1— ( )7]} * n(tan%nH—tan%n

(5.10)

Solutions (5.8) and (5.10) are illustrated in fig. 5.1. Coordinate time for time-
like geodesics displays the same behavior as for space-like geodesics as can be

seen in figure 5.1.
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Proper time, 1
r/M

ol | | | | | ]
0 5 10 15 20 25 30

/M

Schwarzschild time, t
r'M

ol | | | | | ]
0 5 10 15 20 25 30

t/M

Figure 5.1: Proper time (7) and coordinate time (¢) along a time-like radial

geodesic with initial condition r; = 6.

wzw J N )

Uy U2 ( U2 = U3 Uy = Ug Uy
= US

(@) (8) (7) (%) (€)

Figure 5.2: The location of the roots of a cubic f(u) =0 for E? <1 .
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5.2 The bound orbits (E? < 1)

The consideration of equation (5.2), which governs the geometry of the paths
described in the invariant plane, is divided into two sections. These two cate-
gories of orbits are characterized by E? < 1 and E? > 1. This difference will
decide whether orbits are bound or unbound. In this section, bound orbits
(E? < 1) shall be considered. These geodesics are governed by the equation
(4.21), where

2M 1— E?

f(u) = 2Mu® — u® + u—

= = (5.11)

As in sections 3.2 and 4.2, the geometry of the orbits will be decided by
the location of the roots of the equation f(u) = 0. All the allowed possibilities,
[7, Chapter 3, §19(b)], are distinguished in fig. 5.2.

The different cases can also be deduced by interpreting?

po (1B (12) 612

as ‘potential energy’ (see equation (5.1)). (In fig. 5.2 there are displayed some
examples of potential energy.) The unstable circular orbits correspond to
maximum potential while the stable circular orbits correspond to minimum

potential.

5.2.1 Orbits of the first kind

The requirement, that

f(u):2M(u—1;e) (u—lJ{e) (u—ﬁJr%) (5.13)

agrees with its definition (5.11), gives equations (cf. equations (4.33)),

1 1 1— B2
ﬁ:m[l—u(?)—i—ez)] and 72

!There is V? in [7, page 102].

= %(1 —4p)(1—¢*) . (5.14)
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The effective potentials

\4 1.04

T

1.02

0.98-

0.96 -

0.94 -

0.92 1 1 1 1 J
0 5 10 15 20 25

r'M

Figure 5.3: The effective potential for time-like trajectory (comp. equation
(5.12)). L/M is a) 4.33, b) 4, ¢) 3.75, d) 3.464. The last stable circular orbit

occurs at the point of inflection—case d).
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A useful alternative expression for E? is

E? 1 2 9 9
According to the substitution (4.38)

1—e

at aphelion, where wu = T X=T
and (5.16)
1
at perihelion, where u = j ¢ , x=0.

Further analysis is the same as in section 4.2.1; and the solution for ¢ can be
expressed in terms of the elliptic integral (4.45). With the restriction (5.16) in

the range of x, we may now write the solution for ¢ in the form (cf. equation

(4.47)).
2 T X
0= e F<§—§,kz> , (5.17)

where ¢ starts at aphelion passage where y = 7.

The case e =0
In this scenario geodesic is a circle with the radius

re=1. (5.18)
It is evident from fig. 5.2 that an orbit of zero eccentricity is compatible with

one of the two roots

L? 12M2
= —|(1+4/1—— 1. Nl
Te i ( 73 ) (5.19)

The permitted ranges for the radii of the stable and unstable orbits are

6M < r.(stable) < oo and 3M < r.(unstable) < 6M . (5.20)

The case 2u(3 +¢) =1

The perihelion, 7, and the aphelion r,,, distances are given by (4.56) and

3+e
1l—e’

Tap = 2M (5.21)
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Perihelion distances of these geodesics are confined to the range
AM < r, <6M. (5.22)

For these orbits (cf. equations 4.57)

L? 4(3+e)? 1— e
— = d 1—-E?= . 5.23
M2 B-elte O 90— 2 (5:23)
The discussion in section 4.2.1 applies in this case except that ¢ = 0 when

x = 7. Equation (4.60) shows that ¢ — oo when y — 0.

5.2.2 Orbits of the second kind

Except for different conditions for e and pu, discussion is the same as in sec-

tion 4.2.2. An example of bound orbits is illustrated in fig. 5.4.

The case e =0 and p # 1/6

In this situation the solution for w is

1 1 3\ L1
ST (- ~(p — o)1 — 24
where ¢q is a constant of integration. See fig. 5.5 for an example of this orbit

and an associated stable circular orbit.

The case e =0 and ;= 1/6

1

In this case, all three roots coincide (case () of fig 5.2) and uy = uy = u3z = 537

As was shown in section 5.2.1, a circular orbit of radius 6M is permitted by
the equations of motion as a special solution; it is the lower bound for the
radii of the stable circular orbit (see equations (5.20) and (5.21)). The general

solution is
1 2

u = + .
6M M(SD—SDO)Q

(5.25)

For example of this orbit and associated unstable circular orbit see fig. 5.6.
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M =0.14286,1=3,e=0.5

180

270

Figure 5.4: Orbits of the first and the second kind. Orbit of the first time
precesses around the black hole. Orbit of the second, starting from a certain
distance from the black hole (aphelion), falls into the singularity. Eccentricity
is e = 1/2 and latus rectum [ = 3. (M = 1/7 in the scale along the coordinate

axes. )
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Special case e =0, u# 1/6
90

15

180

270

Figure 5.5: A circular orbit e = 0, | = 3/2 and the associated orbit of the
second kind. Orbit of the first kind is a stable circular orbit. Orbit of the
second, starting from a certain distance from the black hole (aphelion), falls

into the singularity. (M = 1/7 in the scale along the coordinate axes.)
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Special case e =0, u=1/6
90

180

270

Figure 5.6: The last unstable circular orbit. The orbit of the second kind spirals
out of the orbit of the first kind and falls into the singularity.(e = 0, u = 1/6).
(M = 1/7 in the scale along the coordinate axes.)
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The case 2u(3 +e) =1

Formally the discussion and solution in this case has the same form as in
section 4.2.2. For this orbit, ¢ = 0 when ¢ = 7 and r — 0; and ¢ — oo when
¢ — 0 and r approaches the aphelion at r = #e The circle at ﬁ is the
perihelion for the orbits of the first kind, and it is the aphelion for the orbits

of the second kind. See fig. 5.7.

5.2.3 The orbits with imaginary eccentricities

In this case f(u) = 0 allows only one real root and pair of complex-conjugate
roots (see the case (¢) of fig. 5.2). The corresponding orbits start at some finite
aphelion distances, and fall into the singularity. As in sections 3.2.3 and 4.2.3,
these orbits will be characterized by imaginary eccentricities and roots of f(u)
= 0 will be written as in equation (3.39). Again we can obtain the equations
which replace equations (5.14) and (5.15) by writing —e? wherever +e? occurs

and conversely. Thus (cf. equation(4.75))

1 1 1— E? 1
ﬁzm[l—u(3—€2)], L2 :l—2(1—4,u)<].+62),

and (5.26)
E? 1

7z = (2 — 1)* - 4pPe’] .
Because bound orbits with 1 — E* > 0 are considered, p < 1/4; and this
inequality guarantees
1—3u+pe* >0. (5.27)
There is no upper limit for e2.
Further discussion is the same as in section 4.2.3, except now the range of
u is

1 2
- < 2
oYi l_u<oo, (5.28)

and so the corresponding range of ¢ is

§o<¢<m, (5.29)
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Special case 2u(3+e) =1

180

270

Figure 5.7: An example of a trajectory in which the orbits of the first and the
second kind coalesce (e = 1/2). Orbit of the second, starting from a certain
distance from the black hole, falls into the singularity. (M = 1/7 in the scale

along the coordinate axes.)
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where

6p —1
sin% =— 'MA and COs 5 = A (5.30)

where A is defined in equation (3.45). From equations (5.30) and (3.47), it

follows that

sin?¢ =1 both when ¢=¢, (at aphelion)

(5.31)
and & =7 (at singularity) .
And
2
sin?1) = 0 when ¢ = arctan e (5.32)
6pu — 1

The range of v associated with the range of £ is

—SSvsty  (G=ésm. (5.33)

Accordingly, the solution for ¢ may be written as (3.48), where we have as-
sumed ¢ = 0 at the singularity where £ = 7 and ¢ = 7/2. ¢ at aphelion,
where £ = & and ¢ = —7/2, is

_ o K(k)
Pap = 2ﬁ )

Example of an orbit with imaginary eccentricity is in fig. 5.8.

(5.34)

5.3 The unbound orbits (E? > 1)

In this case the constant term in f(u) is positive. Therefore, the equation
f(u) = 0 allows a negative root; and the different cases to be distinguished are

those shown in fig. 3.1. They look essentially as null and space-like orbits.

5.3.1 Orbits of the first and second kind

Because all three roots are real, they shall be expressed the same way as in

section 4.2.1, only now e > 1. Again the inequality (4.29) continues to hold.
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M=0.14286,1=1,e =10
90

0.8

180

270

Figure 5.8: Orbit with [ = 1 and with imaginary eccentricity e =i (M = 1/7)
falls into the singularity.
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The relations (5.14) also continue to hold, again with the difference that e > 1.

Therefore
1 1 E*-1 1
YRR [1—p(3+¢’)] and T 1—2(1 —4p) (2 =1) . (5.35)

Since we assume thatL? > 0 and E? —1 > 0, in addition to (4.35) we have the
requirement, 1 < 1, guaranteed by both inequalities (4.29) and (4.35). (4.35)
ensures (4.29) for e < 3 while (4.29) ensures(4.35) for e > 3.

Apart from the restriction on the range of e and u, the analysis in sec-

tion 4.2.1 is applicable as it stands. An example of unbound orbits is in

fig 5.9.

The case 2u(3+¢) =1

For these special orbits, the allowed range of e is
1<e<3; (5.36)

and the corresponding perihelion-distances must lie in the range (cf. the range

(5.22) for the bound orbits and (4.58) for space-like orbits)
3M <1, < 4M. (5.37)

This case is described by the same equation (4.60) (except, again, for the
restriction in the range of y). As was stated in the context of the null and
space-like orbits, these unbound time-like orbits approach the circle at rp,
asymptotically, by spiralling around it an infinite number of times.

The discussion of the space-like orbits in section 4.2.2 applies to these
unbound orbits without any change; only now we are concerned with values

of e > 1.

5.3.2 The orbits with imaginary eccentricities

We must now require

(5.38)

=
(AV2
o |
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M =0.14286,1=4.5,e=1.5
90

2.5

180

270

Figure 5.9: Orbits of the first and the second kind. Orbit of the first kind
arrives from infinity, and after reaching the perihelion, goes again to infinity.
Orbit of the second, starting from a certain distance from the black hole (aphe-

lion), falls into the singularity. Eccentricity is e = 3/2, and latus rectum 4.5
(M =1/7).
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Special case 2u(3+e) =1
90

4

180

270

Figure 5.10: An example of a trajectory in which the orbits of the first and the
second kind coalesce (e = 3/2) for which 2u(3 +¢e) =1 (M = 1/7). Orbit of
the first kind arrives from infinity and reaches perihelion by spinning infinitely
around it. Orbit of the second, starting from a certain distance from the black

hole (aphelion), falls into the singularity.
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and (5.27). For p > 1, it is necessary to impose the restriction

e >3-1/u (u > %) : (5.39)

Discussion of section 4.2.3 can be now applied without any change.



Chapter 6

Summary of Part 1

When we look at the number of r-turning points we can see that orbits can
be divided in three categories: orbits which, coming from infinity, go again to
infinity, these are call flyby orbits and they can be of either type (null, time-
like or space-like), they have one turning point; bound orbits which have their
radial coordinate bound by two finite values (only time-like geodesics), they
have two turning points; and crash-escape orbits, which come from infinity into
the singularity (null, time-like or space-like geodesics), they have no turning
point.

Flyby and bound orbits are familiar in Newtonian gravitation as Keplerian
hyperbolas and Keplerian ellipses. With them are associated orbits of the
second kind, which have no Newtonian analogues and which, starting from
a certain distance (above horizon), plunge into the singularity (these are not
radial geodesics in Newtonian gravitation). Crash-escape orbits are either
orbits characterized by imaginary eccentricities, or, in the case of time-like
and null orbits, radial geodesics. Geodesics of above types are said to be
ordinary.

Ezxceptional orbits happen when the two kinds of orbits coalesce as they

asymptotically approach a common circle from opposite sides by infinitely



64

spiralling round it.

In Chapter 3 (null geodesics) we gave explicit solutions for proper and
Schwarzschild times, in addition to already known solutions for the radial
coordinate.

In Chapter 4 (space-like geodesics) the explicit solutions for radial and
time coordinates are evaluated. As a consequence of conditions which must be
imposed on parameters we showed that there can be no repulsive orbits thus
disproving result of [27].

In Chapter 5 (time-like geodesics) a minor error in [7, equation 113, page

102] was corrected.



Part 11

Geodesics in the

Reissner-Nordstrom solution



Chapter 7

Introduction to geodesics in the

Reissner-Nordstrom space-time

In this part of the thesis we will give solutions for geodesic orbits in the
Reissner-Nordstrom space-time (black hole characterized by mass M and
charge Q..) We have extended the discussion in [7, chapter 5], which is con-
cerned only with circular time-like and null orbits, to general orbits (with
solutions in terms of the elliptic integrals) , and we have also included space-
like geodesics and black holes with M < |Q.|. Since these kinds of black holes
(with charge larger than mass) are considered non-physical, interpretation of
their orbits are unclear. Some orbits were completed manually (cyan lines),
because, in some regions, the program they were generated with (Maple) failed
to work adequately. In [7] charged particle are mentioned and their lagrangian
given. We extend this discussion by finding explicit solutions of their orbits.

We start with the introduction of horizons. Let
ry =M+ /M?— Q? and ro=M—+/M?—-Q?, (7.1)
be the roots of A =0, where

A=7r%—2Mr + Q? (7.2)
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(cf. equation (B.14)). These roots will be real and distinct if M? > Q2.

Lets assume that this inequality is satisfied. Since

A >0 for r>ry and O<r<r_

(7.3)

and A <0 for ro<r<ryg,

it is clear that we must distinguish three regions:
A O<r<r_; B: ro<r<rg; and C: r>ry. (74

While the surface r = r, is an event horizon in the same sense that r = 2M is
an event horizon in the Schwarzschild space-time, the surface r = r_ is called
a ‘Cauchy’ horizon and it is a ‘horizon’ in a different sense, see [7]. At the
instant of crossing this horizon, the person will witness, in a flash, the entire
infinite history of the external space-time, in infinite blueshift. Once under
this horizon, the person’s future is no longer determined by his or her past.

For |Q.| > M, there is no horizon. The singularity at » = 0 is naked.
Because of the cosmic censorship hypothesis this case could not occur in grav-
itational collapse ([42]). According to [28, footnote 9] this does not exclude the
possibility of such singularities being created primordially. In [31, chapter 31]
it is suggested that for the case of a large ratio of charge to mass, the region
near r = 0 is unphysical.

Since the Reissner—Nordstrom metric differs from the Schwarzschild metric
only in the definition of the ‘horizon function’ A, it follows that the basic
equations governing geodesic motion are, with the redefinition of A, the same
as those considered in part I.

Another difference between the equations governing geodesics in
Schwarzschild space-time and Reissner—Nordstrom space-time is (as we shall
see later) that f(u) will be now a biquadratic instead of a cubic. That makes
an essential difference only for the orbits which cross the horizon at r = r,
i.e., for the orbits, which in Schwarzschild geometry are terminated at the

singularity at r = 0.



Chapter 8

The null geodesics in the

Reissner-Nordstrom space-time

The equations governing the null geodesics are

dr\? A dt r? de L
il 2= = F?. — = F—- d L+ =—. 8.1
(dT) * r4 Tdr A M TR (8:1)

By considering r as a function of ¢ and replacing r by u = 1/r as the inde-

pendent variable, we obtain the equation (cf. equation (4.5))

du\? 1
(@) = —Q*u4 +2o2Mud —u? 4+ ) =f(u) (say), (8.2)

where D(= L/F) is the impact parameter.

8.1 The radial geodesics

The equations governing the radial null-geodesics can be obtained by setting
L =0 in equations (8.1). Accordingly,

dr A

The solution of this equation is

t = £r, + constant, (8.4)
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where
2

/TQd f T e o] (85)
L= | —dr = nlr—ry|— njr—r_|. :
" A re=r ry+r_ T Ty 4T rer

Therefore, for an in-going null-ray, the coordinate time ¢ increases from —oo to
400 as r decreases from 400 to ry, decreases from 400 to —oo as r further
decreases from r, to r_, and increases again from —oo to a finite limit as
r decreases from r_ to zero. All the while, the proper time decreases at a con-
stant rate £ (cf. equation (3.13)). From a finite distance r > r, a co-moving

observer will arrive at the singularity in a finite proper time.

8.2 Black hole with M? > ()?

The quartic equation (8.2), f(u) = 0, always allows two real roots: one negative
(which has no physical significance) and one positive (which occurs for r < r_).
We shall be concerned only with cases when the two remaining roots are either
both real (distinct or coincident) or a complex-conjugate pair. Let the value
of the impact parameter, D, for which f(u) = 0 has a double root, be denoted
by D.. Then for all values of D > D., we shall have orbits of two kinds (as
in the Schwarzschild space-time): orbits of the first kind which lie entirely
outside the event horizon, coming from 400 and receding again to +oo after
a perihelion passage; and orbits of the second kind which have two turning
points, one outside the event horizon and one inside the Cauchy horizon. For
values of the impact parameter D < D. (when f(u) = 0 allows only one real
root, > 1/r_, along the positive real u-axis) the orbit coming from +oo will
cross both horizons and have a turning point for a finite value of r < r_. Thus,

all these orbits skirt the singularity at r = 0.
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/[\UQ ug/\ Yﬂt B

0<y<us uz <y < uyg

Figure 8.1: The case when f(u) = 0 has all real roots.

8.2.1 The orbits of the first kind

We now consider the case when all the roots of the biquadratic equation f(u) =

0 are real and distinct. We rewrite equation (8.2) in the form

du\? 9 _
(@) = Qu(ur — u)(u —ug)(u — uz)(u — us) = f(u) (8.6)

(see fig. 8.1). The solution is

=]

o~ [ s [ e [ -

ul ul

=
£

where

7= \/(U4 — Ug)(Ug — Ul) ’ (88)
= arcsin (s = up)(y — 1)

o \/ (i~ ) s 1) =

pr = e uw)(uz —w) (8.10)

(ug — ug)(uz — uy)
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/ Uy iLc \U4

0<y<u uz <y < U

Figure 8.2: The case when f(u) = 0 has a double root.

Geodesics with critical impact parameter

The value of the impact parameter for which f(u) = 0 allows a double root is

determined by the equations

f(u) = % — v’ (Q%u* —2Mu+1) =0 (8.11)

and
f'(u) = —2u (1 — 3Mu +2Q*u*) = 0. (8.12)
Besides u = 0, equation (8.12) allows the roots
3M 81?2
= 1+4/1— =1 8.13
RERToF ( 9M2) (8.13)

At the larger of these two roots, f(u) has a maximum. The double root must

occur at the minimum of f(u) where

3M 8()?
u= 10?2 (1— 1- 9M2) = U (say). (8.14)
The corresponding value of r is
3 8Q?
c==M|1 1-—=1. 1
re =5 ( + 9M2> (8.15)

At this radius r, the geodesic equation allows an unstable circular orbit.
The value of impact parameter, D., associated with the double root r,

follows from equation (8.11). We find

D. =12/\/ A, Ao =12 —2Mr.+ Q2. (8.16)
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When D = D,
f(u) = (u—ue)® [-Q2u* + 2 (M — Q2uc) u+ue (M — Q2u.)| ,  (8.17)

and the solution for ¢ is given by

d
@:i/ u . (8.18)
(U - U’C)\/_QEUQ + Z(M - quc)u + UC(M - QZUC)
The substitution,
1
= 8.19
¢ u—u.’ (8.19)
reduces ¢ to the elementary integral,
dg
¢:¢/ , 8.20
V—Q2 + b€ + &2 (8.20)
where
b=2 (M — 2Q3uc) and €=U (3M — 4Q3uc) . (8.21)
We thus obtain the solution
In [20§ + b+ 2cy/c(—Q2% + b€ + 052)]
= 8.22
p="F 7 : (8.22)
for values of the argument in the following ranges:
1
—o << ——, 0<u<u,, and re <1 < 00. (8.23)

C

8.2.2 The geodesics of the second kind

To obtain the null geodesics, whose ranges are uz < u < uy, we rewrite equa-

tion (8.2) in the form

(%92=Qﬂu—mxu—mxu—%xm—u) (8.24)

(see fig. 8.1). The solution is

Y= / = Q—F(@D, k), (8.25)
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where this time, unlike in the case of geodesics of the first kind,

1) = arcsin \/(u4 — )y = us) (8.26)

(us —u3)(y —ug)

An example of orbits of the first and second kind can be seen in picture 8.3.

Geodesics with critical impact parameter

The orbits of the second kind are described by the same solution (8.22) for

values of the argument in the ranges

1 1
{min(:—><§<+oo,uc<u§umax(: ) and 1y, <7 <7,
Umin — Uc T'min
(8.27)
where 7y, is the positive root of the equation (cf. equation(8.17)),
ue (M = Quc) r* +2 (M — Qus)r — Q2 =0. (8.28)

Both orbits of the first and second kind approach the unstable circular orbit at
r = r., asymptotically from opposite sides, by spiralling around it an infinite

number of times.

8.2.3 The orbits with imaginary eccentricities

Finally, we consider the orbits when the equation f(u) = 0 has a pair of
complex-conjugate roots, besides two real roots. That is true when the impact

parameter, D, has values less than critical, D., with
2
D, = ——, (8.29)

V C

where the critical radius has value (8.15) and
Ao =712 —2Mr.+ Q%= Mr.— Q*. (8.30)

We rewrite equation (8.2) in the form

<S_Z)2 = QZ(u — u)(u — uz)(u — 2) (us — v) (8.31)
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10*_

04 » o 2 4 & 8 10

Figure 8.3: General null geodesics of the first and the second kind with Q, =
0.8, M =6/7 and D = 4.658489054. The inner and outer horizons are shown
by the thin circles; the dotted circle represents the unstable circular-orbit. The
orbit of the first kind starts from infinity, orbit of the second kind starts above

the vent horizon and ends below the Cauchy horizon.
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0<y<uy

Figure 8.4: The case when f(u) = 0 has two complex-conjugate roots.

(see fig. 8.4). The solution is

:ydu:ydu_odu:iFkuldu:
v 0/ Vi ) Vi ) Vi) e %) +0/ NGO
- &[F(w, k) +K(k)], (8.32)
where
1
_ (us —y)B = (y —u)A

1) = arccos (s —)B + (y—uy)A (8.34)
A% = (uy —by)* +d? | (8.35)
B? = (uy — b)* + a2, (8.36)
p = 22 (8.37)

o (ua— )
af = - (8.38)
pro azw) — (4= B) (8.39)

An example of an orbit with imaginary eccentricity is in figure 8.5.
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210 -8 -6 -4 -2 0 2

Figure 8.5: Null geodesic with imaginary eccentricity with M = 6/7, Q. = 0.8
and D = 3 starts in infinity and ends below the Cauchy horizon. The inner

and outer horizons are shown by the thin circles.

f(u)

Uy U2

0<y<uy

Figure 8.6: The case when f(u) = 0 has two complex-conjugate roots.

8.3 Black hole with M? < Q?

Once we allow Q. > M, ry disappear. We must now distinguish more cases

than in section 8.2 based on the relations between the coefficients M and Q..

8.3.1 Case M? < (@Q?< %Mz

For M? < Q% < %M 2 there are two circular photon orbits, one stable and
one unstable, with impact parameter D, and D, respectively. For D < D
discussion is formally as in section 8.2.

Case D > D is pictured in fig. 8.6. We can see in figure 8.7 that orbits

are coming from infinity and have a turning point at 1/uy. The solution is
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10 20 15 10 @ -5 0 5

Figure 8.7: Null geodesic with imaginary eccentricity with M = 11/14, Q. =
0.8 and D =5.
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-10 5 0 5 10 15 20 25 30
Figure 8.8: Stable circular orbit with associated orbit of the first kind. Orbit
of the first kind starts from infinity. M = 11/14 and @, = 0.8.

formally the same as in section 8.2.3.

Special case D = D, (see picture 8.9) allows a stable circular photon orbit

ms:gﬂl<1— 1—8Q3). (8.40)

with radius

9M?
For orbits of the first kind the discussion is formally as in section 8.2 with the

solution in the form
2¢€+b
arcsin

B \/4Q2c + b?
=1 = , (8.41)

for values of the argument in the ranges

1
<E<——, 0<u<usy, and ry <1 < 00. (8.42)

For b and ¢ see equation (8.21). An example of such orbits is in figure 8.8.
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Uy, U2 Ues

0<y<us

Figure 8.9: The case when f(u) = 0 has a double root.

f(u) f(u) f(u)

ANEAN |
/u1 ug\\ I DA /u1 |

0 <y <us 0<y<ue 0<y<uy

Figure 8.10: The case when Q? = §M? for D > D, D = D, and D < D,

respectively.

8.3.2 Case (Q? = %MQ

When Q? = %MQ, f(u) = 0 allows only one real positive root. In case of

D = D. there is a (unstable) circular orbit at r. = %M and the solution is

@ = £2/b — Q?/b, (8.43)

where b is defined in equation (8.21).
You can see the different possible cases in fig. 8.10. Solutions for general
cases are formally as in section 8.2.3, but with different ranges of arguments.

For examples see figures 8.11, 8.12 and 8.13.
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Figure 8.11: Null geodesic with Q? = 2M? and D > D,. It starts from infinity.
(Q.=0.8and D =3.)
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2 _1 0 1

Figure 8.12: Null geodesics with Q7 = 2M? and D = D, associated with
unstable circular orbit. It starts from infinity. (Q. = 0.8.)
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30
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—10

—20

=30 _10-6 20 2

Figure 8.13: Null geodesic with Q2 = $M? and D < D,. It starts from infinity.
(Q.=0.8and D =2.)



0<y<us

Figure 8.14: The case when Q7 > SM?.

8.3.3 Case Q2> JM?

In this case there is no circular orbit and f(u) has only one positive root (see
fig. 8.14). Again the solution is formally as in section 8.2.3 with a different

range of argument. For example of this orbit see figure 8.15.
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150
100

50

—50
—100

—150

-80 -40 =20 O
Figure 8.15: Null geodesic with Q% > gMQ. It starts from infinity and after
reaching perihelion goes to infinity again. (Q, = 0.8 and M = 0.7.)



Chapter 9

The space-like geodesics in the

Reissner-Nordstrom space-time

The equations governing space-like geodesics are
dr\* A (L7 dt 2 dp L
<T) +—(——1):E2; —:ET—; and X =2 (9.1)

dr rz \ r2?

As in part I, we interpret
A (L?
V=— (— — 1) (9.2)

as ‘potential energy’. In the third graph of fig. 9.1, the unstable orbits cor-
respond to maximum potential and the stable orbits correspond to minimum
potential. Points of inflexion in the second graph indicate unstable orbits.

By considering 7 in equation (9.1) as a function of ¢ and replacing r by
u = 1/r as the independent variable we obtain the equation (cf. equation (4.5))

du” - ; Q?\ , 2M  E*+1
(@) = —-Qiu"+2Mu —<1—L2 u — L2u+ 77 (9.3)




Case when M =10/14 < MCr

-10 1 1 1 1 1 1 1 1 1 ]
0 1 2 3 4 5 6 7 8 9 r 10

40 Special case when M = MCr

Figure 9.1: The effective potential appropriate for space-like trajectory (comp.
equation 9.2). Q = 0.8 and L isa) 3, b) 5, ¢) 10 and d) 15.
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9.1 The radial geodesics

The equations governing the radial space-like geodesics can be obtained by

setting L = 0 in equations (9.1); thus,

dr\” A dt 2 49 do

dr A A
- il 2 . =
% i(Eﬂ) \/E +3 (9.5)

The solution for the arc lenght, 7, is

1/E2+ 2 \)E2 7"2 M

E2+1 (E2+1)3/2

Accordingly,

E?+1-X E?211-M
arctanh — arctanh (9.6)

VE? +1 E2+ 3 1,/E2 2

and for coordinate t,

_ M(4M +1)
(B2 +1)*?

E?24+1-% E?2+1 - M
arctanh — arctanh +

VE? +1 E2 E2+1,/E2+7
amz N\ TER R
+(Qi— . )ln _+
E +]' Ti E2+%

r(E?2+1)— M +rVE2+ 1,/E? +
r(E2+1) — M+r1\/E27,/E2+2

2 (\EP+ 3 B+ 4 A A

L& \/ 1—\/ - —2M(1/E2+—21—\/E2+—2>+
2 i r T r
ri /B2 + % —r B2+ 4

E2+1 ’

+2MVE?+11In

where the initial condition for r is given by

Q7 + 2Mr;

2
i

E*+1= (9.8)

for r(0) = r; and 7(0) = 0.
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9.2 Unbound orbits

These orbits are governed by equation (4.21), where

2 2M E?+1
f(u) = —Q%u* + 2Mu® — (1—%) u? — u+ il .

= - - (9.9)

Letting uq, ug, u3, and us denote the roots of the quartic equation f(u) = 0,
we have again several possibilities of their location (cf. figures 8.1, 8.2, 8.4, 8.6,
8.10 and 8.14 in Chapter 8).

First we find the condition for parameters M, L and @), for the limiting

case in fig. 8.10, which happens when

2 2M
f'(u) = —4Q*u® + 6 Mu® — 2 (1 — %) u——5 =0 (9.10)
and
1! 2,2 Qi
(u) = —12Q%u* + 12Mu — 2 (1 - L?) =0. (9.11)

Since we require M to be positive we have

¢ 6 [16Q2L2 — (L2 + Q)] +2¢/3(3L% — Q2) (5Q2 + 1)’

M = o7 (9.12)
or
L= ‘{SMQ/?’ [2@3 (8Q% —9M7) J (Q2 — M?) (4Q? — 5M?)*+
+ 8154Q MO — 5177Q° M* 4 1472Q5 M? — 128Q°0+
1/3
+1728 M1 — 6O4OQ§M8}
— 3M*? (64Q° — 257QM? — 144M° + 336Q7M*)
/208 (02 - 90) (@2 - 3 (4t — 52y
+ 8154QMS — 5177QM* + 1472Q3 M? — 128Q° + 1728 M*°

—604OQ3M8] . + 36 M* 4 8Q% — 42M2Q3} /(8Q2 —9M?)| . (9.13)
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The conditions for the occurrence of circular orbits are equations
flu)=0 (9.14)

and (9.10). From these equations it follows that energy E and the angular

momentum L of a circular orbit of radius r. = 1/u, is given by

(1 —2Mu, + Q%u?)?

E?=— 9.15
1 — 3Mu, + 2Q?u? (9.15)
and
M — u.Q?
L= - tele . (9.16)
ue(l — 3Mue + 2Q%u2)
These equations require, in particular, that
1 — 3Mu, +2Q%u? < 0. (9.17)
and
M
@ > U (9.18)

Inequality (9.17) shows that the maximum radius for space-like circular orbits,
in the case M? > 2, is the radius of the circular photon-orbit. Since for
M?* < Q? < 9M?*/8 we have two distinct circular photon-orbits (one stable
and one unstable), space-like circular orbits exist in the region ros < r < rey.
When Q? > 9M?/8, there is no space-like circular orbit at all. Inequality
(9.18) shows minimum radius for space-like circular orbit. So in figure 9.1
the stable orbits in the last picture are not allowed. Analytical solutions for

general and circular orbits are formally the same as in Chapter 8.



Chapter 10

The time-like geodesics in the

Reissner-Nordstrom space-time

The equations governing the time-like geodesics are

2
A L2 dt 2 d L
(;1_7’) +_2(1+—2):E2; gl g oz (10.1)
T r r T

A
B
o
\]
<
[\

As before, we can interpret

A L?
V== (1 + ﬂ) , (10.2)

as ‘potential energy’. (Cf. equations (5.12), (4.25) and (9.2).)
By considering r as a function of ¢ and replacing r by v = 1/r as the

independent variable, we obtain the equation (cf. equation (4.5))

du? , Q2\ 2M  1-—E?
(@> = —Q%u* 4+ 2Mu® — 2 (1+§>+ 73U~y = f(w)  (say).

(10.3)

10.1 The radial geodesics

Considering first the radial geodesics, we can obtain governing equations by

setting L = 0 in equations (10.1). Accordingly,

dr A A
— ==+ == E?2 — —. 10.4
dt (Er?) 72 (104)
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The solution for the proper time, 7, is
A

E?— 4 —r\/E2— 4

T = é—l +
r EP—1+M4 B2 5VE?—1
E2—1+ ¥4 JE— VB -1 (10.5)

+
(52 +
and for coordinate t,
ME(2E2_3)1 (E2—1)+M—|—7’\/E2 \/EQ——
- (E2_1)3/2 (E2—1)+M+rlv/E2 1./p2 —
L AMP - 3Q2M — (@2 - 4*M2>\ﬁ
202/ M? — Q2
Ti—M+\/M2—Q2
A/ 2M? — Q2 4+ 2M+/M? — Q?In -
V2007 Q2 20N Q {T_M+¢m
M2

— Qi+

: [M2—Q§— (M +r(E* - 1))
+rE<ME+\/2M2—Q§—2M\/M2—Q§ EL%) /
[|M? = Q% — (M +ri(E* - 1)) — Qi+
— E—£> }+

+riE<ME+\/2M2—Q§—2M M?
+3Q3M—4M3—(Q3—4M2)\/m
202/ M? — Q3
i — M — /M= Q2
.\/2M2—Q3—2M MZ—Q2Ind "t @
r— M — /M2 = Q2
[ Q>+ (M +r(E*—1)) VM2 — Q>+

Sl Mm? =
E|MFE \/2M2 24+ 2M~/ M? 24| E? A

/

— Q2+ (M +nri(E* — 1)) VM2 — Q2+

/| M?
A
+nFE (ME+\/2M2 Q2+ 2M+\/M?2 —Q2, | E2 — —2>

=




where the initial condition for r is given by

Q2 + 2Mr;

r2

1

E*—1=

for r(0) = r; and 7(0) = 0.

10.2 Circular orbits

[7] gives the solution for these orbits in case of M?* > Q? and [28] discusses
these orbits in general. We combine these two together to get a full description
and, whenever necessary, complete it.

The conditions for the occurrence of circular orbits are f(u) = 0 and
f'(u) = —4Q%u® + 6Mu* — 2u (1 4+ Q?/L%) + 2M/L* = 0. (10.8)

From these equations, it follows that the energy E and the angular momentum

L of a circular orbit of radius r. = 1/u, is given by

B (1 —2Mu, + fug)Q (10.9)
1 - 3Mu, + 2Q2u? ‘

*

and
M — Q*u
L? = — : 10.10
ue(1 — 3Mue + 2Q2u?) ( )
These equations require (9.18) and
1 —3Muc +2Q%u? > 0 (10.11)

(cf. inequality (9.17)). This inequality shows that the minimum radius for
a time-like circular orbit, in case M? > 92, is the radius of the unstable circular
photon-orbit. Since for M? < Q% < 9M?/8 we have two distinct circular

photon-orbits (one stable and one unstable), particle circular orbits exist in
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the regions Q?/M < r < re (all stable) and r > 7., (some unstable). When
Q? = 9M?/8, particle orbits exist for all r > Q?/M except r = r. = 3M/2,
which is an unstable photon-orbit. When Q? > 9M?/8, particle orbits are
allowed everywhere in the region r > Q?/M.

When E and L have the values (10.9) and (10.10), appropriate for a circular

orbit of radius r. = 1/u., equation (10.3) becomes (cf. equation (8.17))

du\ 2
(£> = (u— )’ [—Q2u® +2 (M — Q%ue) u+ (M — Quuc — M/L*uZ) ue] .

(10.12)
Therefore, besides the circular orbit of radius r. = 1/u., equation (10.12)

provides an orbit of the second kind determined by (cf. equation (8.18))

du

7T j:/ (u — 1) /= Q%2 4+ 2(M — Q2u)u + ue(M — Q*u, — M/L*u2)
(10.13)

With the substitution (8.19) we obtain the same solution (8.22) with, however,
b=2(M —2Qu,.) and ¢ =uc (3M — 4Q3u. — M?/L*u?) . (10.14)

When the circular orbit is unstable, the solution has the form (8.41) for

values of the argument in the following ranges:

1

) and rpi, <1 < 7re.

1
gmin (: —> <€<+OO, Ue < U < Upax <:
Umin — Uc Tmin
(10.15)
The limiting case in fig. 10.1 (where the second picture illustrates the last

unstable circular orbit) happens for (10.8) and

2
(u) = —6Q%u* + 6Mu — 1 — % =0. (10.16)

Since we require M to be positive, the condition for parameters M, L and @),

18

\/6 12222 + (L2 + Q2)°] £ 2,/ (@2 + BL2) (L2 - 5Q2)"

M=
12L

(10.17)
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us Uy Uc U\ Py Uy
_— Ul

KU3§ySU2 0<y <uy 0<y<uy

/\ ,/\ u
U3 Uy Ue Ug\ Uy Uy
fr— U’l

uz <y < up Ue < Y < Uy u <y < uy

Figure 10.1: Limiting case for () E < E., (§) E = E. and (y) E > E.. (See
equation (10.9).) The top row are orbits with £ > 1 and the bottom row are
orbits with E? < 1.

or

L:smt{wwﬂ3PQ&@Qi—gmﬂ)VQQg—Aﬁ)MQ§—5APf+
+ 8154Q* M°® — 5177QS M* + 1472Q% M?* — 128Q1°+
1/3
+JWBAFO—GWMQﬂWﬂ
— 3M*3 (64Q° — 257QFM?* — 144M° + 336Q*M*)
/[208 (302 - 902) /(@2 — M) (4Q2 — 5Mr2)’
+ 8154Q M° — 5177Q5 M* + 1472Q3 M?* — 128Q° + 1728 M1°

1/3
—604062ng] +36M* +8Q% — 42M2Q3} //IM2 —8Q2. (10.18)

Eliminating L? in equation (10.16) with the aid of equation (10.10), we
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obtain the equation
4Q%u2 — IMQ*u? + 6 M*u, — M =0, (10.19)

When all three equations f(u) = 0, (10.8), and (10.16), are satisfied, equa-

tion (10.3) takes form

2
(%) = (u—ue)® (2M — 3Q%*u, — Q%u); (10.20)

and the solution of this equation is (cf. equation (5.25))

2(M —2Q%u.)
(M = 2Q%uc)* (¢ — @) + Q7

U= e + (10.21)

10.3 The bound orbits (E* < 1)

The consideration of equation (10.3), governing the geometry of the orbits
described in the invariant plane, is separated to two parts (similarly as it
was in chapter 5). These two classes of orbits are characterized by E? < 1
and E? > 1. This distinction is one which will determine whether orbits are
bound or unbound. In this section, we shall restrict ourselves to bound orbits
(E? < 1). The geometry of the geodesics will be determined by the disposition

of the roots of the equation f(u) = 0 (see figure 10.2).

10.3.1 Orbits of the first kind

We now consider the case when all the roots of the biquadratic equation f(u) =
0 are real and distinct. Letting wuq, us, u3 and uy denote the roots, we rewrite

equation (10.3) in the form (8.6) (see fig. 10.2 («)). The solution is

Y

@ (v, k), (10.22)

cdu 9 p
Viu) Qs

where g, ¢ and k? are defined in equations (8.8) — (8.10).

ul
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\
f(u)
u <y < U stable circular OI‘blt
~ /) /\ﬂ M
/Ul U \_/ U3 | Uy Uy | Uy |
| i
I‘ |
|
u <y <uy uz <y < uy unstable circular orbit uy <y < Uy

(@) (8) (7)
Figure 10.2: The case when f(u) has («) four real roots, () double root, ()

two complex conjugate roots, (9) two real roots, and (¢) one real root.

10.3.2 Orbits of the second kind

To obtain the time-like geodesics, whose ranges are uz < u < w4, wWe rewrite
equation (10.3) in the form (8.24). Solution is then formally as in section 8.2.2.
An example of the orbit of the first kind and associated orbit of the second
kind is in figure 10.3.

10.3.3 The orbits with imaginary eccentricities

Finally, we consider the orbits when the equation f(u) = 0 has a pair of
complex-conjugate roots, besides two real roots. We rewrite equation (10.3)
in the form (8.31). Unlike in section 8.2.3 this time solution is (10.22) where
constants g, ¥, A, B, by, a; and k are defined by (8.33) — (8.39). The case (0)

in figure 10.2 has the same formal solution.

u



97

30
20

10

—10

—20

=30 2 -0 0 10 20 30

Figure 10.3: Time-like geodesics of the first and the second kind with
Q. =08 M=12 L=6 and E = 0.98. The thin blue circle represents
the circular-orbit 7. (u. = 1/r. = 0.2225); the thin black circle represents
radius below which no circular orbits are allowed. Orbit of the first kind pre-
cesses around the black hole. Orbit of the second kind starts above the event

horizon and ends below the Cauchy horizon.
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10.4 The unbound orbits (E* > 1)

When E? > 1, the constant term in f(u) is positive. The equation f(u) = 0
must, therefore, allow a negative root. The cases we must distinguish look

essentially as space-like and null orbits. Analytical solution are formally the

same as in Chapter 8.



Chapter 11

The motion of a charged particle

A charged test particle does not follow a geodesic path, but we will look briefly
at them to compare their motion with particles without charge. Their motion

is determined by Lagrangian (from [7, chapter 5])

2 9 2 2 2
A(dt) o (dr —r? 9 —r?sin?0 de
r2 \dr A \dr dr dr

where ¢ denotes the charge per unit mass of the test particle. It is the last term

qQ. ﬁ

rodr’
(11.1)

2L = +2

in which the Lagrangian of the charged particle differs from Lagrangian of par-
ticle without charge. The equations of motion which follow from Lagrangian

(11.1) are (cf. equations (10.1))

Adt .
_Aadt ¢

dep
Pt = 2

Sq. T = P=constant,  r*—= =1 =constant,  (11.2)

dr\> A L? Adt\? 9Q.\*
(E) ﬂ—z(”r—z):(ﬁa) :(E‘ ) ’ (11.3)

and in place of equation (10.3) we now have

and

1—
L2
(11.4)

du\? 1- ¢ 2
<£) = —Q%u' +2Mu® - [1 + Qz(L—Qqq u2+ﬁ(M—qQ*E)u—

If a particle should have a turning point as it arrives at the event horizon,
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then its energy, according to equation (11.3), will be

E=qQ./ry; (11.5)

and this will be negative if ¢Q. < 0. This fact gives rise to the possibility
of extracting energy from the black hole, energy that is associated with its

charge. (Processes of this kind are considered in [7, chapter 7].)

11.1 Radial motion

Let us briefly examine radial motion of a charged particle. The governing

equations can be obtained by setting L = 0 in equation (11.3); thus

dr\? Q.\° A dt qQ.\ r?

Accordingly,

dr A QQ* ? A
= 2\/<E : = (11.7)
qQ«
T2 E_
r

Since A > 0 in the interval 0 < r < r_ | then for ¢* < 1, (Er — ¢Q.)* — A

will vanish for some finite value of 0 < r < r_ and the trajectory will have
a turning point inside the Cauchy horizon (like in the case of a particle without
charge). If ¢Q. > 0 the particle can have a turning point anywhere depending
on relations between parameters F, ¢, M and Q.. And finally if ¢Q, < 0
there is turning point only if £ < 1 (if ¢*> > 1 holds).

The formal solutions of equations (11.6) and (11.7) can be readily written
down in terms of elementary integrals. We shall not write them since they are
too complicated to exhibit any more features that what can be deduced from

a simple inspection of the equations.
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11.2 Circular orbits

The conditions for the occurrence of circular orbits are

f(u) = —Q*u* + 2Mu® — [1 + Qi(l EQqQ)] u?+

2 1— E?
+ (M = gQuE)u — ——— = (118)
:O7

and

0. (11.9)

1—¢* M —qQ.E
' (u) :—4Qiu3+6Mu2—2<1+Qz d )u—i—Z—qQ:

L? L?
From these equations, it follows that the energy E and the angular momentum

L of a circular orbit of radius r. = 1/u, is given by (cf. equations (10.9) and

(10.10))
E? = {1 - (4M — qQ.E)uc+
+2[Q* + 2M(M — qQ.E)] u? — Q*[3(M — qQ.E)+ (11.10)
+M (1= ¢*)]ul + Qi1 — ¢z} / (1 — 3Mu, + 2Q%u?)
and

ue(1 —3Mu, 4 2Q%u?) '

It is possible to give explicit solutions of these equations, but for easier com-
parison with time-like geodesic and a clearer understanding of the roles of signs
of qQ, and (1 — ¢%), we have left them in this implicit form.

The minimum radius for a stable circular orbit will occur at a point of in-
flexion of the function f(u) (see figure 10.1), i.e., we must supplement equation

(11.8) and (11.9) with the further equation

1 — 2
£7(u) = —12Q%u® + 12Mu — 2 (1 +Q? L;] ) =0. (11.12)
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Eliminating L? in this equation with the aid of equation (11.11), we obtain

the equation (cf. equation (10.19))

497 (¢ — 1) v+ (11.13)
+3Q7 [2(M — qQ.E) + M (1 - ¢*) | v’ —=6M (M —qQ.E)u+M—qQ.E = 0,

or, alternatively

2(M — qQ.E) — M (1 —¢*)] 7. 1—¢?
5 _ M2 Al _ 40" _
re —6Mr: + 3Q; M 0.E M —¢0.E 0

(11.14)

(It may be noted here that equation (11.14) gives r. = 6M when Q? = 0, in
agreement, with the value for the Schwarzschild geometry; and when ¢ = 0 is

identical to the equation for time-like geodesic (cf. [7, §40(b)]).)

11.3 The bound orbits (E2 < 1)

As in chapter 10, the geometry of the orbits described in the invariant plane
is separated to two parts distinguished by E? < 1 and E? > 1 (see equa-
tion (11.4)). This will determine which orbits are bound and which ones are
unbound. The geometry of the orbits will be determined by the disposition
of the roots of the equation f(u) = 0 (see figure 10.2). Orbits look essen-
tially as time-like geodesics. Analytical solutions are formally the same as in

Chapter 10.

11.4 The unbound orbits (E* > 1)

When E? > 1, the constant term in f(u) is positive. The equation f(u) = 0
must, therefore, allow a negative root. The cases we must distinguish look
essentially as space-like, unbound time-like and null geodesics. Analytical
solutions are formally the same as in Chapter 8. An example of unbound

orbits of a charged particle is in figure 11.1.
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-10 _10 -5 0 5 10

Figure 11.1: Orbits of the first and the second kind of a charged particle with
Q,=08 M=1.2, L=6, E=1.1 and ¢ = 2. The thin circle represents the
unstable circular-orbit r. (u. = 1/r. = 0.2225). The orbit of the first kind
starts from infinity and ends in infinity, the orbit of the second kind starts and

ends certain distance from the black hole.



Chapter 12

Summary of Part 11

The main difference between geodesics in Schwarzschild and Reissner-
Nordstrém solutions comes from the function f(u), which is, in the
Schwarzschild black hole, cubical, and in the Reissner-Nordstrom black hole,
quartic. That means that, while orbits of the first kind (bound or unbound)
look essentially the same, orbits of the second kind fall into the singularity
of the Schwarzschild black hole, unlike in the case of the Reissner-Nordsrom
black hole, where they end at some finite distance from the singularity.

Again there are similarities between null, space-like and time-like unbound
geodesics in the Reissner-Nordstrom space-time (all of them are unbounded),
and, as before, only time-like geodesics can be bound.

Radius of a circular orbit depends on relation of black hole parameters M
and Q.. To see how charge of a black hole affects the circular orbit one may look
at time-like geodesic in Schwarzschild space-time, where circular orbits have

radius r > 3M, and compare it with circular geodesic in Reissner-Nordstrom

space-time, which have radius r > %M(l +4/1— SJ{%) when M? > 2, and
r > Q?/M otherwise.
The solution for charged particles are formally the same as the solution

for time-like geodesics, however the conditions for existence of circular orbits
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differ. Since there is one more parameter to consider (¢ — charge of the particle),
discussion of the occurrence of different cases is not trivial. We expect the
orbits of charged particles to look the same as those that are not charged,
with the addition of repulsive orbits when ¢@. > 0.

The main contribution of the thesis is in providing general solutions of the
time-like and the null geodesics as opposed to special circular orbits which can
be found in [7], and discussion of the space-like geodesics. All three types of
geodesics are considered for black holes with M > |Q.| as well as M < |Q./.

In Chapter 11 the solutions for orbits of the charged particles are given,

extending the prior work of [7].



Part 111

Geodesics in the Kerr

space-time



Chapter 13

Introduction to geodesics in the

Kerr space-time

In this part we will deal with geodesics in Kerr space-time (black hole char-
acterized by mass M and angular momentum per unit mass a, see Appendix

B.3). We shall use the following terminology:

slowly rotating Kerr space-time occurs when 0 < a? < M?
extreme Kerr space-time occurs when a? = M?

rapidly rotating Kerr space-time occurs when M? < a?

with Schwarzschild space time occurring when a = 0. In this chapter there is
a brief derivation of equations of motion, and discussion of different types of or-
bits in relation to relationship among parameters (energy, angular momentum,
Carter constant). This will make later chapters easier to follow. Lemmas from
[34] are in this thesis without proofs (only with relevant references). Lemmas
modified or additional ones are followed by their proofs. The pictures are in
“spherical” coordinates; the accurate definitions can be found in Appendix A

in the files that generate the figures.
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A first indication of the differences between these rotation types is given

by the horizon function (B.31).
e For Schwarzschild space-time, A has roots 0, 2M (see Part I).
e For slow Kerr, A has two roots: 0 < ry = M £+ VM2 —a2 < 2M.
e For extreme Kerr, A = (r — M)2, so r = M is a double root.
e For fast Kerr (rapidly rotating), A has no real roots.

There are four independent first-integrals on the Kerr space-time: §; =
(%,7), energy E, angular momentum about the axis L and the fourth, called

the Carter constant.

13.1 The nature of the Kerr space-time

Unlike the Schwarzschild and the Reissner-Nordstrom space-times, in the Kerr

metric there are three subsets on which the metric fails (see [34, Section 2.2]).

1. On the horizon H : A = 0. For the fast Kerr space-time there is
no horizon; for the extreme Kerr space-time there is a single horizon
H : r = M; and for the slow Kerr space-time there are two horizons
Hy: r=ryand H_: r=r_. As in the Reissner-Nordsrtom geometry
the surface r = r, represents an event horizon, and surface r = r_

represents a Cauchy horizon.

2. On the ring singularity ¥ : p?> = 0, because p*> = 0 iff both r = 0
and cos@ = 0. Thus ¥ is the equatorial circle § = 7/2 in S? at radius
r = 0. Sometimes the circle itself is called the ring singularity, with
¥ = St x R! its history through time. Singularity along this ring is the

only singularity of the Kerr space-time.
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3. On the azis A : sinf = 0. For spherical coordinates, sin# = 0 gives the

z-axis, but now there are two such axes (enduring through time). t

As in the case of the Reissner-Nordstrom space-time, we must distinguish

three regions A, B, C-:
e For slow Kerr, where there are two horizons r = r,

Ar<r_,
B r_<r<ry,

C:r>ry.
e For extreme Kerr, where there is a single horizon r = M,

A:r<M,

C:r>M.

e For fast Kerr , since there is no horizon, R? x S? —¥ itself can be regarded

as a single block A = C.

13.2 The general equations of motion

In this section, we shall consider the reduction of the equations of geodesic
motion, which follows from discoveries of Carter, and Walker and Penrose
([7]). Alternative derivation of the basic equations follows from separability of
the Hamilton-Jacobi equation and can be found in [7, §62(a)].

From the general Lagrangian we derive the energy and the angular mo-
mentum integrals:

2MrY ; 2aMrsin®6
+pp = (1 _ 2T) t+ ¢ TZSIH ¢ = I/ = constant (13.1)
p P
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and
2aMrsin® 0 20> M
—pp = —%t + <r2 +a® + ¢ 5 " sin? 9> (sin2 9) ¢ = L = constant.
p p
(13.2)
Further, there are the integrals ([7, chapter 7])
20 (k- )(k-n) -7’k = K (13.3)
and
20°(k - m)(k - m) + (a®cos®0) |k| = K , (13.4)

where I, m, m, and m are the basis null vectors, and k is an affinely

parametrized geodesic. We set

)
1 for time-like geodesics,

k[?=06=¢0  for null geodesics, (13.5)

—1 for space-like geodesics.
\

In the Kerr geometry the integrals (13.3) and (13.4) have the explicit forms
[Ai — (aAsin®0) ¢ ? pt

o s2 2:
3 it ot =K (13.6)

and
[(asin)i — (1* + a®) (sin H)gbf + 00 4 61a% cos? ) = K . (13.7)
Also, by equations (13.1) and (13.2), we can write
(asin®)i — [(r* + a®) sinf] ¢ = aE'sinf — Lescd (13.8)

and

At — (aAsin®6) ¢ = (r*+a*) E —aL. (13.9)
After inserting these expressions in equations (13.6) and (13.7), equations

p'i* =R(r)=[(r*+a*) E - aL}2 —A(&6r* 4+ K) (13.10)
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and
pl0? = 0(0) = — (aEsinf — Lesc ) + (—6ya% cos® 0 + K) (13.11)

are obtained. Equations (13.8) and (13.9) also provide the complementary pair

of equations

. X?E —2aMrL
P = e (13.12)
A
and
2aMrE 2 —2Mr)Lcsc?0
P — aMrE + (p - r)Lcsc ‘ (13.13)

Any function of first-integrals is again a first-integral. A particularly useful

case is the first-integral () defined by the relation
K=Q+ (L—-aE)*. (13.14)

Following [34], we call Q or K, the Carter constant. Each form has its ad-
vantages. Often K gives simpler formulas, and K > 0 holds for nonspace-like
geodesics (by the f-equation (13.11)), but the geometric meaning of @ is usu-
ally clearer. For example, () is crucial for the behavior of geodesics near r = 0,
and () decisively influences the -motion of geodesics.

With the above identification, the equations of motions (13.10)—(13.13) are

equivalent to

" dr o d6
/ﬁ: 75" (13.15)

T2 9 cos? 6
= [ ——dr+d? de, 13.16
/ N NG (13.16)

t:TE+2M/ r[r*E —a(L — aE)]

dr
AVR

(13.17)

and

o= a/r [(r*+a®) E —alL] Aci;f_{ +/ (Lesc? — aE) ﬁ (13.18)

@
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13.3 Control of the r coordinate

In this section, effect of the inequality R > 0 on the r coordinate of a Kerr
geodesic v will be studied. The radial coordinate r determines such critical
issues as escape to infinity and passage through a horizon. Substituting! A =
r?—2Mr+a?® and P = (12 +a?)E —aL into the definition R(r) = P2 — A(§;7% +

K) gives fundamental result:

Proposition 13.1 For a geodesic v with 61 = (¥,5), energy E, angular mo-

mentum L, and Carter constant @),
R(r) = (E* = 61) r* + 2M61r® + Xr* + 2M Kr — a°Q,
where X = a*(E* —6;) — L —Q and K = Q + (L — aE)?.

R(r) is unchanged if the pair E, L is replaced by —F, —L. On the other
hand, R(r) is changed (provided E # L # 0) if only one of the two parameters
E, L changes sign, because K = Q + L? — 2aLE + a*E?. Therefore, in Kerr
space-time the direct and retrograde orbits with the same d;, F, K and |L|
generally vary in their radial motion (except in the special cases £ = 0 or
L =aFE).

The polynomial R(r) of a Kerr geodesic 7 is determined by the first-
integrals 0,, F, L, Q.

13.4 r-L plots

In this section we follow [34], who concentrates on time-like geodesics. We
expand his discussion to null geodesics (which are analogous and are usually
easier to deal with), and space-like geodesics (which have more varied trajec-

tories).

Lecomp. with [34, page 208]
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If the Kerr parameters M, a and the causal parameter §; are fixed then
the function R(r) of Proposition 13.1 depends on E, L, @Q. Since the resulting
r-line cannot enter the region R < 0, the set Z: R = 0 in R* is the key as
it provides the boundary points of R < 0. However, it is possible to show
the qualitative character of orbits by considering R only as a function of the
variables r and L-for a few selected constant values of E and (). The region
of Z in the r-L plane is said to be allowed if R > 0, and forbidden if R < 0.
A diagram of this situation is called the r-L plot.

The set Z: R = 0 is usually a smooth curve.

The abbreviation e = E? — §; is often convenient. This first-integral is
called effective energy. It could also be called the escape parameter ([34]). (In
the literature the notation I' has also been used.)

Initially some properties of r-L plots that are independent of causal char-
acter will be examined.

In some contexts it is useful to regard the function in Proposition13.1 as
a polynomial R(L) in L, with coefficients determined by the remaining first-

integrals and r. Specifically,
R(L) = r(2M —r)L* — 4MaErL + R(r,0), (13.19)

where R(r,0) is the function R with L = 0 (r-axis).
Using (13.19) explicit formulas for the implicitly defined set R = 0 can be

derived.

Lemma 13.2 In any r-L plot the set R = 0 is the union of the graphs of (the

real values of ) the two functions

I _ 2MaEr £ /D(r)
+(r) = r2M —r)

forr #0, # 2M, where D(r) = rA(r)p(r) is one fourth of the discriminant

of R(L), and the discriminant polynomial ¢(r) is

o(r) = (E* = 61) r* +2M6r* — Qr + 2MQ.
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For a proof of this lemma see [34, page 215].

The polynomial R(L) is quadratic in L (except when r = 0 and r = 2M),
so its graph is parabolic with vertez at L,(r) = 2MaFE /(2M —r). The number
w(r) of points on any vertical line is 0, 1, or 2 as the modified discriminant
D(r) is negative, zero or positive, respectively. When p(r) = 2 the two points
are placed symmetrically on both sides of L(r). The curve r — (r, Ly(r)) in
an r-L plot is called the midline.

When p(r) = 1, there is just one point of R = 0 on the line L — (r, L),
the vertex (r, Ly(r)).

The formula (13.19) shows that when r = 0, R has the constant value

—a?@, and that the behavior of R on and near the line r = 2M is following:

Lemma 13.3 In an r-L plot the function L — R(2M, L) is linear with ne-
gatiwe slope (if E > 0). Thus there is a critical momentum Lo such that
R(2M,L) < 0 if L > Ly and® R(2M,L) > 0 if L < Lo. Furthermore, if
0<é <M, then R(2M +6) < 0 and R(2M — 0) > 0 for all sufficiently large
|L|.

Proof of this lemma is in [34, page 216].
Investigation of r-L plots frequently comes in vertical strips: The B strip
r_ < r < ry is particularly simple for nonspacelike geodesics; because they

cannot turn in B, R is never zero there.

Lemma 13.4 In the r-L plot of a time-like (or null) geodesic 7y in slow Kerr
space-time, we have R > 0 on the closed vertical strip r— <r < ry, except that

R =0 at the two points (r_, L_) and (ry, L), where
Ly =L,ry)=2MaE/(2M —ry) =2MaE/r+ =2MriE/a. (13.20)

At these points the curve R = 0 is smooth and tangent (from outside the strip)

to the linesr =r_ andr =14.

2comp. [34, lemma 4.7.2]
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Proof. For any geodesic, the formula R = P? — A(§;r? + K) yields® R(ry) =
P(ry)?, where P(r1) = (ri+a?)E — La. So R(r+) > 0 except when P(r.) = 0,
and that is at Li. The other formulas follow because r_ + r, = 2M and
r_r, =a’

Since R is never zero on the B strip, therefore R > 0 there.

JOR

Because Ly is a minimum point on r = ry, then 37 =

(’I“:t,L:t>.

To show that %—5 # 0 at these point we write

0 at the points

OR __OP )
= QIPE —2(r— M) (07 + K) — 2017 A, (13.21)

which at (ry, Ly) becomes —2(rL — M)(6;7? + K) # 0. This inequality holds

for both 6; = 0 and 6; = 1 (null and time-like geodesics respectively). 0

Remark 1 A crucial effect of the Carter constant QQ on (time-like) orbits
derives from the fact that the function R, which depends quadratically on L,
depends linearly on Q. In fact, the formulas R = P? — A(r? + K) and K =
Q+(L—akFE)? give R(r) = —A(r)Q+Ro(r), where Ro(r) is obtained by setting
Q = 0. (Thus Ro(r) governs the r-equation for geodesics in the equator.) It
follows that when the other first-integrals are held constant, as () increases,
forbidden regions expand. In fact, the strip r— < r < r,, where A < 0, s

always in a allowed* region; so elsewhere, as Q increases, R(r) decreases.

Lemma 13.5 For time-like geodesics, ¢(r) = er® +2Mr?* —Qr+2MQ, where
e=FE?—1.

1. If Q > 0, then ¢ has no roots in 0 < r < 2M. If also e > 0, then ¢
has exactly one negative root, hence either zero or two positive roots. If

e < 0, ¢ has no negative roots, hence either one or three positive Toots’.

3cf. [34, page 217]
4cf. [34, Remark 4.7.7]

°[34, lemma 4.7.5] has the following statement in addition to the above: For e = 0,
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2. If Q <0, so e >0 then ¢ has a unique root in 0 < r < 2M, and either

zero or two roots inr < 0.

Proof of this lemma can be found in [34, page 218|.
Lemma 13.6 For null geodesics, ¢(r) = er® — Qr +2MQ, where e = E2.

1. If Q > 0, then ¢ has no roots in 0 < r < 2M. If also e > 0, then ¢ has
exactly one negative root, hence either zero or two positive roots. For

e =0, ¢ has one real positive root r = 2M.

2. As for time-like geodesics.

Proof. 1. For e > 0, proof is the same as for time-like geodesics. For e = 0

direct solution of the equation —Qr + 2M Q) = 0 gives 2M.

2. As for time-like geodesics.

O

Lemma 13.7 For space-like geodesics ¢(r) = er® —2Mr? —Qr +2MQ, where
e = E? +1, ¢ has exactly one negative root, hence either zero or two positive

T0018.

Proof. For r < 0 the signs for Descartes’ rule are - - + +, so there is a unique

negative root. 0

The ambiguities 0/2 and 1/3 in the preceding lemmas can be settled pre-
cisely. The discriminant d of a real cubic polynomial determines the number

of its real roots: one if d < 0, three if d > 0, and repeated roots if d = 0.

¢ has no real roots. That is not true, because if ¢ = 0 then we have the polynomial
2Mr? — Qr + 2MQ, which has discriminant Q(Q — 16M?). That is negative only when
Q < 16M°2.
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For the time-like geodesics we find the discriminant of the polynomial ¢ to

be d = d(e, Q) = discrim ¢(r) = —4Qf(e, Q), where
fle, Q) = —eQ? + M?*(27¢* + 18¢ — 1)Q + 16 M*. (13.22)

The regions in the e-() plane where d > 0, d =0, or d < 0, have to be found.
Let 8= f(e) = 27¢* + 18¢ — 1. Then f = 0 for
M2 (ﬁ + /BT 646)

Q(e) 5 : (13.23)

The functions (13.23) are real only when 32 + 64e > 0, which always holds

if e > 0. The factorization
32 + 64e = (27¢* + 18¢ — 1)* 4 64e = (e + 1) (9¢ + 1) (13.24)

demonstrates that 5% + 64e > 0 iff e > —1/9. The zero at ¢ = —1 can
be neglected since ) < 0 there ([34, chapter 4]). Thus the explicit formula

emerges:

M?2[27¢%2 + 18¢ — 1 + (e + 1)Y/2(9¢e + 1)3/2
Q(e) = [ 26( )7 iy (13.25)

Finally, the functions Q_(e), Q+(e) on e > —1/9 will be examined. They
have the same value at e = —1/9 (12M?), but thereafter they differ consider-
ably. For ()., solving the equation f = 0, where f is introduced by the equation
(13.22), we define Q1 (0) = 16M?2. Fore > 1, Q. (e) ~ f(e)/e ~ M?(2Te+18),
so Q4 becomes almost linear (see figure 13.1).

However, ()_ approaches +o0o as e — 0 from the left. This is clear from®

o L M?(27¢* + 18¢ — 1)

Qe +Q-)/ 5 .

(13.26)

since )4 is bounded near e = 0. For e < 0, Q_(e) > Q4 (e).
Q_(e) is always negative for e > 0, approaching —oco when e — 0, and

approaching 0 when e — +o00.

bcf. [34, p. 219]
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e—Qchart for the time-like geodesics

30

- 2
15[716M

~12M?

d<0

Figure 13.1: The sign of d(e, Q) = discrim(¢, r) on the relevant portion of the
e-@) plane for the time-like geodesics is showed on this e-Q) chart. If d(e, Q) < 0,
then in the r-L plot determined by (e, @), the curve R = 0 has only one vertical
tangent in addition to those at (ry,Ly). When d > 0 there are three such
points. Repeated roots occur when d = 0. (In this plot a = v/19.)
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There are three restrictions for a point of the e-() plane to correspond to

an r-L plot:
1. e > —1, because e = E? — 1,
2. ) > 0if e < 0, because vortical geodesics have escape energy,
3. Q > —a®e if e > 0, by Carter’s inequality (see [34, chapter 4]).

Therefore in figure 13.1 the third quadrant is irrelevant, and so is the area in
the fourth quadrant below the line Q = —a?e.

For the null geodesics the discriminant of the polynomial ¢ is d = d(e, Q) =
discrim ¢(r) = —4eQ?*f(e, Q), where

fle,Q) = —Q + 27M?e. (13.27)

Again, we will find the region in the e-Q) plane where d > 0, d =0 and d < 0.

The solution of equation f = 0 is
Q = 27M?e, (13.28)

which is a real-valued linear function (see figure 13.2).
There are two restrictions or the point of the e-() plane to correspond to

an r-L plot:
1. e >0, since e = E?; and
2. (Q > —a’e, by Carter’s inequality.

Thus in figure 13.2 the region in fourth quadrant below the line Q = —a®e is
irrelevant.
For the space-like geodesics the discriminant of the polynomial ¢ is, as for

time-like geodesics, d = d(e, Q) = discrim(¢r) = —4Qf(e, @), but this time

fle, Q) = —eQ? + M?*(27¢* — 18¢ — 1)Q — 16M* . (13.29)
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e—Qchart for the null geodesics

Figure 13.2: This e-Q chart shows the sign of d(e, Q) = discrim(¢, ) on the
relevant portion of the e-@) plane for the null geodesics. When d(e, Q) < 0,
then in the r-L plot determined by (e, @) the curve R = 0 has only one vertical
tangent except those at (ri, Ly). When d > 0 there are three such points.
Repeated roots occur when d = 0. (In this plot a = /19.)
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As before, our goal is to find the regions in the e-() plane where d > 0, d =
0, d < 0, respectively. This time, let 3 = 27¢? — 18¢ — 1. Again we solve the

equation f = 0. In this case, the solution is (cf. equation (13.23))

Qx(e) = v <ﬂ . 2662 - 646) : (13.30)

These functions are real only when 3% — 64e > 0. The factorization
32 — 6de = (27¢* — 18¢ — 1)° — 64e = (e — 1) (9¢ — 1)° (13.31)

shows that 32 — 64e > 0 < e > 1. Thus we get the explicit formula:

M?[27e? — 18e — 1 & (e — 1)1/2(9e — 1)3/?]

Q+(e) = 5 . (13.32)

At e = 1 the functions Q_(e), Q4 (e) have the same value, 4M?, but
thereafter are quite different. For e > 1, Q. (e) ~ (e)/e ~ M?*(27e — 18), so
as figure 13.3 shows, (). becomes almost linear.

For e > 1, Q_(e) is always positive, approaching 0 as e — oco. (Note that
Q-_(e) > Qi (e) for e > 1.)

For the point of the e-@) plane to correspond to an r-L plot the following

inequalities must hold:
1. e>1, since e = E? + 1, and
2. Q > —a’e, by Carter’s inequality.

Thus, as before, the area in the fourth quadrant below the line Q = —a®e is

irrelevant, as is the region e < 1.

Remark 2 Summary: The number of zero the discriminant polynomaial
o(r) = erd +2M61r* — Qr + 2MQ has determines the qualitative charac-
ter of r-L. For given e and @, the sign of a second discriminant, d(e,Q) =

discrim(¢, r) determines this number. Therefore d becomes a function on the
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e—Qchart for the space-like geodesics

20 d>0

d>0
Q o
_10 -
d<o0
=20 - Q= _aze
| | | | | | | | T —
1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2

e

Figure 13.3: This e-Q chart shows the sign of d(e, Q) = discrim(¢, ) on the
relevant portion of the e-@) plane for the space-like geodesics. When d(e, Q) <
0, then in the L plot determined by (e, @) the curve R = 0 has only one
vertical tangent apart from those at (ry, L+ ). There are three such points for
d > 0 . Repeated roots occur when d = 0. (In this plot a = v/19.)
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e-Q chart in figures 13.1, 13.2 and 13.8 (for time-like, null and space-like
geodesics respectively). The regions d > 0 and d < 0 in the chart are separated

by graphs of the functions

M2
QL = 5 [2762 +18e -1+ (e+ 1)1/2 (9e + 1)3/2] for time-like geodesics,

(&
(13.33)
Q = 27M?e for null geodesics,
(13.34)

M2
Qi = o 27¢> —18¢ — 1 + (e — 1)* (9e — 1)**|  for space-like geodesics.
e

(13.35)

Hence, for the time-like geodesics, if e > 0, the negative root of ¢ is its
only root when 0 < Q) < Q4, but when QQ > Q-+, then ¢ has three roots. These
roots are all simple, so they represent the wvertical tangents in the r-L plot
determined by e and Q. Simularly, if e < 0, the negative root of ¢ is its only
root unless both —1/9 < e <0 and Q. < Q < Q_ hold’, giving three roots. If
Q < 0 the conditions giving three roots of ¢ are Q > —a’*e and Q > Q_.

For the null geodesics, we can see from the chart that when —a’e < Q <
27M?e the negative root of ¢ is its only root, but if Q > 27M?e, then ¢ has
three roots.

For the space-like geodesics, ¢ has three roots when 0 < Q < Q_ or ) > Q1
otherwise, that is for —a’e < Q < 0 and for Q_ < Q < Q., the negative root

18 1ts only root.

Lemma 13.8 For e # 0 and Q > 0, let Ly = Ly(rg), where ry is a root of
o(r). Then:

1. R = 0 has a vertical tangent at (rg, L) < ro is a simple root of ¢(r);

and

Tcf. [34, Remark 4.7.6]
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2. (ro, Lo) is a critical point of the function R(r,L) < rq is a repeated root
of ¢(r). 1If ¢"(rg) > 0, then (ro, Lo) is a saddle point, with adjacent
allowed regions along the midline, and if ¢"(ro) < 0, then (rg, Lo) is an

isolated maximum point, surrounded by a forbidden region.
For the proof of this lemma see [34, section 4.7].

Proposition 13.9 For Q) > 0, consider the r-L plot of (e, Q) where d(e, Q) =
0 (soe>—1/9 and Q = Q+(e) > 0). Excludinge =—1/9 and® e =0, R =0
has a unique vertical tangent point (ry, L1) with r1 # Ry and a unique critical
point (re, Ly), both necessary on the midline, so L; = Ly(r;). There are three

cases:

1. If e >0 and Q = Q4 (e), then ry < 0 < 2M < ry. Further, (re, L) is a
saddle point of the function R(r, L), with adjacent allowed regions along

the midline.

2. If -1/9<e <0 and Q = Qy(e), then 2M < ry < 1y, in fact,

2M 2M
QM <rg < — <11 < ——, (13.36)
3le| le]

and (ra, Lo) is a saddle point, as above.

3. If-1/9<e<0and Q= Q_(e), then 2M < ry < rq, in fact,

2M 2M
M <1 < — <1y < ——, (13.37)

3le| le]

and (12, Lo) is an isolated R = 0 point in a forbidden region.
Proof. See [34, page 222]. O

To find the critical points (72, Ls) in proposition 13.9 we know that r; is a

solution of both quadratic equations

Mr? —Qr+3MQ =0, and  er’ — M(3e —1)r —4M?* =0, (13.38)

il

34, proposition 4.7.8] does not exclude e = 0.
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which come from eliminating e and @, respectively, from the equations ¢(r) =
0, ¢'(r) = 0. Then, by the general midline formula (13.20), Ly = L(rs) =
2MaE/(2M — ry).

For e = 1 and d = 0 we have a double root at » = 4M, which is a saddle

point, since ¢”(4M) > 0.

13.5 First-integrals and orbits

The most important question about a time-like geodesic is whether or not it
has escape energy (determined by the sign of e = E? —1). Next (also for a null
and space-like geodesic) is the sign of the Carter constant (). This section
deals with the “standard” case () > 0. Such geodesics do not reach » = 0 and
have 6 motion oscillating about /2.

Depending on shape of allowed and forbidden regions for slow black holes
we distinguish four cases. “Continents” configuration has two large forbidden
areas — one for direct and one for retrograde orbits. In “barrier” configuration
these two “continents” are joined and form a barrier preventing geodesics to
fall in a black hole. “Bay” configuration has an allowed region in a shape of
bay, and in “lake” configuration this bay is reduced to a “lake” — an allowed

region surrounded by a forbidden area.

13.5.1 Continents configuration

Perhaps the most common is case of escape energy e > 0 and moderate Carter
constant 0 < Q < Q4 (e) ([34, section 4.8]), where Q)4 (e) are given precisely by
the formulas in Remark 2. See figures 13.4 and 13.5 for r-L plots for the time-
like geodesics, figures 13.6 and 13.7 for the null geodesics, and 13.8, 13.9, 13.10
and 13.11 for the space-like geodesics (Q < Q1 (e), @ < Q_(e)). These plots

are distinguished by two “continents” on the r» > 0 side. There the situation
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is similar to Newtonian gravitation. Particles falling from r = 400 have flyby
orbit if their angular momentum |L| is large, those with smaller |L| continue
through the horizons.

In the strip 0 < r < 2M there are many bound orbits, both direct and
retrograde. No particle, no matter how high is its energy, can reach r = 0 in

r > 0 region.

13.5.2 Barrier configuration

As @ increases from small values, the continents N and S become larger. At
the critical point of the function R(r, L) they meet ([34, section 4.8]) and then
they merge into a single barrier as shown in figures 13.12, 13.13, 13.14, 13.15,
13.16 and 13.17. Hence the large values of the Carter constant ) provide the
complete protection against a crush into a black hole, no matter how small

angular momentum L may be.

13.5.3 Bay configuration

If a particle has less than escape energy, all orbits are bound and none meet
r < 0 ([34, section 4.8]). Figures 13.18 and 13.19 show r-L plots for this case.
Comparison with figures 13.4 and 13.5 shows that for the same value of @),
the decrease of energy from e > 0 to e < 0 (that is, from £ > 1 to E < 1) has
enclosed the large allowed region on the r > 0 side.
For fixed (), there are both retrograde and direct orbits in the exterior
when e < 0 is near zero, but for e nearer —1 all bound orbits disappear. (See

[34, section 4.8].)



127

r-L plot: Conti tsconf ration
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Figure 13.4: Plot for a time-like geodesic with escape energy e = 0.4 and Carter
constant () = 1. Forbidden regions are the continents W, N and S. On each
horizontal line L = const, the maximal segments on which R > 0 give ranges
of r(7) for a geodesics with that angular momentum. Most particles infalling
from r = +o0o have flyby orbit. (Additional parameters: M = 1, a* = 0.84.)
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r-L plot: Conti tsconf ration
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Figure 13.5: Plot for a time-like geodesic with escape energy e = 0.4 and Carter
constant () = 1. In a fast black hole forbidden regions W and N are joined
(there is only one vertical tangent—in r < 0 region, see lemma 13.8). On each
horizontal line L = const, the maximal segments on which R > 0 give ranges
of r(7) for a geodesics with that angular momentum. Most particles infalling

from r = +oo have flyby orbit. (Additional parameters: M = 1, a* = 19.)
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r-L plot: _ﬁ?enﬂ Hﬁh&gggg&l %Jration
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Figure 13.6: Continents configuration: an r-L plot for a null geodesic with
escape energy e = 0.4 and Carter constant () = 1. Forbidden regions are the
continents W, N and S. On each horizontal line I = const, the maximal
segments on which R > 0 give ranges of r(7) for a geodesics with that given
angular momentum. Most particles infalling from r = +o00 have flyby orbit.
(Additional parameters: M =1, a* = 0.84.)
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r-L plot: C}?enﬂlrjl ts C nﬂggratmn
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Figure 13.7: Continents configuration: an r-L plot for a null geodesic with
escape energy e = (0.4 and Carter constant () = 1. The continents W, N
are joined and together with continent S are forbidden for a photon to enter.
On each horizontal line L = const, the maximal segments on which R > 0
give ranges of r(7) for a geodesics with that given angular momentum. Most
particles infalling from r = 400 have flyby orbit. (Additional parameters:
M=1, a*=19)
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r-L plot: Continents configuration
IO'Phe space—?lnke geoo't(h?s%il CS
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Figure 13.8: Continents configuration: an r-L plot for a space-like geodesic
with escape energy e = 1.04 and Carter constant () = 5. Forbidden regions
are the continents W, N and S. On each horizontal line L = const, the
maximal segments on which R > 0 give ranges of r(7) for a geodesics with
that angular momentum. Most particles infalling from » = +oo have flyby
orbit. (Additional parameters: M =1, a® = 0.84.)
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r-L plot: Continents configuration
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Figure 13.9: Continents configuration: an r-L plot for a space-like geodesic
with escape energy e = 1.04 and Carter constant ) = 5. In a fast black hole
forbidden regions W and N are joined. On each horizontal line L = const,
the maximal segments on which R > 0 give ranges of r(7) for a geodesics with
that given angular momentum. Most particles infalling from r = +o0 have
flyby orbit. (Additional parameters: M = 1, a* = 19.)
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r-L plot: Continents configuration
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Figure 13.10: Continents configuration: an r-L plot for a space-like geodesic
with escape energy e = 1.04 and Carter constant () = 1. Forbidden regions
are the continents W, N, S and the oval U. On each horizontal line L = const,
the maximal segments on which R > 0 give ranges of r(7) for a geodesics with
that angular momentum. Most particles infalling from » = +oo have flyby
orbit. (Additional parameters: M =1, a® = 0.84.)
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r-L plot: Continents configuration
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Figure 13.11: Continents configuration: an r-L plot for a space-like geodesic
with escape energy e = 1.04 and Carter constant () = 1. In a fast black
hole oval U disappears. On each horizontal line I = const, the maximal
segments on which R > 0 give ranges of r(7) for a geodesics with that given
angular momentum. Most particles infalling from r = +o00 have flyby orbit.
(Additional parameters: M =1, a® = 19.)
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Figure 13.12: Barrier configuration: an r-L plot for a time-like geodesic with
escape energy e = (.4 and Carter constant () = 28. Regions N and S merge,
forming a barrier between r = +o00 and the horizons. On each horizontal line
L = const, the maximal segments on which R > 0 give ranges of r(7) for a
geodesics with that angular momentum. All particles infalling from r = +oo
have flyby orbit. (Additional parameters: M =1, a? = 0.84.)
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r-L plot: Barrier configuration
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Figure 13.13: Barrier configuration: an r-L plot for a time-like geodesic with
escape energy e = 0.4 and Carter constant () = 28. Regions W, N and S
merge. On each horizontal line L = const, the maximal segments on which R >
0 give ranges of r(7) for a geodesics with that particular angular momentum.
All particles infalling from r = +o0 have flyby orbits. (Additional parameters:
M =1, a®>=19))
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Figure 13.14: Barrier configuration: an r-L plot for a null geodesic with escape
energy e = (.4 and Carter constant () = 28. Regions N and S merge, forming a
barrier between r = +00 and the horizons. On each horizontal line L = const,
the maximal segments on which R > 0 give ranges of r(7) for a geodesics with
that particular angular momentum. All particles falling from r = 400 have
flyby orbits. (Additional parameters: M = 1, a* = 0.84.)
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r-L plot: Barrier configuration
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Figure 13.15: Barrier configuration: an r-L plot for a null geodesic with escape
energy e = 0.4 and Carter constant () = 28. In a fast black hole regions IV,
W and S merge. On each horizontal line L = const, the maximal segments on
which R > 0 give ranges of 7(7) for a geodesics with that particular angular
momentum. All particles falling from r = +o00 have flyby orbit. (Additional
parameters: M =1, a? = 0.84.)
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r-L_plot: Barrleti(confi uration
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Figure 13.16: Barrier configuration: an r-L plot for a space-like geodesic with
escape energy e = 1.04 and Carter constant () = 28. Regions N and S merge,
forming a barrier between r = +o00 and the horizons. On each horizontal line
L = const, the maximal segments on which R > 0 give ranges of r(7) for a
geodesics with that particular angular momentum. All particles falling from
r = 400 have flyby orbits. (Additional parameters: M = 1, a* = 0.84.)
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r-L_plot: BarrleE(confi uration

e space-like geodesics
40
L
20 N
|w

—20 S

—40-

Figure 13.17: Barrier configuration: an r-L plot for a space-like geodesic with
escape energy e = 1.04 and Carter constant () = 28. Regions N, W and S
merge. On each horizontal line L = const, the maximal segments on which R >
0 give ranges of r(7) for a geodesics with that particular angular momentum.
All particles falling from r = 400 have flyby orbits. (Additional parameters:
M=1, a*=19)
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r-I__plot: Bay configuration
Tﬁettlme— ike geggegtcs
10+

—2 R>0

—8{

~10 -

Figure 13.18: Bay configuration: an r-L plot for a time-like geodesic with
escape energy e = —0.2 and Carter constant () = 1. Forbidden regions are
those with R < 0. For r < r_ the plot still resembles the e > 0 case in figure
13.4. On each horizontal line L. = const, the maximal segments on which
R > 0 give ranges of r(7) for a geodesics with that angular momentum. All
orbits are bound. (Additional parameters: M =1, a® = 0.84.)
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r-L._plot: Bay configyration
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Figure 13.19: Bay configuration: an r-L plot for a time-like geodesic with
escape energy ¢ = —0.2 and Carter constant () = 1. Forbidden regions are
those with R < 0. On each horizontal line L = const, the maximal segments
on which R > 0 give ranges of (1) for a geodesics with that particular angular

momentum. All orbits are bound. (Additional parameters: M =1, a? = 19.)
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13.5.4 Lake configuration

For —1/9 < e < 0 and Q+(e) < Q < Q_(e), forbidden regions enlarge with
increasing @ ([34, section 4.8]). When @ = Q) (e) they meet (at a saddle point
of R(r, L), see the second assertion of Proposition 13.9) and thereafter they
merge, forming a “lake” as shown in figures 13.20 and 13.21 .

Every r-L plot with —1/9 < e < 0 and Q4 (e) < @ < Q_(e) has this lake.
Because d > 0, ¢ has two simple roots 2M < r; < ro. The boundary of the
lake is the closed curve formed by the two curves L_(r) and L, (r), which meet
with vertical tangents at r; and r5. The midline runs along the middle of the
lake.

Hence there are many bound orbits in the Kerr exterior, given by horizontal
lines within the lake, and they all are stably bound.

If () continues to increase, the forbidden regions grow and therefore the lake
shrinks until at Q = @ _(e) it vanishes. But, as specified by the third assertion
of Proposition 13.9, there remains an isolated maximum point of R(r, L) at

which R = 0. This point represents a stable spherical orbit.
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Figure 13.20: Lake configuration: an r-L plot for a time-like geodesic with

escape energy e = —0.08 and Carter constant () = 14.2. Forbidden regions are
those with R < 0. For r < r_ the plot still resembles the e > 0 case in figure
13.4. On each horizontal line I = const, the maximal segments on which R > 0
give ranges of r(7) for a geodesics with that particular angular momentum.
All orbits are bound. (Additional parameters: M =1, a? = 0.84.)
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Figure 13.21: Lake configuration: an r-L plot for a time-like geodesic with
escape energy e = —0.08 and Carter constant () = 14.2. Forbidden regions are

those with R < 0. On each horizontal line L = const, the maximal segments
on which R > 0 give ranges of (1) for a geodesics with that particular angular

momentum. All orbits are bound. (Additional parameters: M =1, a? = 19.)



Chapter 14

The geodesics in the equatorial

plane

In the early study of Kerr space-time equatorial geodesics were emphasized,
because when compared with Schwarzschild geodesics the consequences of ro-
tation stand out.

While geodesics in the equator are included in the broader class of geodesics
with Carter constant () = 0, orbital consequences are radically different for
the equatorial and non-equatorial cases.

Motion in the equatorial plane is described by Lagrangian

oMY\ .,  4daM .. 2 202 M
2£:<1——) 2 ——dp— i [(r2+a2)+ " a4
T T T

and we deduce from it that the generalized momenta are given by

2MYN . 2aM

P = (1 — ) iy $ = E = constant, (14.2)
r T
2aM . 2a> M
—Pp = — iy (?"2 +a?+ 2 ) ¢ = L = constant (14.3)
,
and
2

—pr = (14.4)
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Stationary and axisymmetric character of the Kerr Geometry is evident from
the fact that the Lagrangian does not depend on t or . Therefore p; and p,,
are constant.

The Hamiltonian is

H=pi —ppp+p7— L=

1 oM M. ., 1 202 M
<1——) += t@—r—fQ——(r2+a2—|— - )<p2; (14.5)
T

2 r

and from the independence of the Hamiltonian on ¢

2H =

[( 2M>. 2aM,]. [(2 ) 2a2M), 2aM-]. r? .,
=[l1-—)t+ plt—||(r"+a + ©— ) p——r
T T

T T
2

=FEt— Ly — %7’“2 = §; = constant. (14.6)

Solving equations (14.2) and (14.3) for ¢ and ¢

P {(1 . —) L+ QCLTME} , (14.7)
i=— [(r +a+ QGiM) E— QGTML} : (14.8)

and inserting these solutions in the third line of equation (14.6), the radial

equation can be deduced

2M
%2 = B2 4 = (aE — L)* + (a*E* — L*) — 5, A. (14.9)
r

We write this as the following corollary

Corollary 14.1 For a geodesic v with Q) = 0, we have R(r) = ri(r) where

the function v is given by
U(r) = E*® + (a®E* — L*) r + 2M (L — aB)* — §irA.

When Q = 0, r-L plots are determined solely by FE, thus the e-@) chart
(figure 13.1) shows that time-like 7-L plots have either bay or continents con-
figurations and that null and space-like - L plots have continents configurations

(figures 13.2 and 13.3 respectively).
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The previous results from section 13.4 can be written down as follows.
Corollary 14.2 Let v be a Q = 0 geodesic, with ¢ as in Corollary 14.1.

1. As a polynomial in L,
Y(r,L) = (2M —r)L* — AMaFEL + y(r), (14.10)
where Yo(r) = (r, L = 0) = E*(r® + a®r + 2Ma?) — §;7A(r).

2. If r # 2M, the discriminant of ¥ as a polynomial in L is 4D(r) =
rA(r)(E*r — 61 + 2M6y).

3. The set Z of zeros of ¥(r,L) (or of R(r,L)) is the union of the graphs

of the two functions

_ 2MaFE + \/rA(E?*r — 6,7 4 2M ;)

L
* 2M —r

(14.11)

defined on maximal r intervals on which D(r) > 0.

Therefore, after the reduction of R to v, the discriminant polynomial ¢
of section 13.4 is replaced by the linear expression (E? — d;)r + 2Md;. As in
section 13.4 the discriminant is essential in determining the configuration of
the set Z, because (for r # 2M) the sign (—, 0, +) of D(r) establishes whether
there are zero, one, or two points, respectively, of R = 0 on the vertical line
L — (r,L).

For the exceptional line » = 2M, the function L — ¢ (2M, L) is linear with
negative slope for £ > 0. Therefore as L increases, the line »r = 2M enters

a forbidden region at Loy = fj\%}; and remains there. (When E = 0, 9 is

constant on r = 2M.)

Proposition 14.3 In a Q = 0 r-L plot with E? —§, # 0 and E # 0, the only

vertical lines that contain a unique point (r,L,) of Z are r =0, r_, ro, 2M,
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orw = 6211\74212. The corresponding angular momenta are Loy (as above) for
r=2M, and L, = g%‘f for the others. Explicitly,

Lo=aE, Ly=2MaE/ry, Ly,=a(E*-0d).

For proof see [34, page 275].

14.1 The null geodesics

For null geodesics 6; = 0 and the radial equation (14.9) becomes

2M , 1

it = E? + = (L —aFE) = (L* — a®E?) =1(r). (14.12)

As in Chapters 3 and 8, it will be more convenient to distinguish the
geodesics by the impact parameter (3.9) rather than by L. So a single r-D plot
is sufficient to characterize the radial motion of all equatorial null geodesics.

Corollaries 14.1 and 14.2 lead to the following corollary.

Corollary 14.4 For Q = 0 null geodesics with E # 0,
v=R/r=r"+ (a®> = D*)r+2M (D —a)* . (14.13)

The zero set Z : 1 = 0 is the union of the graphs of the two functions

B 2Ma:|:r\/Z

Dy(r) = S where A>0. (14.14)

Therefore there are two points of Z on each vertical line in the strip 0 < r < r_
and in » > 2M, one on the lines r = ry and r = 2M, and none between the
horizons. Like in the non-equatorial case (section 13.5.1), the r-D plot has
two continental forbidden regions N and S in the exterior » > r,, but in
the strip 0 < r < r_ the forbidden region is a “tongue” W, first observed
by [3] (although their “tongue” pointed “southward” not “northward”). W

starts from r = 0 at the (0,a) and ends in r = r_. The principal line D = a
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r-D plot in the slow Kerr. solution
P Tr?1e null geodesics

-10-

Figure 14.1: The r-D plot for equatorial null geodesics in the slow Kerr black
hole. Forbidden regions are N, S and W; their boundaries define the turning
points for null rays. (M =1, a = 0.96)
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r-D plotin _Ilne exHegrgg egrés solution

e nu

-10-

Figure 14.2: The r-D plot for equatorial null geodesics in the extreme Kerr
black hole. Forbidden regions are N, S and W; their boundaries define the
turning points for null rays. (a = M = 1)
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r-D plot_ip the fast Kerr solution
P Tﬂe nurl geodesics

-10-

Figure 14.3: The r-D plot for equatorial null geodesics in the fast Kerr black
hole. Forbidden regions are N, S and W (regions W and N merge); their
boundaries define the turning points for null rays. (M =1, a = 1.04)
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(corresponding to L = aF) is tangent to W from below (see figures 14.1, 14.2
and 14.3 and cf. with [3, figure 8]).

As figures 14.1, 14.2 and 14.3 show, a null geodesics v coming in from
r = 400 has flyby orbit if |D| is large (|L| > FE) and may hit the ring
singularity if |D| is small. But because of the tongue, in the slow Kerr black
hole, if D is just larger than the principal level D = a, it meets the tongue
in an r-turning point, and so the geodesic has a long flyby orbit ([34]); in the
fast Kerr black hole the tongue meets the continent N, thus a null geodesics

with D > a does not reach the singularity.

14.1.1 The special case D =a

Geodesics with impact parameter
D=a, when L=aF, (14.15)

have, in the rotating black hole, the same role as the radial geodesics in the
Schwarzschild and in the Reissner-Nordstrom geometry. They meet the ring
singularity and have crash-escape orbit type. And so equations (14.7), (14.8),

and (14.12) are reduced to

2 2
%, and  p— (14.16)

r==+FE, t= b=

The radial coordinate is described uniformly with respect to the affine para-

meter, and the equations governing ¢ and ¢ are

% _ 4" Z“Q and i—f - i%. (14.17)
Slow black hole
The solutions of equations (14.17) are
it:r+ri+a2ln(i—1)—T%+a21n<i—1), (14.18)
Ty —T_ Ty e —T_ r_

tp= " 1n(i—1)— ¢ 1n(L—1) . (14.19)
Ty —T_ Ty ry —T_ Ty
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They display the typical behaviors of ¢t and ¢ of approaching +oco near the

horizons r4 and r_.

Extreme black hole

The solutions of equations (14.17) are

1 1 r—M
+t =1 —ry + 2M3 — 2M 1 , 14.20
T et (rin—M 7"—]\/[>jL nrin— ( )
1 1
+top=M — 14.21
v (Tm — M r — M) ( )
with initial condition r = ry, for t = ¢ = 0.
Fast black hole
The solutions of equations (14.17) are
+Tt=r—rpn+ Ml
T — T + n A +
T ( tan —— 2 ¢ rin_M) (14.22)
————— | arctan ———= — arctan —— .
ERTE J@ -l Ny e
and
r—M Tin — M
+¢ =a | arctan ———— — arctan ———— 14.23
° ( NCEETE g MQ) (14.23)

with initial condition r = ry, for t = ¢ = 0.

14.1.2 General orbits

Unlike in the general () > 0 case, it is now simple to find the horizontal
tangents to Z, which represent the circular photons—and therefore to specify

all null orbits types.

Proposition 14.5 In the slow Kerr equator there are, aside from restphotons,
exactly three circular null orbits. For E > 0, these have radii and tmpact

parameters (rr, D;), (r,, D,), (15, Ds) with

O<r-<ro<ry<rs<3M<r,<4M,
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and

D,<-Ta<0<a<D;<2a<Ds.

The radii are the roots of the polynomial p(r) = r(r — 3M)? — 4Ma?, and the

impact parameters are the roots of q(D) = (D + a)® —27TM?*(D — a).

For proof see [34, page 278].

Proposition 14.6 In the extreme Kerr equator there are, aside from restpho-
tons, exactly three circular null orbits. For E > 0, these have radii and impact

parameters (rr, D;), (r,, D,), (15, Ds) with

O<r,=ry=r;<3M <r,=4M, (14.24)
and
D,=-7Ta<0<a<D;=2a=Ds. (14.25)

The radii are the roots of the polynomial p(r) = r(r — 3M)?* — 4Ma?, and the

impact parameters are the roots of q(D) = (D + a)® — 2TM?*(D — a).

Proof. The circular orbits occur at simultaneous solutions (7, D) of the equa-

tions ¢ = 0, %—f = 0. The second equations yields to

D? =3r" +a*. (14.26)

Substituting r? = 222 into ¢(r, D) = r* + (a> — D*)R + 2M (D — a)? = 0

gives r(a®> — D?) + 3M (D — a)?* = 0. Therefore

3M(D — a)
= —. 14.27
r Dia (14.27)

Equations (14.26) and (14.27) are the basic relations between the radius

and the impact parameter of a circular null geodesic. Substituting equation

lwith correction that p(4M) = 4M?3 — 4Ma?
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(14.27) into 22 = 3r2 + a® — D? = 0 leads to 2TM*B=% + a? — D? = 0.

By omitting the principal null geodesics D = a, D — a is cancelled from the

preceding equation. That leaves

a(D) = (D+a)® —2TM*(D —a) =0. (14.28)

Solving equation (14.27) for D = —aﬁé%, and substituting this into equation
(14.28) yields

p(r) =r(r—3M)* —4Ma?. (14.29)

This polynomial has no negative roots, and p(0) < 0, p(3M) < 0, p(4M) = 0.

The placing of ry derives from
p(r+) =p(M)=0. (14.30)

It follows that p(r) has three roots obeying equation (14.24). D(r,) = D(4M),
which gives D, = —7a. The function D(r) = a3M*~ s strictly increasing on
{r <3M} and {r > 3M}, hence D(0) < D(r;) = D(M) = D(rs), which gives

a < D, =2a= Ds. U

Proposition 14.7 In the fast Kerr equator there is, aside from restphotons,
exactly one circular null orbit. For E > 0, this has radius and impact parame-

ter (r,, D,) with

ry>4M (14.31)
and

D,> —Ta. (14.32)

The radius is the real root of the polynomial p(r) = r(r — 3M)* — 4Ma?, and

the impact parameter is the real root of q(D) = (D + a)® —27M?*(D — a).
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Proof. Evidently the polynomial (14.29) is approaching +o0o with r — +o0,
and p(4M) = 4M3 — 4Ma* < 0. The discriminant of p(r) is 432M%a*(M? —
a®) < 0, so there is only one real solution, and it obeys the stated inequality.
With the same reasoning as in previous proof, D(r,) > D(4M) gives D, >

—Ta. ]

Once the circular photons are found in the null 7-D plot, the equatorial null
orbit types can be described. Principal null geodesics hit the ring singularity
([34, chapter 4]). There are no bound null orbits except for (unstable) circular
orbits. For E # 0 the remaining flyby and crash orbits can be characterized

in terms of impact parameter, as follows:

1. Flyby orbits (for r large) or crash orbits (for 7 small) iff the impact para-
meter D = L/F is in one of the intervals: (—oo, D,), (a,D;), (Ds,c0)

(for the fast black holes that means D > a or D < D,).

2. Crash-escape orbit iff D lies in the interval (D,,a| or (D, Ds) (for the

fast black holes only the first interval applies).

3. Circular orbit (or associated asymptotic orbit) iff D = D,, D,, or Ds.

In the remaining case £ = 0, « is a restphoton if L = 0, other than that it
has crash-crash orbit in 0 < r» < 2M. When L = 0, all the first integrals of v
are zero, which is possible only for restphotons ([34, chaper 4]). If L # 0, then
(from 14.10) ¢(r, L) = (2M — r)L?, and so + is in the strip 0 < r < 2M. The
r-equation is (from 14.9) r37? = L*(2M — r), therefore « hits X at both ends,
with a turn at r = 2M.

The null geodesics are central in the sense that, for large F/, both space-like
and the time-like sets Z resemble that of the null case ([34, chapter 4]).

Now we will find the general solution for all three types of orbits. From

(14.12) it is clear that turning points occur at the zeros of the cube polynomial

f(u) =2Mu* (L — aB)? — u* (L* — a’E?) + E2. (14.33)
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Then for orbits of the first kind (flyby orbits)

"= T R K]

k2ud k24
+2 (K23 — ud) {H <¢, Zw) +H< ufj?’k)] +

Uy 2

n u3 — k*u?
2(ktug — u3)
4 (2/{:4u§2k2u§ n kSu3 B 3u§> i <¢’ kf21;§7 k:) B K} Snvcnvdnv+
u u

2 2 _ 14,202
5 5 uj — ktugsn?v

[k2u§ E(¢,k) + (u3 — K*uj) v+

+ Eui B(k) + (uj — Ku3) K(k)+

I{ZG 2 /{?2 4
+ (2k4u§2k2u§ R 3u§) 11 ( u?kﬂ} . (14.34)

U% 2
where
2
¢ = amv = arcsin (115 = u3)(u> = ) , (14.36)
(ug — up)(usg — u)
k2 = Z — Zi , (14.37)

for orbits of the second kind (crash orbits)

V2 )
o a4(u3—m)3/WM{F(¢’k)‘QH(WI k) +
1 ) _
T2 (R~ a?) {“ B(¢,k) + (K = o) F(9, k)+

4
9,9 9 4 9 5 9y Q snvcnvdnw
+ (2% 4+ 20° — o — 3K*) 11 (¢, 0* k%) — ey H (14.38)
where uy, uy and us are the roots of f(u) = 2M (u — uy)(u — ug)(u — us), k is

defined in (14.37), ¢ in (14.35), and

a?= "1 (14.39)

Ul—U37

¢ =amuv = arcsin 4 / QZ)—_;: . (14.40)

The solution for the crash-escape orbits can be also expressed in terms of ellip-

tic integrals, but we do not write it here because it is long and not essentially

different from the previous two solutions.
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We can write the solution of

- D — 2Mu(a— D)
7o / A(u)/2M(a - D)2 1 (@ — D?)a2 1 1

du, (14.41)

in the form

gp

(M2 — a2)v/8M

I (¢, k) +11(a?,k) II(¢.a%, k) +1I(a?,k)

()0:

Uy — Uy U— — Uy
for the orbits of the first kind (flyby orbits), where

p=2M(a— D) (M?*—a*) + [a°D — 2M?*(a — D)] VM? —a?, (14.43)

2
g= , (14.44)
Uz — Uy
¢ = arcsin y [~ (14.45)
U — Uq
2 U — U
= 14.46
ay uy —uy ( )
Q2 =21 (14.47)
U— — Up
k?* is defined in (14.37), uy and u_ are the roots of
Au) = a®u? —2M +1; (14.48)
and
0= ap H(¢7 Oé%,k) _F(¢7 k) B H(¢7 Oéi,k?) _F(¢7 k)
(M? —a?)v8M U— — Uy Uy — Uy
(12.49)

for the orbits of the second kind (crash orbits), where g, p and k? are same as

before and

2 _ Uy — U
_ 14.50
o= (14.50)
ot == (14.51)
Uz — Uy
¢ = arcsin ;| ——1 (14.52)

Y
U — Uy
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and
I (qﬁ%k) —a_f_ I <¢, a_gil k) —op fy
o= gp vt Tfa_ v T+,
(M2 — a?)v/8M a(A+a—u_) a, (A4+a—uy)
(14.53)
for crash-escape orbits, where p is the same as before, and
g=1/VA, (14.54)
cnv =cos ¢, (14.55)
u—u; — A
= R — 14.56
[0) arccosu_u1+A, ( )
A + bl — Up
A —— 14.57
54 (14.57)
A? = (by —w1)* +af, (14.58)
b = 12 JQF t (14.59)
2 (ug — ﬂ2)2
Q=" (14.60)
A—up +u_
- 14.61
“ A + U —u_ ’ ( )
A—up +uy
= 14.62
Oé+ A + Uy — U+ ) ( )
(
1—a2 - ai )
arctan Snu m, if Q{?t 7 <k 3
2
g
fi - SdU, lf 2 = k’Q )
ay — 1
al —1 | VE2+ k2ot dnu+ /ad — 1snu
n
k2 +Ek2ai /K2 + k20l dnu— /ol —1snu ¢ af o
\ 2 ’ Oé?l: -1 ’
(14.63)
where &’ is
K =V1—k? (14.64)

and wuy, ug, Uy are the roots of f(u) = 2M (u—up)(u —ug)(u — uz). An example

of orbits of the first and second kind is in figure 14.4.
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M=1,a=096,D=4
90

15

180

270

Figure 14.4: The flyby and the associated crash null orbits in the equatorial
plane. Numerical values of points '+ are listed in section A.1.19. The flyby
orbit is coming from infinity and after circling around singularity several times
it goes off to infinity again. Crash orbit starts from a certain distance from
singularity and after twice reversing direction of its rotation it plunges into

singularity:.
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Unstable circular orbits

The radius 7. of the unstable circular orbit is determined by the equations

(cf. equation (14.12))

oM 1
E’+ = (L-aE)’— = (L* - d®E®) =0 (14.65)
TC TC
and
6M 2
—— (L aB)’ + = (L? - a®E”) = 0. (14.66)

From equation (14.66)

L—akFE D.—a
. =3M =3M == , 14.
re =3 I ab 3 Dt a (14.67)
Inserting this relation in equation (14.65), we get
1 (L+aE)?
E? = 14.68
271M? L —aF ( )
or
(D¢ + a)® = 2TM*(D,, — a) . (14.69)
Substitution
y=D.+a, (14.70)
leads to the cubic equation
y® — 2TM?y + 54aM?* = 0. (14.71)

e Slow and extreme black hole: Cases with a > 0 and a < 0 corresponding

to the direct and retrograde orbits are distinguished. For a > 0,

y = 6M cos (E + g) where cost =a/M,
33 (14.72)
D.=y—a and 1. =3M(1—-2a/y);
and for —a = |a| > 0,
v
y = 6M cos - where cosV = |a|/M
3 (14.73)

D.=y+|a and  r.=3M(1+2lal/y).
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It can be directly verified that the solution for r., expressed directly in

terms of ¥, is given by

a

, TV , T & arccos

re = 4M cos = 4M cos 3 M (14.74)
for direct orbits, and
v 2
7. = 4M cos® 3= 2M [1 + cos (§ arccos %)] (14.75)

for retrograde orbits.

e Fast black hole: Circular orbits appear only for retrograde orbits. We

have
y = 6M cosh(V/3) where coshd = |a|/M
(14.76)
D.=y+ |a and re = 3M(1+ 2|al/y),
with condition
la|/M < 7/2. (14.77)
Then
4M cosh? v 2M |1+ cosh 2a ccoshw (14.78)
Tre = sh™ — = Sarccosh—- . :
3 3 M

When the impact parameter has the critical value D., and f(r) = 0 allows

a double root, the governing equation (14.12) can be reduced to

W? = ME*(D, — a)* u* (u — ue)* (2u + u,) (14.79)
where
1 1 D.+a
== d = —= 14.
YT e e T L T S M(De — a) (14.80)
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Equation (14.79) directly integrated gives

[E(D, — a)V/M]r = :I:/ v uf;i/m -

n 1 [/ 2u~+ u. n 1 | V2U + Ue — /U
= +— n
u? U V33U V2u + ue + /3.

To show the orbit in the equatorial plane, we combine it with equation

) . (14.81)

Eu?
3(a?u? —2Mu + 1)u,

o= BDatc—2Dc +a)u]  (1482)

(which follows directly from equation (14.7)). We obtain

d Dc - Uc 2 (¢
du _ Detaion oppy gy W v)V2utue (14.83)
dy v M 3D.u. — 2(D. + a)u
or
M Dc c 2 Dc
P / 3Dcue = 2D + aJu . (14.84)
D+ a) ) (=) (u—u)(u—ue)/2ut e
The explicit expression of this integral is
) S 3Dt — 2u (D + a)] In | Vi yau e
7T 2Dt a) (s — ) (uy — ue)y/2us T
 BDae ~ 2u-(D: + )l n | R
(g = u) (e — u_)y/2u_ + uc
V2utuc—/3Buc
u, (20 — Do) In | 73R e
4. /=< (14.85)
3 (e — u-)(us — uc)
14.2 Space-like geodesics
For space-like geodesics d; = —1, therefore we have the radial equation
2.2 _ 2 2M 2 2 2 2
i =r’E* + — (aE — L)" + (’E* - L*) + A (14.86)

r

Corollary 14.8 For space-like equatorial geodesics?,

W(r,L) = (B* + 1) — 2M7* + [a® (E® + 1) — L*] r + 2M (L — aE)* , (14.87)

2¢f. [34, Corollary 4.14.12]
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and the set Z : 1 = 0 is the union of the graphs of

L+(r)= QMani_VTD(T) : (14.88)

defined on intervals where D(r) = rA(r)[(E* 4+ 1)r — 2M] is non-negative.

Outside the region B the r-L plots usually look like the null case (figures
14.1, 14.2 and 14.3). But the vertical tangent w(FE) = EQZ—]\fl is positive, and its
interaction with the horizon radii r4 creates many different types of orbits.

When F is large, the only important difference from the null case is that
W has moved from the L-axis at the short distance w(FE) > 0. In the slow
case it has become an island. In the fast case W is connected to N (see figure
14.15). But as E decreases, this distance increases, while (in the slow and
extreme cases) the right side of W remains pinned at (r_, L_) (see figures 14.5
and 14.14). Thus the island diminishes, until it is reduced to the single point
(r_,L_) at w = r_. This happens when E = \/r,/r_, with L_ = L,, = 2M.
Therefore, in the slow case, (r_,2M) is an isolated maximum of ¢ (r, L). This
point represents an unstable circular orbit in the intersection of the equator
and the horizon H_ (see figure 14.6).

In the slow case, when E decreases below m, w(FE) increases past
r_ and the island reemerges, now running from r = r_ to r = w(E) > r_.
Hence, unlike null and time-like geodesics, space-like ones can turn in region
B. As w approaches r the island expands toward N. When E = \/m , W
reaches 74, and the island meets N at the critical point (ry,2M) (see figure
14.8). This is the unstable circular orbit in Hy. In the extreme case there is
only one unstable orbit in H at the critical point (r4,2M E) (see figures 14.11,
14.12 and 14.13).

Further decrease of E moves w past r, where it drives N eastward (see

figures 14.9, 14.12 and 14.16). In the slow case the island is left behind,

extending from r_ to r. Thereafter, it moves south until at £ = 0 a symmetry
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%oacel Ike geodesics

s The
r +ir_.

r-L plot in the slow Kerr solutio?

E>sort

-15 -

Figure 14.5: Space-like r-L plots for equatorial geodesics. As E decrease from

+o00, the island W shrinks. (M

1,a=0.96 and E = 2.)
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%oacel Ike geodesics

:Th
r +/r(i

E =sort

r-L plot in the slow Kerr_solutio

S

2M

-15 -

The island W is

Figure 14.6: Space-like r-L plots for equatorial geodesics.

reduced to a single point (r_,2M). (M

JE)

1,a=0.96 and F
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)ke geodesics
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err so
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r-L plotin

2M

—15

Figure 14.7: Space-like r-L plots for equatorial geodesics. As F decrease from

+00, the island W moves through region B. (M

1,a=0.96 and £ = 1.)
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%oacel ike geodesics

/he
r_+
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—15

Figure 14.8: Space-like r-L plots for equatorial geodesics. The island W meets

)

1, a=0.96 and F

with the north continent N. (M
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Figure 14.9: Space-like r-L plots for equatorial geodesics. The island W ap-
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Figure 14.10: Space-like r-L plots for equatorial geodesics. The island W lays

1, a=0.96 and £ = 0.)

symmetrically around the r-axis. (M
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Figure 14.11: Space-like r-L plots for equatorial geodesics. The island W is
reduced to a single point (r4,0). (M =a=1and E =0.)
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Figure 14.12: Space-like r-L plots for equatorial geodesics. The island W,
reduced to a single point (r+,2M FE), is moving north from the r-axis. (M =
a=1and F=0.6.)
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Figure 14.13: Space-like r-L plots for equatorial geodesics. The point W joins
the north continent N. (M =a=1and F =1.)
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Figure 14.14: Space-like r-L plots for equatorial geodesics. The island W
emerges from the north continent N staying connected with N in the point
(re,2MFE). W grows with increasing £. (M =a =1 and E = 2.)
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Figure 14.15: Space-like r-L plots for equatorial geodesics. The island W and
the north continent N form a single continent. (M =1, a =1.04 and F = 2.)
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Figure 14.16: Space-like r-L plots for equatorial geodesics. With decreasing F
the continent N shrinks. (M =1, a =1.04 and £ = 0.)
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is achieved (see figures 14.10 and 14.11).

14.2.1 The special case, L = aF

In this case equations (14.86) reduces to
r*r = (E? + 1)r* — 2Mr + a?, (14.89)

while the equations for ¢ and ¢ are the same as for the null geodesics (cf. equa-

tions (14.16)). Equation (14.89) on integration gives

= FoE] [\/(E2+1)r2—2M7“+a2+

) (E2 +1)r—M
+———arcsinh
E?2+1 V(E? + 1)a? + M?

(14.90)

Alternatively, we may combine equations governing 7 and ¢ in the manner

d 1—2M 2u?
d_u _ Zf TV JEP 1 2Mu+ a2, (14.91)
2 a

and obtain the solution

_ EVM? —a? a*>(E? +1) — (a*>u — M)/ M? — a® — M?
B 2 a?EvVE? +1—2Mu + a2u?
a*(E? + 1) + (a®*u — M)/ M? — a2 — M?

a?EVE? +1 —2Mu + a2u?

arctanh

2

— arctanh ., (14.92)

where we assume E to be positive. An example of an orbit derived with the

aid of the equation (14.92) is illustrated in figure 14.17.

14.2.2 General orbits

In this section we will find general solutions for all three types of orbits. From
equation (14.86) it is clear that turning points occur at the zeros of the cubic

polynomial

f(u) =2Mu (aE — L)2 u® + (a2e — L2) u? — 2Mu + e. (14.93)



179

Special case L = aE
90

4

180

270

Figure 14.17: An example of a space-like geodesic with . = aF, described
in the equatorial plane of a Kerr black hole with M = 1 and a = 0.8. For
the orbit illustrated, F = 2. An equivalent of radial geodesic this orbit comes
from infinity to singularity, reversing its direction on both horizons. The two

horizons are represented by dash-dotted circles.
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With this polynomial instead of (14.33) the solutions for 7 and ¢ are formally

the same as in section 14.1.2.

Unstable circular orbits

We look for the values of L and E which a circular orbit at some assigned
radius, r = 1/u, will have. When L and E have these values, the cubic
polynomial (14.93) will have a double root. The conditions for a double root
are

a*u® —2Mu+ 1+ E® + 2Ma*u® — (2° + 2aEz) =0 (14.94)

and

a*u— M + 3Mz*u* — (2 4+ 2aEz) u =0, (14.95)

where we have written

r=L—aFE. (14.96)

Equations (14.94) and (14.95) can be combined to give
E? = (Mu—1) + Mz*u? (14.97)

and

200 Bu = 2*(3Mu — 1)u + a®u — M . (14.98)

By eliminating E between these equations, we obtain the following quadratic

equation for x:

ztu® [(3Mu — 1)° — 4a® Mu?)
+ 22%u [(3Mu — a) (a*u — M) — 2a’*u(Mu — 1)] + (a*u — M)2 =0.
(14.99)

The discriminant of this equation is

—4a> M A*(u)u, (14.100)
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where A(u) is defined in (14.48); and the solution of equation (14.99) takes

a simple form by writing

(3Mu—1)> —4a’Mu® = Q.Q_, (14.101)
where
Qs =1 — 3Mu =+ 2avV/Mud. (14.102)
Thus, we find
Au) — _ Au) —
gt = @AW —QeQ- Al = Qs (14.103)
Q+Q* Q1
But
2
Alw) — Qv = u (Wﬂ + \/M) . (14.104)
Therefore the solution for x takes the form
__wuEvM (14.105)
VuQ+
Inserting the solution (14.105) for x in equation (14.97), we find
AMu — 1 — 2M?u? + Mua® £ av M
o \/ u uQ—l— ua® a u : (14.106)
:F

and the value of L to be associated with this value of F is
VM + av/u (\/4Mu — 1 — 2M2u? + Mudad + av/Mud — 1)
L=aF = .
VuQ+

(14.107)
E and L given by equations (14.106) and (14.107) are the energy and the
angular momentum (per unit mass) of a particle describing a circular orbit of

reciprocal radius u.

14.3 The time-like geodesics

For time-like geodesics, equations (14.7) and (14.8) for ¢ and ¢ remain the

same. On the other hand, equation (14.12) is replaced by

2M
r2¢2:_A+r2E2+—(L—aE)2—(LQ—&2E2) 7 (14.108)
r



182

where F is now the energy per unit mass of the particle.

14.3.1 The special case, L = aF

The time-like geodesics with L = aF, are like null geodesics with D = a, in
that that their behavior as they cross the horizons is characteristic of the orbits
in general.

For L = aF, equation (14.108) reduces to
r’r? = (E® — 1)r* + 2Mr — a”, (14.109)

while the equations for ¢ and ¢ remain the same as for the null geodesics

(cf. equations (14.16)):
p=aE/A and i=E(r’+ad’)/A. (14.110)

Equation (14.109) yields

rdr

T==£ .
/\/(E2—1>7’2+2MT—6L2

Since we are considering infalling particles, we take equation (14.111) with the

(14.111)

negative sign. After integration we get?

1
T=1 E2{\/(E2 — )r2 +2Mr — a?
M M
—————=In E2—1r2+2Mr—a2+7*\/E2—1+—]}
E? -1 {\/< ) E? -1
(for E* > 1), (14.112)
Mr + a? 5 )
T:—W\/QMT—(Z (for B =1) (14.113)
and
1
U V(E? = 1)r2 + 2Mr — a®+ (14.114)
M M — (1 — E?
+————arcsin ( r (for 1 — M?/a® < E* < 1).

V1—E? VM2 — a2(1 — E2)

3Compare [7, page 333, equation (100)] and (14.114).
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Alternatively, for a slow black hole, equations governing 7 and ¢ can be

combined as follows

(ot — ) 1)+ 20— (14.115)
'

where u = 1/r and ux = 1/ry. The solution is

Y= ;) {hl |:2E\/E2£_2|_ —+ 2(M — CLQU+>£+ —a? + 2E2£++

a(uy —u_

+2(M - a2u+)} —In [QE\/E2§E M — a?u ) —a? +2EE +
+2M (M — a2u_)} } , (14.116)
where
§o=(u—ug)™" . (14.117)
For an extreme or fast black hole, we may combine equations governing 7

and ¢ in the manner

du akb
— == E? — 14 2Mu — a?u? 14.118
dp 1—2Mu+a2u2\/ T aMu - atut, ( )

and obtain the solution

—aklF

= 2Bus (a>?Mu2 + 2M?uy — a® + 2M?us+
2uy(a2ud + 14 2Muy)V/A {2Bua ( ? ' ?

»
+a* Muyup — a’uy) + 2V A (a’ul + 1+
F2Mug) In (w122 — ug) — upV'A (2M + auz) In [2* (1 — 2Muy + a*u?) +
+222 (Muy — Muy — a®uyus + 1) 4 a®uj + 2Muy + 1] }

(for E* > 1 — M?/a?), (14.119)

where u; and us are the solutions of polynomial a(Efl;l + %Z—Afu — uz), and
2=2"1 (14.120)
U — uy
A= (a® = M?) (uy —w1)” (14.121)

au?z? + 22 — 2Muy 2* — a®ujus + Muy — Muy + 1

VA

B = arctan (14.122)
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14.3.2 General orbits

As before in the case of the null and space-like geodesics, we will find solutions
for all three types of orbits. We have the same polynomial (14.93) as in the
case of the space-like geodesics with redefinition of the effective energy e. (In
the space-like case e = E? + 1, now e = E? — 1.) Solutions for the unbound
orbits (e < 1) look formally the same as in section 14.1.2, but in the case of

e < 1 we have bound orbits. For them

_ gk {
T ug?a|L — aE|V2M F(o, )+
2 2 k2 2 k2
+ %H (¢,0% k) — ﬁ {oﬂ E(¢,k) — (o — k*) F(¢, k)+

4
2,2 2 4 9 9 a*snvenvdnv
+(2ak +20° — « —3k)H(¢,a,k)— T e’ o ]}, (14.123)

where ¢ is defined in (14.35), k in (14.37), ¢ and v in (14.36), u; < uy < ug

are roots of f(u), and

2 U3k52 .
== (14.124)
g L—-2Mu_(L—akFE)  ,
YT — { a? (u_ — ug) (KR (e, k)+
(@2~ ) (6,02, k)] — 2T 2Mu. (L = aF) [K*F (), k)+

o (uy — ug)

+ (o — k)1 (¢, 0%, k)] } , (14.125)

where uq, us, us, ¢, v and k are the same as for solution for 7, g is defined in

(14.44), and

2 _
o2 = s~ ua) (14.126)

U+ — U2
where ug are the solutions of A(u) =1 — 2Mu + a*u®.

For the orbits of the second kind, which are associated with the bound
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orbits

(¢, k) — 201 (¢, 0% k) +

— g
e a4(u3 — ul)Q\L — aE’\/W{F
1 ) .
T2~ 1)k — o) {“ B(6, k) + (K = o®) F(6, k)+

4 d
+ (20282 4 20% — a* = 3K2) T1 (¢, 0% k) — 00 I”’H . (14.127)

1 —a?sn?v

where we have the same uy, us, uz, k and g as in the case of orbits of the first

kind, « is defined in (14.39), and ¢ and v in (14.40);

g {L —2Mu, (L — aF) [ (6, s, k) — F(o, k)]

uy —u_)(ug — uy)
_L — 2Mu_(2L —aF) [H (¢,0472a k) — F(¢, k)]} . (14.128)

Q_

SO:( oy ?

where ¢, v, u1, us, uz are the same as in the above solution for 7, ¢ is defined
in (14.35), a4 is in (14.50), a— in (14.51), k in (14.57), and ug have the same
meaning as in the case of orbits of the first kind.

The last type of orbit is the crash-escape orbit. Solution for 7 can be again
written in terms of elliptic integrals, but we will not do it here, because it is

long and does not bring any new features. Solution for ¢ is

glL = 2Mu (L — aE)] { 1 {n (¢, %k) . a+f+]}

T o (uy —u)(A+uz —us) | 1—ay :
e e e e

(14.129)

where g is defined in (14.54), k as above in (14.57), ¢ in (14.56), a4 in (14.62),
a_ in (14.61), and A in (14.58).

The circular and associated orbit

We will follow [7, chapter 7] to find conditions for F and L for circular orbits.
With the reciprocal radius v = 1/r as the independent variable, the radial

equation (14.108) becomes

u i = — (a®u® — 2Mu)+ E*+2M (L — aF)? u?— (L? — a®E?) u*. (14.130)
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When L and E have the values which a circular orbit at some assigned
radius, » = 1/u, will have, the cubic polynomial on the right-hand side of
equation (14.130) will have a double root. The conditions for a double root

are
— (a®u® = 2Mu+ 1) + E* + 2Ma*u® — (2* 4+ 2aEz)u” =0 (14.131)

and
— (a*u — M) + 3Mz*u® — (2> + 2aEz) u =0, (14.132)

where z is defined in (14.96). The equations above can be combined to give
E? = (1 — Mu) + Ma*u? (14.133)

and

2azEu = 2°(3Mu — 1)u — (a®u — M) . (14.134)

Eliminating F between these equations leads to the following quadratic equa-

tion for z:

w'u? [(3Mu — 1)* — 4a® Mu®]
— 22%u [(3Mu — 1) (a*u — M) — 2a%u(Mu — 1)] + (a*u — M)* = 0.
(14.135)
Tts discriminant is

4a* M A*(u)u, (14.136)

where A(u) is defined in (14.48); and by using (14.101) and (14.102), the

solution of equation (14.135) takes a simple form. Hence

2202 = Q+A(u) — QLQ_ _ Au) — Q
Q.0 o

With the use of (14.104) the solution for x takes a simple form (14.105).

(14.137)

Inserting it in equation (14.133), we find

1 -2Mu=FavMu?

E
V= ’

(14.138)
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and the value of L associated with this value of E is

[ M
L=aE+z=7F <a2u2 Tl 2a\/Mu3) oo (14.139)
udF

E and L given by the above equations are the energy and the angular mo-
mentum (per unit mass) of a particle in a circular orbit of reciprocal radius

u.



Chapter 15

The null geodesics

In this section we follow [7, section 63] with a few of our additions.
For the null geodesics §; = 0, and it is convenient to minimize the number

of parameters by letting
¢E=L/E and n=Q/E?, (15.1)
and writing R and © in place of R/E? and ©/E?:
R=r'+(a®> =& —n)r*+2M [n+ (£ —a)’|r—d’ny (15.2)
and
O =n+a’cos’f — *cot? . (15.3)

The equation governing the projection of the orbit in the (r, #)-plane is

T %
dr dé

‘ ﬁ:g A (15.4)

where 7; and 6; are certain assigned initial values of r and 6. Also while the
signs of VR and v/© can be chosen independently, they must be adhered to

once the choice has been made.



189

Unstable circular null orbit (rs =1.85)

Figure 15.1: Critical null geodesic in “spherical” coordinates with ry = 1.85,

M =1 and a = 0.8. The orbit does not reach the singularity.
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Projection on the (r, 8) plane

X '~ T T

15 ! ! ! ! ! ! ! !
0 0.5 1 15 2 25 3 35 4 4.5

Projection on the (r, @) plane
2 T

-5 ! ! ! ! ! !
-2 -15 -1 -0.5 0 0.5 1 1.5

Figure 15.2: The projections of the critical null geodesic with r, = 1.85, M =1
and a = 0.8 on (r,60) and (r, ) respectively. The orbit does not reach the
singularity. The first “reversal” is actually where the orbits of the first and
second kind coalesce. Other reversal are similar to those occurring for orbits

in equatorial plane.
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15.1 The f-motion

In this section the §-motion, as specified by the integral over ©~1/2 in equation
(15.4), will be investigated. The condition on © being non negative restricts

the constants ¢ and n by the inequality
N+ (a—€) >0, (15.5)
which follows from © written as follows:
O=n+(a—&>— (asind — Ecsch)?. (15.6)

cos @ = i replaces 0 as the variable of integration. The integral

dp

L= [ &,
H \/@#

(15.7)

where
O, =n— (& +n—ad)p® -y (15.8)
is considered instead. When 1 > 0, and for © > 0, p? will lay between p? = 0

and a certain maximum umaXQ : 0< uz < ,umaxz.

15.1.1 15 >0

Explicit expression for the integral I, can be written down as follows :

Op=a’ (p2+p2) (u > +p°)  (0<p® <py?), (15.9)
where
2 22 & da2n — (€2 9
2a?
2 —a2)2 + da2 2 9
M}:\/(é +n—a?)?+4a*n+ (& +n a); (15.11)
2a2
and
Cdp TR
- A 15.12
) VO,  a/pd +pt ( )
where
1042
=" and cosy = pu/puy . (15.13)

g+
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15.1.2 7 =0

Integral I,, can be written down explicitly:

O, = (a® = &) p* - a®p* (0 < 1% < ftma”) (15.14)
where
fimax” =1 — €2 /a? (1€ < la?) (15.15)
and .
T arcsech —+&
/ A O (15.16)
Vo Vva?— &
o
15.1.3 7 <0

Integral I, written explicitly is, in this case

Ou=a*(p’—p2) (Wi —p®) (12 <p®<p?), (15.17)
where
ol + a2 — €2+ /(| + a2 — €)° — da2ly)
P = (15.18)
+ 2a? ’
and
d F(y, k
\V @y, a4
where
2 2
g = (15.20)
H
Il < a?, (15.21)
0 <&l <lal = VInl, (15.22)
and
20,2 2
iy = |1 (15.23)

2 — )
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15.1.4 The principal null-congruences
From equations (15.5) and (15.6) it can be seen that the case
n+(a—§8)7>=0 (15.24)
is distinguished because it is compatible with the condition ©, > 0 only if

0 = 6y = a constant, (15.25)
and
¢ =asin® 6y, (15.26)

when ©, = 0 for § = 6 (see equation (13.11) for equation for §). Now the

condition for equation (15.24) is that
n = —a®cos . (15.27)
Inserting the above values of £ and 6 in equation (15.2), it yields
R = (r* + a® cos” 90)2 E?, (15.28)

where the previously suppressed factor E? was restored. Now from equation
(13.10) it follows that
r==+F. (15.29)
Similarly, from equation(13.13) it can be concluded that
p=aE/A (15.30)
and from equation (13.12)
t=(r*+a*)E/A. (15.31)
These special null geodesics are described by
dt Er2 + a? dr dé dep

a

Solutions for ¢(r) and ¢(r) can be found in section 14.1.1.
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15.2 The r-motion

In this section we turn to a consideration of the radial motion as specified by

the integral over R™/2.

In the non-planar case there must be a distinction of whether the constants
of the motion, ¢ and 7, are on one side or the other of a critical locus, (&, 7s),
in the (&, n)-plane, with the orbits, with the constants of the motion on the

locus itself, representing unstable orbits with r = constant.

15.2.1 The unstable orbits of constant radius

The equations which determine the unstable orbits of constant radius are
R=r'+(a® =& —n)r*+2M [+ (¢ —a)’]r—a’p=0,  (15.33)
and

%—1;{:47~3+2(a2—§2—77)r+2]\/[[77—|—(§—a)2]:O. (15.34)

They can be combined to give
34 4 12a? — g (r2 _ az) — 22 (15.35)
and
rt —a*Mr+n (a® — Mr) = Mr (£ — 2a€) . (15.36)

The above equations can be solved for & and 7. Therefore, eliminating n

between them yields

a*(r—M)&—2aM (r* —a®) E—r (PP +a®) [r (r* +a®) = M (3r* —a®)] =0.
(15.37)

We find the discriminant of this equation to be

a’r? A? (15.38)
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and the solution of equation (15.37) is

M (r* —a*) £ rA

£= a(r — M)

(15.39)

To be consistent with our present requirements, we must choose the lower

sign in this equation ([7, section 63]). Then

M (r* —a®)—rA

&= a(r — M)

(15.40)

and

A’ M —r(r —3M)?) P AMA —r(r — M)?]
= ST - (15.41)

These equations parametrically determine the critical locus (&, 7).

There are no orbits of constant radius with n < 0 and when n = 0, the
orbits lie entirely in the equatorial plane ([7, section 63§(c)]).

For an orbit to have constant radius r,, the constants of motions, £ and
71, have the values & and 7n,. That means & and ns have the values given by
equations (15.40) and (15.41) with substitution » = r,. Then rg is a double

root of R = 0; and R is reduced to
R =(r—r)*(r’ +2rr, — a’n,/r%) . (15.42)

Then the integral to be considered is

ar / dr . (15.43)
VR (r — 7‘8)\/7“2 + 2rrg — a®ng/rs?
From this equation, it can be seen that the trajectory consists of two parts:
a part exterior to r = r; and a part interior to r = rs. Because 7 is positive
the orbit will terminate before r = 0 ([7, section 63§(c)].

Substituting

xr = , (15.44)
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and integrating (15.43), the equation of the projection of the orbit on the

(r,0 = arccos u)-plane is found. Thus,

du ihq [4r5+2095+2\/c(1—|—47“sx+cx2)

— , 15.45
o NG (15.45)

where ([7, page 353])
c=3rs —a’ng/rs > 0. (15.46)

The integral over p on the left-hand! side is given by equation (15.13).
In the first picture of the figure 15.2 there is an example of a trajectory

derived from equation (15.45).

15.2.2 The case n =10

All orbits of constant radius with n = 0 lie entirely in the equatorial plane.
Also, all orbits in the equatorial plane have the Carter constant being zero.
But not all orbits with n = 0 are in the equatorial plane, because when 1 = 0,

the r-motion is generally determined by (cf. equation (15.33))

dr

dr
o , (15.47)
VR /\/r [73 + (a2 — £2)r + 2M (a — £)°]

and the 0-motion is determined by equation (15.16). The above integral can be
reduced to a Jacobian elliptic integral. Then the trajectory in the (r, #)-plane

is determined by

arcsech —£
S A L) (15.48)

see [7, page 353]
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where
2 _ (A+B) — i
K= (15.49)
(A= B)r+mnA
cos ) = (AT By tnd’ (15.50)
A =ri+ (a® =€), (15.51)
B*=3r{+ (a®—¢), (15.52)
= —1/ % (a? — &2)sinh ¥ (15.53)
and
sinh(39) — #l27ar2 25 (15.54)
(a+¢)

These trajectories exist only for 7 < a. They terminate at the singularity (see

figure 15.3 where there is an example of a trajectory derived from equation

(15.48)).

15.2.3 The case n <0

In this section the class of orbits with n < 0 are considered. These orbits
extend to regions of negative . They have very strict conditions of occurrence:

In| < a® and 0 < [€] < |a| — +/|n|]- The result of integration is

[ odr
—= = g[F (o, k) + K(k)], (15.55)
0 VR
where
2
I=A+RB (15.56)
r—0bi +aig
= arctan , 15.57
’ a1 +bigr — gir ( )
4a? — (A — B)?
2 1
(A+ B)® — 4a?
4AB
W= (15.59)

(A+ B)*’
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A2 = (by — b)) + (a1 + a2)” (15.60)
B? = (by — b)) + (a1 — as)* | (15.61)
a; = —M, (15.62)
b = 4 ;“1 , (15.63)
by — 12 ;F us (15.64)
a3 = —M, (15.65)

and wuy, 11, uz and 43 are the roots of the polynomial R= r* + (a? — &2 —n)r? +

2M[n+ (€ — a)?]r — a®n. The r- and the 6- motions are shown in Figure 15.4%,

15.3 The p-motion

In the second integral in the equation (13.18) we replace 6 by p = cos @ as the

variable of integration (as in the section 15.1 before) and consider, instead, the

integral
L+aE(u*—1)
I, = / du (15.66)
" (/ﬂ - 1)\/ @u

where O, is the same as in (15.8).

15.3.1 1 >0

With ©,, in the form (15.9), explicit expression for the integral (15.66) can be

written down:

Het

L+aB(?—1) L ,
/ (12 —1)/0, du=yg EFwak)—mH(iﬂ,a,k) . (15.67)

2Cf. [7, Figure 37
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where
9=1/\/ps*+p-?, (15.68)

k and v are the same as in (15.13), and pq are defined in equations (15.10),
(15.11).

The unstable orbits of constant radius

After substituting (15.42) for R, the first integral in the equation (13.18) will

have the form
T 2 2 E — al
In = a/ ("+a)E—a dr. (15.69)
Ar —rg)\/12 = 2rrg — a®n /1>
This integral can be reduced to three simple integrals by the method of partial

fractions. After letting
Y =74 — T and Ys =T — T, (15.70)

we can write

(ri?+a*)E —alL

(ry —r)(ry —7s)

(r-?+a*E —aL
o= —r)
(r2 +a?)E —alL

(ry —rg)(r- —r)

fi—

p=1,+a

£, (15.71)

where [, is given by (15.67) and

(
1 |2ye 2

——In|—/yL2 +2(rs — ro)ys + ¢+ —+2(ry —r4)| for ¢ >0,
Y+ Y+

NG

1 2[(rs — r4)y+ + (]
fo= arcsin — for ¢ < 0,

Ve 2

Y+ 7152 +

— for ¢ =0,
\ Ts — T+ Y+
(15.72)
< /rd + 2
fs= s arccos Y T2 : (15.73)

B Vri+a’n 7s|Ys|
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where

— 2ryr,. (15.74)

An example of a trajectory derived from equation (15.71) is illustrated
in the second picture of figure 15.2. The trajectory derived from equations

(15.45) and (15.71) is illustrated in figure 15.1.

15.3.2 7 =0

With ©,, in the form (15.14), an explicit expression for the integral (15.66) can

be written down:

Mmax
/ L+ aB(u?—1) L—aB | | fimax + V Hmax — 12 N
[/L =
NN z
L . ,LLrnax2 Y . ,LLmax2 + 2 :|
+ — |arcsin ————— + arcsin ————— |, (15.75)
28 { fhmax (pt — 1) Panax (1t + 1)

where fiyay is defined in (15.15).

The first integral in the equation (13.18) will have the form

" (r*+a*)E —alL
Ir=a dr. (15.76)
' / A\/r [73 + (a2 — £2)r + 2M (a — £)°]

This integral can be reduced, with the help of the partial fractions method, to

Jacobian elliptic integrals. We can write

o =1,+aEg[F(é, k) + K(k)]+

B—A
" %{ (o +74%) B~ aL]-
L — o’ o’
QQ[F(¢, k) + K(k)] + . 1I <¢, m, k) + II (m, k’) — 20&+f+]

Ary —ri (A+ B)
— [((12 + 1:2) E— aL] .



a_? a_?
II (qb, m, k’) + H(a_2 L k’) — 20(_f_]

Ary —r_(A+ B)

where k is defined in (15.49), A in (15.51), B in (15.52), fi in (14.63), r4 are

the roots of A, and

g=1/VAB, (15.78)
B (A— B)r — Ar
¢ = arccos (AT B)r — Ar, (15.79)

7= —4/ % (a® — &2) sinhg , (15.80)
sinh v = My /ﬁ , (15.81)

Ary — Ary — Bry

= 15.82

T A+ Ar — £y (15.82)
B+ A

0= 7 (15.83)

An example of a trajectory derived from equation (15.77) is illustrated in
the figure 15.5. The trajectory derived from equations (15.48) and (15.77) is

illustrated in figure 15.6.

15.3.3 n<0

The function ©, has form (15.17). Therefore

YLvaBEG2-1) . 2
/ - 1)/, du =g |EF(¢, k) +mn (.0 k)|,  (15.84)
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where
1
o (15.85)
py — p
Y = arcsin { | 54—, 15.86
i —nl 150
2 _ 2
[ (15.87)
H
and
2 2
o =T (15.88)
pi =1
The first integral in (13.18) can be written in the form
[dr [ (2EMr—alL)d
E 7ﬁju/( r—al)dr (15.89)
/ VR AVR

0
where R is defined in (15.2) and A is the horizon function (B.31). The first in-
tegral in the expression above is (15.55). An example of an orbit with negative

71 derived numerically is in figures 15.7 and 15.8.
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0.8

0.7 -

0.6 1

0.5

0.4

0.5 1 1.5 2 2.5 3

Figure 15.3: An example of a null geodesic with n = 0 in the (r,#)-plane
(projection on the plane). These are the only orbits, out of the equatorial
plane, which reach the singularity. Parameters are M =1, E =1, a = 0.8 and
L=04.
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Null geodesic: projection on the (r, 6) plane
1.5 T T T T

_25 1l | | | | |

-0.2 0 0.2 04 0.6 0.8 1
Figure 15.4: An example of a null geodesic with n = —0.3 in the (7, §)-plane
(projection on the plane). The orbit is confined between two angles. Parame-
ters are M =1, £ = —0.05 =1 and a = 0.8.
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the (r, @) plane

2 T

15

0.5 /
(1
()

) I I I I

Projection on

-2 -15 -1 -0.5 0

Figure 15.5: An example of a null geodesic with n = 0 in the (r, ¢)-plane. The
orbit spirals to the singularity. Parameters are M = 1, E =1, a = 0.8 and

L=04.
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Null orbit out of equator withn =0

Figure 15.6: An example of a null geodesic in “spherical” coordinates with
1n = 0. The orbit spirals to the singularity. Parameters are M = 1, F = 1,
a=0.8and L =0.4.
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Projection on the (r, ¢) plane
1 T T T T

~05 I I I I I I
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 15.7: An example of a null geodesic with n < 0. Projection on the r-¢
plane. Parameters are M =1, E=1,a=0.8 ,n=—0.3 and £ = 0.4.
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Null orbit with negative Carter constant (n = -0.3)

0.85 —
0.8
0.75 —
0.7+
0.65 —
0.6
0.55—
0.5+
0.45 —

0.4 —

0.4 0
0.3 0.2 o1 5 0.2
01 o5 _ 0.4

Figure 15.8: An example of a null geodesic with n < 0 in “spherical” coordi-
nates. Parameters are M =1, E=1,a=08,n=—0.3 and £ = 0.4.



Chapter 16

The space-like geodesics

This chapter studies space-like geodesics in Kerr spacetime and it is our original
work. As in Chapter 15 we shall write R and © instead of R/E?* and ©/E*

r2A

= (16

R:r4+(a2—52—17)7“2+2M[n+(§—a)2}r—a2n—l—
and
2

O =n+ad <1—|—L) cos? 0 — 2 cot?h), (16.2)

where ¢ and 7 are defined in (15.1).

16.1 The f-motion

In this section the §-motion specified by the integral over ©~1/2 will be con-
sidered, and as in section 15.1, the variable of integration shall be y = cos#.

The integral (15.7) is considered with ©,, in the form

@:77—{52—1-77—@2<1+%)}u2—a2(1+%)u4. (16.3)

It is convenient to use substitution

1
o’ = a? (1 + E) : (16.4)
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and write ©,, as
O,=n—(&+n—0ao®) - u*. (16.5)
Now the discussion in section 15.1 applies with the replacement of a? by 2.

The space-like orbits are very much like null geodesics.

16.2 The r-motion

In this section the radial motion specified by the integral over R™/2 is inves-

tigated.

16.2.1 The unstable orbits of constant radius

These special orbits provide a basis for a classification of the orbits, and also
llustrate the nature of the orbits. The conditions for the occurrence of orbits
with constant radius are

OR

R=0 d = =0. 16.6
aln or ( )

After following the same procedure as in section 15.2.1, only with the additional
term, +r2A/E?, in the definition of R, we can replace the equations (15.35)

and (15.36) by

2

3rt +r¥a® —n (r* —a®) + % (3r% —4Mr +a®) = r’¢? (16.7)
and
3
7“4—a2M7’—7](a2—M7")+%(T_M):TM(£2_2(1§> ; (16.8)

and, as in section 15.2.1, these equations can be solved for ¢ and 7.

Eliminating 7 from the above equations yields (in place of equation (15.37))

rA

a’(r—M)E*+2aM (7’2 — a2) &+ (7"2 + a2) [r (1“2 + a2) - M (37’2 — a2)] +ﬁ
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The (Es, r]s) locus for space-like orbits
50 T T

40 -

Figure 16.1: The critical locus (&,,7,) for space-like orbits with £ = 1. The

chosen parameters for the black hole are M =1 and a = 0.96.

and the solution of this equation is given by (cf. equation (15.39))

M(r? — a?) im\/1 + % (1 _ %)
a(r — M) ;

¢ = (16.10)
and the corresponding solution for 7 is (cf. equation (15.41))(see Fig.16.1)

na®(r — M) =

IZF\/I%—% (1_7)] _74(T—M)—% [r(r—2M)2—a2M] .

2r3 M A
r —

Now, let the constants of the motion, £ and 7, have the values & and 7,

appropriate to a particle on a orbit with constant radius ;. That means that
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in equations (16.10) and (16.11) r is replaced by rs. Then ry is a double root
of R=10, and R can be reduced to

1 1 M a’
(2,2 _ _ 4
R=(r—ry) {r <1 + EQ) + 277 [1 + 7 (1 - >] 2 } . (16.12)

After substitution (15.44) the integral is
dr 1 1 2M
— = T =) [y (14 =) =
/ 5 dx{(+E2)+{rs(+E2) EZ}.%'—F

1 a’*n,  2Mr a
2 s 5|2

X(z) = Ax* + Bx + O, (16.14)

N

With the definition

where A, B and C are the coefficients of the quadratic in x that appear in the
integral (16.13). Therefore
dr  In]2vAX 4 242 + B

= for A >0, 16.15
VR VA (16.15)

. 2Axz+ B

arcsin ———
=— D for A <O, (16.16)

v—A
where
1 M1 a?n,

D:—4{{rs (1+ﬁ) —ﬁ} + } (16.17)

is negative.

16.2.2 The case n =20

The r-motion is determined by (cf. equation (16.1))
dr

dr
AT )
(16.18)

while the #-motion is determined by the equation (15.16). By substituting r

with u = 1/r as the independent variable, the above integral becomes
B / du

VOt ) 4 a2 (1 ) — & — 2o 02 4 2 (€ — o) u?

(16.19)
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and can be reduced to a Jacobian elliptic integral.
When a*(1 4+ 1/E?) > (L* + 2Ma)/E?, there is only one real root of the

cubic polynomial, u;, and the integration gives

—g[F(e. k) + K(k)] (16.20)
where
A +up —u
© = arccos m (1621)

and ¢ is defined by equations (14.54) (14.58), (14.60) and (14.59), and k is as
in equation (14.57).

When a?(1+1/E?) < (L*+2Ma)/E?, there are three real roots of the cubic
polynomial, u; < 0 < uy < ug, and the above solution holds for u < wus, with
¢ as it is in equation (14.45), k in (14.37), and ¢ in (14.35). For ug < u < oo,
the solution becomes

—gF(p, k), (16.22)

o = arcsin [ =1 (16.23)
U — Uy

and k and ¢ are defined by (14.37) and (14.35) respectively.

where

16.3 The p-motion

The integral I, is solved in section 15.3, with the replacement of a* by o in

(15.67).

16.3.1 The unstable orbits of constant radius

Substituting (16.12) for R yields to the integral over r in (13.18) having form
T 2 2 E — al
Ir=a / (r+d) ¢ dr.

1 1 M a’n,
A(r—rs)\/r2 <1+ﬁ> + 217 {14— o (1 — r_sﬂ T
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Substitution (15.44) and the partial fractions method transform this integral

to three integrals

alaL — E(a® + r?)] dz
4 vX(2)
_a(aL — 2M Er?) / dz
A [Agx? +2(rs — M)z + 1]\/X(2)
_ 2a[ME(a® —r2) + aL(r, — M) / rdz
A [Agx? +2(ry — M)z + 1] /X(x)
(16.25)

I, =

where (16.14) is the definition of X(z) and A, = r? — 2Mr, + a*.



Chapter 17

The time-like geodesics

Finally we look at the time-like geodesics in Kerr space-time. We expand
discussion of [7].

For time-like geodesics ; = 1. Writing R and © instead of R/E? and
©/E? we have

ZA
R=r'+(@ - & -y +2Mly+ (-] —aPp -2 (71)
and
1
6 =n+ad <1 - ﬁ) arccos ) — £2 cot? 6. (17.2)

17.1 The 6-motion

As in sections 15.1 and 16.1 we use p = cos 8 as a variable of integration. Then
the right-hand side of equation (15.4) that describes the orbit on (7, 8)-plane

becomes integral (15.7) where

@M:n—[52—1—17—&2(1—%)],&—@2(1—%)”‘1. (17.3)

As in the cases of time-like geodesics in Schwarzschild and Reissner-
Nordstrom space-times we must distinguish orbits with £? < 1 (bound orbits),

E? =1 (marginally bound orbits), and E? > 1 (unbound orbits).
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17.1.1 The bound orbits

It is useful to replace a® by

1
o’ = a? (ﬁ - 1) > 0. (17.4)

Then 6,, will be written in the form
O,=n— (52+77+0z2) w4 it (17.5)

Following [7, page 362], the solution of integral (15.7) is

d F(v, k
\/@_“ oply
0
where
(£ +n+a?)+ \/(€2+n+a2)2 —da?n
pi = (17.7)
+ 202 ’
/.
k=12 17.8
o (17.8)
and
sing) = £ (17.9)
with p? between zero and 2 and 1 non-negative.
17.1.2 The marginally bound orbits
For these orbits E? = 1 and so equation (17.5) becomes
Op=n— (& +n)u’. (17.10)
Negative values of 7 are not allowed and the solution is [7, page 362]
M arccos | p .
e . (17.11)

VA VE +n
Both bound and marginally bound orbits cross the equatorial plane and

oscillate about it.
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17.1.3 The unbound orbits

For orbits with E? > 1, after replacing a? by

1
o’ = a® (1 — ﬁ) >0, (17.12)

the discussion in section 16.1 applies.

17.2 The r-motion

We consider two simple integrable cases.

17.2.1 The circular orbits

In this section the orbits with constant radial coordinate will be considered.
They occur when equations (16.6) hold. The constraints on the constants of
motion, &, n and E?, can be obtained by the same procedure as in section
15.2.1, with an additional term, —r?A/E?, in the definition for R. Instead of
equations (15.35) and (15.36) there are now equations

2

3t +r?a® —n (r* —a?) — % (3r* —AMr + a?) = r?¢? (17.13)
and
3
r
r4—a2MT+n(a2—Mr)—ﬁ(r—M) =rM (& — 2a€) ; (17.14)

and, as in sections 15.2.1 and 16.2.1, these equations can be solved for £ and

n.
Eliminating n from above equations gives (cf. equations (15.37) and (16.9))

a*(r — M)& —2aM (r* — a®) €

) e —aer-@) -5 -0
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The solution of this equation is (cf. equations (15.39) and (16.10))

M (r? —aQ)im\/1 - % (1 - %)
a(r — M) ’

¢ =

(17.16)

and the corresponding solution for 7 is (cf. equations (15.41) and (16.11))

7“3

nag(r—M):T_M[4a2M—r(r—3M)2]+
2 3
L B 9 9. 2rMA 1/ M
+ [ (r —2M)* — a*M| i 1:F\/1+E2 I-—]- (17.17)

The particle in an orbit with constant radius, r,, has values &, and ny given
by above equations. Because r, is a double root of the equation R = 0, R can
be reduced to

R=(r—r)’ {r2 (1 - %) + 27, [1 - % (1 - T%)] - aig} . (17.18)

S

Substituting (15.44), the integral on the left-hand side of equation (15.4) be-

comes (cf. equation (16.13))

dr 1 1\  2M
[=Toed(-m) ¢ [m(-m) ]
| 2, 2Mr] B
+[3r§ (1_ﬁ>_i_;7+?;} :c2} . (17.19)

With the definition (16.14), the integral is

[SIE

dr j:lrl(B + 20z + 2V CX)

== ¥ (C > 0), (17.20)
arcsinh 2¢z+8

= iT\/ﬁ (C>0, D>0), (17.21)
arcsin 26X+8

= jFTm (C <0, D<0), (17.22)

where

D= —4{% <1— %) +%r+ sz <1 - %)} . (17.23)

Examples of orbits with constant radius are in figures 17.1 and 17.2.
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Timelike geodesic: projection on the (r, 8) plane
3 T — T

-3 L |
0 5 10 15

Figure 17.1: An example of a marginally bound time-like geodesic with con-

stant radius ry = 2.154. Parameters are M = 1, and a = 0.8.

Timelike geodesic: projection on the (r, 6) plane

06F i
04f .

02 ]

Figure 17.2: An example of a stable spherical time-like geodesic. Parameters
are M =1, e = —0.08 and a? = 0.84.
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17.2.2 Orbits with negative n

Because of the conditions on parameters 77, a and z¢ from section 17.1.3,
integration of the left-hand side of equation (15.4) gives

dr

Nl g[F (), k) + K(k)], (17.24)
where
S (17.25)
I=VATB’ '
B (A= B)r+usB —u A
¢ = arccos (AT B) —mB—mA’ (17.26)
\/(A + B>2 - (Ug — U1)2
k= 1243 , (17.27)
A= \/(u2 — b))’ +d?, (17.28)
B=\/(ur —b) +a?, (17.29)
— — a7,)2
gy = Vs =0 (17.30)
2
and
b — 31U (17.31)

2 ?
where uq, ug, uz and wuz are the solutions of the equation R = 0. Example of

this kind of orbit is in figure 17.3.

17.3 The p-motion

17.3.1 Marginally bound orbits

We substitute £% = 1 in the equations (17.18) and (17.2), then

2

R=(r—r,)? (er S Z) (17.32)

Ts

O =1, — &2 cot? 0. (17.33)
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Timelike geodesic: projection on the (r, 0) plane
15 T T T T T

T T p )]

0.5 R .

—_o.5L ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 17.3: An example of a time-like orbit with negative Carter constant.
Parameters are M =1, e = —0.08, { = —0.5, 7 = —1/9, £ = 3 and a® = 0.84.
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The ¢-motion is determined by integral

e=a [+ -at T [wecs-a L ara

Using method of partial fractions, the integral over r will become

AT+B a2—aL+7’52/ dr
Iy )
A a’n,
A 2Mr — (r =71y /2Mr — —
TS
(17.35)
where
Ay =712 —2Mr,+d?, (17.36)
A=2r M +2a® — aL (17.37)
and
B = 2r,a* — real — 2Ma® +2Mal . (17.38)
The first integral can be further reduced to
Iy / At? +
e 4+ 212 + (3
At2 + 7
Y / (1739
(2 +a? — /ot —VB+ /o
where
a2n3 2 4
o= 2 2M~ (17.40)
2
5= (‘” Z) - 4M2‘L L anra? (17.41)
TS S
and
y=A ”s +2MB. (17.42)
Ts
Using the partial fractions method again we find
consty constsy
I, = 4M arctan(2t) . (17.43)

VEREE NN B
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where

const; = —5v0%% — 3va?3 + 3va® + 4ya® * \/B\/o/l - B+ 57\/5044

+ 67ya*y/at — 3 — 1078/ at — 4+ AB%2a? — A2\ /at — B — 13Aa*3

+7A0?B\/ ot — B+ 3A4a® — 34a%\/ ot — 3

+ Ao /By ot — B — A\/BaS + 1043% (17.44)

and

consty, = 5y3%/ 2+

+ 3va? B — 3vab — 4’70&2\/5\/044 -0 - 57\/30/1 — 6yaty/ ot — B+

+ 1078/ ot — B+ 15A3%+

+BAG ot — B — AB%0? — TAG? BV ot — B+ A/ Ba+
+340%/at — 3 — 21406 — Aa*\/B/ ot — B+ 640’ .

The second integral in (17.35) is

(
2 arctan
for D <0
I = 2Mr —
In
2Mr —
for D > 0.,
\
where
2
D =oMpr, — 21
7re2

We substitute = sin§ in the integral over ¢ in (17.34). Then

dx =

/ L — a?2?
2y/a( ns+§s —&
m - @2\/5172(775 +&7) -¢&°

s + &

&, arccos

(17.45)

(17.46)

(17.47)

(17.48)



Chapter 18

Summary of part I1I

Let us recall that while there are certain similarities between geodesics in
the equator of the Kerr black holes and spherically symmetric solutions
(Schwarzschild and Reissner Nordstrom), (for example the function f(u) is
cubic, as it is in the case of the Schwarzschild black hole, so unlike in the
Reissner-Nordstrom case, equatorial geodesics of the Kerr black hole can reach
the singularity), rotation of the black hole adds a new feature, so now we have
to distinguish between direct and retrograde orbits. Also the radial geodesics
are “dragged” around the black hole.

Besides the three conservation laws (the energy, the angular momentum
and the norm of the four-velocity), in the Kerr space-time there is the fourth
conserved quantity, the Carter constant, which discovery followed from demon-
strating the separability of the Hamilton-Jacobi equation. That is why it is
possible to find the general solution of orbits outside the equatorial plane, (the
function f(r) is quartic), although the solution is not explicit. As before, in
the case of geodesics of the Schwarzschild and Reissner-Nordstrom black holes,
only time-like geodesics can be bound.

This thesis extends previous work of [7] by giving general solutions of time-

like, space-like and null orbits in equatorial plane in slow, extreme and fast
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black holes, and by studying special types of non-equatorial time-like, space-
like and null geodesics in complete detail. General observation about relation-
ship between parameters and types of orbits were made in addition to work of

[34].



Chapter 19

Conclusion

There is a close relationship between Killing tensors and separable systems
for the geodesic Hamilton-Jacobi equation (conservation lemma). The exis-
tence of a separable system in Petrov type D space-times is a consequence of
the algebraic properties of the Weyl tensor [44]. [8] demonstrated the separa-
bility of the Hamilton-Jacobi equation (which led to the discovery of Carter
constant). Then the basic equations of motions can be deduced, and their
analytical solutions found.

Geodesics are of three types:
e Time-like

e Null

e Space-like

Time-like and null geodesics in Schwarzschild space-time have been studied
before, [7, 12, 31]. In this thesis space-like geodesics are studied and solutions

are provided.
In this thesis geodesics of Reissner-Nordstrom space-time are studied and

solutions for these two types are provided:

e M? > ? (general solutions in terms of elliptic integrals)
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o M? < @Q? (both general and circular orbits)

In this thesis equatorial geodesics of Kerr space-time are studied and gen-
eral solutions are provided.

Special cases of non-equatorial geodesics were also given. Doing this we
have corrected errors in various places (such as [7, 34], see footnotes in the
thesis).

[27] claim there exist repulsive space-like orbits in the Schwarzschild space-
time and unstable, space-like, circular orbits in the Schwarzschild field for all
radii in the range 0 < r < 3M. By investigating restrictions that should be
applied to parameters L, F/, and M, in this thesis it is concluded that there
can be neither repulsive orbits nor circular orbits with r < 2M.

[7] gives two solutions for circular null geodesics in the equator of the
slow Kerr black hole. In this thesis three solutions are presented that are in
agreement with [34] who claims there are three null circular orbits.

Let us recall that in classical mechanics flyby and bound orbits are hyper-
bolas and ellipses respectively. While these orbits are analogues of the orbits of
the first kind, the associated orbits of the second kind have no Newtonian ana-
logue. Other differences include the precession of bound orbits and dragging
of the inertial frame in the case of a rotating black hole.

It is clear that there are similarities between geodesics in Schwarzschild
black hole, Reissner-Nordstrom black hole and equator of the Kerr black hole,
because of spherical symmetry of the first two and special choice of 6 in the
third case. To find general solutions we had to find zeros of a cubic or quar-
tic polynomial and integrals of its square root, which is possible and leads
to elliptic integrals. The integration methods used were standard and ana-
lytical solution were obtained sometimes using Maple program for symbolic
mathematics.

This thesis studies all geodesics regardless of their physical significance.
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However, the results of this thesis could be used for example to test whether
the properties of orbits of a black hole candidate have the characteristics of
black hole orbits in general relativity.

Some cases that did not fit within the scope and time frame of this PhD
program, e.g. a complete analysis of non-equatorial geodesics in rotating black
holes, such as qualitative analysis of geodesics with @ < 0 (r-L plots), solu-
tions for general orbits and some special cases like axial and polar orbits and
geodesics in horizons. Further work could also include an analysis of geodesics
in the charged black holes (including a magnetic monopole) and a cosmologi-
cal constant ([41] discus equatorial photons in a Kerr-Newman black hole with
non-zero cosmological constant). Schwarzschild coordinates (t,r,6, ), which
were used in this thesis, give pathological description at the horizons, so that

e.g. Kruskal-Szekeres coordinates could be used instead.



Appendix A

Source code listing

Files listed in this appendix were used to generate pictures in this thesis. They

are written with MATLAB, version 6.0.0.88 (R12)! and Maple 6°.

A.1 MATLAB codes

A.1.1 Files that create figure 4.1
Listing of prp_time.m

function [tau] = prp_time(eta)

% Schwarzschild radial spacelike geodesic

% Proper time in Schwarzschild space-time

% for radial spacelike geodesic with initial
% condition r_i = M.

% eta is a variable.

tau = (etatsinh(eta)) *sqrt(1°3/8);

Lwww.mathworks.com

2www.maplesoft.com
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Listing of radius.m

function [r] = radius(eta, r_i)

% Schwarzschild radial spacelike geodesic

% Radius in Schwartzchild space-time

% for radial spacelike geodesic with initial
% condition r_i = M.

% eta is a variable.

r = cosh(eta/2)."2;

Listing of time.m

function [t] = time(eta)

% Schwarzschild radial space-like geodesic

% Time coordinate in Schwarzschild space-time for radial
% space-like geodesic with initianl condition for radius
% r_i =M (energy E = 1).

% eta is variable.

ct

= sqrt(1/2) *((etat+sinh(eta))/2+2*eta)

-4*atanh(tanh(eta/2)/tanh(asinh(-1)));

Listing of plot_rad.m

subplot(211)

plot (prp_time(0:0.005:pi), radius(0:0.005:pi), ’LineWidth’, 2)

title(’Proper time, {\it \taul}’, ’Fontsize’, 15)

axis([-1 5 0 71)

set(gca, ’Box’, ’off’)

xlabel(’\tau/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
’Position’, [4.8 -0.9])

ylabel(’r/M’, ’FontAngle’, ’italic’,’FontSize’, 16,
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’Position’, [-1.4 6], ’Rotation’, 0)

subplot (212)

plot(time(0:-0.005:2*%asinh(-1)),
radius(0:-0.005:2%asinh(-1)), ’LineWidth’, 2)

set(1ine([0 -11], [2 2]), ’LineStyle’, ’:’)

axis([-11 1 0 31)

set(gca, ’Box’, ’off’)

xlabel(’t/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
’Position’, [.5 -0.4])

ylabel(’r/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
’Position’, [-11.8 2.5], ’Rotation’, 0)

title(’Schwarzschild time, {\it t}’, ’Fontsize’, 15)

A.1.2 Files that create figure 4.2
Listing of potentia.m

function [V] = potentia(l, r)

% Schwarzschild space-like geodesic

% Potential V for parametr 1 = L/M (L denotes angular momentum
% about an axis normal to the invariant plane, M is mass)

% r is in mass units.

V= (1-2./r) .x(1"2./r."2-1);

Listing of plot_pot.m

r = 0.005:0.005:5;
plot(r, potentia(0, r), ’k’,
r, potentia(3, r), ’k’,...
r, potentia(4.33, r), r, potentia(5, r),

’k’, r, potentia(10, r), ’k’, r,
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potentia(15, r), ’k’)
title(’The effective potential’, ’Fontsize’, 15)
axis([0 5 -1 9])
set(gca, ’Box’, ’off’)
xlabel (’{\it r/M}’, ’FontSize’, 16, ’Position’, [5 -1.6])
ylabel (’{\it V}’, ’FontSize’, 16,

’Position’, [-0.3 8.8], ’Rotation’, 0)
GTEXT(’a’, ’FontWeight’, ’bold’)
GTEXT(’b’, ’FontWeight’, ’bold’)
GTEXT(’c’, ’FontWeight’, ’bold’, ’Color’, ’b’)
GTEXT(’d’, ’FontWeight’, ’bold’)
GTEXT(’e’, ’FontWeight’, ’bold’)

GTEXT(’f’, ’FontWeight’, ’bold’)

A.1.3 File that creates figure 4.3

File implot.m was downloaded from
http://www.mathworks.com/support/ftp/graphicsvh.shtml on 13th

uary 2003.

Listing of koef mue.m

f

inline(’1-6*mu-2*mu*xe’, ’mu’, ’e’);

g = inline(’mux(3+e”2)-1’, ’mu’, ’e’);

implot(g, [0 1/4 1 10])

hold on

implot(f, [0 1/4 1 10])

hold on

xlabel(’\mu’, ’FontAngle’, ’italic’,’FontSize’, 16,

’Position’, [.25 .6]);

Jan-
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ylabel(’e’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-0.014 9.8], ’Rotation’, 0);

title(’Solutions for coefficients {\it\mu} and {\it e}’,
’Fontsize’, 15);

text(0.035, 7.2, ’A’, ’FontWeight’, ’bold’,
’HorizontalAlignment’, ’right’);

text (0.1, 3.3,’[1/12, 3]’, ’FontWeight’, ’bold’)

set(gca, ’Box’, ’off’)

A.1.4 Files that create figure 4.4, figure 5.4 and fig-

ure 5.9
Listing of radiusl.m

function [r1] = radiusil(chi, 1, e)

% Schwarzschild spacelike geodesic

% Radius in Schwarzschild space-time

% for spacelike geodesic of the first kind
% 1 and e are parameters

% chi is a variable.

rl = 1./(1+excos(chi));

Listing of radius2.m

function [r2] = radius2(xi, 1, e, M)

% Schwarzschild spacelike geodesic

% Radius in Schwarzschild space-time

% for spacelike geodesic of the second kind
% 1 and e are parameters

% xi is a variable.
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r2 = 1./(1/2/M-2/1 +(1/2/M-(3+e)/1)*tan(xi/2).72);

Listing of spacelik.m

function spacelik
% Schwarzchild geodesic

% of the first and the second kind

e = 3/2; % eccentricity 5 - space-like

% 1/2 - bound, 3/2 unbound - time-like
M= 2/14; % mass of the black hole
1 =4.5; % latus rectum 4.5 - unbound, 3 - bound
mu = M/1;

%1 -mu*(3+e”~2) Y >0
%1/ (e+1)

k = 2*xsqrt(muxe/ (1-6*mu+2*muxe)) ;

chispan = [0 acos(-1/e)]; % [0 acos(-1/e)] - unbound
% [0 12*pi] - bound

options = odeset(’Refine’,38);

[fil, chi] = ode45(@fil, chispan, -1, options, e,

mu, k); % chiO0O = 0 - unbound, O - bound

xispan = [0 pil;
[fi2, xi] = ode45(@fi2, xispan, 0, optioms, e,

mu, k);

polar(fil, radiusi(chi, 1, e))

hold on
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%polar(-fil, radiusi(chi, 1, e)) % <--- for unbound
%hold on

polar(fi2, radius2(xi, 1, e, M))

title([’M = ’> num2str(M) ’, 1 = ’> num2str(l),

’, e =’ num2str(e)], ’Fontsize’ , 15);

function f1 = fi1l(fi, chi, e, mu, k)
% ODE for phi coordinate for the geodesics of the first kind
% f1 is d chi / d phi

f1 = sqrt(1-6*mu+2*mu*xe) *sqrt(1-k~2*cos(chi/2)"2);

function f2 = fi2(fi, xi, e, mu, k)
% ODE for phi coordinate for the geodesics of the second kind
% f2 is d xi / d phi

f2 = sqrt(1-6*mu+2*mu*e) *sqrt(1-k"2*sin(xi/2)°2);

A.1.5 Files that create figure 4.5

Files radiusl.m and radius2.m are listed in section A.1.4.

Listing of plottime.m

function plottime
% Schwarzchild space-like geodesic

% of the first and the second kind

e 6; % eccentricity

=
Il

2/14; 7% mass of the black hole

1 =4.5; % latus rectum
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k = 2*xsqrt(muxe/ (1-6*xmu+2*muxe)) ;

zac = -4.2 ;
timespan = [zac 0];
chi0 = 0;
options = [];
[ptl, pchi] = ode45(@taul, timespan, chiO, options, e, mu,
k, 1);
[stl, schi] = ode45(@tl, timespan, chiO, options, e, mu, k, 1);

tauspan = [zac -3.937];

xi0 = 0;

[pt2, pxil

[st2, sxi]

subplot(211)

ode45(@tau2, tauspan, xiO, options, e, mu, k, 1);

ode45(@t2, timespan, xiO, options, e, mu, k, 1);

plot(ptl, radiusi(pchi, 1, e), pt2, radius2(pxi, 1, e, M),

)b) s

xlabel (’\tau’,

’Position’,

’Position’,

text(-3.55,

’LineWidth’, 2);

’FontAngle’, ’italic’,’FontSize’, 16,
[-2.02 -0.4]);
ylabel(’r’, ’FontAngle’, ’italic’,’FontSize’, 16,
[-4.61 2.8], ’Rotation’, 0);
title(’Proper time’, ’Fontsize’, 15);
.6, ’first kind’, ’FontWeight’, ’bold’);
.35, ’second kind’, ’FontWeight’, ’bold’);

text(-3.55,

axis([-4.5 -2 0 3]);

set(gca, ’Box’, ’off’);
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subplot (212)

plot(stl, radiusi(schi, 1, e), st2, radius2(sxi, 1, e, M),
’b’, ’LineWidth’, 2 );

xlabel(’t’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-0.52 -0.4]);

ylabel(’r’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-4.7 2.8], ’Rotation’, 0);

title(’Schwarzschild time’, ’Fontsize’, 15);

text(-1.6, 1, ’first kind’, ’FontWeight’, ’bold’);

text(-1.6, .75, ’second kind’, ’FontWeight’, ’bold’);

set(line([-4.5 0], [2*M 2#M]), ’LineStyle’, ’:’);

axis([-4.5 -0.5 0 3]);

set(gca, ’Box’, ’off’);

function f1 = taul(tau, chi, e, mu, k, 1)

% ODE for proper time for the geodesics of the first kind

% f1 is d chi / d tau

f1 = 2*mu/k/1 *sqrt(e/(3*mutmuxe~2-1)) *(l+excos(chi))~2 ...

*sqrt (1-k~2*cos(chi/2)"2);

function gl = ti1(t, chi, e, mu, k, 1)

% ODE for schwarzschild time for the geodesic of the first kind

% g1 isd chi / d t

gl = 2*mu*xsqrt(e) /k/1 *(1-2*mu-2+*mu*e*xcos(chi))
*(1+e*xcos(chi)) "2 /sqrt(1-4*mu+d*mu”2-4*mu”~2%e"~2)

*sqrt (1-k"2xcos(chi/2)"2);
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function f2 = tau2(tau, xi, e, mu, k, 1)
% ODE for proper time for the geodesics of the second kind
% f2 is d xi / d tau
f2 = sqrt(e) /2/mu/k/1 ...
* (1+4*mu+ (1-6*mu-2*mu*e) *tan(xi/2)"2)°2 ...

*xsqrt (3xmutmuxe”2-1) *sqrt(1-k"2*sin(xi/2)°2);

function g2 = t2(t, xi, e, mu, k, 1)
% ODE for schwarzschild time for the geodesic of the second kind
g2 = sqrt(e-exk"2%sin(xi/2)°2) /2/mu/k/1 ...

/sqrt (1-4*mu+d*mu”2-4*mu”2xe”2)

* (1-4*mu+ (1-6*mu-2*mu*e) *tan(xi/2)"2)"°2 ...

* (4xmu - (1-6*mu-2*muxe)*tan(xi/2)"2);

A.1.6 Files that create figure 4.6, figure 5.7 and fig-

ure 5.10

Files radius1.m and radius2.m are listed in section A.1.4.

Listing of spac_spc.m

function spac_spc
% Schwarzchild geodesic
% of the first and the second kind

% case 2xmux(3+e) = 1

e =3; % 1/2 - time--1like bound 6 - space--like
% 3/2 - time--like unbound

M=1; h2/14

1 = 2*Mx(3+e);
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mu = M/1;
r = 2% (3+e)/(1+e)
h2+mux (3+e)
chi = .01:0.0001:1.5; % 0.1--pi time--like bound
% 0.01--1.5 space--like
% 0.01--2 time-like unbound
xi = 0.1:.0001:pi;

u = (l+e+2*extan(xi/2).72)/1;

polar(-log(tan(chi/4))/sqrt(mu*e), radiusi(chi, 1, e))
hold on

polar(-log(tan(xi/2))/sqrt(mu*e), 1./u)
%title(’Special case 2\mu(3+e) = 1’, ’Fontsize’, 15);

title([’Unstable space-like circular orbit with r_p = ’ num2str(r), ’M’], ’Fontsi

A.1.7 Files that create figure 4.7 and figure 5.8
Listing of i radius.m

function [ri] = i_radius(xi, 1, e)

% Schwarzschild spacelike geodesic

% Radius in Schwarzschild space-time

% for spacelike geodesic with immaginary eccentricity
% 1 and e are parameters

% xi is a variable.

ri = 1./(1+extan(xi/2));

Listing of imaginar.m

function imaginar

’% Schwarzchild geodesic
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% with the imaginary eccentrities

e =1; % eccentricity

=
Il

2/14; % mass of the black hole: 2/14 -- space-like

1 =1; 7% latus rectum: 0.16 -- space-like
% 1 -- time-like
mu = M/1; % < .25

% Delta = sqrt((6*mu-1) "2+4*xmu~2*e”2);

% k = sqrt((Delta +6*mu-1)/2/Delta) % > 1
% 1-3*mu+muxe”2 % >0
% 2*ellipke(k)/sqrt(Delta)

% 2*xatan(-(6*mu-1)/2/mu/e)

% 1/(1/2/M-2/1) % >0

xispan = [1 5.9];
% [-1.57 .1] -- space-like
% [1 5.9] -- time-like

options = odeset(’Refine’,38);

[fi, xi] = ode45(@fi, xispan, 1,
options, e,

mu) ; % init. cond: -1 -- space-like, 1 -- time-like

polar(fi, i_radius(xi, 1, e))
title([’M = > num2str(M) ’, 1 = ’ num2str(l)

> e = num2str(e) ’\cdot i’], ’Fontsize’, 15);
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function f = fi(fi, xi, e, mu)

% ODE for phi coordinate for the geodesics
% with imaginary eccentricity

% f1 is d xi / d phi

f = sqrt(2*x(6*mu -1 +2*mu*e*sin(xi) +(6*mu-1)*cos(xi)));

A.1.8 Files that create figure 4.8

File i radius.m is listed in section A.1.7.

Listing of pl_itime.m

function pl_itime
% Schwarzchild space-like geodesic
% with immaginary eccentricity

e =1; % eccentricity

=
Il

2/14; 7 mass of the black hole

1 =0.16; % latus rectum

mu = M/1;
Delta = sqrt((6*mu-1)"2 +4*mu~2%e”2);

k = sqrt((Delta+6*mu-1) /2/Delta);

zac = —4.1;
timespan = [zac 1.055];
xi0 = -1;

options = [];

[pt, pxil ode45(@tau, timespan, xiO, options, e, mu, k, 1);

[st, sxi] ode45(@t, timespan, xiO, options, e, mu, k, 1);
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subplot (211)

plot(pt, i_radius(pxi, 1, e), ’LineWidth’, 2);

xlabel(’\tau’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [1.5 -0.05]);

ylabel(’r’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-5.1 .35], ’Rotation’, 0);

title(’Proper time’, ’Fontsize’, 15);

axis([-4.5 2 0 0.4]);

set(gca, ’Box’, ’off’);

subplot (212)

plot(st, i_radius(sxi, 1, e), ’LineWidth’, 2);

xlabel(’t’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [1.5 0.27]);

ylabel(’r’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-5.1 .37], ’Rotation’, 0);

title(’Schwarzschild time’, ’Fontsize’, 15);

set(1ine([-4.5 0], [2*M 2«M]), ’LineStyle’, ’:’);

axis([-4.5 2 0.28 .38]);

set(gca, ’Box’, ’off’);

function f = tau(tau, xi, e, mu, k, 1)

% ODE for proper time for the geodesics with immaginary
% eccentricity

% f is d xi / d tau

f

mu *sqrt(2) /(mux(3-e~2)-1) *(l+extan(xi/2))°2 ...

/sqrt(6*mu -1 +2*mu*e*sin(xi) +(6*mu-1)*cos(xi));
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function g = t(t, xi, e, mu, k, 1)
% ODE for schwarzschild time for the geodesic with immaginary
% eccentricity
hgisdzxi/dt
g = (l+extan(xi/2))"2/1 *(1 -2*mux*(1+extan(xi/2)))
*xsqrt (2xmu/ (4*mu”2%e” 2+4*mu” 2-4*mu+1) )

*sqrt (6xmu -1 +2*muxexsin(xi) +(6*mu-1)*cos(xi));

A.1.9 File that creates figure 5.1
Listing of tm_prp_t.m

function [tau] = tm_prp_t(eta)

% Schwarzschild radial time-like geodesic

% Proper time in Schwarzschild space-time

% for radial time-like geodesic with initial
% condition r_i = 6M. (M = 1)

% eta is a variable.

tau = (etatsin(eta)) *3*sqrt(3);

Listing of tm_rads.m

function [r] = tm_rads(eta)

% Schwarzschild radial time-like geodesic

% Radius in Schwartzschild space-time

% for radial time-like geodesic with initial
% condition r_i = 6M. (M = 1)

% eta is a variable.

r = 6xcos(eta/2).72;
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Listing of tm radia.m

subplot (211)

plot (tm_prp_t(0:0.005:pi), tm_rads(0:0.005:pi), ’LineWidth’, 2)

title(’Proper time, {\it \taul}’, ’Fontsize’, 15)

axis([-1 30 0 6]1)

set(gca, ’Box’, ’off’)

xlabel(’\tau/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
’Position’, [29 -0.7])

ylabel(’r/M’, ’FontAngle’, ’italic’,’FontSize’, 16,
’Position’, [-3.5 5.3], ’Rotation’, 0)

subplot (212)

plot(tm_time(0:0.005:2*asin(sqrt(2/3))),
tm_rads(0:0.005:2*asin(sqrt(2/3))), ’LineWidth’, 2)

set(1line([0 30], [2 2]), ’LineStyle’, ’:’)

axis([-1 30 0 6]1)

set(gca, ’Box’, ’off’)

xlabel(’t/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
"Position’, [29 -0.7])

ylabel(’r/M’, ’FontAngle’, ’italic’, ’FontSize’, 16,
’Position’, [-3.5 5.3], ’Rotation’, 0)

title(’Schwarzschild time, {\it t}’, ’Fontsize’, 15)

A.1.10 File that creates figure 5.2
Listing of time _pot.m

function [V] = time_pot(1l, r)
% Schwarzschild time-like geodesic

% Potential V for parametr 1 = L/M (L denotes angular momentum
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% about an axis normal to the invariant plane, M is mass)
% r is in mass units.

V = sqrt((1-2./r) .*x(1+1°2./r."2));

Listing of pl_tpot.m

r = 2:0.005:25;
plot(r, time_pot(3.464, r),

r, time_pot(3.75, r), r, time_pot(4, r),

r, time_pot(4.33, r), ’LineWidth’, 2)
title(’The effective potentials’, ’Fontsize’, 15)
axis([0 25 .92 1.05])
set(gca, ’Box’, ’off’)
xlabel (°’{\it r/M}’, ’FontSize’, 16, ’Position’, [24 0.913])
ylabel (’{\it V}’, ’FontSize’, 16,

’Position’, [-2 1.04], ’Rotation’, 0)
GTEXT(’a’, ’FontWeight’, ’bold’) %3.464
GTEXT(’b’, ’FontWeight’, ’bold’) %3.75
GTEXT(’c’, ’FontWeight’, ’bold’) A

GTEXT(’d’, ’FontWeight’, ’bold’) W4 .33

A.1.11 File that creates figure 5.5

Listing of tm_bnd b.m

e = 0; % eccentricity

1 =3/2; % latus rectum

M= 2/14; % mass of the black hole
mu = M/1;

phi_0 = O;
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phi = 0:0.1:1.5%pi;

u=1/1 + (1/2/M-3/1)*sec((phi-phi_0)*sqrt (1-6*mu)/2).72;

ezpolar(’3/2’)

hold on

polar(phi,1./u)

title(’Special case \it{e} = 0, \mu \neq 1/6’, ’Fontsize’...

, 15);

A.1.12 File that creates figure 5.6
Listing of tm_bnd d.m

e = 0; % eccentricity
Ymu = 1/6;

M= 2/14; % mass of the black hole

phi_0 = 0.001;
phi = 0:0.1:5%pi;

u = 1/6/M +2/M./(phi-phi_0).72;

ezpolar(’6/7°)

hold on

polar(phi,1./u)

title(’Special case \it{e} = 0, \mu = 1/6’, ’Fontsize’...

, 15);
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A.1.13 File that creates figure 3.2
Listing of null.m

function null
% Schwarzchild null geodesic

% of the first and the second kind

P=1;

M = 2/14; 7 mass of the black hole
Q = sqrt ((P-2*M)* (P+6*M)) ;

k = sqrt ((Q-P+6*M)/2/Q) ;

chispan = [2*asin(sqrt((Q-P+2xM)/(Q-P+6xM))) 3.75];

%2xasin(sqrt ((Q-P+2*M) / (Q-P+6+M)))

options = odeset(’Refine’,38);
[fil, chil] = ode45(@fi, chispan, 2.2, options, Q,

P, k);

chispan = [0 pi];
[fi2, chi2] = ode45(@fi, chispan, O, optioms, Q,

P, k);

ul 1/P -(Q-P+6%*M) /8/M/P*(1+cos(chil));

u?2 1/P +(Q+P-6x*M) /4/M/P*sec(chi2/2)."2;

polar(fil, 1./ul)

hold on
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%polar(-fil, 1./ul)

polar(fi2, 1./u2)

title([’M = ’> num2str(M) ’, P = ’> num2str(P)], ’Fontsize’,

15);

function f = fi(fi, chi, Q, P, k)
% ODE for phi coordinate for the null geodesics
% f1 is d chi / d phi

f = sqrt(Q/P) *sqrt(1-k~2*sin(chi/2)"°2);

A.1.14 File that creates figure 3.3

Listing of null spc.m

function tm_bnd_g
% Schwarzchild null geodesic
% critical orbit

M= 2/14;

phi = 0:0.1:15;

phi_0 = -2x%pi/3; %h2*xatanh(1/sqrt(3));

ul = -1/6/M +tanh((phi-phi_0)/2).72/2/M;

u2

1/3/M + 2xexp(phi)/M./(exp(phi-1))."2;

polar(phi, 1./ul)

hold on

polar(phi, 1./u2)

title(’Special case {\it D} = 3{\it M}3°{1/2}’,

, 15);

’Fontsize’...
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A.1.15 File that creates figure 9.1
Listing of slpotent.m

function slpotent
% Reissner-Nordstrom space-like geodesic
% plotting of potential

% M is a mass of black hole

Q =0.8; % charge of black hole

.005:0.005:10;

(o]
I

subplot 311

M = 10/14;

plot(r, potentia(M, Q, 3, r), r, potentia(M, Q, 5, r), ’b’,
r, potentia(M, Q, 10, r), ’b’, r, potentia(M, Q, 15, r),
’b’, ’LineWidth’, 2)

axis([0 10 -10 40])

set(gca, ’Box’, ’off’)

title(’Case when {\it M} = 10/14 <{\it M}_{cr}’, ’Fontsize’, 15)

xlabel (’{\it r}’, ’FontSize’, 16, ’Position’, [9.5 -11])

ylabel (’{\it V}’, ’FontSize’, 16,
’Position’, [-1 27], ’Rotation’, 0)

GTEXT(’a’, ’FontWeight’, ’bold’)

GTEXT(’b’, ’FontWeight’, ’bold’)

GTEXT(’c’, ’FontWeight’, ’bold’)

GTEXT(’d’, ’FontWeight’, ’bold’)

subplot 312;

plot(r, potentia(mass(3, Q, Q, 3, r), ’b’, r,
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potentia(mass(5, Q), Q, 5, r), ’b’, r, potentia(mass(10,
Q, Q, 10, r), ’b’, r, potentia(mass(15, Q), Q, 15, r),
’b’, ’LineWidth’, 2)

axis([0 10 -5 40])

set(gca, ’Box’, ’off’)

title(’Special case when {\it M} ={\it M}_{cr}’,
’Fontsize’, 15)

xlabel (°’{\it r}’, ’FontSize’, 16, ’Position’, [9.5 -6])

ylabel (’{\it V}’, ’FontSize’, 16,
’Position’, [-1 30], ’Rotation’, 0)

GTEXT(’a’, ’FontWeight’, ’bold’)

GTEXT(’b’, ’FontWeight’, ’bold’)

GTEXT(’c’, ’FontWeight’, ’bold’)

GTEXT(’d’, ’FontWeight’, ’bold’)

subplot 313

M= 12/14;

plot(r, potentia(M, Q, 3, r), ’b’, r, potentia(M, Q, 5, 1),
’b’, r, potentia(M, Q, 10, r), ’b’, r,
potentia(M, Q, 15, r), ’b’, ’LineWidth’, 2)

axis([0 10 -70 401)

set(gca, ’Box’, ’off’)

title(’Case when {\it M} = 12/14 >{\it M}_{cr}’, ’Fontsize’, 15)

xlabel (’{\it r}’, ’FontSize’, 16, ’Position’, [9.5 -70])

ylabel (’{\it V}’, ’FontSize’, 16,
’Position’, [-1 3.8], ’Rotation’, 0)

GTEXT(’a’, ’FontWeight’, ’bold’)

GTEXT(’b’, ’FontWeight’, ’bold’)

GTEXT(’c’, ’FontWeight’, ’bold’)
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GTEXT(’d’, ’FontWeight’, ’bold’)

function [V] = potentia(M, Q, L, r)

% Potential V for parametres M, L and Q (L is angular momentum
% about an axis normal to the invariant plane, M is mass,

% Q is charge)

V = (r."2-2xM*xr+Q~2) ./r.”2 .*(L"2./r."2-1);

function [M] = mass(L, Q)
% Mass for special case, when f(u) has an inflexion
M = sqrt(6*x(-Q~4+14*Q"2+L"2-L"4)

+2%sqrt (3% (3xL"2-Q"2) *(L"2+5%Q~2)"3)) /12/ L;

A.1.16 File that creates figure 13.1

Listing of r Ltimel.m

% e-Q chart - the time-like geodesics

e = -1/9:.0167:1.2; % variable for Q+

el = -1/9:.0167:0; % variable for Q-

e2 = .2:.0167:1.2; oM

e3 = .0167:.0167:.2; hoo"

ed = 0:.0167:1.2; % variable for restriction for Q

Q_p = 1/2%(27%xe. 2+18*%e-1+sqrt ((27*e. 2+18%e-1) . 2+64%e)) ./e;

Q_ml = 1/2x(27*el. 2+18xel-1-sqrt((27*el. 2+18xel-1).72 ...
+64xel1)) ./el;

Q_m2 = 1/2x(27*e2.72+18%e2-1-sqrt ((27*e2.72+18%e2-1) .72 ...

+64%e2)) ./e2;

Q_m3 = 1/2%(27*e3.72+18%e3-1-sqrt ((27*e3.72+18%e3-1) .72 ...
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+64%e3)) ./e3;

a2e = -19%e4; %y Carter’s inequality, a = sqrt(19)

plot(e, Q_p, el, Q_ml, e2, Q_m2, e3, Q_m3,
’—=2 el a2e)

text(0.3,20, ’Q_+’)

text( -0.2, 24, ’Q_-’)

text (0.7, -3, ’Q_-’)

text(0.15, 26, ’d > 0°)

text(-0.1, 8, ’d < 0?)

text (0.2, -1.3, ’d > 0’)

text (0.9, -6, ’d < 0’)

text (0.8, -10, ’Q = -a"2e’)

axis([-1 1.2 -12 32])

title(’{\it e-Q} chart for the time-like geodesics’,
’FontWeight’, ’bold’, ’FontSize’, 15, ’FontName’,
>TIMES’)

set (findobj (’Type’, ’text’), ’FontAngle’, ’italic’,
’FontName’, ’TIMES’, ’FontWeight’, ’bold’)

line([-1 1.2], [0 0])

text (-.97, 12, ’12M72°)

text (-.97, 16, ’16M"2°)

xlabel(’e’, ’FontAngle’, ’italic’)

ylabel(’Q’, ’Rotation’, 0, ’FontAngle’, ’italic’)

set (findobj(’Type’, ’line’), ’LineWidth’, 2)

set(gca, ’Box’, ’off’)

line([-1 -.97], [12 12])

line([-1 -.97], [16 161)

set (findobj(’Type’, ’line’), ’Color’, ’k’)
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A.1.17 File that creates figure 13.2
Listing of r Lnull.m

% e-Q chart for the null geodesics

e = 0:.0167:1.2; % variable for Q_null
Q_null = 27x*e; % solution for f(e, Q) = 0, where d = 0
a2e = -19x%e; % Carter’s inequality, a = sqrt(19)

plot(e, Q_null, e, a2e, ’k’, ’LineWidth’, 2)

axis([0 1.2 -12 32])

text (1, 22, ’Q = 27eM"2’)

text (0.4, 26, ’d > 07)

text (0.8, 1, ’d < 0?)

text (0.8, -10, ’Q = -a"2e’)

set (findobj(’Type’, ’text’), ’FontAngle’, ’italic’,
’FontName’, ’TIMES’, ’FontWeight’, ’bold’)

title(’{\it e-Q} chart for the null geodesics’,
’FontWeight’, ’bold’, ’FontSize’, 15, ’FontName’,
’TIMES’)

xlabel(’e’, ’FontAngle’, ’italic’)

ylabel(’Q’, ’Rotation’, O, ’FontAngle’, ’italic’)

set(gca, ’Box’, ’off’)

A.1.18 File that creates figure 13.3

Listing of r Lspace.m

% e-Q chart for the space-like geodesics

e = 1:.001:1.2; % variable for Q+ and Q-

Q_p = 1/2%(27*e. 2-18*e-1+sqrt ((27*e. 2-18%e-1) . 2-64%*e)) ./e;

Q_m

1/2%(27*e. 2-18*e-1-sqrt ((27*xe. 2-18%e-1) ."2-64%e)) ./e;
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a2e = -19%e; % Carter’s inequality, a = sqrt(19)
plot(e, Q_p, e, Q_m, ’b’, e, a2e, ’k’)

set(gca, ’YTick’, -20:10:20, ’Box’, ’off’)

axis([1 1.2 -23 23])

text (1.1, 15, ’Q_+7)

text(1.1, 4, *Q_-?)

text(1.12, 20, ’d > 0°)

text(1.12, 6, ’d < 0?)

text(1.12, -12, ’d < 0’)

text(1.01, 1.3, ’d > 0’)

text(1.12, -19, ’Q -a~2e’)

line([1 1.2], [0 0], ’Color’, ’k’)

set (findobj(’Type’, ’line’), ’LineWidth’, 2)

set (findobj(’Type’, ’text’), ’FontAngle’, ’italic’,
’FontName’, ’TIMES’, ’FontWeight’, ’bold’)

text(1l, 4, ’4M"2’, ’HorizontalAlignment’, ’Right’)

line([1 1.003], [4 4], ’Color’, ’k’)

xlabel(’e’, ’FontAngle’, ’italic’)

ylabel(’Q’, ’Rotation’, O, ’FontAngle’, ’italic’)

title(’{\it e-Q} chart for the space-like geodesics’,

’FontWeight’, ’bold’, ’FontSize’, 15, ’FontName’,

>TIMES’)

A.1.19 File that created figure 14.4

Data for this figure were obtained by Maple code listed in section A.2.10.

Listing of eqnuplot.m

% Kerr null euatorial geodesics
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% a = .96 - angular momentum per unit mass of the black hole
% M =1 - mass of the black hole
% D = 4 - impact parameter

yl = [.085:.005:.305]; % 0.005:.33

phil = [},126.7411364 126.5615010 126.3799190 126.1962926 ...
%126.0105220 125.8225048 125.6321363 125.4393088 ...
%125.2439112 125.0458294 124.8449450 124.6411360 ...
%124 .4342755 124.2242321 124.0108691 123.7940442 ...
123.5736091 123.3494088 123.1212816 122.8890576 ...
122.6525592 122.4115999 122.1659834 121.9155030 ...
121.6599410 121.3990672 121.1326384 120.8603968 ...
120.5820690 120.2973646 120.0059740 119.7075676 ...
119.4017928 119.0882726 118.7666022 118.4363466 ...
118.0970372 117.7481678 117.3891904 117.0195100 ...
116.6384785 116.2453882 115.8394630 115.4198500 ...
114.9856062 114.5356864 114.0689255 113.5840184 ...
113.0794948 112.5536876 112.0046938 111.4303230 ...
110.8280321 110.1948384 109.5272022 108.8208666 ...

108.0706302 107.2700177 106.4107846 105.4821379 ...

104.4694482 9,103.3519685 102.0984244 100.6573680 98.93177565 ...

%96 .68629120

1;

y12 = [.305:.001:.325];

phil2 = [104.4694482 104.2551456 104.0364787 103.8132254 ...
103.5851434 103.3519685 103.1134104 102.8691498 ...
102.6188338 102.3620709 102.0984244 101.8274050 ...

101.5484613 101.2609678 100.9642106 100.6573680 ...
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100.3394870 100.0094504 99.66593535 99.30735435 ...
98.93177565] ;

y11 = .325:.0005:.335;

phi1l = [98.93177565 98.73688650 98.53680640 98.33113625 ...
98.11942240 97.90114530 97.67570520 97.44240370 ...
97.20041930 96.94877460 96.68629120 96.41152675 ...
96.12268315 95.81747030 95.49289320 95.14490405 ...

94.76779665 94.35306040 93.88695725 93.34447445 . ..

92.66943005] ;

y24 = .75:.001:.78;

phi24 = [86.92425115 92.24502520 97.54861850 102.8619916 ...
108.2101802 113.6172933 119.1073442 124.7050016 ...
130.4363306 136.3295802 142.4160892 148.7313700 ...
155.3164873 162.2198490 169.4996380 177.2271888 ...

185.4918364 194.4081033 204.1267621 214.8525994 ...

226.8744787 240.6195970 256.7599416 276.4458796 301.9082740 ...

338.4649726 405.7206186 499.7360435 369.4320964 323.3437426 ...

294.9208838] ;

y25 = .79:.01:1;

phi25 = [191.1306461 ...
153.1361315 130.4649750 114.6096690 102.5453380 ...
92.85921240 84.78245525 77.85243315 71.76979020 . ..
66.32957305 61.38472560 56.82523245 52.56541400 ...
48.53569226 44.67686560 40.93574140 37.26134080 ...
33.60098766 29.89543834 26.07165605 22.03036933 ...
17.62154586] ;

y26 = 1.1:.1:2;
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phi26 = [8.379873050 9.588609670 10.52606313 11.26599579 ...

11.85721982 12.33356876 12.71935458 13.28679813 ...

13.49258854 13.65818710] ;

y2 = .744:.001:.75;

phi2 = [52.38339145 58.75941665 64.77190450 70.52899420 ...

76.10535650 81.55610685 86.92425115] ;

y22 = .7405:.0001:.744;

phi22 = [22.75235882 23.98768292 25.17107270 26.30909997 ...

27.40708501 28.46940344 29.49970676 30.50107720 ...

31.47614689 32.42718386 33.35615986 34.26480024 ...

35.15462482 36.02698216 36.88307602 37.72398228 ...

38.55067174 39.36402132 40.16482702 40.95381396 ...

41.73164504 42.49892864 43.25622232 44.00404287 ...
44 .74286687 45.47313460 46.19525768 46.90961810 ...
47.61657220 48.31645234 49.00957095 49.69622072 ...
50.37667570 51.05119600 51.72002475 52.38339145] ;

y23 = .7399:.00005:.7405;

phi23 = [13.52660931 14.48556626 15.39297749 16.25659379 ...

17.08241278 17.87518480 18.63874907 19.37625952 ...

20.09034678 20.78323391 21.45681253 22.11271554 ...

22.75235882] ;

polar(phil, 1./y1, ’-+’)
hold on

polar(-phil, 1./y1, ’-+’)
hold on

polar(phill, 1./y11, ’-+’)

hold on
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polar(-phill, 1./y11, ’-+7)

hold on

polar(phil2, 1./y12, ’-+’)

hold on

polar(-phil2, 1./y12, ’-+’)

hold on

polar(phi2, 1./y2, ’+’)

hold on

polar(phi22, 1./y22, ’+’)

hold on

polar(phi23, 1./y23, ’+’)

hold on

polar(phi24, 1./y24, ’+’)

hold on

polar(phi25, 1./y25, ’+7)

hold on

polar(phi26, 1./y26, ’+7)

set(findobj(gca, ’Type’,’line’),. ..
’LineWidth’,2)

title(’M =1, a = 0.96, D = 4’, ’Fontsize’,

15);

A.1.20 File that created figure 14.17
Listing of eqgspacsp.m

function eqgspacsp
% equatorial plane of the Kerr black hole

% spacelike geodesics with L = aE
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M = 1; % mass of the black hole
a = .8; % angular momentum per unit mass of the black hole

E = 2; % energy of the particle

fi = 0.001:.007:2%pi;

u = .3:.007:300;

r = 1./u; % radius

phi = -1/2%(atanh((-M"2 -M*(M"2-a"2)"(1/2) +E"2xa"2 ...
+a”2 +uxa"2*x(M"2-a"2)"(1/2)) /a2 /E ...
/(@ 2%u. "2-2xMxu+E"2+1) .7 (1/2)) -atanh((-M"2 ...
+Mx (M"2-272) " (1/2) +E"2*a"2 +a"2 ...
-u*xa~2x(M"2-a"2)"(1/2)) /a2 /E ...

/(@ 2%u. "2-2«Mxu+E"2+1) .~ (1/2))) /E /(M"2-a"2)"(1/2);

polar(phi, r)

hold on
polar(fi, (M -sqrt(M"2-a"2)).*fi./fi, ’-.k’)
hold on
polar(fi, (M +sqrt(M"2-a~2)).*xfi./fi, ’-.k’)

title(’Special case L = aE’, ’Fontsize’, 15);

A.1.21 File that created figures 15.1 and 15.2

Data for this figure were obtained by Maple code listed in section A.2.12.

Listing of nullcirc.m

thetal = [ 1.959006645 1.816103982 1.578378022 ...
1.706286761 1.866968697 1.910804702 ...

1.954576990 1.962037228 1.915820358 ...
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1.847886276 1.784055902

[

.680305400 ...

1.602077196 1.600545517 1.649663159 ...

1.723995864 1.777339096 1.798573938 ...
1.833106054 1.870594479 1.919934247];

r = [ 1.855 1.86 1.87 1.88
1.9 1.91 1.93 1.95 ...
2 2.05 2.1 2.2 ...
2.3 2.4 2.5 2.7 ...
2.9 3 3.2 3.5 ...
4.2];

phil = [-5.541341296 -5.320016908 -4.924482036 ...

-4.327705853 -3.544342369 -3.240382475 ...
-2.726240862 -2.396850466 -2.399627742 ...
-2.359807195 -2.310512051 -2.233163264 ...
-2.192546950 -2.091587306 -1.949251907 ...
-1.753758502 -1.626961119 -1.579784075 ...

-1.507997117 -1.440134137 -1.388536037] ;

theta2 = [ 1.950206247 1.692797067 1.594889333 ...
1.698540486 1.775954266 1.834710595 1.911654315 ...
1.949916684 1.962465732 1.951397043 ...
1.897375677 1.766360541 1.651451663
1.601225111 1.586579322 1.669103670
1.684244315 1.773141096 1.831029535 1.879714381 ...
1.945814758 1.960479956 1.960712810 1.954832117 ...
1.936159610 1.909190131 1.929546513 1.847996993 ...
1.801473714 1.728540846 1.704772923 ...

1.689185640 1.677302749];
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phi2 = [-5.609001073 -4.653018397 -4.308363707 ...
-3.817095513 -3.426801711 -3.089056800 ...
-2.495500640 -1.966177206 -1.397530535 ...
-1.229151770 -.700154274 -.508268507 ...
-1.072283865 -1.1987861563 -1.247967614 ...
-1.148745892 -1.127498734 -.979288603 ...

-.848860023 -.695960167 —-.276897702 ...

.35332549e-1 .368964695 .670180716 .736756660 ...

-.327276781 .323973264 -1.229000300 ...
-1.665385193 -2.2295659342 -2.402511389 ...

-2.515903747 -2.602972572] ;

r2 = [ 1.845 1.83 1.82 1.81 ...
1.8 1.79 1.77 1.75 ...
1.725 1.7 1.65 1.55 ...
1.45 1.4 1.35 1.25 ...
1.23 1.1 1 .9
6 5 .45 37
3 .35 2 15
1 .09 .085 .082] ;

subplot(2, 1, 1)

plot(r, r.*cos(thetal), ’-ok’, r2, r2.*cos(theta2),
’-ok’, ’LineWidth’,2)

title(’Projection on the (r, \theta) plane’,
’Fontsize’, 15);

subplot(2, 1, 2)

plot(r.*cos(phil), r.*sin(phil), ’-o’, r2.*cos(phi2),

r2.*sin(phi2), ’-ob’, ’LineWidth’,2)
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title(’Projection on the (r, \phi) plane’,
’Fontsize’, 15);

figure

plot3(r.*cos(phil) .*sin(thetal),
r.*sin(phil) .*sin(thetal), r.*cos(thetal) ,’-o’,
r2.*cos(phi2) .*sin(theta2),
r2.*sin(phi2) .*sin(theta2), r2.*cos(theta2) ,’-ob’,
’LineWidth’,2);

title(’Unstable circular null orbit (r_s = 1.85)°,

’Fontsize’, 15);

A.1.22 File that creates figure 15.5 and 15.6

Data for this figure were obtained by Maple code listed in section A.2.13.

Listing of null2.m

r = [3 2.5 2.2 2
1.8 1.7 1.65 1.64 ...
1.63 1.62 1.617 1.615 ...
1.612 1.611 1.61 1.609 ...
1.608 1.607 1.605 1.604 ...
1.603 1.602 1.6 1.598 ...
1.597 1.596 1.595 1.594 ...
1.593 1.592 1.591 1.59 ...
1.5689 1.588 1.585 1.58 ...
1.575 1.57 1.56 1.56 ...
1.54 1.53 1.52 1.51
1.5 1.48 1.45 1.43 ...

1.4 1.35 1.3 1.28 ...



theta

1

1

1.
[1.294462769

1.262777690 1.251653855

.25

.17

.13

11

.106

.102

.099

.0977

.09748

.0973

.097

.0963

.0955

.0954

.0951

.0946

.094

.093

.089

.085

.08

.075

.071

.063

.056

052

1.

.23

.15

.125

.109

.105

.101

.0985

0976

1.09745

1.

1.

1.

1.09725

0968

0962

09548

1.09535

1

1

.095

.0945

.0938

.092

.088

.083

.079

.074

.07

.06

.055

.051
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1.

1.

.14

.12

.108

.104

.1

.0983

.0975

.09743

.0972

.0965

0961

09545

1.0953

1.

1

1.

1.

0948

.0944

0935

.091

.087

.082

.078

.073

068

1.069

1.

1.

1.282094207

054

05];

1

1

1

.18 ...

.135 ...

115 ...

107 ...

.103 ...

.09956 ...

.098 ...

.09749 ...

.0974 ...

L0971 ...

.0964 ...

.096

1.09543 ...

1.0952 ...

1

1

1

.0947 ...

.0943 ...

.0933 ...

.09 ...

.086 ...

.081 ...

077 ...

072 ...

.065 ...

1.068 ...

1

.063 ...

1.271670896 ...

1.244980096 ...



.241299222

.238728288

.238167561

.237763644

.237356862

.236947183

.236617334

.236119014

.233995719

.230432607

.226649038

.218334690

.203592964

.191842991

.183520937

.179948813

.177170364

.175843319

.175268501

.174689980

.174205026

.173971321

.173834713

.173811274

.173801506

.173756559

.173678338

.173580466

264

.240532523

.238568643

.238087006

.237682518

.237193339

.236864896

.236534577

.235700462

.233124561

.229508152

.239755162

.238328333

.238006337

.237601277

.237111404

.236782493

.236451702

.235278890

.232240514

.238966918 ...

.238248004 ...

.2379256653 ...

.237519921 ...

.2370293562 ...

.236699973 ...

.236368709 ...

.234854263 . ..

.231343293 ...

.228569621 ...

1.223654277

1.212559669

1.199391766

1.188613332

1.181753318

1.179032370

1.176224493

1.175652122

1.175076073

1.174496311

1.174107723

1.173912800

1.173815181

1.173805413

1.173776104

1.173737010

1.1736196

1.173560879

1

1.

.221577638 ...

.206269072 ...

.196458109 ...

.186949903 ...

.180855747 ...

.178106271 ...

176034109 ...

1.175460516 ...

.174883234 ...

.174302226 ...

.174010314 ...

.173854242 ...

.173813227 ...

.173795645 . ..

.173766332 ...

.173717457 ...

.173600049 ...

.173541287 ...
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1.173521692

1.173413841

1.173394218

1.173345142

1.173266565

1.173207587

1.173089517

1.172931852

1.172338166

1.171740597

1.170937730

1.170330951

1.169720161

1.168899465

1.168279161

1.166815593

1.165756079

1.164899850

1.164252585

[-.30951580e-2 .149493628e-1

.1872877788

2.088156749

3.295347900

3.957076872

5.030027158

5.938106396

4.428771492

3.715564779
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1.173423650

1.17340991

1.173384405

1.173325503

1.173246910

1.173187919

1.173030425

1.172734386

1.172139410

1.171540637

1.170735914

1.170127802

1.169310720

1.168693156

1.167863324

1.166181312

1.165328930

1.164684583

1.164035851] ;

.5475707216

2.430127190

w

.582549846

4.111550714

5.414594881

5.383563501

4.214677020

3.581124664

7

1.

2.

1.17341972 ...

1.173404030 ...

1.173394218 ...

1.173286215 ...

1.173227251 ...

1.173128891 ...

1.172991008 ...

1.172536491 ...

1.171940220 ...

1.171340041 ...

1.170533655 ...

1.169924206 ...

1.169106320 ...

1.168486388 ...

1.167236089 ...

1.165968934

1.165114633 ...

1.164468828 ...

. 72416

111795622

930514363

.695374618

.287326949

.958637198

.988572916

.028479284

.457898678

0709e-1 ...

1.832518264 ...

3.135780030 ...

3.819426418 ...

4.732889198 ...

18.78207817 ...

4.681022328 ...

3.863611246 ...

3.139491128 ...
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2.722626670 2.392841803 2.117995304 1.671443132 ...

1.310772681 1.003777185 .7332400372 ...

.4888461273 .2639034517 .538062587e-1 ...

-.3343025470 -.8661201550 -1.202323916 ...

-1.696578288 -2.536792898 -3.464315936 ...

-3.880619862 -4.581036618 -5.118387695 ...

-6.084711058 -6.8923556805 -7.370289796 ...

-8.556424770 -9.326746293 -9.780319319 ...

-10.29602270 -10.89352838 -11.60358584 ...

-12.47826787 -13.61689450 -13.89212769 ...

-14.18879017 -14.51054171 -14.86193896 ...

-15.24904668 -15.67986677 -16.16550080 ...

-16.72190151 -17.37326415 -18.15858054 ...

-18.62116738 -19.14739694 -19.75742601 ...

-20.03152546 -20.48313379 -20.99514252 ...

-21.18224390 -21.37881240 -21.39902281 ...

-21.41944784 -21.48105352 -21.58608803 ...

-21.52267930 -21.80517849 -21.91959072 ...

-22.03751229 -22.28479355 -22.54907825 ...

-23.13947429 -24.24031386 -24.69061593 ...

-25.20072672 -25.78900040 -26.48379829 ...

—-27.33291729 -32.90671323 -32.17172098 ...

-31.27929513 -30.78354772 -30.14134122 ...

-29.26264352 -28.54849917 -27.42591530 ...

-26.55799571 -25.84995143 -24.73518318 ...

-24.27926984 -23.87170235 -23.50338764 ...

-23.16692970 -22.85769758 -22.05581185 ...

-21.60114955 -21.00608620 -20.65508959 ...
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-20.18200868 -18.92652182 -17.98078407 ...
-17.22162588 -16.58737460 -16.04254989 ...
-15.56498258 -15.13982821 -14.75669031 ...
-14.08790780 -13.79217106 -13.51728942 ...
-13.26050745 -13.019556899 -12.79258829 ...
-12.57804762 -12.18125354 -11.99692798 ...
-11.82084411 -11.65229524 -11.49065414 ...
-11.33536071 -11.04192734 -10.63882916 ...
-10.39111054 -10.04612004 -9.937419566 ...
-9.831575142 -9.627883648 -9.529762758 ...
-9.433964160 -9.340381530 -9.248906502 ...

-9.159442720 -9.071900276] ;

plot(r.*cos(phi), r.*sin(phi), ’-o’, ’LineWidth’,2)

title(’Projection on the (r, \phi) plane’,
’Fontsize’, 15);

figure

plot3(r.*cos(phi) .*sin(theta),
r.*sin(phi) .*sin(theta), r.*cos(theta) ,’-o’,
’LineWidth’,1);

title(’Null orbit out of equator with \eta = 0’,

’Fontsize’, 15);

A.1.23 File that creates figure 15.4

Data for this figure were obtained by Maple code listed in section A.2.14.

Listing of null Cart.m

% Null non-equatrial geodesic in Kerr space-time
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% negative eta

% data by null-Cart.mws

mu = [.9841748095 .9752419696 .9450342070 .8991332746 ...
.7018743088 .7723506395 .7007318896 .6874398041 ...
. 7229829375 .7457523831 .7661076839 .7834342967 ...
.7924506676 .8100588375] ;

r = [-.375 -.35 -.3 -.26 -.125 0 .125 .25 .375 .5 .625 .75 ...
.875 1];

plot(r, r.*cot(acos(mu)), ’-o’, ’LineWidth’,2) % the orbit

line([-0.375 1], [-0.375%cot(acos(0.9962923062))
cot(acos(.9962923062))], ’LineStyle’, ’:’)
1line([-0.375 1], [-0.375%cot(acos(0.6872011283))
cot(acos(.6872011283))], ’LineStyle’, ’:’);
title(’Null geodesic: projection on the (r, \theta) plane’,
’Fontsize’, 15);

axis([-.375 1 -2.5 1.5])

A.1.24 File that creates figure 15.7 and 15.8

Listing of nullneta.m

function nullneta
% Kerr null non-equatorial geodesics

% with eta < O

eta = -0.3; % related to Carter constant, negative

xi = -0.05; % related to particle’s angular momentum
M=1; % mass of the black hole

a = .8; % angular momentum per unit mass of black hole

tauspan = [-0.3 -.85101925];
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initcond = [1 0.6265 1];
options = odeset(’Refine’, 38, ’Mass’, @Mass,
’MStateDependence’, ’strong’, ’MvPattern’, MvPat,

’MassSingular’, ’no’);

[tau, y] = odel5s(@nullKerr, tauspan, initcond, options,

a, xi, eta, M);

plot(y(:,1) .*cos(y(:,3)), y(:,1).*sin(y(:,3)))
title(’Projection on the (r, \phi) plane’,

’Fontsize’, 15);
figure
plot3(y(:,1).*cos(y(:,3)) .*sin(y(:,2)),

y(:,1) .*sin(y(:,3)) .*sin(y(:,2)), y(:,1) .*cos(y(:,2)))
set (findobj(’Type’, ’line’), ’LineWidth’, 2)
title([’Null orbit with negative Carter constant (\eta = 7,

num2str(eta), ’)’], ’Fontsize’, 15);

function dy = nullKerr(tau, y, a, xi, eta, M)
% dy(1) is d r / d tau

% dy(2) is d theta / d tau

% dy(3) is d phi / d tau

dy = zeros(3, 1);

dy(1) = sqrt(y(1)~4 +(a"2-xi"2-eta)*y(1)"2 ...

+2*xMx (eta+(xi-a) "2) *y (1) -a"2*eta);

dy(2) = sqrt(eta +(a*cos(y(2)))"2 -(xixcot(y(2)))"2);

dy(3) = 2*axMxy(1)



270

+((y(1)"2+a~2*cos(y(2))) "2-2*xMxy (1)) *etaxcsc(y(2)) "2;

function Mass = Mass(tau, y, a, xi, eta, M)

% ’mass’ matrix for ODE solver r~2 + a"2 cos theta
rho = y(1)~2 +a~2*cos(y(2));

Delta = y(1)°2 -2xMxy(1) +a"2;

rho_vec = [rho”2 rho~2 rho~2*Deltal;

Mass = diag(rho_vec);

function S = MvPat
% sparsity pattern
% S(i, j) =1 if for any k, the (i, k) component of

% Mass(tau, y) depends on component j of y, and O otherwise

S = sparse(3, 3);
for i = 1:2
for j = 1:3
S(i, j) = 1;
end
end
S(1, 1) =1;

A.1.25 File that creates figure 16.1

Listing of spacpara.m

M=1; E=1; a = 0.96; % parameters

r = M+0.1:.01:6; % radius of the space-like orbit
Delta = r. 2 -2*%M*xr +a"2; % horizon function

xi_plus = (Mx(r."2-a"2)+r.*Delta.*sqrt(1+(1-M./r)/E"2))

/a2 ./(x-M);
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xi_minus = (M*(r."2-a"2)-r.*Delta.*sqrt(1+(1-M./r)/E"2))
/a”2 . /(r-M);

eta_plus = (2*r." 3*M.*Delta ...
*(1-sqrt (1+(1-M./r)/E"2)) ./ (x-M) -r."4.*(xr-M)
-r."2/E"2 . %(r.*(r-2xM) ."2-a"2*M)) /a"2 ./(r-M);

eta_minus = (2*r."3*M.xDelta ...
A (1+sqrt (1+(1-M./r)/E"2)) ./ (x-M) -r. 4.*(r-M)
-r.72/E"2.%(r.*(r-2%M) ."2-a"2xM)) /a2 ./(r-M);

hsubplot(1l, 2, 1)

hplot(r, xi_plus, r, eta_plus)

haxis([M+.1 6 -00 120])

Y%text (5, -1520, ’\eta_+’) % this parameter is negative

Y%text (5, -100, ’\xi_+’)

%hsubplot (1, 2, 2)

plot(r, xi_minus, r, eta_minus, ’LineWidth’, 2, ’Color’, ’b’)

axis([M+.1 6 -40 50])

text (3.5, 20, ’\eta_-’)

text (5.5, -25, ’\xi_-’)

line([M+.1 6], [0 0], ’color’, ’k’)

xlabel(’r_s’, ’FontAngle’, ’italic’)

title(’The (\xi_s, \eta_s) locus for space-like orbits’,
’Fontsize’, 15)

set (findobj(’Type’, ’text’), ’Fontsize’, 19, ’FontAngle’,

’italic’, ’FontName’, ’TIMES’, ’FontWeight’, ’bold’)

A.1.26 File that creates figure 17.1

Data for this figure were obtained by Maple code listed in section A.2.15.
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Listing of tlmgcirc.m

function tlmgcirc

% Kerr timelike marginally-bound (E = 1) critical orbits

a = .8;

r_s = 2.154; % r_s = 1.85 gives negative values for eta_s
M=1;

Delta = r_s”2 -2xM*r_s +a”"2;

eta_s = r_s"2/a"2/(r_s-M)

*(r_s*x(4*%a~2«M-r_s*(r_s-3*M)"2) /(r_s-M)
+r_s*x(r_s-2*xM) "2 -a~2*M ...

-2*r_s*M/ (r_s-M)*#Deltax*(1-sqrt (M/r_s)))

xi_s = (Mx(r_s"2-a"2) -r_s*Delta*sqrt(M/r_s)) /a /(r_s-M);
gama = -a"2xeta_s/r_s"2 +2*M*r_s
beta = 2x*M;

mu_max = sqrt(eta_s/(xi_s"2+eta_s));

r = 0:.1:15;
x=1./(r - r_s);
F = beta*x +gama*x.”2;

mu = sqrt(eta_s/(xi_s"2+eta_s))
*xcos (Log(abs (beta+2xgama*x +2xsqrt(gamaxF))));
plot(r, r.*mu, ’LineWidth’,2)
hold on
ezpolar (num2str(r_s), [-pi/2, pi/2])
line([0 15], [0 15%mu_max], ’LineStyle’, ’:’, ’Color’, ’k’)
line([0 15], [0 -15%mu_max], ’LineStyle’, ’:’, ’Color’, ’k’)

axis equal
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axis([0 15 -3 3])
title(. ..
’Timelike geodesic: projection on the (r, \theta) plane’,

’Fontsize’, 15);

A.1.27 File that creates figure 17.2

Data for this figure were obtained by Maple code listed in section A.2.16.

Listing of tmbdcirc.m

mu = [.5019766114e-1 ...
.6174013747e-1 .7193269083e-1 .8007127001e-1 ...
.8530484860e-1 .8663348979e-1 .8293193101e-1 ...

.7302501022e-1 .5586301312e-1 .3088176960e-1 ... %5.5

-.1311327065e-2 -.8412883022e-2 -.1565626878e-1 ... %7

-.3771603241e-1

.4495944307e-1 ...

-.5201187035e-1 -.5877390468e-1 -.6513304053e-1 ... %7.7

-.709628708%e-1 ...

-.7612248184e-1 -.8045621244e-1 -.8465346478e-1];
r1 = [22.533.5 ...
4 455 ...
5.5 6 6.5 ...
7T T7T.17.2 ...
7.57.6 ...
7.7 7.87.9 ...
8 ...
8.1 8.2 8+1/3];
plot(rl, rl.*mu, ’-o’, ’LineWidth’, 2)

hold on
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ezpolar(’10.92214439°, [-pi/2, pi/2])
line([0 15], [0 15%.9987125027], ’LineStyle’, ’:’, ’Color’, ’k’)
line([0 15], [0 -15%.9987125027], ’LineStyle’, ’:’,
’Color’, ’k’)
axis([0 156 -.8 .71)
titleC(. ..
"Timelike geodesic: projection on the (r, \theta) plane’,

’Fontsize’, 15);

A.1.28 File that creates figure 17.3

Data for this figure were obtained by Maple code listed in section A.2.17.

Listing of tim Cart.m

% nubmers cerated by tim_Cart.mws
mu = [.6780513813 .6864067161 .7015501632 .6944770527 ...
.7037227809 .7056148039 .7069683485 .7087837041 ...
.7113613559 .7135160284 .7169383936 .7195460504 ...
. 7215979572 .7232480058 .7245956435 .7257091088 ...
.7274169134 .7266373914 .7280755002 .7286348614 ...
.7291122111 .7295213682 .7298735311 .7301778415 .7304418066] ;
r = [-.02 0 0.04 .1 .125 .15 .17 .2 .25 .3 .4 .56 .6 .7 ...
.8.911.11.21.31.41.51.6 1.7 1.8];
plot(r, r.*cot(acos(mu)), ’-o’,...
’LineWidth’,2)
line([-0.02 1.8], [-0.02*cot(acos(.5265412721))
1.8%cot(acos(.5265412721))1],
’LineStyle’, ’:’, ’Color’, ’k’)

line([-0.02 1.8], [-0.02*cot(acos(.7326270425))
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1.8%cot(acos(.7326270425))],
’LineStyle’, ’:’, ’Color’, ’k’);
title(. ..
’Timelike geodesic: projection on the (r, \theta) plane’,
’Fontsize’, 15);

axis([-.02 1.4 -0.5 1.5])

A.2 Maple codes

Maple output is blue.

A.2.1 File that creates figure 8.3

Listing of null_2.mws

Reissner-Nordstrom solution
Q> < M?

Null geodesics

All real roots

> restart:

\Y
H
I

1/y:

V
H
Il

-Q_"2%u"4+2xM*u~3-u"2+1/De"2 = 0:

> r_cr := 1.5xM*(1+sqrt(1-8%Q_"2/9/M"2)):

M should be > .8 = @)_.

> evalf(12/14); Q_ := .8: 1is(12/14 > Q_);
8571428571
true

> r_c := subs(M = 12/14, r_cr);



276

r_c := 1.896501668
should be > r_c.
> r2 := subs(M = 18/14, r_cr); is(r2 > r_c);
r2 1= 3.490425376
true
> M := 12/14: subs(u = 1/r2, £f);

1
—.04607972106 + — =0
+ De?

Impact parameter
> IP := {solve(%, De)};
IP := {—4.658489053, 4.658489053}
> subs(De = IP[2], f);
> u := solve(%, u);
—.64ut + 1—72 u? — u? 4 .04607972106 = 0

w = —.1854454261, .2864980317, .7358253611, 1.841693462

Cauchy horizon
> r_Ca := M- sqrt(M"2- Q_"2);

r_Ca := .5494191538

Is turning point of geodesics of second kind inside the Cauchy horizon?
> 1/ul4]; is(1/ul4] < r_Ca);
.5429785253

true

The turning point of the geodesic of the first kind
> 1/ul2];

3.490425376
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> phl := gx(EllipticF(arcsin(sqrt((ul4]-ul2]) *(y-ul1])
/(ul2]-ul1]) /(ul4]-y))), k) +EllipticK(k))/Q_:

> ph2 := g*EllipticF(arcsin(sqrt((ul4]-ul2]) *(y-ul31)
/(ul4]l-ul3]) /(y-ul21))), k)/Q_:

> g = 2/sqrt((ul4]-ul2])*(ul3]-ul1])):

k should be < or = 1.
> k := sqrt((ul4]-ul3])*(ul2]-ul1]l)/(ul4]-ul2])

/(ul3]-ul1])); is(kg<= 19035461928
true

> with(plots):

Warning, the name changecoords has been redefined

> Fil := polarplot([r, phil, y = 0..u[2]], -4..10, -10..10,
thickness = 3, color = blue):

> Se := polarplot([r, ph2, y = ul3]..u[4]], thickness = 3,

color = blue):

> 1P := polarplot(M+ sqrt(M"2- Q_"2), color = black):
> 1N := polarplot(r_Ca, color = black):
> rC := polarplot(r_cr, linestyle = 2, color = black):

> plotsetup(ps, plotoutput = ‘null2.eps‘, plotoptions =

‘color, portrait, noborder‘):
> display({Fil, Se, rP, rN, rC}, axes = frame, scaling =

constrained) ;

A.2.2 File that creates figures 8.5, 8.7, 8.11, 8.13 and

8.15

Listing of nuimagin.mws

Reissner-Nordstrom solution
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Null geodesics

Complex roots

> restart:

> ph := g *(EllipticF(((u_4-y)*B-(y-u_1)*A)
/ ((u_4-y)*B+(y-u_1)*A), k) +EllipticK(k)) /Q_:

> g := 1/sqrt(A*B):
> k := sqrt(((u_4-u_1)"2-(A-B)"2)/4/A/B):
> A := sqrt((u_4-b_1)"2+a_172):

> B := sqrt((u_1-b_1)"2+a_1"2):

> b_1 := (u_2-_u_2)"2/2:

> a_l := sqrt(-(u_2-_u_2)"2/4):

> r = 1/y:

> f = -Q_"2*xu"4+2%M*u~3-u"2+1/De"2 = O:

> D_c := r_cr 2/sqrt(r_cr"2-2*M*r_cr+Q_"2):
> Q_ :=0.8:

> with(plots):

Warning, the name changecoords has been redefined

> PO := ‘color, portrait, noborder‘:

> M :=12/14: 1r_cr := 1.5xM*(1+sqrt(1-8*Q_"2/9/M"2)):

3.622947910

De < D_c

> res := solve(f, u);
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res := —.2711026131, .5402070456 — 2253128891 I, .5402070456 + .2253128891 I,
1.869259951

> u_l :=res[1]: _u.2 :=res[2]: u_2 :=res[3]: u4d :=

res[4]:

> k;
should be < or = 1.
.8589066470 + 0. 1

> rI := polarplot([r, ph, y = 0..u_4], -10..2, -2..2,

thickness = 3, colour = blue):

black):

> rP := polarplot(M+ sqrt(M~2- Q_"2), colour

rN := polarplot(M- sqrt(M"2- Q_"2), colour = black):
plotsetup(ps, plotoutput = ‘nuimagil.eps‘, plotoptions =

PO) :
> display({rI, rP, rN}, axes = frame, scaling =

constrained) ;

2 9 M2

M2<Q, <T

> evalf(11/14);
7857142857

M := 11/14:

\Y

\

is(9xM"2/8 > Q_"2);
true

> r_cr := 1.5%M*x(1-sqrt(1-8*Q_"2/9/M~2)):

> D_c;
4.414717576
D_cs < De
> De := b:
> res := solve(f, u);
res ;= —.1756926702, .2481796423, 1.191435085 — .1177231404 I,

1.191435085 + 1177231404 1
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> u_l :=res[1]: u 4 :=res[2]: _u 2 :=res[3]: u.?2 :=

res[4]:

> k;
should be < or =1
8589066470 + 0. I
> plotsetup(ps, plotoutput = ‘nuimagi2.eps‘, plotoptions =
P0):
> polarplot({[r, ph, y = 0..u_4]},
-20..6, -10..10, scaling = constrained, thickness = 3,

axes = frame, color = blue, numpoints = 100);

> M:= sqrt(8*Q_"2/9): r_cr :=
1.5%xM* (1+sqrt (1-8+%Q_"2/9/M"2) ) :

> D_c;

D _c:=2.771281294

D.c< D

D_c < De

> res := solve(f, u);

res 1= —.2754794469, .5566080169, 1.037947017 — .2343222916 I,
1.037947017 + .2343222916

> u_l :=res[1]: u_2 := res[4]: _u_2 :=res[3]: u_4d :=
res[2]:
> k;
should be < or = 1.
.7980466640 + 0. 1

> plotsetup(ps, plotoutput = ‘nuimagi3_2.eps‘, plotoptions =
P0O):
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> polarplot({[r, ph, y = 0..u_4]},
-10..10, -10..10, thickness = 3, axes = frame, scaling =

constrained, color = blue);

D < D_c

D_c < De

> res := solve(f, u);

res := —.3860244110, .6880983387 — .5165741872 I, .6880983387 + .5165741872 1,
1.366850338

> u_l :=res[1]: u_2 :=res[3]: _u_2 :=res[2]: u4d :=
res[4]:
> k;

should be < or = 1.

49121180114 0.7

> plotsetup(ps, plotoutput = ‘nuimagi4_2.eps‘, plotoptions =

PO):
> polarplot({[r, ph, y = 0..u_4]},

-10..2, -30..30, thickness = 3, axes = frame, scaling =

constrained, color = blue);

M2 2
2 < Q-

8 Q-
3

=

M should be <

> evalf(sqrt(8+Q_"2)/3);

7542472333
> M :=.7: De :=5
> res := solve(f, u);
res := —. 1775581062, .2386464340, 1.063205836 — .5869991701 I,

1.063205836 + 5869991701 1
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> u_l :=res[1]: u_2 :=res[4]: _u 2 :=res[3]: ud :=

res[2]:
> k;
should be < or = 1.
14441015174 0.1

> plotsetup(ps, plotoutput = ‘nuimagib.eps‘, plotoptions =

P0):
> polarplot({[r, ph, y = 0..u_4], [r, -ph, y = 0..u_41},

-80..10, -160..160, scaling = constrained, thickness = 3,

axes = frame, color = blue);

A.2.3 File that creates figure 8.8

Listing of nulcircst2.mws

Reissner-Nordstrom solution
Null geodesics
Double root - stable circular orbit
M? < Q2 < 9
> restart:
> ph := arcsin((2xcxxi+b)/sqrt(4*Q_"2*c+b~2)) /sqrt(-c):
> b := 2 *(M-2%Q_"2%u_c):
> ¢ := u_c *(3xM-4*Q_"2%u_c):
> r := 1/u:

> f := (u-u_c)"2

*(-Q_"2*%u"2+2% (M-Q_"2*u_c)*utu_cx (M-Q_"2%u_c)):

u_c := 1/r_cr:

Vv

> r_cr := 1.5xM*(1-sqrt(1-8%Q_"2/9/M"2)):
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v
=
i

11/14: Q_ := 0.8:

solve(f, u);

Y
o
I

w = 1.178725989, 1.178725989, .2941015908, —.1961964261

> u_2 :=ul[3]:
The turning point is

> 1/ul3];

3.400185620
> u := 1/xi +u_c:
> -1/u_c;

¢ must not exceed this
—.8483735909

> with(plots):
Warning, the name changecoords has been redefined

> Fi := polarplot([r, ph, xi = 1/(u_2-u_c)..-.85], -5..30,
-10..10, color = blue):
> 1rC := polarplot(r_cr, color = blue):

> plotsetup(ps, plotoutput = ‘nullcst_2.eps‘, plotoptions =

‘color, portrait, noborder‘):

> display({Fi, rC}, axes = frame, scaling =

3);

constrained, thickness

A.2.4 File that creates figure 8.12

Listing of nucirst2.mws

Reissner-Nordstrom solution
Null geodesics

Double root - unstable circular orbit

2 _ 9M?
Q" =5~

> restart:



284

> ph := 2 xsqrt(b*xi-Q_"2) /b:

> b =2 *x(M-2%Q_"2%u_c):

> r = 1/u:

> u_c := 1/r_cr:

> r_cr := 1.5x%M:

> Q_ :=0.8: M:= sqrt(8*Q_"2/9):
> u := 1/xi +u_c:

> with(plots):

Warning, the name changecoords has been redefined

> -1/u_c;
¢ must not exceed this

—1.131370850

> Fi := polarplot([r, ph, xi = -30..-1.14], -2.5..1.5,

-7..2, color = blue, thickness = 3, numpoints = 300):
> rC := polarplot(r_cr, linestyle = 2, color = black):

> plotsetup(ps, plotoutput = ‘nullcst2.eps‘, plotoptions =

‘color, portrait, noborder):

> display({Fi, rC}, axes = frame, scaling = constrained);

A.2.5 File that creates figure 10.3

Listing of timeplot.mws

Reissner-Nordstrom solution

Time-like geodesics

All real roots

> restart:
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> phl := g *EllipticF(arcsin(sqrt((u_4-u_2) *(y-u_1)
/(u_2-u_1) /(u_4-y))), k)/Q_:

> ph2 := g *EllipticF(arcsin(sqrt((u_4-u_2) *(y-u_3)
/(u_4-u_3) /(y-u_2))), k)/Q_:

> g = 2/sqrt((u_4-u_2)*(u_3-u_1)):
> k := sqrt((u_4-u_3)*(u_2-u_1)/(u_4-u_2)/(u_3-u_1)):
> r = 1/y:

> f = -Q_"2*%u”"4+2*M*xu~3-u"2* (1+Q_"2/L"2)+
2xM/L"2*%u-(1-E"2)/L"2 = 0:

> u_c :=0.2225: Q_ := .8: M :=1.2: r_c := 1/u_c;
r_c := 4.494382022
> r_r := 9*M"2/8; Q_"2; Q_"2/M;

r_r := 1.620000000
.64
5333333333
Following must hold:
> 1 -3xMxu_c +2*xQ_"2%u_c”2 > 0;

0 < .2623680000

> E_c := (1-2*M*u_c+Q_"2*%u_c"2)/ sqrt(1-3*M*u_c
+2xQ_"2%u_c"2);
> L_c := sqrt(M-Q_"2*%u_c)/ sqrt(u_c*x(1-3*M*u_c

+2%xQ_"2%u_c"2));
E_c:=.9716240286

L_c :=4.256378896

> L :=6: E :=0.98:

> u := solve(f);

u = 02671189456, .04910213582, .4002564198, 3.273929550

> u_l :=ul1]: u.3 :=ul3]: u.4 :=ul4]: u.2 :=ul2]:
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> k;
should be < or = 1.

2311126109

> with(plots):

Warning, the name changecoords has been redefined

> Fil := polarplot([r, phl, y = u_1..u_2], -24..38, -30..30,
thickness = 3, color = blue):

> Fi2 := polarplot([r, -phl, y = u_1l..u_2], thickness = 3,
color = blue):

> Se := polarplot([r, ph2, y = u_3..u_4], thickness = 3,

color = blue):

> 1C := polarplot(r_c, linestyle = 2, color = black):

> rR := polarplot(r_r, color = black):

> plotsetup(ps, plotoutput = ‘timeplot.eps‘, plotoptions =
‘color, portrait, noborder‘):

> display({Fil, Fi2, Se, rC, rR}, axes = frame, scaling =

constrained) ;

A.2.6 File that creates figure 11.1

Listing of charplot.mws

Reissner-Nordstrom solution

Charged particle

> restart:

> f := -Q_"2%xu"4
+2*xM*xu”3 -(1 +Q_"2%(1-q"2)/L"2)*u"2 +
2/L"2% (M-g*Q_*E)*u -(1-E"2)/L"2 = 0:

> u_c :=0.2225: Q_ := .8: M :=1.2: r_c :=1/u.c; q :=
2:
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r_c = 4.494382022
E_c := 1/2%(u_c*xq*Q_x(4*xMxu_c-1-3*Q_"2*u_c"2)
-sqrt ((2*M*xu_c-1-Q_"2*%u_c~2) "2
* (4-12xM*u_c+8*Q_"2%u_c~2+u_c~2*Q_"2xq"2)))
/ (=2%Q_"2%u_c"2+3*M*u_c-1) ;
L_c := (u_c*xQ_"2-u_c*Q_"2*q 2-M+q*Q_*E_c)
/(u_c*(=2%Q_"2%u_c 2+3*M*u_c-1)) ;

FE_c :=1.046972868

L_c .= —.8214996932

L :=6: E :=1.1:

u := solve(f);

u = —.08570880353, .06863713358, 4699066176, 3.297165052
phl =g

*(EllipticF (arcsin(sqrt ((u[4]-ul2]) *(y-u[1])
/(ul2]-ul1]) /(ul4]-y))), k) +EllipticK(k))/Q_:

ph2 := g *EllipticF(arcsin(sqrt((ul4]-ul[2]) *(y-ul3])
/(ul4]-ul3]) /(y-ul2]))), k)/Q_:

g = 2/sqrt((ul4]-ul2])*(ul3]-ul1])):

k :=

sqrt ((ul4]-ul[3])*x(ul2]-ul1])/(ul4]-ul2])/(ul3]-ul1l));
should be < or = 1.

k := .4932202926

r = 1/y:
with(plots):

Warning, the name changecoords has been redefined

>

Fil := polarplot([r, phl, y = ul1]..u[2]], -12..12,
-30..30, thickness = 3, color = blue):
Fi2 := polarplot([r, -phl, y = ul1]..u[2]], thickness

color = blue):

Se := polarplot([r, ph2, y = ul[3]..ul4]], thickness =

color = blue):

rC := polarplot(r_c, color = blue):

3,

3,
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> plotsetup(ps, plotoutput = ‘charplot.eps‘, plotoptions =
‘color, portrait, noborder‘):
> display({Fil, Fi2, Se, rC}, axes = frame, scaling =

constrained) ;

A.2.7 File that creates figures 13.4, 13.6, 13.8, 13.10,

13.12, 13.14, 13.16, 13.18 and 13.20

Listing of orbits.mws

Kerr space-time
First integrals and orbits

Continents configuration

Time-like geodesics

> restart:

\Y

L_plus := (2*Mxa*Exr +sqrt(Dr))/r/(2*M-r):
> L_minus := (2*MxaxExr -sqrt(Dr))/r/(2+M-r):
> Dr := rxDeltaxfir:

> fir := exr”3 +2*Mxdeltal*r™2 —-Q*r +2xMxQ:

> Delta := r"2 -2xM*xr +a”2:

> solve(e = E"2 -deltal, E);

Ve+ 681, —ve+ 61

> E := %[1]:

> M :=1: a :=sqrt(.84): e := .4: Q :=1: deltal := 1:

> P1 := plot(L_plus, r = 0..2xM, L = -10..10, labelfont =

[TIMES, ITALIC, 16]):

> P3 := plot(L_plus, r = 2*M..8*M):
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> P4 := plot(L_minus, r = 0..8%M):

> popis := textplot({[4, 8, N], [4, -9, S], [.2, 1, W]},
font = [TIMES, BOLDITALIC, 10]):

> with(plots):

Warning, the name changecoords has been redefined

> plotsetup(ps, plotoutput = ‘t-orbits.eps‘, plotoptions =

‘portrait, noborder‘):

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The time-like

geodesics", titlefont = [TIMES, ROMAN, 15]);

Null geodesics

> deltal := 0:
> Q_plus := 27*M"2x*e;
Q < Q_plus

Q_plus :=10.8
> P1 := plot(L_plus, r = 0..2*%M, L = -10..10, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..8*M, color = blue):

> P4 :

plot(L_minus, r = 0..8%M, color = blue):

> plotsetup(ps, plotoutput = ‘n-orbits.eps‘, plotoptions =

‘portrait, noborder, color‘):

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The null geodesics",

titlefont = [TIMES, ROMAN, 15]);
Space-like geodesics

> e :=1.04: deltal := -1:
> Q_plus := M"2%(27%e"2 -18%e -1 +(e -1)"(1/2)*(9*e
-1)°(3/2))/2/e; Q_minus := M"2%(27*e"2 -18%e -1 -(e

-1)"(1/2)*%(9%e -1)"(3/2))/2/e;
Q < Q_-minus
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Q_plus := 6.883444575
Q) _minus := 2.235016962
> Q :=1:

> P1 := plot(L_plus, r = 0..2«M, L = -10..10, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..8*M, color = blue):
> P4 := plot(L_minus, r = 0..8*%M, color = blue):

> plotsetup(ps, plotoutput = ‘s-orbitsl.eps‘, plotoptions

‘portrait, noborder, color‘):

> popisl := textplot([1.2, .5, U], font = [TIMES,
BOLDITALIC, 10]):

> display(P1, P3, P4, popis, popisl, thickness = 2, title
"r-L plot: Continents configuration \n The space-like

geodesics", titlefont = [TIMES, ROMAN, 15]);

> Q := 5:
Q_minus < QQ < Q_plus

> P1 := plot(L_plus, r = 0..2«M, L = -10..10, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..8*M, color = blue):
> P4 := plot(L_minus, r = 0..8*%M, color = blue):

> plotsetup(ps, plotoutput = ‘s-orbits.eps‘, plotoptions =

‘portrait, noborder, color‘):

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The space-like
geodesics", titlefont = [TIMES, ROMAN, 15]);

Barrier configuration

Time-like geodesics

> e := .4: (Q := 28: deltal := 1:
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> P1 := plot(L_plus, r = 0..2%«M, L = -10..10, labelfont =

[TIMES, ITALIC, 16]):

> P3 :

plot(L_plus, r = 2xM..10%M):

> P4 :

plot(L_minus, r = 0..10%M):
> plotsetup(ps, plotoutput = ‘t-orbits2.eps‘, plotoptions =

‘portrait, noborder‘):

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The time-like geodesics",

titlefont = [TIMES, ROMAN, 15]);
Null geodesics

> deltal := O:

> P1 := plot(L_plus, r = 0..2*%M, L = -15..10, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..10%M, color = blue, numpoints
= 5000) :

> P4 := plot(L_minus, r = 0..10%M, color = blue, numpoints =

2000) :

> plotsetup(ps, plotoutput = ‘n-orbits2.eps‘, plotoptions =

‘portrait, noborder, color‘):
> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The null geodesics",
titlefont = [TIMES, ROMAN, 15]);
Space-like geodesics
> e :=1.04: deltal := -1:

> P1 := plot(L_plus, r = 0..2*%M, L = -10..10, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 :

plot(L_plus, r = 2xM..8%M, color = blue):

> P4

plot(L_minus, r = 0..8%M, color = blue):
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plotsetup(ps, plotoutput = ‘s-orbits2.eps‘, plotoptions =

‘portrait, noborder, color‘):
display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The space-like geodesics",

titlefont = [TIMES, ROMAN, 15]);

Bay configuration

Time-like geodesics

\%

deltal :=1: e :=-.2: Q := 1:

P1 := plot(L_plus, r = 0..2%xM, L = -10..10, labelfont =
[TIMES, ITALIC, 16]):

P3 :

plot(L_plus, r = 2xM..10%M):

P4 := plot(L_minus, r = 0..10%M):

popis := textplot({[2, -2, "R > O"], [4, -9, "R < 0"]},
font = [TIMES, BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘t-orbits3.eps‘, plotoptions =
‘portrait, noborder‘):

display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Bay configuration \n The time-like geodesics",

titlefont = [TIMES, ROMAN, 15]);

Lake configuration

Time-like geodesics

>

e := -.08: Q :=14.2:

P1 := plot(L_plus, r
[TIMES, ITALIC, 16]):

0..2xM, L = -10..10, labelfont =

P3 := plot(L_plus, r = 2*M..20%M):

P4

plot(L_minus, r = 0..20%M, numpoints = 2000):

popisl := textplot([12, .5, "lake"], font = [TIMES, BOLD,
10]):
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> plotsetup(ps, plotoutput = ‘t-orbitsd.eps‘, plotoptions

‘portrait, noborder‘):

> display(P1, P3, P4, popis, popisl, thickness = 2, title
"r-L plot: Lake configuration \n The time-like
geodesics", titlefont = [TIMES, ROMAN, 15]);

A.2.8 File that creates figures 13.5, 13.7, 13.9, 13.11,

13.13, 13.15, 13.17, 13.19 and 13.21

Listing of orbits2.mws

Kerr space-time

First integrals and orbits

Continents configuration

Time-like geodesics
> restart:
> L_plus := (2«M*a*Exr +sqrt(Dr))/r/(2*M-r):
> L_minus := (2*M*axExr -sqrt(Dr))/r/(2+M-r):
> Dr := r*Deltaxfir:
> fir := exr~3 +2*Mxdeltal*r™2 —-Q*r +2xMxQ:
> Delta := r°2 -2xM*r +a”2:
> solve(e = E"2 -deltal, E);

Ve + 01, —ve+01

> E := %[1]:
> M :=1: a :=sqrt(19): e := .4: Q :=1: deltal := 1:

> P1 := plot(L_plus, r = 0..2«M, L = -30..30, labelfont =
[TIMES, ITALIC, 16], color = blue):



294

> P3 :

plot(L_plus, r = 2xM..10%M, color = blue):

> P4 := plot(L_minus, r = 0..10%M, color = blue):

> popis := textplot({[4, 20, NI, [4, -20, S1, [.2, 5, W1},
font = [TIMES, BOLDITALIC, 10]):

> with(plots):

Warning, the name changecoords has been redefined

> popt := ‘portrait, noborder, color‘:

> plotsetup(ps, plotoutput = ‘t-orbitsf.eps‘, plotoptions =
popt) :

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The time-like

geodesics", titlefont = [TIMES, ROMAN, 15]);

Null geodesics

> deltal := 0:
> (Q_plus := 27xM"2xe;
Q < Q_plus

Q@ _plus :=10.8
> P1 := plot(L_plus, r = 0..2*%M, L = -30..30, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..8*M, color = blue):

> P4 :

plot(L_minus, r = 0..8%M, color = blue):

> plotsetup(ps, plotoutput = ‘n-orbitsf.eps‘, plotoptions =

popt) :

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The null geodesics",

titlefont = [TIMES, ROMAN, 15]);
Space-like geodesics

> e :=1.04: deltal := -1:
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> Q_plus := M"2%(27xe"2 -18%e -1 +(e -1)"(1/2)*(9*e
-1)°(3/2))/2/e; Q_minus := M"2*x(27*e"2 -18%e -1 -(e

-1)"(1/2)*(9%e -1)"(3/2))/2/e;
Q < Q-minus

Q) _plus := 6.883444575
Q) _minus := 2.235016962
> Q :=1:

> P1 := plot(L_plus, r = 0..2«M, L = -30..30, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 :

plot(L_plus, r = 2xM..8*M, color = blue):

> P4 .

plot(L_minus, r = 0..8%M, color = blue):
> plotsetup(ps, plotoutput = ‘s-orbitsif.eps‘, plotoptions =
popt) :

> display(P1, P3, P4, popis, thickness = 2, title =
"r-L plot: Continents configuration \n The space-like
geodesics", titlefont = [TIMES, ROMAN, 15]);

> Q := b5:

Q_minus < QQ < Q_plus

> P1 := plot(L_plus, r = 0..2*%M, L = -30..30, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..8*M, color = blue):

> P4 := plot(L_minus, r = 0..8*%M, color = blue):

> plotsetup(ps, plotoutput = ‘s-orbitsf.eps‘, plotoptions =
popt) :

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Continents configuration \n The space-like

geodesics", titlefont = [TIMES, ROMAN, 15]);

Barrier configuration

Time-like geodesics
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e := .4: Q := 28: deltal := 1:

P1 := plot(L_plus, r = 0..2+«M, L = -30..40, labelfont =
[TIMES, ITALIC, 16], color = blue):

P3 := plot(L_plus, r = 2xM..10%M, color = blue):

P4 := plot(L_minus, r = 0..10*%M, color = blue):

plotsetup(ps, plotoutput = ‘t-orbits2f.eps‘, plotoptions =
popt) :

display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The time-like geodesics",

titlefont = [TIMES, ROMAN, 15]);

Null geodesics

>

>

deltal := O:

P1 := plot(L_plus, r = 0..2«M, L = -50..50, labelfont =
[TIMES, ITALIC, 16], color = blue):

P3 := plot(L_plus, r = 2xM..10%M, color = blue, numpoints
= 5000) :

P4 := plot(L_minus, r = 0..10*%M, color = blue, numpoints

2000) :

plotsetup(ps, plotoutput = ‘n-orbits2f.eps‘, plotoptions
popt) :

display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The null geodesics",

titlefont = [TIMES, ROMAN, 15]);

Space-like geodesics

>

>

e :=1.04: deltal := -1:

P1 := plot(L_plus, r = 0..2«M, L = -50..50, labelfont =
[TIMES, ITALIC, 16], color = blue):

P3 := plot(L_plus, r = 2x*M..8%M, color = blue):
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> P4 := plot(L_minus, r = 0..8*%M, color = blue):
> plotsetup(ps, plotoutput = ‘s-orbits2f.eps‘, plotoptions =
popt) :

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Barrier configuration \n The space-like geodesics",

titlefont = [TIMES, ROMAN, 15]);

Bay configuration
Time-like geodesics
> deltal :=1: e :=-.2: Q :=1:

> P1 := plot(L_plus, r = 0..2*%M, L = -10..40, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2%M..15%M, color = blue):

> P4

plot(L_minus, r = 0..15%M, color = blue):

> popis := textplot({[.8, 39, "R > 0"], [2, -8, "R > 0"],
[4, 9, "R < 0"]}, font = [TIMES, BOLDITALIC, 10]):

> plotsetup(ps, plotoutput = ‘t-orbits3f.eps‘, plotoptions =
popt) :

> display(P1, P3, P4, popis, thickness = 2, title = "r-L
plot: Bay configuration \n The time-like geodesics",

titlefont = [TIMES, ROMAN, 15]);

Lake configuration

Time-like geodesics
> e :=-.08: Q :=14.2:

> P1 := plot(L_plus, r = 0..2«M, L = -10..40, labelfont =
[TIMES, ITALIC, 16], color = blue):

> P3 := plot(L_plus, r = 2xM..20%M, color = blue):



298

> P4 := plot(L_minus, r = 0..20%M, numpoints = 2000, color
blue):

> popisl := textplot([11l, -1, "lake"], font = [TIMES, BOLD
10]1):

> plotsetup(ps, plotoutput = ‘t-orbits4f.eps‘, plotoptions

popt) :

> display(P1, P3, P4, popis, popisl, thickness = 2, title
"r-L plot: Lake configuration \n The time-like

geodesics", titlefont = [TIMES, ROMAN, 15]);

A.2.9 File that creates figures 14.1, 14.2, and 14.3

Listing of r-Lequat.mws

Kerr black hole

Equatorial plane

Null geodesics
> restart:
> D_plus := (2xMxa+r*sqrt(r~2-2*Mxr+a~2)) /(2+«M-r):
> D_minus := (2*Mxa-r*sqrt(r"2-2xMxr+a”2)) /(2+M-r):
> popt := ‘portrait, noborder, color‘:

Extreme Kerr solution
> a := M:
> M :=1:

> with(plots):

Warning, the name changecoords has been redefined

b
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> plus := plot(D_plus, r = 0..7«M, D = -10..5, discont =

true, color = blue):

> minu := plot(D_minus, r = 0..7%M, color = blue):

> popis := textplot({[2, 4, N], [4, -9, S], [.4, 1.3, W]},
font = [TIMES, BOLDITALIC, 10]):

> crit := plot(a, r = 0..7+M, thickness = 1, linestyle = 3,
color = black):

> popis2 := textplot([0, a, "a"], align = ’LEFT’):

> plotsetup(ps, plotoutput = ‘r-Leqext.eps‘, plotoptions =
popt) :

> display(plus, minu, popis, thickness = 2, crit, popis2,
title = "r-D plot in the extreme Kerr solution \n The null

geodesics", titlefont = [TIMES, ROMAN, 15]);

Fast Kerr solution
> a := 2%x.52;
a:=1.04

> plus := plot(D_plus, r = 0..7«M, D = -10..5, discont =
true, color = blue):

> minu := plot(D_minus, r = 0..7%M, color = blue):

> popis := textplot({[2, 4, N], [4, -9, 8], [.4, 1.3, W]},
font = [TIMES, BOLDITALIC, 10]):

> plotsetup(ps, plotoutput = ‘r-Leqfas.eps‘, plotoptions =
popt) :

> display(plus, minu, popis, thickness = 2, crit, popis2,
title = "r-D plot in the fast Kerr solution \n The null
geodesics", titlefont = [TIMES, ROMAN, 15]);

Slow Kerr solution

> a := 2%.48;
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plus := plot(D_plus, r = 0..7*M, D = -10..5, discont =
true):
minu := plot(D_minus, r = 0..7*M):

popis := textplot({[2, 4, N], [4, -9, S], [.4, 1.3, W]},
font = [TIMES, BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘r-Leqslo.eps‘, plotoptions =
‘portrait, noborder‘):

display(plus, minu, popis, thickness = 2, crit, popis2,
title = "r-D plot in the slow Kerr solution \n The null
geodesics", titlefont = [TIMES, ROMAN, 15]);

A.2.10 File that creates figure 14.4

Listing of eqnuplot.mws

Kerr black hole

Equatorial plane

Null geodesics

>

>

>

restart:
r = 1/y:
f := 2xMx(a-De) "2%u~3 +(a"2-De”2)*u"2+1:

M should be > a

>

>

a = .96: M :=1: De :=4:
u := solve(f, w;

u = —.2277020572, .3356987941, .7077927367
g = 2/sqrt(ul3] -ul1]):

k should be < or =1



301

k := sqrt((ul2]-ul1]) /[3]-ul1])); is(k <= 1);
k= 7760470671
true
p = 2+Mx(a -De)*(M"2 -a~2) +(a"2+De -2+M~2x(a

-De) ) *sqrt(M~2 -a"2):
h := solve(a™2%x"2 -2%M*x +1, x);

h = 1.388888889, .7812500000

u_plus := h[1]: u_minus := h[2]:

phl := g*p/2/(M"2 -a"2)*
((EllipticPi(sqrt((0.325-u[1])/(u[2]-ul1])),
(ul2]-ul1])/(u_plus-ul1]), k)
+El1lipticPi((ul2]-ul1])/(u_plus-u[1]),
k))/(u_plus-u[1])
-EllipticPi(sqrt((0.325-ul1])/(u[2]-ul1])),
(ul2]-ul1])/(u_minus-u([1]), k)
+E11lipticPi((u[2]-ul1])/(u_minus-ul1]),

k) /(u_minus-ul1]));

phl = 98.93177565

y := 1.19:

ph2 := g*p/2/(M"2-a"2)
*((EllipticPi((sqrt(ul3]-ul1])/(y-ul1])),
(u_minus-u[1])/(ul3]-ul1]), k)
+EllipticF((sqrt(ul3]-ul1])/(y-ul1])), k)) /(u_minus-ul1])
-(EllipticPi((sqrt(ul3]-ul1])/(y-ul1l)),
(u_plus-u[1])/(u[3]-ul1l), k)

+EllipticF ((sqrt(ul3]-ul1l)/(y-ul1l)), k))
/(u_plus-ul1]));

ph2 = 13.49258854
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14.9, 14.10, 14.11, 14.12, 14.13, 14.14, 14.15 and

14.16

Listing of RLEQSPAC.mws

Kerr black hole

Equatorial plane

Spacelike geodesics

>

>

>

>

restart:

L_plus := (2*Mxa*E +sqrt(r *Delta *((E"2+1) *r -2 *M)))

/(2 *M -r):

L_minus := (2#«M*xa*E -sqrt(r *Delta *((E"2+1) *r -2 *M)))

/(2 *M -r):
Delta := r"2 -2xM*r +a"2:
popt := ‘portrait, noborder, color‘:

M :=1:

Slow Kerr solution

>

>

a := .96:
r_pm := solve(Delta);
r_pm := 1.280000000, .7200000000

r_ := PLOT(CURVES([[r_pm[2],-16], [r_pm[2],81],
[[r_pm[1],-16], [r_pm[1],8]1]), LINESTYLE(3)):

popis2 := textplot([[r_pm[2], 0, "r_-"], [r_pm[1], O,

"r_+"]], ’align = BELOW’):

popis3 := textplot ([0, 2«M, "2M"], align = ’LEFT’):

El := sqrt(r_pm[1]/r_pm[2]);
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E := 2: fﬁ%ﬁ% < E
minu := plot(L_minus,
= 2):

plusl := plot(L_plus,
blue, thickness = 2):
plus2 := plot(L_plus,

blue, thickness = 2):

popis := textplot({[1l.
W]}, font = [TIMES, BOLDITALIC, 10]):

with(plots):

= 1.333333333

7; 7’ N]:

blue, thickness

0..2xM, L = 0..8%M, color =

2%M..5%xM, L = -16..0, color =

(4, -16, s], [.6, 2.7,

Warning, the name changecoords has been redefined

plotsetup(ps, plotoutput = ‘rLeqslsl.eps‘, plotoptions =

popt) :

display(plusl, plus2, minu, r_, popis, popis2, popis3,

title = "r-L plot in the slow Kerr solution: The

space-like geodesics\n E > sqrt(r_+/r_-)", titlefont =

[TIMES, ROMAN, 15]);

E := El1:

minu := plot(L_minus, r

= 2):

plusl := plot(L_plus, r

blue, thickness = 2):

plus2 := plot(L_plus, r

blue, thickness = 2):

blue, thickness

0..2%xM, L = 0..8%xM, color =

2%M. .5xM, L = -16..0, color =

bod := PLOT(POINTS([r_pm[2], 2], SYMBOL(CIRCLE)),

COLOR(RGB, 0, 0, 1)):

dvaM := plot(2xM, r =

black):

plotsetup(ps, plotoutput

popt) :

0..r_pm[2], linestyle = 2, color

‘rLegsls2.eps‘, plotoptions
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display(plusl, plus2, minu, bod, r_, dvaM, title = "r-L
plot in the slow Kerr solution: The space-like
geodesics\n E = sqrt(r_+/r_-)", titlefont = [TIMES, ROMAN,

15], popis, popis2, popis3);

E2 := sqrt(r_pm[2]/r_pm[1]);
E2 .= 7500000000
E:=1: E2<FE<FI

minu := plot(L_minus, r

= 2):

0..5*%M, color = black, thickness

plusl := plot(L_plus, r = 0..2%«M, L = 0..8*M, color =

black, thickness = 2):

plus2 := plot(L_plus, 2%M..5%M, L = -16..0, color =

H
Il

black, thickness = 2):

popis := textplot({[2.5, 6, N], [3.5, -13, S], [.85, 2,
W]}, font = [TIMES, BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘rLeqsls3.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, r_, title = "r-L plot in the
slow Kerr solution: The space-like geodesics\n
sqrt(r_-/r_+) < E < sqrt(r_+/r_-)", titlefont = [TIMES,

ROMAN, 15], popis, popis2, popis3);

E := E2:

minu := plot(L_minus, r 0..5%M, color = black, thickness

= 2):

plusl := plot(L_plus, r = 0..2%«M, L = 0..8*M, color =

black, thickness = 2):

plus2 := plot(L_plus, r 2*%M. .5%xM, L = -16..0, color =
black, thickness = 2):
dvaM := plot(2*M, r = O..r_pm[1], linestyle = 2, color =

black):
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popis := textplot({[2.4, 6, N], [3.5, -12, s8], [1, 1.5,
wl}, font = [TIMES, BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘rLeqslsd.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, r_, dvaM, title = "r-L plot in
the slow Kerr solution: The space-like geodesics\n E =
sqrt(r_-/r_+)", titlefont = [TIMES, ROMAN, 15], popis,

popis2, popis3);

E := .6: 0< E< FE2
minu := plot(L_minus, r

= 2):

0..5%M, color = black, thickness

plusl := plot(L_plus, r = 0..2#«M, L = 0..8%M, color =

black, thickness = 2):

plus2 := plot(L_plus, r = 2*M..5#«M, L = -16..0, color =

black, thickness = 2):

plotsetup(ps, plotoutput = ‘rLeqslsb.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, r_, title = "r-L plot in the

slow Kerr solution: The space-like geodesics\n 0 < E <

[TIMES, ROMAN, 15], popis,

sqrt(r_-/r_+)", titlefont

popis2, popis3);

E :=0:

minu := plot(L_minus, r = 0..5%M, color = black, thickness
= 2):

plusl := plot(L_plus, r = 0..2%«M, L = 0..8%M, color =

black, thickness = 2):

plus2 := plot(L_plus, r = 2*M..5#M, L = -16..0, color =
black, thickness = 2):
popis := textplot({[3, 6, NI, [3.4, -12, 8], [1, O, W]},

font = [TIMES, BOLDITALIC, 10]):
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> plotsetup(ps, plotoutput = ‘rLegsls6.eps‘, plotoptions =
popt) :

> display(plusl, plus2, minu, r_, title = "r-L plot in the
slow Kerr solution: The space-like geodesics\n E = 0",

titlefont = [TIMES, ROMAN, 15], popis, popis2, popis3);

Extreme Kerr solution

> r_pm := solve(Delta);
ropm:=1,1

> popis2 := textplot([[r_pm[2], O, "r_+/-"1], ’align =
BELOW’) :

> minu := plot(L_minus, r 0..5%M, color = blue, thickness

= 2):

> plusl := plot(L_plus, r = 0..2%«M, L = 0..8%M, color =

blue, thickness = 2):

> plus2 := plot(L_plus, r = 2«M..5%M, L = -16..0, color =

blue, thickness = 2):

> popis := textplot({[3, 6, N], [3.4, -12, S], [.9, 0.5,
W]}, font = [TIMES, BOLDITALIC, 10]):

> bod := PLOT(POINTS([r_pm[2], 0], SYMBOL(CIRCLE)),
COLOR(RGB, 0, 0, 1)):

> r_ := PLOT(CURVES([[r_pm[2],-16], [r_pm[2],8]],
[[r_pm[1],-16], [r_pm[1],8]]), LINESTYLE(3)):

> plotsetup(ps, plotoutput = ‘rLegexsl.eps‘, plotoptions =
popt) :

> display(plusl, plus2, minu, r_, bod, title = "r-L plot in
the extreme Kerr solution\n The space-like geodesics with
E = 0", titlefont = [TIMES, ROMAN, 15], popis, popis2,

popis3);
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E:= .6: 0<FE<1

minu := plot(L_minus, r 0..5*%M, color = blue, thickness

= 2):

plusl := plot(L_plus, r = 0..2#«M, L = 0..8%M, color =

blue, thickness = 2):

plus2 := plot(L_plus, r = 2*M..5#«M, L = -16..0, color =
blue, thickness = 2):

bod := PLOT(POINTS([r_pm[2], 2+MxE], SYMBOL(CIRCLE)),
COLOR(RGB, 0, 0, 1)):

dvaME := plot(2#M#E, r = 0..r_pm[2], linestyle = 2, color
= black):

popis4 := textplot ([0, 2«M*E, "2ME"], align = ’LEFT’):
plotsetup(ps, plotoutput = ‘rLegexs2.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, r_, bod, dvaME, title = "r-L
plot in the extreme Kerr solution\n The space-like

geodesics with 0 < E < 1", titlefont = [TIMES, ROMAN, 15],

popis, popis2, popis3, popisé

E :=1:

minu := plot(L_minus, r 0..5%M, color = blue, thickness

= 2):

plusl := plot(L_plus, r = 0..2%«M, L = 0..8*M, color =

blue, thickness = 2):

plus2 := plot(L_plus, r = 2«M..5%M, L = -16..0, color =
blue, thickness = 2):
popis := textplot({[3, 6, N], [3.4, -12, 8]}, font =

[TIMES, BOLDITALIC, 10]):

dvaM := plot(2*M, r = O0..r_pm[2], linestyle = 2, color
black) :

plotsetup(ps, plotoutput = ‘rLeqgexs3.eps‘, plotoptions

popt) :
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display(plusl, plus2, minu, r_, dvaM, title = "r-L plot in
the extreme Kerr solution\n The space-like geodesics with
E = 1", titlefont = [TIMES, ROMAN, 15], popis, popis2,

popis3);

E:=2: 1< F

minu := plot(L_minus, r 0..5*%M, color = blue, thickness

= 2):

plusl := plot(L_plus, r = 0..2#«M, L = 0..8%M, color =

blue, thickness = 2):

plus2 := plot(L_plus, r = 2«M..5%M, L = -16..0, color =
blue, thickness = 2):

dvaME := plot(2#M#E, r = 0..r_pm[2], linestyle = 2, color
= black):

popis4 := textplot ([0, 2+«M*E, "2ME"], align = ’LEFT’):
popis := textplot({[1.6, 7, N], [3.6, -16, S], [.6, 3,
W]}, font = [TIMES, BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘rLeqexsé4.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, r_, dvaME, title = "r-L plot
in the extreme Kerr solution\n The space-like geodesics
with E > 1", titlefont = [TIMES, ROMAN, 15], popis,

popis2, popis3, popis4);

Fast Kerr solution

>

>

a = 1.04:

minu := plot(L_minus, r = 0..5%M, color = blue, thickness
= 2):

plusl := plot(L_plus, r = 0..2%«M, L = 0..8*M, color =
blue, thickness = 2):

plus2 := plot(L_plus, r = 2#M..5%M, L = -16..0, color =

blue, thickness = 2):
popis := textplot({[1.6, 7, N], [4, -16, S]}, font =
[TIMES, BOLDITALIC, 10]):
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plotsetup(ps, plotoutput = ‘rLeqfasl.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, title = "r-L plot in the fast
Kerr solution\n The space-like geodesics with E > 0",

titlefont = [TIMES, ROMAN, 15], popis, popis3);

E :=0:

minu := plot(L_minus, r 0..5%M, color = blue, thickness

= 2):

plusl := plot(L_plus, r = 0..2%«M, L = 0..8%M, color =

blue, thickness = 2):

plus2 := plot(L_plus, r = 2«M..5%M, L = -16..0, color =
blue, thickness = 2):

popis := textplot({[3, 5, NI, [3, -10, S1}, font = [TIMES,
BOLDITALIC, 10]):

plotsetup(ps, plotoutput = ‘rLeqfas2.eps‘, plotoptions =
popt) :

display(plusl, plus2, minu, title = "r-L plot in the fast
Kerr solution\n The space-like geodesics with E = 0",

titlefont = [TIMES, ROMAN, 15], popis, popis3);

A.2.12 File that creates figures 15.1 and 15.2

Listing of nullcirc.mws

Kerr black hole

Null geodesics

n positive

Unstable orbits with constant radius

>

restart:
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res := EllipticF(sin(ps),k)/a/sqrt(mu_plus~2 + mu_minus~2)
= 1n(abs(2*sqrt(cx(1 + 4*r_s*x + c*x"2)) + 2%c*x + 4*r_s))
/ sqrt(c):

ph := E *EllipticF(sin(ps), k) /sqrt(mu_plus”2+mu_minus~2)
-Lz/a /sqrt(mu_plus~2+mu_minus~2)/(1-mu~2)
*E1lipticPi(sin(ps), alpha~2, k)

+ax (((r_p~2+a~2)*E-axLz)/(r_p-r_m)/(r_p-r_s)*f_p
-((r_m~2+a"~2)*E-a*xLz)/(r_p-r_m)/(r_m-r_s)*f_m
-((r_s"2+a"2)*E-axLz) /(r_p-r_s) /(r_m-r_s) /sqrt(c)

*x1n (abs (2*sqrt (c) *sqrt (y_s 2+4*r_s*y_s+c)/y_s +2*c/y_s
+4*r_s*y_s))):

Cc := 3*r_s”2 - a"2%eta_s/r_s"2:

x := 1/(r - r_s):
Lz := E/a/(r_s-M)

*(Mx(r_s"2-a"2)-r_s*x(r_s"2-2#«M*r_s+a"2)):
alpha := mu_plus/sqrt(mu_plus~2-1):

r_p :=M +sqrt(M"2-a"2): r_m := M -sqrt(M"2-a"2):

k := mu_plus/sqrt(mu_plus”2 + mu_minus”2):
ps := arccos(mu/mu_plus):
mu := cos(theta):

mu_plus := sqrt((sqrt((xi~2+eta_s-a"2) " 2+4*a"2*eta_s)
-(xi"2+eta_s-a"2)) /a"2/2):

mu_minus :=sqrt((sqrt((xi~2+eta_s-a"2) "2+4*a"2*eta_s)

+(xi~2+eta_s-a"2)) /a~2/2):
y_p :=Tr.p-r: y_m :=Tr_m-r: y_S§ :=T -Ir_S:

xi := Lz/E: eta_s := r_s"3/a"2/(r_s-M) 2%
(4xM* (r_s~2-2*M*r_s+a”2)-r_s*(r_s-M)"2):

a := .8: r_s :=1.85: E :=1:
subs(M = 1, r_p~2 -a"2 *eta_s/r_s"2 +2*r_p*r_s);

8.189697232
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above is positive so

> f_p := -1/sqrt(r_p~2 -a"2 *eta_s/r_s"2 +2xr_p*r_s)
*x1n(abs(2 *sqrt(r_p~2 -a”2 *eta_s/r_s”2 +2xr_p*r_s)

*xsqrt (y_p 2+ (-2*r_s-2*r_p)*y_p +r_p~2 -a"2 *eta_s/r_s"2
+2*%r_p*r_s) /y_p +2 *sqrt(r_p~2 -a"2 xeta_s/r_s"2 +2*r_px*r_s)

/y_p —2(r_p+r_s))):
> subs(M =1, r_m™2 -a"2 *eta_s/r_s”2 +2*r_m*r_s);

1.349697232

above is positive so

> f_m := -1/sqrt(r_m"2 -a”2 *eta_s/r_s"2 +2*xr_m*r_s)
*x1n(abs(2 *sqrt(r_m”2 -a”2 *eta_s/r_s”2 +2*%r_m*r_s)
*xsqrt (y_m™2+(-2*r_s-2*r_m)*y_m +r_m"2 -a”2 *eta_s/r_s"2
+2*%r_m*r_s) /y_m +2 xsqrt(r_m"2 -a"2 *eta_s/r_s"2

+2*%r_m*r_s) /y_m -2(r_m+r_s))):

> r := 3.2:

> resl := subs(M = 1, res):

> teta := solve(resl,theta);

teta = 1.833106054, 1.308486600

> evalf(subs({M = 1, theta = teta[1]}, ph));

—1.507997117

A.2.13 File that creates figures 15.3, 15.5 and 15.6

Listing of null2.mws

Kerr black hole

Null geodesics
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n=20

> restart:

> fii := axExgx(EllipticF(sin(ph), k)+EllipticK(k))
+axgx (B-A) /(r_p+r_m) *
(((a~2+r_p~2)*E-a*xL)*(alfa_2*(EllipticF(sin(ph),
k)+EllipticK(k))
+(alfa_p-alfa_2)/(1-alfa_p)*(EllipticPi(sin(ph),
alfa_p~2/(alfa_p~2-1),
k)+EllipticCPi(alfa_p~2/(alfa_p~2-1),
k)-2*xalfa_px*f_p))/(Axr1-(A+B)*r_p)
-((a"2+r_m"2)*E-a*L)*(alfa_2*(EllipticF(sin(ph),
k)+E1llipticK(k))
+(alfa_m-alfa_2)/(1-alfa_m)*(EllipticPi(sin(ph),
alfa_m~2/(alfa_m~2-1),
k)+EllipticCPi(alfa_m~2/(alfa_m~2-1),
k)-2xalfa_mxf_m))/(A*rl1-(A+B)*r_m))
+(L-a*E)/sqrt(a”2-xi"~2)
*1n(abs ((sqrt(1-xi~“2/a"2)+sqrt(1-xi~2/a"2-mu"2))/mu) )
+L/2/%1
*xarcsin((1-mu-xi~2/a"2)/(mu-1)/sqrt(1-xi~2/a"2))
+L/2/xi *arcsin((mu+1-xi~2/a"2)/(mu+l)/sqrt(1-xi~2/a~2)):

> k_ := sqrt(1-k~2):

> r_p := M +sqrt(M"2-a"2): r_m := M -sqrt(M"2-a"2):

> alfa_2 := (B+A)/(B-A):
> alfa_p := (Axrl-Axr_p-B*r_p)/(-Axrl+Axr_p-B*r_p):
> alfa_m := (Axril-A*xr_m-Bxr_m)/(-A*rl+Axr_m-B*r_m):

> g := 1/sqrt(A*B):

> ph := arccos(((A-B)*r-A*rl)/((A+B)*r-Axrl)):

> rl := -sqrt(4*x(a”2-xi~2)/3)*sinh(mateta/3):

> mateta := arcsinh(M*sqrt((a-xi)/(a+xi)~3)):
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> psi := arccos((r*A-r*B+r_1%A)/(r*A+r*B+r_1%A)):

v
o
i

1/2xsqrt (-A*Bx(-A~2-2%AxB-B~2+r_1"2))/A/B:

> B := sqrt(3xr_1"2+a"2-xi"2):
> A = sqrt(r_1"2+a"2-xi"2):
> r_1 := -sqrt(4x(a”2-xi"2)/3)*sinh(teta):

> teta := 1/3*arcsinh(3*x(M"2*(a-xi)/((a+xi)~3))"(1/3)):

> mu := cos(theta): mu_max := sqrt(l1-xi~2/a"2): xi := L/E:
> E:=1: a:=.8: L:=.4:

> evalf(subs(M = 1, alfa_p~2/(alfa_p~2-1) -k"2));

0418448815

because above is positive
> f_p := sqrt((alfa_p~2-1)/(alfa_p~2xk_"2+k~2)) /2

*1n(abs((sqrt(k~2+k_"2*alfa_p~2)*JacobiDN(sin(ph),
k)+sqrt(alfa_p~2-1)*JacobiSN(sin(ph),
k))/(sqrt(k~2+k_"2*alfa_p~2)*JacobiDN(sin(ph),
k)-sqrt(alfa_p~2-1)*JacobiSN(sin(ph), k)))):

> evalf(subsM = 1, alfa_m"2/(alfa_m"2-1) -k~2));

.0402442245

because above is positive
> f_m := sqrt((alfa_m”"2-1)/(alfa_m"2xk_"2+k~2)) /2

*1n(abs ((sqrt (k"2+k_"2%alfa_m~2)*JacobiDN(sin(ph),
k)+sqrt(alfa_m~2-1)*JacobiSN(sin(ph),
k))/(sqrt(k~2+k_"2*alfa_m~2)*JacobiDN(sin(ph),
k)-sqrt(alfa_m~2-1)*JacobiSN(sin(ph), k)))):

> vysl := subs(M = 1, arcsech(mu/mu_max)/sqrt(a”2-xi~2) =

EllipticF(sin(psi), k)/sqrt(A*B)):
> with(plots):

> addcoords(rtheta, [el,e2],[el,el*cos(e2)]):

Warning, the name changecoords has been redefined
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> plotsetup(ps, plotoutput = ‘nulll.eps‘, plotoptions =
‘portrait, noborder‘):
> obr := implicitplot(vysl, r = 0..3, theta=0..Pi/2,

numpoints=500, color = black, thickness = 3):
> changecoords (obr, rtheta);
> r := 1.107:
> theta_fin := solve(vysl, theta);
> evalf(subs({M = 1, theta = theta_fin}, fii));
theta_fin := 1.175652122

—14.51054171

A.2.14 File that creates figure 15.4

Listing of null-Cart.mws

Kerr space-time
Non-equatorial geodesics

Null geodesics
n <0

> restart:
> res := 1/a/mu_plus *EllipticF(sqrt(mu_plus~2
*(mu~2-mu_minus~2) /mu~2/ (mu_plus”2-mu_minus~2)), k_theta)

= g*x(EllipticF(sin(ph), k_r) +EllipticK(k_r)):
> k_theta := sqrt(mu_plus”2 - mu_minus”2)/mu_plus:

> mu := cos(teta):
> mu_plus := sqrt((abs(eta)+a”2-xi"2

+sqrt ((abs(eta)+a~2-xi"2) "2-4*a”~2*abs(eta))) /a~2/2):
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mu_minus := sqrt((abs(eta)+a”2-xi"2

-sqrt ((abs(eta)+a”2-xi"2) "2-4*a"2*abs(eta))) /a"~2/2):

g:= 2/(A+B):

ph := arctan((r-bl+alxgl)/(al+bl*xgl-gl*r)):

gl := sqrt((4*al1”2-(A-B)~2)/((A+B)"2-4*%al"2)):

k_r := sqrt(4*A*B/(A+B)~2):

A = sqrt((b1-b2)"2+(al+a2)"~2):

B := sqrt((b1-b2)"2+(al-a2)"2):

al := sqrt(-(ul-ulbar)~2/4): bl := (ul+ulbar)/2:
b2 := (u3+u3bar)/2: a2 := sqrt(-(u3-u3bar)"2/4):
R := r"4 +(a"2-xi"2-eta)*r"2 +2*Mx(eta+(xi-a) " 2)*r
-a"2*eta:

M:=1: a:= .8: xi:= -.0b6: eta:=-.3:

is(abs(eta) < a”2); is(abs(xi) < abs(a)-sqrt(abs(eta)));

is(a”2 > xi"2); is(sqrt(abs(eta)) < abs(a-xi));
true
true
true
true

res_r := solve(R);

res_r := —.3616054637 — .1237265849 I,
—.3616054637 + 1237265849 I, .3616054637 — 1.087983803 I,
3616054637 + 1.087983803 1

ul := res_r[1]: wulbar := res_r[2]: u3 := res_r[3]:

u3bar := res_r[4]:
evalf(k_theta); k_r;
7240394697

9969020174 4+ 0. 1

r := 0.825: res_mu := solve(res, mu);
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res-mu := —.7924506676, .7924506676
> evalf(arccos(mu_plus)*360/2/Pi); # minimum angle
4.935416764
> evalf (arccos(mu_minus)*360/2/Pi); # maximum angle
46.59103978
> evalf(mu_plus); evalf (mu_minus);
.9962923063

6872011280

A.2.15 File that creates figure 17.1

Listing of tlmgcirc.mws

Kerr black hole

Timelike geodesics

Unstable orbits with constant radius

> restart:

> eta_s := r_s"2/a"2/(r_s-M)
*x(r_s*(4*a~2+«M-r_s*(r_s-3*M)"2)/(r_s-M)
+(r_s*(r_s-2*M) "2 -a~2+M)/E"2
-2%r_s*M/ (r_s-M)*Deltax* (1-sqrt (1-(1-M/r_s)/E"2))):

> Delta := r_s”™2 -2xM*r_s +a"2:

a := sqrt(.84): r_s := 2.154:
rs = 1.85 gives negative values for eta_s
M:=1: E := sqrt(1-.02):

eta_s; .
should be positive

vV Vv

VvV Vv

5.551938391
> [ := eta_s*xE"2;

Q := 5.440899624
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gama := -a"2*eta_s/r_s"2 +2*Mx*r_s;
gama = 4.208591961
alpha := 1-1/E"2:

De := -4x((r_s*x(1-1/E"2)+M/E"2)"2
+alpha~2*eta_s/r_s"2*x(1-1/E"2));

De := —3.813805160
res := EllipticF(sin(psi),k)/alpha/mu_plus =
1n(abs (2*sqrt (gama*F)+2*gama*x+beta) ) /sqrt (gama) :

F := betaxx +gama*x™2:

beta := 4xr_s*x(1-1/E~2) +2xM/E"2:

x :=1/(r - r_s):
k := mu_minus/mu_plus: psi := arcsin(mu/mu_minus):
mu_plus := (xi_s"2+eta_s+alpha”2

+sqrt ((xi_s"2+eta_s+alpha”2) "2-4xalpha”2*eta_s))
/2/alpha:
mu_minus := (xi_s"2+eta_s+alpha”2
-sqrt ((xi_s"2+eta_s+alpha”2) "2-4xalpha”2*eta_s)) /2/alpha:
mu := cos(theta):
xi_s = (Mx(r_s"2-a"2)
-r_s*Deltaxsqrt(1-(1-M/r_s)/E~2)) /a /(r_s-M);
x1-8 = 2.805967772
lim := solve(eta_s -(xi_s"2+eta_s+alpha”2)*mu~2

+alpha”2*mu~4 = 0, mu); mu_max := lim[4]:
lim 1= —143.6502598, 143.6502598, —.2895717129, .2895717129
solve(subs(r, res), r);

2.154000000, .1030562634
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A.2.16 File that creates figure 17.2

Listing of tmbdcirc.mws

Kerr black hole

Timelike geodesics

n positive

Stable orbits with constant radius

> restart:

> rovl := M*r~2 -Q*r +3xMxQQ = O:
> rov2 := exr”2 -Mkx(3%e-1)*r -4*M~2 =0:
> M :=1: a :=sqrt(.84): e :=-.08: E := sqrt(e+l);

E = .9591663047
> aa := solve({rovl, rov2}, {r, Q});

aa := {r = 4.577855615, ) = 13.28179957}, {Q = 15.05820043, r = 10.92214439}
> r_s := 10.92214439: Q_minus := 15.05820043: Lz :=
2«Mxa*xE/ (2*xM-r_s): eta_s := Q_minus/E"2;

eta_s := 16.36760916
> gama := -a"2*eta_s/r_s”2 +2*M*r_s;
gama := 21.72903672

> alpha := 1-1/E"2:
> De := -4x((r_s*(1-1/E"2)+M/E~2)"2

+alpha~2*eta_s/r_s"2*x(1-1/E°2));

De := —.07493980729
> res := EllipticF(sin(psi),k)/alpha/mu_plus =
1n(abs (2*sqrt (gama*F)+2*xgama*x+beta) ) /sqrt (gama) :

> F := 1-1/E"2+beta*x +gama*x~2:

> beta := 4xr_s*(1-1/E~2) +2*xM/E"2:
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x := 1/(r - r_s):

xi_s := Lz/E:
k := mu_minus/mu_plus: psi := arcsin(mu/mu_minus):

mu_plus := (xi_s"2+eta_s+alpha”2
+sqrt ((xi_s"2+eta_s+alpha”2) "2-4*alpha”2*eta_s))
/2/alpha;

mu_plus == —188.7131272
mu_minus := (xi_s"2+eta_s+alpha”2

-sqrt ((xi_s"2+eta_s+alpha”2) "2-4*alpha”2*eta_s)) /2/alpha;

mu_minus := —.08673276975
lim := solve(eta_s -(xi_s"2+eta_s+alpha”2)*mu~2

+alpha”2*mu”4 = 0, mu);
lim = —46.58541571, 46.58541571, —.9987125027, .9987125027
solve(subs(r = 8+1/3, res), mu);
—.08465346478
2xM/3/abs(e) ;

8.333333333

A.2.17 File that creates figure 17.3

Listing of tim Cart.mws

Kerr space-time

Non-equatorial geodesics

Timelike geodesics

n <0

>

restart:
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res := 1/alpha/mu_plus

*EllipticF(sqrt (mu_plus”2*(mu”2-mu_minus~2)/mu”2
/(mu_plus~2-mu_minus~2)), k_theta) =
g*(EllipticF(sin(ph), k_r) +EllipticK(k_r)):

k_theta := sqrt(mu_plus”2 - mu_minus~2)/mu_plus:

mu := cos(teta):

mu_plus := sqrt((abs(eta)+alpha”2-xi"2
+sqrt ((abs(eta)+alpha”2-xi~2) "2-4*alpha”2
xabs(eta))) /alpha®2/2):

mu_minus := sqrt((abs(eta)+alpha”2-xi"2
-sqrt ((abs(eta)+alpha”2-xi~2) "2-4*alpha”2
xabs(eta))) /alpha”2/2):

g:= 1/sqrt(A+B):
ph := arccos(((A-B)*r+u2+B-ul*A)/((A+B)*r-u2*B-ul*A)):
k_r := sqrt(((A+B)"2-(u2-ul)~2)/A/B)/2:

A

sqrt ((u2-b1l)"2+al1"2):

B :

sqrt ((ul-b1)"2+al"2):

al := sqrt(-(u3-ulbar)~2)/2: bl := (u3+u3bar)/2:

R := r"4 +(a"2-xi"2-eta)*r"2 +2«Mx*(eta+(xi-a) "2)*r

-a"2%eta -r"2*Delta/E"2:

alpha := axsqrt(1-E"(-2)): Delta := r"2-2*«Mxr+a”2:
M:=1: a:= sqrt(.84): xi:= -.5: eta:= -1/9: E:=3:
is(abs(eta) < alpha”2); is(abs(xi) <

abs (alpha)-sqrt(abs(eta))); is(a"2 > xi"2);

is(sqrt(abs(eta)) < abs(a-xi));
true
true
true

true
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> res_r := solve(R);

res_r := —1.551956533, —.02471812107, .6633373271 — 1.515620811 I,
6633373271 + 1.515620811 1

> ul :=res_rl[1]: u2 := res_r[2]: u3 := res_rl[3]:

u3bar := res_r[4]:
> evalf(k_theta); k_r;
6953171656
96315171204+ 0. 1
> r_p := Mtsqrt(M"2-a"2); r_m := M-sqrt(M"2-a"2);
r_p := 1.400000000
r_m := .6000000000
> r :=1.8: res_mu := solve(res, mu);
res_-mu = —.7304418066, .7304418066
> evalf (mu_plus); evalf(mu_minus);
7326270425

5265412721



Appendix B

Derivation of the metrics

The general Theory of Relativity (GTR) was developed by Einstein in order to
discuss gravitation. He postulated the principle of covariance, which asserts
that the laws of physics must be independent of the space-time coordinates.
Einstein also introduced the principle of equivalence, which states that in an
arbitrary gravitational field no local experiment can distinguish a freely falling
nonrotating system (local inertial system) from a uniformly moving system in
the absence of a gravitational field.

The metric field depends on the gravitating masses and energies which are

present. This is expressed quantitatively in Finstein’s field equations,

87CG 1 i
Rij=—3 (Tij — §gz'jT) (T = g"Ty) (B.1)

where T;; denotes the energy-momentum tensor of the matter and of the field
(other than gravitational) which may be present and G is the constant of
gravitation (which, like ¢, we shall set equal to 1). They are the core of GTR.
Einstein discovered these after a long and difficult search, and announced them
in November 1915. He was also able to show that this theory reduces to the
Newtonian one, in lowest order, for the case of weak field and slow motions of
the masses which serve as sources of the gravitational field.

Today we know that objects having extremely strong gravitational field
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exist in the Universe. Not even the most repulsive nuclear forces can always
prevent the final collapse to a black hole. For such dramatic events GTR must

be used.

B.1 Derivation of the spherically symmetric
Schwarzschild solution

The Schwarzschild metric is a spherically symmetric solution of Einstein’s

equation for the vacuum. A metric of the form

ds? = e (dt)? — 22 (dr)* — r?[(d6)” + (dp)*sin? 6], (B.2)

where v and jy are functions of ¢ ( = 2° = —iz?) and r, is spherically sym-

metrical.

We must now insert the ansatz (B.2) into the field equations. For this, it is
necessary to compute the Ricci tensor (or the Einstein tensor) corresponding
to the metric (B.2), which can be accomplished with the help of the Cartan
calculus [7, 40] (the traditional computation using the Christoffel symbols can

be found in [36]). The only non-vanishing components of the Riemann tensor

are
e_2u2
—Ri212 = —Razo3 = + . Mo
e_2M2
—Rig14 = —R3434 = — , Vy,
efyffLZ
—Ra334 = +Rig1a = — H2.4 ,
T (B.3)

—Rigis =17 (1—e22)
and

—Rogoy = —e 77 [(em_yﬂzA)A + (ey_m’/,r),r] :

The field equations now follow from setting the various components of the

Ricci tensor equal to zero. Therefore

o = po(7) (B.4)
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and

V= —Us. (B.5)

The solution can now be completed by considering the equation

R33 = R1313 + R2323 + R4343 =0. (B6)

Hence

The solution of this equation is
e 2 =1-2M/r, (B.8)

where M is a constant, and it can be identified physically with the rest mass of
the gravitating particle by comparison with Newtonian limit at large distances.
We thus obtain the Schwarzschild solution in the most familiar form (and also

in the form in which Schwarzschild originally wrote it)

ds? = (1 - %) (dt)* — % —r2[(d0)* + (dp)’sin?6] . (B.9)

It consists of an event horizon (at r = 2M) and a singularity at the center.
Since the metric coefficients are explicitly independent of time and there is
no dragging of the inertial frame the space-time is static as experienced by
an observer external to the horizon. The radial coordinate r is a ‘luminosity
distance’ in the sense that the surface area of a sphere of ‘radius’ r is 4772, t is
a measure of proper time for an observer at rest at infinity.

If a signal is emitted from inside the horizon, it will not reach a distant
observer. The stellar matter is cut off from the outside world. The horizon is
the boundary of the region which is causally connected to a distant observer.
Thus it acts like a one way membrane through which energy and information
can pass to the interior, but not to the exterior. The singularity has no causal

connection to an external observer; he cannot “see” it.
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An external observer far away from the collapsing star will see it reach
the horizon only after an infinitely long time as a result of the gravitational
time dilatation. However, in practice, the star will become invisible, since the
red shift will start to increase, and luminosity decreases. Afterwards, we are

dealing with a “black hole”.

B.2 Reissner—Nordstrom solution

A spherically symmetric solution of the coupled equations of Einstein and
of Maxwell represents a black hole with mass and charge. We can, as in

section B.1, write the line element
ds? = e*"2 [(de)Q - (dx2)2] — e [(dQ)Q + (dg)? sin’ 9] . (B.10)

where g and ps are functions only of 2% and z?. As we are now con-
sidering a space-time, in which an electromagnetic field is present, we can-
not set the Ricci tensor to zero, as we did in B.1. Instead we must set
Ry = —2 (UCdFachd — inabFefF ef ), where F;, denotes the tetrad components
of the Maxwell tensor and 7),, denotes the Minkowskian metric of the chosen

ortho-normal tetrad-frame.

B.2.1 The solution of Maxwell equations

The axial components of the Maxwell tensor must vanish. As none of the
components of the Maxwell tensor can depend on 6, the only non-vanishing

component of the Maxwell tensor is Fj, which must have the form
F02 = _Q*e—ng s (Bll)

where (), is a constant.

With Fys = Fy3 = 0 and Fjyy given by equation (B.11), we find that

—R44 = Roo = RH = _R22 = R33 = Qie_4“3 s and R42 = 0 . (B12)
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B.2.2 Derivation of the Reissner—Nordstrom metric

A similar derivation to one for the Schwarzschild metric in section B.1, can be
given. Hence, with a metric of the form (B.2), we have the same expressions
(B.3) for the non-vanishing components of the Riemann tensor. And with
(B.12), the conclusions expressed in (B.4) and (B.6) continue to hold. But in

place of (B.7) there is now (see (B.12))

€_2u, 1

2lo +3 (1—e22) = Ryy = T (B.13)
The solution of this equation is
e =1 — ¥ + ?—5 <: e = %) ; (B.14)
and we have the solution in its standard form
ds® = T% (dt)? — %2 (dr)? —r? [(d6)® + (dp)’ sin? 0] . (B.15)

Asymptotically the electric field is radial and the corresponding Gaussian

flux integral is 47Q),. This shows that Q). is the charge of the black hole.

B.3 Axisymmetric space-time — The Kerr So-
lution

A metric appropriate to stationary axisymmetric space-times can be written

as
ds? = e (dt)? — e* (dp — wdt)® — &2 (dz?)® — e (d2®)®,  (B.16)

where v, 1, w, and ps are functions of 22 and 2® with the freedom to impose
coordinate conditions on uy and us.
The vanishing and the non-vanishing components of the Riemann tensor

can be found (see [7]).
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The components of the Ricci (R,;) and the Einstein (G;) tensors are given
by linear combinations of the components of the Riemann tensor [7]. By setting
them equal to zero, the equations governing stationary axisymmetric vacuum

space-times can be obtained. It will be sufficient to consider only the following

equations:
e 2K [u,w + o (Y4 v — s+ us),g} +
+ 72 [ug,g +vs (Y +v+po— ,u3)73} = (B.17)
— +% VT (e7Hw )% + e 7w 57) (Roo = 0) ,
e 22 [7/1,2,2 + Yo (V+v—pg+ M3),2}
+ o2 [w,g,g + s (V4 v+ ps — ug)’g} = (B.18)
— _% VT (e7Hw % + e MW 5°) (B11 =0),
(i) | () 20 (Ra=0),  (B19
(WFv) s =W+ v)gpaz— (V) gpusp+Poths+ oy =
o ) (B.20)
— e W oW 3 (Ra3 =0),
o—2u3 [(1/1 T 1) g+ (0 + V)5 (v —p3) 5+ ¢,3¢,3]
e s ] - way
_ _i e2¥—2v (6*2“2@22 - e’2“3w732) (G2 =0),
e [W) F V)t (WA V) (v — ) + @0,2"40,2}
+ e 2ms [1/,3 (Y + p2) 5 + ¢,3H2,3] = (B.22)
_ _I_i Q202 (6_2“%),22 _ e_2”3w732) (G33=0) .
The sum and the difference of equations (B.17) and (B.18) give
(e"i‘_“zeﬁg)z + (euz—weﬁﬁ)’3 =0, (B.23)
ES N A
2 3 (B.24)

= _elv (6“3_“20‘),22 + 6“2_“30‘)732) 7
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where =19 + v.
The addition of equations (B.21) and (B.22) gives the same equation (B.23),

while subtracting them gives

AeH3—H2 <5,2N3,2 + 1/;72%2) — 4et2™H3 (@3/12,3 + ¢,3I/,3) =

— 2P [(e’“”_meﬁ’g) )

)

_ (6”2_“36673) 3} — e (6“3_“%}722 _ 6“2_“3(,0732) )
(B.25)

Exercising the gauge-freedom, we have to impose coordinate condition on
p2 and 3 in some convenient manner. The metric (B.16) we now write in the

form

eh2 +ps3

VA

1

ds® = 7 | x (dt)? y (dp — wdt)Q] — [(da:Q)2 + A (dx3)2} , (B.26)

where

X =e ¥, (B.27)

B.3.1 The choice of gauge

It is useful to choose the polar angle 6 (with respect to the axis of symmetry)
as the spacial coordinate 22. We shall suppose that the metric allows an event
horizon, which we shall define as a smooth two—dimensional, null surface, which
is spanned by the Killing vectors /0t and 9/0¢.

With the stationarity and axisymmetry of the space-time, the equation of
the event horizon is N (2%,2%) = 0. The condition to be null is g N;N; = 0.

For the chosen form of metric this equation gives

s N 2 4 Np? =, (B.28)

2

where x° = r. Because of the gauge freedom we can suppose that

e?s=r2) = A(r), (B.29)
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where A(r) is some function of r. We shall assume that e’ is separable in the

variables 7 and @,

ef = AV25(0), (B.30)

where f(6) is some function of § which is regular on the axis 6 = 0.

With e#s7#2 and e” given by equations (B.29) and (B.30), a solution of
equation (B.23), compatible with the requirements of regularity on the axis
and convexity of the horizon, is determined by A,, = 2 and f = sin#; and

the appropriate solution for A is
A=1r*—2Mr+ad*, (B.31)

where M and a are constants.

Choice of gauge consistent with the existence of an event horizon gives
the solution e#3~#2 = A2 and e = A/2sinf, where A is given by equation
(B.31).

With the solutions for e*37#2 and e’ and by using p = cosé instead of
@ as the variable indicated by index ‘3’, the equations (B.24) and (B.19),

respectively become

[A (¢ — y),Q} ot [5 (¥ — V>73] = V) (Aw,? 4 6ws?) ,  (B.32)

3

and

(A2, ot [562@7:/)@3]’ =0, (B.33)

3

where § = 1 — y? = sin?#. Using the equation (B.27), the equations (B.32)
and (B.33) will have the forms

X

A )

Letting X = y+w and Y = y —w, we obtain the pair of symmetric equations.

A 0 1
<_X’2) +(_X’3) = =5 (Awy® +dwy?) (B.34)
X 2 3 X
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Equations (B.20) and (B.25) become

1 r
5 (13 + p2) 5 + A (3 + p2) 5 =

(XY + Yo X B.36
(X+Y)2( 2Ys+Y2X5)  (B.36)

and

.
20r = M) (g3 + p12) g + ——— (13 + o) 3 =

4 —MP—A -
:m—yy(ax,zyz—axvgxg)—:a(r A) + & > 2 (B.37)

The Ernst equation

Additional form of the basic equations that is related to the finding of all
stationary axisymmetric solutions of Einstein’s equations for the vacuum is
due to Ernst.

The potential @ is governed by the equation

2 2

X X

Xy Ly B.
(5 ,2)72+(A ,3)’3, (B.38)

and equation (B.34) in terms of @ becomes

[A (In X)Q] ot [5 (In X),g} .= Xzzgzs,g? + X;qzz?. (B.39)

Letting ¥ = vV Ad/x, equations (B.38) and (B.39) can be reduced to ([7])

W |(AW) , + (005) 5| = A (52 = 057) +6 (W7 — 0s?) | (B.40)

W[(A@yg)g + (5@3)73] = 2AW72¢72 + 25@3@73 . (B41)

Now expressing ¥ and @ as the real and imaginary parts of a complex function

Z, equations (B.40) and (B.41) can be combined into the single equation
(AZ,), + (52,3),3] ReZ = AZs? + 677 (B.42)
Using the transformation,

7 = (B.43)
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(see [7]), equation (B.42) becomes
(1= BE") [(AEy) , + (0By) ;| = —2B" (AB,* + 6E,?) . (B.44)

This is Ernst’s equation.
Associated with a solution (x,w), we have the conjugate solution (y,@).
(analysis in [7]). Accordingly, a conjugate Ernst-equation may be derived.

Thus by defining

- VA 22
§= Y20 e X T v e (B.45)
X X
Y A o2
@72 = ?wyg; @73 = —?WQ = _FW,Z; (B46>

and chaning back to the variables n and u, we have

(1 _ EE> {[(772 1) Eﬁn} o+ [(1 _ ) E“] M} _

= <28 (" = 1) (Bo)" + (1 =) (B)"] - (BAT)

B.3.2 The derivation of the Kerr metric

Ernst’s equation (B.47) allows an elementary solution. The solutions for ¥
and @ ca be found by separating the real and imaginary parts of the corre-
sponding solution for Z, and reverting to the variable 7 (see [7, p. 286]). Then
with equations (B.46) and (B.45) and with the knowledge of ¢*’(= Ad), the

solutions for w and e?¥ take simple forms because of the identities
[(rQ +a°) Fav Aé} (\/Z + a\/g) = pP"VA+2aMrV5 (B.48)

and

22 (A= a?b) = p*A — 4a® M*r?6, (B.49)

where

22 =(r*+ a2)2 —a?AS. (B.50)
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Therefore, using the identity (B.49),

e? = 5/)—‘22 : (B.51)
and
W= 2“2]\2“ (B.52)
Further,
e = = p;_? . (B.53)
and

02 A
R e 2
X =e __2”_6 . (B.54)

To complete the solution, using the formulae that give the derivatives of
X and Y equations (B.36) and (B.37) can be reduced. Their solution is given
by (see [7, p. 288])

2
st _ 2 (B.55)

A ?
and because e#3 2 = /A the solutions for e#® and e#?, separately, are

e = p? | A and ez = p? (B.56)

The solution for all metric coefficients are completed; and the final metric is

A 52 2aMr \* 2
ds = 2—(dt)2—? (d(,p— “227&) sinQG—%(dT)Q—pz (d0)* . (B.57)

From the asymptotical behavior we conclude that the parameter M is to be

identified with the mass of the black hole, and a is to be interpreted as the

angular momentum per unit of black hole.
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