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Abstract

This thesis examines the history of generics in the Go programming language,
and analyses two specific issues that arise: local type declarations inside generic
functions, and embedded type parameters.

This work includes a novel algorithm for lambda lifting, a problem closely
related to the handling of local types inside generic functions in Go. The
correctness of this algorithm is proven with respect to both a specification from
the literature and additional specifications. Parts of these proofs are formalised
using the Lean 4 theorem prover.

For embedded type parameters, this thesis proposes sound member promo-
tion rules for type parameters embedded in struct types in Go.

The testing methodology used in this thesis centres around checking, which

strikes a middle ground between formal verification and testing.
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Chapter 1

Introduction

Algorithms are the core of computer science [29]. They are widespread in the
field, and many areas of computer science rely on them at a foundational level.
They make it possible to efficiently solve problems which otherwise could not be
solved. In many cases the same common algorithms are used in multiple areas,
and get implemented and re-implemented by many programmers. Improving
these algorithms by making them more efficient and simpler is advantageous.

Improving long-standing algorithms carries with it the burden of showing
that the improved algorithm is (still) correct. This thesis uses a combination
of formal verification (including “pen and paper” proofs and machine-checked
proofs) and checking [4], which involves verifying that properties hold on specific
inputs rather than on all inputs; checking is easier than formal verification but
provides weaker guarantees.

This thesis examines two examples of such algorithms in the field of program-
ming language design and implementation, with a specific focus on generics in
the Go programming language. The first is a novel algorithm for lambda lifting.
The second is a sound promotion algorithm for embedded type parameters in
the Go programming language. These examples have been identified because
there is a practical need for them, and improvement is desired.

The research questions and hypothesis of this thesis are:

1. In what ways can we improve algorithms used in the field of programming

language design and implementation?
2. Can these improvements be applied to real-world software?

3. How can we verify that our improved algorithms are correct?



4. Hypothesis: Many areas of computer science depend on algorithms
at a foundational level. Improving these algorithms, which are often

widespread and common, can benefit those areas.

The thesis supports this hypothesis with two examples.

The thesis is organised into eight chapters. Chapter 2 describes the checker
approach. Chapter 3 gives a broad introduction to generics, while Chapter 4
discusses the history of generics in Go and a possible future direction. Chapter 5
is an extended version of a paper on lambda lifting [49] presented in the
IEEE/ACM 14th International Conference on Formal Methods in Software
Engineering (FormaliSE ’26), co-authored with Steve Reeves. Chapter 6
discusses the related problem of local types in Go, and Chapter 7 describes a
promotion algorithm for embedded type parameters in Go. Chapter 8 concludes.

We now give a detailed introduction to lambda lifting and to generics in

Go.

1.1 Lambda lifting

Many programming languages allow functions to be declared inside other
functions, a feature known as “nested functions” or “local functions” It is
useful because it allows programmers to avoid namespace pollution, group code
logically, and most importantly, because it allows the local functions to refer
to identifiers from the enclosing scope. Access to the enclosing scope can make
the code more concise and improve readability, since values from the enclosing
scope do not need to be passed explicitly to the local functions. Further, in
languages that allow functions to be used as values, nested functions offer a
convenient way to create functions that have associated data, such as a callback
with associated state.

However, it can be challenging to handle nested functions in compilers due
to the non-local references to variables from enclosing scopes. In particular,
the use of nested functions as values is incompatible with stack-based function
calling; this is known as the “funarg” problem [91, 58].

Lambda lifting [35] is a technique that converts a program containing nested
functions into an equivalent program that does not make use of nested functions.

This is useful because it means later compilation passes do not need to handle



nested functions. The idea is to “lift” each local function to the top-level scope,
and introduce additional parameters as necessary to satisfy references to free
variables. Determining the required set of additional parameters is non-trivial
due to the existence of mutually-recursive functions; this task is the core of the
lambda lifting algorithm.

The original lambda lifting algorithm [35] has time complexity O(n3). A
series of papers [15, 55] has led to an O(n?) algorithm [56] for performing
lambda lifting, however this algorithm is complex.

In Chapter 5 we present a simple algorithm whose worst-case time complexity
is O(n?) like the fastest existing algorithm. We go further and show that the
time complexity of our algorithm is linear in the size of the output program.

We prove that our algorithm is correct with respect to an existing formal
specification from the literature [19] and with respect to our notion of a
“complete” and “minimal” lifting, making it the first algorithm proven to
compute the minimal required set of additional parameters.

We also formalise the lambda lifting specification from [19] in Lean 4, and
use that to prove some of the properties and test our algorithm on a large suite
of generated test cases.

Chapter 5 concludes with a brief description of the connection between
lambda lifting and local types inside generic functions in the Go programming

language.

1.2 Generics in the Go programming language

Go is a statically typed, compiled programming language developed at Google [66].
It was conceived in 2007 and became an open source project in 2009.! Go was
designed as a systems language with garbage collection and well-integrated
concurrency [20]. Two of the core goals of Go are fast compilation [66] and
backward compatibility [14].

One of the major omissions in Go’s original type system was generics—the
ability for types and functions to have type parameters. Generics was the most-

requested feature in the annual Go user surveys of 2016-2017 and 2019-2021.

'https://go.dev/doc/faqi#thistory “Frequently Asked Questions (FAQ)”. The Go Docu-
mentation. Retrieved 7 July 2026.
2https://go.dev/blog/survey2016-results, https://go.dev/blog/survey2017-results,


https://go.dev/doc/faq#history
https://go.dev/blog/survey2016-results
https://go.dev/blog/survey2017-results

The need for generics was the original motivation for this research.

For a long time the Go developers were resistant to adding generics due
to the complexity and the challenge of finding a design that is expressive and
performant.® After several rejected proposals, generics were added in 2022.
The implementation in the compiler is challenging and there is room for further

work.

1.2.1 The need for generics

To illustrate the need for generics, consider the following simple Go function
that reverses a slice (resizable array) of integers:
func Reverselnts(original [Jint) [Jint {
reversed := make([]int, len(original))
for i := 0; i < len(original); i++ {
reversed[len(original)-i-1] = originall[il

3

return reversed

3

Variations of this example are commonly used to illustrate generics [82],
with the natural question being how this function could be generalised to
support slices with other element types.

Some notes on the syntax of Go:

e The type [1T denotes a slice (resizable array) with elements of type T.

e The types of function parameters are written after their names, and the
return type of a function is written after the parameter list; this is the

opposite from the C family.

e The := operator is a shorthand variable declaration. The type of the

variable is inferred from the type of the right-hand side.

e The built-in function make creates slices (and values of other built-in
types). It is special in that its first parameter is a type; user-defined

functions cannot take types as arguments.

https://go.dev/blog/survey2019-results, https://go.dev/blog/survey2020-results,
https://go.dev/blog/survey2021-results

3https://go.dev/doc/faqg#beginning_generics “Frequently Asked Questions (FAQ)”.
The Go Documentation. Retrieved 7 July 2026.


https://go.dev/blog/survey2019-results
https://go.dev/blog/survey2020-results
https://go.dev/blog/survey2021-results
https://go.dev/doc/faq#beginning_generics

A function that does the same but for a slice of strings would look as follows:

func ReverseStrings(original [Jstring) [J]string {
reversed := make([]string, len(original))
for i := 0; i < len(original); i++ {
reversed[len(original)-i-1] = original[il]
}

return reversed

3

This function is identical, except that the type int has been replaced with
string.

The Go community is not averse to copying code,® but that becomes
unmaintainable when the amount of code and the number of copies grow; in
particular, fixing bugs becomes a significant burden.

Prior to the addition of generics, there was no satisfactory general-purpose
approach for writing code (such as for reversing a slice) that could be used
with arbitrary types; we discuss the approaches that were available and their
shortcomings in Section 4.1.

With generics, a function Reverse can be written as follows:

func Reversel[T anyl(original [JIT) [IT {

reversed := make([]T, len(original))
for i := 0; i < len(original); i++ {

reversed[len(original)-i-1] = originall[il

3

return reversed

}

This function has a type parameter named T. The keyword any is an alias for
the empty interface, interface{}, and indicates that there are no constraints
on T. To use this function, one would write:

var numbers [Jint = []int{1, 2, 3}

numbers = Reversel[int](numbers)

var words []string = [Istring{"hello", "world"}
words = Reverse[string](words)

Type inference allows the type argument to be omitted in the above cases, so

one could equivalently write Reverse(numbers).

4A little copying is better than a little dependency”. Rob Pike. Go Proverbs. Gopherfest
2015. https://www.youtube.com/watch?v=PAAKCSZUG1c&t=9m28s


https://www.youtube.com/watch?v=PAAkCSZUG1c&t=9m28s

1.2.2 Local types inside generic functions

Go has supported local type declarations inside functions since the very first
version.” Before the addition of generics, their sole purpose was to limit the
scope of the declared type—Tlocal type declarations could be trivially converted
to global type declarations by choosing unique identifiers.

With the addition of generics, local type declarations have become much
more interesting and useful, because the declaration may refer to the type
parameters of the enclosing function (as demonstrated in the example below).

Handling such local type declarations in the compiler directly is challenging;
the most sensible approach is to automatically convert them to global types
during an early compilation pass. This requires introducing type parameters
to the type declarations, analogously to lambda lifting; these type parameters
are called implicit type parameters in Go.

The existing implementation in the Go compiler inserts all the type param-
eters from the enclosing scope as implicit type parameters, even if they are
not used in the type declaration.® This choice has an observable effect on type
identity.

We argue that type parameters should only be added as implicit type
parameters if they are referenced by the local type (directly or indirectly) to
match the expectations of programmers. This corresponds to the notion of a
“minimal lifting”. We support our position with an analysis of the corpus of
publicly available Go source code.

The following example demonstrates the usefulness of local types inside
generic functions. It is a partial code fragment that shows how any unstable
sorting algorithm can be used to implement stable sorting (where the order of
equal elements is preserved), by recording the original index of each element
and using that to break ties in comparisons. The function has a type parameter
called E, and contains a local type declaration of a struct type ElemWithIndex
that has a field of type E. (The type ElemWithIndex is necessary because Go

does not provide a built-in “Pair” type.)

Shttps://go.googlesource.com/go/+/18c5b488a3b2e218/doc/go_spec, lines 953 and
848.

Shttps://github.com/golang/go/issues/58573 “spec: are local types in different instan-
tiations of a generic function identical?”


https://go.googlesource.com/go/+/18c5b488a3b2e218/doc/go_spec
https://github.com/golang/go/issues/58573

7

func StableSort[E any]l(elements [JE, cmp func(a, b E) int) [JE {
type ElemWithIndex struct {
element E
origIndex int

}
indexed := make([JElemWithIndex, len(elements))

for i, e := range elements {
indexed[i] = ElemWithIndex{e, i}

. Sort(indexed, func(a, b ElemWithIndex) int { ... }) ...

return ...

}

If we wish to convert ElemWithIndex to a global type (either manually or
during compilation), we need to add a type parameter and insert corresponding
type arguments at each reference to ElemWithIndex, to allow it to continue to
refer to E:

type ElemWithIndex[E any] struct {
element E
origIndex int

}
func StableSort[E any]l(elements [JE, cmp func(a, b E) int) [JE {

indexed := make([JElemWithIndex[E], len(elements))
for i, e := range elements {
indexed[i] = ElemWithIndex[El{e, i}

. Sort(indexed, func(a, b ElemWithIndex[E]) int { ... })

return ...

}

Performing this transformation manually is tedious and adds verbosity, so
allowing local type declarations to refer to the type parameters of the enclosing
function is convenient for programmers.

In that example, E must clearly be added as an implicit type parameter
of ElemWithIndex for the converted program to be valid. However, if the
function declared a type such as type Point struct { x, y int} that does
not reference the type parameter E, it is not clear whether this type should
have E as an implicit type parameter. We argue that adding unreferenced type
parameters as implicit type parameters is surprising and unlikely to match the

programmer’s intent



1.2.3 Embedded type parameters

Embedded fields [20, §Struct types] are a feature of Go that allows a form of
composition which resembles subclassing.” A struct type may contain embedded
field declarations, written as a type without a field name. Methods of the
embedded field are promoted to methods of the enclosing type; the effect is as
if the programmer wrote wrapper methods that delegate to the corresponding
methods of the embedded field. If multiple embedded fields have methods with
the same name, disambiguation rules are used to determine which of these
methods will be promoted [20, §Selectors].®

As an aside, the key difference between Go’s embedding and subclassing is
that embedding does not allow open recursion [65, §18.1], as demonstrated by
the following ill-advised program:

package main
import "math"

type Vec2D struct {
X, Y float64
}
func (v Vec2D) MagSquared() float64 { return v.X*v.X + v.Yxv.Y }
func (v Vec2D) Mag() float64 { return math.Sqrt(v.MagSquared()) }

type Vec3D struct {
Vec2D // Embedded field
yA float64
}
func (v Vec3D) MagSquared() float64 {

return v.X*v.X + v.Yxv.Y + v.Z%v.Z

3

func main() {
v := Vec3D{Vec2D{1, 13}, 1}
println(v.Mag())
// Output: 1.4142135623730951

3

"https://go.dev/doc/faq#Is_Go_an_object-oriented_language “Frequently Asked
Questions (FAQ)”. The Go Documentation. Retrieved 7 July 2026.

8If the enclosing type does not declare a method with that name, and there is a unique
shallowest method (based on the number of levels of embedded fields), then that method is
promoted; otherwise no method with that name is promoted. Go does not allow method
overloading (multiple methods with the same name but different type signatures).


https://go.dev/doc/faq#Is_Go_an_object-oriented_language

The syntax func (v Vec2D) Mag() declares a method with receiver type Vec2D;
by convention, the receiver’s name is a short identifier rather than this or self.
In this example the method Vec2D.Mag is promoted to Vec3D.Mag. Calling
Vec3D.Mag is equivalent to calling the method Vec2D.Mag of the embedded
field, which in turn calls Vec2D.MagSquared (not Vec3D.MagSquared); hence
the output of the program is V2, not V3.

The interaction between embedding and generics is complex. The accepted
proposal for generics allows the type parameters of generic struct types to
be used as embedded field types [85, §Embedded type parameter|, but the
early compiler implementation was unsound (as we demonstrate in Section 7.1).
Embedded type parameters were disallowed prior to the release of generics due
to other reasons.

One simple approach for allowing embedded type parameters is to only
promote methods specified in the type parameter’s constraint, and not promote
the other methods of the corresponding type argument. This approach is sound,
but we argue that it does not increase the expressive power of the language
and therefore would not be a useful language feature.

We address this by proposing sound promotion rules for embedded type pa-
rameters that allow promotion of the methods of corresponding type arguments.
These rules are complex, but they allow interesting and useful programming

idioms, such as the “mixin” pattern [5].



Chapter 2

Testing Methodology

Software verification approaches can be loosely classified into two broad cate-
gories: testing and formal verification; here we also introduce the category of
checking. Formal verification proves the desired properties hold on all inputs,
but requires significant effort. Testing generally requires much less effort, but
gives a lower level of assurance—it only shows that the properties hold on the
examples tested. Checking [4] verifies that properties hold on arbitrary given
inputs.

For the lambda lifting algorithms, the strongest assurance of correctness
would clearly be fully machine-checked proofs, but constructing such proofs
is very difficult due to the level of detail required (and each algorithm would
require a separate analysis). Instead, we take a pragmatic hybrid approach: we
give a “pen and paper” proof of the correctness of our simple algorithm (with
some parts formalised in Lean), and we use testing to obtain some assurance
regarding the correctness of a selection of other algorithms (and some additional
assurance for our algorithm). This is feasible to implement—in particular, the
testing framework can be reused across all algorithms, so the only additional
work required for each algorithm is to provide an implementation.

The inherent limitations of this approach are that paper proofs are suscepti-
ble to human error, and exhaustive enumeration of the test cases is not possible.
Nevertheless, we feel that the level of assurance given by this approach is more
than satisfactory for our purposes.

The other usual limitations also apply—the specifications that we test
against might be incorrect or incomplete; there could be bugs in the Lean

kernel, compiler, or interpreter; there could be bugs in the operating system or
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hardware on which the tests are performed; and so on.

Besides formal verification, another approach is to check the results of the
algorithm during each execution rather than certify the algorithm itself. This
idea has been explored in the literature.

Blum and Kanna [4] give an excellent introduction to checkers, contrasting
them with verification. They describe checking as “the simpler task of verifying
that a given program returns a correct answer on a given input rather than on
all inputs”, and state that “checking is not as good as verification, but it is easier
to do”. They focus on probabilistic checkers (based on the idea of probabilistic
interactive proofs from cryptography); simplifying, for a mathematical function
7(x) and for any program P(x) that supposedly computes m(x), they define a
program checker as a probabilistic algorithm CF(I; k) that reports' whether
P(I) = n(I) and is incorrect with probability less than 1/2%. Note that the
checker is independent of P, despite what the notation appears to suggest; [90,
p. 830] states explicitly that P is an input of the checker. Interactive checkers
may invoke P on arbitrary inputs, while non-interactive checkers only invoke P
on I (this is mentioned in [4, §6] and described more explicitly in [90]). Non-
probabilistic checkers can be defined by replacing 1/2% with 0. The definition
only supports checking for equality, but it could be generalised to accept an
arbitrary proposition ¢(I, Q) by replacing P(I) = n(I) with ¢ (I, P(I)). Blum
and Kanna briefly consider the idea of proving checkers correct, but instead
they choose to only require checkers to be in some way independent of the
program being checked; this is enforced by requiring the running time of the
checker to be o(T'(n)) where T'(n) is the smallest known computation time
for 7 [90].

Goerigk et al. [21] propose an approach which integrates the checker’s
result into a formal proof of a postcondition. Briefly, for a partial function
f(x) with precondition P(x) and postcondition Q(x, y), the idea is to divide
Q into two parts, a proposition Q1(x,y) and a checker ga(x,y), then prove
P(x) A defined(f(x)) = Q1(x, f(x)) and Q1(x,y) A ga(x,y) = Q(x,y). This

proves that the partial function

x = if defined(f(x)) A ga(x, f(x)) then f(x) else undefined

IThe actual definition is slightly looser: if P(I) = w(I) but there exists some x such that
P(x) # m(x), then the checker is permitted to report anything; this is rule is refined in [90].
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is partially correct with respect to P and Q. Note that the proofs are for a
particular implementation of f—the proof of Q1 may use the fact that y = f(x)
and rely on the implementation details of f. This is the most suitable approach
for our use cases, mainly because of the integration with formal verification.

Mehlhorn et al. [52] define the notion of a “certifying algorithm”, building on
earlier work [73, 53, 41]. A certifying algorithm is an algorithm that produces
with each output a witness which can be used by a checker to confirm that the
output is correct. For example, a certifying algorithm for determining whether
a graph is bipartite could return a two-colouring of the graph as the witness
when it reports the graph is bipartite, or an odd-length cycle as the witness
when it reports the graph is non-bipartite [52, §2.1]. Mehlhorn et al. insist
that checkers must be simple programs, and that the witness may only be
trivial in exceptional cases. They mention that one option for ensuring the
correctness of a checker is to use formal verification, while the other option
(which they appear to favour) is to pragmatically assume that the checker is
correct thanks to its simplicity. This definition is a poor fit for our use cases,
because our checkers generally do not require witnesses (and because we favour
formal verification over simplicity).

A related body of work is the design by contract approach [54] for object-
oriented programming, which could be loosely summarised as specifying pre-
conditions, postconditions, and class invariants using assertions®. The earlier
works do not have a direct link to formal verification; the Java Modeling Lan-
guage [44] is notable in that it uses the same syntax for both runtime assertion
checking and formal verification. One of the major advantages of Lean is that it
was designed from the outset as both a theorem prover and a general-purpose
functional programming language, so it offers seamless integration between
the two. Another related field is Runtime Verification [1], which deals with
analysing the execution trace of a stateful system; it is not applicable to our
use cases.

A notable example of the checker approach is [59], a certifying compiler for
a subset of the C programming language that produces a formal proof of type

safety for the generated assembly code on success.

2These assertions equate to runtime checks. Interestingly, some of the earliest uses of the
term “assertion” in computer science [23, 87, 32] were in the context of proving correctness
rather than runtime checking.



13

A recent example from a different field is [38], which deals with verifying
collision avoidance for a polygonal object moving in the plane along a path.
A paper proof of the method was given, and the implementation generates
a machine-checkable proof for each output (limited to rectangular objects).
The proofs are checked using PVS (Prototype Verification System [61, 62]),
a specification language integrated with a theorem prover; the algorithm is
implemented in Python.

The fundamental limitation of the checker approach is that there is no guar-
antee of availability—it is possible that the check will fail when the algorithm
is executed on certain inputs. In the case of lambda lifting (and compilers in
general), availability does not seem to be a major concern [45], so checking is a
good alternative to verification.

Having considered the variations of the checker approach found in the

literature, we characterise it as follows for this thesis:

1. A checker is a program that determines whether a proposition holds on

an output of another program.

2. Checkers should be verified. One option is to formally prove that the
checker is correct (preferably using a machine-checked proof). Another
option is to write a certifying checker that constructs a proof of the
proposition (for example a proof that can be verified by a theorem

prover?).

3. There should be good reason to believe that the proposition will always
hold—the primary purpose of the checker is verification, not control flow

for error handling.

4. The checker should support all valid inputs (in contrast with tests, which

are often limited to a fixed set of known inputs and outputs).

5. The program being checked may include in its output a witness [52] to

assist the checker, but this is optional.

We used this approach to test our lambda lifting algorithm and our promo-

tion algorithm for Go.

3In Lean, one can directly build a Lean proof and return the proof alongside a value using
Subtype. This technique does not seem to be widely used; it is discussed at [69].



Chapter 3

Background on Generics

Generics, also known as parametric polymorphism, is a language facility that
allows types and functions to have type parameters. The term “parametric
polymorphism” was coined by Strachey in 1967 [71, 50]; the term “generics”
was popularised by Java, appearing in 1997 [6]. Generics is important in
statically-typed programming languages for allowing programmers to write
type-safe code that can operate on different types, as shown in Section 1.2.1.

Even statically-typed languages without generics typically have some highly-
limited form of “generics”, restricted to built-in types, operators, and functions.
For example, most languages allow programmers to declare arrays with a
particular element type, such as an array of integers. As another example, the
built-in function append in the Go programming language adds an element to
a slice (Go’s resizable array type); its type signature cannot be represented
without type parameters, so it is handled in the type checker as a special case.
Generics allow programmers to declare their own types and functions with a
similar level of expressiveness.

In this chapter we mention some of the implementations of generics used in
existing programming languages, and give a glossary that summarises the key

concepts.
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3.1 (Generics in other languages

3.1.1 Java

Java is a widely used object-oriented programming language. Generics were
added to the language in 2004 with the J2SE 1.5 release (after earlier research
projects [6]).

Generics in Java are a compile-time construct implemented using type
erasure [22]. After type checking code, the compiler effectively translates it
into non-generic code by replacing type parameters with Object and inserting
casts as required. This implementation relies on the fact that all types in
Java (with the exception of the primitive types int, char, etc.) use a uniform
representation—they are represented as a fixed-size reference to an object. This
means that String[] (an array of String) and Object[] have the same layout
in memory, can be operated on by the same code.

The decision to use type erasure was influenced by Java’s binary compati-
bility guarantees. With type erasure, the standard library (in particular, the
collections library) could be retrofitted with generics to improve type safety
and lift the burden of casts from the programmer, without changing the bi-
nary interface—after type erasure, the compiled library code is the same as in
pre-generics Java.

Type erasure also simplified implementation, since only the compiler needs
to be modified. Java code is compiled to bytecode, an intermediate form
which is executed by the Java Virtual Machine (JVM). Neither the bytecode
instruction set nor the virtual machine was affected by the addition of generics,
since the compiler converts generic code to non-generic code using erasure.

A consequence of type erasure is that casts between generic types cannot
be checked; when casting an object to ArrayList<String>, the runtime can
check that the object is an instance of ArrayList, but it cannot check that the
type argument is String because that information is not recorded at runtime.

Java’s implementation relies on uniform representation; the primitive types
cannot be used directly as type parameters, since their representation is not
compatible with the representation of reference types. The approach taken in
Java to “box” the primitive types using wrapper classes roughly equivalent to

the following:



16

class Integer { int value; }

The wrapper classes are reference types, so they can be used as type
parameters. To pass a primitive value to a method that expects an Object, an
instance of the wrapper class is constructed (“boxing”); to use the primitive
value stored in an object, one must first cast it to the correct wrapper class,
and then the value field can be accessed (“unboxing”). For convenience, the
compiler automatically performs boxing and unboxing in most cases.

This approach is simple, but incurs a performance and memory penalty
since a heap-allocated wrapper object is needed for each boxed primitive value.

Caching the wrapper objects can mitigate this, but only to a small extent.

3.1.2 C#

C# is a programming language designed by Microsoft, strongly influenced by
Java. C# has taken a different approach to generics [36].

Type information is kept at runtime, which allows casts between generic
types to be checked. Like Java, C# had an extensive collections library be-
fore generics were added. The collections classes could not be transformed
into generic versions in a compatible way; so instead, generic versions were
added in a different namespace—the old collections classes continue to be
available in the namespace System.Collections, while the new classes are in
System.Collections.Generic. Gradual migration was more difficult with this
approach, but it benefits modern code.

Generics in C# support non-uniform representation using runtime code
generation (with code sharing for types with the same representation). This
approach is not applicable to Go, because one of the goals of Go is to not

require runtime code generation.’

3.1.3 C++

In C++, support for generic classes and functions is provided through templates.
The compiler instantiates templates by substituting the template arguments
for the template parameters and compiling the resulting code. Templates are

automatically instantiated when they are referenced.

Ihttps://docs.google.com/document/pub?id=1IXHI5Jr9k4zDdmUhcZImH59bOUK@G325T1F
Y6hdelcM Russ Cox. 2012. “Alternatives to Dynamic Code Generation in Go”.


https://docs.google.com/document/pub?id=1IXHI5Jr9k4zDdmUhcZImH59bOUK0G325J1FY6hdelcM
https://docs.google.com/document/pub?id=1IXHI5Jr9k4zDdmUhcZImH59bOUK0G325J1FY6hdelcM
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A limitation of templates is that instantiation occurs at compilation time,
so all uses of a template must be known statically. We discuss this topic in
more detail in Section 4.2. Templates also raise concerns of “code bloat”™—large
executables due to many instantiations.

C++ templates did not originally support a way to specify the requirements
on the template arguments; rather, the permitted template arguments are those
for which the corresponding template body compiles.

The lack of well-specified constraints often results in long and inscrutable
error messages. As a particularly egregious example, the following 7-line
program produces 1,373 lines of error messages in GCC 16.1:

#include <algorithm>

struct Person { char* name; };

int main() {

Person arr[5];
std::sort(arr, arr + 5);

return 0;

3

The error in this program is that the type Person does not implement operator<,
so it cannot be used with std: :sort.

A relatively recent addition to C++ are concepts, which address this issue by
allowing templates to specify explicit requirements on their parameters. C++
Concepts have a complicated history. An early version was planned for C++11
(then-named “C++0x”), but was withdrawn due to complexity and technical
issues [72]. A revised version was added in C++20. The syntax for specifying
requirements is based on giving example expressions that need to compile, with

special syntax for specifying return types.

3.1.4 Haskell

Haskell is a purely functional programming language. It uses the Hindley—
Milner type system for type inference, extended with type classes to provide
overloading [89].

The implementation of generics (parametric polymorphism) in Haskell uses
uniform representation. Haskell does not rely on run-time type information,

and does not permit casts; instead, a generic function specifies the operations
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required from its type parameters using type classes (roughly analogous to
interfaces in Java), and dictionary-passing is used to pass the implementation
of those operations to the generic function. The dictionaries roughly correspond
to the virtual method tables of object-oriented languages, but they are stored

separately from the object.

3.2 Terminology

Run-time type information (RTTI) makes information about the types of values
available at runtime. This information is required for operations such as checked
casts (which in Go are called type assertions). There are different approaches
to handling this information; in Java for example, run-time type information
(excluding erased information) is included in the representation of every object?
(though there is work under way to change this®). In contrast, Go only records
run-time type information when a value is converted to an interface value [12].

Uniform representation refers to values of values of different types having
the same representations in memory. Uniform representation has the several
advantages, including simplicity and support for polymorphism (both in the
object-oriented sense and the parametric sense), but it is has significant memory
overhead. In Java, the compromise is that all reference types have uniform
representation, while a small number of primitive types have non-uniform
representation for efficiency. In contrast, languages from the C family (including
Go) lean towards memory-efficient, non-uniform representations; for example,
it is common to declare an array of elements such as struct values that are
packed contiguously in memory, with no reference indirection.

Bozing. One of the challenges with non-uniform representation is to write
code that can operate on types with different representations. For example in
Java, generics is restricted to reference types; a generic function for reversing
an array can accept String[], but not int[] (which has a different layout
in memory). A solution to allow code to operate on values with different
representations is to “box” (wrap) the values into a uniform

Erasure. Some implementations of generics, notably Java, translate generic

2https://openjdk.org/jeps/450 “JEP 450: Compact Object Headers”. Retrieved 7 July
2026.

3https://openjdk.org/jeps/401 “JEP 401: Value Objects (Preview)”. Retrieved 7 July
2026.


https://openjdk.org/jeps/450
https://openjdk.org/jeps/401
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code to non-generic code using uniform representation or boxing, and do not
store run-time type information about type arguments. This approach has
limitations; for example, casts to generic types cannot be fully checked.

Dictionary-passing [89] is a technique where a generic function is passed
the implementation of operations defined on its type parameters.

Monomorphisation is the technique of translating a generic type/function
into multiple non-generic (monomorphic) copies, one for each set of type
arguments used throughout a program; C++ templates use monomorphisation.
Monomorphisation has the advantage of producing efficient code, but the
disadvantage of requiring all instantiations to be known statically. We use the
term specialisation synonymously with monomorphisation.

First-class generic functions is a term that we will introduce in Section 4.2,
in the context of Go. It has connections to several ideas from type theory:
higher-rank polymorphism, impredicative polymorphism, and polymorphic

recursion.



Chapter 4

History of Generics in Go

The first open-source release of the Go programming language was in November
2009, and the first comment! noting the omission of generics was posted within
24 hours [82]. Go was released without generics due to the complexity involved
and because the Go team initially did not consider generics essential to the
language’s goals.?

In December 2009, Russ Cox of the Go team posted a short blog post
titled “The Generic Dilemma” [11] describing the basic approaches for handling
generics in a compiler and their drawbacks: (1) leave out generics, which
slows programmers; (2) use compile-time specialisation as in C++, which slows
compilation; (3) use boxing as in Java, which slows execution. Hence the
dilemma: “Do you want slow programmers, slow compilers and bloated binaries,
or slow execution times?”

Over time, the need for generics in Go became clear. The annual Go surveys
showed that generics are a very important feature for users (as mentioned in
Section 1.2). There were many instances where the lack of generics has been
a problem; to give just two examples, new channel operations® could only be
added by changing the language rather than writing library functions [13], and
members of the Go team grew disillusioned with workarounds such as the one

used in the sort package.’

https://groups.google.com/g/golang-nuts/c/70-pdwlUrbI/m/onMsQspcljc
JE. 2009. The Go Nuts Mailing List.

2https://go.dev/doc/fag#beginning_generics “Frequently Asked Questions (FAQ)”.
The Go Documentation. Retrieved 7 July 2026.

Shttps://github.com/golang/go/issues/26282 “proposal: spec: clone and splice, new
channel primitives”.

4https://github.com/golang/go/issues/16721 “sort: make sorting easier, add sort.Slice,

”


https://groups.google.com/g/golang-nuts/c/70-pdwUUrbI/m/onMsQspcljcJ
https://go.dev/doc/faq#beginning_generics
https://github.com/golang/go/issues/26282
https://github.com/golang/go/issues/16721
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After several rejected proposals (Section 4.3), generics were finally added in
2022 with the release of Go 1.18. The implementation can be characterised as
compile-time specialisation where instantiations for type arguments of the same
“shape” have partial code sharing; this strikes a balance between approaches

(2) and (3) from [11].

4.1 Alternatives to generics

There were various ways to work around the absence of generics in Go, as
listed for example in the community-maintained document “Summary of Go
Generics Discussions”, but they all fell short in some respect. We describe

these approaches, their strengths, and their shortcomings.

4.1.1 Code duplication

The most primitive solution is to duplicate code and manually replace the
types, as with ReverseStrings in Section 1.2.1).
This is the approach originally recommended for small tasks such as reversing

a slice, removing an element from a slice, or copying a map.°

Advantages:

e Code that uses the specialisations can be statically type checked (it does

not require casts).
e The specialisations will have good runtime performance.

e General-purpose (but see Section 4.2).

Disadvantages:

e The resulting code is difficult to maintain. If changes are made to the
original function (such as bug fixes), the programmer must remember to
update all the copies. This is highly error-prone.

e Code bloat. A complete copy of the code is required for each combination

of type arguments used.

Shttps://docs.google.com/document/d/1vrAy9gMpMoS3uaVphB32uVXX4pi-HnNjkMEgyAH
X4N4/view “Summary of Go Generics Discussions” Google Docs. Retrieved 7 July 2026.

Shttps://web.archive.org/web/20260530021722/https://go.dev/wiki/SliceTricks#
reversing “Go Wiki: SliceTricks”. Archived May 2026.


https://docs.google.com/document/d/1vrAy9gMpMoS3uaVphB32uVXX4pi-HnNjkMEgyAHX4N4/view
https://docs.google.com/document/d/1vrAy9gMpMoS3uaVphB32uVXX4pi-HnNjkMEgyAHX4N4/view
https://web.archive.org/web/20260530021722/https://go.dev/wiki/SliceTricks#reversing
https://web.archive.org/web/20260530021722/https://go.dev/wiki/SliceTricks#reversing
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e Replacing types in copied code involves manual work, and the process
can be fragile (for example, naive “find and replace” may inadvertently

replace occurrences of a type that were not intended as type arguments).

4.1.2 Code generation

The Go toolchain includes support for code generation through the command
go generate’ [67], which executes arbitrary commands (often scripts written
in Go) specified using directives in source files. Code generation can be used
to automate the code duplication approach—using string substitution, string
templating®, or by parsing a source file containing a template (using the package

go/parser?) and transforming its AST.

Advantages:
e The code is statically type checked (but the templates are typically not).
e Good runtime performance.

e General-purpose (but see Section 4.2).

Disadvantages:

e Dependencies between generic types require special handling. For example,
if a type HashSet[T] is implemented using HashMap[T, booll], then to
generate HashSet[string] one must also generate HashMap[string, bool].

e Code generation has a propensity for code bloat.

e The user must explicitly instantiate the template with each set of type
arguments that will be used.

e There is poor interoperability across packages. For example, if two
packages instantiate HashMap[string, bool] independently, then the
generated types will be distinct and incompatible.

e Organisation of the generic code can be awkward. For example, if an entire
template source file is instantiated as one unit, then generic functions with
a different number of type parameters cannot exist the same template

source file.

"https://pkg.go.dev/cmd/go#hdr-Generate_Go_files_by_processing_source Package
cmd/go. The Go Standard Library. Retrieved 7 July 2026.

8https://pkg.go.dev/text/template Package text/template. The Go Standard Li-
brary.

9nttps://pkg.go.dev/go/parser Package go/parser. The Go Standard Library.


https://pkg.go.dev/cmd/go#hdr-Generate_Go_files_by_processing_source
https://pkg.go.dev/text/template
https://pkg.go.dev/go/parser
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e Generated code is less pleasant to work with, since there is an additional
step that the programmer must remember to perform between saving a
file and running the code. (The go generate command is intentionally

not executed automatically by go build [67].)

e Bespoke code generators can be fragile (in particular if they are string-

based, but AST transformations can also require attention to detail).

4.1.3 interface{} and type assertions

Another approach is to replace type parameters with the empty interface,
interface{}, which can hold values of any type. This is the approach used in
the package container/1list!" (a linked list implementation), the concurrent
map from the package sync'!, and the package context!? which carries dead-
lines and arbitrary key-value pairs. This approach generally requires the user
of the library to insert type assertions (casts) to convert results to their actual

type (for example when getting elements of the linked list).

Advantages:
e No code duplication.

e Easy to use (with the exception of the type assertions).

Disadvantages:
e The user is required to insert type assertions.

e There is no static type checking. For example, a user of container/list
cannot ensure that a particular linked list contains only strings; and
incorrect type assertions are only detected at runtime.

e Storing a value as interface{} adds a small memory overhead, and type

assertions add a small performance overhead.

e This approach cannot handle composite types. For example, the type
[lint cannot be converted directly to [Jinterface{}, because they
have different representations in memory; conversion would require an

expensive copy operation.

Ohttps://pkg.go.dev/container/list Package container/list. The Go Standard Li-
brary.

Hhttps://pkg.go.dev/sync Package sync. The Go Standard Library.

P2https://pkg.go.dev/context Package context. The Go Standard Library.


https://pkg.go.dev/container/list
https://pkg.go.dev/sync
https://pkg.go.dev/context
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4.1.4 Reflection

Go supports runtime reflection through the package reflect!'3, which allows
manipulation of objects whose types are not known statically. The example

from Section 1.2.1 could be written using reflection as follows:

import "reflect"

func ReverseUsingReflect(slice interface{}) interface{} {
original := reflect.ValueOf(slice)
if original.Kind() != reflect.Slice {
panic("ReverseUsingReflect: non-slice type")

}
n := original.Len()
reversed := reflect.MakeSlice(original.Type(), n, n)
for i :=0; i < n; i++ {
reversed.Index(n - i - 1).Set(original.Index(i))
}
return reversed.Interface()
}
// Usage:

var numbers [Jint = [J]int{1, 2, 3}

numbers = ReverseUsingReflect(numbers).([Jint) // Type assertion

The main disadvantage of this approach is that it is very slow. The other
disadvantages are that the code which uses the reflect package is much harder
to read, and there is no static type checking.

In some cases it is possible to optimise code that uses reflection to be
nearly as fast as normal code. For example, in 2016 the convenience function
sort.Slice was added to the sort package;'* this function uses reflection
instead of the adapter sort.Interface. To make sort.Slice efficient, a new
function named reflect.Swapper was added to the reflect package, which
creates an efficient “swapper” function for a given slice. This way the overhead
of reflection is only incurred once per call to sort.Slice rather than per swap.

The reflect package has almost-complete support for the operations avail-
able in Go. Some operations, such as iteration over a map (with the same

semantics as Go’s for range loop), were not available initially but were added

Bhttps://pkg.go.dev/reflect Package reflect. The Go Standard Library.
Mhttps://github.com/golang/go/issues/16721 “sort: make sorting easier, add sort.Slice,

”


https://pkg.go.dev/reflect
https://github.com/golang/go/issues/16721
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later.'® Other operations, such as creation of struct types with promoted

methods from embedded fields, remain unsupported.!6-17:18,19

The limitations of the reflect package affect???! development of Go in-
terpreters such as gomacro®? and Yaegi®?. There is an interesting connection
between a generics and interpreters; execution of generic code can be viewed
as execution of code where some types are only known at runtime, while for
an interpreter the entire code is only known at runtime. The techniques used
in Go interpreters could therefore be used to implement generics, but they
will generally be less efficient because they target a more general problem and
cannot take advantage of information available at compilation time.

The disadvantages of reflection mean that it has a lower preference and

that it requires great care when performance is a concern.

Advantages:

e General-purpose (with some limitations).

Disadvantages:
e Very slow (though in some cases it can be optimised).
e There is no static type checking.

e Code that uses the reflect package is much harder to read.

A closely related technique is the use of the unsafe package®*, which allows
raw memory access. Operations performed using the unsafe package are much
faster than the reflect package, but there are no type safety checks and is
difficult to use correctly (for example due to the interaction with the garbage

collector).

5https://github.com/golang/go/issues/11104#issuecomment-262624401 “reflect: add
a range like interface for Value”.

6https://github.com/golang/go/issues/15924 “reflect: StructOf doesn’t generate wrap-
per methods for embedded fields”.

IThttps://github.com/golang/go/issues/61433 “reflect: reflect.StructOf makes types
that violate reflect. Type contracts”.

8nttps://github.com/golang/go/issues/4146 “reflect: Makelnterface”.

Yhttps://github.com/golang/go/issues/16522 “reflect: NamedOf”.

Ohttps://github.com/golang/go/issues/39574 “proposal: reflect: add method
Type.Underlying()”.

2Ihttps://github.com/golang/go/issues/39717 “proposal: reflect: allow creation of re-
cursive types atomically”.

22nttps://github.com/cosmos72/gomacro “gomacro - interactive Go interpreter and de-
bugger with generics and macros”. GitHub repository. Retrieved 7 July 2026.

23https://github.com/traefik/yaegi “Yaegi is Another Elegant Go Interpreter”. GitHub
repository. Retrieved 7 July 2026.

24https://pkg.go.dev/unsafe Package unsafe. The Go Standard Library.


https://github.com/golang/go/issues/11104#issuecomment-262624401
https://github.com/golang/go/issues/15924
https://github.com/golang/go/issues/61433
https://github.com/golang/go/issues/4146
https://github.com/golang/go/issues/16522
https://github.com/golang/go/issues/39574
https://github.com/golang/go/issues/39717
https://github.com/cosmos72/gomacro
https://github.com/traefik/yaegi
https://pkg.go.dev/unsafe
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4.1.5 Adapters

In some cases it is possible to write “pseudo-generic” functions that process
a composite type without knowledge of the element type, by declaring an
adapter interface with the required operations and having the caller pass an
implementation of this interface.

t25

For example, the package sort®’ is written so that it only requires three

operations from the collection to be sorted: get the length, compare the elements
at two indexes, and swap the elements at two indexes. The signatures of these
operations do not depend on the element type, so they can be accurately
described using a normal Go interface. This interface is declared in the sort

package as follows:

// An implementation of Interface can be sorted by the routines
// in this package. The methods refer to elements of the
// underlying collection by integer index.
type Interface interface {
// Len is the number of elements in the collection.
Len() int
// Less reports whether the element with index i
// must sort before the element with index j. [...]
Less(i, j int) bool
// Swap swaps the elements with indexes i and j.
Swap(i, j int)
}

To sort a slice such as []int, the caller declares an adapter type that wraps
[lint and implements sort.Interface, such as the following (in fact this

specific declaration is included in the sort package for convenience):

type IntSlice [Jlint

func (x IntSlice) Len() int { return len(x) }
func (x IntSlice) Less(i, j int) bool { return x[i] < x[j] }
func (x IntSlice) Swap(i, j int) { x[il, x[3]1 = x[j1, x[il }

Then a value s of type [1int can be sorted by calling sort.Sort(IntSlice(s))
An interesting consequence in this particular example is that the sorting
implementation must be in-place, because the adapter does not allow copying

elements to a temporary location. For stable sorting this is a challenge, since

25https://pkg.go.dev/sort Package sort. The Go Standard Library.


https://pkg.go.dev/sort
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classic algorithms such as merge sort are not in-place. One option (which
requires O(n) additional space) is to create a slice with the indexes, sort the
indexes using a classic out-of-place stable sorting algorithm,? then permute
the original elements in-place according to the sorted indexes. The option
chosen by the Go team is to use the in-place merge sort algorithm from [39],
which only requires O(logn) additional space but performs O(nlog?n) swaps.

The adapter approach is not general-purpose. There are cases where it
is suitable but requires interface{} and type assertions; for example the
package container/heap?’ (which implements a heap data structure) extends
the adapter interface from the sort package with operations Push and Pop,
which require the use of interface{}. There are also many cases where
the adapter approach is simply unsuitable, for example because the adapter

implementation would be so complex that it is not worthwhile.

Advantages:
e The code is statically type checked.

e The performance cost (from the overhead of interface method calls) is

fairly low.

Disadvantages:

e This approach is not general-purpose, and there are cases where interface{}

and type assertions are required.
e The adapter implementations will generally be boilerplate code.

e The limited interface exposed by the adapter may prevent algorithmic
improvements (for example, rotating an array of size n by one position
using swaps requires n — 1 swaps and therefore 3 X (n — 1) assignments,
while rotating using assignments and a temporary variable requires only
n+ 1 assignments).

e The limited interface exposed by the adapter may require the code that

uses the adapter to be written in an awkward style, harming readability.

260r using an unstable sorting algorithm with a comparison operation that breaks ties as
in Section 1.2.2.

2Thttps://pkg.go.dev/container/heap Package container/heap. The Go Standard Li-
brary.


https://pkg.go.dev/container/heap
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4.2 First-class generic functions

We now take an aside to introduce a feature we refer to as first-class generic
functions (by analogy with the terminology from [31]). As the name suggests,
this feature makes generic functions first-class values; it would allow the generic
function Reverse from Section 1.2.1 be used as a value whose type might
hypothetically be written as func[T any]([1T) [IT, a generic function type.

This feature is difficult to implement; of the general-purpose approaches
mentioned so far, those that support static type checking (namely, code dupli-
cation and code generation) do not support first-class generic functions. The
accepted type parameters proposal [85] and the version implemented in the Go
compiler also do not support first-class generic functions, because they rely on
specialisation.

If supported, first-class generic functions would have several important
implications. In type theory terminology, they imply support for higher-rank
polymorphism [37, 65] (also known as rank-N types), which in the context of
Go means that generic function types may be used as the types of function
parameters; they also imply support for impredicative polymorphism [65] (also
known as first-class polymorphism), which in the context of Go means generic
function types may be used as type arguments of generic functions and of
generic types; finally, first-class generic functions imply support for polymorphic
recursion [30], which allows a generic function to call itself with different type
arguments.

First-class generic functions also have an important implication to interfaces
in Go. They are closely related to generic interface methods—each can be
expressed in terms of the other.

To give a practical example of the usefulness of first-class functions, suppose
we have several sorting functions:

func StableSort[E any](elements [JE) [JE { ... }

func QuickSort[E any](elements [JE) [JE { ... }

// The 'cmp' parameter is omitted for simplicity

and suppose we wish to run each of these functions on several test cases.

If all the test cases are slices of the same type, this can be done easily:
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func TestInts(sort func([Jint) [Jint) {
assertEqual (sort([]int{3, 2, 1}), [Jint{1, 2, 3})
assertEqual (sort([]int{2, 1, 3}), [Jint{1, 2, 3})

}
// Usage:

TestInts(StableSort[int])

TestInts(QuickSort[int])
(The implementation of generics in Go allows TestInts(StableSort[int]) to
be written as TestInts(StableSort), with the type argument inferred, but
we write the type argument explicitly for clarity.)

However, if we wish to write a single testing function that includes test

cases with different slice types, we would need first-class generic functions:

func TestMix(sort func[T any]l([1T) [1T) { // Hypothetical syntax
assertEqual (sort[int]([Jint{3, 2, 1}), [Jint{1, 2, 3})
assertEqual (sort([Jstring{"z", "a"}), [Istring{"a", "z"})

}
// Usage:

TestInts(StableSort)

TestInts(QuickSort)

(In the first call to sort we use an explicit int type argument for clarity,
while in the second call we demonstrates type inference.)

In situations where the set of generic functions to be used is fixed, a
workaround would be to assign each of them an ID and use this ID to specify
which generic function to use; the function TestMix would take an ID rather
than a generic function, and it would call the corresponding function using a
helper such as the following;:

func CallSortFuncById[E any](funcId int, elements []E) []E {
switch funcId {
case 0: return StableSort(elements)

case 1: return QuickSort(elements)

by

This workaround is not general-purpose: it requires all the generic functions

that might be used to be available and known by the calling code in advance, so
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it cannot be used to pass a user-declared generic function to a library function
or to implement interfaces with generic methods.
Comparing to some other programming languages,
e C++ does not support first-class generic functions (since templates are
instantiated at compile-time);
e (C# supports generic interface methods;
e Java supports generic interface methods trivially (due to boxing and type
erasure);
e Haskell supports typeclasses with polymorphic operations, which is
roughly analogous; but the GHC language extensions “RankNTypes”
and “ImpredicativeTypes” are required to allow polymorphic types to be
used everywhere.
In Section 4.6 we sketch an approach for implementing first-class generic

functions in Go, based on dictionary-passing.

4.3 Proposals

Changes to the Go language are made through a proposal process.?® A proposal
can be made by a member of the Go team or a member of the community; the
proposal and community feedback are reviewed by a committee of Go team
members who decide whether to accept or reject the proposal.

The notable proposals for generics were written by lan Lance Taylor, a
member of the Go team. A series of rejected proposals culminated in the
accepted proposal (coauthored with Robert Griesemer, also of the Go team).
We briefly describe these proposals; a good overview is given in [13].

A design document [79] describes the reasons for adding generics, and the
desired features: generic types and functions, constraints on type parameters,
and implicit instantiation, without sacrificing too much compilation time and
execution time.

The first proposal [77] focused on generic types, with an unusual syntax
for generic functions, to be implemented in a similar way to the reflect
package. It includes support for constraints on type parameters, specified using

interfaces.

28https://go.googlesource.com/proposal/ “Proposing Changes to Go”. Go Project
Design Documents repository.
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The second proposal [78] uses the syntax gen [T] as a prefix for declarations
of generic types and functions, and the syntax Vector[int] for instantiation.
It includes similar constraints on type parameters, and explicitly notes that this
does not allow constraints to specify operators (such as + and <),?’ but men-
tions that this could be solved by having the compiler automatically generate
corresponding methods. The proposal describes a very basic type inference algo-
rithm. The implementation described in the proposal again based on reflection
(but function specialisation is briefly mentioned as an optional optimisation—
characterised as “a form of cross-package inlining”). The proposal mentions
some of the details entailed by a reflection-based implementation. For example,
local variables whose size is only known at runtime require dynamic memory
allocation (rather than a stack frame with a fixed layout), and struct field
access and slice access require the computation of offsets based on the sizes of
types. Run-time type information is explicitly passed to generic functions to
facilitate this.

The second proposal also mentions some of the rejected syntax ideas; in
particular, the Java syntax List<String> was rejected because it causes am-
biguities in Go. Various examples of such ambiguities have been given across
the proposals [78, 84, 85]; an example which we think is most compelling is
that the function call f(HashMap<K, V>(x)) could be parsed either as hav-
ing one argument which is the result of converting x to the generic type
HashMap<K, V>, or as having two bool arguments—the first is HashMap<K and
the second is V>(x). In Java, this ambiguity is avoided by having parentheses
around the type in casts (unlike Go, where the parentheses are around the
argument in type conversions); and in the case of method calls with explicit
type arguments, by placing the type arguments before the method name, as
in Collections.<String>emptyList(). Even so, the syntax creates parsing
challenges, requiring arbitrary lookahead to distinguish between generic types
and expressions [24, p. 729]. Similar approaches could probably be used in Go,
but they are unappealing.

The third proposal [80] is an adaptation of the second proposal intended to
address flaws. It switches to specialisation in response to concerns regarding

slow execution time. Only the operations that involve type parameters are

29Go does not support operator overloading. Most operators only support built-in types,
with the exception of == and != (which support struct types and interface types).
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specialised—the rest of the code in the body of a generic function is shared,
and it invokes the specialised operations through a dictionary passed by the
caller. In an attempt to allow operators to be used with type parameters, the
proposal specifies that constraints are computed implicitly based on the body
of a generic function. For example, if a generic function with type parameter T
attempts to use the + operator on a variable x of type T, then T is constrained
to numeric and string types; and if the generic function attempts to call a
method of x with some arguments, then T is constrained to types that have a
method of that name that can be called with those argument types.

Implicit constraints are expressive but very problematic—they result in
poorly-specified interfaces and are the reason that C++ templates produce
inscrutable error messages. Further, as pointed out in [13], there is no way
to ensure that the constraints are not changed accidentally; this is especially
important in Go due to the backward compatibility promise.

The fourth proposal [81] retains implicit constraints and adds more imple-
mentation details. It changes the syntax to type [T] List struct { ... }
the proposal notes that type List[T] struct { ... } would be nicer but
is ambiguous with an array of size T. This ambiguity was later resolved
in [85] by introducing a compulsory constraint after the type parameter, as in
type List[T any] struct { ... }. The proposed implementation is again
based on specialisation with code sharing; the proposal notes that real compilers
are likely to use full specialisation (without code sharing) as an optimisation in
some cases.

The fifth proposal [83, 84] uses explicit type parameter constraints, specified
using a system named “contracts”. Initially [83] contracts were specified using
a system similar to the C++0x Concepts (which were removed in 2009 [72]). A
contract is a code snippet with one or more type parameters that demonstrates
the required operations by example; the first contract shown in the proposal is
the following:

contract stringer(x T) {
var s string = x.String()

}

This specifies that T must have a method called String that takes no arguments

and returns string. Explicit constraints solve the issues of implicit constraints,
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but the initial contract system holds several subtle surprises:
(A) Contracts introduce covariance and contravariance to Go’s type system.
Consider the following contract:
contract readerLike(x T) {
var p []byte
var n int
var e error

n, e = x.Read(p)
}

This contract is similar to Go’s io.Reader interface®”, but it also permits
methods with signatures such as Read([Jbyte) (int, *net.DNSError) and
Read(interface{}) (int, error).

Covariance and contravariance are useful language features, but adding
them incidentally is liable to cause confusion. For example, a naive user might
assume that if a type satisfies readerLike it must implement io.Reader, but
that is not the case (because interfaces do not permit covariant return types or
contravariant parameter types, even with the contracts proposal). Instead, to
specify that T should implement io.Reader, the user must write io.Reader(x)
in the contract body.

(B) The type checking rules are unusual and subtle.

The standard problem of type checking can be described as “Given type
information, determine whether an expression is valid.” This problem is familiar
and well-understood.

In contrast, the problem of type checking with contracts would be described
as “Assuming some expression (the contract body) is valid, determine whether
another expression is valid.” This is an unusual problem; it effectively requires
the standard type checking rules to be applied in reverse to the contract body
to compute all the constraints it entails, so that they can be used during type
checking.

As such, writing contracts requires great care and a thorough understanding
of Go’s typing checking rules. The proposal mentions that the simplest way
is to copy the function body into the contract, and notes that this becomes
equivalent to C++ templates and provides no benefit over implicit constraints.

It is possible to construct a finer-grained contract through trial and error by

30https://pkg.go.dev/io#Reader Package io. The Go Standard Library.
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adding requirements until the function that uses the contract compiles, but
there are two risks with this approach: (1) the contract might be too restric-
tive, forbidding desirable type arguments; and (2) the contract might be too
permissive—even though it is sufficient for the current function implementation,
a future implementation may have slightly different requirements.

We now give a concrete example of the subtlety and potential for unforeseen
consequences. Careful reading of the Go 1.12 language specification shows that
the expression @ << x is valid if and only if x has unsigned integer type.?! So
one might write contract unsigned(x T) { @ << x }. However, in Go 1.13
the language specification was changed to allow signed integers as shift counts
for convenience [26]. On its own, that language change was fully backward-
compatible. But with the contracts proposal, that change would have been
problematic—there might be contracts that rely on the old behaviour to restrict
a type to be an unsigned integer. It is unclear whether signed shifts would
have been considered a breaking change in this hypothetical (since technically
all existing code would have continued to work), but it certainly would have
broken the integrity of contracts that rely on the old behaviour.

A better way to ensure that a type is unsigned would be to use
contract unsigned(x T) { uint64(*T(@)) }. This works because *T(Q) is
the bitwise complement of 0, and if T is signed the result is the constant -1
which is not representable by uint64.

The initial version of the fifth proposal explains that it does not include
built-in contracts such as contracts.Arithmetic because one of the driving
goals of the design is to not introduce new names, but that standard names
may be introduced if people find them useful.

The fifth proposal was later updated [84]. The syntax and semantics
of contracts were significantly changed, resembling interfaces. The updated
contract syntax allows a finite set of permissible types to be listed explicitly; this
mostly solves the issue of specifying operators, because most of Go’s operators
may only be used with built-in types (which can be listed explicitly). The
update also added a built-in contract comparable (for the == and != operators)
and a new package contracts that would contain standard contracts such

as Ordered. The idea of explicitly listing permissible types, and the built-in

31Assuming x is not an untyped constant.
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constraints comparable and Ordered, would carry through to the final accepted
proposal.

Both versions of the fifth proposal use parentheses for type parameters. This
results in several annoying ambiguities that require additional parentheses to re-
solve, including two ambiguities that we reported [46] through the feedback sub-
mission process®?. For example, the declaration type S struct { List(int) }
is parsed as having a field named List of type int; we suggested a small lan-
guage change to allow embedding the type List(int) by writing (List(int)).
A similar ambiguity occurs with interfaces. The proposal was later updated to
mention both of these ambiguities.?3:34

The additional parentheses required to resolve these ambiguities are awk-
ward, and as stated in [85] some people disliked the number of parentheses in
declarations such as func F(type T)(v T) (r1, r2 T), where the parentheses
denote type parameters, regular parameters, and multiple return values.

The sixth proposal [85] is the proposal that was accepted. The main change
is that the contract system was replaced with interface-based constraints,
extended to support explicitly listing permissible types. There is no loss of
expressive power compared to contracts [85], however some examples (with
multiple interrelated type parameters) are slightly more verbose. The syntax
uses square brackets, for example type List[T any] struct { ... }. Each
type parameter must have a type constraint to avoid a syntax ambiguity;
the proposal introduces the predeclared identifier any as a short alias for the
empty interface, interface{}, for use in the common case where there are no
constraints on the type parameter. The proposal does not specify a particular
implementation, but broadly assumes a specialisation-based implementation.?>

The proposal does not allow methods to have type parameters (beyond the

type parameters of the receiver type) due to the implementation challenge,

32https://go.dev/wiki/Go2GenericsFeedback “Go Wiki: Go 2 Generics Feedback”. Re-
trieved 7 July 2026.

33https://go-review.googlesource.com/c/proposal/+/188358. Ian Lance Taylor. Aug
2019. “design: minor updates to contracts design draft”. Go Project Design Documents
repository change.

34nhttps://go-review.googlesource.com/c/proposal/+/221257. Robert Griesemer. Feb
2020. “design/go2draft-contracts.md: document struct embedding parsing ambiguity”. Go
Project Design Documents repository change.

35The section “No parameterized methods” briefly mentions runtime instantiation using
just-in-time compilation or a reflection-based approach, but dismisses them as complex and
slow.


https://go.dev/wiki/Go2GenericsFeedback
https://go-review.googlesource.com/c/proposal/+/188358
https://go-review.googlesource.com/c/proposal/+/221257

36

as discussed in Section 4.2; later a small language proposal®® was accepted
to allow concrete method declarations to have type parameters, but interface
methods are not permitted to have type parameters (because that is what leads

to the implementation challenge).

4.4 Implementation

The Go team prepared three implementation proposals for generics: “Stencil-
ing™7, “Dictionaries™®, and “GC Shape Stenciling”®”. All three implementa-
tions are based on compile-time specialisation, with varying degrees of code
sharing. The third is a hybrid of the first two, and is the implementation that
was chosen for Go 1.18.40

The stenciling proposal uses straightforward monomorphisation, with no
code sharing between function instantiations with different type arguments.

The dictionaries proposal shares the code that does not depend on the type
parameters. It is quite different from “pure” dictionary-passing; in traditional
dictionary-passing, the dictionaries depend only on the signature of the function
(specifically, on the constraints specified for its type parameters); in contrast,
the Go dictionaries proposal generates a specialised dictionary for each function
based on its body: each operation performed by the function that depends
on a type parameter is turned into a helper method, supplied by the caller
through the dictionary; the remaining code is shared across all instantiations.
As a consequence, the dictionaries proposal does not support first-class generic
functions—all instantiations must be known statically.

The GC shape stenciling proposal is a hybrid of the stenciling proposal

and the dictionaries proposal. It creates separate instantiations for type

36https://github.com/golang/go/issues/77273 “spec: generic methods for Go”.
3Thttps://go.googlesource.com/proposal/+/217dd4e7ebc3beca/design/generics-imp
lementation-stenciling.md “Generics implementation - Stenciling”. Go Project Design
Documents repository.
38https://go.googlesource.com/proposal/+/217dd4e7ebc3beca/design/generics-imp
lementation-dictionaries.md “Generics implementation - Dictionaries”. Go Project Design
Documents repository.
39https://go.googlesource.com/proposal/+/88faf0a677867d37/design/generics-imp
lementation-gcshape.md “Generics implementation - GC Shape Stenciling”. Go Project
Design Documents repository.
Onttps://go.googlesource.com/proposal/+/30e9a8d11d1e84aa/design/generics-i
mplementation-dictionaries-go1.18.md “Go 1.18 Implementation of Generics via
Dictionaries and Geshape Stenciling”. Go Project Design Documents repository.
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arguments of different “shapes” (size and alignment),*' and passes dictionaries
for operations that depend on the type parameters. The GC shape stenciling
proposal avoids much of the complexity of the dictionaries proposal, because
the sizes of the type parameters are known statically—the implementation does
not need to deal with variable-sized stack frames.

The implementation of generics in Go 1.18 was well-received by the com-

munity, despite the limitations, as evidenced by the Go Developer Survey.*?

4.5 Literature on generics in Go

There have been a number of academic papers about generics in Go, including

in collaboration with the Go team.

Featherweight Go. Inspired by previous work on Featherweight Java, Griesemer
et al. [27] formalise a subset*® of Go and extend it with generics (Featherweight
Generic Go) using monomorphisation. They prove preservation and progress
(type safety) for the reduction rules, and bisimulation (correspondence) for a
their monomorphisation translation.

One of the contributions of Griesemer et al. is a predicate to detect un-
bounded recursive instantiation (which is not supported by monomorphisation).
Go’s released version of generics includes an implementation of this check;
the source code of the compiler** includes good documentation. The check
permits recursive instantiations that use the same type arguments (for exam-
ple type List[T any] struct { head *T; tail xList[T] }), and it permits
recursive instantiations that use a permutation of the type arguments (for ex-
ample type Map[K, V any] struct { inverse *Map[V, K] }), but it forbids
examples such as the following (from [60, §10.1]):

type CompleteTree[T any] struct {

value *T
child *CompleteTree[Pair[T, T1]
}

4“1 The updated description in the Go 1.18 design document limits sharing to type arguments
that have the same underlying type and to pointer types.
42https://go.dev/blog/survey2022-q2-results “Go Developer Survey 2022 Q2 Results”.
43Local types and embedded struct fields are not included for example.
H“https://go.googlesource.com/go/+/refs/tags/gol.26.5/src/cmd/compile/
internal/types2/mono.go The Go Programming Language compiler.
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This example uses polymorphic recursion with a composite type argument
Pair[T, TJ] that references a type parameter. This example is forbidden
because monomorphisation would produce an infinite number of instantiations—
CompleteTree[int] instantiates CompleteTree[Pair[int, int]], which in
turn instantiates CompleteTree[Pair[Pair[int, int], Pair[int, int]1l],
and so on ad infinitum.

The Go compiler reduces the check for unbounded recursive instantiation
to the problem of finding a positive-weight cycle in a directed graph. The
graph’s nodes are the type parameters; a zero-weight edge 71— T3 is added
if 77 is used as a type argument for 75, and an edge T;—> T> of weight 1 is
added if a composite type that references T} is used as a type argument for Ts.
Unbounded recursive instantiation can occur if and only if the graph contains
a positive-weight cycle. The Go compiler uses a variant of the Bellman—Ford
algorithm® to check for positive-weight cycles in O(V x E), where V is the
number of nodes and E is the number of edges. The implementation in the
Featherweight Generic Go prototype®® is similarly O (n?).

It is possible to improve this algorithm to O(n). The Bellman—Ford al-
gorithm supports both positive-weight and negative-weight edges, but here
there are only positive-weight and zero-weight edges. We can use Tarjan’s
algorithm [76] to identify strongly-connected components (SCCs) in O(V + E),
and then for each positive-weight edge 71— T3 check whether T and T; are
in the same SCC; if so, that edge is part of a positive-weight cycle. A fur-
ther improvement is to perform the checks during the execution of Tarjan’s
algorithm—once Tarjan’s algorithm finishes processing an edge, it is known
whether that edge is part of an SCC. We have proposed using this improved

algorithm in the Go compiler.*”

Generic Go to Go. Ellis et al. [17] propose using dictionary-passing and boxing
to support generic interface methods, and prove their translation from Feath-
erweight Generic Go to Featherweight Go is correct. They box all method
parameters and struct fields as any; this is not a suitable implementation

strategy for the Go compiler due to the overhead (which would also impact

45The Bellman-Ford algorithm computes the single-source shortest paths and can be
extended to detect negative-weight cycles (or positive-weight cycles, by negating the weights).

4Bhttps://github.com/rhul/fgg/blob/5b86f091eff3f688/internal/fgg/fgg_ismonom. go#l 44

4Thttps://github.com/golang/go/issues/80378 Tom Levy. 2026. “cmd/compile: improve
mono.go from O(n?) to O(n)”. GitHub issue.
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non-generic code).

In our opinion dictionary-passing is the right approach for adding generic
interface methods to Go, but we found that the specific translation scheme
proposed by Ellis et al. is incompatible with the implementation of generic
struct types in Go 1.18 because it adds dictionaries as struct fields. The issue
requires some explanation.

The Go language specification permits conversion between pointer types
whose element types have the same underlying type [20, §Conversions|. For ex-
ample, the types type S1 struct { X int } and type S2 struct { X int }
have the same underlying type, and so a value of type *S1 may be converted to
a value of type *S2. In the Go 1.18 implementation of generics, the underlying
type of the instantiation of a generic struct type is the result of substituting
the type arguments in place of the type parameters (as a natural consequence
of monomorphisation). Hence the following program is valid in Go 1.18:

package main

type S struct { X int }

type G[T any] struct { X T }
func main() { _ = (*G[int]) (&S{42}) } // Convert *S to *G[int]

The Go compatibility promise mandates that this remains valid in all future
versions of Go—so for better or worse, the type G[int] must have the same

representation in memory as S. In particular, fields may not be added to

G[int] to store dictionaries or run-time type information.

Fortunately, it is possible to implement dictionary-passing while remaining
compatible with Go 1.18. Sulzmann and Wehr [74] describe a dictionary-passing
translation from Featherweight Generic Go to the untyped lambda calculus
(effectively boxing all values). They pass the dictionaries during method calls,
without storing them as struct fields; this is compatible with Go 1.18. (They
actually pass coercion functions rather than dictionaries, but the result is

equivalent.)

Welterweight Go. Hu et al. [33] continue their work from Featherweight Go
with an extended model of Go and propose using boxing and adapter functions
to implement generic interface methods. The level of detail in the formalisation
and the proofs is impressive, but we believe there are issues that make the

compilation strategy unsuitable for Go:
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e Struct fields that reference type parameters are boxed [33, §5.1]; this is
incompatible with the Go 1.18 implementation of generics for the same

reason as above.

e Boxing cannot support composite types such as slices, for the reason

described in Section 4.1.3.

e The treatment of interface values appears to be slightly different from

standard Go in that the size of their method table is not fixed.

We have reported our concerns, but we did not receive a reply in time for

inclusion in this thesis.*®

4.6 Future

The addition of generics in Go 1.18 has been a tremendous improvement—the
limitations of the monomorphisation implementation are minor in comparison.
Still, as we look forward to the future, we see room for improvement.

In our opinion, a good next step in the evolution of generics in Go would be
to add support for first-class generic functions and generic interface methods,
with the added benefit of allowing the size of generated code to be reduced.
Hu et al. [33] show that extending (a subset of) Go with generic interface
methods is sound; we feel that the main question that needs to be addressed is
implementation.

The constraints of Go—in particular non-uniform representation, backward
compatibility, and no runtime code generation—rule out many approaches; but
we believe there is one natural path forward: dictionary-passing with support
for non-uniform representation. We sketch this approach and illustrate it with

an example.

We consider functions and interfaces separately. Featherweight Go uses a
subset of Go that does not include functions (instead functions are simulated
using methods of trivial types); this reduces the size of the language without
loss of expressiveness, and that is very useful in some contexts; but it couples

together functions and interfaces, and we feel that this complicates the analysis

48https://github.com/rhul/wg/issues/1 Tom Levy. 2026. “Questions about the paper
and representations”. GitHub issue.
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of first-class generic functions. It also strays from the actual implementation of

Go, which supports functions as first-class values.

Non-uniform representation. We observe that non-uniform representation is
an inherent part of Go, both due to a strong culture of preferring memory-
efficient representations over boxing and (more concretely) due to the backward
compatibility constraints imposed by the Go 1.18 implementation of generics.
Fortunately, Go supports raw memory access and has a powerful reflection
capabilities; these make it possible to operate on non-uniform representations.
The challenges are performance and completeness (specifically, due to known
limitations of the reflect package such as those mentioned in Section 4.1.4;
they would need to be addressed). Reflection in Go is very slow, but we are

optimistic that acceptable performance can be achieved:

e QOur approach is intended to complement monomorphisation, not replace
it; the compiler may choose between the two (for example using profile-
guided optimisation®?).

e Many operations (such as variable assignment and slice access) only
require basic memory access, such as with memmove; this is still slower

than operations on known types, but has good potential for acceptable
performance.
e Generic code is checked at compile-time, so runtime type checks can be
eliminated.
e The implementation of sort.Slice®® shows that reflection can be perfor-
mant.
Many of the details discussed in the Go dictionaries implementation proposal
are relevant (for example stack frame layout, struct field access, and slice access).
However, that proposal does not support first-class generic functions because it
derives the dictionaries from the body of the generic function; first-class generic
functions require a “pure” dictionary-passing approach where the dictionaries
are computed solely based on the signature of a generic function. We do not
discuss the details of implementing function bodies further; instead we focus

on dictionary-passing, beginning with the representation of functions.

Phttps://go.dev/doc/pgo “Profile-guided optimization”. The Go Programming Language
documentation. Retrieved 7 July 2026.
SOhttps://github.com/golang/go/issues/16721 “sort: make sorting easier, add sort.Slice,

”
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Functions. We have two requirements for the representation of functions: calls
from non-generic code to non-generic functions should be efficient, and calls
involving generic code should be possible (and reasonably efficient).

We propose to represent a Go function as a pair of function pointers—a
“native” (unboxed) version that uses the usual calling conventions, and a version
where all parameters and return values are boxed as plain pointers (with no
run-time type information). This is analogous to the adapter functions of [33].

The caller uses either the native version or the boxed version depending
on whether the function signature (as seen by the caller) references type
parameters.

In general, one of the two function pointers will be a wrapper for the
other;’" which of the two is the wrapper depends on whether the signature in
the function’s declaration references type parameters. If the signature does not
reference type parameters, the boxed version is the wrapper; it simply unboxes
its arguments, calls the native version, and boxes the return values. If the
signature references type parameters,”? the native version is the wrapper; this
is the more difficult case. Before we describe our approach, we must discuss
the representation of closures.

A function value is represented in Go as a closure object, which is a function
pointer followed by a variable-sized environment.’® The calling convention is
that a pointer to the closure object is passed to the function pointer as an
additional argument. It is natural to change this representation to contain the
pair of function pointers (native and boxed) followed by the environment. This
also allows wrappers for the same (or compatible) signatures to be shared—the
wrapper has access to the other function pointer through the closure object
and can forward calls to it, so the body of the wrapper only depends on the
function signature (specifically, the layout of the parameters and the return
values).

The standard approach for creating a function value with a signature that is

517t is also possible for both function pointers to be wrappers for a third function which uses
a mixture of boxed and unboxed parameters (but note that this reduces the opportunities for
wrapper sharing). Likewise, direct calls can use a mixture of boxed and unboxed parameters
for efficiency.

52For example a generic function, or a local function that references the type parameters
of an enclosing generic function.

53https://go.googlesource.com/go/+/refs/tags/gol1.26.5/src/cmd/compile/
abi-internal.md#closures “Go internal ABI specification”. ~ The Go Programming
Language documentation.
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not known statically is to use reflect.MakeFunc®®. This is relatively slow, and
calls are also relatively slow (since the function must read the arguments from
the stack frame based on dynamic type information). It also requires some
wrangling because reflect.MakeFunc returns a closure object rather than a
function pointer.

Another approach we reject is to make the native function pointer optional,
and have the caller fall back to the boxed function pointer if the native function
pointer is nil. The issue is that this significantly increases the size of the
generated code for all non-generic calls, due to the boxing and unboxing
required in the fallback path.

The approach that we propose is to statically generate all the native
wrappers needed by function values. This is possible because all the signatures
involved in calls to native versions are known statically. There are a few
different options for looking up these statically-generated native wrappers:

e Build a static table that maps each known signature to a native wrapper,
and look up the native wrapper using the dynamically-computed signature
when creating a function value. (If there is no statically-generated native
wrapper for the signature, the native function pointer is set to nil—it is
guaranteed that all calls will use the boxed function pointer.)

e Lazily set the native function pointer to the native wrapper during the
first call. The caller checks whether the native function pointer is nil,
and if so sets it to the statically-known native wrapper. This adds an

overhead of a few instructions to all non-generic function calls.

e Build a static table that maps each call instruction in the program that
calls a native version of a function value to the corresponding native
wrapper. Initialise the native function pointers to a special assembly
subroutine that looks up the real native wrapper based on the caller’s
program counter, sets the native function pointer to the real native
wrapper to speed up future calls, and forwards the call to the native

wrapper.

Generic functions take additional dictionary parameters corresponding to each

of their type parameters.”® We describe these dictionaries next.

5https://pkg.go.dev/reflect#MakeFunc Package reflect. The Go Standard Library.
551f a generic function is instantiated but not called immediately, it is handled using partial
application.
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Dictionaries. We propose extending the runtime representations used in Go to
support dictionary-passing.

Go represents interface values as a pair of pointers [12].°6 The first points
to an itable (interface table) that contains run-time type information and an
array of function pointers (virtual method table) corresponding to the methods
specified in the interface. The second pointer holds the data for the value—in
the case of a struct, that would be the values of its fields.

We propose reusing the itable data structure to implement dictionary-
passing. A dictionary can be viewed as a detached itable [89]; it allows methods
specified in the constraint of a type parameter to be called, including on
elements of a composite type such as a slice (without having to box each
element individually).

The runtime representation of a type is extended with an array of itables,
one per type argument, with method tables corresponding to the type parameter
constraints.

To support non-uniform representation, the runtime representation of

generic struct types is extended with an array of field offsets.

Methods. Methods are handled similarly to function values, but with some
differences because methods of generic types need access to the receiver’s type
information; also, methods are represented in Go as function pointers with no
access to a closure environment.

The entries in the method table are changed to use the two-pointer function
representation, and to take a pointer to the enclosing itable as an additional
parameter (providing access the receiver’s type information and to the method
table). This additional parameter adds a small overhead to all interface method
calls; we later describe an alternative representation that avoids the additional
parameter.

If the signature (that is, parameter and return types) of a method declaration
does not reference type parameters, the method is compiled into a single native
version and the boxed version is a simple wrapper. Otherwise, the method is
compiled into a boxed version (with all parameters and return values boxed as
plain pointers) and native wrappers are used.

As with functions, all the signatures involved in calls to native versions of

56https://github.com/golang/go/blob/go1.26.5/src/internal/abi/iface.go
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interface methods are known statically, so native wrappers can be generated
statically.

The native wrapper needs to know the index of the corresponding boxed
function pointer in the method table; this can be addressed by using a fixed
index in the native wrapper, and only sharing native wrappers for methods
that have the same signature and the same method table index.

The native wrappers can be looked up when creating an interface value
(either statically or based on the dynamically-computed method signature), or
they can be lazily set by the caller, similarly to closures.

Generic interface methods take additional dictionary parameters correspond-

ing to each of their type parameters, similarly to generic functions.

Alternative representation. The runtime representation described above is the
one that we feel is most natural, but there may be objections to an additional
parameter in every interface method call. There is another approach that
avoids this additional parameter, while still providing methods of generic types
with access to the receiver’s type information.

As explained in Section 4.5 (Generic Go to Go), run-time type information
cannot be added to generic struct types due to backward compatibility. However,
the data pointer of an interface value need not use the same representation as
the struct.

Hence the additional method parameter can be avoided as follows:

e When a value of a generic type is converted to an interface value, the
data pointer is set to a newly-allocated block of memory populated with a
pointer to the itable (the itable that the interface value will hold) followed
by the value’s actual data.

e Interface method calls use Go’s existing calling convention—only the data
pointer is passed, with no additional parameter for the receiver’s type
information.

e Methods of generic types fetch the itable pointer from the data pointer
and use it to access the receiver’s type information. The value’s actual
data is accessed by offsetting the data pointer.

e Likewise, native wrappers fetch the itable pointer from the data pointer

and use it to access the method table. (Native wrappers are only needed
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for methods of generic types, so they may assume that the itable pointer

is present.)

With this approach, interface method calls in non-generic code will not
be impacted, but more memory allocations will be required when converting

values of generic types to interface values.

Interface conversion and type assertions. When a type parameter is used as
a type argument of a generic function that has a different constraint, a new
itable is created by filtering the original itable to the relevant methods (as Go
currently does for interface conversions).

A type assertion v. (I) where I is an interface type and v is an interface
value containing a value of a generic type is performed in a similar way to
existing type assertions (the full method table of the type is scanned to check if
it implements the interface), except the method signatures need to be computed
dynamically based on the type arguments of the generic type.

If using the alternative representation, a type assertion v. (G) where G is an
instantiation of a generic type requires offsetting the data pointer to extract

the value, to account for the itable pointer.

Ezample. To help illustrate the approach, we translate an example from the
literature [74, Fig. 2| to a compiled form, which we present as Go-like pseu-
docode.

The example is shown in Figure 4.1. It demonstrates a direct method call
and an interface method call on a value of a generic type. The original example
specified constraints on the receiver’s type parameter (a feature permitted by
Featherweight Generic Go but not by Go; our approach could be extended to
support this feature). We “lifted” the constraints to the type declaration of
the receiver to make the example a valid Go program.

The runtime representation used by our compiled translation is shown in
Figure 4.2. This representation is a simplified version of Go’s application binary

57,58 modified to use the two-pointer function representation and to

interface
store dictionaries for type arguments.
The compiled form is given in Figure 4.3. We use Go-like syntax, but the

intent is a close correspondence with low-level machine code. We use several

5Thttps://github.com/golang/go/blob/go1.26.5/src/internal/abi/iface.go
58https://github.com/golang/go/blob/go1.26.5/src/internal/abi/type.go
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type Num struct { val int }
type Format interface { format() string }

func (this Num) format () string { return strconv.Itoa(this.val) }
func formatSome(x Format) string { return x.format() }
type Pair[T Format, U Format] struct { left T; right U }

func (this Pair[T, U]) format () string {
return this.left.format() + ...

}

func main() {
var p Pair[Num, Num] = Pair[Num, NumJ{Num{13}, Num{2}}
p.format()
formatSome(p)

Figure 4.1: An example of generics from [74, Fig. 2] (modified)

type Func struct { Native Pointer; Boxed Pointer }

type Type struct { Size int; TypeArgs []*ITab; Offsets [J]int; ... }
type ITab struct { Type *Type; Funcs []Func }

type InterfaceValue struct { ITab *ITab; Data Pointer }

Figure 4.2: Runtime representation for dictionary-passing
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ad hoc syntactic elements for readability:

e Pointer represents a raw pointer (corresponding to Go’s unsafe.Pointer®).
For readability, we omit casts and use Pointer as if it has whichever type

is desired.

e We borrow from C the functions alloca(size) and memmove(dst, src, size)
for allocating and copying memory, and we use sizeof and offsetof for

statically-known sizes and field offsets.

e For readability, we use descriptive string literals to represent the integer

constants used as table indexes.

e We use Go’s syntax &Foof. ..} for allocating and initialising a pointer
to a struct, and by extension we use &expr with arbitrary expressions to
indicate boxing of a value as a pointer (by allocating a block of memory

of the value’s size and copying the value to that block).
There are several details worth noting about the compiled translation:

e The function formatSome_boxed demonstrates unboxing of function pa-

rameters and boxing of return values.

e The signature of the method Pair[T, U].format does not refer to type
parameters, so it is compiled into a single native version with a trivial
boxed wrapper. If the signature had mentioned T or U it would have been
compiled into a boxed version, and multiple native wrappers would have

been generated as required.

e The body of main could be simplified because the size of Num is known

statically, but for illustrative purposes we use the more general form.

We believe that this approach addresses the main implementation challenges
of first-class generic functions and generic interface methods, and is an important

step towards adding them to the language.

59https://pkg.go.dev/unsafe#Pointer Package unsafe. The Go Standard Library.
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func Num_format_native(itab *ITab, this Pointer) string {
return strconv.Itoa(*(this + offsetof(Num, val)))

}

func Num_format_boxed(itab *ITab, this Pointer) Pointer {
return &Num_format_native(itab, this)

}

func formatSome_native(x InterfaceValue) string {

return x.ITab.Funcs["format"].Native(x.ITab, x.Data)
}
func formatSome_boxed(x Pointer) Pointer {

return &formatSome_native(*x)

}

func Pair_format_native(itab xITab, this Pointer) string {
var T *ITab = itab.Type.TypeArgs["T"]
var left Pointer = this + itab.Type.Offsets["left"]
return T.Funcs["format"].Native(T, left) + ...

}

func Pair_format_boxed(itab *ITab, this Pointer) Pointer {

return &Pair_format_native(itab, this)

var Num_Type *Type = &Type{sizeof(int), {3}, {}} // Offsets not needed
var Num_Format_ITab xITab = &ITab{Num_Type,

{"format": Func{Num_format_native, Num_format_boxed}}}

var Pair_Num_Num_Type *Type = &Type{Num_Type.Size + Num_Type.Size,
{"T": Num_Format_ITab, "U": Num_Format_ITab},
{"left": 0, "right": Num_Type.Size}}

var Pair_Num_Num_Format_ITab *ITab = &ITab{Pair_Num_Num_Type,

{"format": Func{Pair_format_native, Pair_format_boxed}}}

func main() {
var p_type *Type = Pair_Num_Num_Type
var p Pointer = alloca(p_type.Size)
memmove (p + p_type.Offsets["left"], &Num{1}, Num_Type.Size)
memmove (p + p_type.Offsets["right"], &Num{2}, Num_Type.Size)
Pair_format_native(Pair_Num_Num_Format_ITab, p)

formatSome_native(InterfaceValue{Pair_Num_Num_Format_ITab, p})

Figure 4.3: Compilation of the example using dictionary-passing



Chapter 5

Lambda Lifting

Preface

This chapter is an extended version of a paper [49] presented in the IEEE/ACM

14th International Conference on Formal Methods in Software Engineering

(FormaliSE 26), co-authored with Steve Reeves. The additions are as follows:

Extended discussions of the Danvy-Schultz algorithm (Section 5.2.1) and
CertiCoq (Section 5.2.2).

A complex lifting example (Section 5.4.3).

Correctness and time complexity proofs for Algorithm 1 (there was only

enough space in the paper for the proofs for Algorithm 1b).

A second data structure approach based on an augmented AST (in

Section 5.4.6).

Algorithm 1b’, which explicitly shows the modifications to Algorithm 1b
described in Section 5.4.6.

A discussion of optimality and possible improvements, including a sketch

of a further-improved algorithm (Section 5.4.7).

An extended discussion of the Fischbach—Hannan specification, includ-
ing an example demonstrating how “bare” singleton types make the

specification unsound (in Section 5.5.1).

An extended discussion of the Lean proof of Theorem 5.6.1.
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Figure 5.5, showing the Lean translation of the type system.
e A new section about the testing process (Section 5.8).

e A new section about related problems (Section 5.9).

An extended analysis of the worst-case output size (Appendix A).

Abstract

Lambda lifting is a technique used in compilers to convert nested function
definitions to top-level function definitions. A series of papers has led to an
O (n?) algorithm, however it is complex. We present a simple O(n?) algorithm
for lambda lifting and prove its correctness. We also formalise a lambda lifting
specification from the literature in Lean 4, and use that to prove some of
the properties and test our algorithm on generated test cases. One of our
contributions is to formalise the notion of a “complete” and “minimal” lifting,
addressing a small issue with the handling of unused functions that to our

knowledge affects all previous algorithms.

5.1 Introduction

Improving long-standing algorithms, as in our example here where we show how
to make a widely used algorithm faster, carries with it the burden of showing
that the improvement still matches the specification. In this paper we show by
example how existing, widely used and very well established algorithms and
implementations might be re-verified by taking a formal specification regarded
as the canonical definition of an algorithm—in this case given as a set of logical
rules in natural deduction form—and formalising it in a proof assistant (Lean
4 in our case); then a combination of machine-checked and “pen and paper”
proofs can be used to demonstrate that the improved algorithm still meets the
definition given by the original specification. We suggest that this might be
a generally good thing to do even when making “obvious” improvements to
widely used algorithms, since much can be at stake.

As explained in Section 1.1, lambda lifting is a technique used to convert

nested functions to top-level functions by introducing additional parameters.
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We refer to these additional parameters as “extraneous parameters” (following
the terminology of [15, 55]).
For example, consider the following code (written in Python for illustration):
def triangular_number(n):
def sum_from(i):
if i > n: return 0

else: return i + sum_from(i + 1)

return sum_from(1)

It defines a function triangular_number that computes the sum of {1..n},
using a local helper function called sum_from that computes the sum of {i..n}
recursively.

Note that the body of sum_from refers to n, which is a parameter of the
enclosing function.

In order to convert the function sum_from to a top-level function, we need
to introduce a parameter to sum_from allowing the value of n to be passed in.
The result of lifting is:

def sum_from(n, i):

if i > n: return 0
else: return i + sum_from(n, i + 1)

def triangular_number(n):
return sum_from(n, 1)

Note how the argument n must be added to all the call sites of sum_from.
If the function is used as a value (in a language that supports higher-order
functions / first-class functions), then in general the added arguments would
need to be passed using partial application, producing a function value with the
same signature as the original function. In this paper we focus on approaches
that avoid partial application (except when functions are used as values),
because it requires special support from the language, such as closures, and is
not applicable to types in Go for example.

Also note the subtle change to the variable bindings: even though the
expression i > n in sum_from did not change textually, the binding of n in
that expression has changed—in the original program it was bound to the
parameter n of triangular_number, while in the lifted program it is bound to
the extraneous parameter of sum_from. If we were to choose a unique name for

the extraneous parameter, this change would become apparent:
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def sum_from(n2, i):
if i > n2:
return 0
else:
return i + sum_from(n2, i + 1)
def triangular_number(n):
return sum_from(n, 1)

In this version, all references to n in sum_from are explicitly changed to n2.
The fact that triangular_number passes n to sum_from ensures that n and n2
will have the same value, preserving the behaviour of the original program.

The extraneous parameters of sum_from in this example are simply the free
variables of the original definition. But determining the extraneous parameters

in general is non-trivial for two reasons:

e A local function may call other local functions. If those functions require
extraneous parameters, then corresponding arguments will need to be
introduced in the calls to those functions, which will in turn produce new
free variables (unless those variables are declared by the calling function).

This applies transitively.

e Local functions may be mutually recursive. So an algorithm for deter-
mining the extraneous parameters needs to be able to handle programs

whose call graph contains cycles.

Further, we wish to find the smallest set of extraneous parameters, to
produce more efficient code. (If we did not care about minimality we could
simply add all the variables from the enclosing scopes as the extraneous
parameters of each function; that would produce valid code, but in general it
adds unnecessary parameters.)

Determining the extraneous parameters is the core of lambda lifting. Once
that is done, there are a few remaining tasks, but they are all straightforward

manipulations of the abstract syntax tree:

1. insert the extraneous parameters in the parameter lists and argument

lists;

2. rename the functions and parameters as necessary to avoid naming

conflicts;
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3. move all local function definitions to the top-level scope (“block floating”).

There are algorithms for determining the minimal extraneous parameters in
the literature, but they have a suboptimal time complexity or are complex. The
algorithm we present in this paper is simple, and its worst-case time complexity
is O(n?) like the fastest existing algorithm [56].

We go further and give a tight time complexity analysis for all cases by
considering the size of the output program. The worst-case size of the output
program is ©(n?) where n is the size of the input program;' but if each top-
level function only contains a small? number of nested function or a small
number of parameters, then the size of the output program is ®(n). We show
that the time complexity of our algorithm is linear in the size of the output
program (Theorem 5.4.10); hence the time complexity of our algorithm is
optimal on all cases if the lifted program is to be output. In contrast, the
fastest existing algorithm has an optimal worst-case time complexity, but there

exist non-worst-case inputs on which its time complexity is suboptimal.

5.2 Literature

Church’s lambda calculus [9] is one of the earliest examples of the notion of
nested functions; the reduction rules handle nested functions using capture-
avoiding substitution.

LISP had nested functions but used what later became known as “dynamic
scoping”, which is generally considered undesirable [70] and was regarded as a
bug [51].

Algol 60 had nested functions that could be passed as parameters but could
not be returned from a function. This was implemented using special stack
frame links [88][68, §2.2].

Closures were first described by Landin in [42]. Closures are used by
PAL [18] and Scheme [88, 75].

Hughes [34] describes a method for converting A-expressions containing free
variables to supercombinators (functions that contain no free variables). The

method relies heavily on partial application. Briefly, an expression such as

IThis is true both when the program size is measured in tokens and when it is measured
in bytes; see Appendix A.
2By “small” we mean less than an arbitrary constant.
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Ay.y + x is translated to @ x where « is defined as the function @ x y = y + x.
These ideas are also described in [64] in more detail.

Johnsson [35] describes a different method that does not make use of partial
application (except when functions are used as values). As described in Sec-
tion 5.1, this “lambda lifting” method eliminates free variables by assigning each
function a set of extraneous parameters and inserting corresponding extraneous
arguments in each call site (and at each reference if the function is used as a
value). The implementation is somewhat complicated because inserting the
extraneous arguments may produce new free variables, so computing the final
sets of extraneous parameters requires computing a variation of the transitive
closure. Johnsson’s approach is to set up a system of set equations and solve it
using substitution for each letrec expression, with time complexity O(n?).

The code generated by Johnsson-style lifting has different performance
characteristics compared to supercombinator/closure conversion [64, 25], and
both are still widely used [15]. Johnsson-style lifting also been used to optimise
partial evaluators [55].

Fischbach and Hannan give a formal specification of lambda lifting [19] and
prove it preserves operational semantics. Their specification is quite general: it
permits both Hughes-style and Johnsson-style liftings, as well as other forms
of lifting. They also describe an algorithm similar to Johnsson’s and prove its
correctness with respect to the specification. However, they do not specify any
notion of a “complete” lifting that eliminates all free variables, and they do
not prove their algorithm computes the minimal extraneous parameters.

CertiCoq [63] is a compiler for Gallina (the specification language of Coq)
that includes a verified lambda lifting transformation; the time complexity is
not specified but appears to be at least O(n3). We discuss it in more detail in
Section 5.2.2.

There has been a series of papers on improving the time complexity of
Johnsson-style lifting using graph-based approaches. The most obvious ap-
proach for computing the extraneous parameters of a function is to take the
union of its free variables and the extraneous parameters of the functions it calls.
However, a simple top-down recursive traversal of the call graph would fail due
to infinite recursion if there are any cycles (mutually recursive functions). It is

possible to avoid infinite recursion by stopping the recursion when it reaches
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functions that have already been visited, and it can be shown that this will
produce the correct extraneous parameters for the function that the recursion
initially started from, however the sets of extraneous parameters computed for
other functions visited during the recursion may be incomplete. An algorithm
that performs independent traversals starting from each function would produce
the correct extraneous parameters, but its overall time complexity would be
on?).

Danvy and Schultz [15] describe an O(n?) algorithm which eliminates cycles
in the call graph by coalescing strongly-connected components (SCCs) and
assigning the same extraneous parameters to all functions within each SCC.
However, this approach is flawed; one analysis is given in [55], and we give our
own analysis in Section 5.2.1.

Morazan and Schultz [56] describe an O(n?) algorithm that solves the issue.
The algorithm is complex—it uses dominator trees in addition to SCCs.

Newer lambda lifting implementations such as in GHC [25] continue to use
O (n?) algorithms, suggesting a need for a simple, fast, and correct algorithm.
Such an algorithm will be useful to future compiler implementors, and has
applications beyond nested functions—for example, it can be used to lift local
types inside generic functions in the Go programming language (which has fast

compilation as a core goal [66]).

5.2.1 The Danvy—Schultz algorithm

The Danvy—Schultz algorithm [15, Figure 9] uses a top-down recursive traversal
of an input program consisting of letrec expressions. For each letrec expres-
sion, it builds a call graph (restricted to the functions bound in the letrec),
coalesces SCCs, then uses the resulting condensation graph to propagate free
variables in O(n?) time?; all functions in a component are assigned the same
extraneous parameters.

The issue is that the Danvy—-Schultz algorithm does not consider calls to

3As written the algorithm is actually O(n?), but that can be easily fixed. The flaw in
the complexity analysis is that while the number of edges in the original graph is linear,
the total number of edges between nodes and the functions associated with their successor
nodes can be « n? (for example, when the condensation graph is a star containing 7/2 nodes
of size 1 whose successor is a node of size n/2). The fix is to change F), = Ugesuce, 4 t0
F, ={c(q) | q € succ,} where c¢ is a choice function that selects an arbitrary element from
each node ¢g. This change is valid, because all functions in the same node have the same
extraneous parameters.
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functions in parent scopes. This is illustrated by the following example (using
the syntax from [19], where “@” denotes function application):
letrec main = A x .
letrec e = A y .
letrec f = Az . e @3
in x + f @2
ine @1
in main @ @

The function e references x, so x must be added as an extraneous parameter of
e. The function f calls e, so x must also be added as an extraneous parameter
of f.

However, the Danvy—Schultz algorithm does not add x as an extraneous
parameter of f. When that algorithm processes the innermost letrec (where
f is defined), the call to e is excluded in foreach g € FF(f;) N {fi,..., fx} do
because FF(f;) N {f1,..., fr} = {e} N {f} ={}, and that call is never considered
elsewhere.

The issue can be fixed by identifying calls to functions in parent scopes
and adding their extraneous parameters, specifically by changing let V = ...
tolet V=..U(U{V, | g€C,(g,V,) €S}) where C = Usc, FF(f)\ {f1, s fi}
are the calls to functions in parent scopes.

As written, this change increases
(define (main x1 x2 ... xn)

the time complexity O(n?), as demon-
(define (h) (+ x1 x2 ... xn))

strated by the example to the right.

We use Scheme syntax (as in [55,
56]) for this example and all the follow-
ing examples, because it is clear and
easy to parse; it corresponds directly
to the letrec syntax used in the spec-
ification, except that Scheme allows 0-
arity functions (which are convenient
for the examples).

The functions h, gl..gn all have n
extraneous parameters. When process-
ing each of the functions f2..fn with

our fix, C will be {gl, g2, ..., gn} so

(define (g1) (1))
(define (g2) (h))
(define (gn) (h))
(define (f1)
(define (f2)

(define (fn)

(+ (1) (g2) ...

(fn)
)
(f2))
(f1))

(gn)))
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the algorithm will need to compute the union of n sets of size n. Assuming set
union is O(n), the overall time complexity would therefore be O (n?).

It is possible to improve the time complexity of our fix to O(n?) by propa-
gating the extraneous parameters eagerly.

A variation of the Danvy—Schultz algorithm is to compute the SCCs and
coalesce them over the call graph of the entire program; that is the interpretation
taken in [55]. In this variation, free variables are correctly propagated along calls
to functions in parent scopes, and the time complexity remains O (n?), however
there are cases where unnecessary extraneous parameters are introduced (as
identified in [55]).

To illustrate the whole-program version of the SCC approach, consider the

following example:

(define (main x)
(define (f)

(define (g) (+ x (1))

(define (h) (f))

(8))

()

The call graph contains a cycle: f calls g calls h calls f. Coalescing those
functions into a single node, {f, g, h}, produces an acyclic graph with a single
edge: main calls {f,g,h}. The free variables in {f, g, h} are x, so x is added
as an extraneous parameter of f, g, and h. Note that x is not added as an
extraneous parameter of main (even though main calls {f, g, h}) because x is
declared in main.

The extraneous parameters added by the whole-program SCC approach
to the above example are minimal, but on the following variation it adds
unnecessary extraneous parameters:

(define (main)

(define (f x)

(define (g) (+ x (h)))
(define (h) (£ 1))

()
(£0))

In this variation, x is declared as a parameter of f rather than main. The

call graph is unchanged, so f, g and h are again coalesced into a single node
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with x as a free variable. So x is added as an extraneous parameter of g and h
(but not of f, because x is declared in f). However, it is not necessary to add
x as an extraneous parameter of h, because x is not free in h and h does not
call any function that has x as an extraneous parameter. (Aside: Note that
x is again not added as an extraneous parameter of main, but this time it is
because x is not in the scope of main.)

One way to view the issue with the whole-program SCC approach is that
the true SCCs of the call graph actually depend on which variable is being
considered; this is illustrated in Section 5.4.3. Specifically, for the purpose of
determining which functions require a variable x as an extraneous parameter,
we should exclude calls made by the function in which x is declared from the call
graph, because a variable should never be added as an extraneous parameter of
its declaring function. In fact, this leads to a novel algorithm which is relatively
simple and fast: for each function f, create a modified call graph that excludes
calls made by f and coalesce SCCs, then use a top-down recursive traversal
of the resulting condensation graph to propagate the variables declared in f
to the functions that require them as extraneous parameters. The computed
extraneous parameters are minimal, and the overall time complexity remains
O(n?) despite the multiple traversals over the call graph.

It turns out we can do even better: the algorithm we describe in this paper
is even simpler and has a faster best-case running time—it does not require

SCCs, and the time complexity is linear in the size of the output program.

5.2.2 CertiCoq

CertiCoq [63] is a compiler for Gallina (the specification language of Coq) that
includes a verified lambda lifting transformation.

It does not apply lambda lifting to all the functions—it uses heuristics to
choose between lambda lifting and closure conversion.

The lambda lifting transformation itself does not produce minimal extrane-
ous parameters; a separate dead parameter elimination transformation is used
instead.

The time complexity of the lambda lifting transformation is not specified,
but appears to be at least O (n?).

The time complexity of the dead parameter elimination algorithm is quadratic
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in the size of the program. This is actually O(n?) where n is the size of the
original program, because adding the extraneous parameters can increase the
size of the program to O(n?). The time complexity can be improved to be
linear in the size of the program (and hence O(n?) in terms of the original
program) using the techniques from our algorithm.

In fact, this leads to an O(n?) algorithm for computing the minimal extra-
neous parameters when all functions are lifted: assign to each function all the
variables of the enclosing scopes as extraneous parameters, then perform the
improved dead parameter elimination. This is O(n?), but again is not linear in

the size of the output program (unlike our algorithm).

5.3 Syntax

We use the language from [19]. This language is the simply typed lambda
calculus, extended with letrec expressions allowing mutually-recursive function

definitions. The syntax for expressions and types is as follows:

ex=c|x|Ax.e| e @es | letrec fi=e;ine
Tu=t|T—>T
These symbols denote (in order) expressions, pre-defined constants, identifiers,

abstractions, function application, letrec expressions with mutually-recursive

bindings, types, base types, and function types. We refer the reader to [19] for

a more detailed explanation. The overline notation indicates repetition: f; = e;
denotes a sequence of bindings f1 = ey; fo = e9;...; fu = en.

We also use the type system from [19, Fig. 1]; we include the rules alongside
our Lean translation in Figure 5.5. The rules are standard and unremarkable.

For the lambda lifting specification, 7 is extended using singleton types:
Ti=1|TtoT|{e}r o1

{e}; is a singleton type; the only term of that type is the expression e of
type 7. We restrict the expression e in singleton types to be an identifier, as
done in the version of the lambda lifting specification in [19, §3.2]. The more
general specification in [19, §4] does not have this restriction and allows lifting

arbitrary expressions (enabling full laziness), but in this paper our focus is solely
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on parameter lifting. The type {x};, — 72 denotes the type of the function
that results when x is inserted as an extraneous parameter of a function of
type 12.

Note that the grammar does not allow “bare” singleton types—singleton
types may only appear as part of a lifted function type. This restriction is
subtle but critical; we discuss this in Section 5.5.1.

We treat Axj.---.Ax,.e as a single multi-parameter function (for the purpose
of the call graph and analysis of free variables).

We distinguish between three types of bindings:

e A letrec binding of the form f = Ax.e is a function binding.

e A letrec binding of the form f = e where e is not an abstraction is a

variable binding.

e A binding created by a binder Ax is a parameter binding.

A wariable is an identifier bound by a variable or parameter binding, and a
function name is an identifier bound by a function binding.

A function A... that occurs as the right-hand side of a function binding is
a named function, while a function that occurs elsewhere is an anonymous
function.

The reason we distinguish between function bindings and variable bindings
is that they are handled differently in Johnsson-style lifting; in particular,
extraneous parameters are never inserted directly in variable bindings. This
terminology also facilitates discussion of the simple parameter lifting algorithm
in [19, Fig. 5], which is very similar to Johnsson’s algorithm but does not
support variable bindings* (that is also the reason we distinguish between
variable bindings and parameter bindings).

Shadowing is when an identifier in a binding is already bound in the enclosing
scope. The Fischbach—Hannan specification forbids shadowing to avoid some

issues [19, p. 513].°

4Instead, the syntax sugar “let” is defined [19, p. 513] to allow (non-recursive) variable
declarations in the examples.

5An alternative is to generate unique names for the extraneous parameters and update
references accordingly.
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For the purpose of our algorithm, we further assume all identifiers are
distinct; that can be ensured using a preprocessing step that renames identifiers

(a-conversion),% or by assigning the identifiers unique IDs as in Section 5.4.6.

5.4 The algorithm

5.4.1 Definitions

We use the standard definitions for scope, free variables, and closed expressions.
We use the term extraneous parameters to refer to the parameters added by

the lambda lifting process (following the terminology of [15, 55]).

Definition 5.4.1 (Declaring function). The declaring function of an identifier
binding is the innermost function that encloses the binding, or null if the

binding is not enclosed by any function.

Definition 5.4.2 (Referencing). An occurrence of an identifier is referenced
directly by a function if the function is the innermost function that encloses the

occurrence. (We will sometimes abbreviate this to “referenced” for readability.)

Definition 5.4.3 (Function reference graph). The function reference graph is
analogous to the call graph. The nodes are the functions (including anonymous
functions), and there is an edge from f to g if g is referenced directly by f (either
because f calls g or because f uses g as a value). When ¢ is an anonymous
function, we say that it is referenced directly by f if f is the innermost enclosing

function of g.

Definition 5.4.4 (Non-local variables). An occurrence of a variable in a
function is non-local if the function is not the declaring function of the variable

and the occurrence is not a reference to a global variable.

Definition 5.4.5 (Referenced non-local variables). A variable x is a referenced
non-local variable of a function if there exists an occurrence of x which is

referenced directly by the function and is non-local in the function.

6Renaming identifiers also avoids name clashes when functions are block-floated, and
ensures a letrec expression does not contain multiple bindings with the same identifier (the
Fischbach—Hannan specification allows that, and it does not cause issues there, but it does
cause issues when block-floating is performed).
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The referenced non-local variables of a function are a subset of the function’s
free variables, restricted to ensure that the extraneous parameters derived from

them are minimal:

e We exclude global variables because they remain accessible after lifting,

so they never need to be added as extraneous parameters.

e We exclude function references because we are interested in block-floating
all functions to the top-level scope, so after block-floating all functions

will be in scope (as noted in [19]).

e We only include variables referenced directly by the function to avoid

unnecessary extraneous parameters in the presence of unused functions.

To illustrate the last point, consider the following example:

(define (main x)
(define (f)
(define (g) x)
)
()
The variable x is a non-local variable in f but is not referenced directly by f.
It becomes clear that f does not require x as an extraneous parameter (unlike
g) after we perform block-floating:
(define (g x) x)
(define (f) 1)
(define (main x) (f))
Once g is block-floated out of f, f does not reference x; and f does not reference
any function that has x as an extraneous parameter, so x does not need to be
added as an extraneous parameter of f.
Alternatively, the issue can be avoided by eliminating dead code in a

preprocessing step.”

7 Algorithm-specific fixes also exist. For example, the simple parameter lifting algorithm
in [19, Fig. 5] can be fixed by changing |J#; U 6 to 8 in the rule (letrec); the proof of
Theorem 5 continues to hold trivially—specifically, Lemma 3 continues to hold because
UJ6; UO C dom(I") implies § € dom(T"); and the algorithm continues to produce a complete
lifting (excluding anonymous functions)—the premise A* > e : (1,0) = m guarantees that if
f; is referenced in e then 6 will be a superset of 6;, so any parameters in |J 6; that are not
already in @ are unnecessary.
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Definition 5.4.6 (Solution). The solution for a program is a mapping EP
from each function to a set of extraneous parameters satisfying the following

conditions, for all functions f and ¢ and for all identifiers v:

1. v is a referenced non-local variable of f = v € EP[f]

2. ve EP[f] A g references f A g is not the declaring function of v = v €

EP[g]

3. Nothing else is in EP.

In other words, the referenced non-local variables in the original program
must be included as extraneous parameters, and extraneous parameters need to
be propagated to callers and other referencing functions (except the declaring
function) because they will be inserted at call sites and references; this is some-
what similar to [56]. A variable is never inserted as an extraneous parameter
of its declaring function, ensuring that variables never escape their original
scope when they are inserted as extraneous parameters and arguments (see
Theorem 5.6.4).

This definition is novel, and is one of the key insights behind our algorithm.

We prove in Section 5.6 that the solution gives the minimal extraneous
parameters in the class of liftings we are interested in.

(Note that anonymous functions are included in this definition. We assume

each function is assigned a distinct map key.)

5.4.2 A simple lifting example

The conditions from the definition of the solution are straightforward to apply.
We demonstrate the process using the following example; our analysis mirrors

the steps performed by our algorithm.

(define (main w x)
(define (e)
(define (f) (+ xy (e)))
(define y 1)
(define (g) (+ w (e)))
()
(e))
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The variable w is a referenced non-local of g, so it is added to EP[g]. The
function g is unused, so w is not added to other sets.

The variable x is a referenced non-local of f, so it is added to EP[f]. The
function e calls f and x € EP[f], so x is added to EP|[e]. Likewise g calls e
so x is added to EP[g]. The function main calls e, but main is the declaring
function of x so x is not added to EP[main]. The function f calls e (a cycle),
so x needs to be added to EP[f]; but x is already in FP[f] so there is no
change.

The variable y is a referenced non-local of f, so it is added to EP|[f]. The
function e calls f, but e is the declaring function of y so y is not added to
EPJe].

Therefore, EP = {main: {}, e : {x}, f:{x, y}, g:{w, x}}.

5.4.3 A complex lifting example

We now present an example with a more complex call graph and work through
it in full (including the block-floating step). This example highlights the
significance of the declaring function on propagation, like the previous example;
and it gives a good illustration of how the whole-program SCCs depend on the

variable being considered.

(define (main x)
(define (d) (e 1))
(define (e y)
(define (f) (+ (e 2) xy))
(define (g) (f))
(8)
(d))

This example can be visualised using the following call graph diagram:

free:x, y

The variable x is a referenced non-local of f, so it needs to be introduced

as a parameter of f. The function g does not refer to x directly, however since
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g calls f and calls to f will need x as an argument, x must be introduced as a
parameter of g. Likewise x must be introduced as a parameter of e (because it
calls g) and to d (because it calls ). But x does not need to be introduced as
a parameter of main, even though main calls d, because main is the declaring
function of x.

The variable y is a referenced non-local of f, so it needs to be introduced
as a parameter of f, and likewise of g (which calls f). But y does not need
to be introduced as a parameter of e, even though e calls g, because e is the
declaring function of y.

Therefore the smallest sets of extraneous parameters are as follows:

main: {}, d: {x}, e: {x}, f:{x, y}, g:{x, y}

The only difference between x and y is their declaring function, and yet their
propagation is very different. When propagating x the component {e, f, g} needs
to be coalesced to eliminate cycles, but when propagating y that component
must not be coalesced.

When the extraneous parameters are inserted in the parameter lists and
call sites, and the function definitions are moved to the top level, it results in
the following lifted program:

define (d x) (e x 1))
fxy) (+ (ex2)xy))

gxy) (fxy))

exy) (gxvy))
main x) (d x))

o
@
=N
=
@

5.4.4 Algorithm 1

We now describe an algorithm and prove it computes the solution defined
above.

We present two versions of the algorithm. The first version is simple
and intuitive, but the proofs are not fully rigorous in some parts due to
inconveniences with reasoning about recursion. So we later present an iterative
version of the algorithm with corresponding proofs that are more rigorous.

The key properties of our algorithm are that it traverses the function

reference graph in a bottom-up fashion and that it processes each variable
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define DFS(v: Identifier, f: Identifier, traversed_ funcs: Set):
if f not in traversed__funcs:
add f to traversed__funcs
for ¢ in functions that reference f:

if ¢ is not the declaring function of v:
DFS(v, g, traversed__funcs)

define multi__source_ DFS(v: Identifier, starting funcs: Set) — Set:
traversed _funcs := new set
for f in starting funcs:
DFS (v, f, traversed__funcs)

return traversed_ funcs

for v in all wvariables:
starting _funcs := functions where v is a referenced non-local
traversed__funcs := multi__source_ DFS(v, starting_funcs)
for f in traversed__ funcs:

add v to the extraneous parameters of f

Algorithm 1

separately. This makes it easy to handle cycles—we simply skip functions that
have already been visited. Processing each variable separately might seem
inefficient at first glance, because it requires multiple passes over the function
reference graph; however that is not the case (algorithms that perform a single
pass over the call graph will in general spend more time processing each node,
because they need to merge sets containing multiple variables).

For each variable, Algorithm 1 performs a depth-first traversal (DFS)
starting from the functions where the variable is a referenced non-local and
propagating to the functions that reference them. The set traversed_ funcs
records the functions traversed by the DFS. If the DFS encounters a function
that has already been traversed, it skips that function; otherwise it adds the
function to the set. As a special case, the DFS does not propagate to the
declaring function of the variable. When the traversal ends, the variable is
added as an extraneous parameter of each of the traversed functions.

We assume a preprocessing step has been used to compute the (reverse)

function reference graph and the referenced non-local variables of the functions.
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Theorem 5.4.7. The output of Algorithm 1 is the solution.

Proof. Consider a single iteration of the top-level for loop on line 14, fixing
the variable v.
As a result of lines 17-18, at the end of the iteration we have
f € traversed__funcs & v € EP[f]
for all functions f. So we need to show that the functions in traversed  funcs
satisfy the definition of a solution.

Note that the only place that adds elements to traversed_ funcs is line 3
in DFS, and that elements are never removed. Observe that DFS has the
postcondition f € traversed__ funcs.

We can show that DF'S terminates by induction on the number of unvisited
functions (functions in the input program that are not in traversed funcs). If
the current function is already in traversed_ funcs, DFS returns immediately.
Otherwise, DFS adds the current function to traversed_ funcs, so the number
of unvisited functions is strictly less in the recursive calls, and the inductive
hypothesis implies that they will terminate.

Condition (1) from the definition of a solution is satisfied, because multi
source__DFS invokes DFS on each of the starting functions (which are the
functions where v is a referenced non-local variable), and DFS adds those
functions to traversed__ funcs.

Condition (2) from the definition of a solution is satisfied, because whenever
a function is added to traversed_ funcs, DFS recurses into the functions that
reference it (except for the declaring function of v), ensuring that the necessary
functions will also be added to traversed_ funcs.

Condition (3) is satisfied, because the only place that adds elements to
traversed__funcsisline 3 in DFS, and DFS is only called from multi source DFS
and DFS, and the functions added by those calls are justified by conditions (1)
and (2) respectively. O

Theorem 5.4.8. The time complexity of Algorithm 1 is linear in the size of

the output program.

Proof. We assume the availability of map and set data structures providing
O(1) access, O(1) initialisation, and iteration linear in the number of elements;

see Section 5.4.6.
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The preprocessing step to compute the function reference graph and the
referenced non-local variables of the functions can be done using a single linear-
time pass over the input program, because each identifier occurrence can be
referenced directly by at most one function. This is also linear in the size of
the output program, because the output program is at least as long as the
input program (they are the same apart from the additional parameters and
arguments, and the reordering caused by block floating).

Lines 3-6 of DFS will run exactly once for each extraneous parameter. Each
iteration of the for loop on line 4 corresponds to a unique extraneous argument
in some call site or reference, and these arguments will be inserted in the output
program, so the total number of iterations is linear in the size of the output
program. The for loop on lines 17-18 is linear in the number of extraneous

parameters. The rest of the code is linear in the size of the input. O

5.4.5 Algorithm 1b

Algorithm 1b is an iterative version of Algorithm 1, produced by converting the
recursion to iteration using an explicit stack. It is equivalent to Algorithm 1
apart from some harmless reordering due to the stack being last-in first-out.
(Proof sketch of the equivalence: If we trivially refactor Algorithm 1 by moving
lines 2-3 from the beginning of DF'S to immediately before each call to DFS,
then a call to DFS in Algorithm 1 with arguments (v, f, *) corresponds to
pushing (f, v) onto the stack in Algorithm 1b.)

The variable stack contains pairs (f, v), denoting that the variable v needs
to be propagated to the functions that reference f. Whenever a variable v
is added to EP[f], the pair (f, v) is pushed onto stack. All the variables are
processed one after another using a single while loop. This allows conditions
(1) and (2) from the definition of the solution to be neatly translated to a loop

invariant.
Theorem 5.4.9. The output of Algorithm 1b is the solution.

Proof. The loop invariant of the while loop on line 8 is as follows. It is almost
exactly the same as the conditions from the definition of the solution; the
important difference is that we added (f, v) ¢ stack to the second clause, to

relax condition (2) for the pairs currently in the stack.
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EP := mapping from each function to a set of extraneous parameters
(all sets initially empty)
stack := new stack
for v in all wvariables:
for f in functions where v is a referenced non-local:
add v to EP[f]
push (f, v) onto stack

while stack is not empty:
(f, v) := pop stack
for ¢ in functions that reference f:
if ¢ is not the declaring function of v and v ¢ EP]g]:
add v to EP[g]
push (g, v) onto stack
output P

Algorithm 1b

For all functions f and ¢g and for all identifiers v, the invariant is the

conjunction of the following clauses:
1. v is a referenced non-local variable of f = v € EP[f]

2. ve EP[f] A (f,v) ¢ stack A g references f A g is not the declaring

function of v = v € EP|[g]

3. The only elements in EP are those required by conditions (1) and (2)

from the definition of the solution.

Proof that the invariant holds immediately before the while loop is entered:
The code before the while loop (specifically lines 4-7) adds v to EP[f] for
all functions f where v is a referenced non-local variable (and only for those
functions), so clauses 1 and 3 are satisfied.
The code before the while loop pushes (f, v) onto stack whenever it adds

v to EP[f], so clause 2 is satisfied vacuously.

Proof that the invariant holds at the end of each iteration of the while loop:
The body of the while loop does not remove any identifiers from EP, so
clause 1 will continue to be satisfied.
Removing the pair (f, v) from stack may cause clause 2 to become false for

f, but the following for loop (lines 10-13) will immediately restore the invariant
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by adding v to EP[g] for all g that reference f (excluding the declaring function
of v), so at the end of the iteration clause 2 will hold for f.

Adding v to EP[g] does not violate clause 2 because (g, v) is also pushed
onto stack.

Observe that if (f,v) € stack then v € EP[f]. This follows because the
algorithm always adds v to EP[f] before it pushes (f, v) onto stack, and it
never removes any identifiers from EP.

At the beginning of the iteration (f,v) was in stack, so v € EP[f] and
condition (2) requires v € EP|g], satisfying clause 3.

Hence the invariant holds at the end of each iteration.

Therefore, the invariant will also hold at the end of the while loop. In addition,
stack will be empty, so (f, v) ¢ stack will be true for all pairs and hence the

loop invariant will be logically equivalent to the conditions for a solution. O

Theorem 5.4.10. The time complexity of Algorithm 1b is linear in the size of

the output program.

Proof. As with Algorithm 1, we assume the availability of suitable map and set
data structures (Section 5.4.6); the preprocessing step to compute the function
reference graph and the referenced non-local variables of the functions is the
same.

Each push operation corresponds to a unique extraneous parameter of
some function. They will all be inserted in the output program, so the total
number of push operations (and hence also pop operations) is linear in the
size of the output program.

Each iteration of the for loop on line 10 corresponds to a unique extraneous
argument in some call site or reference, and these arguments will be inserted
in the output program, so the total number of iterations is linear in the size of

the output program. O

5.4.6 Data structure implementation

Finding map and set data structures that satisfy the assumptions of Theo-
rem 5.4.10 is not trivial. The most practical approach is to use a hash table,
offering an average time complexity of O(1) and a worst-case time complexity

of O(n) for access operations. Hash tables are highly likely to perform well in
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practice under some reasonable assumptions (namely that the hash function is
sensible, and that the identifiers are of reasonable length and are not specifically
crafted to generate collisions); but to tighten the theoretical worst-case time
complexity of the algorithm, we consider additional approaches.

A prefix tree offers a per-operation time complexity linear in the length
of the key, which in our case is an identifier. If the maximum length of an
identifier is a constant, this becomes O(1). Otherwise another approach is
needed.

We now describe two ad hoc approaches with per-operation time complexity
O(1) that support identifiers of arbitrary length (we only assume that the size
of the input program can be represent by a single machine word).

The first approach begins by converting all identifiers that occur in the
input program to integer IDs in the range 0 to |I| — 1 (where |I] is the number
of bindings). This can be done using a prefix tree, with time complexity linear
in the size of the input program. (IDs can later be efficiently converted back
to the original identifier names by storing the original identifier names in an
array indexed by the identifier ID.) A set can then be represented as an array
of Booleans indexed by identifier ID, and a map can be represented as an array
indexed by identifier ID, with the element being the mapped value. To allow
efficient iteration, a linked list should be maintained recording the unique IDs
present in the set/map; this also allows efficient clearing. The only issue is that
initialisation is O(|I|); to prevent this from affecting the overall running time
of the algorithm, some small changes are required (discussed below).

The second approach is to augment the nodes of the abstract syntax tree
(AST) with additional fields. For example, the AST node representing function
definitions could be augmented with a Boolean field named traversed to be
used by the DF'S instead of the traversed funcs set. This approach may be
more attractive if the implementation operates on references to AST nodes and
already has a mechanism for resolving identifiers to declarations. As with the
first approach, linked lists are required to allow efficient traversal. Initialisation
is again O(|I]) per set/map, and their creation is rather inflexible because they
are tied to fields.

As written, both Algorithm 1 and Algorithm 1b create a large number of

sets. This is problematic when using the two approaches just described, due to
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EP := mapping from each function to a list of extraneous parameters
stack := new stack
for v in all wariables:
for f in functions where v is a referenced non-local:
add v to EP|f]
push (f, v) onto stack
traversed__funcs := new set
Uprey := null
while stack is not empty:
(f, v) := pop stack
if v # Vpre:
Uprey 1= U
clear traversed_funcs
for ¢ in functions where v is a referenced non-local:
add g to traversed__funcs
for g in functions that reference f:
if ¢ is not the declaring function of v and ¢ ¢ traversed funcs:
add v to EP[g]
add g to traversed_ funcs
push (g, v) onto stack
output P

Algorithm 1b": Modified version of Algorithm 1b that only uses one set

the initialisation time complexity (and lack of direct support in the case of the
second approach). Fortunately, it is possible to reduce this requirement to a
fixed number of sets with some small changes:

(A) In Algorithm 1, instead of creating a new set in each invocation of
multi_source_ DFS, we can reuse a single set across all invocations and clear
the set between calls.

(B) In Algorithm 1b, we change the values in EP from sets to lists; the
challenge is to keep the check v ¢ EP[g] efficient. Observe that the pairs
pushed onto the stack by lines 4-7 are grouped by variable, and that the while
loop only pushes pairs with the same variable as the most recently popped pair.
Hence all pairs with a given variable will be popped from the stack consecutively.
So we can use a single set (traversed__funcs) to track the visited functions for

the current variable, as shown in figure Algorithm 1b’: at the beginning of the
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while loop, if v is different from the variable of the previously-popped pair (or
if this is the first iteration), we clear traversed funcs and add the functions
where v is a referenced non-local to traversed__ funcs; then later when we add
v to EP[g] we also add g to traversed__funcs. Then the check v ¢ EP[g] can
be replaced with g ¢ traversed_ funcs.

(C) The preprocessing step also requires small changes. The natural way to
compute the reverse function reference graph is to use a map from each function
to a set of functions that reference it, which is problematic. But we can use lists
instead of sets, and efficiently exclude duplicate references using a single set as
follows: when processing a function f, deduplicate the functions it references
by adding them to the set, then for each ¢ in the set add f as a function that
references g; then clear the set. Likewise, the sets of functions where each
variable is a referenced non-local can be represented using lists, and duplicate
functions can be efficiently excluded using a single set by deduplicating the
referenced non-local variables when processing each function.

With these changes, using either approach, the number of maps and sets
created by Algorithm 1 and Algorithm 1b is a constant, so the total initialisation
time is O(]I]). The time complexity of the clear operations is amortized by
the insertions. The proofs of Theorem 5.4.8 and Theorem 5.4.10 cover the rest
of Algorithm 1 and Algorithm 1b respectively, so their overall time complexity

is linear in the size of the output program.

5.4.7 Optimality and improvements

The time complexity of Algorithm 1 and Algorithm 1b is optimal if the lifted
program is to be output. If the lifted program does not need to be output,
then the lower bound imposed by the size of the lifted program is removed,
admitting algorithms that have a better time complexity on some cases.

For example, the representation of the lifted program could be made more
compact by sharing identical extraneous parameter/argument lists. Consider
the first example in Appendix A; the total number of extraneous parameters
is ®(n?), but the extraneous parameter lists of all the functions are identical
(and hence so are the extraneous argument lists), so a compact representation
of the lifted program that shares these lists would have size ®(n) rather than

®(n?). In that particular example, it is possible to compute this representation
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in O(n) using a simple top-down recursive traversal, because the call graph is
acyclic and the required set union operations can be performed trivially with
a little care (the union of a set with itself is itself, and set equality can be
checked efficiently using a heuristic test such as reference equality).

A nice property of Algorithm 1 and Algorithm 1b is that they are able
to start from any state; the only information they require is which variables
still have to be propagated from which functions (and to which functions).
This leads to an elegant hybrid algorithm: first propagate variables using a
top-down recursive traversal of the function reference graph, skipping edges
that create cycles; then run Algorithm 1 starting from the edges that were
skipped to complete the propagation. This hybrid algorithm will be faster on
some cases (such as the first example from Appendix A) because some of the
set union operations can be performed trivially.

Some additional optimisations are possible for the set union operations. If
the number of variables is small (say < 64), the sets can be represented as
bitmasks and set union can be performed using a single bitwise instruction.
For larger sets, the union of sets of size m and n would be® O (m +n) using hash
sets (average case) or sorted lists”, and this is sufficient for keeping the overall
time complexity linear in the size of the output program; however the time
complexity of set union can be improved to O(mlog(n/m + 1)) where m < n
using persistent balanced trees [3], and that is the optimal time complexity for
the general comparison-based merging problem [7].

Another small optimisation is to observe that top-level functions never
require extraneous parameters.

A big remaining opportunity for improving the time complexity is to take
advantage of SCCs—coalescing them reduces the size of the function reference
graph. The algorithm we described at the end of Section 5.2.1 takes advantage
of SCCs, but has inefficiencies. We briefly describe an optimised version of
that algorithm; the time complexity is at most linear in the size of the lifted
program, and in some cases it is even faster. The optimisations are to restrict

the traversals to subgraphs in order to skip functions that do not require

8 Assuming identifiers are converted to integer IDs (see Section 5.4.6), to allow O(1)
comparisons.

9The initial referenced non-local variables of each function can be sorted in linear time
using a prefix tree.
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extraneous parameters, and to coalesce SCCs incrementally by processing the

functions in a specific order.

1. Create a reverse function reference graph G, initially empty, whose nodes

are sets of functions (representing components).

2. For each function f, add the set {f} as a node of G.

3. Perform a post-order traversal of the AST. To process a function f:

(a)
(b)

Let V be the set of variables whose declaring function is f.

Compute the set of nodes N whose functions require one or more
of the variables in V as extraneous parameters, by performing a
depth-first traversal of G (that is, propagating to callers) starting
from the nodes containing functions that reference the variables in

V.

Compute the SCCs of the subgraph of G induced by N. (This can
be done using Tarjan’s algorithm during the same traversal as the

previous step.)

Coalesce the corresponding components in G (and in N); see the

implementation notes below.

Perform a traversal of the subgraph of G induced by N in topological
order (e.g. using Kahn’s algorithm) to compute the extraneous pa-
rameters for the variables in V. Compute the extraneous parameters
of a node C as the union of the variables in V referenced by functions
in C and the extraneous parameters computed for the predecessors

(callees) of C.

Add edges from nodes containing functions that reference f to the

node {f}.

4. The final extraneous parameters of a function g are the union of the extra-

neous parameters computed for nodes containing g across the traversals

(see the implementation notes below).

To coalesce nodes while allowing the node containing a function to be looked

up efficiently, a disjoint-set data structure should be used. When coalescing
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multiple nodes into one, their outgoing edges should be combined eagerly; the
incoming edges can be resolved lazily using the disjoint-set data structure.

We note that the problem of incrementally maintaining SCCs as edges are
added to a graph has been studied in the literature [28], but in our case it is not
necessary to use a specialised incremental SCC algorithm—we need to traverse
the subgraph regardless (to compute the extraneous parameters in step 3e), so
using Tarjan’s algorithm does not impact the overall time complexity.

There are a number of options for computing the unions in the final step. An
efficient and elegant approach is to perform the union lazily: when coalescing

nodes, record the coalesced node as the °

‘parent” of the original nodes; to
enumerate the extraneous parameters of a function g, enumerate those computed
for the node {g}, followed by those computed for the parent node of {g}, and
so on. There is no need to perform deduplication, because the extraneous
parameters computed in different traversals are disjoint.

It can be shown that the time complexity of this algorithm is at most linear
in the size of the lifted program, using similar reasoning to Algorithm 1 (Tar-
jan’s algorithm, Kahn’s algorithm, and coalescing are linear-time; disjoint-set
operations are near-constant but we treat them as constant time for simplicity).

Giving a more precise time complexity is difficult because it depends on
the input; however, we can say that this algorithm takes good advantage of
SCCs and can take good advantage of fast set union operations in step 3e. We
conjecture that the time complexity of this algorithm is at least as fast as all

known algorithms on all cases, including when the lifted program does not need

to be output.

5.5 Specification

5.5.1 Fischbach—Hannan lifting specification

To prove that our solution produces a valid lifting, we turn to the Fischbach—
Hannan specification.

We briefly describe the specification here, and refer the reader to [19, §3.2]
for a more complete discussion. We include the rules of that specification in
Figure 5.1, and also in Figure 5.6 for comparison with our Lean translation.

The judgement I' > e : T = ¢’ states that the input expression e can be lifted
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I'x)=r X(c)=71
(var) —  (const)
I'>bx:t=>x I'>c:t=>c¢

I'{y:mijpe:7=¢ y ¢ dom(T") FV(t; — 1) € dom(TI")

(abs)
I'>Adye:1 > 1= Ay.e

r'x)=n I'>Ay.e:7= Az.¢

(lift-abs)
> Ay.e:{x}; > 7= Ax.Az.€

. 4 . ’
I'bei:m—>7=¢€ I'>ey:m = e

(app)
F'>e@ey:T=e@e

'se:{x}; o17=>¢ [(x) =7

(lift-app)
I'>e:T= e @x

=T{fi:n} I'be:m=e¢
IMbe:7=¢ f; ¢ dom(I") FV(t) € dom(T') i €{l.n}

—_ —— (letrec)
I'> letrec fi =e;ine: 7= letrec fi=el in¢’

Figure 5.1: The Fischbach-Hannan lifting specification, from [19, §3.2]

to the expression e’ of type 7, where I' is a context mapping identifiers to types.
[ is initially empty for the top-level expression; the notation I'{f; : 7;} extends
I' with new entries. Z is a pre-defined signature mapping each constant to its
type; it is assumed that £ does not contain any singleton types. Extraneous
parameters and arguments are inserted via the rules (lift-abs) and (lift-app)
respectively. The type information recorded in I' is used to ensure the extraneous
arguments correspond to the extraneous parameters (in both type and identifier
name). The rules include conditions such as y ¢ dom(I") to forbid shadowing,
and FV(t) € dom(I") to prevent extraneous parameters from escaping their
scope, to avoid unsoundness (see the examples in [19, §2]). The types used

in the rules need not match the original types in e—for example, the type 71

of y in the rule (abs) need not match the original type of y in e; this allows
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more general liftings where extraneous arguments are passed indirectly (see
the examples in [19, §3.3]).

As stated in [19, §3.2], in the rules (abs) and (app) of the lifting specification,
71 cannot be a singleton type. This is because the grammar of T does not
allow “bare” singleton types. This restriction is subtle but critical for the
specification’s soundness. Specifically, if the grammar allowed {e}; as a term
of 7, then unsound liftings such as the following would be permitted by the
specification:

{x :N} > Ay.0 : N = (1y.0) @x

This lifting is unsound because the input expression has type N — N while the
lifted expression has type N (an unrelated type). The lifting can be derived
using the rule (lift-app), where the premise {x : N}>1y.0 : {x}yy - N = 1y.0 is
derived using the rule (abs) with 71 = {x}iy (a bare singleton type). Disallowing
bare singleton types in the grammar of T prevents such unsound liftings.
Proving that our solution satisfies the Fischbach—-Hannan specification is
desirable because then the theorems [19, Theorem 2 (Type Correctness)] and [19,
Theorem 4 (Operational Correctness)] apply to our lifting. However, we also
wish to prove that our solution gives the minimal extraneous parameters within
the class of liftings that we are interested in. So we give a specification for
“Johnsson-style” lifting, and prove that this is a restriction of the Fischbach—
Hannan specification (Theorem 5.6.1); then we prove that the solution satisfies

our specification for Johnsson-style lifting.

5.5.2 Johnsson-style lifting

In Figure 5.2 we give a specification of “Johnsson-style” lifting, where each
function is assigned a set of extraneous parameters and corresponding extrane-
ous arguments are inserted at each occurrence of the function’s name. This

specification is slightly more general than Johnsson’s algorithm:
e We leave the choice of extraneous parameters unspecified.

e We allow function names to be inserted as extraneous parameters. This
is unnecessary when all functions are to be block-floated to the top-level
scope, because in that case they will all be in scope; but allowing it

simplifies the specification and permits selective lifting. However, we
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A(x)=0

(var) — (const)
A>x=>x@60,@---@0, A>c=c

Ay :0}>e=¢ y & dom(A) 0 C dom(A)

(abs)
A>2y.e = (161..40,.0y.) @61 @ @6,

’ ’
ADel:el A>€2:>62

(app)
A el @ey = €] @¢

A" = A{fi: ep(e)}
N> fi=ei= fi=e] AN>e=e f; ¢ dom(A)
Vxeep(e), x € {f} > =abs({f; : e;}(x)) i,je{l..n}

(letrec)
A > letrec fi =¢; in e = letrec fi = e/ in ¢’

A>e=¢ —abs(e)

(var-binding)
A>f=e=> f=¢

Ay :0}>e=e  y¢dom(A) 6 C dom(A)

(fun-binding)
Ab f=%y.e= f=210..10,.2y.¢

ep(Ay.e) =6

ep(e) =0

Figure 5.2: Johnsson-style lifting

do not allow function names declared in the same letrec expression to

be inserted as extraneous parameters, because that can lead to infinite

types.

e Johnsson’s algorithm does not support anonymous functions; instead,
it is assumed that each anonymous function A... is replaced with the
equivalent expression letrec f = A... in f where f is a fresh identifier.
We have chosen to support anonymous functions directly; their extraneous

arguments are inserted at the occurrence of the anonymous function,
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producing an equivalent result.

e We exclude the block-floating step (following [19]).

Our specification loosely resembles the two-phase specification in [19, Fig.
5 and Fig. 6]. That specification is similar to Johnsson’s algorithm, but it does
not support variable bindings and it allows anonymous functions (however it
does not eliminate their free variables).

The judgement A > e = ¢’ given in Figure 5.2 states that the input ex-
pression e is lifted to the expression e’. Each function in the input expression
is required to be annotated with an ordered set 6 specifying the chosen ex-
traneous parameters, notated ?Ay.e (based on the notation from [19]). For
multi-parameter functions, only the first A should have an annotation; the rest
should be implicitly @ (but we do not enforce this). A maps function names to
their annotated extraneous parameters; variables are mapped to 0.

We use the symbol > to denote logical implication, and the notation abs(e)
denotes that e is an abstraction. In the rule (letrec), the premise Vx € ep(e;), ...
ensures that function names declared in the current letrec expression are not
used as extraneous parameters. (If f; are assumed to be distinct, that premise

is equivalent to ep(e;) N {f; | abs(e;)} =0.)

5.5.3 Complete lifting

We are interested in block-floating all functions (including anonymous functions)
to the top-level scope. For the resulting program to be valid, the lifted program
must not contain any non-local variable references prior to block-floating. This
is equivalent to the definition of a supercombinator from [64] except that free
function references are allowed (because after block-floating all functions will
be in scope).

We refer to a lifting where the lifted program e’ has this property as a
“complete lifting”, formalised by the judgement > SC'(e’) given in Figure 5.3
(the name SC' is a reference to the closely-related term “supercombinator”).
¥ maps each identifier to one of {G, L, N} denoting a global variable, local
variable, or non-local variable respectively. Function names are mapped to G

because after block-floating they will be global.
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Y[x] € {G,L}
—— (var) — (const)

¥ > SC(x) Y SC(c)

¥ ={y:Nif P[y] =L else P[y] | y € dom(¥)}

P =W {x : L} ¥* > SC(e) —abs(e) i €{l..n}

(abs)
Y SC(Axy.--.Axp.e)
¥ SC(er) ¥ SC(e2)
(app)
Y SC(e1 @eo)
P =W{f; : G if abs(e;) else L}
Y > SC(e;) P> SC(e) ie{l.n}
(letrec)
Y > SC(letrec f; =¢; ine)
Y ={fi:G} P> SC(e)) P > SC(e) i e{l.n}
(program)

> SC(letrec f; =e; ine)

Figure 5.3: Complete lifting

The rule (program) specifies whether an entire program (represented as
a letrec expression) is a complete lifting; it is almost the same as the rule

(letrec) but it interprets variable bindings as global variables.

5.6 Theorems

This section consists of proofs that together show the solution gives the minimal
extraneous parameters for a complete Johnsson-style lifting. We have chosen
to do some of the proofs in Lean, while others as traditional “pen and paper”
proofs. This choice is driven by practical considerations—some obvious proofs

can be difficult to formalise in theorem provers due to the level of detail required.

Theorem 5.6.1. (Johnsson-style lifting satisfies the Fischbach—Hannan speci-
fication). Let e be an expression annotated with extraneous parameters. Let

IF'={}and A={}. If Tre:TandA>e=¢e thenT'>e:17=¢.
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Proof. We have proven this in Lean. O

This theorem is similar to [19, Theorem 5|, but it is more general: it applies
to any extraneous parameters permitted by our specification of Johnsson-style
lifting, as opposed to the particular extraneous parameters chosen by the
algorithm from [19]. Our Lean proof uses the ideas from the “pen and paper”
proof in [19] (“corresponding contexts” and “closed contexts”).

The trickiest part of the proof is the handling of letrec expressions, since
the computation of the lifted types is quasi-circular: the lifted type of a function
binding includes the lifted types of its extraneous parameters, which may be
variables from the same letrec expression; mathematically, we need to compute
a fixpoint ts = liftedTypes(I', bindings, ts). The premise Vx € ep(e)), ... in
the rule (letrec) of Figure 5.2 ensures there is no true circularity by forbidding
function names declared in the same letrec expression from being used as
extraneous parameters.

We compute ts in three steps:

1. Compute the lifted types of variable bindings (these do not depend on
other bindings), and insert placeholders for the types of function bindings;

call the result ts,.

2. Compute s := liftedTypes(I', bindings, ts,). That is, compute the

true lifted types using the types containing placeholders.

3. Prove ts = liftedTypes(I', bindings, ts) using the premise Vx € ep(e;),

thereby closing the loop.

Proposition 5.6.2. (Well-nesting.) Let e be a closed expression with no
shadowing. For all functions f and g and for all identifiers x, if g references f
and x 1s in scope at the definition of f, then x is also in scope at the reference

to f in g (and resolves to the same binding).

Proposition 5.6.3. (Scope extension.) For all functions f and for all iden-
tifiers x and y,'0 if y is referenced directly by f, and x is in scope at that
reference, and f is not the declaring function of the binding of x, then x is also

in scope at the definition of f (and resolves to the same binding).

10y, is unimportant, it only serves to establish a location inside f.
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Theorem 5.6.4. (The extraneous parameters in the solution are in scope).
Let e be a closed expression with no shadowing and let EP be the solution. For
all functions f and for all identifiers v € EP|[f], v is in scope at the definition

of [ (and is bound to a non-global variable).

Proof. We proceed by induction.

Consider an identifier v which is in EP[f] by condition (1); so v is a
referenced non-local variable of f. By Proposition 5.6.3 (with x = v and y = v),
v is in scope at the definition of f.

Now consider an identifier v which is in EP[g] by condition (2); so v € EP[f],
g references f, and g is not the declaring function of v. By the inductive
hypothesis, v is in scope at the definition of f. By Proposition 5.6.2, v is in
scope at the reference to f in g. By Proposition 5.6.3 (with y = f and f = g), v

is in scope at the definition of g¢. O

Definition 5.6.5. The extraneous parameter scoping premises of the Johnsson-
style lifting specification are the premise § € dom(A) in the rules (abs) and

(fun-binding) and the premise V x € ep(e;), ... in the rule (letrec).

Corollary 5.6.6. Let e be a closed expression with no shadowing. Then the

solution satisfies the extraneous parameter scoping premises.

Proof. The premise § € dom(A) in the rules (abs) and (fun-binding) asserts
that the extraneous parameters of a function are in scope at the function’s
definition, so it is satisfied. The premise Vx € ep(e;)), ... in the rule (letrec) is
satisfied because the extraneous parameters in the solution are all variables,

not function names. O

Theorem 5.6.7. (Sufficient conditions for Johnsson-style lifting). Let e be
a closed expression with no shadowing, annotated with extraneous parameters
that satisfy the extraneous parameter scoping premises. Then there exists an

expression e’ such that {} > e = ¢’.

Proof. We have proven this in Lean, by constructing ¢’ and using the premises
of the theorem to prove the corresponding premises of the Johnsson-style lifting

specification. O

Corollary 5.6.8. The solution satisfies Johnsson-style lifting.
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Theorem 5.6.9. (The solution satisfies SC). Let e® be a closed expression
with no shadowing, annotated with the extraneous parameters given by the

solution. If {} > e®* = €’ then > SC(e’).

Proof. Observe that dom(W¥W) = dom(A), since extraneous parameters are only
inserted if they are already in scope.

By Theorem 5.6.4, the inserted extraneous parameters only shadow non-
global variables; so the resolution of global variables and of functions is the
same in e* and e’.

To prove > SC(e’), we need to prove W[x] € {G,L} for each identifier
occurrence x in e’. We have proven in Lean that e’ is closed; so x € dom(¥),
and we need only prove W[x] # N. Assume for contradiction that there exists
an identifier occurrence x such that ¥[x] = N.

If x is not an extraneous argument, then W[x] = N implies x is enclosed
by some function f with x ¢ EP[f]. This contradicts condition (1) from the
definition of the solution.

Otherwise x is an extraneous argument of some function f, and W[x] = N
implies the reference to f is enclosed by some function g with x ¢ EP[g]. If g is
not the declaring function of x (in e*), we have a contradiction from condition
(2). Otherwise ¢ is the declaring function of x; and by Proposition 5.6.2
(and Theorem 5.6.4), the binding of x is in scope at the reference to f in g,

contradicting W[x] = N. O

Theorem 5.6.10. (The solution is minimal). Let e be a closed expression with
no shadowing, annotated with the extraneous parameters given in a mapping A.

Suppose {} > e = ¢e’. Let EP be the solution. If > SC(e’) then EP[f] C A[f]

for all functions f.

Proof. We show v € EP[f] implies v € A[f] by induction over EP.

Observe that if an identifier occurrence in e resolves to a non-global variable,
then the corresponding occurrence in e’ must also resolve to a non-global variable
(since the inserted extraneous parameters only create parameter bindings), and
recall that dom(¥) = dom(A).

Consider v € EP[f] by condition (1); so v is a referenced non-local variable
of f in e. By the observation, v must resolve to a non-global variable in e’, so
¥[v] =L (from > SC(e’)). The declaring function of v is not f in e, so v must

be in A[f].



86

Now consider v € EP[g] by condition (2); so v € EP[f], g references f, and
g is not the declaring function of v. By induction, v € A[f]. Since g references
f and v € A[f], v will be inserted as an extraneous argument at the reference
to f inside g in ¢’. By Theorem 5.6.4, v is in scope at the definition of g and
resolves to a non-global variable in e, and hence also in ¢’. So W[v] = L. The

declaring function of v is not g in e, so v must be in A[g]. O

Corollary 5.6.11. The solution gives the minimal extraneous parameters for

a complete Johnsson-style lifting.

5.7 Lean implementation

To allow us to machine-check some of our proofs we translated the specifications
to Lean 4, which is both an interactive theorem prover based on the Calculus
of Inductive Constructions and a purely functional programming language
influenced by Haskell [16]. The source code of the translations, some of the
proofs, an implementation of Algorithm 1, and examples is published at [48];
archival artifacts are available at [47].
In this section we show and explain some extracts from the Lean definitions.
The definition of Expr maps to e directly:
/-- Expressions. eu=c|x|Ax.e|ei @esy|letrec fi=¢; ine -/
inductive Expr where
| const : String — Expr
| var : String — Expr
| abs : String — Expr — Expr
| app : Expr — Expr — Expr
| letrec : List (String X Expr) — Expr — Expr

deriving BEq, Repr

Ty maps to the version of T without singleton types, and Tys maps to the
extended version of T that uses singleton types. The separation allows us to
explicitly allow or forbid singleton types. As mentioned earlier, we restrict
the expression e in singleton types to be an identifier, and we are careful to
disallow “bare” singleton types in Tys.

/-- Types. Tu=(|T—>T -/

inductive Ty where
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| base : String — Ty
| arrow : Ty —» Ty — Ty
deriving DecidableEq, Repr

/-- Types, extended using singleton types. tu=t|7—>71|{e}; =1 -/
inductive Tyg where

| base : String — Tys

| arrow : Tys — Tys — Tys

| singarrow : String — Tys — Tys — Ty

deriving DecidableEq, Repr

We use deriving DecidableEq for Ty to allow our type checker to test whether
elements of Ty are equal, and likewise for Tys.

The name Ty was chosen to avoid clashing with Lean’s Type keyword. For
the same reason we later use S instead of X for the mapping from pre-defined
constants to their types.

Additional definitions are given in Figure 5.4.

Sig is the type of Z, and Ctx is the type of I' (with a variant Ctxs that allows
singleton types).

We use Lean.AssocList to represent these mappings; lookup is not compu-
tationally efficient, but that is not a concern for proofs. Another option would
have been Std.HashMap, which has a better average time complexity and supports
more operations, but is more difficult to use in proofs due to weaker support
for simplification and definitional equality. There is also Lean.Data.Trie, which
has good time complexity but only supports a few operations and is difficult to
work with (we use it in the implementation of our algorithm).

Note that Lean.AssocList keeps duplicate keys when entries are inserted
using insertNew (but not when using insert). Operations such as find? return
the most recent value inserted for a key, but older values are visible to operations

that iterate over the entries such as any. This is illustrated by the following

example:
def m := (Lean.AssocList.nil.insertNew 1 5).insertNew 1 6
#eval m.find? 1 --> some 6

#eval m.any (fun k v => (k, v) == (1, 5)) --> true

The presence of older values is not an issue for us, because we only use operations

such as find? that ignore older values. We have chosen to keep older values,
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import Lean.Data.Assoclist
import LambdalLifting.AssoclListExtras

open Lean (AssoclList)

/= [The definitions of Expr, Ty, and Tys are given inline. They should be inserted here

to produce complete source code.] -/

/-- Converts a “Ty™ to a “Tys . -/
def Ty.toTys : Ty — Tys
| .base s => .base s

| .arrow T{ T2 => .arrow Ti.toTys To.toTys

/-- The type of pre-defined signatures (X) mapping each constant to its “Ty . -/

abbrev Sig := AssoclList String Ty

/-- Typing context (I') mapping identifiers to types. -/
abbrev Ctx := AssoclList String Ty

abbrev Ctxgs := AssoclList String Tys

/-- Safe alternative to “List.zip~ that ensures the arguments have the same length. -/
def zip' {a B} {n : Nat} (as : Vector a n) (bs : Vector B n) : List (a X B) :=

(as.zip bs).tolList

abbrev dom := @AssoclList.keys -- Domain (identifiers) of a context.
abbrev _root_.Lean.AssoclList.extend := @AssoclList.insertManyNew -- Extend a context.
/-- Convenience wrapper for “extend™ for use in ~letrec_rule™. -/

def _root_.Lean.AssocList.extend' {a B} {n : Nat}
(m : AssocList a PB) (as : Vector o n) (bs : Vector f n) :=

m.extend (zip' as bs)

/-- Set of identifiers appearing as singleton types in t. -/
-- For simplicity, we don't erase duplicates.
def FV : Tys — List String

| .base _ => []

| .arrow t1 T9 => FV T ++ FV 19

| .singarrow x T1 T9 => [x] ++ FV 11 ++ FV 719

Figure 5.4: Additional basic definitions
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to make scope shadowing visible when mappings are displayed for debugging,
and because insertNew is easier to reason about than insert (which contains a
conditional).

The operations supported by Lean.AssocList are not comprehensive, so we

extend it with some basic operations (not shown here):

e we define the operations keys and insertManyNew;

e we define instances of the type classes GetElem and GetElem? to support

the operators [], [1?, and []!

e we define instances of the type classes Insert and Singleton to support
Lean’s {a, b, c} syntax (we define them in terms of insertNew to respect

duplicates and because insert requires BEQ).

We also define the aliases dom and extend for AssocList operations to match
the terminology used in the specification.

The premises of the form I'" = I'{...} are difficult to translate to Lean,
because let is awkward to use within type declarations. Instead, we inline
the right-hand side in the places where I'* is used. The function extend' helps
make these inlined occurrences more concise.

We use Lean’s Vector type to ensure that lists such as fs and ts have the
same length, because List.zip silently discards excess elements.

We use List to represent sets in FV because it is the most convenient way
to represent a set, although it is not computationally efficient. We do not need
to erase duplicate elements because Lean’s C operator ignores duplicates.

Figure 5.5 shows the Lean translation of the type system from [19].

The inductive type TypeJudgement S ' e t represents the typing judgement
[+ e: 7 with X =S. We also declare a Lean syntax notation (“mixfix operator”)
to match the formal notation; the Lean notation differs in that it explicitly
mentions S, to allow different examples to use different pre-defined constant
mappings.

In Lean terminology, the argument S of TypeJudgement is a parameter and is
the same across the uses of TypeJudgement within the declaration; the remaining
arguments are indices and vary across the uses [§].

We declare TypeJudgement as a Lean Type rather than Prop (proposition) to

allow us to extract the types of subexpressions from a TypeJudgement, something
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notation:26 "(" s ", "I ")" "k " e " : " 1:26 =>

$(Lean.mkIdent ~TypeJudgement) ST e t

/-- Type system judgement, notated as “(S, I') e : t°. -/
inductive TypeJudgement (S : Sig) : Ctx — Expr — Ty — Type where

| var_rule (I' : Ctx) (x : String) (7 : Ty) :

I'x)=r
I'[x]? = some T — E—
(S, I') v+ .var x : =t FhxoT
| const_rule (I' : Ctx) (c : String) (t : Ty) :
X(c)=1
S[c]? = some T — _—
(S, ') + .const c : 7T Fhe:t
| abs_rule (I' : Ctx) (x : String) (e : Expr) (t1 7 : Ty) :
(S, I''extend [(x, T1)]) e : 1T — I{x:n}re:t

(S, I') + .abs x e : T1.arrow T
I'rAx.e: 11— 71

| app_rule (I' : Ctx) (e1 ey : Expr) (z1 © : Ty) :

S, I') e : t1.arrow T —
( ) ! ! I'krey:mp—>1 I'ktey: 1y

S, I rey : 11 —
I'te1@ey: 1

(S, ') rej.app ey : 7
| letrec_rule (I : Ctx) (n : Nat)
(fs : Vector String n) (es : Vector Expr n)
(ts : Vector Ty n)
e : Expr T: T : * o
( pr) ( y) F:F{fi:Ti}

vV i 1< «
Vi, (Cadenm = Ire T

S, /-I'x=/ T'".extend' fs ts) + es[i] : ts[i] N .
( X TS) ' wstil) = IMre:t i€{l.n}

(S, /-I's-/ I'.extend' fs ts) e : T —

(S, T) + .letrec (zip' fses) e : = [+ letrec fi=e;ine: 7

Figure 5.5: Type system
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that cannot be done with Prop due to the run-time irrelevance (erasure) of
propositions in Lean [86]. If there are places where a proposition is desired,
one can use Nonempty (TypeJudgement ...).

The notation declaration requires some explanation. Lean macros are
automatically hygienic, meaning identifiers are resolved in the context of the
macro declaration rather than its use [43]. This is generally a good thing
because it prevents unexpected identifier capture, but in our case it creates
problems with ordering: if the notation is declared before the declaration of
TypeJudgement, then the identifier TypeJudgement cannot be resolved; and if the
notation is declared after TypeJudgement, then the notation is not available for
use inside the declaration of TypeJudgement

The workaround we have used is to declare the notation before TypeJudgement,
but use $(Lean.mkIdent "TypeJudgement) rather than TypeJudgement to delay
the resolution of the identifier (effectively disabling macro hygiene). This has
the disadvantage of making the name TypeJudgement susceptible to identifier
capture. One possible improvement is to use a fully-qualified name, for example
*_root_.SomeNamespace.TypeJudgement, but even that is not foolproof because
Lean permits _root_ to be shadowed, so it is not guaranteed to refer to the
root namespace. The most robust solution is to declare two versions of the
notation: an unhygienic version for use inside the declaration of TypeJudgement
and a hygienic version for use elsewhere. The first version can be marked local

inside a section so that the two notations will not cause ambiguity, as follows:

section SomeSection
-- Unhygienic notation for internal use.
local notation:26 "(" S ", " I'"™)" " r " e " : " 1:26 =>

$(Lean.mkIdent “TypeJudgement) ST e T

inductive TypeJudgement (S : Sig) : ... — Type where
o6, D) e Tl

end SomeSection

-- Hygienic notation for external use.

notation:26 "(" S ", "I ™))" "+ " e " : " 1:26 => TypeJudgement ST' e T

The number 26 is the operator precedence, and was chosen because it is the

lowest precedence that is higher than the precedence of Lean’s “—” operator.
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nOtathh:ZG ll(n S ||’ n 1’\ ll)ll n > n e n . n T n = n e':26 =

$(Lean.mkIdent “LiftJudgement) SIT' e 7T €'

/-- Parameter lifting judgement, notated as “(S, I) > e : T = e'~. -/

inductive LiftJudgement (S : Sig) : Ctxs — Expr — Tys — Expr — Prop where

| var_rule (I' : Ctxs) (x : String) (T : Tys) : rx)=r

I'[x]? = some T — —— (var)

I'bx:T=>x
(S, I') > .var x : T = .var X

| const_rule (I' : Ctxs) (c : String) (t : Ty) :
X(c)=71

S[c]? = some T — ——— (const)

I'>c:t=c¢
(S, I') > .const ¢ : T.toTys = .const c

| abs_rule (I' : Ctxs) (y : String) (e : Expr) (t1 T : Tys) (e' : Expr) :

{y:mi}pe:7=¢

(S, I'.extend [(y, T1)]) > e : 1t = ¢e' — y ¢ dom(I")

y ¢ dom I = FV(t1 — 1) € dom(T")
FV (ti.arrow t) € dom I' — (abs)
I'>Aye:1 — 1= Ay.e

(S, ') > .absye : ti.arrow T = .abs y e'

Figure 5.6: Lean translation of the Fischbach—-Hannan lifting specification

Figure 5.6 (which continues on the next page) shows the Lean translation of
the Fischbach—Hannan lifting specification. The inductive type LiftJudgement
ST e t e' represents the lifting judgement I'> e : 7 = ¢’ with £ = S.
We also declare a Lean syntax notation as for TypeJudgement. The Lean
translation is remarkably similar to the original specification (displayed side-
by-side for comparison). The differences are that the translation has explicit
type declarations (though almost all of them could have been inferred), explicit
handling of missing mapping keys (the operator [1? returns Option.none if the
key is missing), and that the premise i € {1..n} of the rule (letrec) must be
translated to explicit quantification; as stated earlier, we translated the premise

I = ... using inlining, and our notation mentions S explicitly.
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| lift_abs_rule (I' : Ctxs)
(y : String) (e : Expr) (t : Tys)
(z : String) (e' : Expr)
(x : String) (tq : Tys) : I'x)=mn I'>Aye: 7= Az.€

(lift-abs)
I'[x]? = some T — I'> Ay.e: {x}; —> 7= Ax.Az.€

(S, ') > .absye: 1= .abs ze' —

(S, I') > .abs y e : .singarrow x Tty T = .abs x (.abs z e')

| app_rule (I' : Ctxs) (e1 es : Expr) (t1 7T : Tys) (e1' eo' : Expr) :

(S, I > ey : T1.arrow T = e;' — ,
'be:mp—>1=¢€)

S, IT) > ey : 11 > e — ,
['>er:1 = e
(S, I') > ej.app e2 : T = eq'.app €2’ (app)
>eRey:T=e @6

| Llift_app_rule (I' : Ctxs) (e : Expr) (7t : Tys)

(x : String) (t1 : Tys) (e' : Expr) : >e:{x}y o=
I'(x)=1
I'[x]? = some 11 — )
lbe:t=¢ @x

(S, ') » e : .singarrow x 11 T = e' —

S, ) >e : 1= e'".app (.var x)
| letrec_rule (I' : Ctxs) (n : Nat)
(fs : Vector String n)
(es : Vector Expr n)

* = . * R ’
(ts : Vector Tys n) " =T{fi: 7} [">e 1> e

(e : Expr) (t : Tys) be:t=¢  fi¢dom()

(es' : Vector Expr n) FV(r) € dom(I') i€{l.n} ( )
letrec

(e’ = Expr) : I'> letrec fi=¢; ine: 7 = letrec fi=¢] in ¢’

Vi, (L:1<n) —
(S, /-I's-/ T".extend' fs ts) > es[i] : 7s[i] = es'[i]) —
(S, /-I'x-/ I'.extend' fs ts) > e : T = e' —
(V f; e fs, f; ¢ dom I') —
FV. T € dom I' —

(S, I') > .letrec (zip' fs es) e : T = .letrec (zip' fs es') e'

Figure 5.6: Lean translation of the Fischbach—-Hannan lifting specification (cont.)
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5.8 Testing

We tested our algorithm implementation on examples from the literature and
on a large suite of generated test cases. We checked that the output of our
implementation satisfies the specifications and that it agrees with the output

of algorithms from the literature.

5.8.1 Test case generation

We implemented two methods for generating test cases: exhaustive enumeration
(for small test cases), and random generation (for large test cases).

Our exhaustive enumeration algorithm takes a context I' (indicating the
identifiers currently in scope and their types), a target size (roughly correspond-
ing to the number of non-leaf AST nodes), and a target type. It returns a
lazily-computed list of all expressions of the target size and type.

The primitives used by our enumeration algorithm are the Cartesian product
and integer partitioning. When the target size is 0, we simply enumerate the
pre-defined constants and the identifiers in scope that have the target type.
When the target size is non-zero, we enumerate the expressions for each of
the AST node kinds abs, app, and letrec. For example, suppose the target
size is s = 5 and we are currently considering creating an AST node that
requires k = 3 child nodes. We first enumerate all k-tuples that sum to s — 1,
in this case {(0,0,4), (0,1,3),(0,2,2),...,(1,0,3), (1,1,2),...}. Then for each
tuple (s1, s2, s3), we recursively enumerate the expressions of sizes s1, 592, 53;
call these enumerations Cy, Co, and C3. The Cartesian product C; X Cy X Cg
enumerates the possible child nodes for the current AST node (since the total
size together with that node will be 1451 + 52+ 53 = 5). For letrec expressions,
we choose the number of bindings by including it in the size of the AST node
and using the same integer partitioning scheme.

In some cases we also need to enumerate types. For example, when enu-
merating the possible letrec bindings, we must choose a type for each binding.
Likewise, when we enumerate app nodes, we must choose a type for the argu-
ment. In such cases, we exhaustively enumerate types using a similar scheme;
we include the size of the type in the size of the expression using the same

integer partitioning scheme to ensure termination.
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For practical reasons, we assume the lifting algorithms treat identifier names
as opaque. One can artificially construct an algorithm that succeeds on all cases
except when the program contains the identifier “supercalifragilisticexpialido-
cious”; uncovering such cases would require enumeration of all strings, which is
impractical. Instead, we choose the names of identifier using a straightforward
scheme: we use sequential base names (a, b, c, ...) for the bindings in a letrec
expression, and we append the current target size as a suffix to ensure there is
no shadowing (since it is forbidden by the Fischbach—-Hannan specification).
This scheme intentionally does not ensure that identifiers are unique across
the entire program. When we test algorithms such as Johnsson’s that require
identifiers to be unique, we use a separate transformation step to make the
identifiers unique (and then we reverse this transformation on the algorithm’s
output); For algorithms that do not make this assumption, including non-unique
identifiers in the test cases is desirable because it can unveil bugs. However, we
make no attempt to enumerate all possible combinations of clashing identifiers.

Other than the opaque identifier assumption, our enumeration algorithm
is completely black-box: it enumerates all expressions without making any
assumptions about the underlying lifting problem. For example, assuming x
and y are variables with the same type, the subexpressions f @ x @ y and f @
y @ x are interchangeable for the purpose of lambda lifting—all that matters
is whether a variable is referenced or not; but our enumeration algorithm
treats those subexpressions as distinct, and will enumerate both. Unfortunately
this results in significant redundancy in the enumerated expressions. One can
imagine a higher-level enumeration algorithm that reduces the redundancies
by enumerating call graphs rather than expressions, and hence allows larger
test cases to be enumerated exhaustively. However, there is a risk that such
higher-level test cases might miss bugs tied to the specific structure of the
AST. This is especially true for the algorithms from the literature, where the
core lifting logic is intertwined with the traversal of the AST (in contrast with
our algorithm, which operates on an identifier reference graph produced by
a separate AST preprocessing step). For this reason we have chosen to use
exhaustive enumeration of expressions, and rely on random generation to cover
larger test cases.

Our random generation algorithm follows a very similar approach to the
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exhaustive enumeration algorithm, but uses pseudo-random choices instead
of enumerating all options. The random generation algorithm is biased to
produce more “interesting” test cases—for example, we increase the likelihood
of generating functions in letrec bindings and of generating calls to named
functions, because non-trivial call graphs (in particular containing cycles) are
important for good coverage; and we reduce the likelihood of a large number
of bindings in letrec expressions, to encourage deeper nesting.

We visualised some of the call graphs and declaration graphs using Graphviz!'!
to gauge their quality and fine-tune the biases. Figure 5.7 shows the declaration
graph for one randomly-generated test case of size 1000; an edge a— b denotes
that a is the enclosing function of b. Figure 5.8 show the call graph of the
same test case. In both figures, A denotes an anonymous function. The call

graph shows that this test case has a couple of groups of mutually-recursive

functions (that is, cycles that are not self-loops).

5.8.2 Correctness checks

For each algorithm and each test case, we checked that:

1. the extraneous parameters chosen by the algorithm satisfy our Johnsson-

style lifting specification;
2. the lifted program satisfies the Fischbach—Hannan specification;
3. the lifted program satisfies our “complete lifting” specification; and

4. the extraneous parameters are minimal (with some limitations, discussed

below).

To check item 1, we use a straightforward decision procedure to check that
the extraneous parameter satisfy the scoping premises, and then we apply
Theorem 5.6.7 (Sufficient conditions for Johnsson-style lifting).

For item 2, we apply Theorem 5.6.1 (Johnsson-style lifting satisfies the
Fischbach—Hannan specification).

We check item 3 using a straightforward decision procedure.

Checking minimality (item 4) directly is difficult; this is the only property

for which our checker does not produce a Lean proof.

HUhttps://graphviz.org/


https://graphviz.org/
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The natural approach to check minimality is to enumerate all Johnsson-style
liftings with fewer extraneous parameters, check that they do not satisfy the
complete lifting specification, and prove that the enumeration is exhaustive.
This approach is computationally impractical for large liftings, and proving
that the enumeration is exhaustive is difficult.

A proof-based approach would be to translate the proof of Theorem 5.6.10
to Lean (along with the definition of the solution), but that is again difficult.

Instead, our approach is to compare the number of extraneous parameters
produced by the different algorithms. This does not show minimality directly,
but having agreement between multiple independent algorithms, including one
which we proved to be minimal, gives a very high assurance. We also check
that the extraneous parameters produced by the different algorithms are the
same up to reordering (Theorem 5.6.10 makes this check redundant).

In order to test the algorithms that are not minimal in the presence of dead
code, we implemented a basic algorithm that eliminates unused functions. We
run this algorithm on the generated test cases to produce modified test cases
that do not contain dead code; we then check for minimality on these modified
test cases as above.

We also have limited support for the more general liftings allowed by the
Fischbach-Hannan specification. We implemented a partial decision procedure
that supports a small superset of Johnsson-style liftings (including Hughes-
style liftings, hence supporting all the existing algorithms covered by the
Fischbach-Hannan specification). Full support for general liftings would be
significantly more complex because it requires type inference; alternatively, the
lifting algorithm could be tasked with providing type annotations. When our
partial decision procedure succeeds, it produces a Lean proof that the lifted
program satisfies the Fischbach—Hannan specification; it succeeded on all of
our tests (but the algorithms we tested perform Johnsson-style lifting so this is

not particularly significant).

5.8.3 Testing Johnsson’s algorithm

Johnsson’s algorithm is presented in [35] as a program written in Lazy ML (an
early predecessor of Haskell). It uses lazy evaluation to avoid multiple traversals

of the abstract syntax tree—a technique described in [2]. We translated the
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program to Lean; since Lean does not support lazy evaluation, we had to
restructure the code to use multiple traversals of the AST. To help preserve
the original algorithm—compilers for Lazy ML are scarce—we give a direct
translation of the Lazy ML program to Haskell in Appendix B.

Running Johnsson’s algorithm on our test cases requires preprocessing:

1. The AST of Johnsson’s algorithm uses multiple parameters instead of

currying.

2. Johnsson’s algorithm assumes each anonymous function A... is replaced
with the equivalent expression letrec f = A... in f where f is a fresh

identifier.

3. Johnsson’s AST requires the function operand of an application expression
to be an identifier, not an arbitrary expression. So we convert e@e;@---Qe,,

to letrec f =e in f(ey,...,e,) where f is a fresh identifier.

4. Johnsson’s algorithm assumes all identifiers are distinct; we rename them

to ensure uniqueness.

Johnsson’s algorithm also performs block-floating, which is undesirable
for us because our checker expects the extraneous parameters to be specified
as annotations on the input expression. Fortunately, it is easy to construct
the annotations—we can look up the functions in the output of Johnsson’s
algorithm because all identifiers are unique, and their extraneous parameters can
be obtained by removing the suffix containing the original parameters. Finally,
we translate the result back to the Fischbach-Hannan AST by performing the
reverse of the preprocessing steps.

We also implemented a modification to Johnsson’s algorithm to make it
produce the minimal extraneous parameters in the presence of dead code, by
changing the computation of free variables to exclude identifiers that only occur

in unused functions.

5.8.4 Testing the Fischbach—Hannan algorithm

We also tested the Fischbach-Hannan algorithm and the Danvy—-Schultz algo-

rithm. For our convenience, we implemented these algorithms in Python rather
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than in Lean. To test these implementations we launch them from Lean as
subprocesses, and communicate with them over standard input and output; the
parent Lean process sends an expression (encoded using JSON), and the child
process computes the extraneous parameters and responds with an annotated
expression. The Lean process can then perform the usual correctness checks.

The Fischbach—Hannan algorithm is specified both as a set of logical rules in
natural deduction form [19, Fig. 5 and Fig. 6] and as an equivalent conventional
algorithm [19, Fig. 7]. We translated the latter to Python. Our main difficulty
was that the constraint solver subroutine [19, Fig. 8] requires variables to be
eliminated in a particular order, otherwise it can fail to terminate; the necessary
order can be inferred from the proof of termination [19, Lemma 1].

Some AST transformations are required. As mentioned in Section 5.3
and Section 5.5.2; the Fischbach—Hannan algorithm does not support variable
bindings and does not eliminate free variables from anonymous functions; so
we have to eliminate both. Eliminating variable bindings is tricky because
they may be mutually recursive. The standard way to eliminate non-recursive
variable bindings in the lambda calculus is to convert letrec v = e in b to
(Av.b) @ e, but that is invalid if e references v. Instead, we convert expressions
such as

letrecvi=ey; fo=A21inb

(where e; may refer to f, and Ay may refer to vq) to
(Avi. letrec fo = Ao inignore@e; @b) @1y

where ignore @ e; @ b returns b (its purpose is to allow us to include e; in the
transformed program) and #; is a trivial expression that has the same type as
el.

The transformed program is not semantically equivalent to the original
program, because it sets the variables to placeholders instead of the real values;
but, importantly, the transformation preserves the behaviour of lambda lifting—
the extraneous parameters of the transformed program are the same as those
of the original program. Hence we can run the Fischbach—-Hannan algorithm
on the transformed program to compute the extraneous parameters for the
original program.

We also implemented the modification to the Fischbach—-Hannan algorithm
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Test case kind Number of test cases
Examples from the literature 15
Randomly-generated (s < 1,000) 5,000
Randomly-generated (s = 5,000) 20
Exhaustive (s =5, |Z| = 2) 1,929,657
Exhaustive (s =6, |Z| =0) 9,781,111
Total 11,715,803

Table 5.1: Number of test cases

we described on page 63 to make the algorithm produce the minimal extraneous
parameters in the presence of dead code.

Conveniently, the Danvy—Schultz algorithm requires precisely the same
transformations as the Fischbach—Hannan algorithm. Our implementation of
the Danvy—Schultz algorithm includes the fix we described in Section 5.2.1.

We also use our subprocess system to test our Haskell translation of Johns-

son’s algorithm (which is much closer to the original than our Lean translation).

5.8.5 Results

The number of test cases of each kind are shown in Table 5.1. We use 5,000
randomly-generated test cases with sizes up to 1,000, and 20 test cases with
a size of 5,000. For exhaustive enumeration we have two configurations. The
first configuration limits the size to 5 and allows one base type (Int) and two
pre-defined constants, @ : Int and succ : Int — Int. A size limit of 5 is not
enough to uncover the dead code issue, so we include a second configuration
where the size limit is 6, with one base type and no pre-defined constants.
The second configuration uncovers the dead code issue (as do the random test
cases); it contains the largest number of test cases and takes up 85% of the
overall running time.

As shown in Table 5.2, our algorithm passes all the test cases, as do the
algorithms from the literature that we modified to handle dead code—meaning
the algorithms produce the same extraneous parameters and pass all our
correctness checks.

The symbol { indicates our modified version of an algorithm from the



102

Algorithm Pass? Pass when dead code is eliminated?
Ours v v
Johnsson (Lean)

Lean)f
Haskell)

X

Johnsson v
X

Haskell) v
X

v

X

X

Johnsson

Johnsson

o~ o~ o~ o~

Fischbach-Hannan
Fischbach-Hannant
Danvy—Schultz

N X SN NN NS

Danvy-Schultz

Table 5.2: Results

literature. In the case of Johnsson’s algorithm and the Fischbach—Hannan
algorithm, our modifications are to produce minimal extraneous parameters
in the presence of dead code. In the case of Danvy—Schultz, our modification
is to fix the issue described in Section 5.2.1; we did not attempt to make the
algorithm minimal in the presence of dead code.

The tests did uncover two issues, but they were unrelated to the lifting

algorithms themselves:

1. Python’s recursion limit must be increased using sys.setrecursionlimit(
otherwise parsing large JSON objects using the json module! fails for

example.

2. We had a bug in our Lean code for converting an expression to a string
that can be parsed from Haskell —we used reprstr!?, but it performs
line wrapping on long lines and that broke our line-based subprocess

communication protocol.

The running times to test each algorithm implementation individually are

shown in Table 5.3.1%:16 We stress that this table must not be taken as a fair

P2https://docs.python.org/3/1library/sys.html#sys.setrecursionlimit

Bhttps://docs.python.org/3/library/json.html

Mpttps://lean-lang.org/doc/api/Init/Data/Repr.html#reprStr

5Without the minimality check, since it requires two implementations to compare.

16The tests were executed on a desktop machine with an AMD Ryzen 5 PRO 8500GE
processor running Ubuntu 24.04.4, using Lean 4.13, GHC 9.14 with -02, and Python 3.12.3.

12
),


https://docs.python.org/3/library/sys.html#sys.setrecursionlimit
https://docs.python.org/3/library/json.html
https://lean-lang.org/doc/api/Init/Data/Repr.html#reprStr

103

Algorithm CPU time (minutes) Wall clock time (minutes)
Ours 2.1 2.1
Johnsson (Lean) 2.5 2.5
Johnsson (Lean)t 2.5 2.5
Johnsson (Haskell) 5.4 16.0
Johnsson (Haskell)t 5.4 16.5
Fischbach-Hannan 19.4 101.8
Fischbach-Hannant 19.7 98.3
Danvy—Schultz 20.0 102.3
Danvy-Schultz{ 20.2 111.1

Table 5.3: Running time to test each implementation

benchmark of the algorithms—it only serves to indicate the time required to
test our implementations of the algorithms. The main reasons this does not

constitute a fair benchmark are:

e Our AST transformations for the Fischbach-Hannan and Danvy-Schultz
algorithms (elimination of variable bindings and anonymous functions)
significantly increase the size of the AST. The total size of the input
expressions for those implementations is 24.4 GB, in contrast with 2.9 GB
for the Haskell implementation of Johnsson’s algorithm. (We designed
the transformations to be correct, general, and simple—not to produce a

small AST.)

e Subprocess communication adds considerable overhead for the non-Lean
implementations. We report the “user CPU time” to exclude time spent
in IO, but the time spent in serialization and deserialization of expressions

is still included.

e The majority of the test cases are very small, so the running time does

not reflect the time complexity.

e The implementations are written in different languages with different

For the implementations that ran in less than an hour, we used the minimum time from
5 runs (in all cases it was close to the median); for the other implementations, we only
performed one run.
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Algorithm group CPU time (minutes) Wall clock time (minutes)
Minimal algorithms 26.7 121.7
All algorithms 74.1 389.8

Table 5.4: Total running time

performance characteristics—for example Python is interpreted, while

Lean and Haskell are compiled.

e We only made minimal effort to optimise the implementations; our focus

was on writing faithful translations.
What we can say is the following:

e If the lifted program is to be output, then our algorithm has an optimal
time complexity. So any faster implementation will be faster by at most
constant factor. Further, our algorithm does not use any particularly

expensive operations, so we expect such a constant factor to be small.

e If the lifted program does not need to be output, then there is room for

improvement as discussed in Section 5.4.7.

Table 5.4 shows the running time when the algorithms are executed as a
group, to give an idea of how long it takes to run the full test suite. “Minimal
algorithms” refers to the four implementations that pass without dead code
elimination. “All algorithms” are the eight implementations that pass when we
enable dead code elimination (which we did only for that group).

Requiring several hours to run the full test suite may seem excessive, but the
exhaustively-enumerated test cases can be easily disabled for quick testing, and
in most cases it is not necessary to run all the implementations. (It would also
be fairly easy to run the implementations concurrently; we tested a prototype
and it reduced the wall clock time for running all algorithms as a group from
389.8 minutes to 137.3 minutes.)

For the dead code issue, the first counterexample found by our exhaustive
enumeration algorithm (with a size limit of 6 and with no pre-defined constants)

is expression #303,079:

letrec a5 = a5 in (A x4 . letrec a2 = A x1 . a5 in x4) @ a5
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In this expression, the anonymous function A x4 contains an unused function
a2 that references a5.

The test case includes the application @ a5 because when we run our exhaus-
tive enumeration algorithm we set the target type of the outermost expression
to Int. Expressions of other types are still explored, but as subexpressions—in
general, an expression e of type 7 will be explored as part of (A x . 0) @ e,
where x is of type 7 and the outermost expression is of type Int. (If there are
no pre-declared constants, @ can be replaced with letrec z = z in z.)

Overall, we feel confident that the implementations that passed the test
suite are correct. The test suite covers all the small edge cases and has good
coverage of large test cases, the test suite was able to catch the bugs that we
expected, and the results agreed with our initial analysis of the algorithms.

Short of formally proving the correctness of the algorithms, there is still
room for more work. The random generation required a surprising amount of
tweaking to produce “interesting” test cases, which was slightly concerning. It
shows the importance of inspecting generated test cases for desired properties,
and that the number of generated test cases can be a misleading metric if only
a small portion are useful. The AST-based generators that we implemented
would be complemented by generators that operate at the call graph level,
since that allows better control over properties such as cycles.

Having multiple independent algorithms produce the same output on many
test cases is reassuring, however it not a guarantee of correctness—for example,
it is possible for very different algorithms to make the same incorrect assumption,
as with the dead code issue. Having a specification that can be checked against
provides greater assurance. In our case, the only property which we did
not check using a specification was minimality (for the reasons described in

Section 5.8.2), but we are content with our “pen and paper” proof of minimality.

5.8.6 Integration with Plausible

Plausible!” is a property testing framework for Lean 4 based on the Haskell
QuickCheck library [10].
We did not use Plausible for our tests because our checks are more natural to

write in an imperative style (it allows finer-grained control over the sizes of the

https://github.com/leanprover-community/plausible


https://github.com/leanprover-community/plausible
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random test cases, inclusion of exhaustively-enumerated and manual examples,
custom progress indication, and the use of I0 to test algorithms implemented
in other programming languages and executed using a subprocess).

However, we did implement sample integration with Plausible, by providing
an instance for Plausible.Arbitrary Expry that wraps our random test case
generator. This allows writing tests such as the following (which checks that
the randomly-generated test cases are well-typed):

#eval Plausible.Testable.check <]
V e : Expr, (e.computeType defaultSig {3}).isOk

-- Output: Unable to find a counter-example

Our sample integration also provides an instance for Plausible.Shrinkable
Expr¢, which is used to reduce the size of counterexamples to make them more
readable. Implementing a shrinker for an inductive type is mostly tedious; the
main part is to make copies of a value where in each copy one of the children is
replaced by a shrunk version. The shrinker is only responsible for performing
one step; the testing framework invokes it repeatedly.

In our case, we need to ensure that the shrunk expression is still well-typed;
a useful trick is that any expression can be replaced by letrec x = x in x. The
only pitfall is that we must detect occurrences of this replacement expression
and suppress further replacements in them, to ensure that repeated shrink
operations reduce the size of the example (otherwise Plausible fails to terminate;
we reported the issue and submitted a fix that introduces a limit for the number
of shrink steps'®:19).

Our shrinker has room for improvement. For example, it could try to
remove individual letrec bindings; that would require identifying and elim-
inating all references to the removed binding. But we feel that our current
implementation is satisfactory: it can reduce an expression all the way to a
trivial expression, which is an important property; and reducing to a strictly
minimal counterexample is not essential (in fact, the entire shrinking process
could be considered optional, because Plausible initially tests small examples

and gradually increases the size).

18https://github.com/leanprover-community/plausible/issues/90 Tom Levy. 2026.
“Non-termination of shrinking process”. GitHub issue.

Ohttps://github.com/leanprover-community/plausible/pull/93 Tom Levy. 2026. “fix:
introduce Configuration.maxShrinks to ensure termination”. GitHub pull request.

Ohttps://github.com/leanprover-community/plausible/blob/v4.28.0/Plausible/
Testable.lean#L529


https://github.com/leanprover-community/plausible/issues/90
https://github.com/leanprover-community/plausible/pull/93
https://github.com/leanprover-community/plausible/blob/v4.28.0/Plausible/Testable.lean#L529
https://github.com/leanprover-community/plausible/blob/v4.28.0/Plausible/Testable.lean#L529
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5.9 Related problems

A related problem is the handling of local types inside generic functions in
the Go programming language. Converting such local types to global types by
inserting extraneous type parameters is an important compilation step.

The problem of determining the minimal extraneous type parameters corre-
sponds to a special case of Johnsson-style lambda lifting. Local types correspond
to functions and type parameters correspond to variables, with the following

restrictions:
e local types cannot be nested inside other local types;

e local types cannot refer to functions (in particular, they cannot refer to

their enclosing generic function); and

e a local type cannot refer to local types declared later in the function (due

to Go’s scoping rules).

Algorithm 1 could be used to find the minimal extraneous type parameters,
but these restrictions prevent mutual recursion, so a simple top-down recursive
traversal is sufficient; we describe this approach in Section 6.1.

We also note that there exists a slightly more general graph problem
corresponding to lambda lifting. In lambda lifting, the scoping rules impose
restrictions on the call graph; for example, a function f cannot be referenced
directly by its “grandparent” (the declaring function of the declaring function
of f), because f would not be in scope. If we consider a general directed graph
without such restrictions, the problem becomes slightly more general. This
problem can be stated formally as follows. The definition corresponds closely
to the definition of the solution (5.4.6); I corresponds to the set of variables, N
corresponds to the “referenced non-local” relation, and D corresponds to the

eclaring function” relation.
“decl function” relat

Definition 5.9.1. Let I be a set, let G = (V, E) be a directed graph, and let N
and D be subsets of I xV. Then S is the subset of I XV satisfying the following

conditions, forall 1 e I,f e V,g e V:
1. (i,/)e N=(i,f) e S

2. (i,/)eS A (g, f)€E A (i,9)¢D = (i,9) €S
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3. Nothing else is in S.

Algorithm 1 can be used to compute S, because it does not make any assump-

tions about the structure of the graph.



Chapter 6

Local Types in Go

As introduced in Section 1.2.2; local types declarations inside generic functions
in Go are converted to global types; the process is analogous to lambda lifting,
and introduces implicit type parameters to the type declarations.

In the case of lambda lifting, the choice of extraneous parameters has no
visible effect for the programmer (other than performance). But in the case of
local types in Go, the choice of implicit type parameters does have a visible
effect: it affects type identity.

Consider the following program:

package main

func FLT any]l() any {

type S struct{}
return S{}
}

func main() {
println(F[int]() == F[string]())
// Output: false

3

Currently, the compiler introduces T as an implicit type parameter of S
(even though S does not refer to T), effectively converting the declaration to
type S[T any] struct{}. The value returned by F[int]() has type S[int],
while the value returned by F[string]() has type S[string]; these types are
distinct, so the values are also distinct. If the compiler did not introduce the
type parameter T, the output would be true.

There has been discussion about this behaviour' and the Go developers

Thttps://github.com/golang/go/issues/58573 “spec: are local types in different instan-


https://github.com/golang/go/issues/58573
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decided to keep it, stating “each distinct instantiation of a generic function
produces a distinct non-generic function [with| its own distinct local types”.

We argue that this reasoning is flawed, because it uses the behaviour
of a particular compiler implementation strategy (namely template-based
instantiation) to dictate the semantics of the language; we feel that the correct
approach is to consider the semantics first, in isolation from any particular
compiler implementation, to the greatest extent practicable.

Type parameters that are referenced by a local type (directly or indirectly)
clearly must be added as implicit type parameters, but we argue that there
is no reason to add unreferenced type parameters. It is our opinion that
adding unreferenced type parameters is surprising and unlikely to match the
programmer’s intent. In particular, it means that a snippet of code (that does
not use generics and does not mention type parameters) can behave differently
depending on whether it is written inside a generic or a non-generic function—
the meaning of a trivial type declaration such as type S struct{} becomes
dependent on the type parameters of the enclosing function, despite having no
obvious connection to them.

Another concrete reason to exclude unreferenced type parameters is that
they can cause spurious unbounded recursive instantiation cycles (discussed in
Section 4.5). The following example is rejected, because the current implemen-
tation adds T as implicit type parameter of S; if T was not added as an implicit
type parameter, there would be no unbounded recursive instantiation in this
example.

package main

func FLT any]() any {

type S struct{}
return F[S]()

}

The problem of determining the minimal required set of implicit type
parameters can be solved efficiently using Algorithm 1 (in fact, an even simpler
algorithm is available), so the implementation is not a barrier (we describe it
explicitly in Section 6.1). The main obstacle in changing the Go compiler to

use the minimal set of implicit type parameters is backward compatibility.

tiations of a generic function identical?”
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Go has a strong backward compatibility promise, laid out in the document
“Go 1 and the Future of Go Programs” (2013). The intention is that programs
which work with Go 1.x for some x will continue to work with Go 1.y for
all y > x, with exceptions for breaking changes required to address security
issues, correction of bugs, changes to unspecified behaviour, and some other
classes of allowed changes. In 2023 this promise was strengthened [14]—it was
announced that there will never be a “Go 2” that breaks backward compatibility
outright (notably, generics were at one point planned as a Go 2 feature but were
eventually added as part of Go 1.18 without breaking backward compatibility);
a mechanism called GODEBUG was expanded and formalised to allow programs
to opt out of breaking changes (such changes must still abide by the Go 1
compatibility promise).

The Go programming language specification [20] does not state the be-
haviour of local types inside generic functions explicitly. It says “Two instanti-
ated [generic] types are identical if their defined types and all type arguments
are identical” without mentioning implicit type parameters. The sentence
“instantiating a [generic| function produces a new non-generic function” does
imply indirectly that (distinct) instantiations of a generic function have distinct

local types; there is an open issue? to clarify the specification.

6.1 Algorithm

As explained in Section 5.9, the problem of determining the minimal required
set of implicit type parameters corresponds to a special case of Johnsson-style
lambda lifting. In this section we give a definition of the minimal implicit
type parameters (corresponding to a simplified version of definition 5.4.6) and

describe how they can be computed.
Definition. A local type requires a type parameter from the enclosing scope if:
e it references the type parameter directly, or

e it references a local type that requires the type parameter (transitivity).

2https://go.dev/doc/golcompat “Go 1 and the Future of Go Programs”. 2013. The Go
Blog.

3https://github.com/golang/go/issues/65152 “spec: add examples ... regarding the
identity ... of types ...


https://go.dev/doc/go1compat
https://github.com/golang/go/issues/65152
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The minimal implicit type parameters of a local type are the type parameters

from the enclosing scope that it requires.

The scoping rules of Go prevent a local type from referring to local types
declared later in the function. This prevents mutual recursion and greatly
simplifies the problem of computing the required type parameters. (If a future
release of Go were to allow local types to be mutually recursive, then Algorithm 1
would be appropriate.) A local type can still refer to itself; such references

need to be ignored.
Algorithm: Determine the type parameters required by each local type

For each local type t, in declaration order:

Set the implicit type parameters of ¢ to the union of:

e the type parameters from the enclosing scope referenced by ¢, and

e the implicit type parameters of the local types referenced by ¢
(excluding ¢ itself).

This algorithm does not specify the order of the implicit type parameters.
We recommend using the order that they appear in the enclosing declaration.
The order is not particularly important; it is only observable when inspecting the
local type’s generated name (for example when using reflection, or when printing
the Go-syntax representation of a value using fmt.Printf("%#v", ...)*). In
particular, Go’s reflection API intentionally does not include methods to retrieve
the type arguments of a generic type.5

The worst-case time complexity of this algorithm is O(K X R), where K
is the number of type parameters and R is the number of references to local
types and to type parameters, assuming set union is O(n). In “typical” generic
functions, K and/or R will be very small. Some possible optimisations for the

set union operations are described in Section 5.4.7.

6.2 Backward compatibility

To get an idea of the effect of this change on existing code, we performed

an analysis on publicly-available Go repositories. An initial search of the Go

4https://pkg.go.dev/fmt Package fmt. The Go Standard Library.
Shttps://github.com/golang/go/issues/54393#issuecomment-3206816185 “proposal:
reflect: add generic type arg info to reflect. Type”. GitHub issue comment.


https://pkg.go.dev/fmt
https://github.com/golang/go/issues/54393#issuecomment-3206816185
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repository itself (which contains the standard library, compiler, and toolchain)
revealed only one local type inside a generic function;® that local type uses all
of the type parameters from the enclosing scope, so it would not be affected by
a change to use minimal implicit type parameters.

Encouraged by this, we implemented a simple static analyser” and ran it on
all publicly available Go source code. We used the Go Module Mirror,® a service
operated by Google that provides a cache of Go modules. The documentation
of the Go Module Mirror documentation mentions that a separate “cached-only”
endpoint is available for bulk static analysis; we used that endpoint.

We found 2,295 packages (out of 2,501,545) containing local types inside
generic functions that would potentially be affected by the change.? This is
of course too many to analyse by hand; we looked at a few examples, and the
impression we got was that local types are commonly used simply to limit the
scope of a type declaration, and having implicit type parameters introduced as
a side effect is surprising and unintended. There were also many occurrences
in test files that can be disregarded.

As future work, we suggest using a more sophisticated analyser that performs

escape analysis to determine whether these local types would actually be affected

by a switch to minimal implicit type parameters.

Shttps://github.com/golang/go/blob/6db72bb92b2ab68/src/net/cgo_unix. go#l42

"https://github.com/tom93/go-local-type-analyzer

8https://proxy.golang.org/ “Go Module Mirror, Index, and Checksum Database”.

9The total download size of the compressed modules was 6.1 TB. There were 10,376
modules that failed to download (due to HTTP 404 Not Found or HTTP 403 Forbidden
errors). We used the latest version of each module as at 1 July 2026.


https://github.com/golang/go/blob/6db72bb92b2ab68/src/net/cgo_unix.go#L42
https://github.com/tom93/go-local-type-analyzer
https://proxy.golang.org/

Chapter 7

Embedded Type Parameters in
Go

The interaction between generics and embedded fields is complex. The early
Go compiler prototypes allowed type parameters to be used as embedded field
types, but we show that those implementations were unsound. The released
version of generics in Go 1.18 forbids embedded type parameters due to other
reasons; the release notes state that “whether these will ever be permitted is
unclear at present”!.

In this chapter we propose sound promotion rules for embedded type param-

eters that allow promotion of the methods of corresponding type arguments.

7.1 Introduction

The accepted generics proposal, “Type Parameters in Go” [85], explicitly allows

type parameters to be used as embedded field types [85, §Embedded type
parameter]:?+3

When a generic type is a struct, and the type parameter is embed-
ded as a field in the struct, any methods of the type parameter’s
constraint are promoted to be methods of the struct. (For purposes

Thttps://go.dev/doc/go1.18#generics “Go 1.18 Release Notes”. The Go Programming
Language documentation.

2https://go-review.googlesource.com/c/proposal/+/251444 Ian Lance Taylor. Aug
2020. “design: type parameters: promote embedded methods from constraint”. Go Project
Design Documents repository change.

Shttps://go-review.googlesource.com/c/proposal/+/283113 Ian Lance Taylor. Jan
2021. “design: type parameters: clarify depth of embedded type constraint methods”. Go
Project Design Documents repository change.


https://go.dev/doc/go1.18#generics
https://go-review.googlesource.com/c/proposal/+/251444
https://go-review.googlesource.com/c/proposal/+/283113
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of selector resolution, these methods are treated as being at depth
0 of the type parameter, even if in the actual type argument the
methods were themselves promoted from an embedded type.)

However, the proposal does not explicitly state whether the methods of
concrete type arguments are promoted.

The conservative interpretation is that only methods specified in the type
parameter’s constraint are promoted.

Another interpretation is that the quote refers to contexts where the type
argument is unknown, and when the generic type is instantiated with a concrete
type argument all the methods and fields of the type argument are promoted.
This was the behaviour in the early compiler prototypes; it is a natural con-
sequence of monomorphisation, and has more expressive power, but it raises
tricky questions regarding promotion which the proposal does not address.

The issue can be summarised using three questions:

1. Are methods of type arguments promoted?

2. When some of the type arguments are not concrete types, are methods

of other embedded fields promoted?

3. Can a method of a concrete type argument be promoted when another

embedded field has a method with the same name?

If the answer to all three questions is “yes”, then the type system is unsound.
This is demonstrated by Figure 7.1.

If the answer to the above questions is “yes”; then the type checker would
accept this program. The assignment var i I = g is permitted due to (2);
specifically, G[T].S2.S.M is assumed to be promoted (with return type int).

The assignment var _ J = g is permitted due to (3); specifically, GLX].T.M

(with return type string) is promoted because it is shallower than G[X].S2.S.M.
This is unsound because Go does not allow a type to have multiple methods
with the same name; the value of g (which is the same in the two statements)
can only have one method M and it must have a single consistent return type.

Aside: In Go, a single underscore character is a special placeholder used

in variable declarations and assignments. It is useful because the Go compiler

reports unused local variable declarations as an error.
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package main

type S struct{} // struct with method “M() int".
func (S) M() int { return 0 }

type S2 struct{ // struct with method “M() int™ at depth 1.
S // Normal embedded field.

}

type I interface{ M() int }

type GLT any] struct {
S2 // Normal embedded field.
T // Embedded type parameter.

3

type X struct{} // struct with method “M() string".
func (X) M() string { return "" }

type J interface { M() string }

func F[T anyl(g G[T]) int {
var 1 I =g // Is g.52.S.M promoted?
return i.M()

}

func main() {
var g G[X]
var _J =g // Is g.T.M promoted?
F(g)

Figure 7.1: Embedded type parameters and unsound promotion



117

In one of the development versions of the compiler® (prior to the Go 1.18
release), this program was accepted by the type checker, but the call i.M()
would fail at runtime with the message “fatal error: unreachable method called.
linker bug?”.

The earlier experimental prototype “go2go™ (which translates programs
that use the proposed generics syntax to non-generic Go programs) also accepted
the program.

Embedded type parameters were disallowed in the compiler prior to the
release of generics in Go 1.18 due to other reasons, including complications

with reflection®7 (

and the language specification was also updated later®).
However, to the best of our knowledge there has been no prior discussion of
the unsoundness.

We begin by describing a few simple (but less expressive) approaches for
making the type system sound; we then describe a system of promotion rules
that we feel would be the “correct” approach if embedded type parameters are
to be added to Go. We derived the rules by carefully considering the possible
options and selecting the path that is sound, useful, and consistent with Go’s
existing promotion rules. The rules are complex; we give several examples to

illustrate the finer points.

7.2 Possible solutions

There are several ways to make the type system sound.

Approach 1: Do not allow type parameters to be embedded in structs.
This is the simplest solution, and is what the Go compiler does in the
released version of generics. The cost is reduced expressive power. We give a

practical example in Section 7.3 that does not work with this approach.

4https://go.googlesource.com/go, commit d6753fd491c101e7 ([dev.typeparams] cmd,/-
compile/internal /types2: implement TypeParam.Constraint, 2021-07-23); compilation com-
mand: go run -gcflags=-G=3 main.go

Shttps://go.googlesource.com/go/+/refs/heads/dev.go2go/README . go2go.md, branch
“dev.go2go”, commit 55626ee50b284ae8; compilation command: go tool go2go run main.go2

Shttps://github.com/golang/go/issues/43621 “go/types, cmd/compile/internal/-
types2: disallow embedding type parameters”.

Thttps://go-review.googlesource.com/c/go/+/339651 “[dev.typeparams| go/types:
embedded type cannot be a (pointer to) a type parameter”.

8https://go-review.googlesource.com/c/go/+/603958 “spec: clarify prose for embed-
ded struct fields”.


https://go.googlesource.com/go
https://go.googlesource.com/go/+/refs/heads/dev.go2go/README.go2go.md
https://github.com/golang/go/issues/43621
https://go-review.googlesource.com/c/go/+/339651
https://go-review.googlesource.com/c/go/+/603958
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Approach 2: Only promote methods specified in the type parameter’s con-
straint; do not promote other methods and fields of type arguments.
Compared to Approach 1, this approach may add some convenience for
programmers, but it does not increase expressive power. Specifically, under
this approach, the effect of embedding a type parameter T whose constraint is
I can be emulated, without embedded type parameters, using two fields: an
embedded field of type I and a named field of type T. Both fields are to be
initialised to the same value. The purpose of the first field is to promote the
methods specified in I, and the purpose of the second field is to allow the value
to be accessed with accurate type information. Our example does not work

with this approach either.

Approach 3: Only allow promoted fields and methods of a generic type to be
accessed in contexts where all the relevant type parameters are instantiated
with concrete type arguments. (The relevant type parameters are those that
are embedded in the generic type, directly or indirectly.)

Promotion from normal embedded fields is Go’s only analogy to subclassing,’
and for the sake of language feature orthogonality we think it should also be
available in generic code—including in the problematic case of a generic type

with embedded type parameters; so we are against this approach.

Approach 4: Allow fields and methods of type arguments to be promoted,
but give them low precedence to ensure the results are consistent. The rules

are complex; we describe them in Section 7.5.

7.3 Motivation

Embedded type parameters allow a form of programming that corresponds to
the “mixin” pattern [5]. This allows a type to wrap another type and override
some of its methods. The same effect can be achieved without embedded
type parameters, but it is awkward to implement—the programmer must
manually set up a circular pointer structure, and manually write method stubs
that forward calls to the wrapper (or use very careful manipulation of struct

embedding depths).

9https://go.dev/doc/fag#ls_Go_an_object-oriented_language “Frequently Asked
Questions (FAQ)”. The Go Documentation. Retrieved 7 July 2026.


https://go.dev/doc/faq#Is_Go_an_object-oriented_language
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The key features of this pattern are:

e The wrapper type overrides methods of an arbitrary original type.
e The wrapper type may call methods of the original type.

e The methods of the original type that are not overridden remain accessible.

For example, consider the struct transform.Reader from the package
golang.org/x/text/transform'’. It wraps a given io.Reader and transforms
the bytes read using a given transformation function.

A limitation of transform.Reader is that it does not expose any methods
of the wrapped value. So if the programmer needs to call other methods (for
example Close), they must keep a separate reference to the wrapped value and
call the methods using that reference.

Even if transform.Reader were to use a (normal) embedded field of type
io.Reader, only the methods specified in io.Reader would be promoted!'—
regardless of the actual type of the wrapped value. An embedded field of type

io.ReadCloser!?

would expose Close, but no other methods (and it would
require all wrapped values to implement Close).

In contrast, with embedded type parameters, the other methods of the
wrapped type become visible (assuming our proposed promotion rules are
adopted).

Figure 7.2 shows how embedded type parameters can be used to write an
improved version of transform.Reader, which overrides the Read method (like
the original transform.Reader) but also exposes the methods of the wrapped
type.

The example declares a variable named conn which uses the improved
TransformReader to wrap *net.TCPConn'3. This variable has both the method
Read (which resolves to TransformReader.Read) and all the other methods of
TCPConn (such as LocalAddr). This means that the programmer does not need
to maintain a separate reference to the underlying *net.TCPConn.

Note that in some cases it does not make sense to expose methods of the

wrapped type; for example, with TransformReader, if the wrapped type has a

Ohttps://pkg.go.dev/golang.org/x/text/transform

Package golang.org/x/text/transform. The Go Project.
"The only method is Read, which is overridden—so in fact no methods would be promoted.
2https://pkg.go.dev/io#ReadCloser Package io. The Go Standard Library.
Bhttps://pkg.go.dev/net#TCPConn Package net. The Go Standard Library.


https://pkg.go.dev/golang.org/x/text/transform
https://pkg.go.dev/io#ReadCloser
https://pkg.go.dev/net#TCPConn
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// Some existing types that we use without modification.

type TCPConn struct { ... } // From package "net".
func (c *TCPConn) Read(b [Jbyte) (int, error) { ... }
func (c *TCPConn) LocalAddr() net.Addr { ... }

type Transformer interface { // From package "golang.org/x/text/transform".
Transform(dst, src [Jbyte, atEOF bool) (nDst, nSrc int, err error)

b

// New type: TransformReader, an improved version of transform.Reader.
type TransformReader[R io.Reader] struct {

R // Embedded type parameter.

t Transformer

. // The rest is the same as transform.Reader.

3

func (tr *TransformReader[R]) Read(b [Jbyte) (int, error) {
// Read bytes from tr.R, transform then using tr.t, and write the result
// to b. The implementation is the same as transform.Reader.Read().

3

func NewTransformReader[R io.Reader](r R, t Transformer) *TransformReader[R] {
return &TransformReader[R]{
R: r,
t: t,

. // The rest is the same as transform.NewReader.

3

// Example: Apply TransformReader to TCPConn.
func main() {

var underlyingConn *TCPConn = ...

var t Transformer = ...

conn := NewTransformReader (underlyingConn, t)

conn.Read(...) // Resolves to TransformReader.Read.
= conn.lLocalAddr() // Valid (unlike with transform.Reader).

Figure 7.2: Motivational example for embedded type parameters
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ReadByte() method, that method must not be called directly because doing so
would bypass the transformer. However, in general it can be useful for methods
to be exposed; for example, when the wrapped type is TCPConn, it is useful to
expose the methods LocalAddr, RemoteAddr, and SetDeadline.

Embedded type parameters would be a powerful language feature. In object-
oriented terminology, they might be described as type parameter subclassing.
In the analogue of the previous example, the type TransformReader would be
a generic class that inherits from a type parameter. TransformReader would
describe a family of classes where the superclass is a parameter—for example,
one instantiation of TransformReader might set TCPConn as the superclass.
Standard object-oriented languages such as Java and C# do not have an

equivalent feature, but template-based languages such as C++ do.

7.4 Design

The proposed rules have been derived through the following design principles

and decisions for generic types with embedded type parameters:

Principle 1: When a generic type with embedded type parameters is instanti-
ated with type arguments, fields and methods from the type arguments should
be promoted (subject to disambiguation rules).

Rationale: This feature adds expressive power to the language. It makes
the example in Section 7.3 possible. Without this feature, embedded type
parameters do not add expressive power (see the discussion of Approach 2 in

Section 7.2).

Principle 2: If a generic type has both embedded type parameters and normal
embedded fields, promotion from the normal embedded fields should take
precedence (regardless of the depths).

Rationale: This principle makes it possible to determine promotion from
normal embedded fields while there is incomplete type information (that is, in
contexts where the type arguments are not concrete). See Example 4 for a case
where this principle allows a method to be promoted. This principle makes
embedded type parameters useful in generic code, giving language feature

orthogonality (see the discussion of Approach 3 in Section 7.2).
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Principle 3: When a generic type that has an embedded type parameter
is instantiated with a type argument, the resulting instantiation should be
substitutable in place of the type argument to the extent possible.

Background: In non-generic code, when a struct type A embeds another
struct type B, the method set of A will be a superset of the method set of B
(unless A overrides the methods with incompatible signatures). This does not
allow values of type A to be assigned to variables of type B, but it does allow
other forms of substitution: values of type A will implement the same interfaces
as values of type B, and in many cases it is trivial to take code that uses B and
rewrite it to use A (one exception is struct literals, which require the embedded
field to be initialised explicitly; also, if A is embedded in some struct, the depths
of promoted fields and methods will be one greater than with B).

Practically, this principle implies fields and methods should be promoted
from embedded type arguments, with depth one greater than in the type

argument, consistently with non-generic embedding. There are some exceptions:

e The accepted type parameters proposal says methods specified in type pa-
rameter constraints are treated as being at depth 0 of the type parameter,

which is reasonable (see Design Decision 5 below for more details).

e If there are normal embedded fields with conflicting fields or methods,
promotion from those fields must take precedence in accordance with

Principle 2.

Principle 4: When there is incomplete type information (because not all type
arguments are concrete), reasonable steps should still be taken to determine
the fields and methods that are provably promoted.

Rationale: There are cases where it is possible to determine promotion even
though not all type information is available (see Example 4).

Determining promotions in these cases adds complexity (in the rules below,
in the form of depth intervals and wildcard records). The alternative is to
decide and specify in which cases promotion should be allowed, and that is not
easy either (see Example 5 for a simple case where there is no ambiguity and

promotion is desirable but it is difficult to specify the required conditions).

Design Decision 5: Treat constraint methods as being at depth 0 of a type

parameter, including when type parameters are embedded indirectly.



123

As quoted earlier, the type parameters proposal says [85]:

When a generic type is a struct, and the type parameter is embed-
ded as a field in the struct, any methods of the type parameter’s
constraint are promoted to be methods of the struct. (For purposes
of selector resolution, these methods are treated as being at depth
0 of the type parameter, even if in the actual type argument the
methods were themselves promoted from an embedded type.)

Treating the constraint methods as being at depth 0 of the type parameter
is important because it makes promotion more predictable. Without this rule,
the depth of the methods would depend on the type arguments, so it may
vary for different type arguments (potentially affecting promotion) and will be
unknown in contexts where the type arguments are unknown.

However, it is not clear if the rule in the type parameters proposal is
intended to apply only to type parameters embedded directly in the struct, or
also to type parameters embedded indirectly (see Example 7 for what we mean
by “indirect embedding”).

The promotion rules we propose treat the constraint methods as being at
depth 0, both when type parameters are embedded directly and when they
are embedded indirectly. This decision aligns with Principle 3, because it
allows an embedded type parameter T to be replaced with an instantiation W[LT]
where W embeds T, while retaining the property that constraint methods are
treated as being at depth 0 of T. However, this decision results in an unusual
situation (“non-monotonic promotion”) where a method of a deeply nested
embedded field is promoted to an outer struct even though it is not promoted
to intermediate struct (Example 9).

The decision to also apply the “depth 0” rule for type parameters embedded
indirectly could be reversed with a small update to the proposed promotion

rules.

Design Decision 6: Keep legal selectors consistent with the method set and
set of fields when there is incomplete type information.

Background: In the existing language specification, a selector expression
x.m is legal if m is in the method set of the type of x or if mis a field of the type
of x (with two exceptions for shorthands, mentioned in the definition of legal

selector below).
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With the type parameters proposal, there can be contexts with incomplete
type information where there is only one known field/method with a particular
name (so there is no apparent ambiguity), but the type checker cannot determine
whether that field/method will be promoted for all possible type arguments (see
Example 3 and accompanying discussion). In such contexts, it is conceivable
for the language to allow the selector to be used.

Our proposed promotion rules do not allow selectors to be used in such
contexts, to keep the set of legal selectors consistent with the method set and
the set of fields. Another way of stating this is that when there is incomplete
type information, a selector is legal only if it would be legal and would resolve
to the same field/method for all possible type arguments.

Rationale: The promotion rules are complex, and having different rules for
legal selectors and for the method set / set of fields could create confusion.
More importantly, having a selector resolve to a different field/method (on the
same value) in different locations in the source code depending on the available

type information would be surprising (see Example 3).

7.5 Proposed rules

Our proposed promotion rules augment Go’s existing depth-based promotion
rules with a new notion of precedence. The basic idea is to assign low precedence
to fields and methods that originate from type arguments, to allow them to
be promoted while preventing them from overriding fields and methods from
normal embedded fields. This way, promotion of fields and methods from
normal embedded fields can be determined reliably in contexts where the type
arguments are unknown.

These rules follow from the design principles and decisions, and are ex-
pressed here in the form of an algorithm that determines the promoted fields
and methods. This imperative style may be undesirable for the language speci-
fication, but it was easier to reason about the rules and write them correctly in
this style.

The algorithm assumes all local type declarations have been converted to
top-level type declarations in a preprocessing step (by introducing implicit

type parameters, which are discussed in Chapter 6). This assumption greatly
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simplifies the handling of environments.

As written, the algorithm recurses infinitely on valid types that embed
themselves, such as type S struct { *S }. We discuss a fix for this in Sec-
tion 7.6.

We add several definitions to help with the description of the algorithm.

7.5.1 Definitions

A member is a field or a method.

A member record is a tuple (member, depth, precedence, precedence scope
tag, ambiguity flag).

The depth of a member record is the number of nested embedded fields
traversed. It is either an integer D or an interval [L, o) where L is an integer.
Depth intervals are used to represent the range of possible depths when the
exact depth is unknown.

The precedence of a member record is either normal or low.

The precedence scope tag of a member record is used to temporarily change
the precedence of the member to low. It identifies the scope in which the low
precedence applies. It is present if and only if the precedence is low.

The ambiguity flag of a member record is either true or false. It is set to
true to mark a member as unusable when there are other members with the
same name at the same depth and precedence.

A wildcard record is similar to a member record, but does not have a member;
instead it matches member names according to rules introduced in the algorithm.
It is used when there is incomplete type information to indicate the possible
presence of unknown members. The depth of a wildcard record is always an
interval, and the ambiguity flag of a wildcard record is unused.

A record is said to originate from a type. The depth of a record is an
interval if and only if it originates from a type parameter, and that is the only
case where the originating type is of relevance.

The extended member set of a type is a collection of member records and
wildcard records. 1t is an internal data structure computed by the algorithm
and used to determine the member set and method set of the type (defined
below). It is called “extended” because, unlike the member set, the extended

member set may contain wildcard records and member records whose ambiguity
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flag is set to true. Note that it may contain multiple member records with the
same name; such records will always be marked as ambiguous.

The member set of a type is the collection of the usable fields and methods
of the type. It consists of the members from records in the type’s extended
member set (determined using Algorithm 2) that are member records and whose
ambiguity flag is set to false.

The method set of a type has the same meaning as in the existing language
specification [20, §Method sets]. It is defined here in terms of the member set

as follows:

e The method set of a non-pointer type T consists of the methods in the
member set of T that have receiver type T (that is, fields are excluded

and methods with pointer receiver type *T are excluded).

e The method set of a pointer type *T consists of the methods in the
member set of *T (that is, it includes both the methods with receiver

type *T and the methods with receiver type T).

The term legal selector also has the same meaning as in the existing language
specification and is defined here in terms of the member set: a selector expression
x.m is legal if the member set of the type of x includes a member named m. The
exceptions from the existing language specification [20, §Selectors and §Calls]

continue to apply:

e If the type of x is a defined pointer type and (*x).f is a valid selector
expression denoting a field (but not a method), x.f is shorthand for

(*x).f.

e If x is addressable and &x’s method set contains m, x.m is shorthand for

(&%) .m.

A member record can shadow a record, which causes the second record to

be ignored. A member record m; shadows a record mq if:

e mj has normal precedence and mo has low precedence; or

e m and mo have the same precedence, and either

— m has integer depth D1, ms has integer depth Ds, and D1 < Ds; or
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— mjy has integer depth D1, mo has depth interval [ Lo, o), and D1 < Lo;

or

— my has depth interval [L1, o), mo has depth interval [Lo, o), my
and mg originate from the same type parameter, and L; < Lo (see

Example 7).

Note that if m; and ms have the same precedence, m; has a depth interval,
and ms does not originate from the same type parameter, then m; does not
shadow my regardless of the depth of ms (see Example 6).

The incremented depth of an integer depth D is the integer D + 1, and the
incremented depth of a depth interval [L, c0) is the interval [L + 1, ).

The adjusted receiver type of a method M promoted from an embedded field
of type T or *T in a struct type S is defined as follows (consistently with [20,
§Struct types]):

o If the embedded field type is *T, the adjusted receiver type is S.
e [f the method’s receiver type is T, the adjusted receiver type is S.

e [f the embedded field type is T and the method’s receiver type is *xT, the

adjusted receiver type is *S.

An environment is a mapping from type parameters to extended member
sets.

A standalone type expression is a type expression that is being considered
in isolation to determine its member set. The distinction between standalone
type expressions and substructures is important, because the extended member
set of a type expression may differ depending on whether it is being considered
in isolation or in a context where type parameters are bound to type arguments.
This is due to the presence of free type parameters, whose extended member
sets depend on the environment.

A free type parameter is any occurrence of a type parameter in a standalone
type expression. The presence of free type parameters results in situations
where the type checker has incomplete type information; the only information
available about free type parameters is the constraint declared on the type
parameter (if there is one). See Example 3 for a situation where a method is

not promoted due to the presence of a free type parameter.
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A concrete type is a type expression that does not contain free type param-
eters. For example int and List[int] are concrete types, but if T is a type

parameter then T and List[T] are not concrete types.

7.5.2 Algorithm 2

This is the algorithm for determining the extended member sets of types. It is

split into four parts.

e Algorithm 2 is the entry point. It determines the extended member set

of a standalone type expression. It handles free type parameters.

e Subalgorithm 2A determines the extended member set of a type expression
by inspecting it. It handles the simpler cases such as interfaces and pointer

types, and uses Subalgorithm 2B or Subalgorithm 2C for struct types.

e Subalgorithm 2B handles struct types. It contains the core promotion

rules.

e Subalgorithm 2C handles instantiations of generic struct types. It is
responsible for assigning low precedence to records that originate from

type arguments.

Algorithm 2: Determine the extended member set of a standalone type

expression T

1. Create an environment E where each type parameter in the type expres-

sion T (if any) is mapped to an extended member set as follows:

e [f the type parameter has constraint any, bind the type parameter
to an extended member set consisting of a single wildcard record
that matches all member names, with depth interval [0, c0) and
normal precedence, marked as originating from the type parameter

(see Example 3).

e Otherwise, let C be the constraint of the type parameter. Bind the

type parameter to an extended member set consisting of:

— member records corresponding to the methods of C, with depth
interval [0, o0) and normal precedence, marked as originating

from the type parameter; and
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— a wildcard record that matches all member names except the
methods of C, with depth interval [0, co) and normal precedence,

marked as originating from the type parameter (see Example 5).

2. Determine the extended member set of the type expression T in the

environment E using Subalgorithm 2A.

Subalgorithm 2A: Determine the extended member set of a type expression

T in an environment E

e If T is a type parameter, the extended member set is the one bound to T

in the environment E.

e [f the underlying type of T is an interface type, the extended member set
consists of member records corresponding to the methods of the interface
type, with depth 0 and normal precedence. (This includes cases where T

is the instantiation of a generic type whose underlying type is an interface

type.)

e If the underlying type of T is a struct type, then

— If T is a struct type literal struct {...} (“anonymous struct”),
determine the extended member set of the struct type T in the

environment E using Subalgorithm 2B.

— If T is a non-generic defined type, determine the extended member set
of the struct type T in an empty environment using Subalgorithm 2B.
(Note: This step assumes local type declarations have been converted

to top-level declarations.)

— If T is the instantiation of a generic type, determine the extended
member set of the instantiation in the environment E using Subal-
gorithm 2C. (Note: This step assumes local type declarations have

been converted to top-level declarations.)

e If T is a non-generic defined type or the instantiation of a generic type
(and the underlying type of T is not a struct type), the extended member
set consists of member records corresponding to the methods declared

with receiver type T or *T, with depth 0 and normal precedence.
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e [f T is a pointer type literal *B, and the base type B is not an interface type
and not a pointer type and not a type parameter, recursively determine
the extended member set of the type expression B in the environment E

using Subalgorithm 2A. The result is the extended member set of T.

e Otherwise, the extended member set is empty.

Subalgorithm 2B: Determine the extended member set of a struct type S in

an environment E, where § is one of the following:

e A struct type literal (“anonymous struct”).

e A non-generic defined type. In this case the environment E must be

empty.

e An uninstantiated generic type. In this case the environment E must

correspond to the type parameters of the generic type.

1. Let L be a collection of member records and wildcard records with

elements added as follows:

(a) If S is not a struct type literal, add member records corresponding
to the methods declared with receiver type S or *S, with depth 0

and normal precedence.

(b) Add member records corresponding to the fields (including embedded
fields) declared in the underlying struct type, with depth 0 and

normal precedence.

(c) If the underlying struct type has embedded fields, then for each
embedded field type F:

i. Determine the extended member set of the type expression F in
the environment E using Subalgorithm 2A, and let Ly denote

that set.

ii. Add the records in Lg to the collection L, with incremented

depth and (if the record is for a method) adjusted receiver type.

2. Remove from L all member records that are shadowed by some other

member record with the same name.
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3. For each distinct member name in L:

(a) If there are multiple member records with that name, set the ambi-

guity flag of those member records to true.

(b) Otherwise there is a unique member record with that name. If there
is a wildcard record in L that matches the name and is not shadowed
by the unique member record, set the ambiguity flag of the unique

member record to true (see Example 3).

4. The resulting collection L is the extended member set.

Subalgorithm 2C: Determine the extended member set of an instantiation

G[A4,...,A,] in an environment E, where G is a generic struct type

1. Let Pq..P, be the type parameters of G and let C1..C,, be their constraints.

Let K be a new unique tag, to identify this instantiation.

2. Determine the extended member sets of the type expressions A;..A, in

the environment E using Subalgorithm 2A. Let L;..L, denote those sets.

3. If any of the member records in L;..L, are methods specified in the
corresponding constraints Cj..Cy, set their depth to 0. (Note that their

precedence will already be normal, see Example 8.)

4. If any of the other member records or wildcard records in L;..L, have
normal precedence, set their precedence to low and set their precedence

scope tag to K.
5. Create a new environment Ep where Pi..P, are bound to Li..L,.

6. Determine the extended member set of G in the environment Ep using

Subalgorithm 2B.

7. If any of the records in the extended member set have a precedence scope
tag set to K, set their precedence to normal and clear their precedence

scope tag.
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7.6 Infinite recursion

As written, the algorithm recurses infinitely on valid types that embed them-
selves, such as type S struct { *S }. This issue can be fixed using the
observation that when determining the extended member set of a type ex-
pression T, embedded (possibly indirectly) copies of T can be assigned empty
embedded member sets. This is because any records propagated from the em-
bedded copies of T would be shadowed by the same records of the outer T, and
similarly any effects of records propagated from the embedded copies of T (such
as marking other records as ambiguous) would be subsumed by the records of
the outer T. Go currently prohibits unbounded recursive instantiation, so the
number of type expressions that the algorithm may need to consider is finite

and this observation is sufficient to prevent infinite recursion.

However, our proposal for first-class generic functions allows the restriction on
unbounded recursive instantiations to be lifted,!? since instantiations can be
constructed dynamically. Supporting unbounded recursive instantiations in
Algorithm 2 requires additional work; we sketch our suggested approach:

Firstly, we must determine which types embed their type parameters. This
corresponds to the problem of dead parameter elimination (mentioned in
Section 5.2.2): a type corresponds to a function, type parameters correspond
to function parameters, an embedded type parameter corresponds to direct
use of a function parameter, and an embedded type corresponds to a function
call. A type parameter is embedded (directly or indirectly) if the corresponding
function parameter is not a dead parameter. The dead parameter elimination
algorithm can be extended to additionally report the minimum depth at which
the type parameter is embedded.

Next, to determine the method set of a generic type instantiation G[Aq, ..., A,],
we add a temporary synthetic definition type G’ struct { G[Ay, ..., A,] }'° and
perform Algorithm 2 using a bottom-up propagation, similar to Algorithm 1,
starting from all member records with depth 0 and wildcard records with depth
[0, 00) across all types, and propagating to the types that embed them (directly
or indirectly). The extended member set computed for the embedded field of

4 Provided pointer indirection is used; the size of a struct must still be finite.

I51f Ai..A, contain free type parameters, say 7Ti..Tj,, we instead use the definition
type G’ [T C4, ..., T;, Cy] struct { G[A4, ..., A,] } where C1..C,, are the constraints of T7..T),
in the current scope.
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G’ gives the desired extended member set. We use a breadth-first propagation
(according to member record precedence and depth) rather than depth-first,
so that the first propagation(s) to a type gives the highest precedence and
shallowest depth—subsequent propagations to that type with greater depth can
be ignored because they will be shadowed. The shadowing rules ensure that
the propagation terminates; in particular, a wildcard record does not shadow
wildcard records originating from other types, but it does shadow wildcard
records originating from the same type—and the number of originating types
is finite.

If embedded type parameters and unbounded recursive instantiation are
both to be permitted, this approach would need to be given a more thorough

treatment (by explicitly rewriting Algorithm 2 to use bottom-up propagation).

7.7 Embedding in anonymous structs

We propose that embedded type parameters should not be permitted in anony-
mous structs, because they raise several problems and promotion for anonymous
structs is very limited.

The first issue is that generic code can end up creating a struct with multiple
fields of the same name (something which is currently forbidden); for example, if
a function func FLT any]() struct { x int; T }is instantiated with a type
named x as a type argument, the return type would be struct { x int; x 3},
which has two fields named x. For named generic types, the field name of an
embedded type parameter is the name of the type parameter (not the name
of the type argument); but we cannot use the same approach for anonymous
structs, because an anonymous struct is not linked to any declaration or context—
it cannot “remember” that the embedded field was originally written as a type
parameter. To put this another way, the return type of the instantiation
Flstring] is identical to struct { x int; string 3}, and the original use of
T can have no bearing on the resulting anonymous struct type.

For similar reasons, promotion is very limited. Principle 2 cannot be followed
for anonymous struct types, because we cannot distinguish between normal
embedded fields and embedded fields that were originally specified using type

parameters.
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In generic contexts, it seems that no methods can be promoted at all,
because the embedded type parameter might have a conflicting method; it is
also possible that the embedded field which results from the embedded type
parameter to have the same name as a method—another kind of conflict. (We
note that Algorithm 2 assumes all field names are distinct and known.)

In light of these issues, we recommend forbidding embedded type parameters

in anonymous structs.

7.8 Examples

As mentioned in the introduction, the rules are complex and have several

subtleties. We give examples to illustrate these finer points.'¢

Example 1: Simple promotion of a type argument’s method
This is a trivial example that shows a method of a concrete type argument
being promoted.

type SA struct{} // struct with method M (used as a type argument).
func (SA) M() string { return "" }

type WLT any] struct { // "Wrapper" struct that embeds a type parameter.
T // Embedded type parameter.

3

func Examplel() {

var w W[SA]

w.M() // Valid, resolves to w.T.M.
)

This example is valid under our proposed promotion rules, because the

method SA.M is promoted.

Example 2: Methods of type arguments have low precedence
This example demonstrates that methods of type arguments are not pro-
moted (and do not cause ambiguity) if there are normal promoted methods

with the same name.

16Some declarations are used in multiple examples; we repeat them explicitly in each
example, unchanged.
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type S struct{} // struct with method M.
func (S) M() string { return "" }

type SA struct{} // struct with method M (used as a type argument).
func (SA) M() string { return "" }

type I interface { M() string }

type W2[T any] struct {
// "Wrapper" struct that embeds S and a type parameter.
S // Normal embedded field.
T // Embedded type parameter.

3

func Example2() {
var w W2[SA]
var I =w // Valid.

w.M() // Resolves to w.S.M.
}

There is no ambiguity between w.S.M and w.T.M, because w.T.M has low
precedence. The method w.S.M is promoted, and W2[SA] implements the

interface I.

Example 3: Ambiguity due to incomplete type information

This example demonstrates that it can be impossible to determine promotion
when there is incomplete type information.

The discussion below explains how wildcard records can cause member
records to be marked as ambiguous, and why the type checker must not assume
that methods will be promoted in some situations. It also explains Design

Decision 6 (to keep the set of legal selectors consistent with the method set

and set of fields).
type SA struct{}
func (SA) M() string { return "" }

type I interface { M() string }

type Pair[T1, T2 any] struct { // Embeds two type parameters.
T1 // Embedded type parameter.
T2 // Embedded type parameter.
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func Example3[X any]l() {
var p Pair[SA, X]
// Naively, we might expect method M to be promoted from SA
// to Pair[SA, X], but that is not guaranteed for all X.
var _ I = p // ERROR, because if X has a method M at depth @
// there would be a conflict and SA.M would not be promoted.
p.M() // ERROR: illegal selector according to the proposed

// rules, even though it is unambiguous.

3

To decide whether the line var _ I = p is valid, the type checker needs to
decide whether Pair[SA, X] (the type of p) implements the interface I. This
is done by determining the method set of Pair[SA, X1J, which in the proposed
rules is obtained from the extended member set of Pair[SA, X] determined
using Algorithm 2.

X is a free type parameter with constraint any, so Algorithm 2 would assign
to it an extended member set consisting of a single wildcard record to indicate
that the members of X are unknown. This wildcard record will cause the
member record M originating from SA (via the embedded field T1) to become
ambiguous. Specifically, in Subalgorithm 2B, step 3(b), the wildcard record will
match the name “M”, and since SA.M does not shadow the wildcard record, the
type checker cannot rule out ambiguities and must mark SA.M as ambiguous.
This is because it is possible that the function Example3 will be instantiated
with X bound to a type argument that has a method M at depth 0; in that case
there would be an ambiguity, and M would not be included in the method set of
Pair[SA, XJ—hence Pair[SA, X] is not guaranteed to implement I for all X.

The selector expression p.M() is invalid according to the proposed rules,
specifically due to Design Decision 6. A hypothetical alternative system of
promotion rules could allow that selector expression, since there is only one
possible interpretation here; but note that it would be inconsistent with the
method set of p. Also note that with such a hypothetical system of rules,
a selector could resolve to different methods on the same value in different
locations in the source code, depending on the available type information. That
would be surprising; one consequence is that if such a hypothetical system
is used, the compiler must take care to ensure the meaning of a selector in

a generic function does not change for certain instantiations, as may happen
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with a naive template-based implementation that uses textual substitution to
instantiate generic functions (a simple solution would be to expand selectors

before substituting the type arguments—here p.M expands to p.T1.M).

Example 4: Promotion when there is incomplete type information
This example demonstrates that Principle 2 allows a method of a normal
embedded field to be promoted despite incomplete type information.

type S struct{}
func (S) M() string { return "" }

type I interface { M() string }

type W2[T any] struct {
S // Normal embedded field.
T // Embedded type parameter.

3

func Example4[X any]l() {
var w W2[X]
var I =w // Valid.

w.M() // Resolves to w.S.M.
3

Principle 2 guarantees that w.S.M will be promoted—if X had a method M

it would be assigned low precedence, so it would not conflict with w.S.M.

Example 5: Methods specified in contextual constraints can be
promoted

This example demonstrates promotion of a method specified in the type
constraint of a free type parameter (a “contextual constraint”), illustrating

Principle 4.

type I interface { M() string }

type WLT any] struct {
T // Embedded type parameter.
}

func Example5[X IJ() {
var w W[X]
var _ I = w // Valid.
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It is known that X will have a method M. The depth of M in X is not known,

but it is known that M will be promoted for any concrete type argument passed

for X.

Example 6: Methods specified in contextual constraints have un-
known depth

This example demonstrates that methods specified in contextual constraints
have unknown depth (unlike methods specified in the type constraints of the
generic type, which have depth 0).

type SA struct{}
func (SA) M() string { return "" }

type SA2 struct { // struct with method M at depth 1.
SA // Normal embedded field.

}
type I interface { M() string }

type Pair[T1, T2 any] struct {
T1 // Embedded type parameter.
T2 // Embedded type parameter.
3

func Example6[X I1() {

var p Pair[SA2, X]

var _ I = p // ERROR: method M is ambiguous
}

The method p.T1.SA.M (where T1 = SA2) has low precedence and depth
2, and the method p.T2.M (where T2 = X) has low precedence and unknown
depth (this is represented in Algorithm 2 as a depth interval). Because the

depth of p.T2.M is unknown in this context, it is not possible to determine

which method (if any) will be promoted.

Example 7: Disambiguation when the same type parameter is em-
bedded twice at different depths

This example demonstrates the special case where it is possible to disam-
biguate between two member records that both have depth intervals.

As shown in Example 6, a member record with unknown depth cannot

normally shadow other member records with the same precedence. There is
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one exception, which is when the other member record originates from the
same type parameter. In that case, although the exact depth of the member
within the originating type parameter is unknown, its depth must be the same

in both cases, so it is possible to compare the depths.

type I interface { M() string }

type WLT any] struct {
T // Embedded type parameter.

}

type W7[T any] struct { // Embeds T twice at different depths.
T // Embedded type parameter. (Embeds T directly.)
WLT] // Embedded field. (Embeds T indirectly.)

3

func Example7[T I1() {
var w W7[T]
w.M() // Valid. Resolves to w.T.M.

b

In this example w.T.M is provably shallower than w.W.T.M, even though the
depth of M in a type argument passed for T is unknown; so w.T.M is promoted,

in accordance with Principle 4.

Example 8: Generic types are type-checked even if they are never
instantiated
This example shows a general property of type checking, which is that

generic type definitions are type checked even if they are never instantiated.

type I interface { M() string }
type GI[T I] struct{}

type G8[U any] struct {
GI[U] // ERROR: U is not known to implement constraint I

}

This property also gives insight into the note in Subalgorithm 2C step 3. It
shows that when a generic type (here GI) is instantiated inside another generic
type (G8), it is a type error if the type arguments of the instantiation (U) are not

known to implement the corresponding constraints (I) based only on the type
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constraints of the outer generic type (G8)—that is, regardless of any concrete
type arguments supplied in instantiations of the outer generic type.
Algorithm 2 only sets the precedence of a record to low (Subalgorithm
2C, step 4) if it is not specified in the constraint corresponding to the type
argument. In a well-typed program, such low-precedence records will not be
relied on to satisfy other constraints, so they will not match the condition of
Subalgorithm 2C step 3—and by the contrapositive, the records that do match

the condition will have normal precedence.

Example 9: Non-monotonic promotion

This example demonstrates an unusual situation where a method of a
deeply-nested embedded field is promoted to an outer struct even though it is
not promoted to intermediate struct.

This situation is a consequence of Design Decision 5 (treat constraint
methods as being at depth 0 when type parameters are embedded indirectly).

type S struct{} // struct with method M.
func (S) M() string { return "" }

type S2 struct { // struct with method M at depth 1.
S

}

type SA struct{} // struct with method M.
func (SA) M() string { return "" }

type SA2 struct { // struct with method M at depth 1.
SA

3

type SA3 struct { // struct with method M at depth 2.
SA2

h;
type I interface { M() string }

type Pair[T1, T2 any] struct {
T1 // Embedded type parameter.
T2 // Embedded type parameter.
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type GIO[T I] struct {
Pair[S2, T]
3

func main() {
var g G9[SA3]
g.MO // Valid. Resolves to g.Pair.T2.SA2.SA.M.
g.Pair.M() // Valid. Resolves to g.Pair.T1.S.M.

3

The call g.M() resolves to g.Pair.T2.SA2.SA.M (where T2 = T = SA3),
because the constraint I causes the depth of M in SA3 to be treated as 0.

In contrast, the call g.Pair.M() resolves to g.Pair.T1.S.M (where T1 = S2),
because g.Pair has type Pair[S2, SA3] and Pair[S2, SA3].T1.S.Mis shal-
lower than Pair[S2, SA3].T2.SA2.SA.M.

This is surprising, but it is a natural consequence of Design Decision 5.

That decision could be reversed fairly easily.

7.9 Testing

We implemented Algorithm 2 in Go and tested it against a Lean specification
on random examples.’

We specify soundness as follows: Given a type expression 7 that references
a type parameter T whose constraint is C, for any type A that implements C,
the method set of the result of substituting A for T in T must be a superset of
the method set of 7.

This captures an important type safety principle: as more information is
revealed about a type, its method set may only grow—it is unsound for a
promotion algorithm to include a method in the method set if that method
would not in fact be included in the method set of a type consistent with the

available information.

1Thttps://github.com/tom93/go-embedded-types


https://github.com/tom93/go-embedded-types

Chapter 8

Conclusion

In Chapter 4 we examined the history of generics in Go; we also sketched
a possible direction for extending the implementation to support first-class
generic functions, and described an O(n) algorithm for detecting unbounded
recursive instantiation.

In Chapter 5, we formally specified “Johnsson-style” lambda lifting, includ-
ing the requirements for a “complete” lifting where all functions are converted to
top-level functions. We proved our specification satisfies the existing Fischbach—
Hannan lifting specification (allowing us to apply their correctness results). We
described an algorithm for computing extraneous parameters for lambda lifting,
and proved it produces the minimal extraneous parameters that satisfy our
specification. The worst-case time complexity of our algorithm is O(n?), like
the fastest existing algorithm; further, in the output-sensitive complexity model,
the time complexity of our algorithm is linear in the size of the output—an
improvement over existing algorithms. Our algorithm is simple and produces
the minimal extraneous parameters in the presence of unused functions; these
are further improvements over the existing algorithms. We used the checker
approach (Chapter 2) to test our algorithm on a large suite of generated test
cases.

In Chapter 6 we applied the ideas from lambda lifting to local types in Go.
We discussed the reasons for using the minimal type parameters and the issue
of backward compatibility.

In Chapter 7 we described a promotion algorithm for embedded type
parameters in Go. We again used the checker approach to test our algorithm.

This algorithm allows embedded type parameters with promotion to be added
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to Go.

8.1 Future work

One area for future work is to formalise the proof of correctness for our lambda
lifting algorithm in Lean.

Our analysis of local types in the corpus of Go code was incomplete because
the number of uses of local types in generic functions made manual inspection
prohibitive. Future work may use more sophisticated static analysis to deter-
mine whether changing the compiler to use minimal type parameters would
break any existing code.

Our description of the promotion algorithm does not handle types that
embed themselves for simplicity; to support them, the algorithm would have to
be adjusted as discussed in Section 7.6.

The design of our promotion algorithm is shaped by the fact that Go does
not support method overloading and that each type has a fixed method set.
In contrast, languages such as C# support overloading and explicit interface

1" The C# approach is powerful but it is tied to nominal

implementation.
typing, while Go uses structural typing for interfaces. If Go’s type system
were extended to support explicit interface implementation, the design of our

promotion algorithm would need to be revisited.

Ihttps://learn.microsoft.com/en-us/dotnet/csharp/programming-guide/
interfaces/explicit-interface-implementation “Explicit Interface Implementation”. C#
Programming Guide. Retrieved 7 July 2026.


https://learn.microsoft.com/en-us/dotnet/csharp/programming-guide/interfaces/explicit-interface-implementation
https://learn.microsoft.com/en-us/dotnet/csharp/programming-guide/interfaces/explicit-interface-implementation
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Appendix A

Worst-case lambda lifting output

size

We show that the worst-case size of the lifted program is ®(n?) tokens', where
n is the number of tokens in the input program. We also show the same when
considering the size of the program in bytes.

The lifted program is produced by inserting extraneous parameters in each
function definition and extraneous arguments in each call site and reference
(then performing “block floating”, which does not affect the size of the program).
The total number of function definitions and function references in a program
is O(n); for each one, the number of extraneous parameters/arguments is O (n).
So the number of tokens in the lifted program is O(n?).

The following example shows that there exist cases where the number of
tokens in the lifted program is ©(n?):

(define (f x1 x2 ... xk)

(define (g) (+ x1 x2 ... xk))

define (h1) (g))

( (h1)

‘(.(.1eﬁne (h2) (g))
(define (hk) (g))
( (h2) ...

+ (h1) (h2) ... (hk)))

The number of tokens in this example is n = @(k). The function g contains k
free variables, which need to be added as extraneous parameters. The functions

h1l..hk also require these extraneous parameters because they call g. So the

!We use Knuth’s big Theta notation [40] to indicate tight bounds; ©(f) means “of exactly
order f”, in contrast with O(f) which means “of order at most f”.
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total number of extraneous parameters in the lifted program is ~ k2. There
are 2k calls, so the number of extraneous arguments is 2k?. Hence the number
of tokens in the lifted program is ©(k?) = @(n?).

We now show that the worst-case size of the lifted program in bytes is ©(s?),
where s is the size of the input program in bytes and identifiers are allowed to
have arbitrary length.

The total number of function definitions and function references in a program
is O(s); for each one, the sum of the lengths of the extraneous parameter/argu-
ment names is O(s), since they are distinct and appear in the input program.
So the size of the lifted program in bytes is O(s?).

There exist cases where the size of the lifted program in bytes is @(s?), but
the above example is not such a case. In that example k = @(s/log s), because
for large k the length of the majority of the identifiers is ~ log;y k (which can
be approximated by log;gs). The sum of the lengths of the parameter names
x1..xk is o s, so the size of the lifted program in bytes is ©(s?/log s).

We can easily construct a different example where the size of the lifted
program in bytes is @(s?):

(define (f x1 x2 ... xk)

(define (g) (+ x1 x2 ... xk))

(+ (2) (8) (g) - (8)))

For any desired program size s, we can choose k and the number of calls to
g so that the sum of the lengths of the parameter names is o« s, the number of
calls to g is oc s, and the size of the example program in bytes is ~ 5. The total
length of the extraneous arguments is oc s

bytes is O(s?).

, so the size of the lifted program in

It is also interesting to consider just the extraneous parameters, and exclude
the extraneous arguments from the size. If we require all the functions in the
input program to have distinct names, then the worst-case size of the extraneous
parameters in bytes is ®(s?/logs). This is because the average length of k
distinct identifiers is at least Q(log k), implying the number of functions can be
at most O(s/logs). On the other hand, if we allow functions in different scopes
to have the same name, then the worst-case size of the extraneous parameters
in bytes is O(s?).

A size of ©(s?) can be achieved using a tree of nested functions where
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the leaf functions have single-character names, their parent functions have
two-character names, and so on for any desired depth. If m is the number of
leaf functions and |X| is the number of characters in the alphabet (|Z| > 2),
then there will be m/|Z| functions with two-character names, (m/|Z])/|Z|? with
three-character names, and so on. The following example demonstrates the

structure for m = 263+2+1.

(define (f x1 x2 ... xk)
(define (g) (+ x1 x2 ... xk))
(define (AAA)

(define (AA)
(define (A) (g)
(deﬁne (B) (g)

(Z

)

(deﬁne )

(+(A) (B) ..
(define (AB)

(define (A) (g)

define (B) ()

)
( )
(define (2) (5))
(+(A) (B) ... (Z
(deﬁne (727)
(+ (AA) (AB) ... (272)))
(define (AAB)
(define (ZZ7)

)
(+ (AAA) (AAB) ... (ZZ2)))

)

)

()
- (2)))

)

The number of non-leaf functions is < m, because the series Y22, m/|Z|"
(which is an over-approximation) converges to m/(|Z| — 1) when |X| > 2.
The sum of the lengths of the function names is < 4m, because the over-
approximation Yo, (i + 1)m/|Z| converges to m|Z|?/(|Z]| - 1)? when |Z| > 2.
So this scheme allows the number of functions to be o s, and hence the total

size of the extraneous parameters in bytes is oc s2.



Appendix B

Johnsson’s algorithm

To help preserve Johnssson’s algorithm [35], we give a direct translation of the
algorithm from Lazy ML to Haskell.

The translation does not use idiomatic Haskell style because we tried to
match the original Lazy ML syntax. Note that the algorithm does not produce

the minimal lifting in the presence of dead code (see Section 5.8.3).

Johnsson’s algorithm, translated to Haskell

import Data.List

-- Abstract syntax

type Id = String

data Expr = LETREC(List(Def), Expr) | APPL(Id, List(Expr))
deriving (Show, Read)

data Def = VAR(Id, Expr) | FUN(Id, List(Id), Expr)
deriving (Show, Read)

-- Set operations

_Mkset :: List(Id) -> List(Id)

_U :: List(Id) -> List(Id) -> List(Id) -- union

_Is :: List(Id) -> List(Id) -> List(Id) -- intersection
_Mem :: Id -> List(Id) -> Bool -- membership



{_

"The function Lambdalift contains three auxiliary functions Le, La and Ld which are
the real workhorses of the algorithm. Le takes an expression, La an expression list
and Ld a definition list as argument. They also take the previously mentioned vars,
funs and sol as arguments.

vars is the set of variables in the current scope, i.e. they can occur as free
variables in the letrec expression. At the start of the lambda lifting
process this set is empty.

funs is similarly the set of functions in the current scope; for these func-
tions we already know which variables that has to be abstracted out of the
functions. Initially this set is also empty.

sol 1is the solutions of the set equations for the function names in the set

funs.
Each of the functions Le, La and Ld returns a tuple:

-- the new expression (expression list, definition list) where the lifted functions
have been removed,

-- the lifted function definitions,

-- the set of identifiers occurring in the expression (expression list, definition
list).

Furthermore, the function Ld has three additional components in the returned tuple:

-- the variables defined in the definition list,

-- the functions defined in the definition list,

-- a list of pairs of function names and the identifiers occurring in each function
definition.

Note the unconventional use of recursion, which is particularly conspicuous in the
case Le(LETREC(d,e)). Components 4-6 of what Ld returns is used to compute the set
equations for the functions defined in this definition list. These equations are
solved, the extended set of solutions nsol passed further down in the tree, where Le,
La and Ld uses it to compute the first and second component of the tuple. Circular
programs such as this one requires lazy evaluation to work. A discussion of such
programming techniques can be found in [Bird84]."

-}

-- Lambda lifting program
_Lambdalift expr =
let _Xset sol s z = itlist(\f p->_U (assocdef f sol []) p) s z in
let solve [] =[]
solve ((f,s,e):[1) = [(f,s)]
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solve ((f,s,e):1) =
let so = solve(map(\t->let (f1,s1,el) =t
in if _Mem f el
then (f1, _U s s1, _U e el)
else t) 1)
in (f, itlist (\x p->_U (assocdef x so []) p) e s):so in
let _Le (LETREC(d,e)) vars funs sol =

let (ed, dd, id, dvars, dfuns, ss) = _Ld d nvars nfuns nsol
(ee, de, ie) = _Le e nvars nfuns nsol
nvars = _U vars dvars
nfuns = _U funs dfuns
nsol = solve(map(\(f, _S)->
(f,

_Xset sol (_Is _S funs) (_Is _S nvars),
_Is _S dfuns))
ss) ++ sol
in ((if null ed then ee else LETREC(ed,ee)),
de ++ dd, _U id ie)
(APPL(f,_E)) vars funs sol
let (eE, dE, iE) = _La _E vars funs sol
in (APPL(f,map(\i->APPL(i,[]))(assocdef f sol []) ++ eE),
dE, _U [f] iE)

_L

0]

_La [1 wvars funs sol

(1, 1, D

_La (e:1) vars funs sol
let (ee, de, ie)

(el, dl, il)

in (ee:el, de++dl, _U ie il)

_Le e vars funs sol

_La 1 vars funs sol

_Ld [] vars funs sol = ([1, [1, [1, [, [1, [D
_Ld (VAR(x,e):1) vars funs sol =
let (ee, de, ie) = _Le e vars funs sol
(el,dl,il,dvars,dfuns,ss) = _Ld 1 vars funs sol
in (VAR(x,ee):el, de++dl, _U ie il, _U [x] dvars, dfuns, ss)
_Ld (FUN(f,_I,e):1) vars funs sol =
let (ee,de,ie) = _Le e (_U vars (_Mkset _I)) funs sol
(el,dl,il,dvars,dfuns,ss) = _Ld 1 vars funs sol
in (el, FUN(f,assocdef f sol [] ++ _I, ee):de++dl,
_U ie il, dvars, _U [f] dfuns, (f, ie):ss)

in let (newexpr, liftedfuns, _) = _Le expr [] [] []
in LETREC(liftedfuns, newexpr)
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-- Library functions

-- (translation note: null and map are provided by Haskell;

-- itlist corresponds to foldr with a different parameter order)
--null [] = True

--null (_:_) = False

--map f [] = []

-—-map f (x:1) = f x: map f 1

itlist f []1 z = z

itlist f (x:1) z = f x (itlist f 1 2)

assocdef x [] def = def

assocdef k ((x,y):1) def = if k == x then y else assocdef k 1 def

-- Haskell implementation of the set operations

_Mkset 1 =1
_U 11 12 = union 11 12
_Is 11 12 = intersect 11 12

_Mem id 1 id “elem” 1

-- An example from Johnsson (1985).
-- let i =5 in letrec f = Ax.f (i+i) in f (i*i)
example =
LETREC(
-- "let i = 5"
[VAR("i", ref("5"))],
-- "in letrec f = Ax.f (i+i) in f (i*i)"

LETREC(
[FUNC'F", ["x"],
- "f (A+i)"
APPL("f", [APPL("+", [ref("i"), ref("i")1)I))1,
-- "in f (ixi)"
APPL("f", [APPL("*", [ref("i"), ref("i")1)1)))
where

-- Variable references (and int literals) are represented as APPL(Id, [])
ref :: Id -> Expr
ref var = APPL(var, [])

main = do

putStrLn ("input: ++ show example)
let lifted = _Lambdalift example

putStrLn ("lifted: " ++ show lifted)
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