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 A B S T R A C T

Using an equivalent circuit model (ECM) of a battery that involves fractional elements we analytically 
derive Peukert’s empirical equation along with generalisations of the equation for the increasing capacity 
of the battery as the charge and discharge currents are reduced. The derived generalised Peukert’s Equations 
are dimensionally consistent and all parameters (including Peukert’s coefficient and the so-called ‘capacity 
constant’) can be calculated from the parameters of the ECM and operating voltage range of the battery. 
Experiments are conducted on ten batteries to demonstrate that the resistor fractional-capacitor series ECM fit 
to discharge times predicts well the impedance spectrum found by electrochemical impedance spectroscopy 
(EIS), and vice versa, on Li-CO/NCA/NMC and Na-ion batteries. This agreement is not observed on the tested 
LiFePO4 and LiTO batteries because the impedance spectrum exhibits behaviour not captured by the ECM. 
Peukert’s Equation predicts ever increasing capacity as both the charge and discharge currents are reduced. 
The experimental results confirm this behaviour for all batteries down to the lowest current measured (C/256).
Introduction

Peukert [1] first observed that the charge withdrawn from a fully 
charged lead–acid battery is dependent on the discharge current, with 
the charge withdrawn reduced at greater discharge currents. A sim-
ilar relationship has also been observed for Li-ion battery cells [2–
6]. Because estimating the useable charge remaining in a partially 
discharged battery with Coulomb counting is proving insufficiently 
reliable, there is some renewed interest in whether methods based on 
Peukert’s Equation may prove to be more reliable [4–11].

Peukert’s Equation states that for a discharge current 𝐼 , the charge 𝑄
removed from a battery is given by 
𝐼𝑛𝑄 = const, (1)

for some battery specific constant on the RHS. Taking a constant 
current discharge, and discharge time 𝑡𝑑 , the charge removed is given 
by, 

𝑄 = ∫

𝑡𝑑

0
𝐼 𝑑𝑡 = 𝐼𝑡𝑑 . (2)

Hence Peukert’s Equation can be expressed as 
𝐼𝑘𝑡𝑑 = const, (3)
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where 𝑘 = 𝑛 + 1 and it is 𝑘 that is known as the Peukert coefficient for 
the battery, and is typified by values of 1 ≤ 𝑘 ⪅ 1.3 for Li-ion batteries 
and up to 1.5 for lead–acid batteries.

Peukert’s Equation is a phenomenological equation; there appears 
to be no known theoretical foundation for it other than qualitative 
explanations from aspects of battery electrochemistry. The equation 
is known to be true for only a limited range of currents, but these 
claims need careful qualification, particularly for very small currents. 
It would appear from Eq.  (1) that in the limit of zero current infinite 
charge is removed, thus it is claimed that Peukert’s equation must break 
down for sufficiently small currents [12] due to it being unphysical 
in the limit [2,9,13–16]. In many studies the charge current is fixed 
so that the battery always receives a charge of 𝑄𝑐 when charging, 
and if it is assumed that is the only charge available for discharge, 
then Peukert’s Equation must eventually break down as the discharge 
current is reduced.

Empirical evidence for this breakdown of Peukert’s Equation re-
mained somewhat scarce until recently, and some cite the work of 
D’Alkaine et al. [17], but their Fig. 4 (for which the claim of violation 
of Peukert’s Equation is made) consists of three data points over a very 
limited current range, which, in our opinion, is insufficient evidence 
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to distinguish between Peukert’s Equation and other potential relation-
ships. Likewise, a similar claim of the low-current breakdown made 
by Galushkin et al. [2] for their Fig. 3 is obfuscated by the use of a 
linear scale and multiple data sequences plotted on the same graphs. 
Nevertheless, clear evidence of this expected breakdown can be found 
in recent literature [6,9,18].

One may argue that one should ensure that the battery is first fully 
charged when conducting an experiment to establish discharge capacity 
(hence the fixed charge current and charge capacity 𝑄𝑐). But what 
is fully charged? Presumably Peukert’s Equation applies not only to 
the discharge capacity but also to the charge capacity 𝑄𝑐 . If so, and 
the battery is charged at ever decreasing currents that are same as 
the following discharge current, then the charge capacity 𝑄𝑐 itself will 
increase in accordance with Peukert’s Equation, and sufficient charge 
will always be available to the discharge so that Peukert’s Equation can 
be obeyed even at extremely low currents. It would appear that under 
these conditions in the limit of zero current that infinite energy can be 
stored and then recovered during discharge! This possibility requires 
further investigation.

On the other end of the scale it is well known that for large currents, 
such as current draws that occur for short periods in electric vehicles, 
the loss of available capacity can be noticeably reduced beyond that 
predicted by Peukert’s Equation. The most obvious explanation is that 
the voltage drop across the internal resistance for a sufficiently large 
discharge current will drop the battery voltage immediately to its 
minimum discharge voltage, thereby stopping discharge and resulting 
in zero charge removed [9,18]. In other words, assuming a minimum 
operating voltage and non-zero internal resistance, there is a maximum 
discharge current beyond which no charge can be removed.

There is no theoretically derived model from more fundamental 
principles to accurately characterise the shape of the curve as it de-
viates from Peukert’s Equation to instant discharge at the maximum 
possible discharge current. Interestingly, there is some variation observ-
able in the shapes of the curve for plots of either discharge capacity (𝑄)
or discharge time (𝑡𝑑) for high discharge currents that can be found 
in the literature [2,6,8,19]. Notable is Fig. 2 of Galushkin et al. [6], 
which shows two regimes in which different power laws are fit to the 
data before internal resistance takes over. Fig. 1 of Rudy et al. [19] 
also clearly shows similar behaviour for some of their Li based test 
cells. Other evidence might be inferred from the graphs of capacity 
provided by Nebl et al. [8] in which some cases roll-off more slowly at 
higher currents than what might be expected if internal resistance was 
solely in play. It would therefore be premature to exclude the possibility 
that there are factors other than the internal resistance in play at high 
currents.

A number of attempts have been made to modify Peukert’s Equation 
to account for the high-current deviation from Peukert’s prediction 
but they are all empirically derived equations chosen for their good-
ness of fit to experimental measurements. That is, they are essentially 
guesswork and there is no theoretical foundation to prefer one over 
another other than goodness of fit to experimental data. We do note one 
empirical model: the seemingly independent proposals by Nebl et al. 
[8] and Yazvinskaya et al. [9] of multiplying Peukert’s Equation by 
the first-order linear low-pass filter equation. Both groups demonstrate 
that this equation fits experimental data well for their measured Li 
battery cells and supercapacitors. (It appears in their experiments that 
the internal resistance of the tested device was sufficiently small to 
have little effect at the currents tested.) What is not pointed out in 
these studies, but is significant, is that the filter equation that they 
used interpolates between two power laws, corroborating the evidence 
of Galushkin et al. [6] mentioned above. That two power laws seem to 
be in play at different current regimes, at least in some results presented 
in the literature, needs further investigation.

Criticism is sometimes made that Peukert’s Equation is dimension-
ally inconsistent [3,20], thus cannot be truly physical [20]. Often the 
constant on the RHS of Peukert’s Equation, Eq.  (3), is taken to be the 
2 
capacity of the battery at a standard discharge rate, thus is said to have 
units of charge (either C or Ah), which is not consistent with the units 
of the LHS which has fractional units if 𝑘 ≠ 1. In this paper we shall 
argue that Peukert’s Equation is, in fact, dimensionally consistent, and 
that the constant on the RHS has been misidentified.

The studies cited are primarily focussed on developing a useful 
generalisation of Peukert’s Equation that can be used in a battery 
management system. Theoretical explanations for Peukert’s Equation 
and its generalisations are lacking. An insightful step towards doing 
this is provided by Mills and Kim who link Peukert’s coefficient to 
a fractional capacitance in a supercapacitor that is revealed by elec-
trochemical impedance spectroscopy (EIS) [21,22], however, there are 
clear limitations in their exposition: they treat fractional capacitance as 
a frequency dependent capacitance (which is to misunderstand it [23]), 
and the metrology presented is incapable of sufficiently characterising 
fractional behaviour of Li-ion batteries.

Though ignored by much of the literature, fractional behaviour has 
long been considered important for building realistic physical or equiv-
alent electrical circuit models of battery cells. Considering diffusive 
processes at the electrode, Randles [24] first proposed an equivalent 
circuit model (ECM) involving a Warburg element (fractional capac-
itance of order 0.5). Westerhoff et al. [25] expanded the model for 
a typical Li battery cell to 16 electrical components including three 
fractional capacitors and two Warburg elements. It is not feasible to 
characterise all these elements with standard non-destructive measure-
ment techniques in the presence of noise [26], nor is it clear that 
they are even needed for reliable circuit modelling of a battery cell. 
Using recently developed EIS methodology that can measure down to 
ultralow frequency (microhertz) [27,28], Poihipi et al. [29] showed 
that an ECM consisting of a resistor and one or two fractional capacitors 
(also known as constant phase elements or CPE) in series, which we call 
the R-cpe and R-cpe-cpe models, is sufficient to model the frequency 
dependent impedance up to approximately 1 Hz of many types of Li-ion 
batteries.

Further evidence that these simple fractional ECMs can capture 
much of the complex behaviour of Li-ion batteries comes from funda-
mental considerations of the electrochemistry. Recent considerations of 
restricted diffusive processes through porous electrodes [30,31] lead to 
an impedance model that behaves as a Warburg element in the high 
frequency limit and as an ideal capacitor in the low frequency limit. 
The R-cpe-cpe model naturally captures this behaviour if the primary 
CPE has order 1 (an ideal capacitor being the primary energy storage 
element of the battery) and the secondary CPE has order 0.5 (the 
Warburg element). At frequencies above about 1Hz the charge-transfer 
process and double layer capacitance become significant [32], but for 
our purposes play an insignificant role and can be omitted from the 
model as studies on Peukert’s Equation primarily exercise frequencies 
much lower than 1Hz. Finally, we note that the R-cpe and R-cpe-cpe 
models have been demonstrated to produce results amongst the best for 
time-domain simulation of lithium ion battery cell voltage [33].

In this paper we analytically derive Peukert’s law and its generali-
sations from a simple battery cell ECM involving fractional capacitance 
thereby giving a theoretical foundation to Peukert’s Equation. We 
show that Peukert’s coefficient is related to the order of the fractional 
capacitor and give an expression for the constant on the RHS that is 
dimensionally consistent with the fractional units of the LHS. We revisit 
the very low current limit and show that due to the fractional nature 
of the ECM, it is possible to devise an experimental procedure with 
which behaviour in accordance with Peukert’s Equation is observed 
down to very low currents that are much lower than reported before. 
We explain the deviations from Peukert’s Equation at high current due 
to the internal resistance and suggest how the presence of a second CPE 
in the ECM could lead to the detectable presence of a secondary power 
law. We back this up by comparison to experimental data and show 
how one can estimate the parameters of the model via the resultant 
generalised Peukert’s Equation from data obtained when cycling the 
battery with various discharge currents.
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Theory

In this section we more formally introduce fractional capacitance 
and describe the ECM of a battery that includes a CPE. From this ECM 
we derive a generalisation of Peukert’s Equation that under certain 
experimental conditions and the limit of zero internal resistance re-
duces exactly to Peukert’s Equation. The derivation gives an explicit 
formula for the constant on the RHS of Peukert’s Equation and shows 
that it is dimensionally consistent. We conclude the theory section with 
simulated ‘measured’ data points from the model and show that the 
model can be reliably fit to the data giving back the parameters of the 
ECM.

Fractional capacitance

A fractional capacitor, or constant phase element (CPE), exhibits 
an admittance spectrum with a fractional order 𝛼, 0 < 𝛼 < 1, and a 
constant phase between the voltage and current of −𝛼𝜋∕2 radians or 
−𝛼 × 90◦. The special case of 𝛼 = 1 is a pure capacitor, while 𝛼 = 0 is 
a resistor. Their behaviour can be defined through fractional calculus. 
Generally, the current and voltage follow the relationship: 

𝐼(𝑡) = 𝐶𝐹
𝑑𝛼𝑉 (𝑡)
𝑑𝑡𝛼

, (4)

where the right-hand-side involves a fractional derivative. In this work 
it is more useful to consider how voltage 𝑉 (𝑡) depends on current 𝐼(𝑡), 
and we can invert this relationship through a Riemann–Liouville (RL) 
differintegral, specifically (for 0 < 𝛼 < 1): 

𝑉 (𝑡) = 1
𝐶𝐹𝛤 (𝛼) ∫

𝑡

𝜏
𝐼(𝑡′)(𝑡 − 𝑡′)𝛼−1 𝑑𝑡′ (5)

where 𝛤 (⋅) is the gamma function and 𝜏 is a starting point in the 
past. One notable feature is that the fractional-derivative is not local 
in time—the element has memory of its past [23,34].

The impedance of a fractional capacitor expressed as a function of 
frequency in the Laplace form follows naturally from Eq.  (4): 

𝑍𝐶𝑃𝐸 = 1
𝐶𝐹 (𝑗𝜔)𝛼

(6)

where 𝑗2 = −1. Note, it is only in the limit 𝜏 → −∞ (i.e. when all 
history is considered) that the complex exponentials are eigenfunctions 
of the RL differintegral (Eq.  (5)), hence that RL is consistent with Eq. 
(6) [35].

Fractional battery model

Poihipi et al. [29] showed that the R-cpe and R-cpe-cpe ECMs 
(see Fig.  1) can be reliably fit to the impedance spectrum of Li-ion 
batteries in the presence of noise, provided that the EIS is performed 
to ultralow frequencies (i.e. well into the microhertz range). The R-
cpe ECM of a battery, Fig.  1(a), consists of a resistance 𝑅𝑠 in series 
with a CPE of capacity 𝐶𝐹  and order 𝛼. The R-cpe-cpe model, Fig.  1(b), 
consists of a series resistance 𝑅𝑠, a primary CPE (𝐶1, 𝛼1) in which most 
of the energy storage occurs, and a secondary CPE (𝐶2, 𝛼2). The R-
cpe-cpe model often gives a small but useful improvement of the fit 
to the impedance spectrum over the R-cpe model particularly in the 
0.1–5 mHz range. Also shown in Fig.  1 is the R-cpe-Zarc model in 
which a Zarc element, which here consists of a Warburg element (a CPE 
with 𝛼 = 0.5) in parallel with a resistor, replaces the secondary CPE. We 
find this model, which was not considered by Poihipi et al., is needed 
to fit the impedance spectrum well on LiFePO4 and LiTO batteries. It is 
important to realise that these circuits constitute the complete model 
of the battery—there is no non-physical ideal voltage source modelling 
the open circuit voltage (OCV) of the battery in the ECM.

In the following derivations we focus on the R-cpe model as it is 
easier to manipulate analytically. In principle, the behaviour of the 
battery depends on its entire history, thus is intractable to calculate. 
Instead, we consider the battery to have been charged to some positive 
voltage in the past, which has decayed to an open circuit voltage of 𝑉
𝑙

3 
at time 𝑡 = 0, and that over the duration of the experiment it further 
decays by an amount smaller than the resolution of measurement, thus 
𝑉𝑙 can be taken to be constant.

Charging the CPE with a constant current 𝐼0 from time 𝑡1 to time 𝑡2
by evaluation of the Riemann–Liouville differintegral gives the volt-
age 𝑉𝑐 (𝑡) of the CPE at any time 𝑡 as [33], 

𝑉𝑐 (𝑡) =
𝐼0

𝐶𝐹𝛤 (𝛼 + 1)
[

(𝑡 − 𝑡1)𝛼𝐻(𝑡 − 𝑡1) − (𝑡 − 𝑡2)𝛼𝐻(𝑡 − 𝑡2)
]

, (7)

where 𝐻(⋅) is the standard Heaviside (or unit-step) function and 𝛤 (⋅) is 
the gamma function. The voltage 𝑉𝑏(𝑡) of the battery during the charge 
cycle with current 𝐼0 from 𝑡 = 0 to time 𝑡, using the R-cpe ECM and the 
above assumption about the battery’s past, is therefore given by 

𝑉𝑏(𝑡) = 𝑉𝑙 + 𝐼0𝑅𝑠 +
𝐼0

𝐶𝐹𝛤 (𝛼 + 1)
𝑡𝛼 . (8)

Peukert’s equation with R-cpe model

To derive Peukert’s Equation we continue to use the R-cpe ECM 
of a battery cell. We take the simplified case of charging the battery 
with current 𝐼𝑐 to voltage 𝑉ℎ from time 0 to time 𝑡𝑐 then discharging 
at a possibly different current 𝐼𝑑 = 𝜆𝐼𝑐 for time 𝑡𝑑 until the battery 
reaches the minimum voltage 𝑉𝑙. We do not include a constant-voltage 
(CV) charging phase (as normally included in practice) to simplify 
the analysis. Eq.  (8) gives the voltage during charging, and on setting 
𝑉𝑏(𝑡𝑐 ) = 𝑉ℎ for the end of charging and rearranging, gives the time to 
charge as, 

𝑡𝑐 =
[

(𝑉ℎ − 𝑉𝑙 − 𝐼𝑐𝑅𝑠)
𝐶𝐹𝛤 (𝛼 + 1)

𝐼𝑐

]1∕𝛼
. (9)

Now during discharge, 𝑡𝑐 < 𝑡 ≤ 𝑡𝑐 + 𝑡𝑑 , the CPE voltage is given by

𝑉𝑐 (𝑡) = 𝑉𝑙 +
𝐼𝑐

𝐶𝐹𝛤 (𝛼 + 1)
[

𝑡𝛼 − (𝑡 − 𝑡𝑐 )𝛼
]

+
−𝐼𝑑

𝐶𝐹𝛤 (𝛼 + 1)
(𝑡 − 𝑡𝑐 )𝛼 (10)

= 𝑉𝑙 +
1

𝐶𝐹𝛤 (𝛼 + 1)
[

𝐼𝑐 𝑡
𝛼 − (𝐼𝑐 + 𝐼𝑑 )(𝑡 − 𝑡𝑐 )𝛼

]

, (11)

which at the end of discharge becomes 𝑉𝑐 (𝑡𝑐 + 𝑡𝑑 ) = 𝑉𝑙 + 𝐼𝑑𝑅𝑠, hence 

𝑉𝑙 + 𝐼𝑑𝑅𝑠 = 𝑉𝑙 +
1

𝐶𝐹𝛤 (𝛼 + 1)
[

𝐼𝑐 (𝑡𝑐 + 𝑡𝑑 )𝛼 − (𝐼𝑐 + 𝐼𝑑 )𝑡𝛼𝑑
]

, (12)

or,

𝑅𝑠𝐶𝐹𝛤 (𝛼 + 1) =
𝐼𝑐 (𝑡𝑐 + 𝑡𝑑 )𝛼 − (𝐼𝑐 + 𝐼𝑑 )𝑡𝛼𝑑

𝐼𝑑
, (13)

=
(𝑡𝑐 + 𝑡𝑑 )𝛼 − (1 + 𝜆)𝑡𝛼𝑑

𝜆
. (14)

If the series resistance 𝑅𝑠 = 0 then 

𝑡𝑑 =
𝑡𝑐

(1 + 𝜆)1∕𝛼 − 1
. (15)

Multiplying both sides by 𝐼𝑑 gives the discharge capacity 𝑄𝑑 as, 

𝑄𝑑 =
𝜆𝑄𝑐

(1 + 𝜆)1∕𝛼 − 1
, (16)

where 𝑄𝑐 is the charge capacity.
Note that for a CPE that is a capacitor (𝛼 = 1) the charge recovered 

during discharge is equal to the charge given during charge, and the 
discharge time is in proportion to the charge time by the ratio 𝜆 of 
discharge and charge currents. For the CPE that is a resistor (𝛼 = 0) 
the discharge time is zero (i.e., all charge is lost whatever the value of 
𝜆). For a CPE that is a fractional capacitor (0 < 𝛼 < 1) the discharge 
time is always such that the discharge capacity is less than the charge 
capacity, namely 𝑄𝑑 < 𝑄𝑐 for all 𝜆 ≥ 0 and 0 ≤ 𝛼 < 1, as given by Eq. 
(16). Hence, in a fractional system, some charge is lost between charge 
and discharge. (Interestingly, some of that lost charge can be recovered 
by resting the battery for a while then resuming the discharge, but we 
do not explore that possibility any further here.)
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Fig. 1. Equivalent circuit models of the battery (a) R-cpe model (b) R-cpe-cpe model. (c) R-cpe-Zarc model where the CPE in the Zarc is taken to be a Warburg 
element (i.e., 𝛼 is fixed to be 0.5).
Fig. 2. The term 𝜆1∕𝛼∕[(1 + 𝜆)1∕𝛼 − 1] of Eq.  (17) for 𝛼 = 1∕1.03.

Substituting for 𝑡𝑐 from Eq.  (9) in Eq.  (15) (still with 𝑅𝑠 = 0) and 
rearranging, gives 

𝐼1∕𝛼𝑑 𝑡𝑑 = 𝜆1∕𝛼

[(1 + 𝜆)1∕𝛼 − 1]
[

(𝑉ℎ − 𝑉𝑙)𝐶𝐹𝛤 (𝛼 + 1)
]1∕𝛼 , (17)

which has the appearance of Peukert’s Equation (Eq.  (3)) if we take 
Peukert’s coefficient to be 𝑘 = 1∕𝛼, the inverse of the fractional 
capacitor order, excepting that there is an additional leading term 
in 𝜆 rendering the RHS non-constant in general. Nevertheless, this 
expression has two advantages over Peukert’s Equation as normally 
expressed, namely  (1) the equation is dimensionally consistent (note 
that the units of 𝐶𝐹  are  A s𝛼V−1 or equivalently  F s(𝛼−1)) and (2) the 
constant on the RHS (i.e. ignoring the term in 𝜆) is expressed in terms 
of ECM parameters and the operating voltage range.

Fig.  2 shows the leading term in 𝜆 of Eq.  (17) for a Peukert’s 
coefficient of 𝑘 = 1.03 (𝛼 ≃ 0.97) typical for a Li-ion battery. For 
𝜆 in the range of 0.1 to 10, there is less than ±6% variation in this 
term, hence for discharge currents from 1/10-th of up to 10 times the 
charge current there is little deviation from Peukert’s Equation. As the 
discharge current is further reduced below 1/10-th, the discharge time 
is noticeably reduced below that predicted by Peukert’s Equation.

Two different experimental procedures

Now consider two different experimental procedures. The first is 
the commonly practised procedure for 𝐼𝑐 to be fixed and unchanging. 
In these experiments only the discharge current is reduced for each 
subsequent charge/discharge cycle. The limit of zero discharge current 
(𝜆 → 0), obtainable by application of L’Hôpital’s rule to Eq.  (16), gives 
the maximum total charge obtained during discharge as 
lim 𝑄 = 𝛼𝑄 , (18)

𝜆→0 𝑑 𝑐

4 
where 𝑄𝑐 is a fixed value. Hence, for a fractional system (𝛼 < 1) 
the charge recovered during discharge is always less than that given 
during charging and reaches the value 𝛼𝑄𝑐 when discharge current is 
reduced to zero. The discharge time and current satisfies Eq.  (17) with 
𝜆 = 𝐼𝑑∕𝐼𝑐 .

The second experimental procedure is for identical charge and 
discharge currents reduced in lockstep on each subsequent cycle, that 
is, 𝜆 = 1 always. Then 

𝑄𝑑 =
𝑄𝑐

21∕𝑎 − 1
. (19)

Substituting 𝑄𝑐 = 𝐼𝑐 𝑡𝑐 = 𝐼𝑑 𝑡𝑐 with 𝑡𝑐 given by Eq.  (9) with 𝑅𝑠 = 0, gives 

𝑄𝑑 =
[(𝑉ℎ − 𝑉𝑙)𝐶𝐹𝛤 (𝛼 + 1)]1∕𝛼

21∕𝑎 − 1
𝐼1−1∕𝛼𝑑 . (20)

hence as the discharge current is reduced the capacity increases, with-
out limit, in a power law relationship. Note that this increase disappears 
for a true capacitor (𝛼 = 1). Finally, note that evaluating Eq.  (17) for 
𝜆 = 1, results in, 

𝐼1∕𝛼𝑑 𝑡𝑑 =

[

(𝑉ℎ − 𝑉𝑙)𝐶𝐹𝛤 (𝛼 + 1)
]1∕𝛼

21∕𝛼 − 1
, (21)

which is indeed Peukert’s Equation (with 𝑘 = 1∕𝛼). The RHS is now a 
constant that can be evaluated from parameters of the model and the 
cycling voltage limits.

Let us now consider a non-zero internal resistance 𝑅𝑠. Analytical 
solution of Eq.  (13) for 𝑡𝑑 is not straightforward, but the equation can 
be inverted numerically to give 𝑡𝑑 with a reasonable initial guess and 
a few iterations of the Newton–Raphson method. To better understand 
the equation let us consider the limit of very small current. The time 
to charge 𝑡𝑐 (Eq.  (9)) is essentially the same as the case of zero internal 
resistance (because 𝐼0𝑅𝑠 ≪ 𝑉ℎ − 𝑉𝑙), likewise for the time to discharge 
because as 𝑡𝑐 gets large, the constant term due to 𝑅𝑆 on the LHS 
becomes relatively smaller, thus 𝑡𝑑 is given by Eq.  (15) in the limit of 
zero current. Thus, even with non-zero internal resistance, we would 
expect in the limit that either discharge capacity is limited to 𝛼𝑄𝑐
or that Peukert’s Equation is obeyed, depending on which of the two 
experimental procedures is undertaken.

For sufficiently large current, the argument given in the Introduc-
tion applies: the voltage drop across the internal resistance becomes 
so large to terminate charging immediately thus there is a maximum 
charge current, 𝐼max,c = (𝑉ℎ − 𝑉𝑙)∕𝑅𝑠, for which 𝑡𝑐 = 0. A similar 
expression can be found for the maximum discharge current by setting 
𝑡𝑑 = 0 in Eq.  (13) to get, 

𝐼max,d =
( 𝜆
𝜆 + 1

)

𝐼max,c = 𝐼max,c − 𝐼𝑐 . (22)

The middle equality is the most useful for evaluating 𝐼max,d for experi-
ments with fixed 𝜆 = 1 giving 𝐼max,d = 𝐼max,c∕2. For experiments where 
the charge current 𝐼𝑐 is fixed, the right-most expression is the most 
convenient for calculating 𝐼max,d.

To highlight the difference between the two experimental proce-
dures we plot in Fig.  3 the discharge time and capacity for two systems: 
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Fig. 3. Discharge time and capacity of the R-C and R-CPE models. Left column RC model (𝛼 = 1); Right column: R-CPE model (𝛼 = 0.85); Top row: discharge 
time; Bottom row: discharge capacity. The vertical dashed lines indicate the asymptote due to internal resistance.
a resistor–capacitor series (R-C) circuit model and a resistor-CPE series 
(R-CPE) circuit model. We take values that are representative of a Li-
ion (NMC) 18650 cell, namely 𝑅𝑠 = 50 𝑚𝛺 and 𝐶𝐹 = 3500 𝐹 𝑠𝛼−1, 
with 𝛼 = 1 to give the R-C model and 𝛼 = 0.85 to give the R-CPE 
model (a value smaller than might be expected of an 18650 cell chosen 
here to emphasise the difference for illustration purposes). For the R-C 
circuit model (Fig.  3 left column) there is no difference between the 
two experimental procedures at lower currents when the voltage drop 
across the internal resistance is insignificant, likewise the discharge 
capacity is limited and unchanging in the low-current regime as would 
be expected for an ideal capacitor.

The fractional system however shows notably different behaviour 
dependent on the experimental procedure (Fig.  3 right column). If the 
charge current is fixed then charge withdrawn is limited to that given 
during charging as is the case for the R-C model. However, if the 
charging current is reduced in lockstep with the discharge current the 
discharge capacity increases according to Peukert’s Equation (indeed, 
Eq.  (21)). This result suggests an experiment to expose fractional 
behaviour in a battery which we exploit in the experiments reported 
below. Finally, we caution the reader not to make too much of the 
increased capacity of the R-CPE model over the R-C model in Fig.  3. 
The units of fractional capacitance 𝐶𝑓  are not the same between the 
two models thus the capacity cannot be directly compared.

To further examine the R-cpe system we plot in Fig.  4, the charge 
and discharge times versus current, along with the zero resistance 
asymptote (Eq.  (17)) and predicted maximum currents in dashed red 
lines. This is for the experimental procedure in which 𝜆 = 1, that is, 𝐼𝑑 =
𝐼𝑐 . Firstly, we stress again the capacity continues to increase as current 
is reduced as expected from Peukert’s Equation. A bizarre mathematical 
5 
implication of fractional calculus is that a CPE can store, in principle, 
infinite energy at a finite voltage. This apparent paradox is resolved 
by understanding that a CPE needs infinite time to store this energy. 
Secondly, note at low currents when the effect of the series resistance is 
insignificant, that the discharge capacity is always less than the charge 
capacity by a fixed proportion, indeed to that given by Eq.  (19).

Simulated fitting of model

With the model above for the dependence of time to charge and/or 
discharge against current one can make measurements on a battery 
of the charge or discharge times for various currents and then fit the 
models to numerically infer the model parameters. We demonstrate that 
here for simulated measurements, using the R-CPE model, with plots 
presented in Fig.  4.

We select a current from C/64 up 4C for the battery cell from 
each octave and generate the time to charge/discharge from the R-
cpe model. We add Gaussian noise to each selected point, being 1 mA 
standard-deviation for the current and 1 s standard-deviation for the 
time, and then quantise to the nearest 1 mA for current and 1 s for 
time, to simulate the measurement process.

We fit times to charge (𝑡𝑐,𝑖) to the (simulated) measured currents 
(𝐼0,𝑖) using Eq.  (9) to find the model parameters for the R-cpe model 
using the Matlab nlinfit function. To have a good chance of convergence 
it is necessary to fit the model in log–log space. (An alternative is 
to minimise squared relative error instead of squared absolute error.) 
It is also necessary to detect bad values of the model parameters 
as Matlab searches the parameter space for the solution and take 
appropriate action to avoid non-finite function results so the search 
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Fig. 4. Predicted charge/discharge time (left) and capacity (right) for a typical 18650 Li-ion cell using the R-cpe equivalent circuit model. The dashed red lines 
are the low-current asymptote and the maximum possible currents for charge and discharge.
Fig. 5. Fit of R-cpe model to simulated measured points on the charge and 
discharge curves. Measured points as per legend. Solid black/blue lines are the 
fitted curves to the two sets of data points. Overlaid red dashed curves is the 
original model generating the data points.

Table 1
R-cpe example model parameters and fitted parameters to simulated measured 
data points.
 𝑅𝑠 𝐶𝐹 𝛼 RMSE  
 (Ω) (F s𝛼−1)  
 Model 0.0500 3500 0.850  
 Charge-fit 0.0499 3510 0.850 0.0075 
 Discharge-fit 0.0500 3480 0.849 0.0077 

for the solution can continue. The result is plotted in Fig.  5 with the 
found model parameters listed in Table  1. We also fit Eq.  (13) to the 
measured discharge times. The result is also plotted in Fig.  5 with 
found model parameters listed in Table  1. The fits to currents and times 
of charge/discharge gave very similar results essentially identical to the 
known model parameters.

These results demonstrate that we can fit to data points measured 
over three decades of current, provided that current measurements 
are made in the regime where the internal resistance is having an 
appreciable effect. We note that this is not a demonstration one can 
fit the ECM to actual data measured from a battery. To that end let us 
now turn our attention.
6 
Table 2
Batteries used in experiments. NCA is nickel–cobalt–aluminium, NMC is 
nickel–manganese–cobalt.
 Label Part-Num Chemistry Capacity 𝑉ℎ 𝑉𝑙 Currents  
 UBCO-X INR18650-MJ1 Li-NMC 3.4Ah 4.2V 2.8V 0.05–6.8A  
 UBCO-Y INR18650-MJ1 Li-NMC 3.4Ah 4.2V 2.8V 0.05–6.8A  
 S30Q-1 INR18650-30Q Li-NMC 3.0Ah 4.2V 3.0V 0.0117–4.24A  
 PBD-1 NCR18650BD Li-NCA 3.0Ah 4.2V 3.0V 0.0117–1.50A  
 S26J-1 ICR18650-26JM Li-CoO 2.6Ah 4.2V 3.0V 0.0102–0.65A  
 NA-1 NA-32140 Na-ion 10Ah 3.95V 2.0V 0.039–5.00A  
 IFR1 IFR18650-E1600 LiFePO4 1.6Ah 3.5V 3.0V 0.0063–1.60A  
 IFR2 IFR18650-E1600 LiFePO4 1.6Ah 3.5V 3.0V 0.0063–0.566A 
 IFR26-1 IFR26650-38A LiFePO4 3.8Ah 3.5V 3.0V 0.0148–5.37A  
 LTO-drive 66160H 40Ah LiTO 40Ah 2.5V 2.0V 0.156–12A  

Experimental methodology

We cycled (charge and discharge) ten batteries (see Table  2) at 
various currents over the range C/64 to 2C (UBCO batteries) and C/256 
to the currents listed in Table  2 (all others), and measured the charge 
and discharged times. Most batteries were pre-used to some extent, 
either in an electric bike (UBCO) or in laboratory experimentation 
(most others). Only the battery NA-1 was newly purchased. The voltage 
range used for cycling is narrower than that specified by manufacturers 
for normal operation to avoid the substantial change in incremental 
capacity that can occur near full discharge or charge. Experimentation 
was conducted with a Chroma Battery Tester (17216M-6-12) that was 
controlled by custom software run on a Raspberry-PI. Experiments were 
carried out in an air-conditioned room with temperature held between 
21 ◦C and 23 ◦C (with one short excursion to 25 ◦C).

All batteries had been rested for some time (>1 month) before ex-
perimentation began, except for NA-1 (25 days) and the two UBCO bat-
teries (6 days). At each tested current the batteries were first charged 
to 𝑉ℎ at constant current (CC) and rested for 600 s. Cycling then began 
consisting first of a discharge at the same current (CC) to 𝑉𝑙, resting 
for four hours, then charging to 𝑉ℎ at CC, then resting for 600 s. 
The discharge/charge cycle was performed two-times at the lower 
currents (C/256 to C/32) and three-times at the higher currents (C/16 
and above). When cycling at a current had completed, the battery 
was rested for a day before starting cycling at the next current. The 
UBCO batteries were cycled at the highest currents first, then the 
current was reduced for each subsequent cycling experiment. All other 
batteries were cycled at the lowest current first and then the current 
was increased for each subsequent cycling experiment. For analysis 
the discharge times were taken from the second cycle only for those 
experiments that had two cycles and from the mean of the second and 
third cycle for those experiments that had three cycles. This procedure 
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Table 3
Parameters of models fit to the UBCO-X battery data.
 Model 𝑅𝑠 𝐶1 𝛼1 𝐶2 𝛼2 𝑅2 RMSE 
 (mΩ) (F s𝛼1−1) (F s𝛼2−1) (mΩ)  
 EIS R-cpe 74.2 4937 0.917 – – – 0.075 
 EIS R-cpe-cpe 66.3 10903 1.002 194 0.282 – 0.017 
 EIS R-cpe-Zarc 68.5 8313 0.976 340 0.500 33.0 0.009 
 DT R-cpe 69.8 (3.8) 6588 (999) 0.973 (0.017) – – – 0.011 
ensures all reported discharge times are preceded by a charge of the 
same current as required by the 𝜆 = 1 experimental procedure.

An EIS was also performed on the batteries covering the frequency 
range starting at 5 or 10 μ Hz up to 2 or 5 Hz. R-cpe, R-cpe-cpe and R-
cpe-Zarc model fits were performed in frequency space to the EIS data 
by methods described elsewhere [28,29]. We use the parameters found 
from the discharge times (DT) R-cpe model fit to predict the impedance 
spectrum and likewise the parameters found from the EIS R-cpe model 
fit to impedance data to predict discharge times, notwithstanding the 
limitations of such comparisons (see Discussion below).

Results

The results fall into two classes: those (the first six batteries listed 
in Table  2, namely all batteries except the LiFePO4 and LiTO batteries) 
that have reasonable agreement of the R-cpe model transfer from 
discharge times to EIS and vice versa and those (LiFePO4 and LiTO 
batteries) where there is no agreement in the R-cpe model transfer from 
discharge times to EIS and vice versa because the R-cpe model fails to 
describe the impedance spectrum well. In this section we show results 
for the two UBCO batteries and S30Q-1 as examples of the first class 
and IFR26-1 as an example of the second class. Results for all other 
batteries can be found in the supplementary material.

The EIS performed on the UBCO-X battery with accompanying R-cpe 
and R-cpe-Zarc model fits are presented in Fig.  6. The parameters of 
the fitted models are listed in Table  3 with 95% confidence intervals 
on parameters in parentheses for the discharge times model fit. The 
measured discharge times are plotted in Fig.  6(c) with a fit of the R-
cpe model to the discharge times (using Eq.  (13) with 𝑡𝑐 given by Eq. 
(9)), and with the resultant R-CPE model fit to the discharge times used 
to plot the impedance in Fig.  6(d).

The R-cpe model fits to discharge times of the UBCO-Y, S30Q-1 and 
IFR26-1 batteries are shown in Fig.  7 on the measured discharged time 
(left column) and used to predict the EIS (right column). The param-
eters found in the model fitting are listed in Table  4 (UBCO-Y), Table 
5 (S30Q-1) and Table  6 (IFR26-1). The fitted R-cpe parameters from 
discharge times and EIS on the UBCO-Y and S30Q-1 batteries (likewise 
for PBD-1, S26J-1 and NA-1 in the Supplement) can be used to make a 
reasonable prediction of the other. Notably for these batteries the found 
CPE fractional order 𝛼1 from the discharge times agrees reasonably well 
with that found for the primary CPE (𝛼1) in the EIS R-cpe-Zarc model 
fit. Two comments are needed: (1) The S30Q-1 battery is less successful 
in that the DT R-cpe fit over estimated the series resistance, probably 
because measured currents are insufficiently high to reliably expose the 
effect of the series resistance. (2) The agreement of the primary CPE 
order of battery PBD-1 (see Table  7 and the Supplement) is not as good 
as the other batteries.

In the case of the IFR26-1 battery the measured EIS spectrum 
is not well represented by the R-CPE model (Fig.  7 bottom row), 
nevertheless clear, well-fitted, R-CPE behaviour is seen when fitting 
the discharge times. The two R-CPE models (from the discharge times 
and EIS) fail to predict the other. The R-cpe-Zarc model fits the IFR26-
1 impedance spectrum far better than the other simpler models (see 
Supplement) indicating that LiFePO4 batteries exhibit more complex 
behaviour than Li-NCA/NMC batteries. The LiTO battery (LTO-drive 
in the Supplement) exhibits similar problematic behaviour due to the 
failure to fit the R-cpe model to the impedance spectrum.
7 
Incremental capacity

The prediction of incrementing capacity for decreasing current for 
the 𝜆 = 1 experimental procedure is tested in Fig.  8 in which the 
measured discharge capacities for six of the batteries cycled down to a 
current of C/256 are plotted on a log–log scale. Two curves are shown 
in the graphs: the first (Q CPE model) is a linear regression to discharge 
capacities of the first four currents (C/256, C/128, C/64 and C/32), 
in effect, a fit of the CPE model in the limit of low current where 
the internal resistance should have no effect. The second curve (DT R-
CPE Model) is the capacity predicted using the R-cpe model fit to the 
discharge times of the section above.

All batteries (except arguably LTO-drive) demonstrate increasing 
capacity as current of cycling is reduced. In Table  7 the found fractional 
order from the capacity Q CPE model and the DT R-CPE model, along 
with the primary CPE order of the EIS R-cpe-Zarc model are listed for 
comparison. For the first four batteries there is good agreement, but for 
the last two where the R-cpe model does not fit the impedance spectrum 
well, there is poor agreement between the discharge time and capacity 
model fits and the primary CPE of the impedance R-cpe-Zarc model.

For the IFR26-1 battery the DT R-CPE model calculated at all 
available currents fails to predict the discharge capacities, indeed it 
has found a fractional order greater than one for the CPE, which is, of 
course, nonsense. If the DT R-CPE model fit is restricted to discharge 
times for currents up to C/1.4 only then a superior DT R-CPE model 
fit is obtained (see dashed line of the IFR26-1 graph of Fig.  8). This 
model fit reasonably predicts the discharge times of the highest two 
currents (that were not used in the fit) but is also underestimating the 
CPE order, thus undercuts the capacity measurements at the lowest two 
currents.

Discussion

We have analytically derived a generalised Peukert’s equation from 
an R-cpe fractional series ECM for batteries. Cycling experiments to 
measure the times-to-discharge performed on nine Li-ion batteries and 
one Na-ion battery show that the R-cpe model can fit the experimental 
data well. The derived parameters of the R-cpe model from discharge 
times used to predict the impedance fit the experimental measured EIS 
reasonably well for the Li-NCA, Li-NMC, Li-CO and NA-ion batteries. 
Likewise the R-cpe model parameters derived from the EIS impedance 
spectrum used to predict the discharge times of cycling also fit the 
measured data well for these batteries. It was not successful for the 
LiFePO4 and LiTO batteries because the measured impedance spectrum 
exhibits complicated behaviour not captured by the R-cpe model.

The goodness of fit when transferring from time-domain to freque-
ncy-domain and vice versa is especially encouraging for two reasons. 
The first is that the RL differintegral used to derive the generalised 
R-cpe Peukert equation has been criticised for not being formally 
consistent with the one-sided Laplace frequency description [35]. The 
inconsistency is due to the need to include all history (and can be 
reformulated as an initial condition problem [36]) which we managed 
by making a reasonable assumption about the pre-history of the bat-
tery. That the presented cycling experiments did not exactly meet the 
assumed history of the battery cell seems not to be a problem.
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Fig. 6. Model fit to EIS and discharge times (DT) of the UBCO-X battery. (a) R-cpe model fit to EIS. (b) R-cpe-Zarc model fit to EIS. (c) Discharge times with 
overlaid R-cpe model fits to discharge times and EIS. (d) R-cpe model from discharge times overlaid measured EIS.
Table 4
Parameters of models fit to the UBCO-Y battery data.
 Model 𝑅𝑠 𝐶1 𝛼1 𝐶2 𝛼2 𝑅2 RMSE 
 (mΩ) (F s𝛼1−1) (F s𝛼2−1) (mΩ)  
 EIS R-cpe 74.8 4915 0.916 – – – 0.073 
 EIS R-cpe-cpe 67.0 10597 0.998 195 0.279 – 0.017 
 EIS R-cpe-Zarc 69.2 8118 0.973 340 0.500 31.9 0.009 
 DT R-cpe 74.1 (3.6) 6933 (1081) 0.979 (0.018) – – – 0.012 
Table 5
Parameters of models fit to the S30Q-1 battery data.
 Model 𝑅𝑠 𝐶1 𝛼1 𝐶2 𝛼2 𝑅2 RMSE 
 (mΩ) (F s𝛼1−1) (F s𝛼2−1) (mΩ)  
 EIS R-CPE 27.3 4044 0.900 0.152 
 EIS R-CPE-CPE 21.4 11870 1.014 210 0.305 0.038 
 EIS R-CPE-Zarc 23.0 8334 0.981 305 0.500 32.3 0.021 
 DT R-CPE 44.9 (5.2) 7797 (593) 0.993 (0.008) 0.006 
Table 6
Parameters of models fit to the IFR26-1 battery data.
 Model 𝑅𝑠 𝐶1 𝛼1 𝐶2 𝛼2 𝑅2 RMSE 
 (mΩ) (F s𝛼1−1) (F s𝛼2−1) (mΩ)  
 EIS R-CPE 21.7 131 0.397 0.056 
 EIS R-CPE-CPE Failed to fit  
 EIS R-CPE-Zarc 23.6 4395 0.717 186 0.500 180 0.021 
 DT R-CPE 41.3 (1.4) 36 166 (8971) 1.041 (0.028) 0.011 
8 
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Fig. 7. Discharge times (DT) R-cpe model fitted to the UBCO-Y, S30Q-1 and IFR26-1 batteries. Left column: discharge time fit (red) to measured data points with 
the curve predicted by the EIS determined model overlaid (blue). Right column: EIS measured data overlaid with the prediction by the discharge time R-CPE 
model fit.
The second reason is that the EIS is based on a linear small-signal 
model and is conducted within a localised SoC of the battery cell. The 
fact that cycling experiments reveal regions of different incremental 
capacity at different states of charge within batteries is suggestive that 
the R-cpe model parameters should be a function of SoC thus any 
model parameters derived from an EIS will depend (to some extent) 
on what SoC the EIS was performed at. In contrast, fitting to the time 
to discharge in Peukert type cycling experiments is performed over the 
9 
whole voltage range which includes regions of non-linear behaviour, 
the most notable of which is the collapse of incremental capacity of a 
battery cell at lower voltages.

In our experiments the used voltage ranges were tighter than man-
ufacturers’ specifications (see Table  2) to avoid the non-linear regions 
that occur for many battery chemistries below approximately 20% 
SoC and above 90% SoC. In contrast, the UBCO batteries were cycled 
between 2.8 to 4.2 V which includes the fall-off in incremental capacity 
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Fig. 8. Discharge capacities of various batteries at very low currents (down to C/256).
Table 7
Primary CPE order (𝛼) of fit to discharge capacities (parentheses are the 95% CI in the last digits).
 Battery S30Q-1 S26J-1 PBD-1 NA-1 IFR26-1 LTO-drive

 Q CPE Model 0.991 (2) 0.988 (3) 0.988 (5) 0.991 (3) 0.978 (17) 0.992 (7)
 DT R-CPE Model 0.993 (8) 0.992 (1) 0.991 (4) 0.992 (1) 1.041 (28) 0.991 (–)
 EIS R-CPE-Zarc Model 0.981 0.969 0.942 0.989 0.717 0.884  
10 
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below 3.2 V. Nevertheless good agreement with the R-cpe Peukert 
model was obtained, possibly because the incremental capacity falls so 
much that the time to traverse this region is quite small compared to 
the time spent in the linear region, thus has a negligible impact on the 
final result.

The R-cpe fit to discharge times (see Tables  3 to 5, and the Sup-
plement) found internal resistance values either very close (UBCO-X 
and UBCO-Y) or a bit bigger (S30Q-1, PBD-1, S26J-1) to the EIS R-
cpe fit for the Li-ion batteries, but CPE values (particularly regards 
the fractional order of the CPE) much closer to that of the primary 
CPE of the EIS R-cpe-Zarc fit. To explain this behaviour, note that 
the current stimulus for cycling and measuring discharge times is 
very close to a square-wave stimulus. As the current is reduced the 
frequency of the charge and discharge cycle decreases proportionally 
(more precisely in accordance with the generalised Peukert’s model) 
so, in essence, point-by-point impedance spectroscopy contaminated by 
harmonics of the stimulus is performed by a Peukert-like experiment 
(particularly true for the 𝜆 = 1 experimental procedure used herein). 
Our experiments had discharge times of up to 106 seconds, that is, a 
stimulus fundamental frequency of 1 μ Hz, which is well into the region 
where the primary capacitor-like CPE is dominant on the EIS graphs 
(see Figs.  6 and 7 and the Supplement). Hence the Peukert cycling 
experiment is dominated by the primary CPE of the R-cpe-Zarc model 
in the low current regime. Further note that the resistance is largely 
in effect from 1mHz on the UBCO batteries’ EIS but not clearly into 
effect until 10mHz or higher on the S30Q-1, PBD-1, S226-1 EIS (see 
Supplement), but out experiments rarely got above 1C current, which 
is a cycling frequency of 0.13mHz, and at this frequency the impedance 
has not decreased to that of the internal resistance for these batteries, 
hence the inflated resistance values for the DT R-CPE model fit.

This observation can also help explain why the fractional order 
found by the DT R-cpe model fit on the LiFePO4 batteries (IFR1, IFR2 
and IFR26-1) does not agree with the fractional order of any ECM 
model fits to the EIS (see Tables  6 to 7 and the Supplement). It is clear 
from the EIS spectra (particularly from the phase) for these batteries 
(see Fig.  7 and the Supplement) that even at 5 μ Hz (the lowest 
frequency measured) that near capacitor-like CPE behaviour is not seen, 
and one might guess that the EIS would need to be measured down to 
even lower frequency to expose such behaviour. The DT R-cpe model 
fits suggest this is true, as the asymptotic discharge capacity behaviour 
that is close to an ideal capacitor (see Fig.  8 and Supplement) is clearly 
evident at the lowest currents (C/256 up to C/32) which have cycling 
fundamental frequencies of 0.5 μ Hz up to 4 μ Hz, which are all below 
the lowest frequency in the EIS graphs.

In the literature on Peukert’s Equation [6,8,19] there is (admittedly 
circumstantial) evidence of a second power law (i.e. CPE) sometimes 
present in the discharge time graphs. The presence of a second CPE 
has been identified in measured EIS data [29] and observable herein 
for the EISes presented in Figs.  6 and 7 (and the Supplement). One can 
develop a generalised R-cpe-cpe Peukert Model involving two CPEs to 
calculate the voltage across the battery at the end of charge (𝑡 = 𝑡𝑐) and 
discharge (𝑡 = 𝑡𝑐 + 𝑡𝑑). For 𝜆 = 1, thus 𝐼 = 𝐼𝑐 = 𝐼𝑐 , the result is, 

𝑉𝑏(𝑡𝑐 ) = 𝑉ℎ = 𝑉𝑙 + 𝐼
(

𝑅𝑠 +
𝑡𝛼1𝑐

𝐶1𝛤 (𝛼1)
+

𝑡𝛼2𝑐
𝐶2𝛤 (𝛼2)

)

, (23)

and

𝑉𝑏(𝑡𝑐 + 𝑡𝑑 ) = 𝑉𝑙 = 𝑉; − 𝐼

(

𝑅𝑠 +
2𝑡𝛼1𝑑 − (𝑡𝑐 + 𝑡𝑑 )𝛼1

𝐶1𝛤 (𝛼1 + 1)
+

2𝑡𝛼2𝑑 − (𝑡𝑐 + 𝑡𝑑 )𝛼2

𝐶2𝛤 (𝛼2 + 1)

)

,

(24)

however inverting these for 𝑡𝑐 and 𝑡𝑑 is not analytically tractable. 
They can be solved numerically, however we found that numerical 
fitting of the R-cpe-cpe model to our measurements of times to charge 
and discharge for the UBCO batteries (which had measurements to 
the highest currents) was incapable of distinguishing between the 
11 
secondary CPE and the internal resistance. We thus could not find 
evidence for the second CPE in discharge times despite its presence is 
quite clearly seen in the EIS data for the same batteries. The difficulty 
of distinguishing a secondary CPE from the internal resistance has been 
noted before for fitting a fractional series ECM to time domain data that 
reflects normal battery usage [33,37]. It is possible, however, that with 
better sampling of high-current measurements the model might have 
successfully converged in our experiments and revealed the second 
CPE. Further experimentation is required to examine this possibility.

We noted earlier (Section ‘‘Peukert’s Equation with R-cpe Model’’) 
that a CPE can, in principle, store infinite energy, exactly in agreement 
with Peukert’s Equation, provided the correct experimental procedure 
is undertaken. On a discharge capacity versus current graph that would 
be seen as a continued increase in capacity of the battery as the charge 
and discharge currents are reduced. Scant evidence contrary to this 
surprising conclusion can be found in the literature, mostly because 
reported studies undertake an experimental procedure that is incapable 
of revealing this behaviour. In our experiments we got down to C/256 
current for many of the tested batteries. We see no clear deviation from 
Peukert’s Equation on any of the batteries at such low currents.

Of course, these experiments are no proof that Peukert’s Equation 
would not eventually break down as the current is reduced even fur-
ther. The troubles with conducting such experiments is the prohibitive 
length of time to perform them and the limit on resolution in measuring 
very small currents. We note, finally, that we do expect Peukert’s 
Equation to ultimately break down at sufficiently low currents (despite 
the mathematical prediction of fractional calculus) because the ECM 
is a macro-description of the battery that is only valid in the limit of 
extremely many electrons involved in the current flow. At very low 
currents we would expect other effects such as thermal currents to 
become significant.

Conclusion

Using fractional calculus we derived Peukert’s Equation and gener-
alisations of Peukert’s Equation from a series ECM involving fractional 
components. The R-cpe model was shown to fit experimental discharge 
times measured on ten batteries well, and was further confirmed by 
then correctly predicting the impedance against measured EIS data on 
six of those batteries. In the other direction, the R-cpe model fit from 
the EIS predicted the discharge times well for the same six batteries. 
This cross-fitting between discharge times and the EIS on the remaining 
four batteries (the LiFePO4 and LiTO batteries) failed because the EIS 
spectrum exhibited complicated behaviour not well modelled by R-
cpe. Fitting of the more general R-cpe-cpe model was unsuccessful 
because the discharge times measured in the conducted experiments 
provided insufficient data to distinguish a secondary CPE from the 
internal resistance of the series ECM.

The generalised Peukert’s Equations presented herein have the ad-
vantages that they are dimensionally consistent and that the constant, 
rather than being arbitrarily assigned a capacity at some discharge rate, 
is instead expressed in terms of parameters of the model and the voltage 
range the battery is operated over. Furthermore the fractional order 
of the CPE of the model is shown to be the inverse of the Peukert’s 
coefficient of the battery.

A prediction of fractional calculus (and of Peukert’s Equation) is that 
the capacity increases for decreasing discharge currents and eventually 
can become infinite for an infinitely long charge time with infinitesimal 
current, provided that the battery is charged at the same current that it 
is subsequently discharged at. Our tests down to C/256 confirmed this 
predicted behaviour.
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