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Abstract 

This thesis investigates the place of dynamic linear models in time series analysis. These 

models, which are based on the state space representation of the time series where the dynamic 

parameters are the state variables, are particularly useful because they are applicable to non­

stationary (as well as stationary) time series. In this thesis some foreca,;ting algorithms using 

dynamic linear models are developed for univariate and multivariate time series, and the 

effectiveness of these algorithms is investigated. The algorithms are applied to some examples 

in biometrics and economics. The thesis is based on original research papers published hy the 

aulhor, which arc included as appendices 1-5. 

Chapter one surveys I.he field of time series analysis in order to get a broad overview of 

the subject. There are two main goals in time series analysis: the search for I.he underlying pat­

tern in the time series, and the prediction of future values of I.he series. The first leads to the 

the study of the time series in the frequency domain where a harmonic analysis of the time 

series decomposes it into a sum of sine waves at various frequencies. The second leads to the 

study of the time series in I.he time domain. Here I.he relationship between values a given dis­

tance apart is studied for each possible distance, and these relationships arc used to predict 

future values. Chapter two develops the class of second order stationary stochastic processes 

in the frequency and time domains. The main tool of the frequency domain analysis, the spec­

tral distribution of the process, and the main tool of I.he time domain analysis, I.he autocovari­

ance function of the process, arc seen to be Fourier transfonns of each other. The effect of a 

time invariant linear filter on a second order stationary stochastic process is detennined. It 

establishes the important results I.hat if a stochastic process is Markovian, it must be the output 

of a first order linear system excited by Gaussian white noise. The Wiener-Hopf integral equa­

tion for the optimal (in terms of minimizing expected squared error) linear filter is developed 

using the principle of onhogonality. Chapter three introduces the state space representation of a 

linear dynamic system, develops the Kalman filter by using orthogonal projections, and estab­

lishes I.he recursive equations. Section 3 investigates I.he efficiency of the dynamic linear 

model applied to a linearly aggregated time series, and determines I.he efficiency of estimation 

using I.he aggregated time series relative to using I.he weighted sum of the component model 

estimators. While it is not surprising that I.he latter method is more efficient, the exact relative 

efficiency is developed here for the first time. Chapter four surveys the field of filtering in 

some non-Gaussian models. While I.he Kalman filter is still the optimal linear filter in the 

non-Gaussian case, it may be far from I.he optimal filter. Chapter five introduces multiprocess 

dynamic (regression) models to give a filter I.hat is effective for short term forecasting in time 

series I.hat arc subject to abrupt, as well as evolutionary, changes in pattern, and may contain 

transient._ (outliers). In Section 3, the multivariate extension of the multiprocess dynamic 

linear model developed by the author is presented. The forecasting algorithm is used to fore­

cast the quarterly inflation rate in the consumer price index, by using the inflation rates for the 

six main consumer price subindices, food, housing, household operations, apparel, transporta­

tion, and miscellaneous. This method was found Lo give an improvement over the univariate 
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dynamic linear model forecasts, which in tum are improvements over the naive model fore­

casts. In Section 4, the biased perturbation multiprocess dynamic linear model developed by 

the author is presented and used to analyze growth hormone level data in young steers that arc 

subject to dietary stress. The growth hormone level data exhibited the characteristics of pulsa­

tile data, that is exponential decay towards a base level with occasional jumps in level when a 

pulse of growth hormone is released. The model was found to give an effective method of 

analyzing pulsatile data that can be implemented in real time. In Section 5, the multiprocess 

dynamic generalized linear model developed by the author is presented. It is shown to be an 

effective method for estimating a time varying population proportion. 

This thesis investigates dynamic linear time series models and ha" shown their place in 

the time series analysis framework. The relative efficiency of a dynamic linear model applied 

to a linearly aggregated time series has been determined. Estimation and foreca,.ting algorithms 

based on dynamic linear time series models for univariate and multivariate time series have 

been developed and analyzed. They are effective for time series that contain outliers and exhi­

bit occasional abrupt as well as evolutionary changes in pattern. These algorithms have been 

applied successfully to non-stationary time series in biology and economics. 
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Preface 

The fonn of this thesis follows a model suggested to me by Prof. Roger Hosking. The 

original research is incorporated in separate (previously published) papers which arc included 

as appendices. The main body of the thesis shows the position of dynamic linear models in 

the time series analysis framework, and relates my work to previous work in the field. This 

thesis does not incorporate, without acknowledgement, any material previously submitted for a 

degree or diploma in any University, and does not contain any material previously published or 

written by another person except with due reference, to the best of my knowledge and belief. 
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1. Introduction To Time Series Models 

1. 1 Introduction 

A time series is a sequence of observations of a variable which occur over time. Time 

series arise in the sciences of biology, meteorology, astronomy, geophysics, and others; in 

economics with series such as gross national product measuremenL'- and consumer price 

indices; in social science with series such as demographic records; and in engineering and tech­

nology with time series used in control systems. Some time series arc deterministic, but fol­

lowing an unknown law; others exhibit stochastic properties; and some such as Lhe signal-plus­

noise model exhibit both deterministic and stochastic behaviour. The search for underlying pat­

terns in time series and the prediction of future values goes back to antiquity. In the time of 

the ancient Greeks, observations on the positions of the planets were analyzed and the Ptole­

maic system based on cycles and epicycles was created to explain the positions. This system 

was used to predict future astronomical positions. The need to explain the errors in the predic­

tions that eventually emerged gave a major impetus to the development of science and 

mathematics. The search for an underlying pattern, and the prediction of future values arc still 

the main goals of time series analysis. They lead to the study of time series in the frequency 

domain and time domain respectively. Predicting future values of the time series normally 

requires the assumption that the process generating the time series must not change over time. 

One important class of processes having this property is the cla"s of second-order stationary 

processes. For this class, the mean for each member of the process is constant, and the 

covariance between any two members of the process depends only on the (Lime) lag between 

them. We now briefly discuss the historical development of time series analysis in both the 

frequency and time domains. 

1.2 Time series in the frequency domain 

The search for an underlying pattern gives rise to the study of time series in the fre­

quency domain, where the time series is considered to be a sum of sinusoidal waves, and the 

goal is to determine the amplitude and phase at each frequency. Schuster (1898) developed 

the periodogram to search for "hidden periodicities" in the series and Fisher (1929) developed 

periodogram analysis, a method for testing the statistical significance of the suspected periods. 

Wiener (1930) developed generalized harmonic analysis, a general theory for spectral analysis 

of time series that exhibit stationarity in the sense that they have finitc power. A wide variety 

of time series can be analyzed this way, including deterministic time series. 

Khintchine (1934) developed the theory of second-order stationary stochastic processes in 

the frequency domain, where the stochastic process is represented by Lhc Lcbesgue-Sticltjcs 

integral of a weighting function times a complex exponential function integrated over the fre­

quency axis. The weight function, similar to complex random variables indexed by frequency, 

is called random spectral measure and it must be uncorrelated over disjoint intervals of fre­

quencies for Lhe process to be second-order stationary. The expansion of a second-order 
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stationary process in frequency space is into orthogonal components. Cramer (1942) discovered 

the spectral decomposition of second-order stationary stochastic processes. The time series is 

considered to be a partial realization of the stochastic process. The underlying pattern to be 

estimated from the time series is the spectral distribution (spectrum) of the process which is the 

expected value of the square of the random spectral measure as a function of Lhe frequency. 

The spectral distribution can have both discrete and continuous components. Wold's decompo­

sition theorem states that every zero mean second-order stationary process can be decomposed 

uniquely into the sum of a (linearly) purely deterministic component and a (linearly) purely 

non-deterministic component. The two components are uncorrelated. The purely deterministic 

component is contributed by the discrete part of the spectrum and its future development can 

be completely predicted from its past in a linear manner. The purely non-deterministic com­

ponent is contributed by the continuous part of the spectrum and the linear relationship of iLs 

past history and future development and tends to zero over time. The sample analogue of the 

spectral distribution of the process is the periodogram of the time series, the squared norm of 

the finite Fourier transform of the time series. It is not a consistent estimate for the spectral 

distribution since its asymptotic variance is not zero. However, the periodogram estimates 

computed at different frequencies are asymptotically independent. Daniell (1946) introduced 

smoothed periodogram estimators which averaged the periodogram over a window of adjacent 

frequencies in order to get consistent estimates of the spectrum. 

1.3 Time series in the time domain 

The need for methods to predict future values of the time series led to the study of time 

series in the Lime domain. The assumption underlying most methods of forecasting is that the 

future behavior of the process generating the time series will be similar to its past behavior. 

Members of the class of second-order stationary processes satisfy this assumption. Although 

not second-order stationary themselves, processes whose derivatives (differences) are second­

order stationary processes also satisfy this assumption. The traditional tools for studying how 

these processes evolve in time are the autocorrelation function and the partial autocorrelation 

function of the process. A class of processes which can be made second-order stationary by 

pulling suitable restrictions on the parameters of the process is the general linear process, 

where the process is the output of a realizable time-invariant linear filter with white noise 

input. That is, the process is a fixed linear sum (integral) of past values of the input process 

which consists of independent identically distributed random variables. All purely non­

deterministic second-order stationary stochastic processes are of this form. 

When a discrete-time linear process is represented as the output of a time-invariant linear 

filter, it is called the moving average representation of the process. There is another represen­

tation for discrete-time processes called Lhe autoregressive representation, where the process is 

regressed on past values of the process plus a random shock. The class of discrete-time linear 

processes is very large, as there are an infinite number of coefficients in the impulse response 

function which describes the moving average representation. Discrete-time general linear 

processes can be either stationary or non-stationary. The principle of parsimony suggests that 
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this class of models has too many parameters and would overfit a time series. That is, it 

would fit the observed series very well, but give poor forecasts compared to a model contain­

ing fewer parameters. Autoregressive-moving average (ARMA) processes are a subset of 

second-order stationary general linear processes which have a finite number of parameters. 

Every purely non-detenninistic second-order stationary stochastic process can be approximated 

to any desired accuracy by an ARMA process. This corresponds to approximating the impulse 

response function of the process by a rational function. Autoregressive-integrated-moving 

average (ARIMA) processes are a subset of non-stationary general linear processes that have a 

finite number of parameters. 

The Box-Jenkins method for fitting and forecasting time series using ARIMA models is a 

comprehensive development in the traditional time domain mode. This method requires the 

time series to be the realization of a stochastic process which is either stationary or can be 

made stationary by appropriate differencing. 

A more general problem than forecasting is the problem of estimating the signal in the 

presence of noise. It is more general because it is desired to estimate the true underlying sig­

nal in the past., present., as well as the future, based on observations of the signal plus noise up 

to the present This problem has been considered by control system engineers. Their goal was 

to develop a filter through which they could pass the noisy signal and extract the signal as 

efficiently as possible. The Weiner-Hopf integral equation gives the filter having minimum 

mean-squared prediction error, however it is difficult to solve except in special situations. 

These difficulties were not overcome until later when Kalman developed a filter using the 

state-space representation of a linear dynamic system. 

1.4 State-space models for time series 

Markovian (state-space) models are a relatively recent fonnulation of time series models 

in the time domain. With these models, the process is described in terms of a vector of unob­

served auxilliary variables called state variables. Most of the early work on these models was 

done by engineers designing control systems for missiles. For these applications, the state­

vector represents some real, but not directly measureable quantities. In these models the signal 

itself is not measured directly, rather a linear function of it is measured subject to a white 

noise measurement error. 

A linear dynamic system is a system of linear difference or differential equations excited 

by an input process for discrete or continuous time processes respectively. If the input process 

is deterministic, the output process is deterministic, and if the input process is a stochastic pro­

cess, so is the output process. The state-vector for a linear dynamic system contains the least 

amount of information which one must know about the past history of the output process 

which, taken together with the future input values, is sufficient to determine the output process 

at any future time. Loosely speaking, the state-vector can be thought of as boundary values of 

the process which arc passed from the past through the present into the future in order that the 

future development of the process, given the present state, depends only on future input 

values. Zadeh and Doseur (1963) described the state as a parameterization of the input-output 
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space of a linear dynamic system in such a way that the output process from time t O depends 

only on the state at time t O and the input process after time t 0. This definition applies to both 

deterministic and stochastic processes. 

In this thesis, we consider a stochastic process which is the output of a linear dynamic 

system with white noise input process. The output of a higher order linear difference or 

differential equation excited by white noise can be reformulated as the output of a system of 

first-order linear difference or differential equations excited by white noise in a higher dimen­

sional space. The state-vector consists of the boundary values of the process which arc passed 

from the past through the present in order that given the present state, the future development 

of the process is Markovian, i.e .. it does not depend on the past values of the process. The 

state-vector could be considered to be an implicit parameterization of the input-output space of 

the process with no physical meaning. The traditional autoregressive (AR), moving-average 

(MA). and autoregressive-moving-average (ARMA) models can be put into state-space form 

and here the state-vectors are "minimal dimensional" Markovian models, see Aoki (1987). 

Other non-stationary processes as well as integrated-autoregressive-moving-average (ARIMA) 

models can be formulated in this way. 

1.5 The Kalman filter 

In Chapter 3, we discuss a more recent approach to linear filtering introduced by Kalman 

(I %0), which is based on the state-space representation of a linear dynamic system. The 

problem addressed is to find the best (in terms of minimizing the expected squared error) esti­

mate of the state at time t + s based on observations up to time t. When s < 0, s = 0, or s > 0 

the estimation problem is called smoothing. filtering, or predicting respectively. Kalman's 

approach is general enough to include all these estimation problems. Also of great importance 

is that it is not restricted to stationary processes. In Kalman's method, the search for the 

optimal linear filter is approached from the point of view of conditional distributions and 

expectations found by orthogonal projections. The coefficients of the optimal linear filter arc 

obtained recursively and can be done in real time. Kalman also shows that the dual of the 

optimal estimation problem is the noise-free optimal regulator problem. He showed that the 

optimal linear filter is actually the optimal filter for the case where the perturbation and obser­

vation distributions arc both normal. Ho and Lee (1964) developed the Kalman filter under 

those normal assumptions by using a posterior Bayesian approach. 

Duncan and Hom (1972) introduced the Kalman filter into the statistical literature by 

relating the dynamic linear model to random-~ regression theory using the time-varying pamm­

eters a<; the state variables. They showed by an extension of the Gauss-Markov theorem that 

the Kalman filter estimates arc minimum mean-squared linear estimators as well as being the 

minimum variance unbiased linear estimators. Meinhold and Singpurwalla (1983) gave a clear 

exposition of the Kalman filter as a sequential Bayesian estimation procedure in a time-varying 

linear regression model. Bolstad (1990) investigated the efficiency of dynamic linear model 

estimators applied to linearly combined time series. 
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In Chapter 4 we discuss some non-Gaussian state-space models. Masrieliez and Martin 

(1977) developed robust Bayesian estimates for a state-space model where either the state noise 

is Gaussian and the observation noise distribution has heavier tails than the normal distribution, 

or vice-versa. Smith and Miller (1986) developed a model for an exponential observation dis­

tribution and censored data. Kitagawa (1987) developed state-space models for non-stationary 

time series where the non-normal observation and perturbation noise distributions are approxi­

mated by piecewise linear functions and the recursive updating is done numerically. Martin 

and Raftery (1987) noted that the computational effort required precludes real time applications 

of this method for multi-dimensional state-vectors. West, Harrison, and Migon (I 985) 

developed the dynamic generalized linear model where the parameters change over time 

according to a linear pattern, and the observations are from a one-dimensional exponential 

family distribution (not necessarily normal) on a non-linear scale. The recursions they 

developed for updating the estimates have the same form as the Kalman filter. A "guide" rela­

tionship is used to choose the conjugate prior, hence the estimates are only approximations. 

1.6 Multiprocess dynamic models and applications 

In Chapter 5, we discuss multiprocess dynamic regression models. These are appropriate 

for modelling time series which contain outliers and are subject to abrupt, as well as evolution­

ary changes in pattern. The multiprocess dynamic linear model was introduced by Harrison 

and Stevens (1971). They assume the perturbation distribution to be a mixture of distribu­

tions, thus allowing for the various types of changes. Harrison-Stevens forecasting, sometimes 

called Bayesian forecasting or the multiprocess Kalman filter, was shown to be an effective 

forecasting tool for non-stationary time series. It responds quickly to changes in pattern, yet is 

robust against outliers. Bolstad (1986 A) analyzed the Harrison-Stevens forecasting algorithm 

and provided a bibliography of previous applications. Bolstad (1986 B) has developed a com­

putationally efficient algorithm for this method for multivariate time series having contem­

poraneously correlated errors. Inflation data based on consumer price index for the consumer 

price index groups is analyzed using this algorithm. It is shown to give improved forecasts in 

this very noisy time series. 

Bolstad (1988 A) introduced the use of biased perturbations in the dynamic linear model 

in order to develop a real-time model for growth-hormone level data which exhibits the pattern 

of pulsatile release and exponential decay. The biased perturbation distribution allows the 

detection of a pulse on the subsequent observation, and incorporates it into future forecasts. 

Data showing the growth-hormone level of young cattle subject to varying degrees of dietary 

stress was analyzed using this algorithm. It was shown to be an effective model for this data, 

and the mean smoothed posterior pulse probability and mean smoothed posterior growth­

hormone level estimate are useful tools for showing the treatment effect on the daily cycle of 

pulsatile activity rate and growth-hormone level. 

Bolstad (1988 B) developed the multiprocess version of the dynamic generalized linear 

model. This model permits quick response to underlying changes in the time series while 

being robust against outJiers. It was shown to be an effective forecasting tool for estimating a 
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dynamic proportion. 

1. 7 Other applications 

Filters developed for linear dynamic systems have also been used as a fault detection 

procedure in control systems where abrupt shifts in the series indicate a degradation or break­

down in some instrument Willsky (1976) examined the statistical performance of failure 

detection methods with respect to both speed of response to failure, and robustness to normal 

operations. Smith and West (1983) and Smith et al. (1983) used the multiprocess dynamic 

linear model when monitoring renal transplant data in order to detect an abrupt shift (organ 

rejection) as quickly as possible. 

Dynamic linear estimation algorithms can also be used in situations where the parameters 

are fixed, but there is a time dependence in the error structure. In this case their main advan­

tage is their computational efficiency. Harvey and Phillips (1979) found the maximum likeli­

hood estimates for a regression model with autoregressive-moving-average disturbances. Har­

ville (1980) used a similar algorithm to find the best linear unbiased predictors of the outcomes 

of National Football League gridiron games. Sallas and Harville (1981) developed a method 

for finding the optimal estimates in a mixed linear model by first using the Kalman filter to 

estimate the fixed and realized values of the random effects, and then taking limits to obtain 

the mixed model estimates. Bolstad (1987) developed a method of estimating the parameters of 

the seemingly unrelated regression model which is based on the use of an efficient recursive 

algorithm for estimating the state-vector in the presence of known contemporaneous covari­

ances. 

1.8 Summary and conclusions 

In this chapter we have briefly surveyed the field of time series analysis, in both the fre­

quency and time domains. We have noted that ARMA and ARIMA time series models can be 

put into the more recently formulated state-space form. The Kalman filter is the general linear 

filtering technique based on this form, and it is the optimal filter in the mean-squared error 

sense under the assumption of normality. Some alternative state-space models are noted which 

are applicable in non-Gaussian situations. Multiprocess models arc introduced to model non­

Gaussian estimator and perturbations distributions. These models will be shown to be very 

effective for short-term forecasting in time series that contain outliers, and are subject to abrupt 

as well as evolutionary changes. 



- 7 -

2. Second-Order Stationary Stochastic Processes 

2.1 Introduction 

In this chapter we review the historical development of time series analysis of processes 

whose evolution contains a random or stochastic element. These are called stochastic 

processes and are modelled by a set of jointly distributed random variables indexed by time. 

A time series is considered to be a partial realization of the process, that is, a time indexed set 

of observed values of the process over a period of time. The stochastic processes that satisfy 

the intuitive stationarity requirement that "the mechanism generating the time series docs not 

change with time" are defined and are used in time series analysis in both the time and fre­

quency domains. 

Time-invariant linear filters which transform one stochastic process into another arc 

introduced and studied in the frequency and time domains. The relationship between the input 

process and the output process of a realizable linear filter (where the output process only 

depends on past and present values of the input process) is often defined by a linear differential 

(difference) equation. If the filter is time-invariant, the coefficients of the linear differential 

equation are constant Stocha-.tic processes where the future development of the process, given 

the present and past history of the process, depends only on the present are called Markov 

processes. They may or may not be stationary. Markov processes can be characterized as the 

output of a first-order linear differential (difference) equation when the input process is white 

noise. If the coefficient is a positive constant, the process is second-order stationary. 

The general estimation problem is introduced and the Wiener-Hopf equation for lhc 

optimal linear filter is developed. 

2. 2 Mathematical model 

The mathematical model for a stochastic process is a set of random variables { Y (1) } 

indexed by time t ET where the index set T is usually the set of real numbers (continuous 

time) or the set of integers (discrete-time). The set of all possible realizations of the stochastic 

process is called the ensemble. Kolmogorov (1933) showed that the probabilistic mechanism 

that determines the distribution of lhe ensemble is contained in 

f, ... , (y(t 0), ... ,y(t,.)), where t;ET for i=O, ... ,n and O<n< 00, 
O' '. 

the set of joint probability (density) functions for every possible finite subset of the random 

variables. 

A time series is a single (partial) realization of the process; a set of observed values of 

the process, y (t) such that t ES, for some set S ~ T. Time series analysis includes two types 

of inferences; inferences about the ensemble, and inferences about the realization, such as fore­

cast-.. Inferences about the ensemble, made from a single realization of the process require 

that the single realization be representative of the ensemble in some sense. Certainly, in order 
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for the past values of a time series to be useful for making inferences about the ensemble, the 

behavior of the underlying stochastic process must be the same in the future as it hai; been in 

the past. This means that the underlying mechanism of the stochai;tic process does not change 

as time progresses. A stochastic process is said to be strictly stationary if and only if the joint 

random variables: Y(t 0), ... ,Y(t,.) and the joint random variables: Y(t 0+h), ... ,Y(t,.+h) arc 

identically distributed for all possible sets t 0, • • • ,t,. and all h. That is, the joint distribution 

of any subset of the random variables is invariant under a time shift. Stationary stochai;tic 

processes are models for physical phenomena that are in steady-state operation. In practice, it 

is difficult to establish that a stochastic process is strictly stationary. Fortunately, a weaker pro­

perty than strict stationarity is sufficient for our purposes. 

The first two moments contain the most important information about the distribution of a 

single random variable, namely its location and scale; although, they do not generally specify 

the distribution completely. Analagously for a stochastic process the first moment function and 

the second joint moment function contain the most important information about the joint distri­

bution. Define the mean function and the covariance kernel to be 

µ(t)= E(Y(t)) and K(s,t)= E[(f(s)-µ(s))x(Y(t)-µ(t))l 

respectively. A stochastic process is said to be covariance stationary if and only if the mean 

function is a constant and the covariance kernel is a function only of the absolute difference 

between the times, not on the actual times themselves. That is, 

µ(t)= µ and K(s,t)= r(lt-sl). 

Covariance stationary processes are also called weakly stationary or second-order stationary 

processes. A strictly stationary process is always covariance stationary. However, the con­

verse is not generally true. For normal (or Gaussian) processes the first two moment functions 

are sufficient to determine the joint normal distribution. Hence covariance stationary Gaussian 

processes are strictly stationary. If the covariance between any two of the random variables 

from a normal process is zero, the random variables are independent. Also, any set of linear 

combinations of multivariate normal random variables are jointly normally distributed. 

In order to make inferences about the first two moment functions of a stochastic process 

from the time series, the ensemble averages must be estimated by the corresponding time aver­

ages over a single realization. The first ergodic theorem, which showed these to be consistent 

estimators when the stochastic process is strictly stationary, was proved by Birkoff (1931). 

Parzen (1958) proved that necessary and sufficient conditions for the sample mean of a sto­

chastic process to be ergodic are that the correlation between the sample mean and the last 

observation approach zero ai; the sample size tends to infinity. This implies that the mean of a 

covariance stationary stochastic process is ergodic if lim r(r) = 0. 
't-+-

Every second-order stationary stochastic process with zero mean has the spectral 

representation 



- 9 -

where the random spectral measure, Z (d A), is a complex-valued random set function, similar 

to complex random variables. In order that the process be real-valued, 

Z(-A)= Z(A), 

the complex conjugate of Z (A), for any measureable set A of real numbers on the frequency 

axis. The covariance 

E(Y(t)X Y(t--c)) = Erf_:/½'z(dA.1)f_:e -il.7.(l-'t)Z(dA.z)] 

= L:/½"Cf_:/<>-i-½>t £ (Z (dA.1)X Z (dA.z). 

Since the process is weakly stationary, the covariance cannot depend on t. Hence, the random 

spectral measure over disjoint sets must be uncorrelated. Furthermore, the autocovariance 

function of the process can be written as 

r(-c) = f_:ei'-"C F(di-..), 

where 

is called the spectral distribution of the process. The reader is referred to Koopmans (1974 p. 

61) for a proof of this. The spectral distribution has all the properties of a probability distribu­

tion except that its total power J_:F(dA.) is finite, but not necessarily equal to one. 

Wold (1938) showed that any stationary process can be expressed as 

where the two uncorrelated processes Y d(t) and Ye (t) are called purely deterministic and 

purely non-deterministic respectively. The process Y d(t) can be (linearly) predicted from its 

pa-;t with no error and the process Ye (t) is ergodic. Thus the random spectral measure can be 

decomposed into 

where the discrete and continuous component<; are uncorrelated. Hence 

where f d is the discrete spectral function and fe is the spectral density function. When the 

spectrum has only a discrete component, the stochastic process is called almost periodic and 

has spectral representation 

If the spectrum has only a continuous component, the stochastic process is called a noise pro­

cess and has spectral representation 
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If the spectrum has both components, then 

where Yd(t) is the purely deterministic component and Yc(t) is the purely non-deterministic 

component 

A process is called white noise if the random variables at different times are uncorrelated 

with each other. First let us consider a noise process with autocovariance function 

where o(,) is the Di.rac delta function. This means that the white noise process consists of 

instantaneously uncorrelated random variables having a finite variance. In this case the spec­

tral density is given by 

Thus, its power at every frequency is zero. Next we consider a noise process having constant 

spectral density f c (A) = c. For such a process 

= 0 

if 

if 

't = 0, and 

't ;t 0. 

Hence it has infinite variance. Thus continuous time white noise has either a spectrum equal to 

0 (zero power), or an infinite variance (infinite instantaneous power), so it cannot exist as a 

second-order stationary stocha-;tic process except as a limit. Nevertheless, it can be used quite 

satisfactorily a<; the input to a linear filter. 

2.3 Time-invariant linear filters 

A time-invariant linear filter is a transformation satisfying the properties of (i) scale 

preservation, (ii) superposition, and (iii) time invariance, which transforms a stochastic pro­

cess W (t) into another stochastic process V (t ). It is denoted by 

L(W(t))= V(i). 

A consequence of these three properties is that the linear filter transforms a complex exponen­

tial function having frequency A. into a multiple of iL-;elf. Thus 

l (eil.l) = B (A.)eil.l, 

where B (A.) is called the transfer function of the filter. Hence for any weakly stationary sto­

chastic process 

V(t) = l(W(t)) = L(f_:eil.lzw(dA.)) = s_: l(eil.l) Zw(dA.) = f_:B(A.)ei'-'Zw(dA). 

Clearly the spectral representation of the output process is 

V(l) = f_:eil.lzv(dA), 
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where the random spectral measure 

Zv (d A) = B (A)Zw (d A). 

Hence the spectral distribution of V (t) is given by 

Fv (dA) = I B (A)I 2Fw(dA). 

The output process has finite power (variance) provided the matching condition 

f_:I B(A)I 2Fw(d')...) < oo 

is satisfied. 

Then 

so 

Let the impulse response function of the linear filter be the Fourier transform of B (A), 

h(u) = (21er 1f_:B(A)eii..udA. 

The output process is lite convolution of the impulse response function and the process. In 

general, the output process is a function of the entire history of the process, pa<;t present and 

future. If the output process is to be a function of the past and present only, then 

h (u) = 0 for u < 0. 

In that case, the linear filter is called realizable. For realizable linear filters 

L(W(t))= J0-h(u)W(t-u)du, 

the present value of the output process depends on the input process only up to and including 

the present time. 

If the input process W (t) is white noise, the output process V (t) will be second-order 

stationary provided 

Thus, even though second-order stationary continous time white noise exists only as a limit, iL 

can be used perfectly satisfactorily a'> the input process into a linear filter. 

2.4 Time-invariant linear systems 

A time-invariant linear system is an input-output relationship that is a realizable linear 

filter. Many linear systems are defined by linear differential equations. If the coefficient<; arc 

constant<;, the linear system is Lime-invariant. Let W (t) and V (t) be the input and output 
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processes respectively. Let a first-order time-invariant linear system be governed by the equa­

tion 

(D+a)V(t) = W(t) 

where a > 0. The solution is given by 

V(t) = {_e-a<i-s>w(s)ds = f 0-e-=W(t- u)du. 

This is the output of a realizable linear filter wilh impulse response function 

h (u) = 0 for u < 0 

The differential equation governing the general p' th order time-invariant linear system is 

<I>(D )V (t) = W (t) 

where <t>(D) is a p' th degree polynomial in the differential operator D. If the polynomial 

<t>(D) = (D + a 1 )x • • • x (D + aP) where a;> 0 for all i then the solution is 

Clearly V(t) is the output when W(t) is pa<;scd through of a sequence of realizable linear 

filters with respective impulse response functions h;(u)= e-a;" for u>O and i= l, ... ,p. If 

the input process W (t) is white noise, the output process V (t) is second-order stationary, since 

the filter clearly satisfies J_:1 B (A.)I 2 < oo. Hence second-order stationary processes can be 

modelled as the output of time-invariant linear system (p' th order linear differential equation) 

with white noise input Clearly if the input process is Gaussian white noise, the output process 

is also Gaussian. 

2. 5 Markov processes 

If the conditional distribution of the process at some specific future time, given the past 

history of the process up to the present time, depends only on the value of the process at the 

present time, the process is said to have the Markov property. If a process is the output of a 

time-invariant first-order linear system excited by Gaussian white noise, then 
I s I 

Y(t) = f__e-a(t-•)w(v)dv = f__e-a(t-•>w(v)dv + L e-a(t-•>w(v)dv 

s t 
= e-a(t-s)f e-a(s-•>w(v)dv + L e-a(t-•>w(v)dv. 

Let u = s- v in the first term. Then 

Y(t) = e-a(t-s)f 0-e-=w(s- u)du + L'e-a(t-•>w(v)dv 

I = e-a(t-s)Y(s) + L e-a(t-•>w(v)dv. 

The output process Y(s) depends only on the white noise process W(v) for times v:;; s. But 

Gaussian white noise is independent over disjoint intervals. Hence the white noise process at 
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times v> s is independent of the process at all times before s, so the the output process Y (1) 

satisfies the Markov property. 

The converse is also b"Ue. Let 

U(t) = Y(t)-(r(t-s)tr(O))x Y(s), 

where r(t) is the autocovariance function of the process. If a second-order stationary Gaussian 

process Y (t) satisfies the Markov property, then the conditional distribution of U (t ), given the 

history of the process up to time s < t depends only on Y (s ). Because the process is Gaus­

sian, U (1) and Y (s) are independent since E [U (t )x Y (s )] = 0. In a small interval 

0 < t- S < E 

r(t- s) = r(O) + r'(o)x (t- s) 

for some O < o < 1 - s . Hence 

U(t) = Y(t) - Y(s) - (r'(o)tr(O))x (t- s)x Y(s), 

so 

W(I)= lim U(t)l(t-s)= (D+a)Y(t), 
S-+I 

where a = - r' (O)tr(O). W (1) is a multiple of U (t) which depends only on Y (s ), not previous 

values. Taking the limit a<; s ~, the W(t) process will consist of independent random vari­

ables. Thus Y (t) is the output of a first-order linear system with Gaussian white noise input. 

The autocovariance function of a second-order stationary Markov process is 
t+'t t 

r(i:) = f__ f__e -a(t+'t-s 1)ea(l-s 1)E(W(s1)X W(s2))ds1d.~2-

Since W(t) is Gaussian white noise with variance cr2, E[W(s 1)x W(s 2)] = cr2 when s1 = s2 

and O otherwise. Hence 

Conversely, if Y (1) is a process with autocovariance function of the form 

r(,:) = <re-al 1:I, 

then let W (t) = (D + a )Y (1 ). The spectral density of Y (I) is 

frCA.) = a1c 1 <r(A2+a 2r 1• 

and the spectral density of W (1) is 

fwCA.) = IO..+ a I 2 fr(A) = a1c 1cr2, 

which makes W (I) a white noise process. Also if Y (1) is Gaussian, so is W (1 ). A process 

with autocovariance function r(,:) = cr2e-a 11:I is defined to be a second-order Markov process 

by Brieman (1969 p. 289). It is important to realize that a second-order Markov process docs 

not satisfy the Markov property. It merely satisfies the weaker property that the lirst two 

moments of the process at time 1 , given the history of the process up to time s < 1 , depends 
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only on the value of process at time s . This is sufficient to determine the distribution of the 

process at time t in the Gaussian case, but not in the general case. 

It is important to realize that the output of a time-varying first-order linear system with 

Gaussian white noise input also satisfies the Markov property. If 

(D+ a(t))Y(t) = W(t), 

then 
I S I 

Y(t) = e-A<1>J__eA<•>w(v)dv = e-A<1>J__e,.MW(v)dv + e-A<1>fs eA<•>w(v)dv 

I 

= e-A(t)+A(s)r(s) + e-A(l'L eA<•>w(v)dv, 

where A (t) is an antidcrivative of a (t ). Since W(t) is a Gaussian white noise process, the 

output process Y (t) satisfies the Markov property. 

Conversely, let Y(t) be a time-varying Gaussian process satisfying the Markov property. 

Let 

U(t)= Y(t)-(K(s,t)IK(t,t))xY(s) 

where K (s ,t) is the covariance kernel of the process. In a small interval O < t- s < e, 

K(s,t)= K(t,t)+ Ks(O,t)x(t-s) forsomeO< O< t-s 

where Ks (s ,t) is the partial derivative of the covariance kernel with respect to the first com­

ponent Hence 

U(t)= Y(t)- Y(s)- (Ks(O,t)IK(t,t))x(t-s)xY(s), 

so 

W(t) = lim U(t)l(t-s) = (D+ a(t))Y(t), 
S-+I 

where a (t) = - Ks (t ,t )IK (t ,t ). In the limit as s ➔t, W (t) will consist of Gaussian white 

noise. 

2.6 The general estimation problem and the Wiener-Hopf filter 

In this section we look at the general estimation problem. Here, inferences are Lo be 

made about the actual realization of the process, not the ensemble of all possible realizations. 

In general, the stocha<;tie process need not be stationary. Thus, the mechanism generating the 

stocha<;tic process may he changing with time, but it is necessary to know how it is changing. 

There is an unobserved stochastic process V (t ). A related stochastic process Y (t) has 

been observed up until time t. We wish to find the best estimate of the unobserved process 

V (t + 't) at some fixed time lag 't. When 't < 0, 't = 0, and 't > 0 the problem is called smooth­

ing, filtering, or prediction respectively. Often the relationship between the two processes is 

either that Y(t) is the output process when V (t) is passed through a linear filter, or that Y (t) is 

an observation of V (t )+ N (t ), where N (t) is a noise process, or a combination of both, that is 

Y (t) is the output of a linear filter plus noise. The criterion we shall use for the "best 
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estimate" is minimizing expected squared error. That is, V (I+ 't) is the function of Y (t ') for 

t '~ t that minimizes the expected squared error E (V (t + 't)- V (t + 't))2. The function that 

minimizes this is the conditional mean 

V(t+'t) = E(V(t+'t)I Y(t') fort'~ t). 

In practice, it is not feasible to evaluate this conditional mean. 

An alternative to this is to restrict ourselves to second-order stationary stochastic 

processes and linear estimators which are the output of realizable linear filters operating on the 

observed series. The best linear estimator is 

V(t+'t)= f 0-h(u'.)Y(t-u')du', 

where h (u) is the impulse response function of the optimal realizable linear filter. V (t + 1:) is 

the point in the linear space spanned by the values of the process up to time t that is closest to 

V (t + 1:). By the orthogonality principle V (l + 1:)- V (t + 1:) must be perpendicular to Y (t- u) 

for all u ~ 0. Hence 

E[(V(l+'t}-f0-h(u')Y(t-u')du')xY(t-u)] = 0. 

The impulse response function of the optimal linear filter is the solution of the integral equa­

tion 

q>-r(u)= f 0-h(u')r(u-u')du', 

where q>-r(u)= E[V(t+'t)xY(t-u)]. In general, this integral equation is too difficult to 

solve for the function h (u '). Similarly, for discrete-time processes the impulse response func­

tion of the optimal linear filter is the solution of the analagous equation 

q>-r(u) = L h (u ')r(u - u '). 
0 

An important special case is where we are trying to predict Y(t+ 1:) at some future 

instant t + 't. Then V (t + 't) = Y (t + 't), and the integral equation simplifies to the Wiener-Hopf 

equation, 

f(nu)= f 0-h(u')r(u-u')du'. 

This can be solved for the impulse response function using the methods developed in Wiener 

(1949). For discrete-time processes, the Wiener-Hopf equation is 

-r(n u) = Lh (u' )r(u - u' ). 
0 

2. 7 Summary and conclusions 

In this chapter we have modelled discrete and continuous time second-order stationary 

stocha<;tic processes in the time and frequency domains. We have noted that every second­

order stationary stocha<;tic process can be decomposed into the sum of two uncorrelated 



- 16 -

second-order stochastic processes; the purely deterministic part contributed by the discrete part 

of the spectrum, and the purely non-deterministic part contributed by the continuous part of the 

spectrum. We have defined a white noise processes and noted that a second-order stationary 

continuous time white noise process exists only in the limiting sense as it either has zero 

power, or infinite variance. We have observed that a second-order stationary stochastic process 

can be considered the output of a time-invariant linear filter with white noise input, and that 

the output of a first-order linear system with white noise input also satisfies the Markov pro­

perty. We have introduced the general estimation problem and shown how the optimal linear 

filter satisfies the Wiener-Hopf equation. The Wiener-Hopf equation is difficult to implement. 

In the next chapter, we shall see how higher order linear systems satisfy the Markov property 

when they are put in the state-space, and how the Kalman filter construct<; the Wiener-Hopf 

filter for higher order discrete-time linear dynamic systems, both stationary and non-stationary. 



- 17 -

3. The Kalman Filter 

3. 1 Introduction 

In this chapter we review the development of the Kalman filter. This technique, which 

uses the state-space representation, finds the optimal linear filter for the output of a discrete­

time linear dynamic system with white noise input A higher order linear dynamic system 

with white noise input is shown to be Markovian in the state-space. The linear filter that 

minimizes expected mean-squared error is the conditional mean which is found by orthogonal 

projections. This leads to very simple recursive relations for updating the filter each time an 

additional observation becomes available. The filter actually gives the optimal linear solution 

to the general estimation problem described in the previous chapter. Hence it applies to 

smoothing, filtering, and prediction. In Section 3.3, new results by the author on the relative 

efficiency of the dynamic linear model, when applied to a linearly aggregated time series, are 

presented. It is shown that it is always more efficient to estimate the parameters of each com­

ponent dynamic linear model and then estimate the parameters of the linearly aggregated 

dynamic linear model by the weighted sum of component parameter estimates rather than esti­

mate them by using the dynamic linear model directly on the aggregated series. 

3.2 The Kalman filter 

Kalman (1960) developed a new method for approaching linear filtering and prediction 

problems which introduced a new way of determining the Wiener filter. It overcame many of 

the difficulties associated with previous methods such as: (i) the optimal filter is specified by 

its impulse response function, and it is not a simple task to synthesize the filter from the data; 

(ii) numerical determination of the optimal impulse response function is often quite involved, 

and gets rapidly worse with increasing complexity of the problem; (iii) important generaliza­

tions such as prediction in nonstationary processes require new derivations, frequently very 

difficult; and (iv) the assumptions and the mathematical derivation is not transparent, so conse­

quences of fundamental assumptions are obscured. 

Kalman approached the problem of estimating the conditional mean by using orthogonal 

projections. Stochastic processes are represented as the outputs of a linear dynamic systems 

excited by white noise. The linear dynamic system is reduced to a system of coupled first-order 

linear difference (differential) equations excited by white noise in a higher dimension space. In 

this state-space representation, the process is Markovian, and a single derivation finds the solu­

tion of the Wiener filter for both stationary and nonstationary processes. The solution depends 

only on the first two moment properties of the series. He showed that the dual of the Wiener 

filter problem is found Lo be the noise-free optimal regulator problem. 

Kalman and Bucy (1961) expanded upon these results. They showed that the optimal 

linear filter is determined by five equations: (i) The differential equation govering the optimal 

filter which is excited by the observed signals and generates the best linear estimate of the 

message. (ii) The differential equations governing the error of the best linear estimate. (iii) 
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The time-varying gains of the optimal filter expressed in terms of the error variances. (iv) 

The nonlinear differential equation called the variance equaJion which governs the covariance 

matrix of the errors of the best linear estimate. The variance equation is of the Riccati type. 

The solution of the variance equation is the key to the filter. (v) The prediction formula. They 

showed that a sufficient condition for the existence of a steady-state solution to the variance 

equation is that the information matrix be nonsingular, and a sufficient condition for the 

optimal filter to be stable is the dual of the preceeding condition. 

3.2.1 The state-space representation of a linear dynamic system 

Let v (t) be the output of the linear dynamic system <1>1 (D )v (t) = r (t) where 

<l>(D) = DP+b,(t) DP-I+ ... +bp_,(t)D 1+bp(l) 

is an p' th degree polynomial in the differential operator D and r (t) is a white noise process. If 

v (t) is a covariance stationary stochastic process, the coefficients do not change with time. 

However, in general the coefficients are allowed to vary with time. Define the variahles 

u 1 (t ), • • • , up (t) as follows: 

u 1(t) = v(t) 

u2(t) = D(u 1(t)) = D(v(t)) 

Then 

satisfies the matrix first-order differential equation 

[D + A(t) l~(t) = r(t ), 

where 

0 - 1 0 0 0 
0 0 - 1 0 

A(t) = and r(t) = 

0 0 - I () 

bP (t) bp_ 1(t) bP_i(t) 
b 1(t) r(I) 

Hence ~(t), the unobservable state-vector, is Markovian in the p dimensional space. Actually, 
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Kalman included another term G(t)a(t) where G(t) is a known function and a(t) is the control 

vector. We shall omit this term, because it is our goal to estimate and forecast the process, 

not to regulate it. Let the observed process be the linear function of the state-vector plus a 

noise process 

y (l) = X(l }'l3(t }+ e (l ), 

where X(t )' is a row vector of known coefficients and e, is a white noise process. 

In the discrete-time case, the linear dynamic system satisfies the matrix first-order 

difference equation 

(V+ A, )l31 = r,, 

where V is the difference operator and the perturbation process r, is a white noise process in 

the p dimension space. Hence the state-vector satisfies the matrix equation 

13,+ 1 = A, 13,+ r,, 

where A, is the state transition matrix of known coefficients at time t. Note that A, now 

stands for I- A,, the identity matrix minus the former A,. The observed process is the known 

linear function of the state-vector plus a discrete white noise process 

y,=x;13,+e,, 

where x; is a vector of known coefficients and the white noise process e, is independent of the 

perturbation process. 

3.2.2 The Kalman filter in terms of orthogonal projections 

In the discrete-time general estimation problem, we are trying to estimate 13,+ t given all 

the observations y 1, • • • ,y,. If k < 0 , k = 0 , or k > 0 the problem is called smoothing, 

filtering, or prediction respectively. The mean-squared error £($r+t-13r+tl is minimized by 

the conditional mean ~r+t=Efl3r+kly 1, • • • ,y,]. hence it is the best estimate. However in 

general, it is a difficult function to evaluate. 

The Kalman tilter finds the linear estimate 

that minimizes £(~r+t-13r+tf The set of all possible linear combinations of the observations 

forms an t dimensional vector space V,. By using the Gram-Schmidt orthogonalization pro­

cedure, an orthonormal basis for the space is found. The state-vector estimate ~r+ k is 

uniquely expressed in terms of that basis as the projection of the vector 13,+ k onto the space 

V 1 • The coefficients a 1, • • • ,a, are determined by the covariance matrix of 

y 1, • • • ,y,, 13,+ k. The orthogonal projection is the vector in the space V I that is closest to 

13,+ k, hence it is the optimal linear estimator in terms of minimizing the expected squared­

error loss function. Thus it is the solution to the Wiener-Hopf difference equation. When 

y 1, • • • ,Yr ,13r+ k arc jointly normally distributed then the conditional mean 

£[13 1+ 1 1y 1, • • • ,y,] is a linear function. Thus, in the Gaussian case, the optimal linear 
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estimator ar+k is the optimal estimator in terms of minimizing expected squared-error. 

One of the advantages of the Kalman filter is that the state-space approach gives a com­

putationally efficient recursion for updating the filter without explicitly recalculating all the 

coefficients of the filter each time a new observation becomes available. The vector space 

spanned by the observations up to time t is a subspace of the vector space spanned by the 

observations up to time t + 1. Hence Yr+ 1 is the swn of Yr+ 11 , , its projection onto V 1 , and 

Yr+ 1- Yr+ 111 which lies in the orthogonal complement of V 1• Similarly, Pr+ 1 is the sum of 

a,+ 11 r which is its projection onto V,, and a,+ 1- ~I+ 11, which lies in the orthogonal comple­

ment of V 1 • Also ar lies in V 1, hence ~I+ 11, is a linear transformation of Pr since both lie 

in V r, and the correction ~r+ 1- ~r+ 111 is a linear function of the prediction error Y1+ 1-Y,+11, 

since both lie in the orthogonal complement of V 1 • This means the estimate at time t is extra­

polated to time t + 1 by a linear transformation, and corrected to time t + 1 by a linear function 

of the prediction error. 

3.2.3 The recursive Kalman filter equations 

Let the state-vector satisfy the discrete-time Markov process 

where A, is a matrix of known coefficients and r,, the perturbation vector at time t has mean 

vector O and covariance matrix R,. The sequence of perturbation vectors are independent of 

each other. Let the observed process be the known linear function of the state-vector plus ran­

dom error 

where x;+ 1 is a known row vector of coefficients, and e,+ 1 is a random error that ha'l mean 0 

and variance crf+ 1. The sequence of observation errors are independent of each other and of the 

perturbation errors. The estimator a,+il, is the projection of A 1 ~ 1+r, onto V,. Thus 

since the independence of the perturbation sequence implies r r is orthogonal to the space V,. 

Let ~r - W.S. (~ 1 ; V,), the notation from Duncan and Hom (1972) for the wide-sense distri­

bution, denote that the distribution of ~1 has mean vector ~r and covariance matrix Vr. Then 

~r+ II 1 - W.S. (~r+ 1:C,+ 1), 

where the covariance matrix Cr+ 1 = A, Vr A;+ R,. 

Similarly the estimator Yr+ 11, is the projection of x;+ 1~ 1+ 1+ er+ 1 onto V r. Since the 

independence of the observation error sequence implies er+ 1 is orthogonal to the space V,, 

Hence 
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Thus the mean and variance of (~r+ 11,- ~r+ 11 Yr+ 1-Yr+ 11 r) are 

[(}- Cr+ 1Xr+ 1(X;+ 1Cr+ 1Xr+ 1+ cr,2+ 1r 1<Yr+ I-Yr+ II r)l 

and 

respectively. Hence the Kalman filter recursive equations for the updated parameter estimate 

and covariance matrix are 

and 

respectively. The above derivation is for the general (nonstationary) case and univariate obser­

vations. The stationary case occurs when cr,2 and the matrices Ar and Rr are all constant. The 

derivation for a multivariate observation vector Yr follows the same lines with x; being a 

matrix and the observation variance cr/ being replaced by the observation covariance matrix 

Lr, 

Ho and Lee (1969) used a posterior Bayesian approach to derive the Kalman filter equa­

tions under the Gaussian assumption. They note that the posterior density actually factors into 

a part which is dependent on the parameter, the updated covariance matrix, and the posterior 

mean; and a pan which is dependent on the observations alone. Hence the updated covariance 

matrix and posterior mean are jointly sufficient statistics for the parameter. 

Duncan and Hom (1972) introduced the Kalman filter into the statistics literature by 

relating it to a random-~ regression. They note that 

where Cr+ 1= Ar V,A;+ R1 is the prediction covariance matrix. The generalized least squares 

estimate of ~r+ 1 given ~r and Yi+ 1 minimizes the quadratic fonn 

[[ Yr+.1]-[x;+ 1]A ]'[Lr+t O i-t[[ Yr+.1]-[x;+1]A ] 
(A r.t I 1-'r+ 1 o c (A r.t I 1-'r+ 1 • rt-'r r+ I rl-'r 

The quadratic fonn to be minimized has the same fonn as that in fixed-~ regression theory, so 

the minimum is given by the solution of the nonnal equations 

Hence it has the traditional regression interpretation as the projection of the augmented vector 

y onto the vector space spanned by the columns of the augmented matrix X with the inner pro­

duct matrix L where 
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y= and X = d ~ _ [L1+1 Q l an~- 0 C . 
I+ I 

The solution to the nonnal equations is 

~,+ 1 = (X,+ 11:;:\x;+ 1+ c;:\r 1(X,+ 11:;:\y,+ 1+ c;:\A, ~' ), 

which in the more familiar Kalman filter fonn is 

= A,~,- (X,+ 1:I:;:\x;+ 1+ c;:\)- 1x,+ 1:I:;-+\ (y,+ 1- Y,+ 1), 

where Yr+ 1 = x;+ 1 A1 ~ 1 is the predicted value. 

3.3 The dynamic linear model applied to a linearly aggregated time series. 

Often a time series is a weighted sum of component time series. In Appendix 1, Bolstad 

(1990) showed that if the same dynamic linear model generates all the component series, it 

also generates the linearly aggregated time series. The parameters of the aggregated model arc 

weighted sums of the parameters of the component models. There are two possible estimators 

for the parameters of the linearly aggregated series; the dynamic linear model estimators from 

the linearly aggregated series, and the weighted sum of the dynamic linear model estimators 

for the component series. It established the relative efficiency of the two estimators. The 

second wa,; found to be more efficient in all realistic cases. 

Consider the case where the prior distribution of the dynamic parameter estimators is the 

same for the dynamic linear model applied to the linearly aggregated time series as for the 

weighted sum of the component dynamic linear model estimators. In that case the posterior 

covariance matrix for the linearly aggregated model estimators equals the posterior covariance 

matrix for the weighted sum of the component model estimators plus the weighted sum of the 

covariance matrices of the posterior mean vectors averaged over all possible component obser­

vations such that the weighted sum is the linearly aggregated observation. If the component 

models arc being generated independently, the covariance of the linearly aggregated model 

parameters is 

k k 

+ L (w(il)2fC,(ilX,(x;c,<i)X,+ cr?r 1x;c,<i)- (w<il)2C,Cilx, rr (wUl)2(x;c,<ilx,+ o})r 1x;c,Cil]. 
i=l )=I 

Hence the relative cflicicncy of the linearly aggregated model relative to the weighted sum of 

the component models is given by 

eff(~ 1A:~,W)= COV(~wly/ll, • • • ,y,0:l)x[COV(~wly,Ol, • •. ,yP,-l) 

k k 

+ L (w(i~2rc,Cilx,cx;c,Ulx,+ cr?r 1x;c,(i)_ (w(il)2c,Cilx, rr (wUl)2cx;c,Ulx,+ crJ)r 1x;c,(i)lr 1. 

i= I )= I 

The covariance of c,<ilx,cx;c,OlX,+cr?r 1(y/iLy/lly,A), the i'th posterior mean vector, 

equals O if and only if y,Cil- y,Cil has covariance matrix identically equal the zero matrix, or if 

it and yt- y1A arc perfectly correlated. Hence, for all realistic cases, the inequality is a strict 
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one. Starting from the same prior distribution, the weighted sum estimator always ha'> a 

smaller Wilk's generalized variance. Thus the parameters of the linearly aggregated time series 

are more efficiently estimated by the weighted sum of the dynamic linear model component 

series estimators than by the dynamic linear model estimator for the linearly aggregated series. 

This can also be seen to be a consequence of the projection theorem. The set of obser­

vations on the linearly aggregated time series is a subspace of the set of observations on each 

of the component time series. The length of the perpendicular to the subspace must be at least 

as long as the length of the perpendicular to the total observation space. 

Kohn (1982) investigated conditions in which the estimate using the linearly aggregated 

series is efficient for the special cases of ARIMA and stationary Gaussian models. Bolstad 

(1990) showed that for all realistic cases, the weighted sum of component estimators is more 

efficient. 

The conclusion that the estimator from the linearly aggregated time series is not a'> good 

an estimator for the weighted sum of parameters as the weighted sum of component estimators 

holds even if the dynamic linear models are not independent The posterior covariance matrix 

for the linearly aggregated model estimators will still equal the posterior covariance matrix for 

the weighted sum of the component model estimators plus the weighted sum of the covariance 

matrices of the posterior mean vectors averaged over all possible component observations such 

that the weighted sum is the aggregated observation. In that case, however, the formula for the 

relative efficiency would be somewhat more complicated. 

3.4 Summary and conclusions 

In this chapter we have used the state-space representation of a linear dynamic system in 

order to develop the Kalman filter. This allows the construction of the solution to the 

discrete-time general linear estimation problem in a recursive manner. The Kalman filter is the 

optimal linear filter, and in the case where the perturbations and observation errors arc nor­

mally distributed, il is the optimal filter. In the next two chapters, we shall investigate filter­

ing models for non-Gaussian observation and perturbation errors. 

The relative efficiency of the dynamic linear model estimators applied to a linearly 

aggregated Lime series is developed. We note that if the same dynamic linear model generates 

all the component Lime series it also generates the linearly aggregated time series. We have 

shown that it is always more efficient to estimate the parameters of each component dynamic 

linear model separately and linearly combine the estimates than Lo estimate the parameters of 

the aggregated model using the aggregated time series 
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4. Filtering In Non-Gaussian Models 

4.1 Introduction 

The Kalman filter is known to be the optimal linear filter in the sense of minimizing 

expected squared error. In that sense, the optimal filter is the conditional mean, given I.he 

observations. Thus the Kalman filter is the optimal filter whenever the conditional mean is a 

linear function of the observations. This is the case when the perturbations and observation 

errors are nonnal. However, when the perturbation or observation distributions arc non­

nonnal, it may be possible to find non-linear filters which are considerably better l.han I.he Kal­

man filter. Many authors have developed methods for non-linear filtering I.hat preserve I.he 

recursive nature of I.he Kalman filter. We now discuss some of I.hem. 

4. 2 Non-Gaussian filtering models 

Masrielez (1975) developed two filters for dynamic linear models, the first is applicahle 

when the distribution for the predicted state estimator is approximately Gaussian, and I.he 

observation has a known non-Gaussian distribution. Let/ <Yr I Yr- 1), the prediction density of 

the observation at time t given the observations up to time t- I, be a function that is twice 

differentiable. Under the assumption that the prior state estimator density is N (~r Ir- 1 ;Cr 1 ,- 1), 

the mean vector and covariance matrix of the posterior density satisfy 

~r = ~r1,-1+Cr1,-1x;g,(yr) and Vr = Cr1,-1-Cr1,-1x;Gr(y,)XrCr1r-1 

respectively, where g,(y,) is the score vector and Gr <Yr) is Fisher's information matrix of I.he 

observation density f (y, I Yr- 1). Note that if the observation density is univariate Gaussian, 

the correction term is the linear function through the prior mean given by the Kalman filter. 

However, for univariate non-Gaussian observation distributions, the score function and hence 

the correction term is not a linear function of the distance the observation from I.he prior mean. 

For symmetric heavy-tailed observation distributions the score function de-emphasizes I.he 

extreme observations, hence for large deviations the correction function should lie closer to I.he 

horizontal axis than the line of the Kalman filter. 

The second filter is appropriate when there is Gaussian observation noise, but non­

Gaussian perturbations. Provided T;- 1 = Xr I:- 1 x; is nonsingular, the minimum variance esti­

mator can be calculated from the following relations: 

~r = TrXr(r 1yr-g(yr)) and Vr; = Tr-TrXrGr(yr)X;Tr, 

where g, <Yr) and Gr <Yr) are the score and infonnation respectively a-, defined above. 

These two filters retain the recursive nature of the Kalman filter by using I.he form of a 

prediction plus a correction. However, they require either the state prediction or I.he observa­

tion noise to be Gaussian. The use of the score function and Fisher's information for the pred­

iction density establishes links with classical statistical estimation l.hcory, and indicates how 

filters could be modified by changing I.he shape of I.he score function. 
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Masreliez and Martin (1977) developed modifications of the Kalman filter that are robust 

for heavy-tailed symmetric distributions for the same two cases as Masreliez (1975); Gaussian 

state estimation and heavy-tailed observation distribution, and heavy-tailed non-Gaussian state 

estimation and Gaussian observation distribution. They used influence functions developed for 

the least favorable alternative distribution and found the bounds on the a'>ymptotic variance. 

They performed Monte Carlo studies using the filters on a variety of distributions and they 

were found to be almost as efficient as the Kalman filler in the Gaussian case, and much more 

efficient in the heavy-tailed cases. 

Kitagawa (1987) developed a non-Gaussian stale-space modelling methodology for nons­

tationary Lime series which follow a dynamic linear model. The recursive formulae for one­

step prediction, filtering, and smoothing are found by using Bayes' theorem. The formulae arc 

implemented by approximating the initial state-vector density, the perturbation density, and the 

observation density by piecewise linear functions and doing all integrations numerically. The 

unknown parameters of the model are found by maximizing the log-likelihood. If there arc 

competing models, choice is made by maximizing the Akaikc information criterion. This 

essentially chooses the model with the largest log-likelihood adjusted for the number of param­

eters. Kitagawa (1987) demonstrated this procedure on simulated data and also on a non­

stationary binary process (Tokyo rainfall data). Martin and Raftery (1987) comment that the 

computational difficulties associated with the method preclude its use for high dimensional 

state-vectors. 

Nelder and Wedderburn (1972) introduced the (static) generalized linear model in order 

to model situations where an independent sequence of random variables arc taken, and a func­

tion of their means is linked to a linear predictor on known covariates. This allows regression 

techniques to be used for non-normal (but exponential family) distributions on a non-linear 

scale. West, Harrison, and Migon (1985) extended this into the dynamic generalized linear 

model, where the mean values of the parameters (covariates) change over time according to 

some linear pattern, and the covariance matrix of the estimates is discounted as in Ameen and 

Harrison (1985). They developed simple recursions for updating the parameter estimates and 

covariance estimates (posterior means and covariances of the parameter distribution) that have 

the same form as the recursions used in the Kalman filter. 

The dynamic generalized linear model allows the parameter vector ~ to change over time 

according to the parameter dynamic equation 

where A, is a matrix of known coefficients and r 1 , the perturbation vector at time l, has mean 

vector O and covariance matrix R,. The perturbation vectors at different times are independent 

of each other. This allows the parameter vector to behave in a Markovian manner. 

i) The systematic component of the model is 11 1 , and the linear predictor is given by 

11, = x;~,. 
where x; is the known row vector of the covariates for the observation at time l and ~' 
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is the vector of unknown parameters. 

ii) The link between the systematic part of the model and the random part of the model 

is given by 

g (µr )= ,,,, 

where µr is the expected value of the observation at time t and 11, is the linear predic­

tor. The link function g is assumed known. 

iii) Instead of using the observation equation which relates the observation to the linear 

parameters and measurement error, the observation distribution of Yr is explicitly 

assumed to be from the one-dimensional exponential family which has probability den­

sity function 

f(yrl 0r,<I>) = exp[c(yr,<1>)+<!>(0;yr-b(0r))l. 

where 01 is the unknown parameter of observation Yr and <I> is a known scale parameter. 

(When y is binomial or Poisson, <I> = 1.) The mean and variance of observation Yr are 

given by µr = E(yr) = b'(0r) and var(yr) = q,- 1b"(0,) respectively. The sampling 

parameter is related to the linear parameters ~r by the guide relationship g (b' (0r)) = Tlr. 

Guttman and Pena (1985) developed a filter that is robust against outliers by allowing 

the observation distribution to be a mixture of two distributions, the usual distribution and an 

outlier distribution. The posterior probability of each is computed, and the posterior estimator 

distribution is replaced by a single normal distribution having the same first two moments as 

the mixture. This gives very little weight to any outlying observations, thus providing an 

outlier filter for the dynamic linear model. Meinhold and Singpurwalla (1989) developed a 

robustified Kalman filter model by using a Bayesian approximation to the posterior distribution 

where the prior distribution is a mixture of Student-t distributions and the observation distribu­

tion is Student-t. 

4.3 Summary and conclusions 

In this chapter we have investigated some non-Gaussian filtering models. Two filtering 

models that have simple recursions like the Kalman filter were developed by Masrielez ( 1975), 

to be applicable when either the observation is normal and the prior state estimator is hcavy­

tailed, or vice versa. The use of the score vector and Fisher's information for the predictive 

density indicates how the correction function shape should be modified for non-Gaussian distri­

butions. We noted that the Bayesian state-space model developed by Kitagawa (1987) which is 

implemented by numerical integration using piecewise linear approminations to the prior state­

vector density, perturbation density, and observation density, requires too much computation to 

be useful when there are high dimensional state-vectors. The dynamic generalized linear 

model developed by West (1985) is introduced for non-normal exponential family observation 

distribution and where a function of the mean is linked to the linear parameters. 

In the next chapter we shall introduce models where the observation and pcrturhation dis­

tributions arc mixtures of distributions (often normal). This will enable non-linear fillers lo be 
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developed which are effective forecasting tools where the nonstationary time series contains 

unpredictable abrupt as well as evolutionary changes in pattern as well a-, outliers. 
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5. Multiprocess Dynamic Regression Models 

5. 1 Introduction 

In this chapter we investigate multiprocess dynamic regression models. In these models 

the perturbation and observation distributions are considered to be mixtures of distributions, 

often normal distributions. This allows simple recursions to be developed for heavy-tailed dis­

tributions, making effective forecasting tools for non-stationary time series that contain outliers 

and abrupt, as well as evolutionary, changes in pattern. The multivariate multiprocess dynamic 

linear model "is developed for the case where the observation errors are correlated, and it is 

used for forecasting the inflation rate in the consumer price index. The multiprocess dynamic 

linear model with biased perturbations is developed for modelling pulsatilc data and used to 

model growth-honnone level in young steers subject to dietary stress. The multiprocess 

dynamic generalized linear model is developed. In this model the observation distribution is a 

mixture of known one-dimensional exponential family distributions. It is demonstrated to be an 

effective forecasting model for a time-varying proportion. 

5.2 The multiprocess dynamic linear model 

Harrison and Stevens (1971) developed a filtering and foreca-.ting procedure ba-.ed on the 

multiprocess dynamic linear model in order to model non-stationary time series which contain 

outJicrs and are subject to abrupt, as well as evolutionary, changes in pattern. In the dynamic 

linear model the state-vector contains all the infonnation from the pa-.t and present that is 

relevant to the future development of the process. That is, the state-vector has the property 

that given the pa-.t history of the process up to and including time t O and the state-vector at 

time t 0, the conditional distribution of the stochastic process at time t 1 > t O depends only on the 

state-vector at time t0. The multiprocess dynamic linear model deals with non-Gaussian pertur­

bation distributions by using a mixture of k Gaussian distributions. Each type of pattern 

change is caused by a different type of perturbation and corresponds to a different clement of 

the mixture. The clement of the mixture which occurs at time t depends on the current value 

of the perturbation-index variable which comes from an independent sequence of multinomial 

random variables with known prior probabilities. (Harrison and Stevens (1971) called this the 

state variable, but this overloads the tenn state because the dynamic parameter vector 

corresponds to the state-vector in the Kalman filter tenninology.) The prior probabilities do not 

have to remain constant over time. This flexibility allows prior knowlcgc by the forecaster to 

be introduced into the model. This model can deal with outliers by augmenting the state-vector 

with a transient variable which is included in the current observation, but does not carry for­

ward. Thus the model is robust for both non-nonnal perturbation noise and non-nonnal obser­

vation noise. 

Harrison and Stevens (1976) summarized the foundations of Bayesian forecasting. Essen­

tial to the methods arc: (i) the parametric or state-space model, (ii) the probabilistic informa­

tion on the model parameters, (iii) the sequential model definition which describcs the 
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dynamic behavior of the model parameters, and (iv) some uncertainty in choosing the underly­

ing model from a number of possibilities. 

The parameter dynamics are governed by the equation 

P, = A,P,- 1+ r,, 

where ~, is the parameter vector at time t, A, is a known matrix of coefficients at time t, and 

r, is the perturbation vector. When the current perturbation-index I,= j, the perturbation r, is 

nonnally distributed with mean vector O and known covariance matrix R,u l which depends on 

the perturbation-index j and can change over time. All of the perturbation-index random vari­

ables are independent of each other and each can be considered the outcome of a single multi­

nomial trial with the prior probabilities given by 

P(l,= j) = 

which can change with time. 

Ul 7t, for J= 1, ... ,k, 

The observation y, is governed by the observation equation 

y, = x;p,+ e,. 

where the observation errors e, are iid N (0,cr;) random variables which arc independent of the 

perturbation random vectors and the perturbation-index random variables, and x; is the known 

row vector of coefficient,; at time t . 

In the Harrison-Stevens estimation algorithm, sometimes called the multiprocess Kalman 

filter, the prior distribution is a mixture of k nonnal distributions, dependent on the previous 

value of the perturbation-index; and the parameter perturbation distribution is a mixture of k 

nonnal distributions dependent on the current value of the perturbation-index variable. Hence, 

the posterior distribution of the parameter vector is calculated conditionally for each of the k 2 

possible pairs of perturbation indices. The posterior probability of each pair of perturbation 

indices is calculated (using the assumption of the nonnal distribution). The posterior distribu­

tion (which is a mixture of k 2 nonnal distributions depending on the two most recent values 

of the perturbation-index) is approximated by a mixture of k nonnal distributions (depending 

only on the most recent perturbation-index) having the same mean and variance. Pena and 

Guttman (1989) show that this is the optimal approximation in the sense of minimizing the 

Kullbcck-Leiblcr distance. 

In the Harrison-Stevens algorithm, the correction applied to the parameter vector after 

the observation is a weighted average of the corrections which arc calculated (conditionally on 

each pair of current and previous perturbation-index values) by the Kalman filter, where the 

weights arc the posterior probabilities of the perturbation-index values given the observation. 

Thus Bayes' theorem is used twice; first in calculating the conditional corrections using the 

Kalman filter, and second in calculating the posterior probabilities of the perturbation-index. 

The posterior probabilities of the current perturbation-index values arc found by summing the 

joint posterior probabilities over the previous perturbation-index values, and the algorithm then 

is ready to analyze another observation. Makov (1983) concluded that condensing the mixture 
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distributions into a single distribution, referred to as "probabilistic editing", is in the long run 

more accurate than the "quasi Bayes" procedure where the most likely posterior distribution is 

used. 

In Appendix 2, Bolstad (1986 A) analyzed the Harrison-Stevens algorithm and showed 

how it is an effective forecasting tool for non-stationary time series since it responds very 

quickly when there is an underlying change in the pattern of the time series, yet is robust 

against outliers. After the current observation, the posterior probabilities of both the current 

and previous values of the perturbation indices are calculated using Bayes theorem. Thus the 

posterior perturbation-index probabilities at time t- 1 are calculated after observation y,_ 1 and 

again after observation y,. The use of two observations enables the algorithm to make the dis­

tinction between the types of perturbations, and allows the rapid adjustment of the parameters 

on the second observation subsequent to a change in the pattern of the series. 

Smith and West (1983) and Smith et al. (1983) used the model as a fault detection pro­

cedure when monitoring renal transplant data, in order to detect a change of state (organ rejec­

tion) as quickly as possible, thus allowing early medical intervention. 

5.3 The multivariate multiprocess dynamic linear model 

In Appendix 3, Bolstad (1986 B) developed a computationally efficient algorithm for 

Harrison-Stevens forecasting involving multivariate observations with contemporaneously corre­

lated errors. This algorithm uses an augmented state-vector which includes the parameter vec­

tor and the observation mean vector. The algorithm analyzes the multivariate observation one 

component at a time using the Harrison-Stevens algorithm on the augmented state-vector. As 

each component is analyzed, the dimension of the state-vector is decreased by one. This algo­

rithm avoids matrix inversions necessary in a straightforward application of the Harrison­

Stevens algorithm to multivariate observations, thus increasing the computational efficiency. 

5.3. l The forecasting algorithm 

The algorithm start<; with the following conditions. At time t- I after all M components 

of observation y,_ 1 have been analyzed, the posterior parameter estimators arc ~/~\ and the 

posterior covariance matrices are Vi~\. conditional on the perturbation-index I,_ 1= i. The pos­

terior perturbation-index probabilities are given by q,~\ = P (I,_ 1= i I Y,_ 1) where Y,_ 1 

denotes all the observations up to time t- 1 and the prior probabilities of the perturbation-index 

arc given by 1r.,Ul = P(I,= j). The steps of the algorithm are: 

1. Extrapolate the estimators and covariance matrices forward to time t conditionally on 

the perturbation indices I,_ 1= i, I,= j by 

respectively, for i = l, ... ,k and j = 1, ... ,k. 

2. Let the prior mean vectors ei·/l be a (p+ M)x I vector of zeros, and the prior 

covariance matrices be 
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for i = 1, ... ,k and j = 1, ... ,k. I:, is the known covariance matrix of the observations. 

The first p components of 8/j·/> are the mean vector of the parameter vector estimates, 

and the remaining M components are for the mean vector of the observation. 

3. Set m = M. 

4. Let p~i;i> = q,~\ 1t,u>. 

5. Partition off the last component of the prior mean vectors and covariance matrices. 

Thus 

e (i,j) -
mt - and w<j.,/> 

for i = l, ... ,k and j = l, ... ,k. 

6. Update the mean vectors and covariance matrices posterior to e~i/l by 

e~~?, = e~~L + ufiiil(Ut·il)- 1(e!/>- e~/l) 

and 

w<i.i) = u<i.j)_ u<i,i>cu<i,i))- 1u(i,j) 
m-11 II 12 22 21 

respectively, where e~i/l is the m'th component of y, - x;~,Ci-il, the prediction error of 

the observation vector at time t, given all the observations up to time t- 1. Note that the 

matrices to be inverted are I by 1. 

7. Recalculate the posterior perturbation-index probabilities by 

p~i~i?, = p~i/V (e,,. t )r 1{21tr 1121 ut·j)I - l/2exp[- 1/2(U!~·j)r l(e~i/l- e~/l)2. 

The unconditional density, f (e~i/l) is a constant in each of the terms and they must sum 

( over i and j ) to one. Note the assumption of normality is required. 

8. If m > 1 then let m = m- 1 and go to step 5. 

9. Calculate the posterior probabilities of the most recent perturbation-index to he 
k 

q1Ul = LPJi,,i> and condense the mixture of k2 distributions into a mixture of k distri­
i= I 

butions conditional on /1 = j. The condensed mean is 

.t 
µ 1U) = (q,Ul)- I "f,pJi1.i)9Ji1,il, 

and the condensed covariance matrix is 

k 

i= I 

vrU) = (q,Ul)-1 LPJir,il[(W/,/,·i) + [(eai,,j)_ µ,U))(ecV,-i)_ µ,vl)']] 
i= I 

for j = I, ... ,k. 
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10. The posterior estimators conditional on / 1 = j are 

k 
~,u) = (q,u)r 1 r,pJi1.n~,c;-j) _ µ,ul 

i=l 

for j = 1, ... ,k. 

11. Let t = t+ I and go to step 1. 

5.3.2 The multivariate multiproces.s dynamic linear model applied to inflation data 

The consumer price index is a measure of price inflation over time. It measures the 

prices on a "basket of goods and services" that a "typical" household uses. The goods and ser­

vices are cla<;sified into six main categories and the consumer price indices are also calculated 

for each of these groups. The categories are: Food, Housing, Household Operation, Apparel, 

Transportation, and Miscellaneous. This data was obtained from the Department of Statistics 

INFOS on-line computer database. The aggregate consumer price index is a linear aggregate 

of these six consumer price subindices, where the weights are updated from time to time to 

bring them in line with the expenses of a "typical" household. The weights for the period 

since 1960 are given in Table 1. 

Table 1. 

Consumer price index group weights 

Years Food Housing H. Op. Apparel Trans. Misc. 

60-64 32.26 15.40 10.60 15.43 8.76 17.55 

65-74 30.09 17.99 11.21 13.12 9.44 18. 15 

75-77 17.82 27.80 14.31 8.55 14.70 16.82 

78-80 19.12 23.53 17.04 7.95 13.84 18.52 

81-83 19.62 18.38 16.08 7.13 18.26 20.53 

84- 18.35 21.00 16.00 6.37 18.22 20.06 

The aggregate quarterly inflation rate in the consumer price index is defined to be the ratio of 

the aggregate CPI values at successive times. 

The (univariate) Harrison-Stevens forecasting algorithm was applied to the aggregate 

quarterly inflation rate in order to detennine a suitable dynamic linear model. The autocorrela­

tion function of the differences in the quarterly inflation factor was computed and the first auto­

correlation was found to be equal to - .365. The negative autocorrelation indicated a model 

where the inflation factor overshoots the required correction. The model with four possible 

values of the perturbation-index was selected with three parameters, mean, slope, and tran­

sient. To model the overshooting, the transient was allowed to be observed at time t and to 

partially feed back into the mean at time t- I. The perturbation-index, perturbation type, per­

turbation variance, and prior probabilities chosen arc in Table 2. 
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Table 2. 

Penurbation variances and prior probabilities 

Index Penurbation Variance Prior Probability 

I no change 0 .9 

2 transient 36x r:r .05 

3 mean change I6x r:r .04 

4 slope chang~ .25x r:r .01 

The parameter vector is 

where m, ,b,, and 8, are the local mean, slope, and Lransient respectively. The dynamic matrix 

is 

[ I I .8] 
Ar= 0 I 0 . 

0 0 0 

The model wac; found to give forecasts that (in tenns of prediction errors) were somewhat of 

an improvement over the naive forecasts Yr+ 1 = Yr. 

The aggregate quarterly inflation rate Q, equals the weighted average of the group quar­

terly inflation rates Q/l since 

CPI, 
Lw(ilCPf/il "Z(CPf,CiltCPI,(!..\ )(wCilCPI,~\) 

Qr= ---= = = L,C(i)Q,(il, 
CPlr-t L wUlCpf<il L w<ilCpf<il 

r-1 r-1 i= I 
j j 

where the weight cCil is the proponion of the previous quarter price index times wCil, the base 

period weight for group i. 

If the same multiprocess dynamic linear model generates all the quarterly group inllation 

rates, it also generates the aggregate inflation rate. However, the multiprocess dynamic linear 

models are connected through the penurbation-index variables, so the results of Section 3.3 

cannot be applied directly. We cannot prove that forecasting the component series and then 

aggregating the forecasts is always more efficient than forecasting from the aggregated series. 

It is likely, however, that in practice the fonner method will give better forecasLc; than the 

latter, since it docs use more complete infonnation. We will compare the methods on the quar­

terly inflation rates since 1960. 

The dynamic behavior of each component follows the pattern found above. However, we 

allowed the observations to be contemporaneously correlated. To estimate the contemporaneous 

covariance matrix, quarterly inflation rate differences were taken for each of the groups and the 
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covariance matrix of the differences calculated and multiplied by 2- 112. This gave 

.0005597 .0000749 

.0000749 .0001300 

.0001319 .0000755 

.0001968 .0002038 

. 0000826 - . 0000191 

.0001414 .0000130 

.0001319 

.0000755 

.0003700 

.0002602 

.0001020 

.0001453 

.0001968 

.0002038 

.0002602 
.006739 

.0000269 

.0000261 

.0000826 
-.0000191 
.0001020 
.0000269 
.0003232 
.0001398 

.0001414 

.0000130 

.0001453 

.0000261 

.0001398 

.0003712 

To model this as a multivariate multiprocess dynamic linear model, we let 

and Yr= 

Y11 

Y21 

be the parameter vector and the observation vector respectively where 13; 1 and Yi , arc the 

parameter vector and the observation for group i at time t. The dynamic matrix and the ohscr-

vation matrix are given by 

A, 0 0 0 0 0 x; 0 0 0 0 0 
0 A, 0 0 0 0 0 x; 0 0 0 0 

A,= 
0 0 A, 0 0 0 

and X,= 0 0 x; 0 0 0 
0 0 0 A, 0 0 0 0 0 x; 0 0 
0 0 0 0 A, 0 0 0 0 0 x; 0 
0 0 0 0 0 A, 0 0 0 0 0 x; 

respectively, where A, and x; are the univariate dynamic matrix and observation matrix used 

above for the aggregate inflation rate. The entries in the perturbation covariance matrices arc 

all zero except 

m rn ~ 
R3k3k = 36Lu , R3k-2Jk-2 = 16Lu , and RJt-1Jt-1 = .25Lu, fork= 1, ... ,6. 

This model is the dynamic analogue of the seemingly unrelated regression model. 

The forecast errors for the naive model, univariate model, and the multivariate model 

were compared and summary statistics computed and put in Table 3. 

Table 3. 

Forecast error summary statistics 

Model Mean Median Qi Qz (J 

naive .017 -.014 -.558 .475 1.234 

univariate -.003 -.135 -.512 .461 1.170 

multivariate .018 -.048 -.443 .448 1.130 

The forecast and observed values for the two models arc shown in figure 1 and figure 2 

respectively. They were examined and it was found that the two largest errors occurred at 
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quarter 107 and 108. This was caused by the large jump in the consumer price index quarter 

107 due to the introduction of a 10% Goods and Services Tax. The forecasting model had 

been on automatic mode and hadn't been set to expect a large one-off jump that quarter that 

did not persist the next quarter. It was felt a more fair assessment of the model could be made 

by omiuing these two observations. The first 10 observations were also omitted in order that 

any effect from the initial conditions had time to die out. The results were computed and they 

are shown in Table 4. 

Table 4. 

Revised forecast error summary statistics 

model mean median Quartile 1 Quartile 3 er 

naive .021 -.015 -.552 .448 .916 

univariate -.016 -.102 -.504 .453 .896 

multivariate .019 -.055 -.444 .413 .842 

Comparing the foreca,;t errors summary statistics for the three methods we see the multivariate 

multiprocess dynamic linear model gives an improvement over both the univariate dynamic 

linear model and the naive model. This is shown as both a smaller interquartile range and 

standard deviation. 

5.4 The multiprocess dynamic linear model with biased perturbations applied to growth­

hormone data 

Hormone level concentration profiles often exhibit the characteristics of pulsatilc data. 

Most of the time the level is decaying exponentially towards a ba<;e level; however, occasion­

ally a pulse occurs and the concentration rises by a large amount. Both the Lime hctwccn 

pulses, and the pulse magnitudes, arc unpredictable; and the sample values arc suhjcct to 

measurement error. In Appendix 4, Bolstad (1988 A) introduced biased perturbations into the 

multiprocess dynamic linear model to account for the sudden pulse in the dynamic hchavior of 

the series. The bia,; allows for large jumps to be detected only in the direction of increased 

concentration, e.g. a pulse. The model assumes that any outlying observations arc due to a 

pulse; the mea,;urement errors arc a sequence of independent normally distributed random 

errors with equal variances. Because outliers are not allowed in the model, the use of hiascd 

perturbations allows a pulse to be detected on the first subsequent observation rather than the 

second as in the Harrison-Stevens algorithm. 

The multiprocess dynamic linear model with biased perturbations for pulsatilc data used 

the parameter vector 

where A, is the level at time t and b is the base level. The dynamic matrix is 
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[ a 1- al 
A,= 0 1 J' 

where a is the decay factor. The perturbation distributions for "no pulse" and "pulse" arc 

(r, I / 1= 1) - N[[g) .[g 8]] 

and 

The row vector of observation coefficients is x; = {1,0), the observation errors e, arc 

independent N (O,c:1;) random variables. The variances and prior probabilities satisfy 

c:1; < • • • < c:1l, and 1ti1> > • • • > 1t,c2> respectively . 

5.4.1 The algorithm 

1. Extrapolate the parameter estimators from time t- 1 to time t by 

Ii • C) 
(µ, I / 1 = i ,y,_ 1) = A, (~,-1 I Yr- 1)+ 11i' 

and the covariance matrices by 

c,<il = A, v,_ 1A; + R,(i) 

for i = 1,2. 

2. Compute the predicted values of the observation at time t by 
C) , • y,' = X,(~, I / 1 = i ,y,_ 1) 

for i = 1,2. 

3. Compute the posterior means by 

µ,<il = 0-C,(ilX,(X;c,<ilX, + cr;f 1(y,-y,Ci)) 

and the posterior covariance matrices by 

v,<n = cp> - cp>x,(x;cp>x, + cr;r 1x;c,cn 

for i = 1,2. 

4. Compute the posterior probability of the perturbation-index variable by 

q,<il = 1t,Ci'<f <Y,W1{21t)-1121 x;c,(i>x, + cr;1-112 

X exp[- l/2(x;c,(i>x,+ cr;r 1(y,- y/~2] 

for i = 1,2. Note this requires the assumption of normality. 

5. Condense the posterior mixture distribution into a single distribution having mean 

vector 

2 
m, = I. q/i>µ,Ci> 

i= I 
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and covariance matrix 

2 
V, = L q, (i)[V,(i) + (µ,(i)_ m, )x (µ,(iL m, )'i. 

i=I 

6. Correct the estimator by 

(~, I y,) = (~, I y,)- m,. 

7. Lett = t+ l and go to step 1. 

In Appendix 4, Bolstad (1988 B) used this model to analyze growth-hormone levels in 

experimental groups of steers subject to various levels of dietary stress. The model was found 

to give good agreement with the experimental data. The mean smoothed estimated growth­

hormone levels and mean smoothed posterior pulse probabilities reflected the effect of the 

treatments on the daily growth-hormone level and pulsatile activity rates, and the synchronicity 

between steers. This method of analyzing pulsatile data promises to become even more fruit­

ful when measuring techniques become automated so the effects of intervention can be moni­

tored in real time. 

5.5 The multiprocess dynamic generalized linear model 

In Appendix 5, Bolstad (1988 B) developed the multiprocess extension of the dynamic 

generalized linear model from West et al (1985). This allows quick reacting robust multipro­

cess algorithms to be used in the generalized linear model setting. Here it is not the mean, but 

a link function of the mean that equals the linear predictor, which is itself a known linear func­

tion of the linear parameters. The linear parameter vector at time t is a known linear function 

of the linear parameter vector at time t- l plus a zero-mean perturbation vector. The perturba­

tion covariance matrix takes one of k known alternatives dependent on the value of the 

perturbation-index at that time. The perturbation indices are the outcomes of a sequence of 

independent multinomial trials with known prior probabilities, and the perturbations at differcnt 

times are independent of each other. Thus the linear parameter vector behaves in a Markovian 

manner. The observation vector comes from a known one-dimensional exponential family, not 

necessarily normal. The sampling parameter is related to the linear parameters by the 

knowledge of the particular exponential family and the known link function. 

The multiprocess dynamic generalized discount Bayesian model is similar to the above 

model, except that the covariance matrix of the linear parameters is inflated by pre and post 

multiplication by a discount matrix instead of being inflated by the addition of the perturbation 

covariance matrix. The discount matrix at time t is determined by the discount-index variable, 

which comes from an independent sequence of multinomial trials with known prior probabili­

ties. This uses a technique introduced by Ameen and Harrison (1985) to overcome some practi­

cal disadvantages of using perturbations. They felt that many modellers have a more intuitive 

feeling for inflating the covariance matrix this way than by adding a perturbation covariance 

matrix. 
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The recursive algorithms for estimation and forecasting with these models are contained 

in Appendix 5. The prior distribution of the sampling parameter is chosen to be the memhcr of 

the conjugate family that has the mean and variance indicated by the "guide relationship" to 

the linear parameters. The correction mechanism of the algorithm combines two uses of Bayes' 

theorem. The first is in the calculation of the posterior mean vector and covariance matrix, 

conditionally on each pair of previous and current perturbation-index (or discount-index) vari­

ables. The second is in the calculation of the posterior probabilities of the previous and current 

index variables. Hence the posterior probabilities of the index variable at time t- I are calcu­

lated twice; first after the observation at Lime t- 1, and again after the observation at time t. 

This enables the distinctions to be drawn between the different types of perturhations 

(discounts). The two aspects are brought together in the condensation of the mixture of k2 dis­

tributions into a mixture of k distributions, where the weights are the posterior probabilities of 

the previous index variable, given the current index variable and all the observations up to and 

including the most recent 

When it appears that a change in the underlying process generating the series has 

occurred due to a particular type of perturbation, each of the k2 conditional posterior distribu­

tions is somewhat changed due to the prediction error, the greatest change occurring in those 

that are conditional on that type of perturbation. The posterior probabilities of the previous 

perturbation-index change very liule, so the condensation phase only changes the k conditional 

posterior distributions a modest amount However, the posterior probabilities of the current 

perturbation-index values change considerably, and in particular the posterior probability of 

that change becomes much greater. If the next observation also indicates that the same type of 

change has occurred, again each of the k2 conditional posterior distributions changes. How­

ever, in this case the posterior probabilities of the previous perturbation-index are changed con­

siderably. Thus in the condensation phase the most weight is given to the distribution showing 

the greatest change, so there is a large change due to the condensation pha'>e emphasizing that 

particular type of perturbation. This allows a rapid adjustment of the parameters two observa­

tions after a change in the time series occurs. Thus if the model were being used as a fault 

detection method, the fault would become apparent on the second subsequent observation. 

5.5.1 Estimating a Dynamic Population Proportion 

In this section we consider how to estimate and forecast a population proportion that 

evolves in the following manner. The proportion is stable most of the time, but it is suhject to 

occasional relatively large shifts that may or may not be transitory. The population is sampled 

at time t, and we wish to estimate the proportion at that time, and forecast the proportion at 

time t + 1 using the data up to time t. The traditional approach is to base the estimate on the 

data at time t only, and disregard the previous data. This does not require any knowlege of 

how the process evolves, since the estimate is based only on the current data, which is used to 

get a "snapshot" of the current proportion. If the true proportion is not changing, data from 

the recent past is also relevant to the current proportion. However if the true proportion has 

changed, the data from the recent past is no longer very relevant. The traditional approach 
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takes the cautious attitude to past data and ignores it, thus losing efficiency when the propor­

tion has not changed. This cautious approach has other drawbacks as well. One is that it is 

particularly bad at picking up a trend because the standard error is multiplied by 2112. A 

second shortcoming of this approach occurs when the overall series consists of a linear sum of 

component subseries, for instance if the proportions for the population are broken down by 

region, age group, or sex. Estimates for these subseries are often just as important a'\ for the 

series as a whole, and the sample size which is sufficient to give sufficient accuracy for the 

series as a whole is completely inadequate to give sufficient accuracy for the component sub­

series. 

The multiprocess dynamic generalized linear model avoids some of these difficulties. 

Thus it (i) gives good estimates when the series is in a stable pattern, by using past data as 

well as present data; (ii) quickly reacts when a transient or a change occurs and quickly distin­

guishes between them; (iii) provides standard errors of the estimates at every step; and (iv) 

can give good estimates and forecasts for component subseries, since it doesn't require as large 

a sample size. Furthermore the model for the combined series is the linear sum of the com­

ponent series models. Alt.hough the results of Section 3.3 cannot be directly applied to mul­

tiprocess models, it is likely that an analysis like that performed in Section 5.3.2 would show 

the same conclusion still holds, namely that better estimates for the aggregated series could be 

found by linearly combining estimates from the component subseries than by estimating from 

the aggregate series directly. 

In Appendix 5, this model is applied to data from 50 (simulated) independent random 

samples of size 100, from a population where the population proportion is .35 for the first 10 

samples, increases by .01 for each of the next 5 samples, continues at .4 for the next 10 sam­

ples, abruptly changes to .3 for the next 10 samples, decreases by .005 for each of the next 

IO samples, and remains at .25 for the last 5 samples. Thus the sampling distribution of Yr is 

binomial (100,01 ). The multiprocess dynamic generalized linear model used for this has 

parameter dynamic equation ~r == A, ~r- 1 where 

[ bo] [l 1 oi ~ == b I and A1== 0 1 0 , 
b 2 0 0 0 

and b 0,b 1, and b 2 are the local mean, slope and transient respectively. The linear predictor is 

Tlr == x;~, where x; == (1,0, 1 ). Thus the transient is included in the current linear predictor 

and hence the current observation, but it does not have any effect on future observations. The 

sampling parameter is related to the parameter vector through the linear predictor by the logit 

link function 

Tlr == g(µ,)== logfµ 1/(n-µ 1 )] 

where µ, == b (01 ) == n 0, is the mean of the sampling distribution of y1 , hence the guide rela­

tionship is 

h (g (0,)) == logf0rl(l- 01 )]. 
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The four values of the perturbation-index variable and their prior probabilities are given 
in Table 5. 

Table S. 

Perturbation type and prior probability 

perturbation-index perturbation prior probability 

1 no change .9 

2 transient .08 

3 mean change .015 

4 slope change .005 

The perturbation covariance matrices are given by 

[ 000! [000] a<1l = 0 0 0 , a<2l = 0 0 0 , R(3) = 
000 001 

[ 1 o oj [o o oj 0 0 0 , ao> = 0 .01 0 
0 0 0 0 0 0 

The summary statistics for the true value, estimate, prediction, observation error, estima­

tion error, naive prediction error (y 1 /n - 01+ 1) , and the prediction error (01+ 11 y1- 0r+ 1) arc 

calculated and shown in Table 6. 

Table 6. 

Multiprocess dynamic generalized linear model summary statistics 

variable fonnula mean med min max ql q3 

value y1/n .331 .325 .200 .430 .280 .383 

estimate 0r I Yr .335 .328 .257 .401 .299 .384 

prediction 01+11 Yr .332 .326 .254 .409 .280 .385 

observation error Yrln - 0r .004 .000 -.060 .120 -.023 .030 

estimation error Elr I Yr- 01 -.004 .001 -.080 .074 -.031 .017 

naive prediction error y,ln- 0r+l -.006 -.000 -. 120 .060 -.038 .028 

prediction error 0r+II Yr-0r+l -.007 -.012 -.093 .084 -.024 .012 

The multiprocess dynamic generalized linear model algorithms extend the aurihutcs of 

multiprocess models, into non-stationary time series where the sampling distribution is not nor­

mal, rather a known member of the one-dimensional exponential family of distributions; and it 

is some function of the mean, rather than the mean iLc,clf that is a linear function of the 

dynamic parameters. The use of the conjugate family of prior distributions enables computa­

tionally simple recursions similar to those of the Kalman filter to be developed, conditionally 

on the perturbation-index variables. The condensing of the mixture of k 2 posterior distributions 
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into a mixture of k posterior distributions enables the algorithm to react quickly to abrupt real 

changes, yet be insensitive to transients. 

5.6 Summary, conclusions. and future research 

In this chapter we have developed some forecasting algorithms which adapt multiprocess 

models for time series of various types, including correlated multivariate normal observations, 

pulsatile observations, and non-normal observations from a one-dimensional exponential fam­

ily. These algorithms have the advantages that characterize Harrison-Stevens foreca'>ting, 

namely quick reaction to real change, and robustness against outliers. 

The multivariate multiprocess dynamic linear model was used to forecast the quarterly 

inflation rate in the overall consumer price index using the inflation rates for the main consu­

mer price groups. In this example, it was shown to be effective in forecasting the quarterly 

inflation rate, which is a very noisy time series. 

The multiprocess dynamic linear model with biased perturbations was developed. In 

Appendix 4, it was used to model growth-hormone level in young cows subject to various lev­

els of dietary stress. This model was found to be a very effective tool for analyzing this data 

which is representative of noisy pulsatile data. The posterior pulse probabilities and smoothed 

estimated growth-hormone levels when averaged over cows under the same treatment, gave 

evidence of the treatment effect on the diurnal cycle of pulsatile activity and hormone levels. 

The multiprocess dynamic generalized linear model was developed to foreca<;t where the 

observation distribution is from a known one-dimensional exponential family distribution (not 

necessarily normal), and a function of the mean (not necessarily the mean itself) is a linear 

function of the dynamic parameters. In Appendix 5, the algorithm was demonstrated on a 

simulated time series of a dynamic population proportion. It was shown to be very effective in 

estimating the proportion, adapting quickly to a real shift, but being robust against outliers 

(transients). This algorithm will be particularly useful when the population is broken down 

into subgroups, since the subgroup sample sizes are often inadequate to get sufficiently accu­

rate estimates the subgroup proportions in a non-dynamic way. 

Future plans include adapting the observation score functions from Masrcliez ( I 975) to 

multiprocess models. This will be done conditionally on the perturbation indices. These will 

be condensed to get the influence functions. The shape of these influence functions will depend 

on the values of the perturbation prior probabilities and variances chosen. This will help in 

finding sensible choices for these values. 
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ABSTRACT 

Many time series are weighted sums of component time 

senes. If the same dynamic linear model generates all of the 

component time series, it also generates the linearly aggregated 

time series. This paper establishes the result that if the prior distri­

bution of the dynamic parameter estimators is the same for the 

dynamic linear model applied to the linearly aggregated time 

series as for the weighted sum of the component dynamic linear 

model estimators, the posterior covariance matrix for the linearly 

aggregated model estimators equals the posterior covariance 

matrix for the weighted sum of the component model estimators 

plus the weighted sum of the covariance matrices of the posterior 

mean vectors averaged over all possible component observations 

such that the weighted sum is the linearly aggregated observation. 

This paper determines the relative efficiency of the two estimators 

and shows that the generalized variance of the posterior estimators 

for the linearly aggregated model is always greater than or equal 

to the generalized variance of the weighted sum of component 

posterior estimators. 

Key Words and Phrases: Kalman filter, state vector, Markov property. 

1. INTRODUCTION 
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In a linear dynamic system, the stochastic behavior of the observations is 

described in terms of an unobserved state vector whose dynamic behavior is 

Markovian, and consists of a linear deterministic mean plus a random perturba­

tion. Kalman (1960) developed an algorithm for the recursive estimation of the 

state variables of a linear dynamic system, and he showed it to be the optimal 

linear filter for both symmetric convex and squared error loss functions. The 

dynamic linear model introduced by Duncan and Horn (1972) is a random ~ 

regression model where the regression coefficients change with time in a 

manner that has a linearly deterministic part and a Markovian part. They 

related the time varying parameters to the state variables, and showed the Kal­

man filter estimates are the minimum variance linear unbiased estimates and 

also the minimum mean square linear estimates of the parameters at the current 

time, given all observations up to and including the present. The dynamic 

linear model and the Kalman filter can operate under either of two alternative 

sets of assumptions: either the normal assumptions where all the variables are 

assumed normal with known first two moments, or the less restrictive assump­

tions where only the first two moments are known for all the variables. The 

optimal properties mentioned above hold under both sets of assumptions. Addi­

tionally, the posterior distribution of the estimators are normal, and the Kal­

man filter estimates are the minimum variance unbiased and minimum mean 

squared estimates under the normal assumptions. 

Many time series are weighted sums of component time series, for exam­

ple the consumer price index is a weighted sum of consumer price subindices. 

If each of these components is considered to be an observation sequence from 

the same dynamic linear model (same dynamic coefficient matrix and same 

observation coefficient vector) then the linearly aggregated time series is also 

an observation sequence from the same model. This would be the case when 

the local behavior of the components are all being modelled by the same 

dynamic linear model. There are two possible approaches for estimating the 

parameters of the linearly aggregated series: using the Kalman filter estimates 

from the linearly aggregated series, or taking the weighted sum of the Kalman 

filter estimates from each component series. This paper determines the relative 

efficiencies of the two methods, and establishes that the posterior covariance 

matrix for the linearly aggregated model is at least as large as the posterior 
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covariance matrix for the weighted sum of the component models, and it is a 

strict inequality unless all the component series are completely correlated. Thus 

in all realistic situations it is preferable to estimate the parameters of each com­

ponent model separately and then linearly combine the estimates. Kohn (1982) 

investigates conditions in which the estimate using the linearly aggregated 

series is efficient for the special cases of ARIMA and stationary Gaussian 

models. 

2. THE DYNAMIC LINEAR MODEL AND 
THE KALMAN FILTER 

In the dynamic linear model the parameter vector changes through time 

according to the parameter dynamic equation 

[l] 

where Pr is the parameter vector at time t, A, is a known matrix of coefficients 

at time t, and r,, the perturbation vector at time t, is normally distributed with 

mean vector O and known covariance matrix R,. The perturbation vectors at 

different times are independent of each other. 

The observation y, is governed by the observation equation 

Yr= x;pl+ el [2] 

where x; is the known row vector of observation coefficients at time t, and the 

observation errors e1 are independent identically distributed N (O,cr2) random vari­

ables which are independent of the perturbation random vectors. 

At time t- 1 the initial condition for the Kalman filtering algorithm is that 

there is an unbiased parameter estimator vector, conditional on 

y,_ 1 = y1_ i,Y1-i, • • • ,yi, the set of observations up to time t- I. Its distribution is 

assumed to be normal with mean vector equal to the parameter vector and to 

have a known covariance matrix. Then 

[31 

At time t the perturbation vector r1 is N(O,R1). The pnor estimator of the 

parameter vector at time t is 

f4l 

the conditional· parameter estimator vector at time t- 1 brought forward to time 
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t, but prior to observation y,. The distribution of the conditional random vari­

able ca,-p,I Y,-1) is N(O,C1) where the covariance matrix C,=A,V,_,A;+R,. The 

predicted value of the observation at time t is 

[5] 

The joint random variables 

[ 
~ 1 - ~ 1 I y,_ '] 
y,-y, I Yr-I 

- C,X, l] 
x;c,x,+ cr2j • [6] 

Hence the conditional random variable 

[7] 

where 

µ.,= 0- c, x,cx;c,x,+ err 1(y,- y,) [7A] 

and 

[7B] 

The estimator vector ca, I y1 ) is no longer an unbiased estimator of p" so we 

correct the estimator by subtracting the mean vector to give the posterior esti­

mator 

(~ 1 I y1 )= (~ 1 I y,}- µ 1 . [8] 

At this point we have found the unbiased parameter estimator vector condi­

tional on all the observations up to and including the present. We are now in 

the same position as we were when the algorithm started so we are ready to 

repeat the algorithm when the next observation becomes available. 

3. THE DYNAMIC LINEAR MODEL FOR A 
LINEARLY AGGREGATED TIME SERIES 

Suppose that there are k independent time series y/1>, • • • ,y/k> each of 

which is the observation sequence from the same dynamic linear model. That 

IS 

A(il _ A A(i) + rCi) 
1-'t - tl-'t-1 I [9] 

where all the dynamic matrices and the observation coefficient vectors are 

respectively equal. The observation errors e/> and the perturbations errors rf > 

are independent identically distributed N[O;o/J and N[O;R?>J random variables 
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respectively. Assume that the models generating the the series are all indepen­

dent of each other, that is the observation errors and perturbations are all 

independent for i~ J. Let w<il for i= 1, • • • ,k be a set of positive weights that 
sum to 1. Then 

I: I: 
yf = Lw<ily/il and ~f = L w<i>~,Cil [10] 

i=l i= I 

are the linearly aggregated time series and the linearly aggregated parameter 

series respectively. Clearly 

[ 11] 

I: I: 

where rf = L wCi>rp> and ef = L w<ile1<il_ Thus the linearly aggregated time 
i= I i= I 

series also comes from the same dynamic linear model where the perturbation 
I: 

covariance matrix is Rf = L (w(i>)2R,<i) and the observation variance is 
i= I 

I: 

crl = L (w(i~2cr?. 
i= I 

Theorem: Let Mi> be the unbiased estimators of ~1<i> prior to taking the observa­

tions y1<i> for i= 1, ... ,k respectively. Assume the prior prediction errors, Mi>_ ~p> 

for i= I, ... ,k are all independent of each other. Let p,A be the prior estimator for 
I: 

the linearly aggregated time series, and p,w = L w<ilp?> be the weighted sum of 
i= I 

the prior estimators of component series. Assume that the prior distributions of 

the estimation errors ~:- ~,Al yt_, and ~,w- ~:1 y,{~\. · · · ,y,<~\ are identical. Then 

r 121 

I: I: 
+ L (wCi>)2rc,U>x,(x;c,<i)X,+ cr?F 1X, c,(iL (w(i>)2c,(i>x, [L (wU>)2(x;cp>x,+ cr/)r 1x;c,u>1 

i= I i= I 

Proof: 

The covariance matrices posterior to observing yt are identical. Hence 

I: I: 

COV(P:- ~ti yf) = E[(LwCil(p,(i)_ ~,(ill yf))(L wU>(~,<i>_ ~,U>i yf))'l [131 
i= I j= I 

i= I j= I 
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k k 

= LL w<ilwCilE[E((~,(i)_ p,Cill y,(il)x (p,Ci>- p?ll y,v>nI yt] 
i= lj= I 

k k 

- LL wCilw<ilE (~r(i) - p,(ill Yt)x E (p,U) - PrCi)I yf)'. 
i= lj= I 

Since all the prior distributions and all the observation errors for the component 

series are assumed to be independent, the terms for i * j cancel. Thus 

k 
cov (~,A- p~I yt) = L (w<il)2E [E ((p,<i)_ p,'ill y,Cil)x (p,Ci)_ p,(ill y/il)') I y/l r 14] 

i=l 

k 

- L (wCil)2£ [E (p/il- p,'ill y,<il)I y,A]x E [E (p,Ul- p,<ill y,<il) I yfl'. 
i= I 

Subtracting and adding 

k 
L (w(i02E [(E (p,<il_ p1Cill y/il)x (E (Pr(i)_ p,(ill y/il))'I yt] [14A] 
i= I 

gives the result 

k 

covcp:- p~I y~) = L (w<il)2E [COV(Pr(i)_ p,Cill Yr(i0I y,Al f 15] 
i=l 

k 
+ L (w (i))2cov [E (Pr(i)_ Pr(i) I y/0I yfl. 

i=l 

The posterior covariance matrices do not depend on the y values, so their 

expectations equal themselves. Thus 

k 
COV(p:- pfl y 1A) = 1:(wCil)2COV(p,Cil- p,Cill y1Cil) r 161 

i= I 

k 
+ L (w(i))2cov [C,CilXr(x;cr(i)Xr+ cr?F 1(yr(i)_ .Yr(i)I y,A)]. 

i= I 

The first term is the covariance matrix of the weighted sum of the component 

estimators. When we use a conditional covariance inversion formula similar to 

equation [7B] on the second term we get the result 

r 111 

k k 
+ L (w(i))2rc,Ulx, cx;c,Ulx,+ cr?r 1x;c,Ul- (w<il)2Cr(i)Xr [ L (w<il)2cx:c?lx,+ crJ)r 1x;c,UJ1 

i= I i= I 

Q.E.D. 
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The second term is the weighted sum of the covariance matrices of the 

posterior component mean vectors averaged over all possible component obser­
A: 

vations y/1), • • • ,y,<A:> such that L w<i>y,(i>= y~. It is always non-negative definite, 
i=l 

hence the efficiency of the weighted sum of the component estimators is always 

greater than or equal to that of the estimator from the linearly aggregated time 

series because it has a smaller Wilk's generalized variance. This can also be 

seen to be a consequence of the projection theorem. The set of observations on 

the linearly aggregated time series is a subspace of the set of observations on 

each of the component time series. The length of the perpendicular to the sub­

space must be at least as long as the length of the perpendicular to the total 

observation space. 

The covariance of c[ilX,(x;c?>x,+ cr?r 1(y/iL y/ili yf), the i 'th posterior 

mean vector, equals O if and only if y,(iL y,U> has covariance matrix identically 

equal the zero matrix, or if it and yf- yt are perfectly correlated. Hence, for all 

realistic cases, the inequality is a strict one and it is always more efficient to 

estimate the parameters of each of the component models separately, and then 

linearly combine the estimates to get the estimates for the linearly aggregated 

model parameters. The relative efficiency of the linearly aggregated model rela­

tive to the weighted sum of the component models is given by 

eff(Pt:P,w) = COV(pwl y,<1), • • • ,y,<A:')x [COV(Pwl y,<l), • • • ,y,<t>) + [18] 

A: A: 
1:(w(i))2rc,(i>x,(x;c,(i)X,+ cr?r 1x;c,<il_ (w(i>)2cfilx, [L (wU>)2cx;c,v>x,+ crJ)r 1x;c,UJ1r l 

i= l j= l 

4. SUMMARY 

Kalman (1960) showed that the problems of forecasting, filtering, and 

smoothing are all equivalent to estimating the unobservable value of a signal at 

some time point given the signal plus noise over some time period. Since the 

Kalman filter applies to all these problems, the result shown in this paper for 

the filtering problem applies to the forecasting and smoothing problems as well. 

The conclusion that the estimator from the linearly aggregated time series 

is not as good an estimator for the weighted sum of parameters as the weighted 

sum of component estimators holds even if the dynamic linear models aren't 

independent. In that case, the cross terms where i ~ J in equation f 131 would 

not cancel, so the equivalent to equation f 131 would be a double sum over i 
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and j. So a double sum cross term similar to equation [14A] would be sub­

tracted and added, yielding the equations equivalent to [ 151 and [ 161 having 

two double sums on the right hand side. Thus the posterior covariance matrix 

for the linearly aggregated model estimators would still equal the posterior 

covariance matrix for the weighted sum of the component model estimators 

plus the weighted sum of the covariance matrices of the posterior mean vectors 

averaged over all possible component observations such that the weighted sum 

is the aggregated observation. Thus the formula for the relative efficiency 

would be somewhat more complicated. 
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Harrison-Stevens Forecasting and the 
Multiprocess Dynamic Linear Model 

WILLIAM M. BOLSTAD* 

This is an expository anicle. The Harrison-Stevens fore­
casting algorithm using the multiprocess dynamic linear model 
is a robust method for forecasting in a nonstationary time 
senes. The purpose of this anicle is to help statisticians 
become familiar with the method. 

KEY WORDS: Bayesian forecasting; Kalman filter; Mix­
ture of distributions; Multiprocess Kalman filter; State vari­
able. 

1. INTRODUCTION 

Harrison-Stevens forecasting is a technique devised by 
Harrison and Stevens (1971) as a tool for short-term fore­
casting in a time series in which there may be unknown 
underlying changes in the process generating the series. In 
their paper they referred to it as Bayesian forecasting, but 
I will not use that term, since it could lead to confusion 
because there are other Bayesian techniques used in fore­
casting. For example, Meinhold and Singpurwalla (1983) 
showed that the Kalman filter can be considered a Bayesian 
technique, using Bayes's theorem in the parameter-esti­
mating algorithm. Harrison-Stevens forecasting uses Bayes's 
theorem in two ways: parameter estimation and model se­
lection. Fildes (1983) surveyed the history of Harrison­
Stevens and other Bayesian methods used in forecasting. 
Makov (1983) investigated several approximate Bayesian 
solutions to the dynamic linear model subject to jumps. 

The Harrison-Stevens forecasting method uses the mul­
tiprocess dynamic linear model. It is an approximate method 
based on the notion of an independent sequence of state 
random variables coming from multinomial trials. At each 
time point, the state random variable determines which type 
of perturbation is applied to the parameter vector of the 
dynamic linear model. Actually this is only one of the set 
of state random variables of the process. 

For a stochastic dynamic system, the set of state random 
variables has the property that given the past history of the 
process up to and including time 10 and the set of state 
random variables at time t0 , the conditional distribution of 
the stochastic process at time t 1 > 10 depends only on the 
state random variables at time 10. The set of state random 
variables contains all of the information from the past and 
present that is relevant to the future development of the 
process. When the Kalman filter is applied to the dynamic 
linear model, the parameter vector is the set of state random 
variables (see Duncan and Horn 1972). The set of state 
random variables for the Harrison-Stevens forecasting method 

• William M. Bolstad is Ma1hematics Lcc1urcr a1 lhe University of Wai­
ka10. Priva1e Bag. Hamillon. New Zealand. The author would like to 1hank 
the editor and the referees for their helpful commen1s. 
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applied to the multiprocess dynamic linear model is the 
parameter vector plus the additional random variable that 
determines the type of perturbation most recently applied 
to the parameter vector. This additional random variable is 
called the state variable. 

In the Harrison-Stevens algorithm, the correction applied 
to the parameter vector after the observation is a weighted 
averag: of the corrections calculated (conditionally on the 
value of the state random variable) by the Kalman filter, 
where the weights are the posterior probabilities of the state 
values. The method has also been referred to as the mul­
tiprocess Kalman filter. 

The purpose of this article is to present the method in a 
terminology familiar to statisticians and to show that it can 
be only an approximation, for it relies on the assumption 
of normality, and a mixture of normal distributions is not 
itself normal. This is unlike the Kalman filter, which needs 
only the mean vector and covariance matrix, not the nor­
mality assumption. Despite this fact, the Harrison-Stevens 
method is a very effective forecasting tool and should be 
useful in a wide variety of situations. 

Harrison and Stevens (1971) used the method on simu­
lated data, and it proved to be effective in discriminating 
between transient events and sudden real changes in the 
process and to adapt quickly when real changes occur. It 
produces not only a forecast. but also the joint parameter 
distribution that can be used to express uncertainty in the 
forecast or to construct prediction intervals. It also produces 
a posterior probability for each state. These can be used to 
detect when a change of state occurs for situations in which 
the state is of more interest than the forecast itself. 

2. THE MULTIPROCESS DYNAMIC 
LINEAR MODEL 

The multiprocess dynamic linear model is like the dy­
namic linear model in that the parameter vector is subject 
to perturbations. In the multiprocess model, however, the 
distribution of the perturbation depends on the state random 
variable at that time. The sequences of state random vari­
ables arc independent of each other, and each can be con­
sidered the outcome of a single multinomial trial with known 
prior probabilities. The prior probabilities do not have to 
remain constant over time. This allows prior knowledge by 
the forecaster to be provided for in the model, making the 
forecasting syste·m very flexible. Let S, be the state random 
variable at time t. Then Pr(S, = j) = 1Tii> for j = 1, ... , 
k. When S, = j, the parameter dynamics are governed by 
the equation /3, = A,/3,- i + r,. where /3, is the parameter 
vector at time t, A, is a known matrix of coefficients at time 
r, and r, is the perturbation vector, which is normally dis­
tributed with mean vector O and known covariance matrix 
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Table 1. States and Their Prior Probabilities 

State number Perturbation Prior probability 

1 
2 
3 
4 

No change 
Transient 
Mean change 
Slope change 

.9 

. 08 

.01 

.01 

R}i>. The covariance matrix depends on the state j and can 
change over time. 

The observation Yr is governed by the observation equa­
tion Yr = x; /3r + er, where the observation errors e, are 
iid N(O, 17;) random variables that are independent of the 
perturbation random vectors and the state random variables 
and x; is the known row vector of coefficients at time r. 

3. THE HARRISON-STEVENS 
RECURSIVE ALGORITHM 

The Harrison-Stevens algorithm starts at time r - 1 with 
k unbiased parameter estimator vectors, each conditional on 
the most recent state variable having been one of the k values 
and on all of the observations up to and including the most 
recent, Yr- 1. Each conditional distribution is given to be 
normal with mean vector equal to the parameter vector and 
known covariance matrix. Let Yr-I = Y,-1, Y,-2, ... , Y1 
be the set of observations up to time t - I. Then ( ,13 ,- 1 -
/3r-ilSr-i = i, Yr-i) is N(O, Vf'.!. 1), where Vl'.!. 1 is the 
covariance matrix given the state value S,_ 1 = i and the 
past observations Yr- I· In addition, there is the posterior (to 
observation y,_ 1) probability S,_ 1 = i: 

ql'.!.1 = Pr(S,-1 = ilY,-1)-

The joint probability-probability density function of 
/3,-1, s,-1IYr-1 is given by 

FORECAST 

45 1 
1 

4IZI 

35 

3IZI 

25 

2111 

15 

llZI 

0 5 10 15 2111 

f< {3• ·1 ) - c,1 (2 )-•121vcr1 1- in r-1, 1 Yr-I - qr-I 1T ,-1 

X exp[-½(.Br-1 - /3r-1)'[Vf!.1J- 1(.B,-1 - /3r-1)l 

for i = 1 , . . . , k . 
The k conditional estimators together with the posterior 

probabilities can be used to give the composite estimator 
vector 

k 

• I " (i) • I /3r-l Yr-I = .L., qr'-1(/3r-1, Sr-I = j Yr-1)-
i•l 

Because it is a mixture of random vectors, the composite 
estimator vector .B,-ilY,-i has the mixture multivariate nor­
mal probability density function 

k 

f(.B,-ilYr-1) = I qf'.!. I (21T)-·12 IV)'?. I 1- 112 
io:al 

x exp(- 1/2(,8,_ 1 - /3r-i>'[Vl'.!.il- 1(.Br-1 - /3r-1)J. 

In Section 4 the composite estimator vector and its distri­
bution will be brought forward in time and used to compute 
the forecast and its distribution. 

If at time t the state variable S, = j, then the perturbation 
vector rr is N(O, R}i>). Let 

(,B,IS, = j, S,-1 = i, Y,-1) = A,(.B,-1IS,-1 = i, Yr-1) 

be the prior estimator of the parameter vector at time t. It 
is the conditional parameter estimator vector brought for­
ward to time t, given S, = j, but prior to observation y,. 
The distribution of the conditional random variable ( ,8, -
/3,IS, = j, S,_ 1 = i, Yr-i) is N(O, C?-1>), where the co­
variance matrix qi.n = A,Vl~ 1A; + R)J>. The predicted 
value of the observation at time t given S, = j, S,_ 1 = i 
is 

25 

TIME 

.9r1> = x:<.a,1s, = j, s,_, = i, Y,-,>-

311 35 40 

Figure 1. Forecast(•) and Observed Values(+). 
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Agure 2. Local Mean Estimate. 

The joint random variables 

( /3, - .~,Is, = j, s,-1 = i, Y,-1) 
Y, - Yi"'>Js, = j, s,-1 = i, Y,-1 

are 

[ ( 0) ( C (i,i> 
N O ; -X;C}'-i> 

Hence the conditional random variable ({3, - /3,IS, = j, 
S,_ 1 = i, y,) is N( µ./i,i>; V/i,il), where 

µ./i.iJ = 0 - C)i-i>X,(X; Cf-i>X, + a-;)- 1(y, - yfi,il) 

and 

The joint probability-probability density function of (/3,. 
s,, s,_ 1 IY,) is 

f(/3,, j, ily,) = p/i,jl(21T)-•12JVfi>J-112 

x exp(- ½(/3, - i3 1 

µ./i,il)[V)i-il]-1(,B, _ /3, _ µ./i,il)] 

for i = I, . . . , k, and j = 1, ... , k, where p/i.j) is the 
posterior probability of the two states given the observation 
at timer: 

pf-il = Pr(S, = j, S,-1 = iJy,). 

Because the sequence of state random variables is indepen­
dent, the prior probability Pr(S, = j, S,_ 1 = i) = 
rr/i>q/'.!. 1, and since (y,jS, = j, S,_ 1 = i) is a normally 
distributed random variable with mean y/1•1> and variance 
x; crnx, + a-;. 

p/'•i> = 1T}i>qf'.!. i (f(y,))- ic21T)-.121x: C/i•nx, + a-;I- 112 

x exp(-½(X;C;i.ilX, + a-;)- 1(y, - yf•il)2] 

for i = 1, ... , k andj = 1, ... , k. This is completely 
determined because /(y,) is a proportionality constant in all 
of the probabilities, and they sum to 1. Note_ that the cal­
culation of these posterior probabilities requires the as­
sumption of normality. This completes the determination of 
the joint probability-probability density function of ( ,B,. S,, 
s,-ily,). 

To find the marginal probability density function of 
(,13,jy,), we sum the joint probability-probability density 
function over i and j. Thus 

A: k 

/({3,jy,) = L LPi'•i>(21T)-·121vv-n1- 112 
i• l j- l 

This posterior distribution is a mixture of k2 normal distri­
butions depending on the two most recent state values. The 
process could be repeated each time another observation 
becomes available, increasing the number of components 
of the mixture by a factor of k each time. This would quickly 
get out of hand computationally. Instead, it is desirable to 
get the posterior distribution as a mixture of k normal dis­
tributions depending on the most recent state value. Let 
qp> be the posterior probability S, = j: 

q/i> = Pr(S, = jjy,) 

A: k 

= L Pr(S, = j, S,_ 1 ijy,) LPi'•i>. 
;-1 i=l 

Then 
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Rgure 3. Local Slope Estimate. 

k k 

/(.BrlY,) = 2: q;i> L pf-i>(q;i>)- 1(21r)-w21vrn1- 112 
J-l i• l 

X exp( - ½(,B, - /3 r - µ.;i-i>)' [V}i-ilr 1( .Br - /3r - µ./i 0 i>)]. 

Hence the estimator vector is the mixture random vector 
k 

<.BrlYr) = L qJi>(,B,ISr = j, y,). 
j-1 

where 
k 

<.B,IS,=j, Yr)= (q/i>)- 1 LPf-i><J3,IS,=j, s,-1 =i. y,). 
i-l 

The mean vector of a mixture is the mixture of the mean 
vectors. and the covariance matrix of a mixture is the mix­
ture of the covariance matrices plus the mixture of the cross 
products of the deviations of the mean vectors from the 
overall mean vector. Hence the mixture of k normal distri­
butions with S, = j fixed and S,_ 1 = i for i = I, .... k 
has mean vector {3, + m/i>, where 

k 

m/il = (q;i>)- 1 L p/i-i> µ. /i-il 

and covariance matrix 
k 

Vji> = (q;il) - I L p;i-il 
i• l 

i• I 

X (V\i.j) + (µ./i.j) - m/il)(µ./i.j) - m/il)'). 

From this we see that the prior estimator vector (,B,IS, = j, 
y,) is no longer an unbiased estimator of {3,. 

We correct the estimator by subtracting the mean vector 
to give the posterior estimator 

(,B,IS, = j, y,) = (,B,ISr = j, y,) - m/i>. 

The correction applied is a weighted average of the correc-
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tions calculated by the Kalman filter conditional on each 
possible state at time t - 1, where the weights are the 
posterior probabilities of the states at time t - 1 given the 
state at time t and the observation. At this time we approx­
imate the mixture distribution by a normal distribution hav­
ing the same mean vector and covariance matrix. This can 
be only an approximation, since a mixture of normal dis­
tributions is normal only in the trivial case that all mean 
vectors and covariance matrices are respectively equal. At 
this point we have found k unbiased parameter estimator 
vectors, each conditional on the most recent state value and 
on all past observations, and posterior probabilities for the 
most recent state given all the past observations. We are 
now in the same position as we were when the algorithm 
started, so we are ready to repeat the algorithm when the 
next observation becomes available. 

4. DISTRIBUTION OF THE FORECAST 

The predicted value of the parameter vector at time t + I 
is 

k 

(.8,+1IY,) = A,+i<.B,IY,) = L q/'1A,+1<.B,IS, = i, y,), 
i•l 

the composite estimator at time t brought forward to time 
t + I. This is an unbiased estimator of the parameter vector 
at time t + I , since the expected value of the perturbation 
error equals 0. (.Br+! - /3,+i!Y,) is 

N (o; ± ± q/" 1r /!,!, C )I//) , 
i•I j• l 

where Cjij/ = A,+ 1Y\11A;+ 1 + R/f 1• The forecast value 
of the observation is .9,+ 1 = x;+ 1(/3,+ilY,), since the ex­
pected value of the observation error is 0. The variance of 
the prediction error Yr+ 1 - .Yr+ 1 is given by 



(Tl 
y, •• -Y,+ I 

.,. , ,, ,, , , 
I I 

• I I 
I I I 
11 I ~ 
,, J 
,, J 
,, J 
1 I I 
I I I 
JI J 
I I 1 .. ... : ~ : 

,.. I I • 

\ : ~ I 

\: \ f 
~ \ : 

I I 
I J .. \ .,,,,....... .,...., : 

I ... ,. -_ J 
~, J .. _ .,,,.., •.._ : 

- _,,..1111 ,... .... .._ _____ . ., 

~ 

3 
"-~ 

~ 

:~ 
j 

I 
I 
I 
I 
I 
I .. 
' . I ft 

I J\ 

' JI .. JI 

' J I 
.. J I 

' J I 
\, I I 

' : .. , 
'\ I '_ 

'\: ---• 

B.5L" 

'T"TTT'T"1'T"TTf,'TT'TTTT"T'f""r"T"TT'T'T'Tf"1"rTm_,"TTTTTTT"rT'l rmTTr,TJTf~~~ 

0 5 10 

k k 

15 20 25 

N 

30 

Figure 4. Standard &ror of Mean. 

L L (qf>1T/4?.X:+1C/~i/X,+1) + CT;. 
i• I J-l 

35 40 45 50 

Under the assumptions, the prediction error is approximately 
normally distributed, so prediction intervals can be con-

posterior mean vector and covariance matrix by the Kalman 
filter. This is don~ conditionally for each pair of previous 
and current state values. This gives the corrections necessary 
conditional on the two known state values. 

The second is the use of the current forecast error to 
calculate the posterior probabilities of both the current state 
and the previous state. Thus the posterior state probabilities 
at time t - I are calculated once after observation y,_ 1 and 
again after observation y,. The use of two observations is 
what enables the method to make distinction between the 

structed. • 

5. THE METH9D IN PRACTICE 

The correction mechanism of the algorithm combines two 
uses of Bayes's theorem. The first is the calculation of the 
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Figure 5. Standard Effar of Slope. 
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ERROR 

S.111 l 
2.5 

LO J 
-2. 5 

-S.111 

-7.5 

Ill 5 Ul 15 2111 '.3111 '.35 4111 

TIME 

Agure 6. Forecast &ror. 

types of perturbations and adjust the state probabilities ac­
cordingly. 

The two aspects are brought together in the condensation 
of a mixture of k2 normal random variables to a mixture of 
k normal random variables. The final correction is the weighted 
average of the conditional corrections, where the weights 
are the conditional probability of the previous state given 
the present state after analyzing the present observation. 
This allows the rapid adjustment of the parameters two 
observations after a change in the time series occurs. 

These will be illustrated in the following example on an 
artificially generated time series. The time series consists 
of 50 normally distributed random variables with variance 
I and the following mean pattern. The mean starts at 20 
with slope = 0. There is a transient of - 6 at observation 
6. At step 16 the slope changes to I, and it changes back 
to O at step 25, at which time the mean is 30. There is a 
mean change to 35 at step 36 and a transient of 5 at step 
46. 

The parameter vector 

µ,= [H 
whereµ.,. /3,. and -y, are, respectively, the mean, the slope, 
and the transient at time t. The matrices of parameter dy­
namic coefficients and observation coefficients are, respec­
tively, 

I 
0 

and X,= [H 
The four states and their prior probabilities are given in 

Table I. 
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The perturbation covariance matrices are 

(! 0 ~). (! 0 ~ ). RO>= 0 R<21 = 0 
0 0 a-2 ., 

(ui 0 ~). R'" = (! 0 ~). R<J> = 0 a-j 
0 0 

where a-; = a-! = IOOu; and a-j = a-;. 
The forecast and the actual observations are shown in 

Figure I. The estimated values of the parameters µ. and /3 
are shown in Figures 2 and 3, respectively, and the standard 
errors of the estimates are shown in Figures 4 and 5. The 
forecast errors are shown in Figure 6. Note that the transients 
at step 6 and step 46 hardly affected the parameter estimates; 
yet when real changes occurred, such as the slope change 
at step 16 and the mean change at step 36, the parameter 
estimates quickly tracked the new values. What happens is 
that when the first observation far from its forecast value 
occurs, the posterior probabilities of the states at that time 
drastically change in that the probabilities of "no change" 
go down and the probabilities of "mean change" and "tran­
sient" increase greatly. The posterior probabilities of the 
states at the previous time, however, do not change much, 
and these are the probabilities that are used in the conden­
sation phase. Thus the parameter estimates do not change 
much, but the uncertainty in the parameter estimates in­
creases. If the next observation is also far from its forecast 
value, the posterior probabilities for both the present and 
previous state values are drastically changed iri that at the 
previous state "mean change" becomes much more likely 
and the state "transient" becomes less likely. These are the 
probabilities used in the condensation phase, so the param­
eter estimates change a great deal. If the next observation 



Table 2. The State Probabilities at Time 6 
Where a Transient Occurs ' 

State Prior Posterior Posterior 
number probability observation 6 observation 7 

1 .9 .000129 .000004 
2 .08 .888TT3 .998467 
3 .01 .111097 .001529 
4 .01 .000001 .000000 

is close to its forecast value, however, the opposite occurs; 
the probability of "transient" goes up and the probability 
of "mean change" goes down. When these probabilities are 
used in the condensation phase, the parameter estimates do 
not change much. The changes in the probabilities that occur 
for a transient and for a mean change are illustrated in Tables 
2 and 3. 

6. PREVIOUS APPLICATIONS OF THE METHOD 

Johnston and Harrison ( 1980) used the method to forecast 
demand in the alcoholic drink industry over a period that 
included record demand followed by a drought and the im­
position of a new excise duty. The Harrison-Stevens al­
gorithm is particularly useful in situations like these, for the 
forecaster can allow for these known shocks in the model 
by changing the prior probabilities. J. Q. Smith ( 1983) used 
the method to forecast accident insurance claims. 

A. F. M. Smith, West, Gordon, Knapp, and Trimble 
(1983) and A. F. M. Smith and West (1983) used the method 
to monitor renal transplant data to detect a change of state 
(rejection of organ) if it occurs. The Harrison-Stevens al­
gorithm is used to provide on-line probabilities of the state. 

7. COMPARISON WITH OTHER METHODS 

Taylor and Thomas (1982), in their comparison with the 
Box-Jenkins method for forecasting natural gas demand, 
concluded that 

It is the nature of the time series which detennines the most appropriate 
fonn of forecasting to be used. In particular. the likelihood of the model 
remaining valid into the future. If there is good reason to suppose the 
model will persist. then exhaustive analysis on past data is clearly justified 
and the Box-Jenkins approach has proved effective in this role. If there 
is linle reason to suppose the underlying model will remain valid, then 
some form of adaptive system is required and the Harrison-Stevens method 
seems to have the advantage. (p. 693) 

Fildes (1983) empirically compared Harrison-Stevens 
forecasting with a number of other methods. He concluded 
that although it did not distinguish itself in terms of mean 
squared error, it did appear to be robust and avoid large 
errors. Fildes and Lusk (1984), in their study of how ac­
curacy studies influence model choice, noted that perceived 
accuracy is related to familiarity with the method, and U.S. 
forecasters have a low familiarity with Harrison-Stevens 
forecasting and ••accuracy studies cannot tell forecasters 
which method to adopt, rather they provide information 

State 
number 

1 
2 
3 
4 

Table 3. The State Probabilities at Time 36, 
Where a Mean Shift Occurs 

Prior Posterior Posterior 
probability observation 36 observation 37 

.9 .021643 .110507 

.08 .869437 .155448 

.01 .108680 .732930 

.01 .000240 .001114 

which is relevant to prior belief in the accuracy of the method 
in the forecasters particular problem" (p. 429). 

8. CONCLUSION 

The Harrison-Stevens forecasting algorithm is a very 
flexible method that is particularly suitable for forecasting 
in noqstationary time series. Bayes's theorem is used two 
ways, and despite the assumption of normality, it can be 
only an approximation. It is flexible in that it allows an 
interaction between the forecaster and the method by allow­
ing the forecaster to vary the prior state probabilities. It has 
also been used to determine the posterior state probabilities 
in situations in which the state itself is of more interest than 
the forecast. 

I believe that as more statisticians become familiar with 
the method, it will become a widely used tool, and it will 
be adapted into other models, for instance, econometric 
models, and other multivariate models. 

[Received March 1985. Revised October 1985.] 
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c PERFORMS THE HARRISON-STEVENS FORECASTING ON THE DYNAMIC LINEAR MODEL 
implicit double precision (a-h,o-z) 
dimension betai(4,3),xbeta(4,4) 
DIMENSION beta(4,4,3),c(4,4,3,3),UMU(4,4,3},q(4},ve(3),se(3) 
DIMENSION pi(4),po(4),po2(4),urnuu(4,3) 
DIMENSION P(4,4),y(99),Wl(4,4,3) 
DIMENSION A ( 3, 3) , r ( 4, 3, 3) , X (3), AT ( 3, 3) , w ( 4, 4, 3, 3) , xc ( 4, 4, 3) , c:-: ( 4, 4, 3) 
dimension yhat(4,4),vhat(4,4),vhatinv(4,4) 
dimension v(4,4,3,3),vi(4,3,3) 
dimension betapred(4,3),cpred(4,4,3,3),betahat(3),chat(3,3),ypred(4) 
dimension betaest(3),VEST(3,3) 
INTEGER I,J,K,l,N,ichk,ii,iny,iy,nn 
REAL em,ev,OBS,u,err,surn, 
real sigrna2 
real vcast,secast 

C beta CONTAINS THE STATE VECTORS -THIRD INDEX 
c betai contains the condensed state vector -second index 
Cc CONTAINS THE STATE VECTOR COVARIANCE MATRICES-THIRD & FOURTH INDICES 
C pi CONTAINS THE PRIOR PROBABILITIES 
C po CONTAINS THE POSTERIOR PROBABILITIES 
CA CONTAINS THE STATE TRANSISTION EQUATION 
c sigrna2 is the error variance 
C R contains the perturbation covariance matrix second & Third indices 
C X CONTAINS THE OBSERVATION EQUATION 
CY IS THE TIME SERIES 
C yhat contains the predicted value of y 
C vhat contains the variance of the predicted value 
c betapred is the conditional prediction 
c betahat is the unconditional prediction 
c cpred is the conditional cov mat of the pred 
c chat is the unconditional cov mat of the pred 

ichk-1 
open(unit-4,file='y.dat',status•'old') 
do 50 n-1,50 

50 read(4,60) y(n) 
60 format(fl0.0) 

do 63 i•l,4 

do 63 k•l,3 

63 vi(i,k,k)=99 
sigrna2•1 
R(2,3,3)-100*sigrna2 
R(3,l,1)•100*sigrna2 
R(4,2,2)-4*sigrna2 
pi(l)-.9 
pi(2)•.045 
pi(3)•.045 
pi(4)=.01 
po(l)-.9 
po(2)-.045 
po(3)•.045 
po(4)=.01 
phi=l 
n=l00 
call assign(B,'dlm.out') 
CALL ASSIGN(6,'dlmwork.OUT') 

c FOR pi AND po, l=NO CHANGE,2"'TRANSIENT,3=STEP CHANGE,4=SLOPE CHANGE 
x(l)=l 
X(2)=0 
X(3)=1 
DO 89 K=l,3 
DO 89 L=l,3 
A(K,L)=0 

89 CONTINUE 
A(l,l)=l 



90 

91 

A{l,2)=1 
A{2,2)=1 
DO 90 K-1,3 
DO 90 L=l,3 
AT(K,L)-A{L,K) 
if {ichk .eq. 1) write{6,91) {(K,L,A(K,L),L=l,3),K=l,3) 
FORMAT { 3 { 3 { ' A { ' , I 1 , ' , ' , I 1, ' ) •' , F 10 . 6 ) / ) ) 

C FOR A,l=MEAN,2•SLOPE,3•TRANSIENT 
do 300 nn-1,50 

c the section up to statement 110 computes the updated (conditional) mean and 
c variance of the linearly dynamic parameters 

write{G,60) y(nn) 
if {ichk .eq. 1) write{6,92) 
if {ichk .eq. 1) write(G,272) 

c ,k-1,3),j•l,4) 

( {i, k, betai { i, k) , k=l, 3) , i=l, 4) 
{{{j,k,l,vi(j,k,l),1=1,3) 

92 format (4 (3 {' betai {', il, ', ', il,' )•', fl0. 6) /) /) 

do 100 i•l, 4 
do 100 j-1,4 
do 100 k=l,3 
beta{i,j,k)=0 
do 100 l=-1,3 

100 beta{i,j,k)•beta{i,j,k)+a{k,l)*betai{i,l) 
if {ichk .eq. 1) write{G,102) {{{i,j,k,beta(i,j,k),k=l,3),j=l,4),i=l,4) 

102 format (4 (4 (3 {' beta{' ,il,',' ,il, ', ',il,' )=' ,fl0.6) /)I)) 

do 110 i•l, 4 
do 110 j-1, 4 
do 110 k=-1, 3 
do 110 1-1, 3 
w{i,j,k,l)-0 
do 105 kl-1,3 
do 105 11•1, 3 

105 w(i,j,k,l)•w{i,j,k,l)+a{k,kl)*vi(i,kl,ll)*at{ll,l) 
110 c{i,j,k,l)•w{i,j,k,l)+R{j,k,l) 

if (ichk .eq. 1) write{G,111) {{{{i,j,k,l,w{i,j,k,l),l=l,3) 
c ,k•l,3),j-1,4),i•l,4) 

111 format{4{4{3{3{' w{',il,',',il,',',il,',',il,')=',fl0.6)/)/)/)) 
if {ichk .eq. 1) write{G,112) {{{{i,j,k,l,c{i,j,k,l),l=l,3) 

c ,k•l,3),j-1,4),i•l,4) 
112 format { 4 { 4 { 3 { 3 {' c (' , il, ' , ' , il, ' , ' , il, ' , ' , il, ' ) =' , fl 0 . 6) /) /) /) ) 

do 193 i-1,4 
do 193 j-1,4 
yhat(i,j)•O 
do 193 k•l,3 

193 yhat{i,j)-yhat(i,j)+x{k)*beta{i,j,k) 
do 194 i-1,4 
do 194 j-1,4 
vhat(i,j)•O 
do 194 k•l,3 
xc(i,j,k)=-0 
do 194 1•1,3 
xc(i,j,k)-xc{i,j,k) + x(l)*c{i,j,l,k) 

194 vhat {i, j) •vhat {i, j) +x {k) *C (i, j, k, 1) *x (1) 
if (ichk .eq. 1) write(G,195) {{i,j,yhat(i,j),j=l,4),i=l,4) 

195 format(4{4{' yhat{',Il,',',Il,')•',Fl0.6)/)) 
if {ichk .eq. 1) write{G,196) {(i,j,vhat{i,j),j=l,4),i=l,4) 

196 format(4{4{' vhat{',Il,',',Il,')-',Fl0.6)/)) 
if (ichk .eq. 1) write(G,197) (({i,j,k,xc{i,j,k),k=l,3),j=l,4),i=l,4) 

197 format{4{4(3{' xc{',il,',',il,',',il,')=',fl0.6)/)/)) 
do 198 i=-1,4 
do 198 j=-1,4 
vhat{i,j)=vhat(i,j)+sigma2 

198 vhatinv(i,j)=-1/vhat(i,j) 
c the section up until statement 215 calculates the corrected mean of the 
c dynamic parameter (conditional) 

do 215 i=l,4 



268 

C 

270 

C 

271 
272 

275 

276 
277 

278 

C 

279 

281 

284 

285 

286 

287 

288 

C 

do 268 k-1,3 
do 268 1-1,3 
vi(j,k,1)-0 
do 270 k-1,3 
do 270 1-1,3 
do 270 i-1,4 
if (po(j) .ne. 0.) vi(j,k,1)-vi(j,k,l)+p(i,j)/po(j) 
*(v(i,j,k,l)+(urnu(i,j,k)-umuu(j,k))*(urnu(i,j,1)-urnuu(j,l))) 

continue 
if (ichk .eq. 1) 
if (ichk .eq. 1) 
if (ichk .eq. 1) 
,k-1,3), j-1, 4) 

write ( 6 , 2 71 ) 
write(6,92) 
write ( 6 , 2 7 2 ) 

( ( j, k, urnuu ( j, k) , k=l, 3) , j=l, 4) 
( (i, k,betai (i, k), k=-1, 3), i=l, 4) 

( ( (j,k,l,vi(j,k,l) ,1=1,3) 

forrnat(4(3(' urnuu(',il,' ,',il,')-',fl0.6)/)/) 
f o rrna t ( 4 ( 3 ( 3 ( ' vi ( ' , i 1 , ' , ' , i 1 , ' , ' , i 1 , ' ) = ' , f 1 0 . 6 ) / ) / ) / ) 
do 275 j-1,4 
do 275 k-1,3 
betapred(j,k)=-0 
do 275 1-1,3 
betapred(j,k)=betapred(j,k)+a(k,l)*betai(j,l) 
do 277 j-1,4 
do 277 i-1,4 
do 277 k-1,3 
do 277 1-1,3 
cpred(i,j,k,l)=0 
do 276 kl-1,3 
do 276 11-1, 3 
cpred(j,i,k,1)-cpred(j,i,k,l)+a(k,kl)*vi(j,kl,ll)*at(ll,l) 
cpred(j,i,k,1)-cpred(j,i,k,l)+R(i,k,l) 
if (ichk .eq. 1) write(6,278) ((j,k,betapred(j,k),k=l,3),j=l,4) 
format (4 (3 (' betapred(', il,',', il,') -', fl0. 6) /) /) 
if (ichk .eq. 1) write(6,279) ((((i,j,k,l,cpred(i,j,k,1),1=1,3) 
,k-1,3), j-1, 4) ,i-1, 4) 
forrnat(4(4(3(3(' cpred(',il,',',il,',',il,',',il,')=', 
fl0. 6) /) /) /)) 
do 281 k-1,3 
betahat(k)=-0 
do 281 j-1,4 
betahat(k)-betahat(k)+po(j)*betapred(j,k) 
do 284 k-1,3 
do 284 1-1,3 
chat(k,l)•0 
do 284 i-1,4 
do 284 j-1,4 
chat(k,1)-chat(k,l)+po(j)*pi(i)*cpred(j,i,k,l) 
if (ichk .eq. 1) write(6,285) (k,betahat(k),k=l,3) 
forrnat(3(' betahat(' ,il,')-',fl0.6)) 
if (ichk .eq. 1) write(6,286) ((K,L,chat(K,L),L=l,3),K=l,3) 
FORMAT ( 3 ( 3 (' chat (' , Il, ' , ' , Il, ' ) =' , Fl 0. 6) /) ) 
yfcst - 0 
vcast-0 
ypred(l)-0 
ypred(2)-0 
ypred(3)=0 
ypred(4)-0 
do 287 k-1,3 
ypred(l)-ypred(l)+x(k)*betapred(l,k) 
ypred(2)-ypred(2)+x(k)*betapred(2,k) 
ypred(3)=-ypred(3)+x(k)*betapred(3,k) 
ypred(4)-ypred(4)+x(k)*betapred(4,k) 
yfcst=yfcst+x(k)*betahat(k) 
do 288 k-1,3 
do 288 l=-1,3 
vcast=vcast+x(k)*chat(k,l)*x(l) 
secast=sqrt(vcast+sigma2) 
if (ichk .eq. 1) write(6,289) y(nn),yfcst,(ypred(k),k=l,4) 



do 215 j=l,4 
do 215 k-1,3 
umu(i,j,k)-0 
do 214 1-1,3 

214 cx(i,j,1)-xc(i,j,l) 
215 umu(i,j,k)-urnu(i,j,k)+cx(i,j,k)*(yhat(i,j)-y(nn))*vhatinv(i,j) 

if (ichk .eq. 1) write(6,217) (((i,j,k,wl(i,j,k),k=l,3),j=l,4),i=l,4) 
21 7 f o rrna t ( 4 ( 4 ( 3 (' umu (' , i 1, ' , ' , il, ' , ' , i 1, ' ) - ' , f 1 O . 6) /) / ) ) 

if (ichk .eq. 1) write(6,102) (((i,j,k,beta(i,j,k),k=l,3),j=l,4),i=l,4) 

c the section up to statement 230 calculates the corrected covariance 
c matrix of the dynamic parameter (conditional) 

do 230 i-1,4 
do 230 j-1,4 
do 230 k-1,3 
do 230 1-1,3 

230 v(i,j,k,l)•c(i,j,k,1)-cx(i,j,k)*cx(i,j,l)*vhatinv(i,j) 
if (ichk .eq. 1) write(6,242) ((((i,j,k,l,v(i,j,k,l),l=l,3) 

c ,k-l,3),j-1,4),i•l,4) 
242 forrnat(4(4(3(3(' v(',il,',',il,',',il,',',il,')=',fl0.6)/)/)/)) 

c the section up to statement 260 is determining the posterior probabilities 
c of the perturbation index variable 

sum•O 
do 258 i•l,4 
do 258 j-1,4 
err•Y(nn)-yhat(i,j) 
err2-err**2 
if (ichk .eq. 1) write(6,254) y(nn),yhat(i,j),err,err2 

254 Format (4fl0.5) 
258 p(i,j)-po(i)*pi(j)*.3989422803/(sqrt(vhat(i,j))) * 

c exp(-.5*err2/vhat(i,j)) 
if (ichk .eq. 1) write(6,261) ((i,j,p(i,j),j=l,4),i=l,4) 
do 259 i-1,4 
do 259 j•l,4 

259 sum-sum+p(i,j) 
do 260 i-1,4 
do 260 j•l,4 

2 6 0 if ( sum . ne. 0) p ( i, j) -p ( i, j) / sum 
if (ichk .eq. 1) write(6,261) ((i,j,p(i,j),j=l,4),i=l,4) 

261 format(4(4(' p(',Il,',',Il,')-',Fl0.6)/)) 
c the section up to statement 270 finds the condensed posterior means and 
c covariance matrices 
c po(j) is the posterior probof most recent pert index, 
c po2(j) is the post prob of previous pert index 

do 262 j-1,4 
po ( j) •0 
po2(j)-O 
do 262 i•l,4 
po2(j)-po2(j)+p(j,i) 

262 po(j)•po(j)+p(i,j) 
if (ichk .eq. 1) write(6,263) (j,po(j),j=l,4),(i,po2(i),i=l,4) 

263 format(4(' po(',Il,')=',Fl0.6)/,4(' po2(',il,')=',fl0.6)) 
do 266 j-1,4 

264 
266 

267 

do 266 k-1,3 
umuu(j,k)-0 
betai(j,k)-0 
do 264 i•l,4 
if (po(j) .ne. 0.) betai(j,k)=betai(j,k)+p(i,j)/po(j)*beta(i,j,k) 

if (po(j) .ne. 0.) umuu(j,k)-umuu(j,k)+p(i,j)/po(j) * umu(i,j,k) 
continue 
if (ichk .eq. 1) write(6,92) ((i,k,betai(i,k),k=l,3),i=l,4) 
do 267 j•l, 4 
do 267 k-1,3 
betai(j,k)=betai(j,k)-umuu(j,k) 
do 270 j=l,4 



289 forrnat(6fl0.6) 
290 forrnat(i3,9(lx,fl0.6)) 
291 format (4 (4 (lx, fl0. 6) /)) 

c the section up to 299 calculates the combined posterior estimators 
do 295 k-1,3 
betaest(k)-0 
ve(k)-0 
do 295 j-1,4 
ve(k)-ve(k)+po(j)*vi(j,k,k) 
se(k)-sqrt(ve(k)) 

295 betaest(k)-betaest(k)+po(j)*betai(j,k) 
if (ichk .eq. 1) write(6,298) vcast,secast 

298 forrnat(2fl0.6) 
write ( 8 , 2 9 0 ) nn, y ( nn) , ( betaest ( k) , k-1 , 3 ) , ( s e ( k) , k= 1 , 3) , yf cs t , s e cast 
ichk-0 

300 continue 
close(unit-4) 
END 



APPENDIX 3 

COMMUN. STATIST.-SIMULA., 15(3), 819-828 (1986) 

AN EFFICIENT ALGORITHM FOR HARRISON-STEVENS 
FORECASTING t:SING THE Mt:LTI-PROCESS 
MLLTIVARIATE DYNAMIC LINEAR MODEL 

William M. Boistad 

Depanment of Mathematics 
University of Waikato 

Hamilton 
New Zealand 

Key words and phrases: Bayesian forecasting, dynamic linear model, Kalman filter, mixture 

of dis1ribu1ions, mu/ri-process Kalman filter, state vector, stare vector es1imcuor. 

ABSTRACT 

This paper develops a computationally efficient algorithm for Harrison-Stevens 

forecasting in a multivariate time series which has correlated errors. The 

algorithm uses the observation vector one component at a time on the multi­

process multivariate dynamic linear model. This gives a computationaJly 

efficient, robust, quick adapting forec:isting method for non stationary mul­

tivariate time series. 

I. INTRODUCTION 

Recursive estimation techniques have been used in time series analysis for many years. 

One of their main attractions is their computational efficiency. Although time series models 

and statistic:il models are similar in that they are both based on probability, techniques 
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developed in one only slowly diffused into the other. Recursive estimation seems natural in 

time series analysis where the observations come in sequence, but not so in statistical 

analysis; yet the computational efficiency is there for both models. On the other hand, statis­

tics has developed more effective techniques for dealing with multivariate observations. 

Oearly, cross fertilization between the two fields will yield benefits to both. 

Recursive estimation algorithms first appeared in the statistical literature with the recur­

sive least squares algorithm developed by R. L. Plackett (1950). R. E. Kalman (1960) 

discovered the optimal linear tilter for a linear dynamic time varying system. This was 

quickly incorporated intu C{)ntrol system engineering, however statisticians were slow to adapt 

the method to statistical probh:ms even thuugh it has a simple interpretation as a Bayesian 

technique. Duncan and Hom ( 1972) related the Kalman filter to the dynamic linear model. 

Salas and Harville ( 198 I) adapted the method for estimating the parameters of the (static) gen­

eral linear model. Bolstad (1986 A) developed a romputationally efficient recursive estimation 

algorithm for the seemingly unrelated regression model with known contemporaneous covari­

ance matrix. This algorithm enlarged the state vector by adjoining the predicted observation 

error vector at that time. The algorithm used the observation vector components one at a 

time, thus eliminating the need for time consuming matrix inversions. As each component is 

analyzed the dimension of the state variable is reduced by one. 

Harrison-Stevens forecasting is a technique devised by Harrison and Stevens (1971) as a 

forecasting tool for short term forecasting in a time series where there may be underlying 

changes in the proa:ss generating the time series. Baye's theorem is used two ways each time 

an obser\'ation becomes available; parameter es~mation and model selection. It is based on 

the multi-process dynamic linear model. A random variable which Harrison and Stevens call 

.. the state variable'· coming from a single multinomial trial determines the distribution of the 

perturbation applied to the parameter vector of the dynamic linear model at that time. Bol­

stad (1986 B). describes how Harrison and Stevens use the term "state variable'" differently 

than it is used in the Kalman filter applied to the dynamic linear model . In order to prevent 

confusion, this paper will use the term '"perturbation index variable" instead of "state vari­

able ... 

Harrison and Stevens (1976) described the foundations of Bayesian forecasting in terms 

of (i) the parametric or statespace model, (ii) the probabilistic information on the model 

parameters, (iii) the sequential model definition which describes how the model parameters 

change with time, and (iv) the uncertainty as to the underlying model itself as between a 

number of discrete alternatives. They show how their method of Bayesian forecasting can be 

used for a variety of processes. 

West, Harrison, and Migon (1985) have extended the dynamic linear model to the 

dynamic generalized linear model. Their algorithm is a generalization of the Kalman filtering 

algorithm for a univariate time series from a dynamic exponential family model when the 

parameter process is line::ir. Gunman and Pena ( 1985) developed a similar method called 

robust filtering. They incorporate two states, .. outlying observation .. and .. acceptable observa­

uon .. into the obser\'ation equation, not the parameter dynamic equation as is done in 
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Harrison-Stevens forecisting. Thus it will he rohusl against ou1liers, bul it will no1 have the 

quick reacting capability of Harristin-Stevens forecasting because no allowance has been made 

for an abrupt change in the parameters. 

In the Harrison-Stevens algorithm, the correction applied to the parameter vector after 

analyzing the observation is a weighted average of the corrections calculated (conditionally on 

the value of the penurbation index variable) by the Kalman filter where the weights are the 

posterior probabilities of the penurbation index values. It has been referred to as the multi­

process Kalman tilter. However. unlike 1he ordinary Kalman tilter ii is only an approxima­

tion. for it relics tlll the assumption of normality, and a mixture of normal distributions is not 

actually normal. Despite lhis fact, lhe Harrison-Slevens forecasting method is very effective 

for short term forecasts, and also for detecting changes in the underlying process generating 

the time series. 

The purpose of this paper is to de\'elop a oomputationally efficient algorithm for 

Harrison-Stevens forecasting in a multivariate time series where there are correlated observa­

tion errors. While a straight forward application of the Harrison-Stevens algorithm is possible 

for the multivariate case, it would he computationally inefficient due to the matrix inversions 

required. The algorithm developed here will adapt the one component at a time approach 

from Bolstad (1986 A) to the multi-process multivariate dynamic linear model. Thus the only 

matrices to be invened will he one by one. 

2. THE MULTI-PROCESS MULTIVARIATE DYNAMIC LINEAR MODEL 

The multi-process multivariate dynamic linear model is like the dynamic linear model 

in that the parameter vector is subject to penurbations. In the multi-process model however, 

the distribution of the perturbation depends on the penurbation index random variable at lhat 

time. The sequence of penurbation index variables are independent of each other and each 

can he oonsidcred to be the outcome of a single multinomial trial wilh known prior probabili­

ties. The prior probabilities do not have to remain constant over time. This allows prior 

l..nowlcdgc by the forecaster into the .model , hence the forecasting system is very flexible. 

L.cl /, be the pcnurhation index random variable at time r. 

Pr(/,= j) = -rr,'' 1 for j = 1, ... ,k 

When /, = j, the parameter dynamics are governed by the equation 

where ~, is the p by I parameter vector at time r . A, is a known matrix of coefficients at 

time r , and r, is the perturbation vector which is normally distributed with mean vector O and 

1..miwn i;1 ,variann: matrix R,< 11 . The nivariam:c 111a1ri)\ Jcpcnds l>II the pcrlurbalion index J 

and can change cwi::r time. The M by I ohscrvatil>n "ector l, b governed by the obscrvauon 

cquatitlll 

l,=X,~1 +c, 
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when: x,· is the known matrix of coeffic1·ents al t1·me , d h an l e error vectors e, are indepen-
dent N (0, k,) random vectors. 

3. THE ALGORITHM 

This section develops an algorithm for estimating the parameter vector 13, . It starts at 

time t - I with k. unbiased parameter estimation vectors, each conditional on the most recent 

perturbation index variable having been one of the k values and on all the observation vectors 

up to and including_ the most recent y,_ 1. Let Y,_ 1=y,_i,y,_ 2, • • • ,y 1 be the set of observa­

tion vectors up to and including time t -1. Then 

(~,-.-13,-dJ, _ 1=i, Y,-1) is N(0,v,<'.!1) 

where V,<'.! 1 is the known covariance matrix given the penurbation index variable /1 _ 1=i and 

the past observations Y, -I• Also given are the posterior probabilities of the penurbation index 

given the observations, q,<:11 =Pr(l,_ 1=i IY,_ 1). These staning conditions are the same as 

those for the univariate Harrison-Stevens algorithm. 

When the observation vector al time t becomes available, the k parameter vector esti­

mators are projected forward to time t becoming k. 2 parameter vector estimators given the 

penurhation index value at time t as well as the penurbation index value at time t -1 and the 

observations Y, _ 1. In this algorithm S,., ,- 1, the stale vector al time t -1 with m out of the M 

components of the observation vector yet to be analyzed consists of two parts; the parameter 

vector 13, _ 1 and an m by 1 zero vector which is the expected values of the prediction errors of 

the m compone!1ts of the observation vector that haven't yet been analyzed. Each of the k 2 

corresponding state vector estimators also consists of two parts; the corresponding parameter 

estimator, and an estimator for the prediction errors of the components of the error vector not 

yet analyzed. As each component of the observation vector is used, the dimension of the slate 

vector estimators are reduced by one, and a change in the expected value of the state vector 

estimator is calculated based on the prediction error of that component. The joint probabili­

ties of the two most recent perturbation index values are also n:calculated. Al each step the 

only matrices lo be inverted are one by one matrices so the algorithm is computationally 

efficient. 

After all the components of the observation vector have been analyzed, the state vector 

consists of the parameter vector and the state vector estimators consists of the parameter vec­

tor estimators. Then the k 2 parameter vector estimators which are conditional on the two 

most recent perturbation index values are condensed into k parameter vector estimators which 

arc conditional on the most recent penurbation index value. The expected value of these 

parameter vector estimators are no longer the parameter vector, so the posterior parameter 

vector estimators are found by subtraction. The posterior probabilities of the most recent per­

turbation index are also calculated. Then the algorithm is ready to be repeated when another 

observation vector becomes avail.able. 

Steps of the algorithm 
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I. At time t-1 after all the components of Y,_ 1 have been analyzed the state vector 

S0,-1 = 13,- 1 and the state vector estimators (So,-dJ,_ 1=i,Y,_ 1)=(~,-ilI,_ 1=i,Y,_ 1). 

At this stage the slate vector and k state vector estimators are the parameter vector and 

the k corresponding parameter vector estimators respectively, and let q,'~11 be the poste­

rior probability of the penurbation index being i at time , -1. 

2. At time , , before using obscrvatil1n y,, the prior probabilities of the perturbation 

indices are given by v,<, 1 =Pr(l, = j ). Because the sequence of perturbation index vari­

ahles are assumed to be independent, the prior probabilities 

p~~ ·/ 1 = Pr(l, = j ,I,_ 1 =i I Y, _ 1) = -rr,<i 1q,'~11. At that time there are M components of 

the observation vector not yet analyzed and the state vector is 

whereOisaM by lvectorof0's.Let(~,IJ,=JJ,_ 1=i,Y,_ 1) = A,(~,-.II,. 1=i,Y,. 1) 

be the prior estimator of the parameter vector at time I conditional on the perturbation 

index variables /1 =J ,J,_ 1=i and the observation vectors Y,. 1. Each of these is the con­

ditional parameter vector estimator at time 1 -1 brought forward to time , , given I, = j . 

but prior to analyzing observation vector y,. At this stage there are k 2 conditional prior 

estimators of the parameter vector. If at time t the perturbation index variable I, = j 

then r,, the pcnurbatiun vector is N (O,R,<11). Hence the distribution of 

(~, II, =j ,J,. 1=i ,Y,-1) is N(J3, ,C,''-' 1) where c,<r.,J = A, v,<'.!1A,0 +R,<11 

3. Adjl1in to each of these• a M by 1 vector representing the prediction error vector at 

time I given the perturbation index variables I, =j ,J,_ 1=) and the observation vectors 

Y,-1. 

[~, II, =J ,J,_,=i ,Y,-1] 
e,II,=J,1,_ 1=i,Y,_, • 

where ( e,IJ,=J.I,.,=i.Y,_,) = (y,IJ,=J,J,_1=i,Y,.,)-X,(~,II,-1=i,Y,_,) is the 

prediction error vector. Under the assumption that the observation vector is normally 

distributed the distribution of (SA1,-SA1,II,=J,J,_ 1=i,Y,_ 1) is N(O,W,<'·' 1> where the 

covariance matrix 

I Ch.,> -c11.,1x ] 
\V,1r.,1 = -X~C''·'' x·co.:,X +~ 

I I r I I r 

Let 01;·: 1=6 be a p +M by 1 vector of O's . The first p components represent the error 

in the parameter vector estimator, and the last M components represent the prior mean 

values of the prediction error vector. 

4. Set m =M 

5. Panition each of the conditional state vector estimators into 

. I . ls:-·lrll,_=J,/, __ 1=1,Y,.1_,e..,.,,._· 
(S..,, I,=J.I,-1=i,Y,.,.e..,.,,.· •• ,eAt,)= II I y e'", ,-J,,. 1-,, ,-i,e..,. 1,, 

• ~eAI, J 
,e,.., I 
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where i,., , is the the m'1h component of the prediction error vector at time 1. The 

corresponding partitions of the mean vectors are 

0<i.1) = 
m I 10,!;:!/,] 

H,,, I 

And the corresponding partitions of the covariance matrices are 

w<i.j) = 
I IUf'ii) Ufiii)l 

Uj•,1> Uj'i'> 

where Ul'i' 1 isap+m-1 by p+m-1 matrix, U/'211 is ap+m-1 by I matrix, Ujilil is 

a I by p + m - I matrix and Ui' i' 1 is a I by I matrix. The conditional distribution of the 

prior state vector estimator (S,,, _ 1 , Ii,. 1 _/, _ 1 = i , Y, _ i,i,,, , , ... ,iAf , ) is normal with mean 

vector S.,._ 1 , +0~:!/, where the new value of vector 

0~:!/, =0~:!/, +Uf'itl<Ui' i' 1l- 1(e,.,, -H,!;-fll and the covariance matrix 

U/•.-i>-uj'/ 1(Ui'til)- 1U~'j11 . (Graybill, page 63). Note that the only matrices 10 be 

invened are 1 by 1 

6. C.alculate the posterior probabilities of the parameter perturbation indices by 

for i = 1, ... ,k and j =I, ... ,k. These are known since f (i,,, , ) is a constant in each of the 

terms and they must sum to one ( over i and j ) to make a probability distribution. 

f (i,., , ) is the .unconditional density of the random variable i,,, , which has as its distri­

bution a mixture of normal distributions. Hence the calculation of these posterior pro­

babilities requires the assumption of normality. 

7. If m>I then let m =m -I and go to step 5 

8. If m = I then each of the k 2 state vector estimators is now conditional on observation 

y, as well as all the previous observations Y,_ 1 . Hence it can be written as 

(S0 ,ll,=j,J,_ 1=i,Y,) and it equals ({3,lf,=j,J,_ 1=i,Y,). The distributions of the k 2 

estimators of the parameter vector at time 1 

The posterior probabilities of the penurbation index variables are also conditional on 

observation y, as well as on all the previous observations Y, -I· They can be written as 

P c,.,1 = Pr(/ =;·,1 =ilY) 01 I t-1 I 

9. The joint probability-probability density function of <P, ,/,,/,_,I Y,) is 

f (P, J ,i I Y,) = pJ',-' 1 I Ul'ii) 1- 1' 2 xexpl -V2(~, -~. -0J'/ 1)
0 l Ul'i11r 1(~, -~. -0J',-' 1) 

for i=l, ... ,k and j=l, ... ,k. This distribution is a mixture of k 2 normal distributions 

depending cm the two most reet:nt values of tht! penurbalion index variable. The pro-
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cess could be repeated each time another observation vector becomes available, however 

this would quickly get out of hand computationally. Instead we want to gel the poste­

rior distribution as a mixture of k normal distributions depending on the most recent 

penurbation index value. The composite estimator vector is the mixture estimator 

I I 

(~,IY,) = L LPtl1i 11(~,ll,=j,J,_1=i,Y,) = 
I 

Lq,li 1c~, 11, =J ,Y,) 
I= I , =- I ,=1 

\\here 

(~, II, =j ,Y,) ' = (q,<il)-l~pJ'/1(~, If, =j ,/, 
I• I 

and the posterior probability is given by 

I 

q,<11=Pr(i,=JIY,) = LPr(l,=j,J,_ 1=ilY,) = 
'a I 

The mean vector of a mixture is the mixture of the mean vectors and the covariance 

matrix of a mixture is the mixture of the covariance matrices plus the mi,nure of the 

cross products of the deviations of the mean vectors from tht: overall mean vector. 

Hence, (~·, I I, = j , Y,) is has mean vector 13, + µ, tn and awariance matrix v,<11 where 

l 

µ, ~ii = (q,Ul)-12,pJ\-il0Ji/l 
,-1 

and 

I 
v,<n = (q,<il>-1LPtl'/'fUf;in+c0g,-n-µ,'-;1><0J';i>-1-1,Cil). l 

,-1 

From this we see that the prior estimator vector (~, IJ, = j ,Y,) is no longer an unbiased 

estimator of ~. . We correct the estimator by subtracting the mean vector t give the 

posterior es1im.1tor 

(~, II, =j .Y,) = (~, II, =j ,Y, )-µ,''-'>. 

·me correction applied is a weighted average 1lf the corre,·tions c.1lculated by the Kal­

man lilter Cl'nditional on each possihk penurhation index value a1 lime , - I where the 

weights arc the posterior pnibahilitics 11f the pcnurha1ion index al lime I - I given the 

pcnurbation index at time , and the observations Y, . At this time we approximate the 

mixture distribution by a normal distribution h.iving the same mi:an vector and covari­

ance matrix. This can 1mly he an approximation since a mixture of llllrmal 

distrubutions is normal only in the trivial case that all mean vectors and wvariance 

matrices arc respectively equal. At this point there arc k normally distributed unbiased 

paramt:tcr estimawr vectors each conditional on the most recent state value and on all 

p.ist observations, and posterior probabilities for the most recent parameter perturbation 

value given the past observations. 

10. I.ct 1 =t + I ;md go 111 step I. 
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4. THE DISTRIBUTION OF THE FORECAST 

The predicted v.ilue of the parameter vector .it time 1 +1 is the composite estimator at 

time t brought forw.ird to time t + I , (P,. i I Y,) =- A, .,(P, I Y,) = ±q,111 A, .. 1(J3 I I, =i, Y, ). 
'•I 

Since the expected value of the perturbation vector equals the zero vector this is an unbiased 
estimator of the parameter vector at time r + I . Hence 

t ' 
N r o; r r q," '-rr,U.11c,<~{ 11 

,-,;-, 

h C <• !' v<,1 • u, w ere , • = A, .. , , A, .. ,+~., . The unbiased forec:ist of the observation vector is 

Y,•1 =- x; ... c~, .. .jY, since the expected value of the observation error vector is the zero 

vector. The covariance matrix of the prediction errors is given by 

Under the assumption that a mixture of normal random vectors has the normal distribution, 

the prediction error vector has the mullivariate normal distribution, so prediction regions can 
be constructed. 

5. PRACTICAL CONSIDERATIONS FOR IMPLEMENTATION 

The correction mechanism of the algorithm combines two uses of Baye 's theorem for 

each component of the observation vector. The first is the calculation of the posterior mean 

vector and covariance matrix of the state vector estimator by the Kalman filter, conditionaJly 

for e:ich pair of previous and current perturbation index values. The second is the use of the 

prediction error for that component to recalculate lhc posterior probabilities of both lhe 

current and the previous perturbation indices. Thus the posterior probabilities of the pertur­

bation index at time r - I are calculated once :ifter e:ich component of y, - • and again after 

each component of y,. The use of two observation vectors is wh:it enables the method to 

make distinctions between the types of perturbations and :idjust the perturbation index proba­

bilities accprdingly. 

The two aspects are brought together in the condensation of a mixture of /,; 2 normal ran­

dom vectors into :i mixture of k normal r:mdom vectors. The f1m1l correction is the weighted 

a\'crage of lhe conditional corrections where the weights are the conditional probabilities of 

the previous perturbation index values given the present perturbation index value and after 

analyzing the present observation vector. Yf'hen it appears th:it a change in the underlying 

process gener:iting the time series h:is .occured due to particular type perturb:ition. there is a 

small correction due to e:ich of the conditional applications of the Kalman filter. However the 

posterior probabilities of the previous perturbation index \·alues do not change much. so the 

condensation ph:isc: doesn't generate much correction. However. the posterior probabilities of 

the current perturbation index values change considerably, in particular th:it type perturbation 
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becomes much more probable. Hence if the next observation also indicates that the change 

has occurred in the underlying process, there is a correction due to each of the conditional 

applications of the Kalman filter and the posterior probabilities of the previous perturbation 

values also change. Hence there is a large correction due to the condensation phase emphasiz­

ing that particular type penurbation. This allows.the rapid adjustment of the parameters two 

observations after a change in the time series occurs. 

The method requires knowledge of the observation error covariance matrix. In many 

cases this will have lo be estimated from past data by using an initial smoothing process. A 

learning system could be incorporated and the covariance estimates improved over time. 

The method also requires the penurbation index distribution and the covariance matrices 

of the perturbation distributions to he specilied. Harrison and Stevens ( 1971) have shown that 

for univariate lime series, the method is not sensitive lo the covariances of the perturbation 

distributions assumed. In fact, changes of the order of 400 % had negligablc effect on the 

root mean square forecast error. ll is believed that the multivariate case will be similarly 

robust. 

6. CONCLUSION 

This algorithm is an efficient extension of the Harrison-Stevens forecasting method into 

multivariate lime series which have correlated observation errors. It is a very robust method 

that is particularly suitable for forecasting in non-stationary time series. ll uses Baye 's 

theorem two ways, and despite the a,sumption of normality it can only be an approximation. 

The forecaster can intervene in the method by varying the prior penurbation index probabili­

ties. hence the method is quite flexible. It also determines the posterior probabilities of the 

perturbation indices in situations where it is important lo know when and what type change in 

the underlying process has occurred. 
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:-::=,c.~:=,.~.:: ::sss THE MULTIVARIATE MU:.':"IPROCESS DYNAMIC ~Il~EAF. t~c;::,2::.. 
implicit double precision (a-h,o-z) 
DIMENSION Bpost(4,18), bprior(4,4,18),bp(l8) 
dimension A(l8,18),at(l8,18),xt(6,18),x(l8,6),xta(6,18) 
dimension v(4,18,18),r(4,18,18),c(4,4,18,18),sigma(6,6) 
DIMENSION P I ( 4 ) , q ( 4 ) , post ( 4 , 4 , 6 ) , p j ( 4 , 4 , 2 4 ) , q2 ( 4 , 4 ) 
DIMENSION theta(4,4,24),w(4,4,24,24),wtheta(4,4,24),umu(4,4) 
dimension thmimu(4,4,18) 
dimension yhat(4,4,6),ehat(4,4,6),obs(l20,6),err(4,4) 
dimension ratio(l20) 
dimension ull(4,4,24,24),ul2(4,4,24),u22(4,4),pred(6) 
integer index,ipar,iobs,i,j,il,jl,k,kl,k2,k3 

c bpost is the posterior estimator second index 
c bprior is the prior estimator third index 
c bp is the predicted parameter vector 
c A is the dynamic matrix, xis the observation matrix 
c xt is transpose of x xta is xt*a 
CV is the posterior covariance matrix second and third indices 
Cr is the perturbation covariance matrix second and third indices 
Cc is the prior covariance matrix third and fourth indices 
C sigma is the observation covariance matrix 
C pi is the prior probability,q is the posterior probability 
C post is the posterior joint probability first and second indices 
C theta is the mean vector third index 
Cw is the covariance matrix of the estimate and the mean vectors 3 & 4 index 
C yhat is the predicted observation vector third index 
Cy is the observation vector 
C ehat is the prediction error third index 
c index is the number of possible index values 
c l=no change,2 is transient, 3 is mean change, 4 is slope change, 
c ipar is the dimension of the parameter vector 
c iobs is the dimension of the observation vector 

CALL ASSIGN(6,'mvHS.OUT') 
CALL ASSIGN(B,'mvhsinf.OUT') 
index-4 
pi(l)-.9 
pi(2)-.05 
pi(3)=.04 
pi(4)-.0l 
q(l)-.9 
q(2)=.05 
q(3)-.04 
q(4)-.0l 
ipar=lB 
iobs=6 
do 40 k=l,ipar 
do 39 kl=l,iobs 
x(k,kl)=O 

39 xt(kl,k)-0 
do 40 kl=l,ipar 
at(kl,k)-0 

40 a (k, kl)-0 
do 41 k=l,iobs 
a(3*(k-l)+l,3*(k-l)+ll-l 
a(3*(k-l)+l,3*(k-1)+2)=1 
a(3*(k-l)+l,3*(k-1)+3)=.75 
a(3*(k-1)+2,3*(k-1)+2)=1 
xt(k,3*(k-l)+l)=l 
xt(k,3*(k-1)+3)=1 

41 continue 
do 42 k=l,iobs 
do 42 kl=l,ipar 
x(kl,k)=xt(k,kl) 

42 continue 
do 43 k=l,ipar 
do 43 kl=l,ipar 



45 

46 

47 

48 

49 

50 

51 

52 

53 

.:.chk=l 
if (ichk .eq. 1) 
format ( ' A(i, j) 
if (ichk .eq. 1) 

FORMAT(lx,18f4.1) 
if (ichk .eq. 1) 

format ( ' X(i,j) 
if (ichk .eq. 1) 

FORMAT(lx,6f4.1) 

write(6,45) 
, ) 

write(6,46) 

write (6,47) 
, ) 

write(6,48) 

if (ichk .eq. 1) write (6, 49) 
format (' XT(i,j) ') 
if (ichk .eq. 1) write(6,50) 

FORMAT(lx,18f4.1) 
do 51 k-1,iobs 
do 51 kl-1,ipar 
xta(k,kl)=0 

((a(K,kl),kl=l,ipar),K=l,ipar) 

((x(Kl,k),K=l,iobs),kl=l,ipar) 

((xt(K,kl),kl=l,ipar),K=l,iobs) 

do 51 k2-1,ipar 
xta(k,kl)-xta(k,kl)+xt(k,k2)*a(k2,kl) 
if (ichk .eq. 1) write (6, 52) 

format ( ' XTA(i, j) ') 
if (ichk .eq. 1) write(6,53) 
FORMAT(lx,18f4.l) 

((xta(K,kl),kl=l,ipar),K=l,iobs) 

open(unit-4,file-'cpigrinf.dat' ,status='old') 
nobs-112 
do 55 n-1,nobs 

read ( 4, 58) obs ( n, 1) , obs (n, 2) , obs ( n, 3) , obs (n, 4) , obs ( n, 5) , obs ( n, 6) 
c ,ratio(n) 

55 if (ichk .eq. 1) write(6,60) obs(n,l),obs(n,2),obs(n,3),obs(n,4) 
c ,obs(n,5),obs(n,6) 

58 format(8x,7f9.5) 
60 format(lx,6f8.5) 

open(unit-5,file='sigma.dat',status='old') 
do 80 k•l,iobs 
read ( 5, 75) sigma (k, 1), sigma (k, 2), sigma (k, 3), sigma (k, 4), sigma (k, 5), 

c sigma(k,6) 
75 format(lx,6fl3.10) 
80 continue 

do 81 k-1,6 
do 81 kl•l,6 

81 sigma (k,kl)•.l*sigma(k,kl) 
if (ichk .eq. 1) write(6,82) 

82 format( ' SIGMA' ) 
if (ichk .eq. 1) write(6,83) ((sigma(K,kl),kl=l,iobs),K=l,iobs) 

83 FORMAT(lx,6f13.10) 
do 87 j•l,index 
do 87 k-1,ipar 
do 87 kl•l, ipar 

87 r(j,k,kl)-0 
do 88 k-1,iobs 
do 88 kl-1,3 
r (2, (k-1) *3+3, (k-1) *3+3 )-36*sigma (k, k) 
r (3, (k-1) *3+1, (k-1) *3+1)-16*sigma(k,k) 

88 r(4, (k-1)*3+2, (k-1)*3+2)=.25*sigma(k,k) 
if (ichk .eq. 1) write(6,89) 

89 format( ' R(i,j) ' ) 
if (ichk .eq. 1) write(6,90) (((R(j,K,kl),kl=l,ipar),K=l,ipar) 

c ,j=l,index) 
90 FORMAT(lx,18f5.3) 

do 95 i=l,index 
bpost(i,l)=l 
bpost(i,4)=1 
bpost(i,7)=1 
boost(i,10)=1 
::~::st (i, 13) =l 



95 

96 

97 

98 

99 

do 95 k=l,ipar 
v(i,k,k)=l 
if (ichk .eq. 1) write (6,96) 
format ( ' bpost ' ) 
if (ichk .eq. 1) write(6,97) ((bpost(i,k),k=l,ipar),i=l,index) 

FORMAT(lx,18(F7.4)) 
if (ichk .eq. 1) write(6,98) 

format( 'V(i,k,kl) ' ) 
if (ichk .eq. 1) write(6,99) (((v(i,K,kl),kl=l,ipar) 

c ,K-1,ipar),i-1,index) 
FORMAT(lx,18F7.4) 

do 300 n-1,nobs 

ichk-0 
c statements to 110 are extrapolating the estimator from t-1 tot 

100 do 110 i-1,index 
do 110 j-1,index 
do 110 k-1,ipar 
bprior(i,j,k)-0 
do 110 kl•l,ipar 
bprior(i,j,k)-bprior(i,j,k)+a(k,kl)*bpost(i,kll 

110 continue 
if (ichk .eq. 1) write(6,lll) 

111 format (' bprior(i,j,kl ' ) 
if (ichk .eq. 1) write(6,112) (((bprior(i,j,k),k=l,ipar) 

c ,j-1,index),i•l,index) 
112 FORMAT(lx,18F7.4) 

c statements to 120 are extrapolating the covariance mat from t-1 tot 
do 120 i•l,index 
do 120 j•l,index 
do 120 k-1,ipar 
do 120 kl-1,ipar 
c(i,j,k,kl)•R(j,k,kll 
do 120 k2•1,ipar 
do 120 k3-l,ipar 
c(i,j,k,kl)-c(i,j,k,kl)+a(k,k2)*V(i,k2,k3)*at(k3,kl) 

120 continue 
if (ichk .eq. 1) write(6,121) 

121 format (' c(i,j,k,kl)' l 
if (ichk .eq. 1) write(6,122) ((((c(i,j,k,kl),kl=l,ipar) 

c ,k-1,ipar), j•l,index),i=l,index) 
122 FORMAT(l8F7.4) 

c statemants to 130 are setting prior mean to zero 
m=ipar+iobs 
do 130 i•l,index 
do 130 j•l,index 
do 130 k-1, m 
theta(i, j,k)•0 

130 continue 
c statements to 150 are setting prior covariance matrix 
c and setting prior probabilities of perturbation index 

do 135 i•l,index 
do 135 j-1,index 
do 135 k=l, ipar 
do 135 kl-1,ipar 
w(i,j,k,kl)=c(i,j,k,kl) 

135 continue 
do 140 i=l,index 
do 140 j-1,index 
do 140 k=l,ipar 
do 140 kl=l,m-ipar 
w(i,j,k,ipar+kl)=0 
do 140 k2=1,ipar 



145 

150 
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w(i, j,ipar+kl,k)=w(i, j,k,ipar+kl) 
continue 

do 145 i=-1, index 
do 145 j-1,index 
do 145 k-1,m-ipar 
do 145 kl-1,m-ipar 
w(i,j,ipar+k,ipar+kl)-sigma(k,kl) 
do 14 5 k2-l, ipar 
do 145 k3-l,ipar 
w(i,j,ipar+k,ipar+kl)-w(i,j,ipar+k,ipar+kl)+xt(k,k2)*c(i,j,k2,k3) 

c *xt(kl,k3) 
continue 
do 150 i-1, index 
do 150 j-1, index 
pj(i,j,ipar+iobs)=-pi(j)*q(i) 
continue 

c statements to 160 calculate estimation errors 

do 160 i-1,index 
do 160 j-1,index 
do 160 k•l,iobs 
yhat(i,j,k)-0 
do 155 kl-1,ipar 

155 yhat(i,j,k)-yhat(i,j,k)+xt(k,kl)*bprior(i,j,kl) 
ehat(i,j,k)=obs(n,k)-yhat(i,j,k) 

160 continue 
162 continue 

if (ichk .eq. 1) write (6,221) 
if (ichk .eq. 1) write (6,222) ((pj(i,j,m),j=l,index),i=l,inde:-:) 

c type *, n,m 
if (ichk .eq. 1) write(6,163) 

16 3 format (' w ( i, j, k, kl) ' ) 
if (ichk .eq. 1) write(6,164) ((((w(i,j,k,kl),kl=l,m) 

c ,k=l,m),j-l,index),i-1,index) 
164 FORMAT(lx,24f5.l) 

c statements to 200 update the mean vector 
do 180 i•l,index 
do 180 j-1,index 
do 175 k•l,m-1 
ul2 (i, j,k)•w(i, j,k,m) 
do 175 kl•l,m-1 

175 ull(i,j,k,kl)•w(i,j,k,kl) 
u22 (i, j)•w(i, j,m,m) 

180 continue 
if (ichk .eq. 1) write (6,181) 

181 format ( ' u22 (i, j) ') 
if (ichk .eq. 1) write (6,182) ((u22(i,j),j=l,index),i=l,index) 

182 format (lx, 4£18 .15) 
c statements to 200 update the mean vector 

do 200 i•l,index 
do 200 j•l,index 
do 200 k=l,m-1 
theta(i,j,k)=theta(i,j,k)+ul2(i,j,k)*(ehat(i,j,m-ipar)-theta(i,j,m) )/ 

C u22(i,j) 
200 continue 

if (ichk .eq. 1) write(6,201) 
201 format (' theta(i,j,k)') 

if (ichk .eq. 1) write(6,202) (((theta(i,j,k),k=l,m),j=l,inde:-:) 
c ,i=l,index) 

2'.)2 format (lx,24f5.2) 



- statements to 210 ~pcate the covariance matrix 
do 210 i=l,index 
do 210 j-1,index 
do 210 k-1, m-1 
do 210 kl-1,m-l 
w(i,j,k,kl)-ull(i,j,k,kl)-ul2(i,j,k)*ul2(i,j,kl)/u22(i,j) 

210 continue 
if (ichk .eq. 1) write(6,163) 
if (ichk .eq. 1) write{6, 164) ( ( ( (w(i, j,k,kl) ,kl=l,m) 

c ,k-1,m),j-l,index),i-l,index) 
c statements to 230 recalculate the last two posterior index probs 

sum-a 
do 220 i-1,index 
do 220 j-1,index 
err(i,j)-ehat(i,j,m-ipar)-theta(i,j,m) 

pj(i,j,m-l)-pj(i,j,m)*exp(-.5*err(i,j)**2/u22(i,j))/sqrt 
C (u22 (i, j)) 

sum-sum+pj(i,j,m-1) 
220 continue 
221 format(' pj(i,j) ') 
222 format(lx,4fl0.8) 

if (ichk .eq. 1) write (6,223) 
223 format (' err(i,j) ') 

if (ichk .eq. 1) write (6,224) ((err(i,j),j-1,index),i=l,index) 
224 format(lx, 4fl8.15) 

c type *, sum 
suml-0 
do 230 i-1,index 
do 230 j-1,index 
pj(i,j,m-1)-pj(i,j,m-l)/sum 
suml-suml+pj(i,j,m-1) 

230 continue 
m-m-1 

if (m .GT. ipar) go to 162 
ichk-0 

c the statements to 250 calculate the condensed mean and estimator 
do 235 j-1, index 
sum-a 
do 233 i-1,index 

233 sum-sum+pj(i,j,ipar) 
235 q(j)-sum 

do 240 i-1,index 
do 240 j-1,index 
if ( q { j) . gt . 0) then 
q2 (i, j)-pj (i, j, ipar) /q( j) 
else 
q2(i,j)-pi(i) 
end if 

240 continue 

250 

251 

252 

if (ichk .eq. 1) write (6,221) 
if (ichk .eq. 1) write (6,222) ((pj(i,j,ipar),j=l,index),i=l,index) 
do 250 j-1,index 
do 250 k-1, ipar 
umu(j,k)-0 
bpost(j,k)=O 
do 250 i-1,index 
umu(j,k)-umu(j,k)+q2(i,j)*theta(i,j,k) 
bpost(j,k)=bpost(j,k)+q2(i,j)*bprior(i,j,k) 
continue 
if (ichk .eq. 1) write (6,251) 
format ( ' q2 (i, j) ') 
if (ichk .eq. 1) write (6,252) ((q2(i,j), j=l,index),i=l,index) 
format ( lx,4fl0.8) 
if (ichk .eq. 1) write (6,253) 



261 

262 

: C ::-::-,a C ( ' q ( j ) ' ) 
if (ichk .eq. 1) write (6,252) (q(j),j=l,index) 
if (ichk .eq. 1) write (6,261) 
format ( ' umu(j,k)') 
if (ichk .eq. 1) write (6,262) ((umu(j,k),k=l,ipar),j=l,index) 
format ( lx,18f7.4) 

c the statements to 270 calculate the condensed cov matrix 
do 265 i-1,index 
do 265 j-1,index 
do 265 k-1,ipar 

265 thmimu(i,j,k)-theta(i,j,k)-umu(j,k) 

do 270 j-1,index 
do 270 k-1, ipar 
do 270 kl-1,ipar 
V(j,k,kl)-0 
do 270 i•l,index 
v(j,k,kl)-v(j,k,kl)+q2(i,j)*(w(i,j,k,kl)+(theta(i,j,k)-umu(j,k)) 

c *(theta(i, j,kl)-umu(j,kl))) 
270 continue 

c the statements to 280 calculate the posterior estimator 
do 280 j-1,index 
do 280 k-1,ipar 
bpost(j,k)-bpost(j,k)-umu(j,k) 

280 continue 
c type *, ( (bpost ( j, k), k-1, ipar), j-1, index) 
c type *, (q ( j), j-1, index) 

if (ichk .eq. 1) write (6,281) 
281 format ( ' bpost ( j, k) ') 

if (ichk .eq. 1) write (6,282) ((bpost(j,k),k=l,ipar),j=l,inde:•:) 
282 format ( lx,18f7.4) 

if (ichk .eq. 1) write (6,283) 
2 8 3 format ( ' v ( j , k , k 1 ) ' ) 

if (ichk .eq. 1) write (6,284) ( ( (v(j,k,kl) ,kl-1, ipar) 
c ,k-l,ipar),j-1,index) 

284 format ( lx,18f7.4) 
do 286 k-1,iobs 

286 pred(k)-0 
do 288 k-1,ipar 
bp(k)-0 
do 288 j-1,index 

288 bp(k)-bp(k)+bpost(j,k)*q(j) 
c type*, (bp(k),k-1,ipar) 

do 290 k-1,iobs 
do 290 kl-1,ipar 

290 pred(k)-pred(k}+xta(k,kl)*bp(kl) 
c type *, (pred (k}, k"'l, iobs) 

write (8,295) ((obs(n,k),k-1,iobs), (pred(k),k=l,iobs),ratio(n) ) 
295 format(l3fl0.7) 

300 continue 

end 
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APPENDIX 4 

The multiprocess dynamic linear model with biased perturbations: 
• A real time model for growth hormone level 

BY WILLIAM M. BOLSTAD 

Department of Mathematics, University of Waikato, Hamilton, New Zealand 

SUMMARY 

This paper introduces biased perturbation distributions into the multiprocess dynamic 
linear model in order to represent growth hormone levels in animals, which are charac­
teristically noisy pulsatile time series. The use of biased perturbation distributions allows 
a pulse to be detected on the first observation immediately after it occurs, thus allowing 
the process to be modelled in real time. This approach is found to be quite effective at 
detecting the occurrence of a pulse in growth hormone level, and revising the parameter 
estimates and predictions accordingly. 

Some key words: Harrison-Stevens forecasting; Mixture distribution; Multiprocess Kalman filter; Pulsatile 
time series. 

l. INTRODUCTION 

The measured concentration levels of certain biochemicals in biological organisms 
frequently exhibit the characteristics of noisy pulsatile time series, as does the plasma 
growth hormone concentration described by Brier et al. (1986). Thus, the concentration 
usually declines exponentially towards a base level, however, sometimes a pulse occurs 
and the concentration rises a large amount. Both the time between pulses and the pulse 
magnitudes are unpredictable. The process is sampled at equally spaced time points and 
the observations are subject to measurement errors. Models for this process must account 
for both the dynamic behaviour and the measurement error characteristics of the series. 
Recursive estimation of the parameters of a dynamic model makes use of both the 
dynamic and error characteristics of the series. Since the parameter estimates are updated 
each time an observation is taken, it is possible to model the series in real time, thus 
enabling researchers to monitor the effects of experimental intervention. 

The multiprocess dynamic linear model was used by Harrison & Stevens (1971) to 
make short term forecasts in a time series that is subject to abrupt changes in pattern 
and transient effects. The changes are modelled by adding a random perturbation vector 
having zero mean to the linearly updated parameter vector. The covariance matrix of the 
perturbation takes on one of k possibilities depending on the current value of the 
perturbation index variable, the outcome of a multinomial trial with known prior prob­
abilities. After each observation, the parameter vector estimator, conditional on the 
perturbation index variables, is updated by the Kalman filter applied to the dynamic 
linear model (Duncan & Hom, 1972). Then the posterior probabilities of the perturbation 
index variable are calculated. The resulting posterior distribution of the parameter vector 
estimator a mixture of k mixtures of k normal distributions, is condensed into a mixture , 
of k normal distributions, each normal having the same first two moments as the 
corresponding mixture component. This returns the algorithm to its initial conditions 
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ready for the next observation. A clear exposition of the algorithm, and why it is able 
to distinguish between a real change and a transient effect following the second subsequent 
observation, is given by Bolstad (1986). 

West, Harrison & Migon (1985) developed the dynamic generalized linear model where 
the observation distribution is from a known one-dimensional exponential family, and 
a known function of the mean is a linear function of the parameters. A multiprocess 
extension of this model has been developed by Bolstad (1988). 

In the present paper a known bias is introduced into the perturbation distribution, 
involving a nonzero perturbation mean to allow for the sudden pulse in the time series. 
The algorithm outlined in §§ 2-4 resembles that of Harrison & Stevens (1971) in that 
Bayes's theorem is used both for parameter estimation and for model selection, but using 
the nonzero perturbation mean allows the pulse to be detected following the first sub­
sequent observation rather than the second. Thus the model is appropriate for real time 
estimation and prediction in noisy pulsatile time series. In § 5, the growth hormone data 
described by Brier et al. ( 1986) are analysed.· 

2. THE MULTIPROCESS DYNAMIC LINEAR MODEL WITH BIASED PERTURBATIONS 

In the multiprocess dynamic linear model, the dynamic behaviour of the parameter 
vector has both a deterministic and a random part. The parameter dynamic equation is 

/3r = A,/3,-1 + rr, 
where /3r is the v x 1 parameter vector at time t, A, is a known matrix of coefficients at 
time t, and r, is the perturbation vector at time t, whose distribution depends on the 
value of the perturbation index variable at time t. In this model we are allowing the 
perturbation distribution to be biased, so r, ~ N( 1J~n, R\i>) when the perturbation index 
variable Ir= i for i = 1, ... , k. The sequence of perturbation index variables are indepen­
dent of each other, and each can be considered the outcome of a single multinomial trial 
with known prior probabilities, 1T~iJ =pr([,= i) for i = 1, ... , k. Prior knowledge can be 
incorporated in the system by allowing the prior probabilities to change with time. 

The observation y, is governed by the observation equation 

Yr= x;13r + er, 

where the observation errors er are independent N(O, a-;) random variables that are 
independent of the perturbation random vectors and the perturbation index random 
variables. Here x; is the known row vector of observation coefficients at time t. 

3. THE RECURSIVE ALGORITHM 

The algorithm starts at time t - 1 with an unbiased parameter estimator vector condi­
tional on all the observations up to and including the most recent, Y,-1 . Its conditional 
distribution is assumed to be normal with mean vector equal to the parameter. vector, 
and a known covariance matrix. Let Yr-i = Yr- i, Yr-i, ... , Y1 denote the set of observations 
up to and including time t -1. Then (/3r-i -/3r-1IYr-1) ~ N(O, Vr-1), where Vr-1 is the 
covariance matrix given the past observations Yr-1. 

If at time t the perturbation index variable Ir = i, then the perturbation vector rr ~ 
N( 11\il, R\il). Let 

A • A I ) (i) 
(/3rllr = I, Yr-1) = Ar(/3r-l Yr-I + 1Jr 
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be _the prior estimator of the parameter vector at time t. It is the conditional parameter 
es~1mat?r :ect~r brought forward to time t given I, = i, b _ __ut prior to observation y1• The 
pnor d1stnbut1on of the conditional random variable (/31 - /3,II, = i, y1_1) is N(O, C~il), 
where the covariance matrix c;•> = A 1 V,A~ + R;il. The predicted value of the observation 
at time t given I, = i is 

A(i) X'( Q I I • ) y, = I/JI ,=1,Y,-1-

The joint random variables 

( /3, -/3, I I,= i, Y,-1) _ N{(O)· ( C;il 
- "(i) - • ' , (i) y, y, I I, - l, Y,-1 0 -x,c, 

Hence the conditional random variable (/3, - /31 I I, = i, y1) has the distribution 
N(µ;'>, V;'>), where 

µ;i) = o- c~i) x,(x;c;i) x, + <T;)- 1(y, - _v;i)), 

v;j) = c;i) - c~i) x,(x;c~i) x, + <T;)- 1 x;c;i>_ 

The prior probability of the perturbation index variable is pr (J, = i) = Tr;i). Since 

(y, I I,= i, Y,-1) ~ N(.v;j>, x;c;i> x, + CT;), 

the posterior probability of the perturbation index variable is 

q;i) = Tr;j){f(y, n- 1(27r )-!1x; C;i) X, + (T;1-½ exp { -½(X;C;i) X, + <T;)- 1(y, - y;il)2} 

for i = 1, ... , k. This is completely determined, because the unconditional density function 
f(y,) is a proportionality constant in all the probabilities, and they sum to one. Note that 
calculation of these posterior probabilities implicitly assumes normality. Thus the joint 
probability-probability density function of (~,, I,IY,) is 

f(fi,, ily,) = q;i)(27r) +'I vn-t exp { -½<fi, - /3, - µ;i))'( 0,i))-1(~, - /3, - µ ;i))} 

for i = 1, ... , k. 
To find the marginal probability density function of (~, I y1 ), we sum the joint 

probability-probability density function over i = 1, ... , k. Thus 

i=I 

This posterior distribution is a mixture of k normal distributions. The mean vector of a 
mixture is the mixture of the mean vectors, and the covariance matrix of a mixture is 
the mixture of the covariance matrices plus the mixture of the cross products of the 
deviations of the mean vectors from the overall mean vector. Hence the estimator 

k 

~,ly,= L q;i)(.B,II,=i,y,) 
i=l 

has mean vector /3, + m,, where the bias vector and covariance matrix are 

k 
- ' (i) (i) m, - L... q, µ, ' 

k 

V, = L q;il{V;il+(µ;il-m,)(µ;il-m,)'}. 
i=I i=I 

Thus the prior estimator(~, I y,_ 1) is no longer an unbiased estimator of /3,. The posterior 
estimator is found by subtracting the bias vector to give 

(,B,ly,) = (fi,IY,-1)- m,. 
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The corre~~on m, is a weighted average of the corrections calculated by the Kalman 
filt~r cond1t1onal on each possible value of the perturbation index at time t, where the 
weights _are the p~st~rior probabilities of the perturbation index at time t given the 
observauo~. ~t th~s time ~e approximate the distribution of the posterior estimator by 
a normal ~1stn?ut1~n havmg the same mean vector and covariance matrix. This is only 
an approx1mat1on smce a mixture of normals is only normal in the trivial case when all 
the mean vectors and covariance matrices are respectively equal. We are now in the same 
position as we were when the algorithm started, so we are ready to repeat the algorithm 
when the next observation becomes available. 

4. MODELLING PULSATILE TIME SERIES 

In a pulsatile time series, the level of a variable is geometrically decaying towards a 
base level, except when a pulse occurs and the level rises by an unpredictable amount. 
This can be modelled by a multiprocess dynamic linear model with biased perturbations 
using the parameter vector /3, = (A,, b )', where A, is the level at time t and b is the base 
level. The dynamic matrix is 

A =[a , 0 
1-aJ 

1 ' 

where a is the decay factor between 0 and 1. There are two possible values of the 
perturbation index variable, I, = 1 when there is no pulse, and I, = 2 when there is a 
pulse. The corresponding perturbation distributions are that, if I,= 1, r, is zero with 
probability one; and, if I,= 2, the first component of r, is N( 171 , a-7) and the second 
component is zero. The row vector of observation coefficients is X~ = ( 1 0), the observation 
errors e, are independent N ( 0, <T;) random variables, a-;« <Ti, and 1T; 1 , » 7T;

21
. 

The algorithm is easily able to detect when a pulse occurs because the posterior 
probability that the perturbation index variable equals one is nearly one whenever an 
unexpectedly large value of the observation occurs. Thus, when a pulse occurs, there is 
a large correction of the estimated parameter value on the first subsequent observation. 
The algorithm was tested on simulated series and was found to be very effective at 
detecting a pulse and quickly reacting to it. 

5. MODELLING GROWTH HORMONE LEVEL 

The growth hormone concentration data from the experiments described by Brier et 
al. ( 1986) relating growth hormone level with dietary stress were analysed using the 
model developed in the previous sections. In these experiments, a group of fifteen steers 
were divided into a control group and two treatment groups of five steers each. Blood 
samples from these steers were taken every 15 minutes over a 25 hour interval, at the 
end of three time periods. During time period I, five weeks, each steer was on a normal 
nutrition plane. During time period II, four weeks, the control group remained on a 
normal nutrition plane while the two treatment groups of the steers were subjected to 
moderate and severe dietary stress, a reduced nutrition plane at one of two levels, 
respectively. During time period III, three weeks, all the steers were back on the normal 
nutrition plane. 

There was a considerable variation in the growth hormone level exhibited between 
individual steers and between the treatment groups. In particular, it appeared that the 
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base level was different for each steer for each of the treatments, so a different base level 
was assigned to each steer-treatment combination. The geometric decay rate a = 0· 55 and 
the variances a; = 20 and a: = 60 were found to minimize the sum of squares of one-step 
prediction errors over all steer-treatment combinations. In Fig. 1 (a), 2(a) and 3(a) are 
shown the estimated growth hormone level profiles and the observations for three steers, 
one from each of the three respective treatments; and in Fig. l(b), 2(b) and 3(b) are the 
corresponding posterior probabilities of a pulse. Steer 8 is in the control group, steer 14 
is in the moderately stressed group, and steer 9 is in the severely stressed group. These 
animals exhibit typical patterns for their respective groups. Note the increased pulsatility 
of growth hormone level for the observations taken during time period II for steer 14 
and steer 9 while they are under dietary stress, in both pulse magnitude and pulse 
frequency. The results for these steers during time period III show a residual effect of 
increased pulse magnitude, but decreased frequency. 

(a) (b) 

Period I 

~ JLL 
Period II 

1--=----•,,._.-,....·, ::-::z- ----·;.. ·:::..,... 

Period III 

Fig. 1. Steer 8. Time periods I, II, III. Control group: normal n~~rition throughout. 
(a) Growth hormone level versus time, (b) Postenor probabthty of pulse versus 

time. 

A smoothed growth hormone profile was found for each steer at each time period by 
taking a five point moving average. The mean of these smoothed growt? ho_rmone le~els 
was taken over each group at each time period, and t_hese are _shown m Fig. 4. Durmg 
the period of dietary stress, not only is there a general mcreas~ m growt? hormo

7
ne level, 

b t • d of high growth hormone release occurred episodically dunng the _4 hours 
u peno s . . ·11 1th h 

with considerable synchronization between steers. This effect is stI appa~ent, a o~~ 
at a reduced level, during time period III. Similarly, mean smoothe~ po~tenor probabthty 

rofiles were found for each group at each time, and are_ shown_ m_ Fig. 5. These s~~w 
Ph d" t ti·me pen'od II groups 2 and 3 are associated with increased pulsatthty t at ietary s ress, , ' . . . · ct· ll 
in growth hormone release; periods of increased pulsattle activity occur eptso tea Y 



690 WILLIAM M. BOLSTAD 
(a) (b) 

Period I 

1-~ 
Period II 

Period III 

Fig. 2. Steer 14. Time periods I, II, Ill. Moderate dietary stress in period II. 
(a) Growth hormone level versus time, (b) Posterior probability of pulse versus 

time. 

(a) (b) 
Period I 

I A L ru 
Period II 

.A 

Period III 

. 
Fig. 3. Steer 9. Time periods I, II, Ill. Sever~ dietary s_t~ess in period II. 
(a) Growth hormone level versus time, (b) Postenor probabthty of pulse versus 

time. 
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(a) Group 1 (b) Group 2 (c) Group 3 

Period I 

~ 

Period II 

Period III 

~ 

Fig. 4. Mean smoothed group hormone level versus time. Time periods I, II, III. 
(a) Group 1, control; (b) Group 2, moderate stress; (c) Group 3, severe stress. 

(al Group I (b) Group 2 

Period I 

Period II 

Period III 

(c) Group 3 

Fig. s. Mean smoothed posterior probability of pulse versus time. Time periods I, II, 
III. Group 1, control; Group 2, moderate stress; Group 3, severe stress. 

691 
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Table 1. Mean and standard deviation of smoothed posterior 
probability and smoothed growth hormone level for each treatment 

group at each time period 

Smoothed Smoothed growth 
posterior prob. hormone level 

Group Period Mean St. dev. Mean St. dev. 

I 0·029 0·034 46·0 12·0 
II 0·053 0·044 73·9 17·6 

III 0·030 0·031 44·4 12·4 

2 0·064 0·051 88· l 24·8 
II 0·100 0·062 120·0 37·3 

III 0·054 0·053 69·5 25·4 

3 0·059 0·046 77·6 21 ·3 
II 0·091 0·072 111 ·6 37·4 

Ill 0·055 0·055 60·0 27·5 

throughout the 24 hour day; and while the pulses themselves are not synchronized between 
steers, the pulsatile activity rates exhibit considerable synchronization. Table 1 gives the 
mean and standard deviations for smoothed posterior probabilities and smoothed growth 
hormone level for each group at each time period. The increase in mean that occurs in 
groups 2 and 3 during time period II reflects the increased pulsatile release of growth 
hormone and the increase in the standard deviation reflects that the pulsatile activity is 
synchronized. 
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C THIS PROGRAM ANALYZES THE GROWTH HORMONE LEVEL USING THE MULTIPROCESS 
C DYNAMIC LINEAR MODEL WITH BIASED PERTURBATIONS 

implicit double precision (a-h,o-z) 
DIMENSION B(2,2),V(2,2,2),rmu(2,2),q(2),se(2),beta(2),umu(2) 
DIMENSION PI(2), eta(2,2) 
DIMENSION y(l00),BEST(2),BPRED(2),VEST(2,2),VPRED(2,2),Wl(2,2) 
dimension w(2,2),w3(2),w2(2),w4(2) 
dimension u(2,2),u2(2,2),c(2,2,2),yhat(2) 
DIMENSION A(2,2),r(2,2,2),X(2),cov(2,2) 
dimension s(lS,3,100) 
INTEGER m,I,J,K,l,N,ichk 
REAL VE,OBS,u,err,vcast,secast 

CB CONTAINS THE conditional parameter VECTORS -second INDEX 
c beta contains the parameter vector 
c bpred contains the conditional prediction for the parameter vector 
c vpred contains the conditional predicted covariance matrix 
CV CONTAINS THE conditional parameter VECTOR COVARIANCE 
C MATRICES-second & third INDICES 
c cov contains the parameter vector covariance matrix 
cu contains the matrix A*cov 
c u2 contains the matrix A*cov*A' 
c C contains the matrix A*cov*A'+R the parameter estimator covariance matrix 
CPI CONTAINS THE PRIOR PROBABILITIES q CONTAINS THE POSTERIOR PROBABILITIES 
C l=level 2-base level 
CA CONTAINS THE parameter TRANSISTION EQUATION coefficients 
CR CONTAINS THE PERTURBAseTION COVARIANCE MATRICES-SECOND & third INDICES 
C X CONTAINS THE OBSERVATION EQUATION coefficients 
CY IS THE TIME SERIES 
C VE IS THE VARIANCE OF THE TIME SERIES 
c s(i,j,n) is the n'th obs on steer i at occasion j 

ichk-0 
ve-30**2 
open(unit-4,file-'hormone.dat',status-'old') 
do 45 n-1,100 

45 read(4,60) s(l,2,n),s(l,3,n) 
60 format(4x,f3.0,x,f3.0) 

beta(l)-100 
eta(l,1)-0 
eta(2,1)•200 
cov(l,l)-9*ve 
cov(l,2)-0 
cov(2,l)-O 
cov(2,2)•0 
R(2,l,l)-9*ve 
R(2,2,2)-0 
PI(l)-.9 
PI(2)-.l 

C FOR PI AND PO, 1-NO CHANGE,2•impulse 
x(l)-1 
X(2)•0 
DO 189 K-1,2 
DO 189 L-1,2 
A(K,L)-0 

189 CONTINUE 
ak-.6 
A(l,l)•ak 
A(l,2)-1-ak 
A(2,2)•1 
do 70 m-1, 2 
if (m .eq. 1) then 
CALL ASSIGN(6,'ssl.OUT') 
else if (m .eq. 2) then 
call ASSIGN(6,'stl.OUT') 
end if 
if (m .eq. 1) then 
beta(2)=30 



else if (m .eq. 2) then 
beta(2)=15 
end if 
DO 320 N-1,100 
if (m .eq. 1) then 
y(n)-s(l,2,n) 
else if (m .eq. 2) then 
y(n)-s(l,3,n) 
end if 

320 continue 
do 330 n-1,100 
DO 190 K•l,2 
DO 190 L-1,2 

190 b(k,l)-0 
191 FORMAT(2(2(' A(',Il,',',Il,')-',Fl0.4)/)) 

C FOR A the dynamic coefficient matrix first= level, second base 
DO 193 i-1,2 
DO 193 j-1,2 
do 192 k-1,2 

192 b(i, j)-b(i, j)+a(j,k)*beta(k) 
193 b(i,j)-b(i,j)+eta(i,j) 

bpred(l)-b(l,l) 
bpred(2)-b(2,l) 
if (ichk .eq. 1) write(6,291) ((k,l,b(k,l),1=1,2),k=l,2) 
if (ichk .eq. 1) write(6,218) (((i,j,k,v(i,j,k),k=l,2),j=l,2),i=l,2) 

291 format(2(2( 'b(',il,',',il,')-',Fl0.4)/)) 
DO 194 i-1,2 
DO 194 j-1,2 

194 u(i,j)-0 
DO 195 j•l,2 
DO 195 k-1,2 
DO 195 1-1,2 

195 u(j,k)-u(j,k)+a(j,l)*cov(l,k) 
if (ichk .eq. 1) WRITE(6,199) ((K,L,u(K,L),L=l,2),K=l,2) 

199 format(2(2(' u(',il,',',il,')-',Fl0.4)/)) 
OBS•Y(N) 
if (ichk .eq. 1) write(6,196) obs 

196 format('obs-',Fl0.4) 
DO 197 I-1,2 
DO 197 J-1,2 

197 u2(i,j)-O 
do 198 i-1,2 
do 198 j-1,2 
do 198 k-1,2 

198 u2 ( i, j) -u2 ( i, j) +u ( i, k) *a ( j, k) 
if (ichk .eq. 1) write(6, 93) (( i,j,u2(i,j),j=l,2),i=l,2) 

93 FORMAT ( 2 ( 2 ( ' u2 (' , I2, ' , ' , I2, ' ) •' , FlO. 4 l /) ) 
do 200 i-1,2 
do 200 j-1,2 
do 200 k-1,2 

200 c(i,j,k)-u2(k,j)+r(i,j,k) 
if (ichk .eq. 1) write(6,299) (((i,j,k,c(i,j,k),k=l,2),j=l,2), 

C i-1,2) 
2 9 9 format ( 2 ( 2 ( 2 ( ' c ( ' , i 1 , ' , ' , i 1, ' , ' , i 1 , ' ) =' , F 10 • 4 ) / l / ) l 

do 201 i-1, 2 
201 yhat(i)-0 

do 202 i-1, 2 
do 202 j-1,2 

202 yhat(i)=yhat(i)+x(j)*b(i,j) 
if (ichk .eq. 1) write(6,203) (i,yhat(i),i=l,2) 

203 format(2(' yhat(',il,')=',Fl0.4)) 
do 204 i•l,2 
do 204 j=l,2 
w(i,j)=O 

204 continue 
do 206 i=l, 2 



206 

294 

208 

210 

212 

213 

214 

215 

216 

C 

218 

219 

220 

222 

224 

230 

232 

233 

234 

235 

238 

239 
C 

240 

242 

do 206 j•l,2 
do 206 k•l,2 
w ( i, j ) aw ( i, j) +c ( i, j, k) * X ( k) 
if (ichk .eq. 1) write(6,294) ((i,j,w(i,j), j=l,2),i=l,2) 
format ( 2 ( 2 ( ' w (', il, ' , ' , il, ') -' , Fl0. 4) /)) 
do 208 i-1,2 
w2(i)•O 
continue 
do 210 i•l,2 
do 210 jal,2 
w2(i)•w2(i)+x(j)*w(i,j) 
CONTINUE 
do 212 i•l,2 
w2(i)-w2(i)+ve 
if (ichk .eq. 1) write (6,213) (i,w2 (i) ,i-1,2) 
format(2(' w2(',il,'),.',Fl0.4)) 
do 214 i-1,2 
do 214 j•l,2 
rmu (i, j)•-w(i, j) * (obs-yhat (i)) / (w2 (i)) 
if (ichk .eq. 1) write(6,215) ((i,j,rmu(i,j),j=l,2),i=l,2) 
format ( 2 ( 2 ( ' rmu ( ' , i 1 , ' , ' , i 1 , ' ) - ' , F 10 . 4 ) / ) ) 
do 216 i-1,2 
do 216 j•l,2 
do 216 k•l,2 
v(i,j,k)•w(i,j)*w(i,k)/w2(i) 
if (ichk .eq. 1) write(G,218) (((i,j,k,v(i,j,k),k=l,2), 
j-1, 2), i-1, 2) 
format (2 (2 (2 (' v(' ,Il,', ', Il,',' ,Il, ')-' ,Fl0 .4) /) /)) 
cpi•l/sqrt(2*3.14159) 
do 219 i•l,2 
w3(i)-cpi/(sqrt(w2(i))) 
w3(i)•w3(i)*exp(-.5*(yhat(i)-obs)**2/w2(i)) 
sum-0 
DO 220 I-1,2 
SUM•SUM+pi(i)*w3(i) 
CONTINUE 
do 222 i•l,2 
q(i)•pi(i)*w3(i)/sum 
if (ichk .eq. 1) write(6,224) (i,q(i), i-1,2) 
format(2(' q(',il,') •',Fl0.4)/) 
do 230 j-1,2 
umu ( j) -o 
do 232 j-1,2 
do 232 i-1,2 
umu(j)-umu(j)+q(i)*rmu(i,j) 
if (ichk .eq. 1) write(G,233) (j,umu(j),j-1,2) 
format(2(' umu(',il,')-',Fl0.4)/) 
do 234 j-1,2 
beta ( j) =-0 
do 234 k•l,2 
cov(j,k)•O 
do 235 j•l,2 
do 235 i•l,2 
beta(j)-beta(j)+q(i)*b(i,j) 
do 238 j-1,2 
beta(j)=beta(j)-umu(j) 
if (ichk .eq. 1) write(6,240) (j,beta(j),j=l,2) 
do 239 j-1,2 
do 239 k-1, 2 
do 239 i-1,2 
cov ( j, k) -cov ( j, k) +q ( i) * ( v ( i, j, k) + ( rmu ( i, j) -umu ( j) ) 
*(rmu(i,k)-umu(k))) 
format ( 2 ( ' beta (' , il, ' ) -' , Fl0. 4) ) 
if (ichk .eq. 1) write (6,242) ((j,k,cov(j,k),k=l,2),j=l,2) 
format( 2(2(' cov(', il,',',il,') =', Fl0.4)/)) 
do 290 k=l, 2 



DO 290 L=-1,2 
290 b(k,l)-0 

DO 293 i-1,2 
DO 293 j-1,2 
do 292 k-1,2 

292 b(i,j)-b(i,j)+a(j,k)*beta(k) 
293 b(i,j)-b(i,j)+eta(i,j) 

bpred(l)-b(l,l) 
bpred(2)-b(2,l) 
write (6,300) (obs, beta ( 1) , beta ( 2) , b ( 1, 1) , q ( 1) , q (2) , v ( 1, 1, 1) , 

c v(2,l,l), cov(l,l),bpred(l),bpred(2)) 
300 format (llFl0.4) 
330 CONTINUE 

close(unit=-6) 
70 continue 

close(unit=-4) 
END 
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ABSTRACT 

The dynamic generalized linear model and the dynamic discount 

Bayesian model have been used to_ describe processes involving 

time-varying parameters. This paper develops an estimation algo­

rithm for the multiprocess extension of these models. These algo­

rithms have the same characteristics as Harrison-Stevens forecast­

ing, namely insensitivity to outliers and quick reaction to real 

change in the parameters. 

I. INTRODUCTION 

Engineers have been analyzing the behavior of control systems in the time 

domain by using state space models for nearly thirty years. The stochastic 

, 1 "'" 
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behavior of the observations is described in terms of an unobserved state vector 

whose dynamic behavior is Markovian, and consists of a linear deterministic 

component plus a random component called the perturbation. In particular, 

Kalman (1960) developed an algorithm for the recursive estimation of the state 

variables of a linear dynamic system, and he showed it to be the optimal linear 

filter for both symmetric convex and squared error loss functions. Ho and Lee 

(1964) approached the dynamic linear model under the general unifying frame­

work of Bayesian decision theory. Assuming normality, they found that the 

mean and variance of the exact posterior distribution of the state vector are 

given by the Kalman filler equations. Meinhold and Singapuralla (1983) 

showed how the Bayesian interpretation of the Kalman filler simplifies its 

derivation and hence aids understanding. 

The study of linear dynamic systems was also used as a fault detection 

procedure, in control systems where abrupt shifts in the estimated series may 

indicate a degradation or breakdown in some instrument. Willsky (1976) exam­

ined the statistical performance of failure detection methods, with respect lo 

both speed of response lo failure and robustness lo normal operations. He con­

cluded that sophisticated digital failure detection algorithms may allow the 

reduction in ~ardware redundancy without loss of system reliability. 

Although control systems engineers used the Kalman filler extensively, for 

several years it was largely ignored in the field of statistics. Duncan and Horn 

(1972) introduced the Kalman filter into the statistical literature by relating the 

dynamic linear model to random 13 regression theory, using the time varying 

random parameters as the state variables. They showed the Kalman filter esti­

mates are the minimum variance unbiased linear estimators and found by an 

extension of the Gauss-Markov theorem that they are also minimum mean 

square linear estimators The Kalman filter and dynamic linear model can 

operate under either of two alternative sets of assumptions; either the normal 

·assumptions where all the variables assumed normal with known first two 

moments, or the less restrictive assumptions where only the first two moments 

are kno-.vn for all the variables. The optimal properties mentioned above hold 

under both sets of assumptions. In addition, under the normal assumptions the 

posterior distribution of the estimator is normal, and the Kalman filler estimates 

are the minimum variance unbiased estimates and minimum mean squared 

estimates. 
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Dynamic linear models with other non-normal perturbation distributions or 

observation errors have also been analyzed. Masrielez and Martin (1977) 

developed robust Bayesian estimates for a stale space model where either the 

state noise is Gaussian and the observation noise is heavy tailed, or vice-versa. 

Smith and Miller (1986) developed a model for an exponential observation dis­

tribution and censored data which they applied to the prediction of athletic 

records. Kitagawa (1987) developed state space models for non-stationary time 

series, where the observation and perturbation noise distributions are non­

nonnal. The Bayesian recursion formulae for prediction, smoothing, and 

filtering are developed and the updating is done numerically, where the densi­

ties are approximated by piecewise linear functions. However, Martin and Raf­

tery (1987) note thal when lhe state vector is multi-dimensional, heavy compu­

tational effort required precludes real time applications of this method. 

Ameen and Harrison (1985) developed normal discount Bayesian models, 

in order to overcome some practical disadvantages of dynamic linear models, 

and they also demonstrated a correspondence between the two models. In nor­

mal discount Bayesian models, the parameter covariance matrix is updated by 

pre and post multiplication by a discount matrix, instead of by the addition of 

the covariance matrix of the perturbation error. They felt that many practi­

cioners had better intuition for this method of allowing for the increasing uncer­

tainty due to the passing of time. 

Nelder and Wedderburn (1972) introduced the (static) generalized linear 

model in order to model situations where an independent sequence of random 

variables are taken, and a function of their means is linked to a linear predictor 

on known covariates. This allows regression techniques to be used for non­

nonnal (but exponential family) distributions on a non-linear scale. West, 

Harrison, and Migon (1985) then developed the dynamic generalized linear 

model, where the mean values of the parameters change over lime according lo 

some linear pattern, and the covariance matrix is discounted as in Ameen and 

Harrison ( J 985). They developed simple recursions for updating the parameter 

estimates and covariance estimates (posterior means and covariances of the 

parameter distribution) that have the same form as the recursions used in the 

Kalman filter. Their algorithm uses a "guide relationship" lo choose the 

conjugate prior, and thus the estimates are only approximations. Guttman and 
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Pena ( 1985) allow the observation distribution to be a mixture of two distribu­

tions, lhe usual distribution and an outlier distribution. The posterior probabil­

ity of each is computed, and lhe posterior estimator distribution is replaced by 

a single nonnal distribution having the same first two moments as the mixture. 

This gives very little weight lo any outlying observations, thus providing an 

outlier filter for the dynamic linear model. 

The multiprocess dynamic linear model was introduced by Harrison and 

Stevens (1971) to model time series that contain outliers and are subject to 

abrupt, as well as evolutionary, changes in pattern. The different types of pal­

lem change correspond to values of a variable called lhe perturbation index 

variable. In the estimating algorithm, the parameter perturbation distribution is 

a mixture of k normal distributions, each depending on the current value of the 

perturbation index variable which comes from an independent sequence of mul­

tinomial random variables; and the prior distribution is a mixture of k normal 

distributions, each depending on the previous value of the perturbation index. 

The posterior distribution of the slate vector, a mixture of k2 normal distribu­

tions, conditional on the last two values of the perturbation index, is calculated 

and then ~ondensed into a mixture of k normal distributions conditional on only 

the most recent value of the index. Makov (1983) concluded that condensing 

the mixture distributions into a single distribution, referred lo as "probabilistic 

editing", is in the long run more accurate than the "quasi Bayes" procedure 

where the most likely posterior distribution is used. Harrison-Stevens forecast­

ing, sometimes called Bayesian forecasting or the multiprocess Kalman filter, 

was shown to be an effective forecasting tool for non-stationary lime series. It 

responds very quickly when there is an underlying change in the pattern of the 

time series, yet is not sensitive to outliers, so it can be used as a fault detection 

procedure. Smith and West (] 983) and Smith et al. (1983) did so when moni­

toring renal transplant data, in order lo detect a change of state (organ rejec­

tion) as quickly as possible 

Harrison and Stevens (] 976) have summarized the foundations of Baye­

sian forecasting. Essential to the methods are i) the parametric or statespace 

model, ii) the probabilistic information on the model parameters, iii) the 

sequential model definition which describes the dynamic behavior of the model 
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parameters, and iv) some uncertainty in choosing the underlying model from a 

number of possibilities. The present author has analyzed the Harrison-Stevens 

forecasting algorithm and provided -a bibliography of previous applications of 

Harrison-Stevens methods (Bolstad 1986 A), and subsequently developed a 

computationally efficient algorithm for Harrison-Stevens forecasting involving 

multivariate observations with contemporaneously correlated errors (Bolstad 

1986 B). 

The purpose of this paper is lo develop the multiprocess dynamic general­

ized linear model, by incorporating the perturbation index variable which deter­

mines the perturbation distribution. This extension of the Harrison-Stevens 

estimation algorithm lo the multiprocess dynamic generalized linear model per­

mits a quick response to underlying changes in the model, yet without heavy 

influence from outliers. The estimation algorithm for the multiprocess general­

ized discount Bayesian model is also developed. Here the index variable deter­

mines which of several possible discount matrices is used, not the perturbation 

distribution. 

2. THE MUL Tl PROCESS DYNAMIC GENERALIZED 
LINEAR MODEL 

The generalized linear model is an extension of the welt known general 

linear model in two ways. First, the sampling distribution of the random vari­

able is assumed to be a known distribution from the one-dimensional exponen­

tial family, but not necessarily normal. Second, it is not the mean itself, but 

rather a function of the mean that is an unknown linear function of known 

covariates. This function of the mean is called the link function. Thus, the 

generalized linear model allows the extension of regression techniques to non­

normal sampling models with effects on a nonlinear scale. 

The underlying assumptions for the generalized linear model are: 

i) The random variables y" • • • ,Yn are mutually independent. 

ii) Y; is a random variable from the one dimensional exponential family 

which has probability density function 

(2. l) 

where 8; is the unknown parameter of observation y, and <t> is a known 

scale parameter. (When y is binomial or Poisson, <t> = 1.) The mean and 
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variance of observation y1 are given by µ; = E(y,) = b '<a,) and 

var(y;) = 4>- 1b"(6;) respectively. 

iii) The systematic component of the model is 11, the linear predictor 
given by 

(2.2) 

where X/=(X; 1, ••• ,X;4 ) are the known values of the covariates for the i'1h 

observation and ~ is the vector of unknown parameters. 

iv) The link between the systematic part of the model and the random 

part of the model is given by 

(2.3) 

where IL; is the expected value of the i'rh observation and 11, is the linear 

predictor. The link function g is assumed known. 

The dynamic generalized linear model allows the parameter vector ~ to 

change over time according lo the parameter dynamic equation 

13, -A,13,-, +r, (2.4) 

where A, is a matrix of known coefficients and r, . the perturbation vector at . - .. 
time , , has mean vector O and the covariance matrix R,. The perturbation vec-

tors at different times are independent of each other. This allows the parameter 

vector to behave in a Markovian manner. Instead of using the observation 

equation which relates the observation to the linear parameters and measure­

ment error, the observation distribution is explicitly assumed to be the known 

one-dimensional exponential family member with sampling parameter a,, where 

the sampling parameter is related to the linear parameters ~' by the guide rela­

tionship defined in West, Harrison, and Migon ( 1985). 

In the multiprocess extension of this model, the perturbation distribution at 

time , is allowed to take on one of k possibilities conditional on the current 

value of the perturbation index variable. The different perturbation distribu­

tions in the model allow for possible abrupt changes in the time series, by 

allowing the parameters to change very quickly when an abrupt change occurs. 

The term "perturbation index variable" is used in preference to the term "stale 

variable" as used by Harrison· and Stevens (1971) as it avoids 

dual meanings. 
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for the word state - see Bolstad (1986 B). The perturbation index variables {I,} 

are a sequence of independent multinomial trials with known prior probabilities 

P(I, = J J=-rr,lil for J =I, • • • ,Jc. The modeller can introduce prior knowledge 

into the system by varying the prior probabilities over time. Al lime r. the 

conditional mean vector and covariance matrix of the perturbation for the per­

turbation index variable/, .,,,.J are o and R,u, respectively. 

3. THE RECURSIVE ESTIMATION ALGORITHM 

Initial conditions 

The algorithm for recursively estimating the parameters of the multipro­

cess dynamic generalized linear model is developed in this section. It general­

izes the algorithm given by West, Harrison, and Migon (1985), by incorporat­

ing the multiprocess approach of Harrison and Stevens t 1971 ). 

The initial conditions for the algorithm at time , -1 include the require­

ment that the first two moments for each of Jc conditional posterior distributions 

are known. Each distribution is conditional on the perturbation index variable 

at time , -1 having been one o~ the k: possible values, and posterior 10 analyz­

ing all the observations up to and including the most recent, y,_ 1• The notation 

(J3,-.IJ,_ 1=i,y,_ 1) - (~1<i_! 1,v,<~1) indicates the mean vector and covariance matrix 

of ((3,_ 1 I /,_ 1=i ,y,_ 1) are equal to ~,<i_!1 and v,<~1 respectively. The notation 

y,_ 1=y,_ 1.y,_2, • • • denotes all the observations up to and including Y,-,. Also 

required is that q,'!_11 =P(i, _1 =i I y, _ 1), the posterior probabilities of the perturba­

tion index variable at lime , -1 posterior 10 all lhe observations up to and 

including y,_ 1, are known. 

Each of these Jc distributions is u_pdated to lime , conditional on I,= j. the 

perturbation index variable al lime, being equal to j for j =1, ... ,Jc 

(3.1) 

where (3,<i.J>=A,{3/'.!1 and C,(i-il=A,V,'~11A,'+R,u1. The first two moments of lhe joint 

conditional distribution of the parameters and the linear predictor are 

~ 11 _. 1 _. ] [( ri<i.j) ) ( cc;.n cc;.nx )] Pr ,-1-I, r -J ,Y,-1 _ P~ .' . .' .. , 

11 =· 1 =· y x·(lliJ> • x c<•.11 x c<1.11x • 
, , -I I, r J, ,-1 rPr r ' 1 ' • 

(3.2) 

Hence the conditional distribution of the parameter vector given the linear pred­

ictor is 
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(13, I I,_. =i .I,= j ,11, ,Y,-1) 

(c(i,J>-c<i.J>x cx·c<i.J>x >-•x·c<i.J>>1 
I I I I I I I I • 

These equations are lhe same form as lhe Kalman filter equations applied con­

ditionally on the two previous perturbalion indices, where 11, is used in place of 

lhe observation. Al this point Tl, is nol yel known, but in the next phase its 

conditional estimates will be found posterior Lo observation y,. 

Correction phase 

In this phase we find the posterior distributions of the parameters, given 

the observation. The corrections required are determined by the prediction 

errors. Let the prior distribution of the sampling distribution parameter 

(9, II,- 1=i ,1, =j ,y,_ 1) be approximated by the conjugale prior distribution 

CP<--,,<•,il,6~1•i>) where 'l,Ci,Jl and a,<i,il are chosen to g~ve the same first two 

moments as h- 1c11, II,_ 1=i,l,=J,y,_ 1) where the function h( )=g(b( )). The rela­

tionship between the first two moments of the sampling parameter prior distri­

bution and the moments of the linear predictor is called the "guide relationship" 

by West, Harrison, and Migon (1985), and is meanl to be a device for the 

choice of a reasonable prior distribution, rather than an exact reality. Clearly 

the joinl density is. 

-(&,<; ,Jl+cf>)b (B,)] 

and 

(3.5) 

=exp[c (y, ,4,)+c ('f,Ci ,il ,6,(1 ,il)-c (-y,1; J>+ct,y, ,B,Cl-ll+qi)]. 

Hence the posterior distribution of (e, II,-1 =i ,I,= J ,Y,) is the conjugate posterior 

CP(-y,<i.il+cf>y, ,B,'i.fl+ct,) having probability density function 

The guide relationship is used to relate the posterior distribution of the sam­

pling parameter back. to the distribution of the linear predictor. A first order 
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Taylor series approximation to the linear predictor is 

11, =h (8, )=h (8,) +h ·ca, )(B, -a,), where 8, is the mean of the posterior distribution. 

Hence 

I ("" 11 -,· 1 •1· y) ~ (-n 11 •11 u<i.il) "II r-1 t f t I "II I I (3.7) 

where TJ,c;.n=h(8,c;Ji) and U,(i·ll=(h 0(8,<1J>-n2var(8,c;.n). This completes the determi­

nation of the first two moments of the conditional distributions of the linear 

predictor at lime r posterior to the observations y,. 

Now we need to relate this back to find the moments of the conditional 

posterior distributions Qf the parameters. Noting 

and taking expectations and variances, we have 

and 

Var(P, I 1,_ 1 =i ,1, = j ,y,) = E (var(P, '1,-1 =i ,1, = j ,Tl,,Y,-1) I Y,) (3.10) 

Hence from (3.3) we have 

I ~ (A,<1•11 ,v,<1 .n> <P, 1,_,=i ,1, =i ,Y,> "' (3 .11) 

where 

(3.12) 

and 

v,(i ,J) = var(P, I 1, _, =i ,I,= j ,y,) (3.13) 

- c<i.n-c<1,J>x cx'c(i.j)x >- 1x·cc;,n 
- r r r r r t t r 

+ c,<i .J>x, (X,'CP .J>x, ,- 1var(11, I l,-1 =i ,I,= j ,y, )(X,'C,(i .nx, )-•x;c,<1 J). 

This completes the determination of the posterior distributions of the parame­

ters. 
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Determining the posterior index probabilities 

Now we need to determine the posterior probabilities of the perturbation 

indices given the present observation. Using Bayes theorem, we have 

p,<IJ) = P(l,_,=i,l,=j IY,) (3.14) 

= P(l,_,=i ,1, =j ,y, I Y,-,)lf(y, IY,-1) 

= P(y, II,-, =i ,I,= j ,Y,- 1)XP(l,-1 =i ,1, =} I y, -1)/f (y, I Y,-1) 

for i = 1, ... ,k and J =J, ... ,k. The quantity f(y, IY,-a) is a constant in each term 

and they sum to one, hence the p,<1,n are all completely determined. 

Condensation phase 

At this stage there are k2 posterior mean vectors and covariance matrices, 

one for each of the distributions conditional on the last two values of the per­

turbation index variables and on all the observations including the most recent; 

and there are the posterior probabilities of the last two values of the perturba­

tion index variable, given all the observations. What we want are the k poste­

rior mean vectors and covariance matrices for the distributions conditional only 

on the most recent value of the perturbation index variable and all the observa­

tions. Noting 

t 
f ('3, IJ, a J ,Y,) = L(q,Ul)- Ip,<i JIJ ('3, I 1,-1 =i ,1, ""'} ,Y,) , (3.15) ,_._ 

t 
where q,u> = LP,!i.ll, we have 

1-1 

~.u,=ECP, II, =J ,Y,> - ±cq,u>>-'P,ci.n~,<i.n (3. 16) 
;-1 

because the mean vector of a mixture is the mixture of the mean vectors; and 

v,u>=var(P, II,= J ,y,) = ±cq,U>)-1p,li.Jl[V,1'·/) + (~,(i.J) -~.u 1)(~.(i.jl -~,U>f1 (3.17) 
1-1 

because the covariance matrix of a mixture is the mixture of the covariance 

,Y\llnc.~s plvc; the mixture of the cross products of the deviations of the mean 

vectors from the overall mean vector. At this point, we are in the same 
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position as we were when we started the algorithm, so we are ready to repeat 

the process when the next observation becomes available. 

Prediction using the model 

The first two moments of the random vector (13, + 1 I 11 =i ,I,+ 1 = j ,Y,) are ~,<~{ > 

and c,<~·{>) where M~·{'""A,+1~,Cil and c,<~·{ 1=A,+ 1V1<ilA,'. 1+R1'{11• The prior distribu­

tion of (8,+ 1 '1,-=i,l,+i""i,Y,} is the conjugate prior CP(·tr'~{ 1,B,'i_.:{ 1}, where "Yii..:P 
and a,<~(> are chosen to give the first two moments as indicated by the guide 

relationship. Hence the conditional distribution of the next observation is 

l l 

f (y, + 1 I Y,) ... L L q/ilir,¼11exp(c(y, + 1,ct>)+c ("'f,<~-{ 1,B,'' J >-c (-y,Ci_,:{ 1)+4,y, + 1,B,<~{ '+<t>) (3.] 8) 
,-1;-1 

This can be used to construct prediction intervals. 

Summary of the effects of the algorithm 

The correction mechanism of the algorithm combines two uses of Bayes' 

theorem. First is the calculation of the posterior mean vector and covariance 

matrix, conditionally for each pair of previous and current perturbation index 

variables. The second is the calculation of the posterior probabilities for the 

previous and current perturbation index variables. Hence the posterior proba­

bilities of the perturbation index at time r -1 are calculated twice, first after 

observation y,_ 1 , and then again after observation y,. The use of two observa­

tions enables the distinction to be drawn between the different types of pertur­

bations, and the perturbation index probabilities are adjusted accordingly. The 

two aspects are brought together in the condensation of a mixture of k2 poste­

rior distributions into a mixture of k posterior distributions. The final posterior 

mean vectors are the weighted average of the conditional posterior mean vec­

tors, where the weights are the conditional probabilities of the previous pertur­

bation index variable, given the present perturbation index variable and all the 

observations including the present. 

When it appears that a change in the underlying process generating the 

series has occurred due to a particular type of perturbation, each of the k2 con­

ditional posterior distributions is somewhat changed due to the prediction error, 

the greatest change occurring in those conditional on that type of perturbation. 

The posterior probabilities of the previous perturbation index change very lillle, 

so the condensation phase only changes the k conditional posterior distributions 
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a modest amount. However, the posterior probabilities of the current perturba­

tion index values change considerably, and in particular the posterior probabil­

ity of that change becomes much greater. If the nexl observation also indicates 

that the same type of change has occurred, again each of the 12 conditional 

posterior distributions changes. However, in this case the posterior probabili­

ties of the previous perturbation index are changed considerably. Thus in the 

condensation phase the most weight is given lo the distribution showing the 

greatest-change, so there is a large change due to condensation phase emphasiz­

ing lhat particular type perturbation. This allows a rapid adjustment of the 

parameters two observations after a change in the time series occurs. Thus if 

the model was being used as a fault detection method, the fault would become 

apparent on the second subsequent observation. 

4. MULTIPROCESS GENERALIZED DISCOUNT 
BAYESIAN MODEL 

Ameen and Harrison (1985) introduced normal discount Bayesian models 

to overcome some practical disadvantages of the dynamic linear model. Model­

ing the parameter change by introducing a perturbation may not be appropriate. 

Instead of updating the parameter covariance matrix by adding the perturbation 

covariance matrix, the normal discount Bayesian model updates il by pre and 

post multiplication by a discount matrix. This also has the same effect of 

increasing the variances, and in many cases modellers and forecasters have a 

more intuitive feel for the appropriate discount matrix than for a perturbation 

covariance matrix. In this section we introduce the multiprocess generalized 

discount Bayesian model, and develop the estimation algorithm for it. 

The assumptions of the dynamic discount Bayesian model are the same as 

for the dynamic generalized linear model, except that if the previous posterior 

conditional distribution is 

(4.4) 

then the next prior conditional distribution is given by 

('3, IY,-1) ~ (A,~r-1, D,A,V,A,'B,) 

where A, is the known matrix of dynamic coefficients al time , and n, is the 

discount matrix, a diagonal matrix of discount factors. 

The effect is similar to 
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that of adding a perturbation in the dynamic generalized linear model. The 

mean of the subsequent prior distribution is unchanged, and the covariance 

matrix has been inflated lo allow for increased uncertainty. However, the 

covariance matrix innation is multiplicative instead of additive, and this pro­

duces some slight differences. If the posterior is very precise, the subsequent 

prior would be more precise for the generalized discount Bayesian model than 

for the dynamic generalized linear model. If the posterior is very imprecise, 

the opposite would hold. The generalized discount Bayesian model could be 

put in the dynamic generalized linear model form by allowing the perturbation 

covariance matrix lo depend on the posterior covariance matrix. 

The multiprocess extension of this model allows the discount matrix to 

have one of Jc possible values, n,01 , • • • ,n,<1' 1, depending on the value of the 

discount index variable, I,. The discount index variables {I,} are an indepen­

dent sequence of mullinomial random trials with known prior probabilities 

P(I, = j) - -rr,u>, which may change over time. 

The recursive estimation algorithm 
l 

The algorithm starts at lime , -1 with the first two moments of k posterior 

conditional distributions (13,-, IJ,_ 1=i ,y,_ 1) - (~1 - 1,V,<'.!1), and with the posterior 

probabilities q,_ 1 .. P(l,_ 1 =i I y,_ 1). Each of these Jc distributions is updated to 

lime, conditional on I, ... J to give ('3,IJ,_ 1=i,J,=J,y,_1) - c~,c;-J1,c~1•11), where 

ii<1,n=A fih> and c<1.11-eu>A v<1>A ·eu> 
t-'1 I t-'1 - I I I I I I I 

The rest of the algorithm follows along the same lines as the algorithm for 

the multiprocess dynamic generalized linear model developed in section 3. The 

(moments of the) conditional distribution of (13,<1 J> II,- 1 •i ,I,= j ,,,, ,Y,-1) are found 

using (3.3) and the moments of the conditional predictors (11,IJ,_,=i,J,=J,y,) are 

found using (3. 7). The posterior moments of ((3, I J,_, =i ,J, = j ,y,) are found 

using (3.12) and (3.13) , and the posterior probabilities of the index variables 

are determined by (3.14). The moments of <P, 11,=J,y,) are found by condens­

ing the mixture of Jc 2 random variables into a mixture of Jc random variables by 

using (3.16) and (3.17). At this point, we have returned lo the starting condi­

tions of the algorithm, so we are ready to take another observation. 

Prediction using the model 

The random vector (13,+ilI,=i,I,.,=J,y,) - cp;~( 1.c,<~{1) where 

r.<'-!l = "·. ,r,<il and c!'-il = n,(!>1A,. 1v,<i>A,'. 1n,U.11• The prior distribution of 
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(a,.dI,=i,I,.,=J,y,) is the conjugate prior CP()',",:{>,o,<~·{>). Hence the conditional 

observation density is the same as that given in (3.18), and it can be used to 

construct prediction intervals. 

Summary of the effects of the algorithm 

The algorithm for the multiprocess dynamic discount Bayesian model has 

similar characteristics to the algorithm for the multiprocess dynamic generalized 

linear model. The posterior distributions, the posterior probabilities of the 

discount index variable, and also the condensation of k2 posterior distributions 

(conditional on the two most recent values of the discount index variable) into 

A: posterior distributions dependent on the most recent value of the discount 

index variable all proceed in the analagous manner. Thus in the condensation 

phase, the most weight is again given to the distributions showing the greatest 

change. Hence there is a large change due lG> the condensation phase 

emphasizing heavy discounting of the past values. This allows the rapid 

adjustment of the parameters to occur two observations after a change in the 

process occurs. 

5. ESTIMATING THE SCALE PARAMETER 

The algorithms developed in sections 3 and 4 assumed the scale parameter 

ct> was a known constant. This is correct for the discrete exponential family 

models, since in both the binomial and Poisson cases ct>=t, however in other 

models (such as the normal or gamma) ct> is not necessarily known. In this sec­

tion we look al a method of recursively estimating ct> as well as a,. 

The algorithm developed in this section extends the work of West (1985) 

into the multiprocess dynamic gener~lized linear model. At each step, the sam­

pling model will be approximated by one that has the same first two moments 

as, and is a scaled version of, the original sampling model at that step. It is 

also possible to embed the discrete exponential family models, such as the 

binomial and Poisson models, in a scaled sampling model lo allow for an unk­

nown scale parameter. When this is done, estimates of ct> can be used to assess 

the fit of the exponential family model. 

To begin this analysis, we look at a standard one-dimensional exponential 

family model having fixed scale parameter ct>=~- In these models, a measure 

of goodness of fit is provided by the deviance, the logarithm of a likelihood 
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ratio. In the normal distribution, the deviance simplifies to a sum of squares. 

Thus, the deviance is a generalization of sum of squares to non-normal 

exponential family models, and it can be partitioned in a similar manner. In 

order to analyze the effect of the scale parameter, we need the following devi­

ance functions: 

I. Conditional observation deviance 

D (y, I 8, ,d,o,/,_ 1 =i ,/, = J)=- -21og[f (y, I 8, ,d,o,[,_ 1 =i ,I, =j)] 

+21oglf (y, I e,.4>o,1, _ 1 =i .r, =n1 

where e, is the maximum likelihood estimator of a, 

2. Conditional prior deviance 

D (8, I <t>o.1,-, =i J, = j ,Y,-i)= -2log[g (8, I <t>o,J,_, =i ,/, = j ,Y,-,)] 

+2log{g (81 I <t>o,/, _1 ""i ,I,= j ,y, _,)] 

where a, is the mode of the prior distribution. 

3. Conditional posterior deviance 

D (8, I <t>o.I,-, =i ,I,= j ,Y, )=-2log[g (8, I 4>o,J,_,=i ,/, = j ,y,)] 

where e, is the mode of the posterior distribution. 

4. Conditional residual deviance 

+D (y, I 8, ,4>o.J,-1 =i ,/, = j )]e-i · 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

The deviance functions decompose in a manner similar lo sums of 

squares. Nole the important relationship 

D (8, I <t>o,l,-1 =i ,/, • j ,y, _i)+D (y, I 8,.<t>o.l,-1 =i ,/, = j)= (5.5) 

= D (8, I <t>o,l,-1 =i ,/, = j ,y, )+D (y, I <t>o.I,-1 =i ,/, = j ,Y,-1) • 

The prior deviance plus the observation deviance equals the posterior devi­

ance plus the residual deviance •. 
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The approximate distributions 

Note that the standard exponential family sampling distribution satisfies • 

the identity 

(5.6) 

Xexp{-D(y, I 8, ,4io,1,_1 ... ; ,I, =j)/2], 

and we may approximate the sampling distribution for an arbitrary scale param­

eter cl> by 

(5.7) 

Xexp[-(<f>/<t>o)D(y, I 8, ,4>o,J,_ 1=i ,I, =j)/2] . 

Clearly f" (y, I 8, ,ct,,J, _1 =i ,/, =)) is proportional to a power of 

f(y, l0,,4io,1,_ 1-1.1,•)) as a function of 8,. and reduces to it when <1>=¢o. 

The conjugate prior distribution for 8, satisfies a similar identity 

(5.8) 

Xexp[-(<f>/4>o)D(8, I <tio,J,_,=i ,I,=) ,Y,-1)/2], 

and we may approximate the conjugate prior distribution having an arbitrary ct, 

by 

Xexp(-(<f>/<lio)D (8, I <lio,l,_ 1 =i ,J, = j ,Y,- 1)/2] . 

Clearly g 0 (8,lct,,/1_,=i,/1 =J,y,_,) is proportional lo a power of 

g(8, lci>J,_, ... ;,J,•J,y,_1) as a function of 8, and equal to it when ct>=<tio. 

The algorithm 

The initial conditions for the algorithm at time ,-1 are that there are k 

prior distributions for <ct>II,- 1=i ,Y,-1) ,and each density 

•d''n-1 n H 111 I h /(ct,IJ,_
1

=-i,y,_
1

) ex (<ti/cf>o) exp[-(<t>,'ct,
0

)1j,
0

' /2]. ence lj,
0 

/¢ox(<f> J,_,=i,y,_ 1 ) as 

the chi squared distribution with ( vJ;>) degrees of freedom. (The k posterior 

distributions for 13,_ 1 jI,_,=i,Y,-, and the posterior and prior probabilities of the 

perturbation indices q,'-!...11 and -rr,u> for i=J, ... ,k and )=1, ... ,k are also known, 

hence the estimation of St proceeds cJf outlined in section 3). 
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The joint density is 

+D (8, I c!io,I,-1 •i ,I,= j ,y, -1))/2] , 

and the marginal density is 

(5.11) 

so the conditional density is 

(5.12) 

In other words, ["1J/l+D(8,II,_1=i,/,::aj,y,_ 1)Jx[(<1>l8,,/,_1=i,/1 =j)lct>o],y,_ 1) has the 

chi square distribution with vJ' 1+1 degrees of freedom. 

The results after analyzing observation y, are found in the same manner. 

The joint conditional density is 

(5.13) 

xexp[-(<f,lc!io)(\j,d11 +D (8, I c!io.I,-1-=i ,/, =j ,Y,-1)+D (y, I c!io,l,-1 =i ,I,= j))/2] , 

and the marginal conditional density is 

f <Y, ,a, I 1,_, -; ,1, = i ,Y,-1) 

. . .1111 ... , 
+D (y, I c!io,f, _1=1 ,/, =})] . 

The posterior conditional density is found by using (5.5) to yield 

<•J'l+ 1)11-1 
/ (<t> I 8, ,J, _, =i ,I,= j ,y,) or. (<f,/¢o) x 

(5.14) 

(5.15) 

exp[-(cW¢o)(\j,J; 1+D(8, I cf>o,/,_1=i ,/, =j ,Y,-1) +D(y, I 8,.cf>o,J,_, ... ; ,/, =j))/2] 

a(<f,1¢o)•(• J>n- • cxp[-(<f,1¢o)("1f1 -Jl+D (8, I ¢o,/, -1 =i ,I,= j ,y,))] 
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where v/i·Jl=vJ1>+1 and \Jl/'·1>=1j,J1>+D(y,l<t>o,J,_ 1=i,J,=j,y,_ 1). Thus 

(lj,f; .J> + D (B, I 4>o,1, _, =i ,I,= J ,y, ))14>ox(cf>I B, .l,- 1 =i ,I,= J ,Y,) has the chi squared dis­

tribution with vfi.J> degrees of freedom. The mean value and variance of 

<<t>I B, ,I,=-J ,y,) are 

- 1 <t>fi>=(q,U>)-1 LP,Ci ,JlJ>f' ./) (5 .16) 
i•I 

and 

1 
wP,=<q,u>)-• LP,c,.n[w/' .n+<t>fi .n_<t>~>)2l , (5. 17) ,., 

where ci>l;•il=vf'•i 1/(1j,fi,J>+D (8, I <t>o,J,_ 1 =i ,J, =j ,y,)) and 

wrn=2v/1•ll1[1j,fi"ll+D(8, I <t>o.I,-1=-i ,I,"""} ,y,)12 are respectively the mean value and 

variance of <<t>l8,,J,_ 1=i,J,=J,y,). 

To get back to the same conditions that, we started with we need to 

assume that (1J,J'>t<1>o)<<l>l8,,I,=j,y1) has the chi square ( vJ' 1) distribution with the 

mean and variance given above. The density is 

(5.18) 

where vJ' 1•2(ct,fi1) 2lw.'11 and wJ'>=2(ct>fi>ywf1 1• In practice, the distribution of 

(B, I I,_J -; ,/, •j ,y,) is found using (3.6) with <1>=¢J0 . The moments of 

(13,P,-,-i,/,=-J,y,) are found by using (3.12) and (3.13). and condensed using 

(3.15), (3.16), and (3.17) to give the final distributions of (13,II,-J,y,). The 

values of vf1•11 and iJ,f1•11 are calculated using (5.15), and vJ' 1 and wJ' 1 are calcu-
1 

lated using (5.18). The final estimate of <<t>ly,) is Lq,U>vf1 1twf1 1 

6. EXAMPLE 

In this section we consider how lo estimate and forecast a population pro­

portion that evolves in the following manner. The proportion is stable most of 

the lime, but it is subject lo occasional relatively large shifts that may or may 

not be transitory. The population is sampled at time , , and we wish to estimate 

the proportion at that time, and forecast the proportion al time , + I using the 

data up to time , . The traditional approach is to base the estimate on the data 

at time , only, and disregard the previous data. This does not require any 

,~pic-,:,,ledlrof h0w The nrocess evolves, since the estimate is only based on the 
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the current data, which is used lo get a "snapshot" of the current proportion. 

One drawback of this approach is that it is particularly bad at picking up a 

trend because the standard error is multiplied by V2 . A second shortcoming 

of this approach occurs when the overall series consists of a linear sum of com­

ponent subseries, for instance the proportions for the population broken down 

by region, age group, or sex. Estimates for these subseries are often just as 

important as the series as a whole, and the sample size sufficient to give 

sufficient accuracy for the series as a whole is completely inadequate to give 

sufficient accuracy for the component subseries. 

The multiprocess dynamic generalized linear model avoids same of these 

difficulties. Thus it (i) gives good estimates when the series is in a stable pat­

tern, by using past data as ..veil as present data; (ii) quickly reacts when a tran­

sient or a change occurs and quickly distinguishes between them; (iii) provides 

standard errors of the estimates at every step; and (iv) can be used for com­

ponent subseries, since the model for the combined series is the linear sum of 

the component series models. 

The data we consider here consists of 50 simulated random samples of 

size J 00, from a population where the population proportion is .35 for the first 

10 samples, increases by .01 for each of the next 5 samples, continues at .4 for 

the next JO samples, abruptly changes lo .3 for the next JO samples, decreases 

by .005 for each of the next l O samples, and remains at .25 for the last 5 sam­

ples. Thus the sampling distribution of y, is binomial (100,8,). The multipro­

cess dynamic generalized linear model we use for this has parameter dynamic 

equation 13, -= A,13,-1 where 

and b 0 ,b 1, and b2 are the local mean, slope and transient respectively. The 

linear predictor is "" - x;13, where x; = (1,0, t ). Thus the transient is included in 

• the current linear predictor and hence the current observation, but it does not 

have any efTect on future observations. The sampling parameter is related to 

the parameter vector through the linear predictor by the logit link function 

11, = g (µ,) = logf µ,/(n -µ, )) 
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Table 1. Stales and their prior probabilities. 

perturbation index perturbation prior probability 

1 no change .9 

2 transient .08 

3 mean change .015 

4 slope change .005 

where µ., = b (8,) - n e, is the mean of the sampling distribution of y,, hence the 

guide relationship is 

h (g (8, )) • log[B,/(1-8, )]. 

The four values of the perturbation index variable and their prior probabil­

ities are given in table 1 .. 

The perturbation covariance matrices are given by 

The prediction (B,+dY, ), observation ( Y,+ 1), and true proportion (e,. 1) are 

given in figure 1. Figure 2 shows the true prediction errors (e,. 1-a,. 1 I y,) and 

the naive prediction errors (y,ln -e,.1) , and their boxplots. It is clear that the 

distribution of true prediction errors is much more concentrated than that of the 

observation errors. Figure 3 shows the observations, the posterior 

estimators.and the true proportions, and figure 4 shows the posterior estimator 

errors and observation errors, and their boxplots. Again, it Is clear that the 

posterior estimator error distribution is much more concentrated than the obser­

vation error distribution. Figure 5 shows the equivalent sample size required to 

have the same variance as the posterior estimator of the mean. Summary 

statistics are shown in table 2. 
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Figure S. Equivalent sample size 

Table 2. Summary statistics 

var mean med min max qi q3 (1 

y,ln .331 .325 .200 .430 .280 .383 .0588 
a, 1 Y, .335 .328 .257 .401 .299 .384 .0459 

8,+1 I y, .332 .326 .254 .409 .280 .385 .0496 
y,ln -8, .004 .000 -.060 .120 -.023 .030 .0400 

8, jy,-8, -. 004 .001 -.080 .074 -.031 .017 .0327 
y,ln -8,+ 1 -.006 -.000 -.120 .060 -.038 .028 .0442 

8, .. ily,-8,+1 -.007 -.012 -.093 .084 -.014 .012 .0363 

7. CONCLUSION 

The algorithms developed in this paper extend the attributes of multipro­

cess models, into non-stationary time series where the sampling distribution is 

not normal, rather a known member of the one dimensional family of distribu­

tions; and it is some function of the mean, rather than the mean itself that is a 

linear function of the dynamic parameters. The use of the conjugate family of 

prior distributions enables computationally simple recursions similar lo those of 

the Kalman filter to be developed, conditionally on the perturbation index vari­

ables. The condensing of the mixture of k2 posterior distributions into a mix­

ture of k posterior distributions enables the algorithm lo quickly react to abrupt 

50 
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,. DYNAMI: GENERALIZED LINEAR MODEL 
implicit double precision (a-h,o-z) 
dimension betai(4,3),xbeta(4,4),varebeta(4,4,3,3),evarbeta(4,4,3,3) 
DIMENSION beta(4,4,3),c(4,4,3,3),UMU(4,4,3),q(4),se(3),w3(4,4,3) 
DIMENSION pi(4),po(4),po2(4) 
DIMENSION P(4,4),prob(99),y(99),BEST(3),BPRED(3),VPRED(3,3),Wl(4,4,3) 
DIMENSION A ( 3 , 3 ) , r ( 4 , 3 , 3 ) , X ( 3 ) , AT ( 3 , 3 ) , w ( 4 , 4 , 3 , 3 ) , x c ( 4 , 4 , 3 ) , c x ( 4 , 4 , 3 ) 
dimension eta(4,4),veta(4,4),vetainv(4,4),etheta(4,4),vtheta(4,4) 
dimension eeta(4,4),gamma(4,4),delta(4,4),v(4,4,3,3),vi(4,3,3) 
dimension betapred(4,3),cpred(4,4,3,3),betahat(3),chat(3,3),we(4,4) 
dimension wv(4,4),betaest(3),VEST(3,3) 
INTEGER I,J,K,l,N,ichk,ii,iny,iy,nn 
REAL em,ev,OBS,u,err,etahat,vetahat3,sum,eetahat,thethat,vthethat 
real etaest,vetaest 

C beta CONTAINS THE STATE VECTORS -THIRD INDEX 
c betai contains the condensed state vector -second index 
Cc CONTAINS THE STATE VECTOR COVARIANCE MATRICES-THIRD & FOURTH INDICES 
C pi CONTAINS THE PRIOR PROBABILITIES 
C po CONTAINS THE POSTERIOR PROBABILITIES 
CA CONTAINS THE STATE TRANSISTION EQUATION 
C R contains the perturbation covariance matrix second & Third indices 
C X CONTAINS THE OBSERVATION EQUATION 
CY IS THE TIME SERIES 
C eta contains the linear predictor 
C veta contains the variance of linear predictor 
c etaest contains the combined linear predictor 
c vetaest contains the combined linear predictor variance 
c thetaest contains the combined estimated sampling parameter 
c vthetaest contains the combined variance of the sampling parameter 
c etahat contains the predicted linear predictor 
c vetahat contains the variance of the prediction 
c thetahat contains the predicted sampling parameter 
c vthetahat contains the variance of the predicted sampling parameter 

ichk-1 
open(unit-4,file-'bino.dat' ,status-'old') 
do SO n-1,SO 

SO read(4,60) prob(n),y(n) 
60 format(f7.3,f3.0) do 63 i•l,4 

do 63 k•l,3 

63 vi(i,k,k)•99 
R(2,3,3)-.25 
R(3,l,l)•.25 
R(4,2,2)•.0025 
pi(l)•.9 
pi(2)-.08 
pi(3)-.015 
pi(4)s.OQS 
po(l)•.9 
po(2)•.045 
po(3)•.045 
po(4) ... 01 
phi-1 
n•lOO 
call assign(B,'mpbino.out') 
CALL ASSIGN(6,'mpdglm.OUT') 

C FOR pi AND po, 1-NO CHANGE,2=TRANSIENT,3•STEP CHANGE,4=SLOPE CHANGE 
x(l)•l 
X(2)•0 
X(3)•1 
DO 89 K=l,3 
DO 89 L=l,3 
A(K,L)=0 

89 conTINUE 



A(l,2)=1 
A(2,2)-1 
DO 90 K-1,3 
DO 90 L-1,3 

90 AT(K,L)-A(L,K) 
if (ichk .eq. 1) write(6,91) ((K,L,A(K,L),L=l,3),K=l,3) 

91 FORMAT ( 3 ( 3 (' A (', Il,' , ' , Il, ') _, , FlO. 6) /) ) 
C FOR A,l-MEAN,2•SLOPE,3-TRANSIENT 

do 300 nn-1,50 
c the section up to statement 110 computes the updated (conditional) mean and 
c variance of the linearly dynamic parameters 

write (6, 60) prob (nn), y (n) 
if (ichk .eq. 1) write(6,271) ((i,k,betai(i,k),k=l,3),i=l,4) 
if (ichk .eq. 1) write(6,272) (((j,k,l,vi(j,k,l),1=1,3) 

c ,k•l,3),j-1,4) 
do 100 i•l,4 
do 100 j•l,4 
do 100 k-1,3 
beta(i,j,k)•O 
do 100 1•1,3 

100 beta(i,j,k)•beta(i, j,k)+a(k,l)*betai(i,l) 
if (ichk .eq. 1) write(6,102) (((i,j,k,beta(i,j,k),k=l,3),j=l,4),i=l,4) 

102 format(4(4(3(' beta(' ,il,' ,' ,il,' ,' ,il,')•' ,fl0.6)/)/) l 
do 110 i•l, 4 
do 110 j•l, 4 
do 110 k•l, 3 
do 110 1•1, 3 
w(i,j,k,l)•O 
do 105 kl•l,3 
do 105 11•1,3 

105 w(i,j,k,l)•w(i,j,k,l)+a(k,kl)*vi(i,kl,ll)*at(ll,ll 
110 c(i,j,k,l)•w(i,j,k,l)+R(j,k,l) 

if (ichk .eq. 1) write(6,lll) ((((i,j,k,l,w(i,j,k,1),1=1,3) 
c ,k•l,3),j•l,4),i=l,4) 

111 format(4(4(3(3(' w(',il,',',il,',',il,',',il,')=',fl0.6)/)/)/ll 
if (ichk .eq. 1) write(6,112) ((((i,j,k,l,c(i,j,k,l),l=l,3) 

c ,k•l,3),j•l,4),i•l,4) 
112 format(4(4(3(3(' c(',il,',',il,',',il,',',il,')=',fl0.6)/)/)/)) 

do 193 i•l,4 
do 193 j•l,4 
eta(i,j)•O 
do 193 k•l,3 

193 eta(i,j)•eta(i,j)+x(k)*beta(i,j,k) 
do 194 i""l,4 
do 194 j•l,4 
veta(i,j)•O 
do 194 k•l,3 
XC ( i, j, k) -o 
do 194 1-1,3 
xc (i, j, k) •xc (i, j, kl + x (ll *c (i, j, 1, kl 

194 veta(i,j)=veta(i,j)+x(k)*C(i,j,k,l)*x(l) 
if (ichk .eq. 1) write(6,195) ((i,j,eta(i,j),j=l,4),i=l,4) 

195 format(4(4(' eta(',Il,',',Il,')•',Fl0.6)/)) 
if (ichk .eq. 1) write(6,196) ((i,j,veta(i,j),j=l,4),i=l,4) 

196 format(4(4(' veta(',Il,',',Il,')•',Fl0.6)/)) 
if (ichk .eq. 1) write(6,197) (((i,j,k,xc(i,j,k),k=l,3),j=l,4),i=l,4) 

197 format(4(4(3(' xc(',il,',',il,',',il,')=',fl0.6)/)/)) 
do 198 i•l,4 
do 198 j-1,4 

198 vetainv(i,j)=l/veta(i,j) 
c the section up to statement 201 computes the mean and variance of the prior 
c distribution of the sampling parameter. 

do 199 i=l,4 
do 199 j=l,4 
eeta{i, j)=exp(eta {i, j)} 
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199 vtheta(i,j)=(etheta(i, j)~(l-etheta(i,j)))**2 * veca(i,j) 
if (ichk .eq. 1) write(6,200) ((i,j,etheta(i,j),j=l,4),i=l,4) 

200 format(4(4(' etheta(',Il,',',Il,')-',Fl0.6)/)) 
if (ichk .eq. 1) write(6,201) ((i,j,vtheta(i,j),j=l,4),i=l,4) 

201 format(4(4(' vtheta(',Il,',',Il,')-',Fl0.6)/)) 
do 203 i-1,4 
do 203 j-1,4 
em-etheta ( i, j) 
ev-vtheta(i, j) 
we(i,j)-etheta(i,j) 
wv(i,j)-vtheta(i,j) 
gamma(i,j)-em**2 *(1-em)/ev -em 
delta(i,j)-gamma(i,j)*(l-em)/em 

203 continue 
if (ichk .eq. 1) write(6,205) ((i,j,gamma(i,j),j=l,4),i=l,4) 

2 0 5 format ( 4 ( 4 ( ' gamma ( ' , I 1 , ' , ' , I 1, ' ) - ' , F 12 . 6 ) / ) ) 
if (ichk .eq. 1) write(6,207) ((i,j,delta(i,j),j=l,4),i=l,4) 

207 format ( 4 ( 4 (' delta (' , Il,' , ', Il,') -' , Fl2. 6) /) ) 
c this section up to statement 209 calculates the parameters of the posterior 
c distribution of the sampling parameter 

do 209 i-1,4 
do 209 j•l,4 
gamma(i,j)•gamma(i,j) + y(nn) 

209 delta(i,j)•delta(i,j) + n - y(nn) 
if (ichk .eq. 1) write(6,205) ((i,j,gamma(i,j),j-1,4),i-1,4) 
if (ichk .eq. 1) write(6,207) ((i,j,delta(i,j),j-1,4),i=l,4) 

c this section up to statement 210 calculates the parameters of the updated 
c linear predictor distribution 

do 210 i-1,4 
do 210 j-1,4 
em-gamma(i,j)/(garruna(i,j)+delta(i,j)) 
ev-em*(l-em)/(gamma(i,j)+delta(i,j)+l) 
etheta(i,j)-em 
vtheta (i, j)-ev 
eta(i,j)-log(em/(1-em)) 

210 veta(i,j)- ev/((em)*(l-em))**2 
if (ichk .eq. 1) write(6,200) ((i,j,etheta(i,j),j=l,4),i-1,4) 
if (ichk .eq. 1) write(6,201) ((i,j,vtheta(i,j),j-l,4),i-1,4) 
if (ichk .eq. 1) write(6,195) ((i,j,eta(i,j),j=l,4),i=l,4) 
if (ichk .eq. 1) write(6,196) ((i,j,veta(i,j),j=l,4),i=l,4) 

c the section up until statement 220 calculates the corrected mean of the 
c dynamic parameter (conditional) 

do 215 i•l, 4 
do 215 j•l,4 
xbeta(i,j)-0 
do 213 k•l,3 

213 xbeta(i,j)•xbeta(i,j) + x(k)*beta(i,j,k) 
do 215 k•l,3 
w 1 ( i, j, k) •O 
do 214 1-1,3 

214 cx(i,j,1)-xc(i,j,l) 
215 wl(i,j,k)•wl(i,j,k)+cx(i,j,k)*(eta(i,j)-xbeta(i,j)l*vetainv(i,j) 

if (ichk .eq. 1) write(6,217) (((i,j,k,wl(i,j,k),k=l,3),j=l,4),i=l,4) 
217 format(4(4(3(' wl(',il,',',il,',',il,')•',fl0.6)/l/)) 

if (ichk .eq. 1) write(6,102) (((i,j,k,beta(i,j,kl,k-1,3),j=l,4),i=l,4) 
do 220 i•l, 4 
do 220 j-1,4 
do 220 k•l,3 

220 beta(i,j,k)=beta(i,j,k)+wl(i,j,k) . . 
if (ichk .eq. 1) write(6,102) (((i,j,k,beta(i,j,k),k=l,3),J=l,4),i=l,4) 

c the section up to statement 240 calculates the corrected covariance 
c matrix of the dynamic parameter (conditional) 

do 230 i=l,4 
do 230 j=l,4 
do 230 k=l,3 



.::30 

234 

240 

evarbeta ( i, j, k, l) =c ( i, j, k, l) -ex ( i, j, k) .. ex ( i, j, l) *veta.:..nv ( i, : 1 
do 234 i-1,4 
do 234 j-1,4 
do 234 k-1,3 
w3(i,j,k)-cx(i,j,k)*vetainv(i,j) 
do 240 i-1,4 
do 240 j-1,4 
do 240 k-1,3 
do 240 1-1,3 
varebeta(i,j,k,l)-w3(i,j,k)*veta(i,j)*w3(i,j,l) 
v(i,j,k,l)•evarbeta(i,j ,k,l)+varebeta(i,j,k,l) 
if (ichk .eq. 1) write(6,243) ((((i,j,k,l,evarbeta(i,j,k,l),1=1,3) 

c ,k-1,3),j•l,4),i•l,4) 
if (ichk .eq. 1) write(6,244) ( ( ( (i, j,k,l,varebeta(i, j, k, l), l=l, 3) 

c ,k•l,3),j•l,4),i•l,4) 

C 

242 
243 

if (ichk .eq. 1) write(6,242) ((((i,j,k,l,v(i,j,k,l),1=1,3) 
,k-1,3),j•l,4),i•l,4) 
format ( 4 ( 4 (3 ( 3 (' v (' , il, ',', il,' , ', il, ', ', il, ' ) -', fl0. 6) /) /) /) ) 
format ( 4 ( 4 (3 (3 (' evarbeta (', il,' , ',_il,', ', il, ' , ' , il, ') =' , f 10. 6 l 

C /)/)/)) 

244 format (4 (4 (3 (3 (' varebeta(', il,', ',il, ', ',il,',' ,il, ')=' ,fl0 .6) 
C /)/)/)) 

c the section up to statement 260 is determining the posterior probabilities 
c of the perturbation index variable 

sum•O 
do 258 i•l,4 
do 258 j•l,4 
em•we (i, j) 
ev-wv (i, j) 
err-Y(nn)/n -em 
u•ev 
eta(i,j)•log(em/(1-em)) if (ichk .eq. 1) write(6,254) y(nn),em,ev,err,u 

254 Format (5f10.5) 
258 p(i,j)•po(i)*pi(j)*.3989422803 /(sqrt(u)) * exp(-.5*err**2/u) 

if (ichk .eq. 1) write(6,261) ((i,j,p(i,j),j=l,4),i=l,4) 
do 259 i•l,4 
do 259 j•l,4 

259 sum•sum+p(i,j) 
do 260 i•l,4 
do 260 j•l,4 

260 p(i,j)•p(i,j)/sum 
if (ichk .eq. 1) write(6,261) ((i,j,p(i,j),j=l,4),i=l,4) 

261 format(4(4(' p(',Il,',',Il,')-',Fl0.6)/)) c the section up to statt 
c covariance matrices 

do 262 j•l,4 
po ( j) •0 
po2(j)•O 
do 262 i•l,4 
po2(j)•po2(j)+p(j,i) 

262 po(j)•po(j)+p(i,j) 
if (ichk .eq. 1) writ.e(6,263) (j,po(j),j"'l,4), (i,po2(i),i=l,4) 

263 format(4(' po(',Il,')•',Fl0.6)/,4(' po2(',il,')=',fl0.6)) 
do 266 j-1,4 
do 264 k-1,3 

264 betai(j,k)-0 
do 266 k=-1,3 
do 266 i•l,4 

266 if (po(j) .ne. 0.) betai(j,k)=-betai(j,k)+p(i,j)/po(j)*beta(i,j,k) 
do 270 j=-1,4 
do 268 k•l,3 
do 268 1-1,3 

268 vi(j,k,l)"'0 
do 270 k=l,3 
do 270 1=1,3 
do 270 i=l,4 


	1990_Bolstad-0001
	1990_Bolstad-0002
	1990_Bolstad-0003
	1990_Bolstad-0004
	1990_Bolstad-0005
	1990_Bolstad-0006
	1990_Bolstad-0007
	1990_Bolstad-0008
	1990_Bolstad-0009
	1990_Bolstad-0010
	1990_Bolstad-0011
	1990_Bolstad-0012
	1990_Bolstad-0013
	1990_Bolstad-0014
	1990_Bolstad-0015
	1990_Bolstad-0016
	1990_Bolstad-0017
	1990_Bolstad-0018
	1990_Bolstad-0019
	1990_Bolstad-0020
	1990_Bolstad-0021
	1990_Bolstad-0022
	1990_Bolstad-0023
	1990_Bolstad-0024
	1990_Bolstad-0025
	1990_Bolstad-0026
	1990_Bolstad-0027
	1990_Bolstad-0028
	1990_Bolstad-0029
	1990_Bolstad-0030
	1990_Bolstad-0031
	1990_Bolstad-0032
	1990_Bolstad-0033
	1990_Bolstad-0034
	1990_Bolstad-0035
	1990_Bolstad-0036
	1990_Bolstad-0037
	1990_Bolstad-0038
	1990_Bolstad-0039
	1990_Bolstad-0040
	1990_Bolstad-0041
	1990_Bolstad-0042
	1990_Bolstad-0043
	1990_Bolstad-0044
	1990_Bolstad-0045
	1990_Bolstad-0046
	1990_Bolstad-0047
	1990_Bolstad-0048
	1990_Bolstad-0049
	1990_Bolstad-0050
	1990_Bolstad-0051
	1990_Bolstad-0052
	1990_Bolstad-0053
	1990_Bolstad-0054
	1990_Bolstad-0055
	1990_Bolstad-0056
	1990_Bolstad-0057
	1990_Bolstad-0058
	1990_Bolstad-0059
	1990_Bolstad-0060
	1990_Bolstad-0061
	1990_Bolstad-0062
	1990_Bolstad-0063
	1990_Bolstad-0064
	1990_Bolstad-0065
	1990_Bolstad-0066
	1990_Bolstad-0067
	1990_Bolstad-0068
	1990_Bolstad-0069
	1990_Bolstad-0070
	1990_Bolstad-0071
	1990_Bolstad-0072
	1990_Bolstad-0073
	1990_Bolstad-0074
	1990_Bolstad-0075
	1990_Bolstad-0076
	1990_Bolstad-0077
	1990_Bolstad-0078
	1990_Bolstad-0079
	1990_Bolstad-0080
	1990_Bolstad-0081
	1990_Bolstad-0082
	1990_Bolstad-0083
	1990_Bolstad-0084
	1990_Bolstad-0085
	1990_Bolstad-0086
	1990_Bolstad-0087
	1990_Bolstad-0088
	1990_Bolstad-0089
	1990_Bolstad-0090
	1990_Bolstad-0091
	1990_Bolstad-0092
	1990_Bolstad-0093
	1990_Bolstad-0094
	1990_Bolstad-0095
	1990_Bolstad-0096
	1990_Bolstad-0097
	1990_Bolstad-0098
	1990_Bolstad-0099
	1990_Bolstad-0100
	1990_Bolstad-0101
	1990_Bolstad-0102
	1990_Bolstad-0103
	1990_Bolstad-0104
	1990_Bolstad-0105
	1990_Bolstad-0106
	1990_Bolstad-0107
	1990_Bolstad-0108
	1990_Bolstad-0109
	1990_Bolstad-0110
	1990_Bolstad-0111
	1990_Bolstad-0112
	1990_Bolstad-0113
	1990_Bolstad-0114
	1990_Bolstad-0115
	1990_Bolstad-0116
	1990_Bolstad-0117
	1990_Bolstad-0118
	1990_Bolstad-0119
	1990_Bolstad-0120
	1990_Bolstad-0121
	1990_Bolstad-0122
	1990_Bolstad-0123
	1990_Bolstad-0124
	1990_Bolstad-0125
	1990_Bolstad-0126
	1990_Bolstad-0127
	1990_Bolstad-0128
	1990_Bolstad-0129
	1990_Bolstad-0130
	1990_Bolstad-0131

