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Abstract

Most 3D animatlon packages use praphical representations called motion graphs to
represeit the variation i tdme of the motion parameters. Many use two-diensional
B-splines as animation curves because of their power (o represent free-Torm curves.

15 project. we investigate the possibility of using Oune-dimensional Non-Unilorn

Ratlonal B-Spline (NURBS) curves for the interactive constmction of anination
coutrol cioves, One-dimensional NURDBS curves present the potential of solving some
problems cnconntred n motion graphs when fawvo-dimensinal B-splines are used. The
stndy focuses on the properties of One-dimensional NURBS mathoematical model.
Hoalso wvestigates the algorichms and shape modilication wools devised for 1wo-
dimeustonal envves and their port to the One-dimensional NURBS model. Tt also

looks e the dssnes velated 1o the nser nterface used Lo interactively wodify the salipe

ol the curves.



Contents

Abstract

Acknowledgements

{

|85

o

Computer Animation

b inivoduction

L2 Motion Control Techniques
2.0 Deseriptive or Guiding Models
.22 Physies-Based Models
230 Task-Ovented Models

3 Motion Parameters

Pl Notivation

Non-Uniform Rational B-Splines
20 inproduction

2020 Besplines .

2.5 Non-Uniforin Rational B-Splines

240 Properties

Geometric Algorithms for NURBS
3.0 Introdoction

5.2 Koot Insertion

3050 Kaot Refinement

G4 Kot Removal

3.0 Degree Elevation

3.6 Degree Redietion .

3]

[N

X1



One-Dimensional NURBS

4

|

O User Interlace ssoes

I Introduction .

20 Properties
450 Bundarpental Algorithios

b Shape Modilication Tools

i

fmplementation

0.

)

oo lnroduaction .

The Prototype

S0 Design

Conclusion

Appendix

Bibliography

11



List

of Figures

2

Veloeity curve, A
A douhle-valued velocity cinve. D
A piecewlise cuble polvnomial curve with three segnienis 0 8
Chibic basis muctions and euble curve 9
A enbic NURBS cnrve and associated basis lunctions . . . L1
Ratioual cubic B-spline curves with wy varving i
Iiot wsertion into a cubic curve L7
Clurve refineiment 19
Renove all removable koots from o cubie curve 21
Curve degree elevation example 23
Cloutrol point repositioning Sl
Moving curve point by repositioning control point 52
Curve warps with diflerent shape huetions 3

Screcushiot of the ditferent windows of the prototvpe application .

Faample of a cubic 1D NURBS curve .

Example of a single knot insertion

fnseriing a koot value degree times

R i et rel i

ReDOSILIONIE A control point

LD curve velinement

T1) civve veliueinent

I Soltmmage, @ motion graph s called an FCurve
In 30 Studio Max, it is called a Funclion Cusoe

In Electrichnage. it is called a Velocity Curoe




H00 I LightWave, 1u s called o Molion Graph



Chapter 1

Computer Animation

1.1 Introduction

Lo annmate, hterally means o bring o Ufe, Animation hias beoen

popular,
long belore the existence of computer graphics. o traditional animation, motion is
created by drawing objects o different positions over successive hrames such it

when plaved in sequence, they pive the perception of motion. Computer anlbmators

have horrowed the sane pavadigin. A delinition of computer animation could be |

a technigue mowhich the ithsion of wovement 1s created by displaving on the sereen.
or recording on a recording deviee a sevies of ndividual states of a dvnamic scene.

s dehnition bighlighes the Toct that all animation techniques exploit the human

vistad abiliiy to mtegrate a sequence of individual bnages nto @ sensation of visual

cont iy,

Clomputer anhmation has found its way into a varicty of fields ranging from en-
teviainment to practical applications, education and scientific visualization. In the
world of television advertising and the il industry, many of che special elfects are
corpriter antinations, and some movies are gencrated entirely by comnputers; Walt
Disney and Poau’s movies Toy Story and The Bug’s Life arc very good examples
ol that, Some well kuown practical applications of computer animation ave {ight
sinuidators for avcralt which are used to train pilots (civil and military), MRT ani-
mation i wedicine. Applications of computer graphics aud animation i scientifice

rescarel ave grouped under the heading of scienfific visvalizalion. Whoen scientists

exporiinent. with new mathematical and physical models, they use visualization as
o wean of vadidating the designed model and animation becones a natural way of

represeuting the temporad evolution of the model resulis.



o1 0o make bhetween animation aud sunulation. In

At antinaddown, oosel ol frawes s generated, in different ways and possibly at diflovent
times, and segientially visualized at a given vate 1o produce a sequence, Stinulation
j 3

on the other hand can be defined as an anbwation sequence that reproduces natu-

ral phennmiena or s o visnabization of the temporal evolution of mathematioal aud

ohvsical models i

iy case, the main goal of computer animailon 1w to synthesize the desived

rotion eifect which may correspoud to a natural phenomena. an anlmator’'s bnagi-

tion or o scientifie visnalization. There is o large munber of computer anination

systems providing tools able to wanslate this goal o veality. They are as diverse

and disparaie as the felds shat use them. A common way ol classifving the waiu-

stroann ones s aceording tothe motion control techulques they use 110 4] High

Lon sysiems allow users to spectly wotlon 1 an abstract way, whoereas
fow Tevel svstems require the users Lo specify all the motion parameters. The next

section desevibes the different motion control techniques.

1.2 Motion Control Techniques

Three families of motion control techniques ave traditionally distinguishied [4]. [R]:

descriptive or guiching models, generative or Phvsies-based models, and behavior

&

o Lask-oriented models. Table § summarizes vhe wotion control wodels and the

assoctated anbnation systems.

"_ﬂ.‘
t

2.1 Descriptive or Guiding Models

I guiding svstems, the behavior of each animated object 18 explicitly specified by
5 5 0. . . 1 A

dleseribing the variations i time ol its actributes. One ol the st developed anhmation

rechinignes and exienstvely used by commercinl animation packages s Keyframing

selting transformation values {any

e kincmmaties by
paramcters allectivg the motion; m kevirames: an-befwoeen ames are generatoed by

rhe computer nsing nterpolation [6] methods which may be Hnear, based on splines

J11 o on quatvains 6. 71 Another group of descriptive techniques s proceduia

melhods, 1o this case, the kinematics are specificd using procedures, There are serpt-

hased sysiems where the procedure is a seript writhben using an annoation language:



Liere are also svsteras nsiug direci and inverse binemalics wo develop aleovithins for

coveralng the molion.

1.2.2  Physics-Based Models

L Phyvsies-based systeins. the geometry and shape changes ol the animated objects

ol and phyvsical principles. Motion is obtained by the

arc modellod using mathemat
dyrinnie eyualions of mofion. These equaiions are established using the forces, the
torcuees. the constraints and the mass properties of objects. Consequentiv, the ter
sintlation 15 more often nsed instead of animation, There are wwo approachos for
nsine dviaties: divecd dynamaes, where forees and torques are knowin and 1notion s
obtained with minimal control over the systems dnwverse dynamies, where the motion

1= koowrs aud forees and torgues unkoown and computed.

1.2.3 Task-Oriented Models

D rask-ortented systems. the behavior of antmated objects s specilicd 0 terms of
event= and relacionships |8 boother words, the objects have a perception of the envi-
vonttent. and an ability for decision and action making and conumunication abilities.
I these svatemns. the goal 1s to produce controllers that make decisions according

to the Information they receive. To do that, they use techniques such as genetic

prograupning techulques, sensor-actuator networks and finite state machines 4.

1.3 Motion Parameters

Regardless of the motion control technique used, computer anlmation svstems have
to deal with one or wore elements that vary in time: several paraineters ave Lo
he controlled within every element. The selected parameters ave those who's val-

ves when changed have o visual eifect oo the seene. These paraneters are called

profion pargmelers. Phev may correspond to tlie position, velocity, geometry, color.

Lransparencey, strncture, texture of an object, Lo changes o lightning, camera posi-

Liow. orientation, and focus, o rotation, scaling operations. The anlination svstew
controls cach motion parameter by generating the appropriate paramcter value o

cach frame. The parameter values are generated ma variety of ways, including the

nse ol mathematical formulae i physics-hased systemns, interpolation in generative



SARLOILIS, OV o

rrally devived data, Inany case, the result is a table that wmaps a

4

vitlie ol womotion parameter with the associated time or frame munber.

1.4 Motivation
Fhe cworent tewdency iy cotputer animation systems development 15 the design of

nser-Driendly control svstens which, from the user’s point of view. do ot require

swh knowledge of the underlving algoritlnns and motion equations. Fhe clial-

o obtain nser-controlled wotion with reduced computationad coniplexiny and

101 Bimes.

f this context, there is @ powerfud approach that enhances the user-friendliness
of parts of @ conrrol systenm. Many 3D anhimation packages use a graphical represcrn-
tation. ealled womnolion graph, of the variation in time of the motlon paramceters. [n
the appendix are prosented some sercenshots of motion graphs used e commercial
A0 annwation packages. Most soltware packages work in similar wavs, Typically.
thiev plot a motion parameter (vertical axis) agalust tine or {rame nwmber (hovizon-
val axas). When building an animation, the animator olten needs to adjust some of
the parameter vabines, Consequently, he has a need Lo interactively modily or edit
thie parameter curve and thereby o directly modify or edit the animation itself. To
vemedy Lo that, many of the animation packages use two-dimensional B-splines as
animaiion curves. B-splines provide the power to vepresent free-form cnrves and
strfaces and common analytic curves, They can interpolate, approximate or it vir-
tiallhvany ser of data points. They arve suitable for el imndtio design. Clonscquently,
thev are o very good cholee Tor the situation described above.

Loy said that, the cuprent implementations of motion graphs do not necessarily
redice e compntational complexity or the computation costs. To lustrate some
ol the ssnes. we will be considering the shimple sitnation where a two-dimensional
B-spline cnrve is used to vepresent the evolution of the velocity V() of an objec
over tune L enwee LD The first step s to produce the curve diself The curve.
denoted by Glu). has two components: Cla) = Celu), y(u)). In order to generate

i two sets of computatbion, one for cach of the component (efw) and ylu), have to

be cioried ont 1 the munber of motion parameters is inportant,' the compittation

When the number of parameters is considerable, one has to think wether this tvpe of motion
control s appropriate: however, theve might he situations where this approach is not avoidable like
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Figure 120 A double-valued veloeity curve,

cotties an sstue. Phis s one aspect of the colputation cost.

Obtaining the velocity value Voai a given time £ is not straightforward since

the cnvve Clu) s parameterized in terms of w1ty components are functions of the

parieter v A reparameterization, known as aclenglth or chord veparametlerizalbion

|1, 6], s nsually required that reparameterizes the curve as a function of time £; this
reparameterization o itsell is uot straightlorward. Overall, there is not direct and
ihiitive wapping between the curve input/output and the corresponding sought

parineter valne, This point shows one aspect of the compuiational complexity.
DBoecaise of the animator ability to modify the B-spline curve freely, a non-desired
sibuabion may oceur while the animator s editing the curve; this sitnation s ilhns
frated by Feiee 120 1o shows chas the object hias more than one velocity ai the
sadne time which is o physically moaningless situation. Of course. i the anlmator
isocarveful evough, this may never happen. However, this is an andrinsie behavior
of the B-spline, in other words, there is nothing in the underlving model that can
completely avord the situation rom happening,
Fhis work mvestigate wether iis possible to address these issues by means of

nsing one-dinenstonal Non-Uniform Ratlonal B-splines known as NURDBS. NURBS

Belbave o nuwch the same way as Besplines, bt cach knot can have its own welght

Wl natre desten i which case the cost has to be eut down somchow.



Psee chapter 2), so that the user can aflect the wnount of pinch the curve makes at
the control point. One-dimensional NURBS are actually funelions machomatically
speaking. Becanse of this property, uo matter how the animator edits or modifies te
one-dimensional curve, the physically meaningless state described above will never
oconr. Betng hetions, with appropriate normalisation, the system can achiove
a direct menitive mapping or correspoudence between the curve output and the
animated pavameter value. And the last advantage of one-dimensional NURBS bt
ol the deast isits dimension: the system needs (o carry only one sen of compuitation.

The rest of the document is structured as [olows. Chapter 2 s o briel overview
ol the mathematical model used to represent B-splines in general and NURDBS i
partienlar. boalso deseribes some of the properiies of NURBS. Chapter 3 goes over
the Dindmmnental geomeric algorithms and shape modification tools developed for
the manindation of NURDBS curves, Chapuer 4 explores the issues encountercd when

1

moving o two-dimensional NURBS o one-dimensional NURBS. The [ocus is on

possitble changes i NURBS properties and also the dillerent algorithms associaied

with. Chapier 5 describes the prototype implemented and the related ssues. The

conclnsion suuarizes the work and exposes some possible future investigations.



Chapter 2

Non-Uniform Rational B-Splines

2.1 Introduction

Mathematically, aoarve can be represented either ina parametric or a non-paraietric

form. A powsparametric representation is either inplicit or explicit. Example of an

explicit non-parawmeteic form is the equation of a straight line ¢ = yne+b. Example of

;

anmplicit nog-parametric form is the equation ol a civele f{woy) = ®

5
+ym = =
Both explicit and hnpliclt non-paraiietric curve representations ave axis dependent.

I

Conseaguently, the choice of a coordinate systens atlects their nsage. In the para-

wrie Torim. cach of the axis variables 1s a functi [ an indenendeil parameter: o
LHCLULe LoV, eacil Ol Ll1e aX1s variabies s a funciion ob o e ])(H( 11 Padalin Lers &

plane {two-dimensional ) carve s expressed as:

a <l <l b

where the independent parameter o varies over the ncerval [e. 0] which is often
normalized to [0, 1] (from now on, we will he using the meerval [0, 1)), w(e) ancd y{u)
are the nmvariate functions deseribing the xoand v ocoordinates ol any point on the
crivve. As wovaries from oo to by the Mnctlons swoeep out the curve, The parauetric
crrve 1= sually apolynomial or rational polvnomial. The polvnomial representation

can be rearranged into o form that is more intuitive o use in geometrie modelling,

Anexample of shis vepresentation is the Bdzier curoe. A Bégler curve of degree n

con be defined o terms of a set of geomeiric coellicients called condrol poinds {P;

ddons {8, (n) b s given by

and aset ol basis f

AP (< < (2.0

Su) = B,
s 2, Pt <o

-1
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A pilecewtse cubie polyoomial curve with three segments. (from ill)')

Phie blending huctions {43, {u) b are the nth-degree Bernstein polynomials given by

This new representation is more {lexible and much more useful in computer graphics.
Fven more, by changing the hasis {unctions, one can obtain a different class ol para-
metric curves. In effect. Bézior curves are just a special case of o more general class
ol paratnetrie arves, called B-splines, which uses a dillerent set of basis functions.

The next section deseribes B-splines inomore details.

2.2 B-splines

B-splines are o generalization of Bézier curves. A Bespline cwrve 18 a piecewise
polviomial cirve constructed from several curve segients joined together at some
brealpoinds witl some level of continuity hetween thew, Such a cwrve is depicted in

Figure 2,00 The curve, defined on w € [0, 1], is composed of three curve segnieits:

she segments ave joined together at the breakpoints wy = 0 <oty Loy =
Pesphines use as hasis aoset ol piecewise polynomial functions known as thie B-spline

S0 A pih-degree B-spline curve 1s defined by

Clu) = ; N; o, ()P a o < h
) ) P =

=0

(RN
S

where {1 are the control pomts, and the {N_,_,,('u,)} are the pth-degree B-spline

basis functions. There are dilferent methods to defline the B-spline hasis [unctions.
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(i) Cubic basis functions: (D) A cubie curve using the basis functions of

fay, {Iromw [10])

-

A rectirrence defininion, known as the Cox-deBoor recursion formula, is widely used
hecanse 10 1s well suited for o computer implemmentation.  The deh B-spline basis

frction ol degree pas defined as follows:

((i o, <<u <

Noglu) =

I otherwise

N () e T N 1
Nyplth) = ————— NNy o ll) + ————————
ijoegy — U Uy 1 = i

bip41 — U

Flp—tla) (243

Fignre 2.2 shows an example of eubic {(degree p = 37 basis funcilons and a B-spline

curve using them. The wy e Ego (24 are called knols; they are elenents of o
noudecreasing sequence of real numbers, Lo w; < owg, called a knof veclor. There

ave unaform and non-unaform knot vectors. A uniformn knot vector has all ivs interior

knor vahies equally spaced. But the commonest type is the non-uniform knot vector



delined by

ji+t pkl

The mualtiplicity of knots at the ends of the vector s equal to the order p+ 1 of

the hasis lunction; this multiplicity is illustracted m Figure 2.2a with small verticald

Dars ot = 0 and = 1 aleng the horigontal axis. The half-open iuterval fu,. w0 )

= called the b ol span. As we can see from Eqs. (2.4) aud (2.5), the choice of

a kot veetor allects the B-spline basis functions and consecuently the resulting B-
1

sphine cieves For example. a knot vector with no interior knot values vields a Bézier

[SE RN

2.3 Non-Uniform Rational B-Splines

The way B-splines ave delined so far (5. 2.3) does not allow Tor the representation

i

ol conie apves {crcles. ellipses. cylinders, cones, spheres, ewe). However, they can
be vepresented using valional polynomial functions which are delined as the ratio of

fwe nolyvoomads of the form

N
AN
W ()

arf

The covvesponding eurves are the ralional B-splines. A rational B-spline curve can
he thonght of 3] as the projection of a non-rational B-spline curve defined in 4D
howogencons coordinate space back into 3D space achicved hy dividing the coordi-
nates by the homogeneons coordinate. A general class of ratioual B-splines are the
NonUnifonn Rational B-Spline cwrves known as NURBS. A pth-degree NURBS
corve Is defined In

it

Z N plu)w, P

Cluj = = a <

1l
ZJ’/\’,»,.[,‘(/[”'(”[

=0

where {2, 1 are the control points, the o, } ave the welghts, and the IV p () b are the

prhsdegree Bespline basis functions delined on the non-periadic knot vector defined
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Fignre 230 {a} A cubiec NURBS curve {(b) associated hasis functions. (from | 10])

)

i b (2,57, By setting

N (uhw;

>N .
Riylu) = (2.8)
i . /, y .
Zl\/’,:/,w)m,
=0
o enn obiain the faniliae form
W eal ObLalin Lo tammiiiar forin
H
Clu) = ) R, ()P {2.9)
=0}

The {12, ,(u) b ace the rational basis functions; they are piccewise rational (unctions
on € [0, 11 Figure 2.3 shows an example of a cubic NURBS curve and 1is associated

ratlonal basis lunctions.
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2.4 Properties

As we can see from Egs.

nal basis Mncetions

{10, (1)} ave a generalisation of non-rational B-spline curves and then basis functions

(N ) b owhich are in tirn o generalization of Bégler curves and ihen Bernsiein
polvnomials.  Consequently, they inherit pearly all the analviical and peometric

charncternstios of the non-rat

tonal basis functions and curves and also those of Bézier

crrves. Next s accaimeration of the most important properties [10].
Pl Ve oy each basis function is positive or zero for all parameter values,
] Roptuy = O for all g !

i = [0,1]. None of the basls funciions R, ()

3h is negative aver the nterval w € [0, 11 This is

HERIEIN

o for th

) o the example of Figure 2.2a

Fayas

P.2 Partition of un

 For any knot span [u;, wigi). Z{/ﬂ;/, B p(u) = 1 for all the

parameter values w € 3'//.,,,'(1,_1»_1}‘

e)
%)

ceach A% ()l

1as precisely one maximuwm on the iuterval

4 Local sepport: R {u) = 01w s outside the open interval [ug, iy ). In any
piven kool span [t 41 ), ab most g+ 1 of the !f',,;’/,('u‘) are 1onzero, nanely the
fouctions 13, ,0u) o Ry ().

.5

ML devivatives off [ ,(n) exist it the interior of a knot span, where it is o
rational function with nonzero denominator. At a knot, £ ,(n) 18 p — & thnes
continuously differentiable, where & 1s the multiplicity of the knot.

L6 Mo, =

Efor all . then £3,(u) = Ny, (u). The non-rational N ) are special

cases of the rational 13 ,(u).

Sinee Clu) s Just adinear combination of A5 ,(n) and becanse of property PL5,
C(u) is infinitely ditferentiable on the interior of knot spans and is g — & times

liferentiable at a knot of multiplicity &

C{u) s a plecewise polynomial curve siuce £, ,(u) are piecewise polyvnomials.

The mumber of control points, (n+ 1), the nunber of knois, (rn + 1), and the

tiie basis hanctions are related by



i.c. number of knots = number of control points + order

P.9 Lind poiml conbinwily: C0) = Py and C(1) = P, in other words, the curve

Cln) interpolates the Hrst and lase contrel points: this comes rom the fact thai

Ropl0) = £, ,{1} = L In the example of Figure 2.3a, the curve interpolates
the points Py and £y
P10 Afline ineariance: any alline transformation (translation, rotation, scaling) can

becapplied o the curve Clu) by applying it to the control points Pyzle., the
curve is bransformed by transforming the control points: NURBS curves are also
ivartant under perspective projections which is not the case ol non-rational

B-splines.

Strong conuer hall property: the carve Clug s contained i the convex hall

[y
et

of its conirol polygon which is the polvgon defined by the control points Py

Precisely, il w € luy eyt and p <0 <o —p — 1 then the portion of the curve

Clay that s on the wterval w0 € [y 1,000) 18 inthe convey hudl of the control

potits PPy 00 Py Lo Figure 2054, the dasfied segment of the cirve les mside

the convex hull of the control points {P . Py, Py Pyt illustrated by o dashed

[1()]\'_@()1!.

P12 Vartalion dansnishing property: no plane has more intersections with the curve
thaw with the control polyvgon {(replace "plane’ with Tine” for two dimensional

CuUrves).

P.13 A NURDBS curve with no interior knots, e, the knot vector is ol the form

i oaorational Bézier curve. NURBS curves contain non-rational B-spline and

rational and non-rational Bézier curves as special cases.

P.14 Local approzimalion: moving the control point Py, or changing the weight o,

adfects only the portion of the curve Clu) that 1s on the nterval w € Juy. w0 )
. t \ i Fp+

this comnes frow the fact that &, (0) 18 zero outside s supporting knot spais
/.! \ I e}

°wD \ru,A Wiyt ). Incrcasing the weight w; has the effect of pulling the cuve

toward the corresponding control point Pj.and decreasing the weight has the
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i

Figure 2,40 Rational cubje B-spline curves with wy varving. (frow [10])

rol

14 illustrates this behavior with the weig

opposite effect. Figure

pownt Py

P.15 The control polvgou formed by the control poinis P, represents a piccewlise
luear approxitmation to the curve Clu). In general, the curve pets closor to 1s

conlrol polvgon when the degree gels tower.

The combination of all the enmerated properties make NURBS cuvves a powerlul
tool fov vepresenting free-form curves and surfaces and conunon analviic shapes.
NMany ol these properties are very hmportant when developing shape modification
algorithuns. Property P14 in particular is very important for interactive shape
desip. The delinitions and properties deseribed above apply o two and three-
dimensional NURBS without loss of generality. However, as we shall sce in chapter

Iosome of the properiies may not hold for ope-dimensional NURBS,



Chapter 3
Geometric Algorithms for NURBS

3.1 Introduction

NURBS bave a v

peometric domain, in that they provide precise mathematical
forur capable ol representing the common analytical shapes and free-form curves and

91 All

srrfnces. They are also unconditionally stable to {loating points computation
ol this comes mainly from the properties and the flexibility of rational B-spline basis
finctions. This Hexibility allows for diflevent tyvpes of control Landles used to modify
the shiape of NURDBS curves. As described in previous chapter, a NURBS curve is

delined by dts control points Py, weights w; and knot vector €7, Consequently, control

ciil be achicved by

e chauging the knot vector: nserting or removing a knot value, refining the knoi

&

vector, using multiple knot values i the knot vector;
s changing (clevating or reducing) the degree p ool the basis lunctions:

# changing the number of control points and/or control polvgon: nserting or

removing control points, wusing multiple control points,

e algorithing and shape modification tools have beon devised to
achieve the vpes of coutrol we have just deseribed.  The fundamental geometric
algorithms are koot insertion and koot removal, knot refinement. degree elevation
and degree veduciion. Some of the shape modilication tools are hased on control
poiut repositioning, welght modification, and shape operators such as warping. o

the following sections we will describe some of the hmdamental algorithms and

Lools.

the next chapter we will present some of the shape modifica



1o illnstrate some of the limdmnental geomerric algorithins, we shall use an other

method of vepresenting NURBS curves.,

I
Ty = \ Nip(u) Py (3.1
1220
The cirve ©%0a) in Eo. (3.1) represents a NURBS curve defined on U = {ug. . ... Ty b

where [P are the weighted control poines, P = (w0, w0, 2.00,). The supar-
serptoae 1 G and PP indicates thal we are using homogeneous coordinates in

four-dinensional

2.2  Knot Insertion

When o new knot vadue, let 1t be w € Ty, wgq ). 18 10 be lnsersed into O, we obrain o
new knot vector O with o new size -+ 2. We also obtaln a new set of basis functions.
N b delined on U, To maintain the property P.8. the number of control polnts
t NG f A

1= to inerease accordinglve The geometry of the curve does not change bhut it has a

nev reprosentation of the form

where {Q7} ave the new control points. The knol snseriion algorithm concern is Lo
determine these new control points. Because the curve geometry is not modilied,
the problan comes down 1o solving the equality between s, (3.1) and (3.2), By
taking advantage of the local support property (P.4), we can obtaln the Tormula for

compnting the new control points, Q¢

Q:“ = H,,P/”/ + (1 — ey} o

Figiwe 5. 1o shows an example of a control polygon of a ciwrve modified by the insertion
ol a simgle knot: Fignre 3.10 shows the effect on the basis lunciions.

Nnob msertion is one of the most important of all B-splines algorithons. Asnong it

LG



Frguve 3.1 Koot insertion imto a cuble curve. (a) Control polyvgon before nsertion,
(P and after insertion, (Q); (b) basis functions hefore insertion (solid). and alter
msertion (dashed). {from [10])



nunerous applications s euroe splitting {or subdivision). One caw split a curve into

segracnis al o desired parameter localion w, by siimply inserting the value w, into the
knot veetor o munber of times equal to the degree p of the curve. The same process
can be nsed o evaliuate a point on a curve. Inserting a knot w, degrec times forces
the cnrve tointerpolate the new control point generated by the insertion. Another
provess known as snwerse ool anserfion allows to obtain a new control point on the
control polvgon. 1t is ealled inverse koot msertion hecause. nstead of providing o
knot viadue, the user specily the position ol the new control to be obtained, and the
process consist i finding the kuot valite when insertod gencrate the specilied coutrol

POt

3.3 Knot Relinement

fos olien necessary Lo dnsert many (distinet or not) knots at once; the original

knots aud the newly inserted knots are merged to form a refined koot vector. Phe

provess is called Aol sefinement. The necessity v mainly due o the computation

costo lnstead ol nsing the koot insertion algovitho wo msers the different knois one
althe tine. there are more officient algorithms, like the one developed by [2], tha
allow wsimnltancous insertion.

An inportant application of knou refinement is the decomposition of a NURBS
inte ils constituent (Bésier) polynomial pleces: using the knot relinement algorithng,
Lhesnnttaplicioy of the lnterior knots 1s ncreased up Lo degree times, the breakpolnts
hecame interpolated control points; consequently, cach scgment stands as a Boévia
segnient, A user can also obtain a polygonad approximation of o curve.  loothe
example of Fignre 3,20 and 3.2b. the knot vector was relined by recursively inserting
new knots athe midpoints of the spans. This brings the control polygon closer to

the curve.

3.4 Knot Removal

ot rermoval is the opposite process ol knot ingertion. In some instances, to achicve
adesired cirve shape, ndaple kot insertions are ueeded Lo crease the wonber

ol control pomnts. Once the operation is done, the curve representation has to he

ehit down o the minimum by removing some knots; however the geometyy of



Figure 320 Cupve relinement. (a) Cuble relinement belore reflinement; (d) after 1wo
midpoine knot refinements. (from [10])



the crrve should stay the saue, In this context. a knot removal algorithm has to
derermine i a koot is removable and how wany thnes, and the algorithin has o
determine the new control points. Reference [12] has o detailed description ol kot
removal algorithins. I we consider the curve in Eq. (3.1), and an interior knot « = wu,
with mndtiplicity s, 2, s removable 4times i the curve has o represeniation of the

form

Cu) =D N p(m)Q) (5.4)

P

Using the notation P/

which indicates a new control point with hdex 4 obtained

alter 7 removals, the egiations [or computing the new control points obtalned alter

reteoving the knot ¢ e formulated as follows

" N
P= T §—‘;(2’/'7;1)7,s'—/)
1 1 o )
P(/ R e —(2r—p—s+i+1) < <r—n+1l—1 (5.5}
1 — [ 2
) 94— 1 U= gy o
with T = i (5.0}
i ppi = 1y it Ty ]

When removing knots, the number of control points decreases Lo malntain property
(P.8). This leads to aless accurate representation of the curve. To conwrol the koot
removal process, aovalue, TOL, is used Lo specily how much is the new curve allowed
to deviate from the original one. In the case of NURBS curves, the deviation has to

he less than

TOL{L + [P o)

ey

where wy, iy, Is the minimun weight. [P, 15 the distance of any point on the original
. . - s e i ) H H : o 8 . /
cipve [rom the origin, The bound on deviation,  is obtained using the conver hull

properey (PL11) and TOL 1s delined as

1,05,

H
£
|
|
\
‘
|
|
=i

Gy B i

re S8 and Fignee 3.3d show an example of a cublke curve before koot rewoval

alter knot vemoval. One can see o Flgure 3.3d the slight deviation of the new



curve (solid) from the original one (dashed).

3.5 Degree Elevation

4

Ahere are situations where a user wants Lo combine several NURBS cuurves into o
single NURBS curve. 1o join the endpoints, the curves have to be ol the saune degree

Lo achiove sinoothness and continuity at the joinpoints. Degree elevation algorithins

v Looa comnmon degree. I che curve i Eq. (3.1), denoted

e nsed Lo bri

Cliv, bas i degree elevated Lo p+ 1, then, there must exist a new representation



of the form

7

C,’f’(u) = C;jf,‘,l (u) = Z Ny 1 () QY (3.8)

i={

ey

Phieve ave thiree unknowns in . (3.8), 0, U and {QF ). The formlas for these three

ephities

we be fonnd i [1010 1 the same reference, the author presents a sinple

degree elevatlon algorithim:

decompose the curve into 1ts Bezier segments

repeat

el

extract the ith Bezier segment from the curve
degree elevate the ith Bezier segment
remove unnecessary knots between (i - 1)th and ith segments

until done

Uhe first step can be achicved using the knot refinement algorithm. The problem is

codieed 1o elevaling the o of Bezier cioves In which case thore 19 a well defined
2

forumda for computing the new control points

QF = (1 — )PV + P, (3.9

b .
whore v = e=0,....p+1
p+1
Figure 3.4 shows an example of a cubic curve {(p = 3) who's degree is elevated by

3.6 Degree Reduction

Degres redictlon s the inverse process of degree elevailon. A curve can always be

degree clevated, but i may not be degree reducible. Fhe curve in Eq. (3.1) is degrec

reducible i there exists a representation of the form

N u PR
Clu) =C L (u) =

The degree elevation algorithin concern is to determine the three unknowns, o, 7

and 1@ Oue can use the sane strategy as oy degree clevation except for the key

e
[S7



(a)
/,
()

Fronve 30k Cive degree elevation oxaunple.

degree s clevated by four. (from [10})

(a) the original cubic curve: (d) the



part where the Bézier segients are degree reduced mstead:

decompose the curve intc its Bezier segments
repeat
extract the ith Bezier segment from the B-spline curve
degree reduce the ith Beziler segment
remove the unnecessary knots between the (i - 1)th and the ith
segments

until done

Sunilar to knot removal, a value TOL is used to deline a threshold. The deviation of

the cirve has to he below the threshold for the curve to be declared degree reducible.



Chapter -
One-Dimensional NURBS

4.1 Introduction

Wereeall that the motivation of this work is to investigate the use of one-dimensional
NURBS cavves Tor animation control. Readers may he familiar with the terins spalial
corves which velor to curves represented in three dunensions (space), plance cnroes
which refer to enrves represented in two dimensions (plan). o this context, what is
ittt we are referving to by a one-dimensional NURBS curve?

Let's eonsider the case of a two-dimensional NURBS curve represented in Eq. (2.9).

The cirve correspond to a set of polnts {Cw)} with cach point having wwo compo-

nents x(1e) and y(u). Each of the control points P30 lias two coordinates, 2 and ;.
We can expand Bq. (2.9) to show the two dimensions as follows
i il
x{u) = Zl{,:/,(’u) €
Cluy = =0 ST/ (.13
yiu) = > 8, (u)y
=0

I transpives rom Bq. (4.1) thal the dimensionality of the curve is directly related
o the dinensiouality of the geometric coellicients {P;}. Having said that. if we
decide to drop one ol the coordinates [rom the control points, subsequently, thev can
vo longer bhe considered as geometric coetlicients; they become scalar cocfficients or
control vafues, Lhe terin we will be using from now on. The curve i Eq. (4.1) will

then toose one of s components and the new representation of the resnlting curve

Hwe arve using BEao 3005 the control pomts will have the coordinates wpwy, wypg; and w; instead.



IS j H
can be formulated by

Ty -

where {7} are the new control values and {/

2
18

pp(u)} are the radional hasis [uctions,

Note that Clu) is now aoscalar value The entity represented in Eq. (4.2) is what we

loosely call o one-damensional NURBS curve. The graphical represencation of the
1D NURBS curve corvespond 1o a plot, on a display deviee, of the set of curve points
defined by {{u, Clu))} with w € [a, 6], When dealing with a mnathematical problen.
we will refer by one-dimensional NURBS curve 1o the model i FEq. (4.2) When
preseuting a user interface related issue, we will refer by one-dimensional NURDBS
cirve to the graphical representation ol the model in Eq. (4.2).

Phee funetions {7 ,(u) are not allected by the change i the dimensionality

ol the cirver they are function of the wdependent parameter v and the delinition
i oo jo1s rigorously the same. Equation (4.2) 18 not exactly o paramcetric

. H

curve representation. A more appropriate denomination would be a snathematical
Jomcteon: Clud 1s o linear combination of the ratiounl basis funciions 1{/-,,’[,('!/,).: Being
a nnction, s graphical representation will not exhibit any possible looping behavior
as i Figure 120 for cach input value 1, there will be ondy one C(a) output value, This
Is precisely the property we were seeking when we decided to reduce the dimension
of NURBS curves {section 1.4) to one dimension.

Another consequence of this property i the mapping between the one-dimensional
NURBS cnrve mput fontput and the motion parameter input/ output. By nsing fune-

i

Lions to normalize the mipuis and outputs, it is casy (o come up with a simple map-
prug between the ipues foutputs of the 1D curve and the wotion parameter. 1 we
consider 7 as the input for the one-dimensional curve and C(uw) as the curve ontput:

and 1l we denote Dy 4 the input for the motion graph and by AM(4) the motion graph

ontpnt. the mapping can be formulated hy

I'he funetion [{4) normalizes the values of § ro the rauge {0.1] of w. The function

“A linear combination of functions vields a function.
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? i O B SR H i i .
() normalizes the values of Clu) 1o the range ol values expected for M. This

appronch reduces e < cotputation complexity of one-dimensional curves.

4.2  Properties

he properties conunerated I section 2.4 apply 1o both two and hree-dimensional

NURDBS cirves without loss of gencrality. We shall look iu this section ar the evolie

tion of these propertles when considering one-dimensional NURRBS cioves as delined
in the previous section.

The properties of NURBS curves are of two main origins. Some divectly map the
properties ol the rattonal basis functions B, (u); others are related to the geomoetric
nabire ol the control points. Because the basis functions, as defined in Eq. (2.8).

are helependent of the dimensionadity of NURBS curves, the related propertios ave

preserved when moving 1o one-dimensional NURDBS

curves. Bxamples of these prop-

erties are nonnegativity (P partition of unity (P.2}. local support {P.4) and local

I'his is an puportast result sinee many ol the fundamental

approximation (P.1

wage of these properties.

Some ol the goometric properties will not be retained in 1D ciuves. Beeanse we

no longer have geowmetric contral points, a concept such as convex hull {P.11) can

not be debined Tor 3D NURBS curves. This result has possible inpacts on certain

Le other

algorithins such as knot removal and degree reduction (see next section). T
geoelrle property that does not hold 15 the alline invariance (P.10). We can not
apply an alline transformation to the control values: afline transformntions apply
only to cartesian or polar coordinates. The last example s the variation diminishing
property (P12,

Boos nportant to mention that not all of these geometric propertics. in partic-
il adline ivariance and variation diminishing properties, have a major role whoen
NURBS curves are used for animation control. Usually, the interaction of the user
with the motion parameter enrve daoes not mvolve applying complex seomeiric trans-
formations. It s racher linited to simple deformations (adjustinents) or applving

LO0MeTrie Saapes {Sl&'ﬂighl‘ lines, case-in case-out curves, r\,t'\") LO POrtions

prodefined
ol the wotion parameter curve. Consequentiv, loosing these propertios shondd noi

be o msue for 1D NURDBS curves.

27



4.5  Fundamental Algorithms

Fromn oo matheniatical point of view, the development of a knot insertion algorithin
fon 2D NURBS curves s exacely the same as for 2D/3D NURBS curves. The only

chiznge we have to take into account in the mathematical development is the switch

to o different set of control points. Instead of solving the equality

hetween Fas. (3.1)

and (3.2), we solve the svstem

i n+
,; B plu) P = By (u) Q) ()
pranseey a
=0 =0

where dPIL P = () ave the original control values and { Q%) are the new

‘

control values to he computed. We know that the local support property (PL4) is
preserved e LD NURDBS curves. This makes the sohution of the above svaten leads

toa shindlar set of equations lor computing the new control values as for 2D73D

NURBS onrves:

QY =P+ (L — )P (4.}
1 p
(¥, = Sty fo— b L << g <k
I
) > k41

Since the knot vefinement algorithm is just a fast variant of the koot insertion
algorithi, therve is no howdamenial probiem in developing in for 1D NURBS curves.
A omatter of fact, wowr implementation (sce chapter 3), we nsed. for koot insertion
and koot relinement. algorithms, implenentations that are based on those developed

for 20530 NURDBS curves with no wajor changes

A similar analysis applied to the development presented i section 3.5, using con-

trol valies instead, can be used {or the adaptation of the degree elevation algoritinn
1 the case of LD NURDBS curves.

The algorithms mverse knot insertion, knot removal and degree reduction all have
the same adaptation problem when moving to 1D NURBS curves. Thev all involve
tiie conerol polvgon ol the curve.

Aw explained i osection 3.2, the nverse knot insertion algorithm involves the

posttioning of o new control point on an edge of the control polygon. In 1D NURBS




cwe don’t have a control polygon as such; in other words, there is wo obvious
way sustained by the 1D NURDBS mwodel to iustrate a control polvgon usiug scalar
valiies. As o conscquence, the system will not be able to figure our where, in the
puaraimetor space, Lo msert the new knot.

Kot vemoval and degree reduction algorithms need o compute a quantity TOL

that defines the deviallon of the new curve

i the original. The computation is
based on the convex hull of the control polygon of the curve. Using the 1D model

as itis, the svstem will not he able to provide tools for shape modification that nse

1hims. Beeanse the issue is mainly velated vo the user interface provided
for 1D NURBS cwrves, we present 1w section 4.5 a possible work around [or the

control polveon problen.

4.4  Shape Modification Tools

To demonstrate the evolntion of the shape modilication tools when considering 1D
NURBS curves, we shall present in cach instance, the usage of the tool m the case

f 2D 3D cwwves followed by its "possible™ usage in the case of 1D curves.

Control point repositioning

Frow amasthematical point of view, repositioning control points correspond to mod-
ilving the values of the geometric coefficients in Fq. (2.9): this leads wo a new sat
Ol crpve points x(‘ w)bo U we consider the NURBS curve represented by Clu) =

SO Rt and we denote the control point 1o be repositioned by Py, its new

L=

location by Pypoand the translation vector hy ¥V = PA — P Then. the new curve

can be expressed by

Cluy = Ry, s Py + - -

VA R )P,

= Clu) + By {u)V (4.5

Eq. (157 shows that vepositioning a control point Py ocorrespond to translating all
the cirve polnts, Clu). for which v € [ug, ty ) { g {n) is nonzero in the erval

" e iru/,. et 11 I the case of 1D NURBS curves, a similar process correspond to

modify the control values P, in Eq. (4.2). Howe consider the 1D cnrve represented
by C{u) = Z:/:U R p(a)P;, and denote the control value to he modified by Py, ies

29



new value by Ppoand the delta value by V = — Py Then, the new curve can be

exprossoed by

()(”> - /‘)U.[)(/”’t)p(] + -+ !{l,'./i(”’) (P/ -+ V\’ + ek [{'N.;/{’U,)pu

= Clu) + Ry (u)V 4.6y

e (4.6) shiows that it is mathematically possible to achieve a similar type of control
over o 1D NURBS curve through conirol walue modification as it is possible with
control point repositioning over 21/3D curves,

Because of the dimension of the curves, there is a slight difference in the inter-

pretation of the modification cansed by control value modification. In Eq.( 4.5), the

vector ¥ gives the direcsion {in plane or space) of the modilication and its mwodnle

PV abves the amplinnde of the modilication. In Bqo (4.6). 10 s the sign of Vot

pivers the divection of modification” wd its absolute value |V] the amplitude of the

wodilication.

Case 1. An casy way for a user 1o nteractively modily a curve is by repositioning
the conirol prints. A wser picks a control poine on the control polyveon and displaces

1t to achicve the desired shape: all the graphics system has to do 1= update the conrol

point Iocatwn and redraw the carve. However, this is only true for 2D 730 cirves.
Fignre 1 shows an example of a control point repositioning: moving control point
P,y toward fﬂ produces a new curve (dashed line).

b the case of 1D curves, since we only have control values P;. 1t is diflicult, from
a nser intartace point of view to visualize, on the display device, these control values
in o oway that can mimic the intuitive geometric meaning of control points and their

;
control polygon.

Case 2. There s also the situation where the user picks a point on the control
polvenn that does not correspond to 2 control noint: in other words. the point les
on an edge defined by two control poines. When usiug a 2D /3D cnrve. the svstem
can un Lhis point into a control point using the mverse kuot insertion algoritiun

{320 we end up in the situation described above.

‘o the graphical representation of Eq. (4.6}, the divection of transtation is vertical: the wodified
portion of the curve woves upward or downward which corresponds to ereasing ov decveasing the

associated controt value.
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Figure 4.1 Repositioning control point Py, (from [10])

When nsiug o 1D aurve, since we don’t have a control polvgon as such. we can
Hot apply the nverse knot insertion algorithim becanse it involves positioning on the
control polvgon. Given these facts, it is hard for the graphics svstem to provide this
curve modilication approach using the 1D NURBS curve model as it is. Siuce in
computer graphics, user interface issues are as inportant as the geowetric models.
the diffieulty stated carlicr can be an obstacle for using 1D NURBS curves in an

iternctive enviromment. This problem is of the same natwre as the one deseribhed

above

Case 3. Another possible scenario is where the user wants to modily the curve
by selecting o point on the curve itsell. In the case of 2D/3D curves, several steps
take place to achieve the desired shape modification. First, the user picks a point P
on the curves Second, the system computes the parameter value 4 associated with
the selected poine {P = C{@)). Third, the user picks a poiwt P to which P ix 1o
be moved, Fonr, the svstem has o find an existing control point Py 1o veposition
e order to achieve the desired translation of P The common approach nsed Tor
choosiug Ppois based o the values of the {p11) basis functions B () that are
nonzero W the terval containing w. A control point Py is selected such that its
corvesponding basis funetion 12, ,{ae) has its masimun closest wo u (. (4.5)). In
the example of Figure 4.2, a point is picked on the curve, the control point Py lias

the maxnmun of its basis function closest, hence it 1s repositioned o produce the

DO CHITVEe,
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; with the closesi

3

Figure 420 Moving curve point P by repositioning control point P.
Dasis function maximuny. (from j10])

Witen considering £ NURBS curves, the process required to achiove the desired
shape modification is slightly simpler. First, the user picks a point £2 on the curve,

The svstens does not need to compute the parameter value ;4 maps divectly with

oue of 775 coordinates £2 = {5, Cla)}. Second, the nser picks a point 22 where £ s (o

hemoved, The ooly option the user has is along o vertical sranslation vector (moving

np o down ) Phis s areseriction which s intrinsic to the 1D NURDBS model; it helps

avord the looping belavior (Figure 1 Third, e system has to fnd the control

7

valiie to modily. The approach is similar to the one previously described Tor 213D

rHnves,

Weight Modification

I the same example,
when wey decreases, (he cnrve iy pushed away from the control powt Py; when ey
increnses. the cirve s palled toward Ps: whoen wy tends o infinity {wy — oo), the
curve will atimately interpolates the corresponding control point Py, and the curve
will ead nup with a sharp corner at the same control point. This approach is frequently
wseed to obtain straight edges and sharp corners,

Now we ook ab the effect of modifving the weight of a control value on a 1D

5 consider a 1D NURDBS curve represented in B (4.2), o fixed

1 and the weight ay, of o control value ;0 when

A R P4+ B )P (4.7)




W s allowed to vary (0 <y, <

NS0

ooy, then the rational basis function Ry (e,
b with the control value Py hecomes i function of wy awd can he expressed

)

N pluuy,

O Ny pluduwy + Ny (uluy
ik i
sy, =

G, 2y 0wy =054

tollows that Clu,wy, =0y =5, .,
that Cloug = 0y < Cluywg #0).
ol

Ve vVl

R )Py We can prove
Geometrically spealking, when wy decreases, the

e noves away ot the control value P Phis behavior is shilar 1o the
behavior of 2D73D curves.

——

Lt J 72

o — oo, the terme Ny (w)wy, in Eqe (4.8) becomes very large and the termn

Ny pludwy heeomes negligible compared to Ny, (u)wy. We obtain the {ollowing
rosule:

Wy, oo f (1) = 1
[ .
Using

(.9)
he partition of ity property {P.2), the local support property (P.4) and the
residt of g, (4.9,

we can arvive to the following staterment: when wy, — o, all the
vitional hasis functions f2 [,('u,) in the interval ['u,/\..’u‘/,,‘\,/,_H) arc uil. The peomerrical
mterpretation of this vesult is that when wy, — oo, the curve pulls toward the control

vithie Py oand flatiens over the interval Jug, gy, 1)

Shape Operator: Warping

akes o

We s that it is possible to modify the shape of a curve (2D73D) by vepositioniug
control points or by modifying the curve points divecily. There is another way swhich
higher level approach. Instead of modifving the curve by acting on a single
S NN ) 5 g

point 1noan ineremental manner, one can apply a shape operator 1o a sepnient ol

the curve by repositionmg the set of control poins involved and i a svochronised
tashion. Warping is one of these shape operators. 1 is used

to deform a local segment
ol the curve using control point repositioning and the formula

P, =P, + f{ilﬁ)(/VV

o
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Fignre 430 Curve warps with different shape functions. (from [10])
JU4) is the nnetion that control (he warp (defines the shape of the operator); o is a
constant for limiting the warp distance; W ogives the direction of the warp. i I'uh.. U
delines the segment. of interest, the knot relinement is applied to get more control
points for the segment. If pis the degree of the curve, the control points involved for

0 . 1 Sen . PR :
the velined segment Juy wd are P = s e —p— L To apply Ba. (107, wo noed

to he repositioned.

Lo associate o lunction value Sy for each control point Py

Fiewwe 4.5 shows exaples of curve warping using dilferent funciions [(1).

Now let's constder the case of 1D NURBS curves. Becanse warping is inple-

iwented using control polut repositioning, for on 1D cwrves, we will be using control



value modification. Bquation (4.10) can be adapted for 1D NURDS curves as [ollows
/ 1

P, =P+ [(1)d (1)

Prois the modified control valne: [{£) 1s the funciton that control thie warp: o is a
constant fov lnliing the warp amplilude. Notice that we don’t have the term W
that controls the dirceilon of the warp; this is because we can modily a 1D NURDBS

cuvve only alowg one divection (up/down). The tricky part is to choose the parameter

vilnes ¢ and hence the lunction f(4;) snch that the modilied control values produce

che desived warp, This often depend on the fanction /(1) used.

4.5 User Interface Issues

Oncamportani result seems Lo emerge [rows the discussions of the previous sections.

The mathemationl moedel of 1D NURBS curves allows the user o get most ol the
i

features present in the 20730 NURBS curve model. But the main issue is that not

all of these featiires can be made available to the user o an interactive and intnitive

The most dominant user

wway 2D /3D NURBS

wi similar wo i
interface wssue orbits around the control polyvgon as it transpires from the discussions
of scction 4.3 and 4.4,

To get avound the problem, we can provide. in the graphical represeutation of
a P NURDBS curve, an emulafion ol the control polvgon. To do that, we make
nseof the shape modiflication approach presented in case 3 ol section 4.-. When
the nser modifies the shape by picking a point on the curve itsell, it s usually the
cortrol valte Ppoof the basis funceion £, ,(u), whose maximum lies closest to the
prcked point, that is modilied to get the desived shape. 1 seens natural then to map
the horizontal positions ol the control values along the parameter w axis with the
positions of the maximums of the associated basis [unctions. The control polvgon
will he emudated by aset of virtual condrol poinds 12 delined hy:

it \
(1) (4.12)

Do e ay —
!/ - (\gm,w.(/y,’ - i

By joining these virtual control points we obtain what we named an emudaled condrol

polygon. With this new interface, the user can modify @ control value by picking its



amsociated vivenal control point. A wser can also select a point on the virtual conirol

thie system will have enough aformation Lo apply the nverse

koot nsertion i needed. Ie s also possible to use this virtual control polvgon o
compute the quantity TOL.

Undike the case of 2D/3D curves where the three scenarios (case 1, 2 and 3) lead
to potentially diflerent shapes, wsing this new interlace, the three approaches use the
same leuristie to achicve the modification; and cousequently. the user cels Lhe same

shiape for each scenario,
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Chapter 5

Implementation

5.1 Introduction

The protorype we are presenting in this chapter s not intended for the gonerad tser.

Fois nor aoworking prograin for an antmator bo use. 1o s rather an expermnental 1ool
whicli cxposes some of the insides of the model that should be hidden o the user
in o oreal world application. The main objective of this tool is to demonstrate the
possibility of nsing 1D NURDBS curves for interactive design of motion graphs.

Even though we did investigate manv aspects of NURBS curves and also have
prescnted wany algorithuns and shape modification tools, not all of the algorithis
and tools were implemented in this prototype. Beeause of the scope of this project.
we had to it onrselves. We implemented the single koot josertion, wultiple koot
insereion ad koot refinement. algorithms. We also implemented o simple interface
thint allows the user to modify the shape of the curve using control value and weight
modifications.

We nsed nplementations provided in [10] for the single knot and wultiple knot
R

imsertion ad knot refinement algorithins. We also used some of the uiility algorithins

provided. amples are algorithin for computing a single not-rational basis function

for a given parameter value, algovithm for computing all the nonzero basis lunctions
ab the same tie, algorithm for finding the knot span and algorithin for computing

a cirve point. The puplemeniations i {100 were intended for 2D

not-rationa
B-spline curves. Hence, we had to adapt them for the context of 11D rational B-splive

CLHVEeS,

~1
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Figure 510 Sereenshot of the different windows of the prototype application.
5.2 'The Prototype

Fignre 5.1 s a sereenshot of the different parts of the application. The wain window,

el "Nurbs Curve 1D, contains three panels. The top panel is the graphical

Lt
representation of the NURBS curve: the middle panel displays the rational basis
fictions; the bowtom panel displays the koot vector. On the curve canvas, the
horzontal axis represents the variation of the parameter w in the range [0.1); the
vertical axis vepresents the values Clu); the origin is at the bottony left corner of
the panel: the civcles on the curve correspond to the breakpoints (seciion 2.2): they
wark the koot value positions. The squares are what we described in section 4.5 as
the virtial control points. The polygon is the vivtual control polygon also described
i section 4.5,

The window titled "Nurbs Coutrols™ contains a list of the control values, labelled
¢, and their associated weights labelled w,. The window titled "Modification Op-
tions™ provides direct means to apply some of the algorithms mentioned carlier. The
labels are sell explanatory.

The nser can interact with the prototype in several ways. The user can directly
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ipre 5.2 Example of a cubic 1D NURBS curve.

nodify the coutrol values and the weights by changing the vaiues i the covvesponding

rext lelds. The user gets an instant feadback of the resuli. This

experimental leature 1o show that control value modificaiion for 1

S CUrVes
achieves the same wpe of control as control point repositioning for 21730 curves.
Thus alse applics for the weight values to a certaln extend.

Phe user can modify the curve by dragging auy pont on the curve itsell Mad-
dving the copve by drageing the virtual coutrol points s not vel active. A user
cane select ay ol the modification options provided in the window "Modification
Options". For example, by selecting "Insert: Single Knot™, the user can pick any
focation on the ave and the knot will be inserted ot the right position 1 the knot
Vac Lo,

There is another interaction featuve for the user (o experiment with. The user
can modify the koot vector directlv. It is not kuown of any intuitive or meaningfil
wiy o predict the reesult of change the knot positions in the knot vector. The uscer
can drage the koot handles to observe the eflect it has on the basis functions and

Fignre 5.2 s o closey look at the curve in Figure 5.4, The o

e Is cubie {order

[y with height conwrol values and a wniform knot vector. Tt will serve as a reference

when we show the results of applying sowe of the algorithms and shape modilication

tools to the sane curve, Figure 5.3 18 the vesult of inserting a single kuot value in

the knot vector of the cirve of Figure 5.2: initially, there were height control values,

A single knot is inserted, the munber of control values Increases by one. the munber



Frgrve 5230 The msertion of a koot value (v = 0.5) produces a new control valuc.

Figure 5ob: The knot value (v = 0.5) is inserted degree times.

of modified control values is (p1) = 4. Figure 5.4 shows the resule of inserting the
same knot value degree times. Because the kuot 1s imserted degree times, this forces
ehe cirve to nterpolate the corresponding virtual control pot. Figure 5.5 shows the
result of repositioning the interpolated control point. An exanple of the application

[ I

ol the knot relinement algorithm is illustrated in Figure |

The behavior of the

vivital control polyvgon is simdlar to the hehavior of

10 control polvgon of 213,/3D

NURDBS cirves (see Figare 3.2, Chaper 3): the control polvgon gets closer to the

cHrve

Uheoresudt of Bego (4.9) is demounstrated in Figure 5.7, The weiglic of the control

pomt £ tends to jndinity (wg — ool, i other words, wy takes a very large numerie

valie (L0e-+9): the corvesponding basis funciion Ry 4(n) takes the value Lin the



Fienre 5.5: 1

is repositioned.

Fhe conirol pone resultang from the multiple knot inscertion of Figure 5.4

Figure 5.6: The curve alter one midpoint knot refinenient.



T

5 NURBS Controts B B8

Frgure 5.7 The curve alter one midpoint knot relincinent.

interval w € [0.5,0.5) and the curve latiens over the same inverval.
From the different examples we presented so far, we can clearly notice that the

hebnvior of o 1D NURBS curve when applying the dillerent algorithis is similar in

oy ways Lo the ease of 2D/73D curves. This experiment consolidates the results

stated wthe different sections of chapter 4.

Fhe architectire of the application follows 1o a certain extend the Model-View-
Clontroller (MVC) paradigin. The center of the architecture is the class NurbsCurve 1D,
Ioencapsulates the 1D NURBS curve model. 108 the model part ol the architecture.
I defines the state of the curve (class avtributes) and the operations used to modifv

it {class methods). There ave four other important classes presented in the lolowing



dhagram:

CurvePanel

i
i
<o

ControlPanel —— NurbsCurvelDd < KnotControlPanel

S

BasisFuncsPanel

CurvePanel aud BasisFuncsPanel reprosent the view components of the application.
Fhey ollow for the visnal representation of the model. They are used to produce
respectively the curve panel and basis function panel i window "Nurbs Curve 150
of Fignre 5.1 KnotControlPanel and ControlPanel represcut the controller part.
They allow for the control of the model. They are used to produce respectively
e kot control pancl (hottom of "Nurbs Curve 1D" window in Figure 5.1) and
the ponel i the "NURDBS Controls” window. All these elements have o handle on
NurbsCurvelD. They are also registered listeners of the state of the NurbsCurvelD
nwodel. Bach time the state ol NurbsCurveiD is modified, these components are
notiticd of the change and react accordingly.

Hhe prototype mins as aJava application. 1t should run on auyv virtual wachine

that-support jdk 12 and Swing 1L The sowree code provided i [ 10] was written i

i

O e Bad o adapt the original design of the algorithins aud port the code to Java

ro be uselull for in our object-ovlented system. The development tools we nsed are:

- Language: Java

- jdk 1.2 and Swing 1.1.

- IDE: Metrowerks CodeWarrior

- platform: MacOS3

When the application starts, it loads o text file containing the deseription of &
LD NURBS curve, I no file is supplicd, the application nses a set of default vadues
corresponding Lo o at cubic crrve, The following is an example showing the formai
of the 1D NURBS file:
Section 1DNURBSCurve {

18y "Sample"

DIMENSION T



ORDER 4
NUMCONTROL 14

NUMKNGTS i

es)

KNOTS 0000 0©.138814 0.227824 .325822  0.425352 0.518801

0.6153338 0.712039 0.81034 .887647  0.941774 11 1 1
CONTROLS 0 0.0570624 0.149831 0.270263 0.359871 0.427087
0.472277 0.480392 (0.463939 0.419849 0.36352
0.306316 0.269868 0.249274
WEIGHTS 1iti131111 4411111

This exanple describes a cubie (order 4) 1D NURBS curve: all the weiphts are sef
to b The knot veeror is non-uniform (knnts are not equally spaced).

Fhe prototvpe is designed in a way thai provides the Hexibilivy needed if the
proferype s to be extended with new features. Ie is possible to add new algorithms
to the model with very litle change in the code. [t is also possible 1o enhience the

nserinterface (the view part) without interfering with the nodel. One can add mor

controls as needed with very Title changes o the view and no changes to the model.



Conclusion

Fhe current tendeney i computer animation systems development is the design of
user-Iricndly control svstems. The challenge is to obtain user-controlled motion with

e

computational complexity and computation times.  Many 3D anbuation
packapes use graphical representations called motion graphs. Many packages use
two-dimensional B-splines because of thelr power Lo represent Dree-lorn curves and
common analviie enrves. However, the current implementations of wotion graphs,
even thongl they provide the vight user-friendly control, do not necessarily reduce
the computational complexity or the computation costs.

Fhe issues of concern are the looping bebavior exhibited by vwo-dimeunsional B-
splines. When used as womotion graplh, it is possible [or the curve to loop back which
is not adesived efleet, The second issue is the complexity involved in mwapping the
curve nputSoulput with the motion parameter mput/outpul. A reparameterization
of the curve Js usually needed which in itsell not an casy task. The third issue is the
comiprtation cost due to the dimension of the B-splines.

The objective of this work was to study the possibility of using One-dinnensional
Non-Uniform Rational B-spline (NURBS) curves for interactive design of notion con-
trol sraphs. The motivation bhehind this objective s the potential One-dimensional
Besplines have to solve some of the issies encountered inomotion graphs.

Lioorder to replace 2D enrves by 1D curves when used for moetion graphs, we have
to make sure that we preserve most of the power and Hexibility of 2D cmrves that
iwade them o good cholee in the st place.

Fhis investigation shows that most of the bnportant propertics of 21 NURDBS
model are exhibited by 1D NURDBS curve model. Propertios that are divectlv velated

to the vatioual basis functions such as nonnegativity, partition ol uoity and local

1

support are nherited by 1D NURBS curve model. Geomelric properties such as
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foeal approxination and end point continuily, are also maintained.  Most of the

properties that are not matutained are ot of critical Importance i the contex:

i

motion graph usage.

This sty also shows chat most of the hmdamental geometric algoritinns devel
aped for 2D NURBS are suil applicable 1o 1D NURDBS curves. In particular, koot
wsertion, knet relincent and degree elevation can be applied with no significant
change. Theve are thongh some minor adjustments that have to be wade for the
kol removal and degree reduction algorithms.

his stady bighlights some ssues related 1o 1D NURBS cirves that one has 1o
ke o acconnt i considering o use 1D NURBS wodel Theyv are mainly nser
intertace problems, There 15 no obvious and intuitive way o visualize the control
vithies i there is necd to reveal thein in the nterface. There is no cquivalent, in 1D
NERBS model to the control polygon of 20 curves. This is an buportant problem
sinee many of dhe shape modilication nols rely on the control polveon o achieve
the desired modilication. However, we showed that thore are ways Lo gel around
these difhanlties and stitl be able o use smdlar tools to achiove Witeractive shapoe
moditieaiions,

I cvrees hiave acdistinetive behavior, when the weight of o control value merenses
o infiniev, which s differens from the one exhiibived by 2D curves. s weight w,
mereases Lo inlinity, the corresponding rational hasis fnction By takes the value |
i the mterval of the parameter v where 1t Is nonzero: as o consequence. the curve
fattens over the sane o nterval.

Fhe mplementation, developed duriing this investigation. is an attempt to provide
s expernnental tool that demonstrate the possibilivy of using 10D NURBS curves
for mrernctive deslgn of notion graphs. The wser can interact with 1D curves in
el the same way as e might do with 2D curves. The inplementation was nsod
to confirin all of the resides obtained. Lo did show that the hehavior of 1D NURBS
crrves s similar i many ways Lo the hehavior of 2D NURBS curves: in other words.
the power and Hexibility of 2D curves is also exhibited by 1D NURBS curves.

LD NURBS model hins the added advantage of solving some of the issues exposed

cartier. 1D NURBS airve model provides us with eurves that are functious, mach-

coiieally speaking. This intrinsic propertv of the cirve forces the looping back

hehavior noever to occur. 161s also casy to map hetween the 11D curve inputzontpnt
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and the molion parameter Iput/output, hence veducing the computation comles-

N

iy The diuension of 1D NURBS aurves reduces 1he comupuiation cost neeessnm’ Lo

cenernie the praphical representations of the curves.

Future Work

This work can be divided 1o two niain parts. The lrst part is an investigation of the
properties of the nnderlving mathemaiical model of NURBS curves and the devised
algorithms aned shape modification tools. The second part is the experiwentation
witl i implementation of the fundamental algorithms and shape wodification tools.
An estiension of this work can take the samne approach. Tt is possible to push forther
the stidy ol the NURBS mathematical model and extend the implementation I
mehivding new algorishins and shape modilicasion tools,

he derivatives of NURBS curves

es i cnrve derivalives are used intechniques known as conslraini-based curne
sodifications. Tnoother words, the tangents and curvature of & curve are controlled
by specilying constraints on the {irst and sccond order derivatives.

The algorithms and shape modification tools that have been mentioned and uot
iplentented o the prototype are a good start (or an extension of the prototype.
There are also other shape operators such as flallening awd bending thot can be
inclided e the noplementation.

Lser interfaces used as medium Lo interact with 1D NURBS curves are as hnpor-
tantoas the mathemaiical model behind NURBS cuvves. A study ol an adegiate user

mierface that hide the inner of the model and stnplifies the user learning curve whor

nsing all the possible shape modification tools is another good area ol uvestigation.

A notion graph can be a result of an ab nelio design. but it might also be the
resilt of o collection of experimental data. Tu this case, o technigque known as e

Sty s usually nsed to cither dnterpolate or catrapolaic the data points. 10would be

g io see how 1D NURBS curves can improve or sinplilv this process.

VOry Innerestl
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Figure 5.8: In Softimage, » motion graph is called an FCurve.
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Figure 5.9: In 3D Studio Max, it is called a Function Curoe.
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Figure 5.10: In Electricimage, it

15 called a Velocily Curne.
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