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situations has caused the theory of queues to srow in various 

directions . One of these directions treats the class of 

systems ~here nore than one .rvice is available to> or 

required by , each customer . ~he theory for this clas has 

progressed along a central path fro1.:1 which var.i .us vevelopments 

branch . ~ultichannel poisson queues constitute the first 

p rt o f the path; series and then networks of poisson stations 

follow . The bra.11.ches fro;n the path involve models vrith 

non-pcisson or gener al assumptions , ~ode ls wit h li~itod 

v:ai t ing room or limit ed nun:bers of customer s , mod els ,•.1i th 

n on zero transit times , an e thers . The path leads to models 

fo r c omuunic ation n'et '.fO i'ks , and hence to rncde ls f or 

co ~puter n e t works . The t heo ry of computer time sharing 

branches from the be ginning of the path . 

The di ssertation att e~pts to outli ne the presen t state of 

t he t heo ry f or t hose mode l s which occur on this pat h or its 

branches . The derivat ion of probability distribut io _s fo r 

queue l en gth and waiting time are presented in f ull fo r 

~odels on t he cent ral path , and in bri ef for t he·other 

mode l s . 
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1 . 1 AIE S . 

This study is i1!tendcd to be a synt Le sis of t~nc,·.vle,l e;e 

about certain aspects o f que ueine . It presents a broad view 

of the ~naL.ematics associated with these aspects , but does 

not clai:n to pr::,vide a full coverage . The pape rs and texts 

cit ed do not constitute a full survey of the litera ture, bu t 

do , it is hoped , indicate t h0 general shape of the the ory 

v,hich has so f ar e volved . This s tudy does not cl aim to 

max e any ori 2: i : al contributions t o t he Theory of ~ueuei n P. 

1 • 2 COl\'T E1 T . 

The asp ects of q~eueihg included were c hosen in accordance 

wi t h t hree underlying int ~rests : 

. an i nt e rest in syste ms mor e complex t han t hose in which 

a c us to me r queues once before a single serve r ; 

. an interest in appl ic a ti ons to computer syst ens ; a nd 

. an i nterest in the cbnstruc ti on of rigorous ~e thods from 

intui t ive ] rO bability c onc epts . 

The first of t hese interests gui ded t he de velopment of 

the t h~ ee t heory - oriented chapters (c hapters 2 , 3 , and 4. ) . 

The second gave rise to the two a pplicatio n s - orien t ed 

c hapters (chap t ers 5 and 6) . The t hird g uided the sel ec ti on 

of methods to be ac cor ded fulle r treatment . Unde r these 

infl u ences , t he c ontent has taken t he followi ng shape : 

The centra l topi c of c hap t er 2 i s QUEUEi r G SYSTEAS WITH 

PARALLEL CHANNEL S . Results fo r s i n g le - c hannel syst ems are 

i ncluded , sinc e s er i es and n etwork syotems may contain 
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single - cha:mel stat ion.- ; D!Hl to pr ovide cove1 ·.:~s8 oi.' .s~,r,_,te ·,,; 

wi t t various ar_lval and servi ce distrihut iona . :..;orno o .l 

c hapt er 2 ' s the ory i s use d in chap t er 3 , whi ch treat s 

SY :;'T':8MS I?-J'/OLVE'.G SE~. I E S OF QTf~ TE ,S . SF,r i es syste1~1s ar e 

s pecial cas e s o f t h e t opic o f c h :p t e r L,, SY S'rE·-·.s I NVOLVI '. .JG 

HE~V!Omc s OF UEUE.S . The n e t 1:1ork theor : is e::~ t. ended , in 

chapt e r 5·, to de.scribe a class o:f real-life COl,fYU1H ., Al'I O;JS 

NET\':ORI<:.S , and t hen is extende d. f urther t o de scribe t he 

spec i al c ommuni cation networks whi ch involved C::, OMFUTim 

NETWOR~ S. Chapt er 6 i s not ano ther step in this progr ession , 

but deve lops t heo· y f roin c hapt e r 2 .for a s t udy o f C0~·1PUT:SR 

TI:ME-- SHAiffNG , and ment i on s ot her appl ic ation s t o co mpute r 

systems . 

Chapt er 7 di s cusses t he us efulness of t he l i ne along 

which t he t heory o f th i s study has deve loped . 

The t hird of the i nterest s mentioned abov e , and the 

nee~ to give full e r treat men t to me t hods i nv olved in l ater 

c hap t ers , give rise to an emphasis on SYSTEMS I ~VOLVI NG 

POIS SOlI QUEUE-S HT EQUI1 I 3RIU.L Queu ei ng Theory div erges in 

many di rections . Apart fro m t he direc t ion whi ch l ea'ds to 

network s , the direct ion whic h thi s s tudy e xpl ores most 

fully i.s t hat j_ :, v8lving · 00:--r - POLSS01f .A.1:D GElifERAL DI STRI 3UTI01'S 

f or arrival and servi c e times . The most import ant 

direction not explored is tha t i nvolving QUEUE SYS EMS 

NITH PRIOR I T IES . Wher e they are avai lable , s i mulation 

studies have been mentioned to gether wi th t he t he ory . I , 

The measure s o f conge stion i t udi ed are the distri butio ns 

of number in system, an d of wai ting time . 
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J:n j_n.:;'JGcticn of the ti tlcf, of recent papers i11 ;i c5.tcs tte 

directions in which Queueing Theory and its applications have 

developed . '~he foJ lo·,fi:ig lists of ~., :-i1e of these cirec ti ons 

should set the pr-.-:se;:it study in its context . Its sub j c.c t 

mat t er is a very s .. ,a.1 1 part of the exi sti,Lg lrnov.rledge 

a bout queue i ng . 

Theoreti cal developillents excluded fro~ thi ~ ~tudJ include : 

. systems v1ith urio r itie s ot her than n first c ome first 

s e rved 11
; 

. busy pe r iod distri~utions ; 

. bul ( arriva l s and service ; 

. baulking nd r eneging ; 

. r a t e of appro ach to · equilibriu n. 

Ot her de ve lop~ent s receiv~ a parti a l treat me nt : 

. non-po i sson systems ; 

. transient s olutions ; 

. conditions for t he existenc e o f equil i briu~ s olut ions ; 

. effect of limite d waiting r oom; 

. jOC.{eying ; 

. f e e dback ; 

. co s t s tructures . 

Applicati ons which have pro~pted the de ve l opment of 

queueing theory inc lude much besides co mmunication s a nd 

computing . The applic atio n r eceivi ng mo s t at t ention in 

t he j ourna ls at pr esen t i s t he behavior of vehicular traffic . 

Thi s i nvolves : 

. intersec t ions an d gap- acceptance ; 

. bo t t lenech:s ; 



5 

. j a~':D; 

. the taxi prohlem ; 

. take - of f and landing at a:Lrports ; 

. ~til i zation of wharves and c anals. 

Traff·Lc o-r" ca2.ls at telephone exchanges is .still r cceivins 

at t ention . 

I n dustrial problems t o wh i c h Queueing Theory is being 

a pplie d i nc l ude : 

. machine i nterf~ r e nce; 

. provi s ion of spa r e machines , and per son n el a l l oc ation; 

: inve ntory c ontrol; 

. scheduling of jobs ; 

. da ms and o ther s t orag e . s y ste ms ; 

. co nveyor syst e ms . 

P~o blems involving human traffic i n c l ude : 

. provision o f doc tor s , hospital beds e tc . , for medical c a re; 

, desi s n of r et ail shops; 

. desi gn of c usto~s c hec k uoin t sy s te~ s . 

1 • 4 '!'E?E I FOLOGY . 

Symbol s a nd te r ms are defined a s t he n eed arises ; a nd 

may be re d efined , wi th di ffer e nt :nean i n g s . 

In t he the ory - oriented chapt e rs, t he word " s y s te m " refers 

t o idealized situation s . In the a pplicat i o ns - oriented 

chapters , real -li fe sit u a tions a n d th e ir the ore tic al 

i n:ages are refe rred .L ~ 
v V respective ly as " s i' s t e::1. s II and 



, . . 
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denotes the Laplac2 transfer~ of P . 
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QUEUES WIT ri HUUrIPL..u CEANNEL S . 

The chapter studie s queue lene ths 

a nd waitin - times f o r 

single-station multi-channel systems , 

with various arrival and service 

assumption s . Result s a re included 

on s ingl e -channe l systems with 

more general service distributions 

and on t he e ff ec t s of joc k eying . 

2 . 1 HITRODUCTION. 

2 . 2 QUEUE LENGTHS . 

2 . 3 WAIT I NG TI MES. 

2 . 4 A SI MPLE APPLICATION. 

GRAPHS . 

7 

CHA.I'TER 2 . 



c Ji P1 t-rr~ Y.:J-1 ··; . 
') 

.) 

-- -----

This c ha~tcr t r eats qu e u e sys t ems whi ch consi st of 

s e e ral c hnnn ol s j_n T)&.r:3.l l c l . 'l'he s t e 2.. --Js ,jtat e >T/:,!/ e sy s t ern 

i s s t u died in de t a i l ; t he n fo llo? l e s s detail e : treat ~ent s 

o f 

. t i me - dep endent solut io~ s 

. s y st e~s wit h ot her ar r iv a l a nd serv ic n d i 2tr i bution s 

. sys t e ms wit h a r r iva l a n d s e r vice distribu t ions d e f i n ed in 

general t erms . 

~ he qu eue discipline f o r all the Qyst ems studied i s th e 

fi r s t - c ome first - served di sc iplin e . 

The discussi on of gener a l appro ac hes t o ~ulticha nne l 

systems is inte~ded to e xt e n d t o t he limit s of t he t he ory 

a s it st ands now . It seems t hat g en e ral ann roache __, have 
~ . ' 

not be e n a t opic o f gr eat int e r e s ~ s ince the 1950 1 s . 

The H/ M/ c syst e '.'.!1 is chosen for detaileo. tr e at men t 

. a s an exa ~p l e of an easily solved cas e; 

. bec a u se of i t s t heoretical simplicity ; 

. be c ause o f it s ~any a ppl i cations ; 

. and - this fo llo ws fro m t h e l a s t t wo r easons - because it i s 

u sed a s a compone nt ~ f wore c o m9lex s y s t em s . 

Exponential i n t erarrival times a r e to b e e xp e cted 

wh enev e r t he a r rival s come f r o~. a lar g e populat ion a cting 

i n depen d e ntly . The exponential ~ode l is liabl e t o fit well 

except whe r e : 

. arriv a l s dep e ~d on s o~e t i me - de?enden t p r o c ess ( l{ke the 

wearing out o f TV se t s boug~t i n t he ear~ 1960 1 s ; o r t h e 

lunc i - hour r us~ at a co f fe e bar) , o r 

. arrival s are schedul ed , a __r1: th e erro r s a '::Jo ut the s che du le d 



9 
times are snall ( as at a port , an airport , or a dentist ' s 

\'.raj_ting ~oo:n) . '.'!hen scheduled ar:ri.vals occur c lose lo the 

appoi n t ment t imes , i t :nay be appro.:n·iate to assu:-.:i.e a 

r egul ar distrib•tion . ~her e onl y each k -t h po t ential 

cu s t ome r enters t he systeM , the k - th Erlang di s t ribu t i on 

may be a ppr opri a t e . Ot her c ase s j_ n vo l Ve.m g non - expo n ential . 

tre a t:ne nt are : bu l k arr ival s ; a rr ival s by a ppo i n t me n t a.t 

regula.r i n t erval s ; ran do,. ar r ivals at discre te ti me p oi n t s ; 

no n - station a r y arri va l pat t e r n s ; ar r i val p at t e r n s c orrelat e d 

v;ith the st a te of t ~e s ystem. ( 2 ~ 16 ) 

The u se of t he exponent i al di stri bu t ion f or s e rvic e time 

i s harder t o j u s tify . So me s e rvice s consist o f many 

i n de p end e n t tas~ s , any of whi c h may be omi t ted ( a s i n r e t a i l 

s hops ) . Ot he r s c on s i s t o f a skilled op e r at i on or a ma n ­

machin e int e r a ction ( as in a t oll gat e servic e , l and i n g a n 

ai rc ra f t , or c ar f ol lo~ i n g ) . W. R . 3 lun den ( 9 ) f o und by 

obse rvation that s ome s e rvi c es in the f i r s t group ( e . g , 

s ervice =at a s e rvice st ation , supe r ma rke t che c k out c hann e l, 

p har mac y ) were a pproximat ely e x ponential . Others in t h e 

fir s t g r ou p and many in the s _ec ond gr ou p a re bett e r modell e d 

with a dist r ibution of the Pear s on III shap e ; Di s tri butions 

of this sha p e (shi fte d Ga mma; shifte d Erlan g ; shift e d 

e x pon enti a l) allov fo r a time interval d ur in g whi c h no 

s e rvices are compl e t ed . Toll gat e op e r a tion , aircraft l a n d ­

i ng , and a i rcraft tak e -off fi t te d this t ype of dis t ri butio n . 

Two servic e s which , f ortunat e l y , hav e a ppr oxi mat e 

e xponential dis t r i butions , a r e t el e p ho ne c a lls ( :Z\ Z,o ) 

a n d compu ce r jobs . ( 80 ) . 

Thu s s ome justi f ic a tion e xi s ts f or con c e nt r a t ing on 

expon ent i al arrival and s e rvi c e d i s tri butions . 



r: ) .' ... ! .: ::: . l · .. j i) C:i..-~·~ ;· .:~ .... 

r.ite three r,~::-inc i ple me.s.r;;urcs of congesti on e x.s.:ntr.od in t he 

li te~ature · are queue J.ength , wai l i~G t i ~e, and busy periods ., 

Sec ti o ~ 2 . 2 ~tudie s methods of disc overi ng probabi l ity 

fu nctions for que~e length; s ectio~ 2 . 3 studi e s pro babilit y 

fun c ti on s f o r wai ting time, plu s a f ew associat ed r esult s 

on queue length . 

Queue length distri butions have t he a dvant a ge that they 

are indepen dent of' queue discipline ( ? . .1, l.. b}; v;hereas the 

aim , in constructing a pr iority system, i s to re duce wait i ng 

. times . 

Sec t ion 2 . 4 applies s ome of this theory to the si~ple s t 

mult i channel system : the steady state system ~/ M/2 . It 

co mpares t his to related 2-c hannel systems . 

2 . 2 QUEUE LENGTHS . 

2 . 2 .1 THE. SYSTEM M/ H/c . 

In the syst em s tudie d here, cu s to~ers arrive in a s i ngle 

poi sson strea:-n . There are C identical servic e channel s ; 

an arri val goes to any of the idle c hannels , or if no channe ls 
JI. 

ar-e idle , he goes to the tail o f a single queue . The customer 

at the head of this queu e be gins hi i service as soon as a 

c hannel becomes avai lable . 

The ~irth-Death Eauations . 

Let P 
11 

( t ) : Pr [ a t t ime t, queue length - n J , e.nd l et 
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- r-, - ... I. The pr,Jbah:i.li. ty -:_~cns:i_ y 

f unct ion for i~tcr-arrival ... . 
t.,l. :fl8 t is :::;iven oy 

A) 0 , t ) O; 

and the c umul ati ve probabi.ity fu:1ction is 

A( t ):::; 1 - e -A t = 1 - ( 1 - ~ t +/\ 2
; 2 - + - + - ) . 

~ e consi der the p~obability o f a n arrival occurd ng in the 

i nt erval 't ; tis the time sinc e t he pr evious arriv~l . 

Pr [ no ar r ival occurs in (t, t + dt.)/ n o arriv al occurred in 

( O, t ) ] 

Pr [ n o arri val o c c ur s in ( O , t -t dt ) ] / Pr [ :1 0 arrival occ ur red 

in ( O , t ) J 
=. (1 - A( t+ dt) / (1 - A ( t ) ) 

- J\ ( t + c t) / e - At :;;:.. e 

= e \ dt 

:::: 1 -

whe r e O r e pr~sent s a t erm wit h a facto r of ( dt)
2

, and : 

.Q "70 as dt ~ o. 

This probabili ty is indep e nden t of time from t he s tart o f 

operation , and time fr om t he last arrival . Lett n ow be t he 

time fr om t he s tart of operation . Then ; 

Pr [an arrival occurs at a time in (t,t +dt)J:::::. j\dt. 

Si milarly ; 

Pr [ a departure occur s in ( t , t + dt) J ::. rrd t , 

whe n r channels a r e oc cupi e d at t. 

[n _ 0 a t t -!', dt J implies [ n :;:: 0 at t , and n o arrival 

oc curred during dt] or [n = 1 at t , and no arrival , and one 

depar ture ace ur red during dt ] . 

All other p o s s ibilities hav e pro babilit ies whi c h a re o f 

s ::1all ord e r in dt. 



So : 

!' (t+ dt )::: P ( t) · ( 1 -
0 0 

\ dt + Q. + D ( t .. i . c1 -A c~t + .Q )J"L ·:.t , 

a nc'l 

0 
( t + d t ) - P

O 
( t ) :;: _/l P l ( t ) - A P

O 
( t ) + QI d t 

d t 

Le t d t ~ 0 ; t he last e qu ti on be c omes : 

AP ( t). 
0 

\': hen que u e 1 e n 2-:t h n i s O < n < c · a t t -t- d t , we hav e t hr e e c as e s : 

a t t , queue l engt h was n , a n d duri n g d t · no arrival s a n ct · no 

departures occurr e d; 

a t t , q~eue l ength was n +l , a nd dur i n ~ d t no arr i v a l s a nd 

one de parture occ urre·d ; 

at t , queue l e n gth vras n-1, a nd during d t one ar r j_v a l an d 

no depaiture oc c urred . 

( Pro babi.l i tie s of mor e than one arrival or d.e part ure oc c urring 

in d t become· pa rt of t he term O ). Thus : 

P Ct + ct t ) = P Ct ) c1 - A ctt) c1 - - n~ ctt) 
n . n 

+ P ,c t ) (1 - i\_.dt ) ( n +l) )'t. dt 
n + '/ 

On l e t t ing dt -> O_, this y i elds 

1.'fhen n ~ c, t he mean de p arture rate is ~ , and t he r el e vant 

equation i s f ~und similarly. 

Th e comp l ete se t of birth-deat h equations ( .2~ 4~) i s : 

p (t)-= 
0 

p (t)::. 
n 

- ) P
0
(t) +? P 1 (t); 

-C\ + ,v,:..) P Ct) + 1 . / n pn-1 ( t ) + ( n + r ~n+l ( t ) 

for O < n ( c ; 

? ( t) ~ -( ;\ -r C,A/L) P ( t) 1- A_P l ( t ) + j;L.CP l ( t ) , for n ~ c. 
n / n n - / n+ 



A unique set of sclut i o~2 to thece equations bas been shoi~ 

to exj_st , ( 1~ cP~ ) 1! hen / =-· ,V(~(ll) < 1. 

Ti rn e - ~enendent ~olution . 

The so1 ution s i ven by Saaty ( 7 ~ 11"2..) is too len5t hy to 

·euroduc e he re . It c o~cences by defining two ge nerating 

functions t hus : 

P ( z , t ) - . 'C""' - . L 
n::-.o 

Q( z , t) -
c - 2 

' L 
n~o 

n 
? (t) z 

n 

and 

Vhen t he birt h- death equations are multi pl ied by appropriate 

powers o f z and s ummed , we get differential equations for P 

and These are transfor me d , a nd the r esult i ng equations 

in the Lapl ace tra...>i sforr:iS , P* and Q* , even tual l y yie.ld 

expre ssi ons for the Lapl ace transfor ms P ·* , for n::::::: 0 , 1 . n . 

These e xpr essions are very complex . Sinc e t he Laplace 

' ... 

transfor m i s a moment-generating ftinction , the ~oments of t he 

P ( t) can be foun d fro m their transfor ms . 
n 

Explicit e xpressions have been f ound for t he inverse 

trans fo r ms of the· P * for the 1/ H/1 system ( 76; ? ] ) but no t 
n 

f or t he systems v:i th c) 1. The steady - stat e probabil i ties P 
.n 

cart be obtained from the P * by u s ing t he fact t hat n 

limt~c.0 [P n ( t j = lims ~O [ sP n ~ ( s ) J . 
· In s t ead , we shall deri ve t hem directly f rom the birth-

death equation s as follo ws . 
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3teady - Statc Solut i on 

~e a ss,~e that a s teady s tat e probability distribution 

fo :c n exj_sts , ,·,r.2:1. A/ (c~ )<. 1; then Pn( t ) 

and P t ) -Y 0 , as '- ~ oo · -"or ~ ~~ n 1 • 'i'he birth- de a t h .,.., l, ) .L . _, _ - ) ' •• 

equations become , a fte r a little arran 0 ement : 

( 0 + 1 \)~ _ l D - 0 , 
'/ 1 A · 0 - / 

( n + 1 ),1 ._p , n f or O < n - c ; 

f or n ~ c 

Le t R 
l1 

_ ~lM.P 
/ n 

f or n = 1 , 2 ,· · · . _:. · c ; 

then R - O; 1 

R- = R1 = 0 c:. 

Rc ;;: Rc -1 =:. •.. •. ::o . 

.so P 1 :: C A 0 ) Po 

P2 _(//'yA. ) P 1 ::: ( >--~)
2 

P
0

/ 2 

:1. n r1 
and P .:; (. A/ cM-) c · P / n! n 7 o 

for n :: 0 , 1 , . . ..... c . 

Thus , P c ::: ( /' 
11 

c n / c ! ) P
O 

, v: here p - A I cµ 

Le t R
11 

= cJA P
11 

- ltP
11

_ 1 , for n:: :::Jc 1,c+2, . .. .. . 

Then Rc::: :R c+l = Rc+- 2 : · · • · = 0 . 

So p :: 
n 

for n ::::: c + 1 , c...i-2 , · · · . . 

P
0 

can be found fro m 

to be 

co 

""" p ::: 1 ' ,L_. n 
n::- o 

c-1 
p = 

0 
1 IC L 

11.: 0 

c-1 - 1 /( 5: n::.o 

co 
(Cf ) n l·,, 1 + f( )cl' ) r:. (l ... , c

1
~ c . 

r~o 

(cf)nl d + 
C 

( er) /( d (1 -f ))) 

) 

The st eady state so luti on, wit h Po as shown abo v e , i s 

D .. n (( cp ) nl n ! ) p 
0 

(( ,c1 , )f n - c 
Cf) C • . 

f or O < n < c 

Fo r · t h e series to conver g e , f mu s t be < 1. 

for n ~ c . 



(; - 1 
'1 ( ct>)· /n; 

i ,_ .. 
n ., o 

Some further re:mlts can no\·, b::: st2ted, in ter~s of p 1.-) y 
,_ 0 ' -- C ' . . 

Pr fan -rri vs] does not have to wait .. L. . ct_ . L • • 

- ?r [ a.t least one chann e l is idle] 

....... .Jo. ::: 
... I ' T c-

::= X P 
- 0 . 

Pr [an a rrival does have to wa~~ 

::;: 1 - XP 
0 

Ave rage queue length : E fn} 

( 0 . 1 + 1 . Cf /1 ! ' ~\ 

1 2 + ( ( c+ l)(l + (c-+- 2)f 1- + ;~ 

c fO XP 
O 

+ ( f / ( 1 - f) 2 ) Pc 

) p 

for 

C 

'' C 1' v .. L ~ e-\' , •• "> - \i. \.. ... 

) D 
0 

~· 

:::. E [ numbe r of c hannels bu sy]+ E [ number waj_ tin g f or 

serv.ic e J 
Utilization facto r 

:E (proportion o f channels busy] 

traffic intensity · Pr [ at least 1 channel is idle) . 

2 . 2 . 2 VARIANTS ON THE 11/ M/ c SYSTEM . 

Unli mi te d Number of Channels . 

Wh en each arrival calls int o op eration a s e rvice channel 

we can find re l evant for1,ulas by l e tting ·c, oo in for mulas 

for the M/ M/ c syite~ . In t he steady state , 

~:tJ .= . _~ ~ /A )n P0 , f or all n ) O , 

n! - - >.;,; 
Su mmat i on gives P

O
;:. e "fP'- > 

( _ n; , ) - r · so P = r n . . e , 
n 

and n has a poisson distributio ~ , wi th mean 

Obviou s l y , av er nge nu 1:1 be r v:ai ti·n s = a v e rage v1ai ting t ime = 0 . 

Saaty ( 76
1 

9~ ) develop s tim e - d~pende n t s o lution s fbr P ( t) 
n 



15 
, ...... 

n 
oy <lefinin'.'~ the fu11ction: l\ ( t) z; 

_nd solving its different i al c~uation . 

fl- denenc1el1.t Arri.vaJ. an:i Service Ha.tc::-, . 

So~eti~es prospect i v e queuers are i nfluenced by t he size 

of t he queue t~ey i ~t end to join ; and servers may b2 

spurred to ,~rk fa s t er by a lengthenin5 row o f custo~ers . 

We denot e t he aver age arrival rat e a nd average service rat e 

when t here are n in the queu e ," by A c1 an d )..£.n . The st eady -

state equations f~r tho si~~lc - ccrve r ~yatom ·re 

/l'l1 p 1 - \Po = Q ' 

/ 1n + 1 p rH- 1 - ,,\n p n - ~ -l pn- l > fo r n> 0 

He nce ? n 
p 

n ~ An . .... ·/ J/~+1 . .. ·f't1 )) ::o o . 

If the seri es : t , ,
1 A o Ao I' - + -- ++ + 

/A' 1 .;"1 /.(A. 2 

c onverges , it c onve r ges t o 1/ P , and a st eady state exi s t s . 
0 . 

This method can easily be applied to c-c hannel sys t ems ; 

since the departur e rate depends on t h e number o f c hanne l s 

occupied . I n fact , t he derivation a bove is a special case 

of n- depe ndent s er vi c e times . 

Se rvic e Rat es Di ffering f or Differing Cha1rne l s . ( 70 J..C/0 ) 
. ) 

The c servers per for m the sa~e fu nction , bu t t hei r 

av erage rat es of service (~ ~ , · · · · · · ;)f ) can differ. 

Besi des the probabilit i es P , we need to consider the n 

probabiliti es- for the 2c - 1 states whic h a r ise accordi ng 

to which of the chann els ar e occupied . 

Saaty considers th~ system wi t h 2 par alle l c hannels . Five 

differential equations are de ve loped . They can be u sed as 

steadystate equat ions if - <.. l . He a lso use s : 
...,(,{, +-/2 

( total nm;1be r serve d i n l on g ti me T) = T . ( me an arr j_val rat e ) ; 

to find anot her equation. The solution is : 



p l - ( 1 - p ) ( 1 - P ) . 0 
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D ::;. n -1 ( 1 ) ( 1 - ·.:i~ ) 
n 

{j - p \ (, , f or n f 2 . For n ?, 2 , the 

cU. s tr i but ion i s r,eo ,~!e t r ic a s usual . 

'l'he Sv s te rn ' f/ D/c . 

Let the cons t ant s ervice time a.t each channel be i time 
n 

uni t. A stea dy state will exist i f ,~< C • Le t a :::: 1: p 
n i -:o 

Pr [ queue length~ n J .· 
P

O 
- Pr fa t one servic ~.,.. t i me earl j_ e r 1 queue length ( c] 

· Pr ( no arrival during 1 s ervice] 

- A-1 a e 
C 

For n '> 0, sir1i l arly , 

) 

· ~n -~ 1 n- l e - A 
Pr. ::: a~ A· e .+ Pc .... 1 I\ + +. + 

-1 1.,--, .... ( 1 ) ' n . n - . 
The generating f unction .is defined by : 

co n 
P ( z) = ., P z . 

"'- n n =.o 

-A p e 
Ci · n 

! 
1 

A dif ferential equation in P ( z ) i s constructed from the above 

relationships and solv ed . It is inter esting to note t hat in· 

this case , wi th servic e times non-exponential ; the P
11 

ar e 

no t geometr ic . 

Th e System M/ E~/£ 

The remark s in 2 .1 suggest t hat the model with exponenti al 

arrivals , Erlangian servic e , and several c hannel s can be 

fitte d well to many r eal l ife situations . A me t hod fo r 

tr eating t his model is :f)re sent ed by J . Mayhugh and R . McCor me.ck 

( '1 ) : 
The service a t ea ch channel is considered to c onsist of 

k ·stage s : each of whic h tal{.es a ti :ne distributed exponentially 

with parameter ~/k . The stat e of t he system at a --:iy time 

can be de fine d by the symbol n : 

. n is the number in t he system ; 

.. ...... x, whe re 



1 7 
. x~ i s th e to t al nunbor , s u~~e0 a~ros3 t ho c hanne l s , in t he 

...::.. 

fi rs t o tas e o f servic e ; 

. xk -l is the t otal nu~ber at the second s t a5e ; 

. ,-·t c . 

r·_•11ese s tate r.; are ordered in a certain v;ay , and indexed . 

\11here j is the index of some state , p( j, t) is the p~ob~bility 

t hat the system is i n state j a t time t. Differ ent i al -

differ enc e equations a re for med . IThen t he exi s tenc e o f 

e Quili br ium ,s t a te-p r obabi l i t ie s Pj i s a ssumed , these equations 

yi eld a s e t ' o f 11ini t i.al" equations and a s e t of 11c y clic 11 

e quati on s . ~a c h of t hese eq ua ti ons is a r e l a t ion be t ween 

s eve r a l of the P j · Muc h matri x al ge bra p r oduces a solution 

f or the Pj · The s e can be su~~ed t o g iv e the u s ual s tead y -

s t ate qu eue length p r 6ba biliti~ s . 
\, 

' Mayhu g h and ·McCor mack d eal wiih the systems ~ / E
3
; 2 , and 

M/ E 7 / 3 , then t he geneial syst e m M/ R / c . 
J K 

The System GI /'.-1/c . · 

The ge·ometric property of P , for n) c, s urvive s wh en t h e - n 

a ssumpt io n of expon e nt i a l arriv a l s i s removed . Co x and Smith 

consi d er the sy stem a s a :•rark ov process by o bserving it at 

the i n stants wh en cus t o:ners arr ive . (~JJ O? ) . 

Let A( x ) be the arrival dictributi on , a nd at · equilibrium le t : 

p . . = P r [ ( n t 1) t h custome r fi nd s j cus to mers ahead o i hi m/ 
l J 

nth customer fo u nd i ahead of h i m] ; 

:=o Pr [ i+ 1- j c ustomers 

- ch x i - it1 e r ··- (c,µx ) u 

( i - j+ l )! 

wer e serv ed during the arri v~.L ~] 
interval 

dA ( X ) 1
,\ _ j ~ 1 ' s ay ; f Or j ~ C + 1. 

L~t hk be the mean numbe r o f occur enc es of n = k +l, between 

successive oc curr e n c ei of ~ : k ( whe r e~ is the qu e ue l e n g th 

at a r egen e r a tion point) . n c an increase by no more t han 1; 

a nd p .. depends on l y on i - j . He nce i f n r e ache s k + l, the 
,l J 



of l::: , and h 1 _ : 11 , say . 
. \. 

But 

for n f c 1 J: h e v1r i -c er s a.Ls o ~,ho v: that h =f . 

2 . 3 \'il\.IT I NG TE:!-~S . 

Thi s section 

. treats the stezi.dy ;:; tatc tli/,-1/c system fully ; 

. discusse s t he more general systemsH/ G/ c , and GI / M/c ; 

. tre a t s t he for mul a ~::;~0 ; 

. then , since me t hod s f or dealing wit h wait ing times in multi -

channel sy st ems do not go very far , discuss es wai t ing t i me 

1 .. e t hods in singl e c ; anne l sy s t ems . 

2 . 3 . 1 'rHE SYSTEM M/ I..Vc . 

The s t eady stat e distri.bution of wai t ing time ·( inc luding 

service) c an be deduc ed fro m the P fou nd earlier . ~he n 

system is observed at the arrival of each ne w custo me r . I f t he -

new c us t omer fi nds n , number wai t i ng excludi ng himself , ~ c , 

he goes s t r a i 6 ht i nto service . Thus Pr [ waiting time :::. 0 J 
c - 1 

; i: n (( cf) / n ! ) P
0

; where P
0 

ha s the value given i n 2 . 2 .1. 
n-:: o 

If he f i nds n = c , he has to wait fo r one s ervice to be 

compl e t ed . If n < c , he has to wai t one part i a l servi ce time , 

and n-c full service times . Since the s ervice t i me s are 

exponential , t he part i al ·servi ce t i mes have t he same di stri b­

ut i on as ful l service times . 

He will s ho.•1 by induction t hat t he s um of k exponent i al 

variable s has an Erlangian di st ribution . That i . • _,_ ... .1 , 

w:t1.+ t;:>-t+.+tk
1
and each t. has de ns ity f unction C 8- c)A- t i 

- - 1 

that t he density function o f~ is gi ven by 

e
- c,e.( v: 

/ )/ ( k -1 ) ! 



,·). 

1,e t S = t. + .;. 
I 

+- t. 1 
:C::: ... 

;>;. , ( s) 
~g;: + I 

~e - ~ s 
0 

l:1:_ e - C~A- G 5/A ( C,ktS, . r~ 

k .! 

The dens ity f unc t ion for w > 0 is given bv : 

f ( ',If ) p C ' g ] ( W) + p C + 1 : g 2 ( V! ) +- ~- + 

0/ 1 •· Pc . c,..tt ( ( c,,;t,t v: ) 0 ! + ( C/ ....t.. W) /1.• ·l- .... + ) e -er w 

_ 
0 

-c ,...u ( 1 -f} ) w P ~
0 

,,, ., 
0

• 
- ~ C/-<.~ C J .i r " 

Some f urt her re s ul t s f oll ow : 

pr r w > v: J _ I; f c w) d w _ 

Pr ne w arri val does have to wait] 

Pr [ w>. o] · - Pc/(1 -f) · 

Me an wai ting t i q e = 0 . Pr [ w : 0 J .. 
::: Pc/( c~,t.(1-,.o ) 2

) 

- ( 1 / ) • Pc/ (( c / l / A 
2 . =< 1 /,U . Pc/ ( 1 - p) 

00 

+ f wf ( w) 
O+-

So mean qu eue len gth::: ?\ . mean wai ting time . 

2. 3. 2 MORE GENERAL SYSTEMS. 

The Sy s tem 1,VG/ c 

' 

' 

dw 

19 

The integro different i a l equat i on for w i n M/ G/1 developed 

by Ta~acs and Desc hamp s can be ext ended for mul ti.chann el sy s t ems 

in t he steady s t a t e . Saaty 1 s treatment ( 7 ~ ~ ~3 ) i s as fol lo ws . 

b ( t ) is the density func tion f or servic e ti me at each 

channel ; Le t P( w) be t he cumul at ive dens i t y fu ncti on f or 

wait i ng time w. 

Consider a l ar ge numbe'r , N, o f i dentic a l M/ G/c sy s tems . At . 

t ime €, we s eparate 6ut a s et S of the s e sy stems : a system i s 



~--------- ---------------------------- -- - ----

? O 
j_n S if a , e,; arrival fi ·lds that hi.:: 1'.ra.iL nc t5. .Jc i s ~--·1. ':i e 

mu.st choose ,'I and a time j_nter val d. t s uch that 1·.1 '.:'> dt :~ 0 . 

Between t and t4dt , a ny one of the N systems can exper · ence 

eit her : no arrival ; waiting time f or a n ow arrival drops by 

dt , and the system le a ves S if i ts wait ing t ime at twas in 

( t , t •dt ) . We c a l l t hi s Case A; 

o r : one arrival _-·. we c all hi m Alf , f or refer ence . At t, 

the syst e m was i~ one of these 3 states : 

1. n < c -1. Al f ' s wa.iting time is 0 : the next arrival,Ber t , 

has no waiting t ime ~it h er : the system c an not enter S. 

2 . n ~ c -1. Al f ' s wa iting t i me i s O; t he system j oins S with 

pr o bability Il ( w) , where 

H ( V) ::. P-r 
; \ J - -

ot her c -1 

Al f ' s channel is oc cupied f or ti me > y ; a nd the 

channe l s fi ni sh t heir curr ent service in ti r:ie > y l 
Thus the sy s t em joins S i f Bert ' s waiting t i r.1e is >- w. 

We c a l l t his Case B. 

3. All c hannels are occupied . The syst em joins S i f 3ert ' s 

waiting time i s?;w j i e
1
i f (( Al f 1 s waiting t i me ) -t- ( ti me fro m 

Alf' s s tart of servic e to time of Bert ' s s tart of servi ce )) ~ w. 

This is Case C. 

or; t he r e are several arrivals . This · possi bili ty can b e ignored 

s i nc e we shall let dt ~ O. 

Sinc e we ar e c onsidering the equi li brium c ase , (number of 

syst ems leaving S . . . Case A) = ( number of sy t e rn s joinin g S ... 

Case 3 , Cas e C) 

·case A : 

r ] dP ( w) Pr .. at t, waiting t i me i s i n (w , vr-+d t ) ~ d ,v dt , as dt -} O; 

so t he number o f sy st ems . joining S 
dP 

~ N. dw . dt 



Case B: 2 1 

Consider any channe l anart fro ~ the one serving Alf . The mean 

length of service tim~ s longer than y is 
;l:C 
, ( x -y) b( z ) dz , 

. .,l \r 
.J 

J,~31 

( x ) dx 
.J 

h - '< \" ere Jj , x ) = 1 - B( x ). The mean length of servic e is 1 ~ . 

Thus , t he frac tion of systems in whi c h the channel consi ered 

is s till cicc upied a ft e r a t i me y is 
co ' fv B ' ( x ) dx / ( 1~ ) 
,., 

Then H( y) :::- B ' ( y ). (.)"l-·J; B' ( x ) dx )c - l . 

The number o f Case B systems then is 

N. ( proportion with c -1 chann el s occupie d ~t t) . ( proport ion 

which r ec eive an arrival in dt ) . H(w) 

:: H .P 
1

• A ctt. H( w) 
c - . 

Case C: 

Nu~ber of systems i nvolved is 

. 
) 

N. (proportion r ec eivi ng an ar r ival during dt .) . ( Pr [ Alf' ' s 

waiting t i me x + time y for next channel to clear 1 w, an d x <. w] 
w 

-=N . 1 dt . l 
Jot 
X1"J) VJ . 

dP ( x)__ H( y) 
dx dx . 

The int egrodif fe r ential equation for P ( w) in th e s teady 

s tate is found on '\. • =l . Ql Vl C,lng by N dt : 

0 = 
dP ( ;_•, ) - >. P 

1
. H( w) : s\: dP(x ) _ H ( v.1.,-x) dx 

d V/ c - dx 

H ( w) c an be foun d when b ( x ) i s decided on; P ( O) ,P 
1 c -

be found by other means The Laplace t ransfor:n o f 

equation give s P* a s a. functio n o f H-i:·, P 1 , P (O), )\, 
c-

have 

the 

to 

When B' ( x):::. e-J'-X, the M/ M/c solution for P( w) fit s the 

integr odifferential equation , when q ( y ) has been r eplaced by 

- c.u.v e / - ~ . 
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all _as sho v::c1 lhis s,ystem is obser 1 ed 

at the insta.nt~ v1hen custorjers arri_ve ( t 1 , t-, , .. ... ), c.n 
c_ 

imbcdded Marko v chain is discovered . Let Y(t.) 1)8 th o nu mber 
l 

of custo~ors f ou nd by an arrival at t . to 
l 

be ahead of him . 

Since the Y' s depend on t he memoryless prop ~rty of t he s ervi ce -

t i me distr i bution, t he chain Y(t 1), Y( t 2 ) i s Markovian . 

By u s i ng F:~ 11,o r ' s t heory ( .:Z~ J? 7.. ) o f" denu merable Har kov 

c hains , Kendall find s that the geometric dist ribution of n 

( f or n > c) , and there f Gre t he exponential distribution of w, 

-survive s wh e ~ arrivals are not exponential . He states that 

'' the limiting queue l ength di s tr i bution is a ge ometric series, 

save f or its first ( c -1 ) terns; the c ommo n r a tio bei ng the 

unique root of r: e -(1- A) c_µ x d A( x)::A With O ...c;_ I ,::. 1 ; 

wher e A( x ) i s t he c umulati ve distri buti on of interarrival t i mes . 

Thu s , where 1 is the number wait i ng ; 

P [ I OJ - ( 1 - , .) , rn -1 • " r q : m m > _- 11 11 

Since ser vic e time s a r e expon ential , the me tho d u sed to find 

P ( w) from? for ,1/M/c can be use d ·, for w > O , .,. n . 
P ( w) ::: c~(l- ).) e - '_:: (l-) ) y< 

-~Xd When •e xrep l aces dA( x ) , these equation s yi e l d t he usual 

M/ Vi/c results . For exa mple ; we fi nd t hat Ken dall' s i,==;0 : 

fee e - (( 1->i)yi +°'- ) x 
o< dx = >i . 

0 

i e , o<. 1r. .A . C C 1 _;,. ) yl -t- o.t ) 

ie, A t>l../ y,< • 

Kendall ' s pa.per co ncludee wit h de taile d results f or M/ M/ c 

and D/ M/ c with c = 1, 2 ,3. 



r I · 0 <-~ ,·l 
\ ) .... .J ( 

'I'he followl'1[; disc ussion is i 11co ~:oorated beca.use the for :rmla 

n:::: .i\ 0 is just as nrulica ,1le to ~:·.ulti - channel queue1::; as to 

simpler one3 . ~hen : 

!1 -= average queue l ongt h over a t i me i>1terval l' 
' 

- waiting time (including servic e time ) 'T1 an6. v.r = av era.ge o·,rer - ' 

A - e.v erage arrival rate during T - ' 
t he f or ~ula hol ds exactly for any busy peri od ; and appr oxi~at ely 

f or a ny l ong period . However, if ,~ theore t i c al exp ect~d 

a rr i val r a t e , the equat i on will no t hold exact ly . 

The formul a is pr ove d f or t he general case thu s : 

Consider a time i n t er val (O,T ) wi th n: 0 at bot h end s . Le t 

the number of arr ivals during T be "·J . Let g .( t ) 
l 

:: { 1 fro m arrival 

0 e l s ewhere . . 

to depart ur e of i t h cu s t ome r 

Then me an arri val r ate :: n/ T ::: 'A. 
N T . 

:Mean wai tin g time per cust omer :; w -c f 1 J
O 

gi ( t) dt /H , . 

-- n -- Jrro_ ~r Me an number in system ~ g . ( t) dt/T 
i=1 l 

= w N/ T = 0 A 

Yi . Maxwell ( '/ ) points out t hat if the 

by ot her fu nction s for whic h 

g . are replac e d 
l 

f [:: [ J ·, the r elation be t we en t he av erage val ue s s till 

ho l ds . 

If g . ( t ) : 
l f 1 V!hi ~e 

0 dur i ng 

the f ormul a beco mes 

cu stomer:· i '-"Iai ~s 

hi s ser vi c e , and ot her wi s e , 

( Average number waiting , not L1 servi ce ): A. ( avera.ge wai ti :18 

ti me befo r e servic e) . 

= ~Le. \·, hil e i J. 

0 ot he r wi se 

is i n t he sy s te~ ( {. I ) 



r.'e ha ve z;-; ven eac !'l custo:nE·r a. value :)r cost . n Js ;10·:: the 

mea~ cost co~tent of the syste~ , and~ is the mean c ost par 

If c1 ( t) ::.fGi 0 i ( t - r 1 ) . 
LO ot .hen'lise ; 

f r om i ' s D:cr i val at -:_·· . , t o 
l 

depart ur e 

v e have a ss:L.>ne' a mor e coinp l e" c ost fo _ eac h cu s t o1:1er in t he 

qu 8ue . 

2 . 3 . L~ OT ,':ER SYSTE:-rn . 

'T'he Sy s t em 11/ G/ l . 

A con sideration o f ~ai ting t i me analagous to Saaty ' s method 

abo ve for M/ G/ c l e a ds to a similar i ~te grodiffer e ntial eq uat ion­

that <:; f Tacaks ( 7(, J n& ). Th e Laplace transform of this l eads 

t o a differential equation o f fi rst order in t ~ me , fo r t he 

tran s fo r 6 o f P ( w, t ). The only unknown term is P ( O,t). 

This syste :.r1 i s ext ended by G ne de nko ( 76_, ::1. D? ) t o cover 

s ystems where·the customer may depart befor e the end of his 

s ervice . 

Kendal ~ ( 4- 6) points out t hat if we c onsider the n u:nbe r o f 

customers l e f t be hind at a departure , we di sc over a Mar kov 

process . Its e xistenc e can be ascribed to the e xpo nential 

input . 

Another a pproach t o t he ~-'1/G/1 system yi e l ds t he Po llacz ek ­

Khintchine formulas fo r E[n) an d E [ w] ( l', here e xcludes servic e 

ti me ); for the steady s tat e . Agai c1 , t he s y stem is observed 

as cu s to mers leave: 

Let n be the number l e ft when a cert a i n customer l eaves ; 

and l e t d be the nu~ber l eft ~hen the n ext cust omer leaves . 

Let r be t he number of arrivals during t his service , and l e t 

~(n) if n > 0 

if n = 0 . 
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" r 21 ! n _/ o.re fi. ni te . 

n1 ::::. n - 1 -i 6 + r 

17e talre exp e c ted valu0s of thi. s cq u~ tion and cf t h.e cquatton 

cot by squaring i t . 0e assume t hat the system is in a s teady 

stat s , and use t he fac t J..' • (,na-c a ri v2,ls in any time i. nte:::-val 

ar e poi sson to find E (r} and E lr2
] • The resul t i s : 

E[:1.J =p. ·+ <f 2 >..2 
Var ( t ]) / 2 (1-/>) 

Fo r mult ichanne l syst ems , the equati on means t ha t 

E(nu~ber in sy s t enQ: E[number of c hann el s occupi e t ) 

+ E[ numbe r waiting) 

·E[wl i s f ound by consi dering t hat 

E[number o f arrivals duri ng a c us tomer 1 s entire stay] 

:: ·E[nurnbe r in sy s t em a t hi s cl.epart ure J s o : 

J\ . ( E [ w) + 1 r ) -:: E f n) 'I' h us 

E [w ] :; ( f 2 
4- I\ 2 

V a.r t ] ) / 2 ( 1 ( ) 

· : AE[number waiting) . Thu s 

E Gait i ng time J / E [service time) = ( 1 + v2
) f I 2 ( 1 - f ) 

where V = co e ffic i ent of variation oft . The smal l er thi s 

rat io , the mor e e f f i ci ent is the system . ~hen servi ce time s 

are r e gular , V : 0 , and efficiency is hi ghe s t f or a par t i cular /° . 

These t hr ee version s o f the Pollaczek - Khintchine fo rmula· 

are of great practical va l ue~ they i ndicat e t he e ff ects on a 

system of changi ng i t s traffic int ensity p, and the varianc e 

o f it s servi c e - t i me distribution . 

The Sy s t e :n G/ :I/1 . 

W. Smi th ( ~'3 ) s hows that 11 the s er-,, ic e time di s tr ibution 

exerts a s trong i ~flu ence over t he . . . 6 i stribut i on of 

\':a i ting ti :ne . 11 Fro;~ Lindl ey rs int e cral equ a tion he dc,velops 

s ever .al t heorems ; v: e s t a t e the one · which appl i e s t 8 the G/ H/1 

sy stem : n If the s er-,•ice t i me is di stribut ed exponentially , 



s o t s + , .. 0 
V .:. J. ,., · !· ·i n1r.- ) • 

V _,_ .1.~ - ' 

wh at e-v cr t he 2.r:c·ival dist r j_bution . 11 

systc t!. G. 

D. Lindl e y ( 5g ) c onsider s the var iabl s 

u . ( s ervi ce time of i t h custome r) - (time fro m arrival o f 
] . 

i th, to arr i val o f (i+ l ) th) . 

The di stri but i on g (u) can be fo und from a (t ) and b ( s ); t~ e 

v;aiting time ( e::c l ucUng service) d i stribution, F ( w), is 

. f ou ~d t o de p end onl y on g ( u ). 

Wh e n E(u]{ 'J , a li r:1iting distri '.)uti on for w exi s t s , a n rl. 

sati sfie s this Wi e ner-Hopf int egral equation : 
00 

F ( w): f 
O 

F ( y) g ( w-y;) dy . 

Unfortu~ately this equation i s n ot eas y to so l ve . Lindl ey 

fi nd s solutions for the special c as e s M/ G/1, E, /G/1, D/E1 /1. 
K <;, 

Kendall ( 4.6 ) points out that t he G/ G/1 s y stem yields a 

Markov proc ess if we examin e the waiting time of cust omers 

as they be gin service. 

Th e Sy st em GI/G/c· 

J. Kiefe r and J. Wo lfo wit z ( 4?) r e duc e thi s system to 

a random walk in c - s p ace, f ind an i n t egral equation for 

steady-state- waiting ti rr. es , and prove that a solution exj_sts , 

which, for f< 1, is a pro ba bility di s tribution . Agai n , the 

equatio n is diff i cul t to so lve for t he variou s sp ecial c ases . 

" 

2.4 A SI MPLE APPLI CATION. 

'f his section tak es the simplest possible multi-channe l 

situation (p ois s on arriva l s ; t wo expo n e nti a l s ervers; steady 

state) and 



2 . discu sses sor:!C custo:Eer strotec;ies . 

The reasons for inclu di ng it are t hat it gives nuncr ical 

~eaning to c s~all par t of the t heory above ; and by an ·e l egant 

extension of the probabi l ity methorls u s ed above for t he . teady 

~/ M/ c syst em , it gi ves some surpr ising r esults fo r so me 

custo~er strat egies . Customer strat e~ies a_e of spec ial 

in ter est , since nobody spends ~bre time designi ng queue 

systems tm. n waiting within th em . 

Throughout thi s sect ion , :>. is the total a.,_rival rate ; 3J,Hs 

th e total servic e rate ; and f .:.::. J /( ~ ) . Only s t eady s tate 

solutions a r e co nsi dered . 

2 . 4. 1 T4E :M/ M/ 2 SYSTEM COMPARED 1.' I TH TWO H/ M/1 SYST EM S . 

It is i Mportan t for l ater i esults to show that a poisson 

str e am of ·arrival s , ~ith rate~ ; in which each arri val choo s es 

independently ~ with equa l pr obabilit i es ( ie , 1/2 each) 

bety,reen 2 queues , re sul:. s i n 2 poi s s on streams , e ach \ Ii t h rate\ / 2 . 

Le t P (t) -.:. Pr n arri vals in ti me t J for the strea -a wi t h n 

rat e A; and l e t pn ( t ) be the same probability f or eit her o f 

th e t wo le sse r st r eams _ Assume that th e ori ginal stream 

is poisson ; 

1-
~ / n ! 

Consider o ne o f the two s t reams whi c h ari se after the division . 

n arrival s f or t hi s st r ea!?l c an occur int if : 

. n oc cur i n t he first st r eam, and t hey a l l ent er the st r eam 

being c onsi dered ; or 

. nt l occur i n t he f irst strea m; n of these enter the s tr ea m 

c onsi de re d ; 

. a :'.ld so on , t o o0 . 

Then pn'(t ) :: P (t )( 1/ 2 ) n + P 
1

( t) (l/2 ) n+ l( n-1- 1) 
n n+ . 

+ + +- ~ p ( t) ( ·1/2)Il+-r(11 +r ) I n+r · .... 
n! r ! 



,---------- --- ----------------- - ----- -------·· 

( ~ -'-/ ) :n .. - / Cl I + .:. ••• 1- _ ,_. n . · " 
\ ... , ~·. -; , -

( f. t/2) .. . -'- 0: 
\ ~ 

• • L, / ( n ! r ! ) 

( }.t/ 2) ne - 1'-t ( + 
n ! 

(J t/2) 1 
•. +· -t ) 

1 ! 

n _ \ 1· I ? 
( )_ t / 2 ) e /\ v / - -; n ! 

Son ( t) is poi s son , rate ~ / 2 . -n 

The converse is that 2 merging pois s on streams form another 

p oi sson strea!Il . Assume p (t) is poisson , rate A/ 2. - n . Then 

p (t):::: p ( t) p (t) + n o - n p 1 ( t)pn -1 ( t) + + + 

- ( At/ 2 ) ne - t (1 + _l ++ 
O! n ! l!( n -1)! 

-1-- 1 ) 
n ! O! 

This j_denti ty between double and singl e pois s on streams i s 

esse n t ial for the com:9ari son o f two l,t,/ M/1 ' s with one M/ M/ 2 . 

T v;o M/ M/1 ' s 

Cust omers a r rive in t wo inde pend en t poisson strea~s at rat e 

~ / 2 , to · t wo M/ M/1 syst e~s which wor k indepen dently . Each 

has servic e rate/l . For each system , 

Pn:: f n(l- f) ; n=- 0 , 1, 2 . . ... 

where fl ( A/2)~~ . 

Le t P : Pr ( :n in first syste m, n in secon d] m, n 

Then P m,n 
= / n(l- p ) f ;1 (l- p ). 

Le t q :::. Pr r 

'rhen a -"r 

customer s in combined system] ; [ r 
[_ P ( n - 1 )

1
or (l - p ) 2 r:: 0, 1, 2 . . . .. . 

n1 , n m.+--nz:::r 

Mean nu~ ber i n co ~bi ned sy s tem 

On e H/ M/ 2 

The arrival d~stribution is the same , but thi s time the 

c ustomers fbr m one queue before the two c hannels . Put tine; 

c ~ 2 i n t he function s of 2.2 . 1 yi e lds : 



o_._ 1 ::;: 2 ,:) C , · o 

qr- (2
2

/ 2 ! ) p:::-·q
0 

for r)2 · 

.Sine e q
0 

+ q
1 

+ q_ 2 -+ + : 1 , 

Mean numbe r in syst em 

2 2f / ( l- f ) 

- ( ~1ean. number for 2 M/ M/1 1 s ) / ( 1 +,o ) . 
' 

C om1)ari sons . 

For 2 M/ H/ 1 ' s ; a.nd fo r 1 

r ' ') 

M/ M/ 2 , 

,-q 1 1 r· 
'I ? ? 

!:: 

I 
l i. (1- f )L a nd 1 !. (l- f ) -· /c1-rr ). 

l O !. I 
I Q I 2f i 2 f1 i 
I • 1 I 

I 
I 

3P
2 \ ? I 

I q2 l I 2 ~ - I 

I 4f3 l 2 f3 ~ q 7- l I 1 
./ 1 l \ 

I I 

q
0

, q
1

, ar e larger for th e second syst em ; q re ~ains l a r ge r for 
r 

· 2 . 2 
t his system for r .< ( 1 +-f ) / ( 1 - f ) . 

t1Iean number in system i s · smaller fo r the V/ M/ 2 system by 

a factor be t ween 1 and 2 ; h e nce mean waiting time is s ~a ller 

by the same fac t or . M/ M/ 2 clearly i s preferable . 

2 . 4. 2 J OCKEYI NG 

I n studying jock eyin g , Koe ni g sberg ( S-l ) considers t wo 

channels at whi c h ser vice rates may differ . 'l'he f our strategie s 

c onsidered here produce r esul ts similar to those f or the two 

s y ste ms just discus s ed . The p r oof of his fi rs t r esul t i s 

o u-tline d ; the other re sul ts -are stated;-

Two M/ M/l' s ; Arrivals Joinine; Shorter Pue ue . 

Arrivals for m a pois s on stream, rat e ~ , an d ; 

.if the qu eu e l en gths are equa l, the a r rival goes to fai t her 

queue with equal pro bability; 

. if the l en g th s dif fer , he joins the shor ter q~eue . 

Si * equati on s (of whic h Koeni gsber g state s four) are 

requi.re~ t o co ver all c ases : 



,:1 ~) ' 11 ' 0 

T .. 1, 

:~ ! 1 ' 
:n :· 0, 
m > 1 

~1 1 
n c 0 
(l ~ 0 
n) 1 
n ) 1 

Fe~ e:~arnp l e , tho sixth i. s 

.s !) 

dt ' r>1 , n 

···h e r 0 D \I ~ ~ 1 --· . ---. lro , 
/ 2 

A, 

n - 1 :> n 
m-1 : D 

rn -1 < n 

30 

+)lzP m, n +- 1 

and D2 is defined si mil~- ly . 

Gen er~ting f unct ions are define d by 

~ 
g ( x ) = i xm 1'1 ; and qy a d ouble s umrnati.on , an 

n - r m, n 
r'.1 :::0 

equatio~ in th ese is cons truct ed . Geome t ric fu ~ctions : 

sati s fy t l).is equation , when the a a r e a l s o geometri c . Thus 
n 

p =-r m / 1c 1- t )2 . 
:'11 ' n l 

This i s i n depende nt of ,....u,; lt--, I L 
and i s the same as f or t wo .M/ M/1 

Ho ve v e r , the mean waiting times for the t '.'.' 0 q u e ue s d o d e? end 

on /<1 ' fl2 · 
Two ot he r strat egi e s produce t he same r e sult s : 

Pro babilist i c J o ck evin ~ . 

Ar rival s a eain join the s horter qu e u e ; whene ver one qu e u e 

is l onge r , cu stomer s l e ave it a t rate : ( k . ( difference bet we e n 

l engths of waitin g l ine s )) . The result i s independent o f k ; 

t her e is no c han ge in the equili br ium s ol uti on . 

Eac h qu eue has i ts O ?in i nput , wi t h its o wn arrival' rate . 

Pr o babi li s tic jockeyins o ccur s as a j ov e . 

1,·:hen ){ 
1 

==-/< 
2 

, the se 1::: hr ee cases a l l have t h e same _ esult 

as t h e .c ase wi th t wo M/ M/1' s . Koi ~i gs be r g points out that 

in all the s e cases , one channel c an be i d l e whil e cu s to me r s 

I S . 
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are fully ut i lisetl i 11 the rollo-::i__!i:{ case: 

T nstc n tar,r ous ·! oc ·: cy:i_ ns.:_. 

Asain customers jo:Ln tbe s\on.;er of t\'..-o M/ i-' /1 ' s . ':'.'he last 

r· st omer on either · qu ~-:, ue jockeys to t he shorter oueue on L _e 

instant it be comes shorter ~y 3 ore than 1. The re sults for 

mean number ~n ayste~ a nd mean number waiting, are i dentical 

with t hose for the H/ Vi/ 2 system ; which means that they are 

op timal . 
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Pr obabilities fo r ~umber i n Syst em . 

;·· .. ...... ' .. ·; 
. . . . . . . . . . . . . . 

. 

- ............ . . ........ ····:" 

. . 

_ _J~ 

............. . 

L 
···· -'"'····· t . ------1 

... ... ... ·t ..... ···t. ....... -~=l 
0 2 3 5 6 7 

n~ 

a.n M/ H/ 2 v,ith ar r ival r a te A , 

s ervice rate JL at each c hannel , 

8 9 

r =. 7. 

2 H/ H/1 ' sin parall e l uith arri val rat e A.;2 , 

servic e r ate fL, at .eac h , p = · 7 . 

10 



QUEUES I N SERIES . 

The c hapter studies output 

di s t ri bution s , then s eries syst ems 

with various a ssunptions 

as to arrival, s ervice , s i z e 

of waiting r oom , 

number of customers . 

3.1 I NTR ODUCT ION. 

3 . 2 OUTPUT DISTRI BUTIO,JS . 

3 . 3 TWO QUEUES I N SERI ES . 

3.4 AANY QUEUES I N SE~IES . 

3. 5 A COHPARISON. 

GRAPHS . 
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3 , 1 INTR0D1JCTI0"[ . 

.Some Terminolos_y . 

A set of paralle l service channels , each prov~~i~g the s ama 

servi c o , 1.•1j_J.l be r e ferred to ~s a " service station 11 ~ 11 0, u e u e 

l engt h' ' v:ill mean the total nu .• 1·oe::.· of custorers ·.,:ai tin .:; be f ore 

a s t a tio~ ,. plus the ~u~ber in service there . 

Outli ne Of the Cha nter . 

This i n t roductory ection mentio ns some f eat ur es of t he 

t heory of s eries s yste ms . Th e study of out n~t distr i~u tions 

11.'i. Section 2 i s e s sential for much of \"r1-~t · fo ~lorrn . 1'he 

study of th e t wo ~s tag e s y s t ems in Section 3 exemplifie s so ~ e 

of th e approac hes avai lable . Se c~io n 4 stu di es me t h o ds f or 

many stations in ser i es . The s i mple system t reat e d in Se c ti on 

5 s hould give nu~eric al meaning to some of the fo 0 oins the ory . 

The Develo pment of Se :· ·ie s Qu e ue Theo r y . 

In many real - lif e s it uation s , a cu sto ~er i s served at o ne 

s tati o n , an i d e par ts only t o qu e ue b e for e another stat ion . . 

The cu st omer may have t a proc eed alon g a seri e s o f ~any sta t ions . 

A s-ri es s y s te~ i s mo r e p r one to c o n8estio n t han~ single ­

s t age system; bu t it is mor e sensitive to c hang~s i ~ de si gn ; 

an d t he r e are ~ore opp or tun iti e for chanseo . The the oretician 

can suggest l itt l e whic h is n o t obvi.ou s t o i:.1prove t h e 

perfor ~a ~c e of a si n gl e - stag e syst em ; ~i t h a seri e s of stations 

h e has more s co pe . For e xa ~ple , he c an pi npoi nt where 

~ai t ing r oom i s most needed , o r f i nd t he ~ost e f f icient 

or derin g for t he s tations . Most of t ~e pane rs cit e d in t his 

c hapt er a ro s e fro m so me p r ac t ical situati on . 

This p r a ct ic al bias s ho ws i ts i n flu e nce in s ev e r al ways . 

In t he l ate 1950 1 s there appear ed t he elega,_t t h 0 ore :11 s on 
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po2-sson SG:!''ies sys tc.,:s . J- "'·e (i· 11 l'" " 1 r~::::.--, ' s \ ·,·e Jc..,. \.,- - .i. _11. .:. , _,. v,.J ) \, find 

treatcents of systems with more realistic ser·ic e distribut~ons 

and with li~ited waiting room bet veen st usea . Work on 

systems wit h general distributions has not bec::1. carried far . 

Though tra.nsicnt solution3 and rates of reaching equilibrium 

are of interest to the prac ti c al ~or ker, his f i rst inter est 

will be in the mor e manageable s t eadystate solutions . Thus 

li ttle ·~ark has appeared on tr ansient solutions . 

A f ew o f t he result s in t his chapter c an be deduced f rom 

the re sult s for net~orks . These re s ults are presented here 

be cause t hey lead u;:i to t he more o·eneral re sul ts , aI1d 

because seri es systems have con s i de rabl e practical i m9or tance 

themselve s . Theoretically , a series system is disti nguished 

from t he r est of the ne t wo r k systems . by the fact t hat ther e 

is the same arrival point , routing , and departure poi n t for 

all cus tomers . 

Applicati_?ns . 

Serial ar r angements of pro c essor s occur i n several di ff er ent 

guises within computing systems . Ot her real - life 

situat ions which have provoked theore tical deve lopment are : 

. indus t rial pro duc t ion lines , ~here several different 

operat ions ~re re quired ; 

. inspection or r epair of vehic les or other machinery ; 

._fl ow of vehicle s t hrough a series of intersections ; 

. movement of fre i ght cars in a rai l wa;y y ard. ; 

. message traffic in a relay system ; 

. several - stage servic e in retail shops ; 

. t he rec eptionist ' s room and the doctor ' s surgery ; 

. hospit a ls . 



~.rhen cust·o ~,F:>rs l eavj_0g- a. service stat io·1 j_'11,uidiately _j o.in 

the queue ocfor e anot her station , the out put di stribut i on of 

the fir st station becomes t be arrival distr i bution for the 

seco .d . In stu~y{ nG seri es and n ets of qu eue s two it em s are 

of key i mportanc e : 

. the n ature of the out put di s tri bµt ion from each ser v ice s tat ion 

. the co ~ditio ns for t ~o a d j acent s t a t ions t o operat e , in the 

l i ~i t, i ndepe ndent l y . 

Thi s s e c tion stud i e s me tho d s of fin di ng output distributions ; 

an d co ndit i o ns un de r whi ch i ndep ende nce i s a t t a i ne d . The 

theory f or sy s t em s mor e general t han t-:/M/ c s e ems r e s tr ic te d 

t o case s f or which c ::: 1. 

gi ven . 

3. 2 . 1 THE SYST E},f M/ M/c . 

Bourke ' s Result s . 

Some result s fo r the s e c a ses are 

Be fore Bour k e ' s paper ( / 0 ) o f 1956 , 0 ' Bri en ( G 7 ) an d 

others had st ated or assu ~ed t hat th e o ut put of an M/ M/1 

syst e~ was expo nent i al, I n t he paper c i ted , Bourke shows t hat 

f or the steadystate M/ I(/c syst em with no de f e c tio ,: s an d any 

que ue discipl i ne , the number of de partures in an arbitrary · 

t i me i n t erval ha s the same distr ibuti on a s th e nu ~e r o f arrivals 

in the same i nterval. In other wo r d~-1- e a c'h depart ure i nt Eirval 

is exponenti a l , a nd i ndependent of all e a r l i e r departur e in ­

ter·u 1l s . 

Bo ur ke points out t na t t hi s fact s i mp l ifie s t he theory o f 

serie s syst e~s ; e ac h stat i on c an be t reate d s epara t e l y . His 

paper tr eat s , a s a n e xa ~pl e , ~he s yste m co ~pr i sing a se t of 

i de ntical c t a nnel s _ ( s a l e s c l erks ) fro rn whi c h cu s to me r s ~ust 

go to a s eco nd set o f channe ls (cashi ers) . 
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'I' is cho -,c:1 ar ~,itrarL~ . .v a ·d 1::i:L l r e,r e.sen t an i •·, t e rva.l 

betwee· t wo d epar t ur es . 

Le t k(t) = queue length at ti me t . 

Let F n ( t ) :.: Pr [ t < T , an cl. k ( t ) -=. n J 
The initial c onditio~s on the F are 

n 

F ( 0 ) ::: P · 
· n n ' 

wh ere P i ~ a s de fin ed in 2 . 2 .1 above . 
n 

The e vents associ a t ed wit h the probabil i ty densitie~ F (t) 
n 

exc lude e v e nts i nvolving a d epart ur e , so : 

F ( t-t, ctt ) 
· o 

-- ( 1 

F ( t +d t) : ( 1 
n 

A-dt ) F
0

( t) ; 

dt) ( 1 - nJ4dt) F ( t ) . n 

-\• 1\dt ( l -( n ..:..l ~.Ad t) F
11

_
1

( t) , n .,::;- c; 

F (t .\- d t) = ( 1 - Adt) .( 1 - c7<1dt) Fn ( t ) 
n 

. .;. A dt Cl - CJ,-< t) F 
1 
(t ) 

n -
, n > c . 

Then F ( t ) =. - >,.F (t) 
0 0 

F ( t ) :;_ - ( ).. +- n .a ) F ( t) +- )., Fn - l ( t) n ~ c ; @ 
n . / n 

}'n(t) ::::. -().. ~ ) Fn ( t)· · I F
11

_
1 

( t) , n c . Q) 
Fro m @ ; 

F
0 

( t) ~ F ( 0 ) e - A t _ P e - ,\ t 
0 0 

In ® and (jJ , we t r y solutioms o f the form 

F ( t ) ::; T( "' - At 
n ' · n~ 

a.nd ge t : 

-)_ K =. -l K - n.t<- K + )l K
11 

_ 1 , n ~ c n n /' n 

ie, Kn ::. ( A/ ry-t) Kn -1 ' n ( c ; 

and si:ni larly, 

K = ( / Cfi,{ ) K l n / n - , 11)-C . 

,£'.: p 
- n , n~ c . 

,_ 
l, 



Whe.:1 dep art ure time T ha3 density fu r~c tion f(T) , 

so 

T:Pr [ T > t I ·• . ..\ 
f ( t) 

n 

'\. -: - AT f (T ) ~ /1\ ·.:: 

?r rt ) T , a.:16 n.::. 0 or 1 or 2 .. . J 

whi ch is ~he dis t r i bution for i nterarri val time s . 

Bourke al s o pr ve 2 that t he s t at o of t he s y ste~ just af t er 

a departure i s i ·1 dependent of the prec e d'i ng de r art ure t i me . 

We fact ori z e t he fo l lowing pr obabi lity : 

Pr f ld T ·I- 0 ) :: n - 1 , an d ·r E ( t , t -+ d t t f 
F (t) . n'/u dt 

n 
, n:: 1 , 2 , .... c 

F ( t) . c;, dt n ~ c ; 
. n 

{ 

A e - At dt ( ni4. / 7', ) p n 

- )\ t 
A e dt ( c/4 / A ) P

11 

I - .,->-. t 
,., e • p 1 

n-

l1 ~ C ; 

l1) C 

He nc e the departure int erval begi nning at t i me t depe nds o nly 

on t he state o f the sys t e/1 a t t + 0 . This s t ate i s L 1dependent 

of the depar t ur e int erval which fini shed at t, an d t herefore 

o f al l earlier depar t ures . 

Re ich's Result s . 

By a dif fere nt argume nt Re i ch ( 73 ) r ea.c he s t he s ame 

re s ults ; t hen prov es some f ur t her r es~l t s . 

He fir s t fi nd s a c on di ti on fo r a c ertain class of ma r k ov 

proce sses to be reversible , an d henc e sho~s t ha t a birt h- deat h 

pr oc ess wi th st a t e - ~ependent rat~s i s rev e r s i ble . If the 

i ~put t o t he pr ocess is not s t a t e - dep en tl ent , it s ou t ~ut i s a 

pois s on process . 

His th eor e m for an E/ ,1/c sy s t em· i s : 



( a, the sequence of .Jera:-turc time:, fo.tmi:.~ a 1joi1,son pr-occ;,s ; 

( b) queue l en,'.~th i ,s i nder,enclent of all past departur(: t i'trn.s ; 

(c) if t
0 

i s a departur e t i me , k ( t
0

~ O) i s i ndependent of all 

past depar t ur e t imes . 

Rei c h t hen :Unds t v:o limi tati ons on gene r ali ,., atj_ons o f t '."'.e 

t heorem. Th e firs t is t ha t t hou5h the out put o f an E ./- ./c 
J J 

sy s t em is E . fo r j = 1 (i . e ., E . is equival ent t o M) 
. J . J 

or j ~ oo ( i . e ., E . i s equiv a l ent to D); the s a me . does not hol d 
J 

for a ll j . Hi s counter-exa~ple is t he E~/ E?/1 3ystem. The 
C. -

s e c ond is t ha t 11 if t he arr'L val and c_e parture epochs o f a 

· s i ngle - c ount er queue ar e bo t h po isson , t hen th e service t ime 

i s e xponen t ial , or a step fu nction a t O . 11 

3 , 2 . 2 SPJGLE- CT:Am rnL SYSTEMS 

The System M/ G/ 1. 

Fi nch ( 2-'f ) fin ds t he s ame re sults as Re ic h . Th e se t wo 

conditions on an M/G/ 1 syst em: 

. service times are exponential , and 

. infini te wai ting roo m is availabl e ; 

ar e necessary f or the indep e ndence of depart ur e t ime and qu eu e 

l en gt h at th e end of the departure t i me ; an d for t wo . a d jacent 

departur e i nterval s to be L 1dependent . 

M. G.Rs of Output Di s tri bution s . 

The output dis t ri butions of sy s tems mor e general than M/ ~/1 

will not be exponen t i al, but t heir MGFs can be found si mply 

in some cases . Makino ( ~1 ) fin ds MGFs for t he sy s tems 

· M/ G/1, Ek/ H/1, and E2/ E2/ 1. His me t hod s ar e illu s tr a.te d by 

th e f ol l owing tre a tment o f t he M/ G/ 1 c ase . 

Le t f(t ), g ( t) , h ( t) be t he densi ty functions f or 

arrival times , s ervic e ti ffle s an d departur e time s respec ti ve ly . 



thc·\r .. :('Ve· '""">;. ( z) '-I ( '7) . -- . ~• .... V ,., ,._, . . f :_i ' 1 [.:_~ •--' > t~ hc~~) . >, a.n( 1: ars arr ~val 

(' e Y' " 0

]

0 
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P ::: Pr l- 0 L1 e u e l f1n:o: t h = 0
1 . 0 • ~ 'j 

Pg ( t ) - conv o l ut e of f( t ) and g (t) . 

At equilijrium , ar1·ival rat e= departure rat e . MGFs h ave t hese 

prope r ti es : 

. :·,1' f ( O) :: .-. r .... 
, v 

-

. when f i:', expo:1. en t i al ; rat e ,\ , 1'1/ z) = /\ /( A. - z) . 

A de p a r tur e l e av e s the sy s tem enp t y wit h -pro babili ty ~ · . 0 ' 

t i me to n ext d e partur e i s the s u m of an arrival time a n d a 

s ervice t i me . A de ~artur e l eaves th e c h a nnel occ upied wit h 

p robabili ty (1 P 
0

) ;. t i rn ~ to next d eparture is a service ti me . 

Thu s h ( t) ;. P 
0

• f* g (t) -t- ( J - P 
0
). g ( t) . 

The MGFs ~ust t he r efore ob e y t his r e lation shi p : 

.r, ( z ) - P . !vL (z) A ( z ) + (1 - P ) M (z). 
'"h - 0 I . g O g 

Differentiat e , and l et z - 0 : 

This yi e l ds 

With f e x ponent i al , 

- J.. ---;'A-

The Sy st em M:/:1/ 1 • 

/ 1,.., -z -\1 ( z) 
-::,-- g 
"- - z 

+ ) M ( z) 
g 

Thi s r e s ult i s app end ed f o r its s i ~plicity: 

h ( t) ;ff*g(t) ~ (1 - f ) g (t) 

- \ - I t - /\ e 



Yueh of the the~ry for twJ sta~ion~ in sc_ies fol l o~s fr~~ 

the theory of out~ut dist~ibutions . The first n2r t of t h i.s 

section disc usses the steadysta.te behaviour of t\':o :tulti -

chann e l ;Cl oi:::;son ::-;;/.stems in series . ~.t her Jr:ultichan._el r2sul t s 

ar e special cases of results presented in the next sect ioh , 3 . 4 . 

The s ec ond part of thi s sec tion out l ines th e deve l opment of 

t he th ee J fo r two s i ngl e - channel s t ations in serj_e s , along 

s everal dif fe r ent line s . The co nce t s of limit ed wait ing spac e 

and limited nu~ber s of iu sto mers, ar e of con s i dera bl e pr actical 

i mportance . 

3 . 3 . 1 TViO M/ H/c SY STE~!S . 

ATri vals oc c ur e xponent i ally a t r a t e A , and are serv ed at 

a st ation v:ith c 1 para.llel . channe l s , each with exponential 

s ervice rate /.Ul . Departing custo mers immediately· queue be for e 

a second station , o f c2 chann els . Each . of these has exponential 

service, rate /.A.·-~. c 

Pi· = ( >.. I c . );'- . ) , f or i = 1 , 2 . 
l l 

Rei c h uses his theorem ( 3 . 2 .1 a bove· ) to show that the 

t wo queue l engt hs are ind ependent . Le t m(t), n(t) be the t wo 

l engths at t ime t . n(t) depends on departure interval s whi c h 

finished a t T ~ t ; but m( t) i s i n ependent of t hese . Thus 

m(t), n (T) ar e independent fo r T <t . 

Since the t heory for t wo multic hannel queues in serie s with 

i nfinite wait ing room has no t been develope d past po i sson 

qu eues , t he full der ivat ion is given here for t he joint 

distributi on of equi libr i um queue l engths i n t he ~/ M/ c
1 
.... 

/M/c 2 sy s tem. '. his v:as tr eated fi rs t by H. R. P . J ac !-{. son ( 4/ ) 

fo r c 1 -= c 
2 

:: l . 
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o f . sec o nd ::: n ; in cquilib. iu:n J 
We will a llo ~ ourse lv s s t o s uspect i n ( cpend ence , a~ d 0 0 · will 

try f or a s ol ut i on fac tori zable in t o fu nct io ns of m and n : 

D : M . N 
m, n m n 

In a s ~al l t i~e i n t erval d t , three tr an sitions are possi bl e : 

an arrival ; the tr ans f e r of a c u s t ome r f r om the first to 

t he seco nd queue ; a de parture fro m t he s y s t e~ . These 
I 

po s sibl e ev ents giv e r .ise to 9 equation s . For @ . . .. @ 

only the c oefficients printed in r ound brackets for (D are 

given . The rest of ® .. {:jJ is j_dentical v:ith .u) '?!hen P m, n 

has n~ gative ar guments , it s co e ffici ent turns out to be zero . 

I1l • Il 

p~c 1 ~ c 2 l~{\)7',(~1)1-;«~(c1)
11 P~,11~1 A (1 )t.,,"";Af'.~ cJl,, rAJc~)P"',"H 

p '.) , ( c 1 ~.c2 1 1,,1 c2 1 ,;i+I ""' c2 
! ~ c 1 l) Q , ( C 2 1 c 1 n 1 c 1 n + 1 

~ ,(c 1!)0,<c 2 m n c 1 c2 
;: 0 I =O O O O O 1 

: 0 1)0, ( C 
2 

0 n O n+ 1 

;:Q ~ c2 0 c2· 0 

) O ,{c 1 
~ () m 0 0 

~ c l -:r. 0 c , 0 0 

__ eplacing p by M .N in (J) 5ives m, n rn n 

N 1. ;: ( A //A2 ) N . . 
0 , . 

or ~ 2N1 - ,A N
0

:. O; 

and in @ , wit h n :::. 1 ; 

( ,\ 'Y1 1) d N -:.. I\ ~·1 N + . _,A. 1 o . o o 2 },f . 1 ti 
' 1 

@ and @ yield : ~.r .. , - ( A ~ 2 ) 

@ bec omes , for 

eliminate s 

.n ,, n < c , - .... ,_ 2 ' 

c2 

1 

@ 
H 

0 @ , 



11 .. 3 

This rearrange s to : 

n ,)'- N - >. N . - ( n -t· 1 ) .1 j
2 

N 1 - X N • ~ 
/ ~ n n - I - r"" n~- n l..!....;J" 

Si :nilar t r eab1ent o f ":7) gives a:1o ther fam:i.lj_ar equati on . t.~ ... -
l<'o r n '- c · ~ - 'l2 ' 

c 2,/l2 Nn - } Nn -1 :: c 2;!'·2 Nn+ 1 .:.. >.. Nn @ 
@ , ([}1 , · and @ combined i ndicate that the left sides of 

these three equation s are all zero ; and s o 

for n: 0 , 1 .. . .... c 

) >J 
i~ 0 f2n f or n t:=,. C ' c+ 1 , •.••. . ® 

A si~ilar tr eatment of ® and (jJ produces the analogous s6lut-

ion m and 1 replace N , n and 2 in 

The so lution ; 

P :. M· . N m, ~ m n 

al s o sati sfies (D ·Q) and @ . M N can be fo und o' o 

by summing P over m and n . Thus the solution for the m, n 

j oint equili brium qu eue l ength di s tribution is 

p - D p m,n - ... m· · n 

where P i s a s defined in 2 . 2 .1 . 
n 

The mean number in the system 
co ca 

I: rf;, ( m+n) p 
111 : 0 

m, n 
00 

L ~ - :nP + nP m:: o rn - · n 
n:;._Q_ 

i s 

which is s i mpl y the s um ot the mean numbers which would occur 

if the t wo stat ions vJO r :,c ed j _n _complete ind ependence , with 

arr ival r a t e A at eac h . I t make s no di f f erence whether the 

fa s t~r or s lower station c omes first . 

3 . 3. 2 SI 'WLE- CHA> XEL SY STE~1IS VJ I TH I NFI NI TE ST OR AGE . 

The t-V.</1 ...... / M/1 Syst em . 



l1 L; 

C _, . -- 1 ti-r. .,... c,r" ll'·-· o.f· ·.; 7 1 
1

. "
2 

•• , .L,:, ~~ ,c,, l,c, J. _,; , :> . i)ec o.rre : 

P - ~ '\, n ( l - f1 ) ( 1 - L ) m,n-·t l 1 2 . 1 12 

This syst Fm has r eci cved extensive study , by q . H. P Jac~son 

( 4/), Hu1i t ( sJ ) , Cox ( 23 , I'>{; ) , Saaty ( ?6 , ;~SC/ ) and 

ot hers . A result o f Re j_c h is of j_rnpc rtanc e : ( 7'.!.) 

Let Vi l , th e two waiting times (inc l ua · ng s er vice 

time) . Let. m be the number of cu s to me r s l eft behind in the 

fir s t queue bv s ome custome r , arid l e t n be the number this 

custome r finds in the second queue . n is independent or · ~ , , 

and so w2 is inde ~enden~ of w
1

• 

3ourke ( I?.. ) . uroves t hat t his i':1. dependen:: e fail s i f w
1

, 

w_ ar s the waiting t im~ s exclu ding service times . He shows 
C. 

that Pr _w2 = o / w1 - oJ < 1 - )..01,2 = Pr r,..-'2 : oJ . 
Non - Poision Sy s t ems . 

Pearce- ( (If ) o_utlines a method of handl in.:, t wo-stat ion 

single - channel · syste :ns , and treats t he syst e m M/ D/ 1 .. . . .. / D/1 

as an e xampl e . For t wo queue s to f or m i n s uc h a syst em, the 

fi rs t service time must be shorter t han the se c ond . He 

define s a double gen erati ng functi on : 
co 

L. 
Il - 0 

and by summing the s teady st a t e differenc e eq uations , e xpresses 

g ( x ,y ) in te r ms of the mar gi nal gen erat i n g f unc tion g(O,y) . 

This i s det ermi ne d by contour int egrat i on . 

3 . 3. 3 SYSTE!'•! S WIT E LP!ITED rrn:~BERS OF CUS1: Q},:ER.S . 

R. R. P Jack s on ( 4 7-) s tudie r~ the M/ M/1 . . .. . / ?,1/1 syst em f or 

whic h only N customer s ar~ avai lable . The i np ut i s expon ent i al, 

except wh en t he r e are N in the system . Then no furth er 

arri val s can oc cur . 

Th ere are now s even stea( y s tat~· rl iffer enc e equations 



:.~ov e - ning p 
m, n 

D 
m, n -

i s si milar to t he s olution f or the un rc st rict e~ case ; but t his 

t ime 
N N 

E xpre ssion ~- for mean number in syst e m; mea~ n umber wai ti ng , 

mean number in service are eas ily found ; bu t l e ngthy . Age.in, 

t he order i n wh.ich t h e stationo oc c ur makes n o diffe:cence . 

This s ug ge s ts tha t the syst em behaves like a cyclic arrangement 

of t wo qu eue s . 

3 . 3 . 4 A TWO- QUE';E-CYCLI C SY.STEM . 

. A fi xe d number N of customers cir c ul a t e aroun d t wo stations; 

each station has a single expon ential channel . A c u s tomer 

leaving e ither channe l i mm e diatily j oins the queue before t he 

ot her c hannel; The s t eady- s t a te situation is simple , s o i s 

analyse d h ere i n full . Nf l st a tes are ? Ossible ; 

l e t Pn : Pr [ len g t h of 11 f irst 11 queue. is n] , n ~ 0 , 1, . . .. N., 

~ Pr ( l en g t h of 11 sec on d 1
' queue i s N- nJ . 

The ·equat ions are : 

0 =- - A Po + -)~ P 1 

P,.r + 
1' 

},t P P · J,( P ,/,f. P 1 2 . 1,,J- l 
.,,.. 1 n - /,t 2 n - 1 = ,r 1 - n+ 1 - / · 2" n ' n =- ' ' · • • • • 

( Only N of t hese N+l equations are ind epend ent . ) 

The e q 1ations y i e l d : 

,Ml p ; ~2 p 
n-1 ; n = .•. . N n 

The s oluti on is 

p 
n = ( ),12 l)l 1 )n p 

0 

where Po is f o und by s ummi ng the pr obabilities. 



L;6 

""1 c"1 A/ -: .bl '·'a ·· 1- ~ t a·t "' • .1 ,< / ~ l''"/ • ;:2 ) <:- (, . l ,:, V ,, 

-, eo_ u a.1. p::.·obab i J j_ty 1/( ?<J + 1). 

Le t th e ma xi ~u m a l lowa bl e nu~jer o f cust o ~er a in the s e co n d 

o f two s er i e s quc·ues be H. \'.'a i t in s r oo ;0 f or the f ir s t queu e 

is no t re3tricte(L A custo me r ·Hn2 fini s :ies s er vic e at ti:1e 

firs t s t atio n while the se c o nd qu eue has leng th N i c f or ce d to 

wa i t un t il- ~ departur e oc cur s f r o m the secon d st ation . In 

t t is situation , the firs t s~ation i s said to b e bl ocked . 

. 1a :--L'.rn m Ut ili zation . 

The fir st channel i s ac t ually serving for onl~r. a fr a c tion 

of the ti~ e durinc which c u s to ~er s ar e waitin g at it . Thu s 

a s f> 
1 

i nc r eases towar ds 1 , s atur a tion rnay be r e ac hed v:hen fi 
t ruce s some v a lue l e ss t han 1 . This valu e , {Jrmx , i s known as 

the " maxi mum utili z a tion ·" o f the sy s t em . 

~unt ( 3S ) stu die s t h ·3 · ;.V M/1 . ... . / ··-1/ 1 system ·\'.1ith H = 1 

( j_e : n o wait ing r oom bet ween s t a tio :1 s ) ; a nd fin ds (°max i n 

t erm s of _/£, ,/'A-2 . For ft 1=~ 2 , f max=- 2/ 3 . 

The sy s t em with N ) 1 but f i ni t e i s g iv en, by Hu n t , N+2 s tate 

probabi lit i es . 

/4-nax = 

Yor ~ 1 =/"-z , t hey y1 e l d 

( N+1 )/ (IH2) . 

Naturally t his a ppro a c hes 1 a s N i n c r e ases . 

So me Aunroach e s t o St ate Pr o babilit i e s . 

__ .Avi - I t z ha~- and Ya.din ( £ _) _stu dy t he system M/ G/1 . ·-·-·/G/ 1 

where N : 1 , i n t he s teady 9_tat e . They r egard the iirst 

s tat i on a s an H/ G/1 whe r e a rri v a ls who initiat e a ·ousy perio d 

hav e a di f f erent s er v i ce distr ibut ion . 

Le t s
1

, s 2 b~ t he t wo servic e times . Let T: max ( s
1 

,s
2
); 

'T' ' . . _ni s is the t i me a cu stomer spen d s i n the f irst s t ation i f he 

arr ives i n i t to fi nd it bu s y or bloc k e d . I f h e fin ds it i dl e , 



ho sucncis s
1 

there . The write r s use theGe i dca1 to construct 

( TiLle ~aiting b-fore f i rst station)+ 

( Ti :ns spent at f.irst station ; 't. or s 1 ) + 

( Ti me sp2nt in s e cond station; s 2 ) ; 

and t he MGF of the var i able 

(numbe r l eft be:1in d by a c ustomer l eav j_'.1g first channe l) . 

Th e y show tha t t he conc ept of ma x i mu m util izat ion i s n ot 

r e s t ri c t ed to syst ems with ex~on ential servic e . I n M/ G/ 1 . . .. 

/ G/ 1 , equili brium cnn e xist o n ly i f 

and for i :: 1 , 2 

(1_::)\ E [ si]( X E[T]. 
Finally, t he writ er s treat the special cases : M/ D/1 .... / D/1 

a 11 a' · J·f/ l-"/ 1 / :-t./ 1 - l - .i. • • • • • .I, • 

Prablu ( 72..) s tu di es the tran sient M/ G/1 ... . . . / G/1 S:l,[stem, 

an d fi nd s Laplace - Stieltj e s transforms of t h e state 

probabilities . In t he limit a s t~~, hi s r esults are in 

a c cord with t hose.of Avi - I t z ak and Yadin . 

Hakii10 ( S-1 ) finds the VGF for the o ut pu t distri bution 

of an M/ M/1 .... / M/1 system with finite N, an d wit h ~ t 1 ::/,.~ 

He t akes a w_e i g h t ed sum of the .·1GF s for t he t hree situations 

in whic h a departur e in t erv a l c on s i sts of : 

. an a:r ri v a l i nterva l pl u s t v;o servic e time s ( o ne at each 

channel.) 

.two s e rvice t imes 

. one serv i c e time . 

He equates t he ~ GF of t he out put dis t r i buti6n with the MGF 

o f the output di st r i but i on f rom~ b ne - stage M/G/ 1 system . 



to a one - stage systen . First and second service ti~es and 

waitinc ti~e i n the second queue are reiardcd as beins the 

servic e time in the one - sta3e syste~ . 

Liinitec1. ' ':a:;.t i np; - Roo:i, anc ryclic Syste:~1s . 

Kle i nroc'c ( 49') de v e lo:os the theory of queues in series 

-- t o show that the t i me for n jobs to b e u roc essed at e ach of 

P processors (co;nput ers ) is l ess t han the time for n j obs 

t o go through a single p:~::o ce ssor P t i !ne s . Fo r P = 2 , h e 

· nve s t i ga tes t he :c ·a t io of t hese U rnes by the fol lowing met hod . 

Let maxi mum queue l engt h be for e the s e cond pr ocessor 

b e N- 1. Whe n t he l ength of the second .queue r eaches N ( t his 

include s the cu s t omer i n ·se rvice ) no furthe r custo6ers c an 

en t er the syst e:11. Othenii·s e , it is assumed , t he r e · is a non -

zero supply o i custo~ e r s waiting be fore the fir st p roces s or . 

The system is equiv a lent to the t wo - qu e ue c y clic syst e m 

discussed above . In the cycl ic system, the first queu e has 

no waiting cust om er s if and only if there are t -1 cust omer s 

in the second queue . Thi s l i mite d space s yst em behaves as if 

there we r e no cus to mers be f ore t he fir s t proc essor if an d 

o~ly if t he re are N-1 c usto ~e r s i n th e s ec o nd qu eue . 

The opti::1al arr e.ngemenLis/-t , =- fa 2 ; the rat io 

time for n jobs on 2 processo~s 
t ime for n j obs on processor 

= ( N +- 1 ) / ( 2N) 

3. 4 ~ANY QUEUES I N SERI ES. 

As the .numbe r of s tation s i n s eries increases , th e e f feet 

of t he arrival distribution diminishes , and the effect of the 
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s ,irv .ic 0 d:L stri b• .. 1t :;_ons i n crea.scr; in i mportance . -~'he '!!Ol'L'.. on 

series syst e ms see~s restricted to systems where eac h station 

has the sar1e s e rvi c e -ti:l:e di stribution . Eenc e the the or y of 

t his s ection has be e n cl assi f i ed a cc ordi n g to service 

dis t ributions . Th e t heory f or systems with exJoncnti a l service 

is treate d first . It d e v e lops fro m the wo r k of Sourke and 

Reich on i ndepen dence . for systems with othe r di s t r i bu ti ons , 

or limited wa itin~ r oo m, the i nd e p e n d enc e d i iappe a r s , and 

o t h e r me t hods must be u sed . Di sc ussio n f o l lows, on syst em s 

wi t h regular , t he n Brlang i an s e r vice - bot h thes e di s tri butions 

are go od a ppro xi mations for many re a l-li f e ser v ic e s . Note s 

on some o t he r topic s follo w. 

3. 4. 1 SY STE:v1S VlITR EXPONEETIAL SERVI CE , AND UNLEHTED WAI 'l1 I NG ROO~-~ . · 

Extension of Re sult s fo r ~1:-u lticha n n e l Systems . 

Exp on ential arr i val s ·occur a t the fi rst of k multic hannel 

sy s t ems i n s e ri e s . For i: 1, 2 ..... k , the ith s t a ti on has 

ci chann e ls -, each with e xpon ential s e rvice at rate p
1

, and 

unlimit e d wa.iti :1g roo :n . This system , with k ::::2, was t reat ed 

in 3. 3.1. The outuut fro m the seco ·1d an d s u b seq u ent stations 

i s still e xponential, ra t e ~; so we could e xp e ct the 

independence of qu eu e l engths at fixed t i me to survive wher e 

k > 2 . Thi s syst e m was s tudie d fir s t by R. R.P J a c kson ( 4 i ), 

( 4?- ) . His proo f i s outline d by Saa t y ( 76, J.J,/): --~ 

Le t nJ_, j-:.1 , ..... k , be th e q u e ue length at t he i t h st at ion ; 

let the equilibrium pro ba j~litie s ~ or the stat es of the syst e m 

be given by P . n, ,n:l., 
n j = 1 , 2 , . . . . . f o r j ::. l , .•. , k . 

The solutio n to the steady s tate e quat i ons ( whi ch will not be 

writ t e n ou t h e r e ) is : 

p ::. p 
n_t , n-<- , ••.• , ~. le o , •.••• , o 
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"' 

, nJ· < C . 
J 

P is fJund bv a k -fol d 
0 , • •• i O . •. 

The :narginal 

j th station i.,s 

proha~ility t hat there ar e ~ 

b ./( 
11,j J 

o(J . +' 

L ' . , ; :L. e . ' vne 
8 1,, J 

s=o p 

custo ,nc :'S at the 

jth stati on has 

t he same ~quilibriu~ queue l engt~ di s tri bution t hat it woulf 

have if it was ope rating alone , with exponential arrivals 

at r ate A The mean qu e ue l engt h a t t he jt h stat ion , mean 

numbe r waiting , and mean number in servic e ther e , are giv en 

by t he expressions of 3. 3.1 . The me an t otal n umber in 

system , e tc , are f ound by addi ng t he me ans f or e ach station . 

The di s t ribution f unction for·waiting t im e ( excluding 

servic e ) , w., at the 
J 

jth station , is give n by 

P r r ·.•1 j > T J = 
Pc - -l-..c>..1 

Nelson , ( /t;) , shows t hat i f the distri bution of wait i ng 

time. ( e xcluding service) , wj , at e ac h o f k s t a tio ns , i s given 

bv • . u • [ J r · T 
Pr w j '> T = Ke J 

t he n the di stribution of t otal waiting time ( exc l uding 

servic e ) , t ' is e;i ve n 

Pr [ t '> T J 
k 

where A - K . lT j 1.-c - J ii' j 
i = l 

an d r. :;! r . for i -f. 
J l 

by 

= 

(( 1 

j . 

k 

I: 
j :::l 

A., 
J ~ 

r · T e J 

K . r . )/(r. - r . )), j :::. 1, .. , k ; 
l J J l 

I f r. ~ r . fo r i-:/, j , the A., c an be comp ute d by p erturbing 
J l J~ 

r. , r .. 
l J 

The proof is by in duct i on on k , and involves c onsidering 

separately th:e cases t :::: 0, t > 0 ; a!1d V\ = 0 , v:, '> 0 . 
. ~ -~ 
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·R e ich ( 7't) e::tencls his ear l ter r esu:u~s ( 73 ) -:::o show 

that , f or a series of k s i ngle - server stati ons , the wai ting 

times (includi~g service) for a particular customer a~e 

independent . Ei s results are a s follows : 

Let~ - bi the waiting t i me ( including servic e ) for the ith 
lJ 

customer at the jth stat i on . The di s tri buti on of w . . is the 
l J 

convolution : 

Pr ( w . . { x] =. '.!f ( x ) * S( x ) 
l J ' i:: l ' . .. . . .. k ; 

wh s re W( x ) f (A - M-1 ) X l: Pi e / , 
x~ 0 

x<. 0 

S (x) - { 1 - e- />tj X 

lo . 
Also , 

so that for each fi xe d i , 

ar e indep endent . 

x ~ 0 

, X <. 0 • 

the variables w 
'"i j ' 

k 
rt P r [VI . . ( X 1 ·, 
j:: l lJ"= JJ 

j= l, ..... , k , 

3 . 4. 2 SYST EMS '!IT H :SXPO!.'!Ei'TT IAL SERVI CE , AND LI MIT ED WAI THTG ROOM . 

Several different appr oaches , most o f t hem a ppro xi mate or 

numeric~l, have been developed fo r these s ystems . A full 

analytical s olution has not been f ound ; f or the limita tions on 

Ext ensi on of Kleinroc k ' s Cvclic Mode l. 

A two- station system is e quivalent t o a t wo-station cyclic 

system with a li~ited number of customers . This equival ence 

does not hold for a lar ger syst em , as t he cu stomer s have more 

f reedom in distr i buting thems elves t hroughout the system. 

Hov,ever, Kl einro ck ( 4-t/) appro ximates t he behavi our of a four- · 
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.s ta tion s )ste,1 ( '·::Lt h the ::;a.',i f! v:a.Lt·i.nr; roor1; at eacll r:;:at :Lo ·) , 

by cansi f ering i t a s a s eries of t~o joint stat io ns , each 

with exponential servic e , and with limit ed nait ing roo~ bet ween 

t hem . '1'his pair of j :)i nt ..,ta.ti.o n~ ir; equivalent to a c ycli c 

syst em . Each of t he joi nt station a consist s of t wo exponential 

stations wi th li :ntted roo:n be t ween them , and the s erv:'~ce time 

f or the j oi nt station consis t s o f t ~o waiting times and t~o 

servic e times . The approximat i on i s goo d . Serie s of 8 , 16 , 

32 , 64 , ... stati ons can be treated s i milarly . Again Kl einroc k 

e xami nes t he perfor CTanc e :n easur e R, w~ere 

R ; E (time to pr oc ess n c usto mer s in the ser i e s sy s t em ] 

E ( t i me for a single proce ssor to perform t he equivalent 

Ii decl i nes ste adi ly a·s t he nm1ber of stations rise s . 

A Nu~erical Anproac h . 

t as '.-i: J 

Hilli er and Boling ( 17 ) ext end t he work o f Hunt ( JR ) 

by t wo co mrut er - based procedure s . The first is e xact , and 

de als with Erlang s ervice as well a s exponential . The s econd 

is a ?proxi mat e , and deal s with exponential servic e only . 

Ther e are k single-c hanne l stat i ons in serie s , i n the st ea dy 

s tate. The first queue is nev er e~pty . The maximum queue 

length at t he jth s t a tion is N . ( j = 2 , 3 , ... 1 k ), and the 
J 

service di s tri bution ther e is Erlang , with shape para Jeter 

and me an r ate /'.). There are hun dr eds of possible st a te s , 

s . 
J ' 

. s o the transi tion matrix for t hem is genera t ed within t he 

co mput er . It st art s ~ith a c ertain s tate , and allows a s ervi c e 

· or ( ror s. ) 1 ) a uart i al s er vice t o oc c ur at each station . 
J 4 • 

Ot her states r esul t; t ransition probabilities /'-j a r e 

i ntr oduc ed i nto the matrix ; and the pro c ess con t i nu e s till no 



new states result . Equilihr~um state 

found by so lvi ·e the equation : 

(vector of P 1 s J( tra11:0;i tio::1 ,·natri:0:l _-:.:; [vector of ?
11

1 .sJ n - J 

Let R be the mean output rat e ; since the first queue i s 

n ever c~pty , Rist e maximum thr ough9ut rate for the system . 

When all servic e rates are the same , f . : R/'/!A.. max 

f ound by summi n g p 
n 

over s t ates from whi ch 

R i s 

fr om 

the syst em can occ ur , an d mul tip l y in g this probabili ty by 

s, .. . 
L'-

In t he secon d , approxi mate , proce dur e , eac h st a tion i s 

c onsi dered a s a singl e channel with exponential arriva l and 

ser v ic e dist r ibut ions . The indepen dence result s can t h e n be 

applied to t he sy s tem . The effec·tive arrival and service 

rate s are fo und by a n it erative pro c edure . 

'f h e numerical r esults of Hi l lier and Rolin g for a special 

case are grap hed here . Th e s p ec i a l c a se has four stations , 

eac h Y.'ith exponent ial service a t the s a me rat e ; N"
2

:: N
3

:::N
4

-::: N. 

The los s of effici ency caused by limit ed waiting room i s 

cl ear, and the a gr eement bet ween the t wo procedures i s 

re ma r~ably go o d . The second proc edur e c a n be u s ed to study 

the effe c ts of unbalancin g a production line ; i . e ., 

i n tro ducing un e qu al service rates . This c an i mprove effic i ency . 

On timal Ordering of Stat i ons . 

Pat ter s o n ( 68) also takes a Ma rkov i an a pproach to the 

pro blem of k stations : exponential a rri va l s o c cur at the f i rs t 

station, each has exponential service wi t h its o wn r ~ t e ; and 

its o wn f init e wait i ng roo m. Stochas tic processes a re d e fi ned 

on subsets o f the set of states ; state pro ba ~ilities are 

evalua t ed . The mean r ate of d epart ure f ro m the syst em is 
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influenced by tho order in ~hich t he stations are place d . 

Patterson ' s conclusi ons f ollow : 

~hen the arrival r a t e is high , i . e . , the first s t ati on i s 

usually occupied , fast s t atio~s shou l d be placed between t he 

low ones , so t hat t ley c a n serve a s e x t ra s tora g e spac e s . 

If each statio n has un l i mit e d waiting r o o m, the depa rtur e 

d i stri butibn i s expon ential , a n d it s me a n r at e canno t be 

l a r 0/J'er t h a r1 t h e s mal l e s t me a n ser vic e -r a te , A.4- . . If limit e d / ... mi n 

waiting s p ace occurs be f or e one or mor e s t a tion s , the d epartur e 

rate is l e s s t han ~£~ . • De partur e r a t e i s maximi zed wh e n / v-nn n 

bloc k ing is mi n i miz e d ; t his is achi e v~ d by putting fast 

s tations directly be fore slo w stations . 

3 . l+.3 .3Y ST EMS WIT!{ REGULAR SERVICE TIMES . 

T wo st u dies of s eri e s sy st e ms wi th regu l a r service times 

a p p e ared at abou t t he same time ; their resmlt s are s i mil ar, 

and c entre on the intuitively obvious f a ct that the slowest 

station will domina t e the b eh aviour of t he s y stem ( as it does 

in s y st ems wi th e xpon ential s e r vice) 

is mention e d he re first . 

The less g eneral study 

Singl e - Channel Sy s tems . 

Avi- I t zhak ( If ) s tu di es the series of k singl e - ser ve r 

stat io n s , with ar ~itra ~y arrival distribution; r e g u l a r 

- ·-··· -- s ervice distrtbution s ( with a: ·possl"'oly di f ferent · r a te/..-t·1-··at 

e ach station); l i mited waiting room exc e pt at the firs t station . 

The sy s tem is equival ent to one wi th ma x i mum q ueue l engths 

of 1 be f ore each station excep t the first ; we can inse rt 

§tations ~i t h zero service ti me befo r e each spa c e in whi ch a 

single customer can ·be he l d . Avi-I tzhak sho ws t hat D (t he 
n 

depa rt ure time of nth cu st omer ) depends only on D 
1

, t he 
n-
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arr ival time of t je ntt custo~er , /~ ~ .( the longest service 
/ ,na.X 

a.nd '.3 ( the sum of all the services) . As D
1 

i. . .s independent 

of the or der of the stations, so is D for all . . Thus the n . 

system is equivalent to the syste rn obtained by pl acing ihe 

slowest stat ion fi r s t . No bloc kin g can t hen occur at ny of 

t he tt ation s . The systeCT be haves like the system c omprising 

t he queu e ~hat would result be fore a single c hannel with 

regular service of lengt h ,/.At , to 8et her with a s er vice time /~ 1nax. 

0 f ,S . 

Avi-It z hak extends the se result s to serie s where each 

station has the same num ber of multiple chann els . 

Multipl e-Chann el Syste~s . 

· Fri edma:h ( '3/ ) considers t wo systems . Moda l I di ffers 

from the systems studied by Avi-I tzhak in having a dif fer ent 

number of.channe l s at each station ; and no r e s trictions on 

waiting roo m. · Model I I differs from Model I in that one 

station is a sin gle chann el, with variable servic e time which 

is always lon ger than ( service time) /(number of channel s ) 

at the other st ations . 

Fr iedrnan de fines the r elation : 

A do minates B , ( A, Bare stations) 

which is nearly equivalent to 

A i s s lower than B. 

He uses dominance to show that mean waiting time and ot her 

problems can be reduced to corresponding problems for a system 

o f fe\•re r stations . Any single - c hannel system , or any l'iol:iel II 

system , can be r educ ed to a single- s tat i on sy st em. 

3. 4-4 ; SY STEl·: S V! IT H GENER AL SERVI CE DI ;"jTRI BUTION. 

An infinite number of identical -single-channel s tations 
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are connected j_n ::rnries ; the a1-rival dL,tribution ard the 

commo n servi c e d j_ stri hut:ion are arbi trarv . Let d . . be t he 
" l ' J 

ti me between the ith and the ( i+ l )t h customer ' s departures 

fro m .the jt h stat ion . Masterson and Sherman ( to ) study the 

pro blem of whether d .. reaches 8quilibrium as j -)('~ . They 
- J_)] 

fi nd that i.t doe s no t f or j_::: 1 or 2 ; thciugh it may, as 

i 4~. As.mi ght be expected from 3. 4. 2 , in t he special case 

of constant service , equi li brium i s achieved at . j : 1, and 

maintai n ed for j ) 1. 

3. 5 A COMPARISO,.f . 

Some basic difference in be haviour be tween single - s tation 

and seri es systems , and be tween serie s systems with and 

without waiting room; ar~ demonstrated by the fo llowing 

compariso n o f thre e simpl e· systems . 

Let A re present an H/ M/1 system , wj_th service rate p/2. Le t 

B a nd C bot h represent M/M/1 .... / M/l systems , wi th service 

rat e /U at all channels. B has unlimited waiting roo m; C has 

roo m only fo r the cu stomer in service at the second station, 

and unlimited roo~ at the first station . Each system has 

arrival rate A ; and f = ~~ . The mean tot a l servi ce time 

is t he same for each , 

St ate Pro babilities . 

an d. i s ~ -

Le t P n:: Pr [ total numb er i n system : n] . These state 

probabilitie s (o r sums o f t hem) are presented only for A 

and B. __ P n for C can be· ·found ( (;" ) fr om t he expan;5ion of 

a very complex generating function . A is more congested than 

B; its P dec rease more slowly wi th n than that of B: n . 
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P fer A is smalle r . . 11 

f or n: 0 , 1; and s i nc e the ri ght 

) 

s i de is greate r than 1 for a ll f A has the smal l er P - 0 

Mean Number in System . 

Let E [ n J K be the riean number in ey s t em K , wher e K :: A, 

B , C . 'l'hen : 

E ( n ] A:: 2 f I ( 1 - 2f ) 

E (nJ B;; 2 f/( 1 :_f ) . 

Avi-Itzhak and Yadin t r eat C as a special case of the probl em 

they study ( ~ ) , an d find that : 

E [n] C: (2 f (2 - f 2)}!(2+f ) (2 - 3f )}. 
' 

Evidently the u pper bounds on f for E [ n] K to be finite 

and non-negative ate 1/2 , 1 , 2/3 ; for A, B , C . Th~ value f or 

.C agrees wit h Hunt ' s results . 

Again we see that A is al ways more con gested than B, since : 

E [ n] A ,. E [ n J B , for f > 0 . 

Apparently it is more effici ent to provide two short 

e xponential s ervices (and cau se t wo short wai ts) than to 

provide one exponential service of t wice the mean length. 

B is more congested than C for O <f < r , where r i.s the r oot 

of 

The val u e of r is a bout 0 · 6 . 



Appar ently , a t l o~ t raffi c in t ensi ty Cp < r ) the 2 Gta tions 

are uti l i zed better if a ll wait i ng is don a a t th e first s t a ti on . 

A i s al way s hare c onge s te d t han C. 
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~robabilities fer Number ii System . 
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M/ H/1 V!ith arrival rate A , m~an se r vi c e 

time JI- , A I fA. : · 7 . 

10 

M/ r,1/1 .• / M/1 with: arriva l rate A., mean servic e 1/(2;d 

a t ea ch s tatio~ , A/,,}-( = ·7 . 
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The c ha pter s ~udies open and 

c lo s ed networks of poisson qu eues , 

with an exten s ion f or nonzer o 

transi t t ime s . It i ncludes 

a c ompari son o f s i mpl e e xamples 

s tudied i n c ha p t e r s 2 , 3 and 4. 

4.1 I NTRODUCTION. 
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4. 2 OPE1T SY STEMS \'!I TH EXP ONENT I AL ARRI VALS AND SERVIC E . 

4. 3 CLO SED SYSTEMS WI TH EXPONENT IAL SERVICE. 

4. 4 CLOSED EXPONENTIAL SYSTEL S \HTH TL-1E LAGS . 

Lj . • 5 SOHE EXAMPLES . 

GRAPHS . 
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!.; • 1 P~TROD'JCT10!.T. 

0ueue Net wo r :cs 2.nd 'f' heir A trn l:Lc_~t :Lo .cs . 

~athematic s , Physics , and Cpcrations Rcsea~ch use ths word 

11 net\'lork 11 to cover vario u s c lasses of pheno;nena ,·1 hich are 

qui t e di ffer ent bo t h in r eal l i f e and i n t heore t i c al 

t reat ment .· The s u bject of int erest here is n et works of queues . 

The se networks consi s t of -nodes a nd li nks . Eac h n o de is a 

s e r vice s t at ion with i t s li n e of waitin g cu s tomera ; the link 

joining each pair of nodes is a path alon g which cu s t o me r s 

ma .. ' travel i n ei t he r di r ection . Th e flow of cust omer s a long 

the se links is c isc r e te . 

Mo s t of the t heory pre s ented here was engen dered by 

applications of t he job- s hop type . Th e se includ e pro duction , 

repiir1 and cu stomer s ervice proc esses . The e ar liest 

applic at ion s , however , were to c ommunication s syst e~s . This 

type of a pplication probably gener a tes more i nterest no w than 

ap plic ati ons of the job- s hop typ e . Related t o t his fi el d is 

the field of elec tronic data proc e ssing . 

Stren~ths and ~eak nesses of t he Exi s ting Theory . 

11 r-Ta n.y real systems one wishes to study s e em to be 

n e tv:ork s 11
, ?J.CC Ordin g t o Evans ( 2 £) ; yet in 1 96 8 Saa ty ( 7e ) 

could say t hat 11 alt ho u gh the su b ject of qu e u e s has been 

pushed far ..... , the general pro blem of a net of queu es 

remains in its in fancy without substantial c han 5 e . ' 1 The 

theory present ed in 4 .2, 4.3, a n d 4. 4 t o ge t h er with t he 

comm ents in this settion , is int ende d to indicate t he extent 

of t he t heory at the pre s en t time . Re sults developed 

speci fically for co mmunication s n e t works will fol l o w in 
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Chapter 5. 

ThP- stren r:; t h o f the oxt a r~L t h eJ:cy j_ s t hat j_t e ;;plores to 

the limit the t pe o f ~odel in which arrivals and servic es 

are exponential . F~om the state projabiliti es ii is 

possi ble to de t e r :::L~ e the opt ii, al arr i va.l and s e rv:Lc e rat e s , 

n u mbe r of c hannels , and routing wei g ht s . Ther e a r e ~any 

weaknes s e s ~ li ttl e o r nothi ng is k nown a bout transi en t 

be haviour ; abo ut s y s t ems wi t h non- expo n e n ti a l s 0rvi c e ; or 

a bout s ys t ems wher e r ate s a nd ro u t i n 0 depend on t h e id enti t y 

of t h e cu s t o mers . 

:Svan s ( 2.(,) s ums thi s up : 11 Th e work s upyo r t i ng J . I~ . 

Jac kso n ' s p a per i s r e a l l y a te r minal po i n t fo r t he study o f 

indivi dual qu eue s a s oppo s ed to a· starting poin t in n etwor k 

analysis . !t He su g gests t hat a n e t Y1or k s ys t e m s houl d be s tu di ed 

as a whole : 11 ':!' h e de sign er . . . . . . i s not i n t e r e s t e d i n tryi n g 

to provi d e co ndition s und er whic h que u es !:,ay operat e 

indepen dently . He is intere s t e d i n how to i n t roduce depend­

enc ies so tha t the system will operate in a d e sirabl e wa y . " 

Alt e r nativ e Aunro ache s . 

It see~s t hat a quite dif f e r ent a pproach wil l be n e e d e d t o 

advan ce the the ory furt her . Saa ty ( 7[) sugg e sts t h e u s e of 

grap h t heory . ~ his h a s b een e xplore d for t he s i ngle -server 

queue by BE:n e s ( 7 ) . Each s t ate of the s y s t em is 

equi valent to a pattern in some ab s tract s pace . An or dering 

_can be imposed on the patterns . Po s s ible transition s 

b e twe e n states are equival ent to c e r t ain types of mov ement 

in t he II lat t ice 11 o f pat terns . 

Saa ty also su g8ests de ve lo pi ng the anal o gy be twee n qu e ue 

n etwork s , and continuous f l ow n e twor k s . Chan n e l capac i t y 
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has o ee>.1 1nade , i s siTcu J. at:L on . An e >:o.r:1pl e i s nelson I s rror k. on 

" '.'Ju e 1..i ein:; ~Jehvo r ~,. Exp e:ci.m.en t s wi.t ::1 '.farying Arr ival and 

Service Para:r.eters . "(G~ ~Ie ~irn ulc1. t e ;:; t he tL.1e - depen d. ent 

behaviour of a t vm - st ation net work vrhere arr.i val and service 

pr ocesses are each a gsiened distri butions of t hre e types ; 

exponential , erlan g with shape ~araMe ter 2 , and r e~ular . 

The aim i s to disco ver and isolat e dependencie s a r:10ng the 

variabl es describing the state o f t he syste CT . The results o f 

t he s i mulation ar e compared to thos e of an analytical 

·appr oxi~ation model . 

Evans ( 'J...7) sug :_,;ests an alternative conce9t of network 

c apacity . The usual concent is t he maximum of ( arrival rate/ 
.c • 

service r ate) for stable behaviour ; the alt ernative is the 

expec t ed output rate o f a system operated under a saturation 

load . This conc ept has been us e d by Kl einrock ( 4 f } and 

ot hers . 

Outline oft ~~ Chapter . 

The only sys te~s treated in t he r est of t his chapter are 

t hose with ex~,onential arrival and s ervic os . 4. 2 t reat s t he 
tr, 

work o f J . R. Jackson on a very general for m· of the 0pen network 

l~Odel . 4. 3 ?resents the wo r k of Gofdon a nd Ne well on a.tess 

general c loned model . 4. 4 more brieflj treats the wo r k of 

}Jot. ... rier and Bernhol tz : this conc erns a. mor e general clo sed. 

rr.odel than t ha t of li . 3 ; and invo1 V f=J S the possi bib_ ty of 
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nonzero t ~ansi t l i~es betwee n s tatio ns . The toni c of 4. 3 i s 

a SDecial case of the topi c o f 4 . 4 . 

Only e qu i li brium 80lutions are involve d . FCFS? iority i s 

assumed throughout , though some of t he result s are independent 

o f prioTity . Co m1.'ay and !fo.xwell ( J.-;2, ) c onjecture t hat i f a 

priority disc i pline is s uch t ha t it l eaves t he output of an 

lf/ M/ c syst_em still poisson , t hen the i ndependence r esul t s f or 

ne t wor~s will hold under this disciplin e . 

4. 5 analyses a very s i mple network , then collects to get her 

for co mpari s on the simpl e systems analyse d a t the end s of t he 

c hapter s 2 , 3 and 4. 

4. 2 5 P EN SYST E~·iS 'i'!I'I' H EXPONEI~ IAL ARRIVALS AND SERVI CE . 

Th e mode l studied by J .- R. J ackson ( 'fO) consists of a group 

of N singl e -c hannel s tation s . A single poisson str eam fee ds 

t he syst em, and div ' de s i nt o N strea~s for the N stations 

according to pr e - a ssigned probabili ties . The s tr eam of 

customers le aving each station divi des into N• l streams . N of 

these go back t o the stations ; the other leaves the system . 

The r ate o f t he arriva l st ream depends on t he total numbe r in 

t he sy s tem; the rat e of service at each station depends on 

t he queue length t here . 

is almost arbitrary . 

The state-dependence of these rate s 

It is prov~~ a bove in 2 . 4. 1 t hit a poisson s t ream split in 

halves beco me s t wo poisson streams . Apparently , under a 

simple condi t i on (arrival rat e i s constant ) the poisson 

c haiacter of the streams within the network survives all the 

spli tt ings and con f luenc~s which the str e a~s un der go . This 

allows the stations to functio n a s if i ndependent . 
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Jac ~~son 1 s ~t ndy- J-1as L;re at :;cn·~ralj_ t y ; bu. t scr· .L ou. s 

limitat~o n s . Obvious limitations are the restrictions to 

exponential distributions ) and unlimited waiting roo m. A l ess 

obvi ou s li0ltation i s that all c u sto~er s are assuced identical : 

rates and r o uting are assi gned to them probabili s tically .. 

The l engt hs of service recei v ed by one customer are i ndependent 

of on e anot her . 

Si n ce the r esult s of J . R.Jackson a re of c ent ril sig,ifi c a nc e 

in thi s dis ser tat ion , t hey ar e given he r e almost in full . The 

n etwork of s tations with several identical c hanne l s arises a s 

a special c ase of t he 5eneral mode l . A r esul t on wai ting-

ti me s con clu des t his section . 

4. 2 . 1 EQUI LI BRIU~l STATE PROBABI LITIES FOR THE GEl'TERAL HODEL . 

No tatibn 7 and Re s trictions on the Mo del . 

Th ere a re N s e rvic e s tations . L e t k be the queue length 
n 

at the station n . The s tates of the system are N-dimensi onal 

11 s t ate vector s 11 
~ , where 

lK - /1K -= - \• 1 ' 

Let P (~) = Pr [ system is in state k / a steady state ha s 

b e en reac.hed J 

Let S (~ ) be '.· t he t o tal n u mber in the syst e m when i t :Ls in 

stat e k . Then 

-S(t-) =. k l + k2 ++-+ ~ 

The a r rival r ate when the system is in state k i s ~ (S ( k )); 

so A( K) must be defined for K-.:.. 0 , 1, ... The fo l lowing 

rest r i c tion i s set on >,. ( K) : 

ASSUMPTION: Either t he f.. (K) a re a ll p o s it i ve ; or t here 

e xist s a K 
0 ' 

wi th ;\ ( K)">O if K ( K_ , 
V 

bu t )\( K ) -;:: 0 i f K >K • 
0 



T"U S Lt (n ',;: ) '::Ust be (:Cofi11ed " .. /" -- ' , n f()r rJ. = 1 ) • • • ) I~ ; l .= 0 , 1 , ... 

ASSU:·;PI' I Ol: : 'I' .he /1- (n , 1
) are all po ,>it i· e , sxcept that (-; a ch 

~t..- (n_, O)::. 0 . 

Le t th e "out :side wo" l d 11 , in i t.s fun c U_on of su_pplyi ng 

custo~er s to the net~ork , b e t hought o f as s t a tion 0 . In 

r ec eivin~ customer s l e avi ng t he networ k , it c an be t hought 

o f as st a tio n H 4- 1. T h e cu s t o:ne r f lO\V is de fined by t he Aun , 

/t.Cn , '. ~ 1 and a n:at r ix R of pro b ab:Llities : 

=< ;:: { r ( m , n ). / m = 0 , 1 , . . . . , n ; n ::: 1 , 2 , . . , !{ . ~ 1 } . 

r( m, n) i s the probabi lity that a cus to me r leaving station m 

goes to stati on n . Hence we hav e : 

AS surv:r>T ION : fo r m :::. 0 , .... , N ; {r( m, n )/n -1, ... , N+ l } is 

a pr obabi l ity distribution . 

A cust ome r s hould have .zero probability of wand ering 

forever i n t he net . This re quir emen t is equivalent to : 

AS SUMPTI ON : The eq ua tions 
N 

e ( n ) = r (O, n) + I: e ( m) r ( m, n) 
'.ll :1 

, n = 1, 2 .. N ; 

have a uni que se t of no n- negativ e solutions { e ( n) / n -= 1 , ••• , N .J. 
e ( n) c an be i nterpre ted as the expected number of times a 

customer vi si t s st at i on n . 

The St eady St ate Eq uation . 

. We consider 

Pr [ system is in state .,i a t t + h/ system is in state k at tJ 
for variou s cases , an d r eplac e t er ms in h

2 
by 0 : 

No move~ents occ ur 

1 - 11 AC .s et)) :i 
n == l 

r (O,n) - h ~ ·L.. /A( n , k ) (1 -r( n , n )); 
n~l n 

A customer arrives: ( x = 



'i-1 \ ( -~ ( ' .,-) ) 1·· ( r~J .... '1 ,_· f -~~, -- _·i._-::- 1'.: r;, '.'- !, T .1.: ,"'_.t. J. v_ - 1
_,::-:·· + 1 • • I\ • ._) ...: ' ) ' • / ) . - . . • ~ ~ ' v - • • • .~ 

ft cu .s to 0ne r departs : ( x ;;:: 1 , . .. ,in 

h l i ( . . k ) ., ( v- '.i +-1 ) 
l ~/ \;.I ~\.. ' - ) _~ .L .I>.. ' !. .! 

if _j_:: 5 exccnt that jx _ 

A customer mo ves from one station to ano t her : 

( ~·= = 1 , . . . , N ; y :::: 1 , . . . , ~ ; an d x =,. y ) 

if _j_ = t except that j x -::: l~x - 1 

j =- k -+ 1 . y y 

More t han on- transition occurs : 

0 , for all ot he r _j_ . 

GS 

1 • 

The se N2 + N + 1 pr~babilit ie s lead , i ~ the us ual fa s hion , 

to t hi s steady - s tate dif fer ence equation :· 

0: - ( A(S (t) + i:./4n , k J ( 1 - r ( n , n) )) P(t) 

+ ~.Ac s ct ) - 1 ) r < o , n) P c h ) - - n 

~ ~Jt( n , kn -t 1 ) r( n , JH l ) P (l_n) 

+~ X:/.A- ( n , k n + 1) r ( n , m) P (_j_mn ) 

The singl e s ums a r e for n = 1 , • • ,N; the do ubl e s um i s for 

m::: 1, .. , N; n:! 1 , •. . , rT ; mln . 

P (~ ) is ze r o when t has a negative c omponent . h - k -- n 

1 =- k -n except t hat its nt h component is k 1 • 
n ) 

_j_mn = k except that its nth co mponent is 1~ + 1 . 
" n ) 

e xcept that its mth c omponent is k 1 . 
m ' 

and it s nt h co nponen t is k + 1. n 

Th e .Solut ion . 

Jac ks on i ntroduces th~se nota~ions : ( an empty pr oduct 

t akes t he value 1 ) 
Kw:-1 

W(K):. Tr /\( i ), f or K :: 0 , 1, ... j 
L= O 

a product of arrival r ates . 

w( _t ) : 
N kn 

n~ i!l ( e (n)/ACn , i) ) J 

a produc t q f produr;;.ts of effec ti ve service t imes . 



69 

" 1 ( t, ) - ,,:;- \"(;.,. ') · "'i..F·1 ':ted over '~ ·"i i-J, "(' -·) - :;· . · o ,.. - \ ll.. - · A- •.:;,., ,, ) ,. - . ~ ~ \, ___ vl ·> .:":. - ... ,_ , . :.. 0 , 1 , . . . • 

The solution i3 given ( ~hen it exists) by 

P (t):::: '"i w(~) 'X ( S (}~)) 
' 

\\' here 11' l
. ,, 
- "' foun d by us in~ the fact tha t the P(t) s um to 1 . 

It exi sts 1.'i_hen the sul!l for (1/<yt' ) conro r ges . 

Ev ery nontransi ent s tate of the system communicat es wit h 

every other, an d hence j_f a limiting probabil i t y dist ri but i on 

e xi s t s , i t is unique . 

Rout ine sub s ti tu t ion s hows t hat the so l ution sati s fi e s th e 

di f f er enc e equati on . 

The s olution r e semble s earlier resu l ts f or s eri es of 

... / M/ c s t a tions ; in being of t he f orm 

( product o f arri val rates )/( product o f pro ducts of e ff ec t ive 

4, 2 . 2 COR OLLARI:SS , EXT EN SI ONS , SPECIAL CASE S . 

Corollarie s . 

By summing t he P (~ ), we fi n d that 

Pr [ number in syst em =- K] 

The conditional pr obabiliti es 

'if T ( K ) V-i ( K ) 

Pr [ syst em i s in st 2,t e t / S (.Js); KJ 
do not depend on t he arrival tate 

s er ·,1ice rat e s ). 

The routin g matrix R influences the steady s t at e only t hrough 

the e( n ). 

An Ext ens i on . 

Jack son ext ends his t heore m to cover systems which must 

i nc lude at least K* custo mers , and whic h have a ma xi mum queue 

len gt h k * at each station. . n 

Snecial Case s . 

A cas e of part ic ular i nter est is that i n which the arr ival 
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r ate is c on s~ant ; i . e . , 

This condition is sufficient for ~ ( k) to f .ct or into ~·r 

se parate ?robabilit ies . Let 

't'i ( !·~) 
n 

p ( k ) 
n 

Then v:hen 

::: _11 ( A e ( n )y?-<. ( n , i) ) for k = 0 , 1, .. . . ; 
~ :1 CY.) 

-L;n(i,;:) / .r: '>\'n ( i ) , if t h e sum c onverges 
l ::o 

0 , othe rwise ; fo r k : 0 , 1 . . . 

-- "J .~r ~~ k . ) P (_t) ,1 11 1\n ( e (n ) 0-(n ,i))- . , ·:; (_t ) 
n:: 1 i : 1 A 

P ( t ) - - p ,( Lr ) p ( k ) • 1 ·· 1 ... . - N - N 

Pn ( k ) is the equilibrium distribut i on of a system with 

expon ential arrivals at r a te Ae (n) , a n d with service 

i den tical to t hat at stati on n . ,., . ( ) .::iJ.nce e,n i s th e me a n 

' 

nu~ber o f v isi ts t o station n , A e ( n) is the mean arrival rate 

there. Henc e 1te can say t ha t the equilibrium q u e u e l e n gth 

distributions are i n dep endent . 

A f urther specializat ion of the constant ar r ival r a te case 

is of intere s t . Let 

)<Cn, k ): /in mi n ( k , cn) ; for n :: 1 , ... , ?L 

St a t i o n n now operate s as a s et of c
11 

parallel channels each 

with r ate /An . The outco~e is t hat t he P ( k ) are id entical 
n 

wi th the fami li ar solution f or an H/ M/c system with a r rival 

rate A e ( n) , and en channel s wit h rate~n · J . R . Jac kson 

proved thi s r esult i n an ~arli e r paper ( s j ) . 

J ackson also considers : 

· the effect of fixing service rate s ; a nd 

the clo sed system whic h r esult s whe n 

A ( K ) : 0 for K } K* 

in the extension above . 

4. 2. 3 WAITI NG TIME S. 
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An ?1/Vi /:: syste.,1 v;:Lth a.c-rival rate )\ c(~1) , anJ service 

.s u suel , has this distrioution for waiting time ( excluding 

service) \'; :'1 : ( see 2 . 3 . i ) 

Pr f w CD ,._ n 

·0r r ql'PUe le- t l1 -~·· t "'--' -11.,:t,-

Pr ( vtn) O) 

bn ·- c
11

~
1 

( 1 - ,On ) ; an d 

D :: _ e ( n) /(c ,U ) 
r"n n, n 

Ne l son ( 6[;'" ) asserts that the r esult s of Bo ur k e , Reic h and 

J . R. J ackson I establi sh the vali dity o f a stage - by- stage 

analy sis 1' for the net work o f r,J exponential ( JU. , c ) - s tations 
/ n n 

with e xponent i a l a rri va l s , rate / . The di stri bution of w , 
n 

the Yrai ti ng time at stat:Lon n , i s t hen given by Ci) The 

resul t of Nelson treated in .3 . 4 .1 c an be appl ied to the 

system. The pro babili t y density fu nc t i on for tot~l wai ting 

time ( e xcluding service ) w t hen is again a vrni ghted. sum of 

exponentials ; ~ith finite probability at w = 0 . 

. Lf q3 CLOSED SYSTEH.S WITH EXPONE~TTIAL SERVIC E . 

Gordon and :'.'T ewe l l ( 3~. ) study the equi l ibri um di s tribution 

of customers in an N- station network , where s t ation n consi~ts 

o f c channels each wi th exponential s e r vi c e at rate /.A-n . 
n 

No arrivals to or de partures from t he system occ ur ; the 

number in t he sys t em , K, is fixed ; This system differi fro m 

Jackso n ' s , i n t hat the 

k l+++ + k n 

k ar e not indepen de nt since 
n 

K • 

4. 3. 1 EQUIVALENCE OF OPEN AND CLOSED SYSTEMS. 

This N- stat ion closed. syste:n is equivale nt to an ·(N-1)-

s tation open syst em , for which : 
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t he total j_n sy st e:n ha.s an lj_mL t ,r 

'\. ("\ ' ,., an:l for 

wh ic h the arrival rate is as fol l ows : 

Let k 2 , k
3

, .. , kN be t he queue leng t hs at the N-1 stations , 

an d let 

c
1 

is s ome posi t i ve integer ; j...<.
1 

is 13 ome po E,j_tive number . 

Cust omer s a rrive e,~ponenti al l y at r a t e _,,u
1 

min (l-<::
1

, c
1

) . 

The ·~quival§n~ebe t ween t he open and c lo se d s y stems 

follo ws fro m the equivalen c e be t we en t he n out side world 11 

and a nother st a tion , with c
1 

chann els and r a te ;«-
1

• 

When c 1 = 1, t he i nput p roce ss is e xponenti al , e xcept t hai 

no new cus to mers are acc ept ed VJhe n t he s y st em is t1 full t1 

4 , 3 , 2 EQUILI 3RI U::V1 STATE PROBA3ILITIES . 

In t he cl osed system , the equilibrium di f f erence eq uation 

is ( ~ !l d (k ) a ( k ) j{ ) P (~) 
~ 1 

n n n n 

C 
N 

r ( m,n)) -- L L d(k ) a m ( km 't 1 ) )t. m p (.!}) 
m-=1 n::: 1 

n 

where t , P{~ ), r ( m, n) are as in 4 . 2 .1; 

d( k ) :;. t i f lt < C - , n 

if k ~ C ; n 

an (k ) ;.: 1: if k{ c n 

if k '?, C - n n and 

h - k e xcept t hat h -=: k + 
rn m 

h ::: k -1. n n 

The writ er s use a separation- of-variabl es technique to 

find t his solution : 
N 

TT 
n ~l 

( x kn / B (k ) ) 
n n n 

where c i s a nor malising f ac tor; 
0 



B (:;:)­
n -

<'" 

.,(,\'. ~'- ! 

~ ' I., • 

n 

if lt ~~ C 
n 

:~ - c-,, 
C '" i.fk~c:_ ; n ,1 

c.rnct 

x n , n : 1 , . . . , 1.r , are the so 1 u ti o a:, to t he N e, u at ions 

: .. r 
L . 
Cl = I 

r ( :.1 , n) it,,x = IA x / ., m /'11 n 
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The x are uni que exce pt for a c ommo n facto r . They c a n be 
n 

int erpret ed as : 

E [total a'.nount o f service time r e quired by a 

c ustomer at t he nth station , dur i ng s ocie arbit r a r y 

time peri od J . 
4. 3 . 3 EXT E"NSI Ors , .S?ECI AL CASES . 

An Extension . 

Gor don an d Newell ( ]~ ) continu e , t o c onsi de r the e ffect 

o f a l l owing K to i ncre a s e to i n fi nity . If one s t a tion i s mor e 

c onr;e s t ed ( i. e ., x / c· i s .l ar .:re r) t han t he ot he r s , its que ue 
- · n n ° 

l ength gr ows to infini t y , and the othe r st a t ions f unc t i on 

i n depen den t l y o f on e a nother . 

Snec-i a l Case s . 

Whe n th e routing pr obabil i t ies r ( m, n ) f orm a doubl y 

s t ochas t ic matr i x , (i. e . , c olumns as ,_ve11 · a s r o v:s sum to 1 ) , 

the x a re equal . 
n 

When r( m, n ) :: 

Then 

C 
0 

(1 / B ( k )) . n n TT 
n .. 1 

f or n : m+ 1 

ot her vri se 

{ R ( m, n)} i s a doubl y s t oc ha s tic matrix , an d t he r out i n g is 

c yclj_c . The.se cyc li c queue sy s t em s a r e a spec ial c as e of c l o s e d 

networ k s y s te~s . 

4. 4 CLO SED EX? Ol,;E':'JT IAL SYSTE'rn ':'Jrrn Tr-rn LAGS . 



The :Po e el l3 de :.::; cri bed a b'.) ·.- e s 2,n,10 '.: hat i t t e-1-::e c:-; zero time 

to ~ova f r o~ one station to a not her ; this assuMption is a 

poor approxi ~ation in many re3l situations . Posner and 

:Sernholtz ( 7CJ ) t re a t a rsystem v:i t h gener ally cUstri bu t ed 

transit times between the stations . Their model is a 

clo sed one wi t h N s ingle-c hanne l stations ; each chann el is 

exponential ) wi th rate depen inG on t he qu eue length t here . 

2 
'J'he N t ransit t i mes al l have their own distr i butions . 

AgaLJ. , r outing i s gov er ned by a matri. x o f probabiliti es . 

L~. 4. 1 FQTJILI S1:/ IUM STATE PROBA3I Lr r r Es . 

Complete spec i fi cat ion of the stat e of th e sy ste~ at 

equi l i brium now i nvol ve s three arrays : ~, an N- dimensi onal 

vector giving the N qu eu e l engths ; A : ~ ( m, n)) , a.n N >t N 

matrix ',!here a ( rn , n ) i s . t he .number of c usto mer s in trans it 

fro :11 m to n ; X :. (x(m, n)} , an N X N array of vector s where 

each x ( m, n) is an a(m , n)-di mension a l vector. The 1-th 

c omponen t of x( m, n) wil l be wri t ten as x
1 

; and i s the 
, m, n 

e l apsed time - in - t ransit for the 1-th of t he a ( m, n ) 

c ustomers on thej_r way fro m m to n . 

I nte grodiffsrential diff erence equation s are deve l oped , 

toget her wi t h boundary and continuity equations . The 

steady s tate solution t o t hes e is the follo wing density 

f(t , A , X) ::: c
0

• 

N 
lT 

rn :::-1 

( rt ( e ( m) k rn / . ,r1;\ /1:n ( j ) ) . 
m::: 1 J :O 

N 
Tr 
n :.1 

a ( m, n ) ( TI , c 
i::: 0 

r(rn,n) ( 1 

where the e (n) are the so lu tions to 

e( n ) ::; L e ( m) r( m, n) 
);i :.1 

, n = 1 , .. , N; 

G ( x ) - Pr [transit ti me fro ~n m io n ~ x] and m, n 

function : 
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C )
., c-:\ 1'(,~ ~ ) ~r-~ 

., ) /l J) ' ...:..l ) ..1~ G\_ \,; 
0 . ~!l 

T he diotribution of queue l en;th s is foun d by i ntegratin
0 

out all t he x and sum~in~ ov r all the c ( m n) Tn'c 1 ··n Y1 ~ "'- > • · 
' ...... ' ..... ' • .l 

distri bution P(k) is found to depend on the means only of 

the t ransit ti~c distrjbutions : 

C 
0 

I p . k~.·--· 'r f Tr ( e ( ?'1 ) L • • / Jr )(/ j ) 
\ 31:: 1 Jz-0 

. ".·T .N 
where h - }_ ( •(m, n) . ( mean t r ansit t ime from m ton)/ 

!D. 1 

= mean transit time for a single tr ansfe r ; 

T 
L 

- num ber of cust omer s i n tr ansit . 

On t a~ing the l b1it as h"? 0 , a mo re gener a l form of Gordon 

and. Newell' s result is found . P (~)) 0 o n l y when L::: 0 . 

I+ . 4 . 2 A}'J E X'rENSION I NVOLVING SF.VERAL CLASSES OF UNITS . 

In a lat e r paper ( 7/ )- Posner a n d "3ern:10l t z at tack the 

problem of t he cus tome r - independence of t he parameters in all 

t he mode l s studi e d so f ar . Th e y s tudy the c l ose d network of 

t heir p rev ious paper , which this time holds custo mers fr om 

sever a l classes . Each ~ l ass ha s po ssibl y di f feren t service 

rates , r outing matrix , and t ransit - ti~e distributions . They 

find the s t ea.dystate di s t ribution , a n d the marginal j oint 

s teady state distributions for each class . 

1+. 5 .SO::TE EXA:--:PLES . 

This sec tion analy ses one of t he simp l est possible 

n e t works ; t hen p r esents ~ompari son s and graphs i nvolv~ng 

t his net wo r k , a n d the s i mple syst ems analy sed a t the ends of 

chapt er s 2 and 3. 

.• 
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'Ph e s ys t 'El t o be consi dcre (: i .s a n o p en one of t v.·o si ngle -

chann e l station s , with e xpo nential arri v als an d service , and 

Tiith zero tran sit times . 

the a_r ival rate~ 

the service rate/{ common to bo th c hann els ; 

the param~ter ~ which gove rn s t~e rout i ng . 

Arrival s g; o to e ither station with __ equal p r obab . .li ty ; 

de parture s fro~ e ither st a tion go to the ot her wi t h 

pro bability 1 - f , or l eave the syst em wi th pr obabi lity ~ . 

Thu s 

'l'hen 

t h e routing matrix is : 
( ill :: 0 2 ) 

1112 0 
1- • 1 

R = 
t;2 

1- ! 0 

"v ~ 

e ( l ) ; 1/ 2 + e ( 1) . 0 + e ( 2 ). ( 1 - ~ ) 

e ( 2 ) :::. 1/2 4- e (l).(1 - ~ ) +- e ( 2 ) . 0 

e ( 1 ) ~ e ( 2 ) ~ 1 / ( 2 ~ ) • 

J 

( n :: 

2 

3 ) . 

a nd s o 

Thu s the e ff e c t ive arri v a l rate a t eac h stat ion i s A / ( 21[ ), 

a nd the e f fec ti ve tra ff i c i n t ensi ti es ar e 

Wher e m, n are the que u e len gths at stati ons a n d 2 , the 

j o i nt equili brium que u e l engt h d i s t r ibu tion i s give n by : 
- . ·- - . . - -· .. I 

p :::: ( 1 _ JO ) 2 f m+_n .. 
m, n I 

Th e di s tri bu t i on f or n umbe r i n s y s t em N is gi ven by: 

Hence 

p '.'l :: ( N + 1) f N ( 1 - f ) 2 

E[ NJ :: 2 f /(l -f ) . 
All the s e resu l ts a r e i den t ical wit h t ho s e f or t wo channel s 

i n ser ie s ( whic h s y stem i s a spec ial case of t he t wo -
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f) . 
r 

The value of .l,/111. belov: \'.'hi ch equ j_li br i u·:, i s p o ss :i. :)l e , 
/ 

i s 1, 1//8 have two paralle l s t 21ti o:1s . As '"l·"' 0, 

we hav e a s y s t em whi ch beco ~ e s congest ed v ery early ; as the 

customers r equir e a n a ve r age of 1/~ s ervic es e ach . 

I+ , 5, 2 COMPARI SON· OJi' SI HPLE P A:R ALLBL , SERIES , AND NE'TWC1RK SYS'I'EJ< S. 

The grap hs f o llowin~ t he e n d of this chapter provi de a 

vi s ual comparison of the c o ngestion occ~ring in the s ix 

simp le systems treate d earlier . T hey show the effects on 

this c on gestion of providing channels in paral l e l , series 

and net wo rk . For each syste~ , t he e xpec ted nu mbe r in syst em 

i s plot te d a gainst f ; where ~is thb ratio : 

[ r-E · t ot.al se r vj_ce t i me required by one cu s to mer] I E lJ.n t er -

a1~ri val time] 

Arrival s t6 each system are poisson, with t he same rate 

for all . Service at each chann e l is exponential ; the 

.service chann e l s are sho wn as rectang les , with their mean 

service time wr it t e n within . These times have b een ar r anged 

so t hat in e ach system, 

E [total service ti me requir ed per cu s to mer] :. 10 . · 
\'fai t ing cust o 1,:er s are shown as X I s . 

Chapt er 2 . 

System 1; a n M/ M/2 system: 

, ---;> 

X xx xx 



r.·vstc•:1 2 · t, ·,o \f/ ~-1 / 1 1 ,· · .::)\.; ..... J. - • ,. . . J . ~ ... . 

r--·. 

ltJ --;:;;, _ •. ,-- ·.--·· ::> 
_,, X 

/ 

>< X ~ > 
Chapter} . 

Sy st em 3 ; . an ;--r/M/ 1 

XX X X . . [i] 
Sy s tem 1+: a series of t WO M/ M/ 1 1 s : · 

-~· 

~ ' X x· ~ > X X 7 
~ --~ 

System 5: the same , wit h one wa.it.ing s pace : 

--:,, xxxx~ 
System 6 ; a net work : 
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Expected Yu~ber in S;sto~ 

as Function of Traff i c Intensity . 
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(J} an H/ M/1 ... / M/1 without waiting r oom. 
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as Function o f Traffic Intensity . 
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f or @ t wo M/ M/1 ' s in par al l el; 

® t wo M/ M/1 ' s in s eri es; 

© a networ k of two ... / M/ 1 ' s . 
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5. 1 

5. 2 

5. 3 

5. 4 

The c hapter applie s the t heory 

for operi ne t works o f poi s son 

queues to a type of communi cati on 

net work , then extends the mtide l 

by applying it to a network 

for communication among computers . 

A mod el for a satellite net work 

is described . 

I NTRODUCTION . 

A MODEL FOR A COMMUNICATION NETWORK . 

A MODEL -FOR A COHPU.T-ER -NETWORK.--- .. 

A HODEL FOR A SATELLITE NETWORK . 

CHAPT!i;R 5_ . 

-- - - - ----···· 



Nelv:orks (hereafter refer r ed to as !t nets 11 ) wh j_ch 
\ 

i nvolve t he f l ow of infor~ati on a r ound a se t of no des hav e 

al ways been a significant fe a ture o f c omm unity life . Ove r 

rec en t c entur ies a nd y ears t heir s igni f ic an ce has i nc r ease d 

r api dly , al ong ~ith t he gr owth o f 

. ma i l syst e:n s ; 

. radio co mmunicatio n s ; 

. v oic e t e l ephone s y stems ; 

. digital t e l e graph syste!:ls l ike Gentex and Te l e x ; 

and , in the las t few ye ars 

. satellite nets ; 

. syst e ms for co m~unication s between co mpu tin g macrii nes . 

Othe r systems resemble t he s e communicati on n ets , li ke parce l 

flow i n a railway system , o r v ehic le flow i n a road net . 

Two main classes of mode l s have been explored . This 

chap t e r d eals principally with t he class of stoc hastic f low 

net s ; but f ir st a mention will be :na d e of the o t he r class : 

Continuous . Fl ow Networks . 

The theory o f contin uous fl ow net wor ks does no t allow fo r 

a rang_omly varying worx.l oad , which will f l uctuate a bove and 

below the system' s capaci~y . Neverthe l ess , so me of the wo r k 

in t hi s field was generated specifically for the desi gn _ of 

communication s nets . 

,Eti a s , Fe inste i n , and .Shannon ( 1. S"') present a proof of 

the max-flow min - cut theore m. Chien ( Ii ) gives a method 

o f re l at i ng bran c h capacitie s to terminal cap a c itie s . 



r a t e s . Gomo ry ar, c. Hu ( 1'3 ) use .zene r ali;.,. ed linear 

pro gra~~in g to a sai en br anc h canac ities r e qu i r e d by mini mu~ 

fl ow rat es . 

St ochastic Flo w ~e t wo r ks . 

This bo dy of theory may not have t he de fect mention ed 

above f or .c ont i nuous flo w t heory , but it doa s s uffer fro m 

s erious l i mitatio~s . These are inherited from the t heory of 

queue n e t s . The t heory al mo s t c ompe l s Us to as s um~ 

exponential dist r i but i on s and unlimit ed waiting room - or to 

r eso rt to simulat ion . 

!nalysi ~ Versu s "imulation . 

· This chapter shoul d sho w the value of c ombining differ ent 

a pproaches t o a que uei ng probl em . Kleinroc k ( S-2 ) lists 5 

a ppro 8.C he S . 

1 . Pur e Analy s i ·s . 

This a pproach r eveal s a t onc e the ef f ec t s of vary i ng any o f 

the par amet ers . The mo del , ho we ve r , mu s t be simpl e , 

2 . Appr oxi ma t e Ana l ysi s . 

Appro xi mate s ol utions are f oun J fo r exac t .e quati on s derived 

fro m the model. 

3 . I t erat iv e Solution . 

Solut ion s to exa_c t eq_uations are fou nd by num~_:r:_i_c2 1 a.nalysi s. 

This c an be c l umsy . 

4 . Si mulation . 

Thi s a pproach c an r e t ain great de t ail i ~ the model , but i s 

expensi ve and s low. I f t here are several parameters to be 

varied , t he des i rabl e n umber o f s i mulat i on s can be very large . 

5 . }-1easur emen t . 



~his i2 t~e only ~ay o f verifying the results of t \ e other 

a pproaches. It can not be performed during the 6ec:-L
0

n stage . 

Scone of the Cha~ter . 

The ctapt er does not claim to cover all the existing 

theory of c ommunication ~ets ; it should in dic a t e alone "hat 

lines and roughly to what extent the theory has de vel oped , 

for nets ~fa certain type ; the store-an d-fore ward typ e . 

In the simpler models , mes~ages may h ave to :ait , but are not 

lost ; a n d de l a y consists only of wai t ing ti me , and tran smission 

time - which c orresponds to service time . 

Outli ne of the Chapte r 

5 . 2 st udies Kl e i n roc k ' s mode l f or a co mmunication ne t; 

5 , 3 appli es and ext e~d s this to a c omputer n e t . 

brief c ommen t on a ijatel~it e n e t model . 

5 . 2 A '.'-10DEL F'OR A COl'/MUNIC ATION NETV:O"RK . 

5. L~ i s a 

This section outlin e s most of th e s tudy of a s tore-and-

fo r ewar ~ communic at ion net whic h Kleinr bc k pre sen t s in 

" Co mm uni.cation :'Je t works ; Stochast i c Vessage Flow a nd De l a y " 

( 4f1 ) . The work is a si,"-ni fi e ant a dvance in nd - ) 

a pplic ation of the theory of poisson queue s , so it i s 

treated here a t s o me length . 

The res t of t his section 

. shows how a communication ne t can be reduce d to . . a n e t o f 

i ndepen de nt exponential sing le - serv e r stations wit h 

u n limit ed storae e ; 

. _presen ts Kle±nr::lc k .' s theorem on t he optimal a ssignment of 

c hann e l capacit ie s ; 

. di s c usses the val1.d1ty a nd value of t h e II i ndepende nc e 



assw1ption 1·; 

.c am, arca t hr ee routing proc e dure s . 

'Ge-inrock ' s study of the effect 8f prt ori.ty on ciclay 

in the steady '1/11/ 1 a.nd }:/ G/ 1 sy2tems i s omitted . 

The t erminology has been al t ered , to make clear the 

diffe rence be t ween communi c ation cent res and transmi ssion 

c hannels . · 

5 . 2 . 1 THE TETWO~K A'\!D THE "-WDELS . 

Kl einrock ( /ff ) descr i bes o. s i mple net t o which many r eal -

life nets a re ve ry si milar . It consi s ts of sev e ral 11 communi -

cation centres " ; each has trib ,1 tC"-:. ries fr o m v1hich it r e c e ives 

and to which it passes messages . Thus messa ges enter and leave 

the net from each c ent r e . Each ri entre c an pass messages to 

some or all of the others . \hen a message arri v es at a centre , 

·it .:ai ts till a s u i table channel , i.e ., a t ransinitte r , is 

fr ee . Each of t he se c h a ~n e l s leads to one other c ent re . 

Kl e iqroc k does not cl e arly st ate whe t her there is one queue 

wi t hin each c entre , or one before each c hanne l . We choose 

the l at t e r , an d so tran sfo r m the net of c entr e s , 11 model 1 , " 

i n t o a net of chann e l s ," mode l 2 11 

the mod e l of J . R.Jackson . 

The Ne t work of Channels . 

This new ne t resembles 

Be fore each channe l t her e is a wai ting ~pace ( an e l ec troni c 

memory; or p ape r t ape ), assumed u~limited in capacity . A 

messag~ do es not j o i n the queue in thi s spac e until it has 

arrived in it s entire t y . The t ime spent in arri ving has 

a lready be en account e d for as the service t i me at the sendin g 

c hannel. On arr i val at a centr e , a ~essa ge either leaves t he 

s ystem , or j o i ns a queue be for e one o f the channe l s leading 



out o f t he centre . In tc r rns of cur ne t of :~hanne1s ; the 

syste~ , or i s r outed to the queue be fo re anothe r c hannel . 

The only chan~els t o ?hich it c an co a r e t hos e of t he c entr e 

at which it i s arrivi ng . 

At eac h tra nsmi s sion , the s ervi ce time depends on the 

message length , and t he c apacity (in bit s / s econd) 0¥ the 

c hannel . 

Th e message l engt hs are a ssumed exponential , mean/'-' ; 

arrivals from outsi de are po i s son . A c apacj_ty , 

bi ts/ secon d) i.s as signe d to each channel i. 

Two Problems . 

C. 
l 

(j_n 

Model 2 re semble s J . R. Jac kson ' s mo d e l, wi th single ­

channel st ati ons and state -i n dependent rat es ; call thi s 11 mode l 

3'.' · Two proble ms pre vent us f ro m i dentifyi ng mode1 2 wi t h 

:nodcl 3 : 

1. Each message in mo del 2 has a de fi nite ori g in an d dest in­

ation . Each customer ha s a defi nite ori g i n , but wanders 

among t he s t ations at r andom until it chances to l e ave the 

sy s t em . 

2 . Each message has a fi xed l ength ; whereas in model 3 , ~he 

services f or . a ::iart ic ular cus t omer are ind epen den t o f each ot her . 

The fir st probl em i s no t too seri ous . If the out put from 

each channel o f mode l 2 is e xponent i al, t he i nput to each 

vrill be e xpon ent i al. The nett arrival r a t e , ". ' J. 
a t channel 

i , vrill de pend on the rout in g procedur e; but the natpre o f 

the di strj_ buti on v,i l l no t . 

Kl einrock deals with t he s ec ond probl e ~ by as s i gning 

eac h message a new l ength, eac h t ~~e i t a r r ives a t a c hannel, 

fr om an e xponent ial di st ribution with mean 



Thus t he l engths assi gned to a pn_ticular ~ossage are 

. . ' t f ' . .L. • l • • tl It . ' ' inaepcnGon o~ each o ~~er ; tnis is 1e 1naepenaence 

a ~c-, 1-r..,,.,t .; 0·1 ') O,~v.: 1;_.1 -~ l • 

Del y at P,n _lI/'·1/ l !3:1.stcm . 

Ne consi der a s i n:le tran smi tter , r e c e i vin3 a poisson 

s tr eao ; rate A. , o f nessages v.-i tl ex:;ionenti a l l e ngth , 
J. 

n:ea.n 10 , ; and t h e 

Le t 

c apa c ity of t he tran smitt e r i. s C . • 
l 

Ti:. E r de lay (; wai ting t i me p l us s e rvi c e time ) ] 

fo r a me ssa ge i n the system. T h en ( s e e 2 . 3 . l ) 

T . -i -

µ c . 
l ( l - ''i / ( C 1/<- ) ) 

,1 ean De l a y s i n the Net\•Jork s . 

Cons i d e r t he -1- . 
1, l m C e l apsi n g for a message in mo de l l, 

be t ween ar rival fr om a tri bu t a r y at a c entr e , t o 

depart ure f r om a c ent r e to a tribut a r y . Thi s ti me i s 

i d enti c a l wi th the ti ~e e lapsing f or a me s s a ge in 

mo d e l 2 , be t ween ·a rrival f rom out s ide befo r e a chan n e l, to 

de p a r ture f rom a c ha nnel to the o utsi d e . I f we i mp o s e 

the i ndepen de nc e assu mption on model 2 , it bec ome s 

i d e n t i c al wit h mod e l 3, and t he chann els of mod e l 2 are 

i dentifi e d wit h t he single-c hann el IT s t a tion s IT o f mo d e l 3 , 



'T.'hc C:.cl2,::, ,3 at the sLatior..s -:Jf :nodE:l 3 are i:H1epw:H.1cnt of eo.ch 

ot her . Station i of ~ode l 3 ·has the na_e equilibrium 

behaviour es the -:/M/1 ,c;yste m, so the dela,' at station i of 

model 3 is T . • Therefore the delay at channel i of ~ode l 2 
l 

is T . , a.nd the T . ' s o f rn.odel 2 a r e i ndependent . 
l l 

Sine e the A. r epresent the net t arrival r a t e at t he 
l -

c ha~~els of .model 2 , the ~e an delay for a messaze passing 

thr ough model 2 is 

where 

Le t 

N 
T -= ( s Ai 'l'i ) / 0 

, i 1 

. J = number o f c hanne l s in model 2 ; a nd 

l ~ to t al arrival r ate o f message s from out side . 

N 

L 
j_:;:: 1 

I\; . - ' 

then t he me an number of chapnel s which pr oce s s a messa ge is n , 

wher e n = )... /-( 

5 . 2 . 2 OPTIMAL CAPACITY A.S SIGT-J' ,'E. T . 

Let d. be the cost of suppl ying one unit of capacity to 
l 

chann el i of mode l 2 . The to t al co s t of t he net work is D, 
N 

where D :: L 
i = 1 

d . C. 
l l 

This c osti ng model assumes that : the whole cost of the net 

lies i n the trans~i tters (channel s ) and transmi s sion lines ; 

and that the cost - capacity r enationshi p i -s l inear . 

The f i rst t heorem o f Kle i nrock ( ,4.~1 l lfl(-) be low gives t he C 
i 

which minim~ze T f or fixe d D. The second gives 

which mi nimize T under t he optimal a s sign:nent o f 

proof is given of the first o .:--_ly . 

First The or er'.l . 

(All sums in rest o f thi s section are fo r j -

t he A. 
l 

the ,C .• 
l 

1 ' ... ,N 

The 

) 
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T n'- ,., - ml -+ ( ~ .-' C l)') 
.i.JV V \.3 - Cl. '-+ U • • - . 1 ) ·, ~ 

.J J 

whe:ce a is a Lagrange ;:, 1_11":iiJlifr , 
1 

r;,:i-ic '·T equati0ns : 

yield ; c. :: /.. / k'l + ~ ( At i :;; 1 , • •• , r,r. 

dG/ c.C . = 0 
.l 

l :,_ / · {A..cH / 'a.y..,v i 

To find. a , He multiply each b·y d . , and s um : 
l 

D =- Ta. jcj = 2((dj -~)~t-t.) -t 1/(,J;::;1) . ~ 
c . =.A./JA + f( l)°;a.1 

)/( \ /~ .;~'. ~ . (D - " (d. A./'/j) 
1 i / \ \.../, i i L v I J J 'J L \. J J 7 

In t a i s opt i mal assignment , each chann el rec e ives eno ugh 

capac i ty to re duc e its traffic intensity to 1 or less : 

Ci ~ ~i i/A j so : 

t r a iffic intens ity -::: )\i/(ei; ) ~ 1 

'T' ' __ nen 

The assi gnme nt 

D unfulfilled, 

: C . -· 
l -

v,here 

~i_~/A : leaves a par t D~ of t he t ot a l cost 

D 8 = D - ~ d j .A j?· . 
This part o f the cost is al l ocated in pro porti on t o £ arri val 

rat e )/(c ost pe r unit of c apacity)} :12 Under t his opt imal 

allocat i on , 

T 

T depends st r ongly on n and De . 

Second Theor em . 

) 2 / D e • 

In the special case where co s t i s related dir ec tly to 

capacity, we can take 

d .".;:: d-= 1, for i =1, .. , N; and 
l 

D =. C. 

- -
It i s to be expected t hat under any routing procedure , 

s ome or all channels will have a non-zero mini mum arrival rate ; 

let t his be k . for c hanne l i. 
l 

Under the special - case opti real a~si gnment , and under these 

constraints : 

1 , •• , N and 



L 1' . - >,, 
l 

the assign~ent of the 

- l~-, 
:J 

A. whi ch mini1nizes T is : 
l 

k,r 
l\~ 

for i = 2 > 3 ' .. ' n 
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Thus the best routing procedures concentrate as much traffic 

as possible j_nto a f ew ; preferably 1, channels . This channe l 

will receive as much as possible of the c apac ity. 

5. 2 . 3 THE I NDE?ENDSNCE AS SU~PTION. 

The i dea o f a mess age changing its l e n g t h is obvi ou s l y 

unrealist ic; but Kleinrock makes use of the independence 

a ssumotion f or t hese t hr ee re asons : 

1. The mathematics f or e·ven a 2-station s e ries n. net 11 is 

i ntractable without it . Pe r manent message lengths produce a 

d epen dency be tween int e r - arrival times and length s of 

adjacent ~essages as t hey move ihro ugh a net . 

2 . Messages arriving at a mod e l 1 c entre usu a lly have several 

c hannel s out of the c entre . Dep e n de nci es shoul d be redticed 

when adjacent messages tak e di fferent channe ls . 

3 . Experimental e vi den ce backs up t h e guess of 2 . Kl e i nrock 

s i mulated ne t s consisting 6f a c ent ral no de , with 

( A) one c hannel le a di n g in, one c hanne l l eadi n g out; 

( B) s e ve r al c hannels l e ading in , one channel l eadi ng out ; 

(C ) one chann el . l ead i ng in , several c hanne l s l eading out ; 

( D) sev e r al c hanne l s l eading in , several c hann e l s leading out. 

The graphs of mean message delay in~) an d ( D) , even wi th o nly 

two channels l eadi ng out , we r e c lose to e xpon ent i a l; and 

qui t e different f r om the graphs for ( A) a nd (3) . Gr aphs of 

rr.e an messas e delay i n more c omplex ne t s with t he messages 

retaining a permanent len gt h, were very s i milar to graphs for 
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'.{lci.nroci.: coac1u ~es that t:i.c i':troc1uction of V,e 

i!lde~9encl.snce asS1.r,pti.on :produce.::l an eas:Lly analysed mac.el , 

~~ich bchavRs in cc3entially the sa~e ~ay as the more 

rea.li stic :.1od.el. 

5. 2 . 1~ ROUTI'TG PRCC:SDURK . 

Kl einr ock discusses t he relative merit~ of t hre e routin g 

proce dures . The theoret ical work a bove : 

. y i elds the optimal capacity assign~e nt; · 

. ~ake s po ssible an analysis o f rando m r out i ng ; 

. s u8gest s the general princi ples that traffic shoul d be 

conc entrated in as few c hannel s as po s sible , and t ha t n 

s houl d be~ ept a~ s~all as po ssible . 

Simulatio n methods have to tak e ove r a t this point . 

Descrintion of the Three Proc edure s . 

Under randcim r outing , the messa ge r ece i ves directions t o 

its next destinati on each time it l eave s a c entre ; accor ding 

to a pr obability matr i x . Only c irculant matrice s are t ested -

these are speci a l ca ses of doubly stochastic matrices . 

Under fixed routing , t he mes s age i s assi gned a desti nation 

befor e it e nters the net . Given it s present l ocation and its 

destinati on , it s next locatio n is de termin ed uniqu~ly by an 

11 incidence matri x 11 • 

Alt er nate routi ng is le ss ri eid , but s till deterministic . 

The entr ies of the incidenc e matrix are now lists ; the 

message goe s to t he first node on the list a channel to which 

is idle. 

Advant a ~e s and Disa vant a 5e~ . 

Ranao~ routing has the obviou s di s a dvan tage t hat a ~essage 
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on its destination . The m~an ani variance of the number of 

steps required are lirge; a veraze del~y is large ; the net 

becomes overloaded at co~parat i vely low r ates of input . The 

advant aees , apart fro m theo retical si~plicity , are t hat no 

d i re c tory i formation i s required , and t hat a net wit h random 

routing is J ittle affected by failure of some of the nodes or 

li -o.lcs . 

Alternate and fi xe d proc edur es both tend to co nc e ntrat~ t h e 

t ra ffic bet t e r ; a n d s o ma3.e best u se of a goo d capac ity 

a ssignment . Al te r nate ro uting i s wor se t han fixed , in that 

it spreads the traf f ic ; and in ti me s of congestion , i t se nds 

messages vi a longer route s , thus makL_g the traffic l oad 

even heavier I t i s bet ter t han fixed in that often a good 

c apacity ~s s i gnme nt can not be made . The traffi c matrix may 

n o t bo known c l early , or may v ary with time . 

5. 3 A HODEL FOR A COi1P UTER HE'r \'!ORK . 

One of the most s ignificant developme nts in computing 

during the 1960 1 s was the advent of time- sharing . With the 

help of their time - sharing machines , various institutions 

aroun d the world have developed hi s hly spe c i alized re sources 

such as pro gra:ns , dat a files , har dware a nd human tal ent . 

The desi re to make these loc alized resources avai l able t o 

d i s tant user s led to the concept of computer network s . 

Accordin g to Kleinrocl~ ( 5:I) , this concept 11 repre13ent s the 

ne xt major bre akt hro u gh in the u s e of c omput e rs. 11 

The member ship of the net d e scribed below· consi sts of 

uni versity and research labo r atory s ystems . The fut ur e of 



:dr-cady c o:r;>:_,:cci.al -~yste:n .s in exi.st ence , like t.!-:e ···an~ Dali:,. 

r oc essing Sysl e~ i n Ne~ Ze8 l and . 

The hdvance. Research Pro j ects Agency ( A. ~ . P . A, ) ne t work 

is tr eated in s ome det-il h ere , for t hose r e a son s : 

. A vast ~aunt o f thought , qu euei ng t heory , an d queu e 

s i rn ul a t io·n. have been devoted t o i ~ . 

. These st udie s follo w on f r om the s tudi e s o f nets and 

c ommunic ati on ne t s in thi s an d earli er c hapter s . 

. Li ttl e if a c1y i n f ormation on ot he r co :npu ter n e ts is av aile.ble 

in the j our nals o f Ope r a t i on s i·~ esear ch an d Car put er Sy stee1s . 

. The st or e -and- f or e~ar d syst em de scri bed here is typical of 

many pr e sent and fut ur e systems , not all o f 0hic h are co mput er 

ne ts . 

This s ection de scri bes the A. R. P. A. ne t, t hen s um~arizes 

so ;ne of t he studie s don.e during its pl anning and exper i mental 

stages . These studi es are the work of var i ous A. R. P. A. 

ner sonnel ( / 3 ) , ( '3 o ) , ( s 6 ) , ( 7 S- ) ; ·, uch of the 

work an d the report i ng co mes fr o~ Klei nroc k ( {;";J... ) , ( .S-J ) , 

( ~'+ ) . 
I n a pr ivate communi cation ( S'S- ), Klei nroc k state s that · 

" t he study of c omr:mnicat ion net works has r ec e ntly be c ome of 

central- i n:portance in the des\gn of co :-n1mt e r n et r.1orlrn ." 

5 . 3. 1 A DESCRIPTION OF THE A2PA JET NCRK •. 

In 196 3 , after preliminary i nvestigat ions , t he Advanced 

Re searc h Pro j ects Ae ency of th e U. S. Depart ment of De fence 

decided to proce ed wit h t he plan o f linking a nu~ber of 

co:'Ilputing c entr es , scat t er ed throughout the U. S . . 

Previ ous attem9ts a t li n~i ng di stant co mput er s had not 



oeen ver ; :ucc~ssful . out 

t hat t he :::-,ro '.JJ. o,:::5 resulted from the i ne. :iequa.cy of , or 

inefficient u se of, the available communication s0rvices . 

Such services woulrt be either too slow or too ex_onsi e ; and 

t he a dvan tas es o f linking several syst ems are s mall unl ess a 

considerabl e nuDber of syste~s are involved . Such a numbe r 

v,oul d require extr"'::1ely expensive c ommunication links . 

The solution to these pro bl ems lay in c onnect~ nc the 

me~ber systems only via a s t ore-and - for eward net of s mall 

speci al- purpose machines . The me~ber syst em s are cal l ed 

Hosts ; the small machi nes are I mps ( for Int erfac e Message -

Proc essor) . 

The Hosts . 

The netwo r k was de eigned to crow till i t contained 19 or 

more Ho s ts . It ha s now at~ained this state . Eac~ Host is a 

rese arc h c ent r e , and consists of one or mor e mac hines ; pro gram 

and data f i _les ; and the resident human tal ent. 

The cho i ce of the 19 membe r s was made s o that the ne t 

wo uld include nume r ous co mpu ter researche r s ; a variet y of 

spec ialized faci li ties ; workers i n a vari et y of di s c ip l i nes ; 

mac hi ne wit h i nc ompatible har dware st r uc tures . The 

experi men t was i ntended to de~onstrat e the possibil i ty of 

co-operati on among extr emel y di f fe r ent el ement s . 

Th e Hosts c omm unicat e wit h the rest o f the net only 

t hro ugh thei r I mps ; and should ot herwis e func t ion e ssen t i a l ly 

a s t hey did be f ore conne c tio ~ i nto the ne t . 

r!'h e I :r:1ns . 

As Host s co ntact t he net onl y t hrough t heir I nps , t he 

s ys t em re duc es t o a net work of 19 I mps . 



The es~oe::1t:Lal :('lnct i.on of the Lxp net i.:.:: to C0!:.vcy ·1os,,,o.ges 

rel:Lo. bly and ' quj_c : ly . 1f :;,'c',el n 1:1e.ssages o. if;inate 0~1ly fro:n 

t he 2osts . I f Host A has a ~essase for Hos t B, the message 

en ters t;1e net-aft e r bei n~ b:col;:en oown into 1 l,;:il.obi t 

11 pac kets 11 - a.t I:;rp A. The p ckets a:ce r e lay ed separately 

across the I mp ne t to I mp B where they are reassembled , and 

passed to Bost B. 

Viewed wi t hout the Hosts , theimp net looks very much like 

t he model 1 net of the pre vi ous sec tion : messages arrive in 

and depart f rom t he net at eac h I mp , and are passed from I mp 

to I mp . However , t his n e t has certain s pecial f eatures . 

The Me s sa~e Traf f i c . 

The r equir ement o f r eliabili ty.is me t by var ious hard - and 

soft\:are precautions . The strategy which concerns us here. is 

the ac kn owledgements procedure . Each packet o f a mes sage is 

pass ed fro m Imp to I mp separat ely. The receivi ng Imp 

performs a cyclic error check , then sends an acknowle dgement . 

The sending Imp keeps a co py of the pac k et until it r eceives 

an ac knowle dgement. If the . ackno'.vl e dger:1ent does not arrive 

( because of det ect io~ of a transmissi on er ror , or full 

buffers at the r eceivin g I mp), the s ending I mp transmits the 

message again. 

Variou s other short non- 11 _ real 11 m~ss ?,ges go fro m I mp to_ 

I mp ; t hese concern the traffic density throughout the system. 

The Routi ng Proc edure . 

The procedure used is a deve l opment from alt er nate­

routing . Each I mp ke eps a matri x which t ell s it the average 

de lay whic h a message fo r any destinat ion wi ll suffer , if 

sent out along any channel . These matrices are updated often . 
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The I~p ne t differs fro~ the m~del 1 co mmuni c a ti on net 

in t he s e \'i a.y s . 

l . The I ~p ' s st or a ge is limited- to about 70 packe t - sized 

buffers . 

2 . Extr a traffic ari ses fr o~ r e t ransmissi on after e r ro rs or 

buffe r ove1~flow . 

3.T he r e a re ~wo di stinc t types o f me ssage : 

"re al " r. essages , i . e ., Host - Hos t messac;es , whose mean length 

is 101 , : 560 bi t s ; and I mp-I mp me ssages , which are shorter, 

and have a distribution which approxi mates the exponential , 

with t he overal l mean l ength 1; r · , = 350 bits . 

4 . A· r e qftest from Host A to Host B us ually pro duces a reply 

fr om B t o A. The r eply wil l us ually be l onger than the 

r eque st . · 

5 . The length of· er ror checks and other processes at t he I mps 

ar e signi fie ant when compar e d with the transmission ti1ne 

delays . 

6 . Channel co s ts ar e mo r e compl ex . 

7. Channel capac·i tie s are restricte d to a f ew di s c re t e va lues . 

8 . The time f or a signal to t rave l the l ength L. o f the ith 
l 

channel i s no n ze r o ; let P be s uch that this time is PLi . 

5.3.2 .STUDI ES OH THE ARPA NETV!ORK . 

The realization of a ne t of t his nature is an e xpens ive 

proce s s. Consequently , much analysis and s i mulat i on wai done 

during the desi gning phase . The a i m of t he se st udie s was to 

optimize the pe r formance o f the ne t for var iabl e topolo gical 

s tructure, capac ity as signment , ro ut i ng pro cedur e , an d 

pri ority discipli ne . 



The ass1mption that each message l ength co~es f~o~ the 

9 0 
- l) 

same expon2ntial distribution produces T- values w~ich compar e 

very hadly ~ith values _cached by simulation . The T we wi sh 

to ~'>:nov, i s no t the overal l delay , but t he delay for 11 real 11 

messaees . The trave l t i me ; the short ( as s umed c onstant ) 

proc essi ng .L i ne a t I~p and Host ; and t he message type pr obl em 

ar e this model : 

+ _ hi/ ( /-<-- C . ) + 
)lC . - A -

l .L 

PLi + 10 - 3 )+ 10 - 3 

in se conds . 

Spe cial f e at ur es 3 , 5 and 8 hav e be en a c counted f or . The 

mean delay has be en re pl aced by me an servic e for II r eal 11 

messages , pl us mean wai t for all mes s a ges . 

The assumution of~ mi x . of t wo e xponential di s tributions 
4 - -

fo r message lengths may not. be accurate , but t he r esul ts 

produc ed by this mod el a r ~ in close a gre ement with simulation 

res·J.l t s . (The mode l a lso uses the independenc e a ssumpt i on) . 

The analysis can be e xt ende d f urt her , to i nclude the e ffect 

on T of priorities . 

The Pollaczek- Khi ntc hine for mula c an be u s ed for the mean 

v·ai ting ti 1:1es of more general distributions ; ho we ver , t he 

i ndepen denc e proper ty i s l ost . 

Ghann-el- Cost Functions . 

Dat a i ndicat e that the mos t r ealisti c relat ion bet wee n 

c hannel co s t and l engt h is either : 

d . = A L . a where O { a ~ 1 ; 
l l 

or : 

- d . :. A l n ( aL. ) . 
l l 

Kl einr oc k ( Slf ) _ f ind s the optimal ca2aci ty as s i gnments f or 



t hese two relations . 

Routing uro c e dures . 

~le i nrock ( ,~ ) reports the results of s i mulations f or 

t hr ee var i ant s of dyna~i c al t ernate routing . These are : 

1 . Sync h rono us u ~dat i ~g- t he matrices are u ndat e d e v e r y half 

sec ond ; 

2 . Synchrono us updating ~i th loops s u ppr essed : p ac k e ts are 

preve nt ed from o s ci l lat i ng be t ween t wo I mps ; 

3 . Asynchr onous u p a ting ; the ma t rices a re u p d a ted only when 

traffic densities chang e markedly . 

The per f ormance i m.roves f r o~ i. t hro u gh 2 . to 3 . 

Perhaps t he fir s t deci sion in designing a net i s t o 

se lect which pair s of I mps are to rec e i ve direct links . Fre.nk , 

Fri s ch and Chou ( 30 ) u se a mi xt ure of iteration and analy s is 

fir s t to create new feasible to pologies, then t o calc u late 

their perfor mance me asures . 

Other Pro blems . 

Analyt i c methods for coping with special features 1, 2 

and 4 are no t avai lable . Their effe ct c an be judg ed by 

comparison o f simulation re s ults . 

5 . 4 A :MODEL FOR A SAT ELLITE NETi.1JORK . 

A satell ite n e t work r equi r es a model somewhat different 

fro m those discussed above . El - Bar dai ( ) ,lf ) presents a 

mode l , and fin ds an e xpression f or the expect ed de laY, along 

each possibl e route . 

'l' he Hodel . 

The r e are m gr ound st ations g
1 

, . and n sat e llites s . • 
J 
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All ar at rest relative to one another . Each c1 can 

C O ',E:n.tn i. C at 0 only with certain If rie-r II r.:, • ·:md similarly 
- d ~ j' C: 

each sj can co mmunicate only vith c ertain e1 · Only Llessages 

to be relayed fro ·n g
1

,say, via one sat ellit e , 

considered . Messa~es for g
1 

arrive a t R . in a po i sson stream ...... {. .....,l .. . 

o f rate A. . , , and queue t he re for transmiss:Lon . The net i s 
l1t 

s;nchronized so that transmission of a message can be gi n only 

at the d i screte t i me point s 0 , d , 2d , 3d . . . Transr.i i s sion 

ti me i s l ess t han d ; but the distances are s uch t hat the 

tr ansit times (t he t i mes for a s i gnal to pass fr om one node 

to ano t her ) are i mportant . The g . have infinite s t or age ; t he 
l 

s . c an only receive and r etr ansmit one mes s a g e ; they have n o 
J 

s t orage . If more than on e message i s tran s rn i t t ed to an s . 
l 

at the same time , only one message is retransrrQtted ; the others 

are lost . 

A message destined t o go fro m g . to & wi l l b ec ome lost 
l K · 

wi t h a c ertain pro bability ; and wi ll r each~ wit h the Dk 

c omplement o f this proba bility. If i t reac hes gk ' its t otal 

d e lay will con sist of its waiting time a t g ., p l us t wo transi t 
l 

times . El-3ordai fin ds the probabilities o f loss , and the 

e xpected t otal delay s , t he n p r esent s an approximate method 

for tre ating satellites ~i th fi n ite ~emories . 



COI·IPTJTER TH!E- SHARH:G . 

The chapt e r ~pplies some of 

t he theory for sing le -server 

queues , extended to descri be 

feedbac k , to a simple time 7 

sharing system; then 6utlines 

the deve l opment of mo~e co mplex 

models from this simp l e model . 

6 . 1 I N'l'RO DUC'l' ION . 

6 . 2 A SI HPLE T I ME - ,SHARI NG SY STEA AND MODEL. 
\, 

6 . 3 OTHER MODELS . 

GRAPHS. 

10 i 

CHAFTETI 6 . - - - - -
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6 .1 INTRODUCTIO~ . 

Computer systems fu nc tion under fluctuating worklo ds , 

and so are candicl.ates for study as queue systems . 'l'his 

chapter mentions some of the co mpute r applications o f queues , 

then conc e~trates on the applic ation whic h has rec eived 

most a ttention . 

The computers of Chapter 5 provide input to and acc ept 

out put f r om the queue network , without bei ng par t of it. 

Thi s c hapter does not dev elop from the i mmediate l y previ ous 

c hapters , but return s to the t heory o f Chapter 2 . Thi s 

theory has be en applied and extended in the s tudy of 

co mput er systems . 

Comput er Systems and Queues . 

So me co ~put er sy s t ems or s ub systems can be st~died via 

the e xist i ng singl e- station theory . Chan g ( 17 ) presents 

a s ummary of r e levant r esult s on s ingl e - server queue s for 

use by sy s t ems anal yst s; to ge t her with a l ong li s t of 

applications . For other s ubsyst ems , speci a l mode l s hav e been 

developed . Exampl e s i nc lu~e : 

. The s tudy by Boudreau and Kac ( II ) o f a closed t wo-

s t a tion system; 

.C hang ' s mod el ( ILf ) f or the queue o f r equest s f or access 

to main stor age - t he retjuests c cirne fro m t he i nput chann els 

and the pr ocessor, and are s ervic ed in bulk ; 

.Co ffman ' s study ( ~o ) of the queues o f r e qu~st s for ac ces s 

to · dr um storage - as the drum rotat e s , e a c h queue i s serve d 

in order ; producin t:; a set of s1ste::i s which r esemble 

H/D/1 sy s t e:-:1S ; 



. Chan~'s ~odel ( J) for rcal-tioe processinc- c~ch job 

consi sts of a hi 6 h- :_)riority co:;1:,rnnications le.ts\:., :p]_us iJ. 

longer processing task . 

!-10 s · of the Ee applicat-ions deal with the problem of mat c hi ng 

s low in/out devic es vith ttle fast processor . 

A fi eld ~hich has received more t horough treat ment i s 

that of priorities . External priorities can be fixed or 

delay- dependent , v:i th or without pr e - e::-;iption, with or 

wi t hout r esumption of a r ejected j ob . Kl ei nrock ' s bo ok 

(h.~1 71) devo tes a c hapter to t hese . Exte r nal priori ties wi ll 

not be considere d f urther here . 

There r emains t he pr obl em of provi ding shor ter waiting­

time s for shorter j obs . The optimal ~t r ate gy is t o appl) 

the short e s t -fir s t di s cipline ; but thi s is i mpossi ble if job 

lengths a re unknown until t he end of the job . The technique 
. . 

employe d i s time-shar i ng . 

The Aims of Ti me-Shar i ng. 

Time - sharing is designed to mak e be .. s t u s e of both the 
; ' 

~achine and its _human us er s , when the mac hine - use r 

relationshi p i s an interactive or conver s ational one . I t i s 

not design e d f or the machin e with a fe w long jobs to 

pro c es s , but for t he machine with many s hort jobs and many 

users . 

Krj_shnamo orthi an d Wood ( s- 7 ) li st th e . follo v1ihg desi rable 

properties . 

. s i multan eity : each user has the impre ssion tha t he has f l.il.l 

use of the machine - or at l east of a s much of it s potenti a l 

that he can keep up with; 

. independence : t he programs handl e d do not int erfer e with 

each other ; 



. i ':l!'}edic,cy : all .iobs :ceceive scme Ltttcnti'Jn ·;ithin .seconds 

of being s u bmit ted . 

~o achieve these Goal s , each jo b rec e ive s a s mall qu2nt u m 

( from a few milliseconds up to about 10 s.conds ) in the 

proces~or ; then is returned t o the user ; or vaits . To 

pro vide models for sucl systems , t he theory o f queues wi th 

f e edbac k has developed rapi dly . 

.Sc op e of the Existj_~ The9ry . 

Sinc e t he end of t he 1950 ' s , numero u s worki ng ti me -

sharin g systems have appeared , toge t he r with nu me rous 

t heo r e tic a l pape r s , sy s t ems anal ysis p a pe r s , a n d som e 

s imulatio n s tudie s . Cof fman ( I ? ) s u mmarized the t heory 

avai l able by 1967 , and a furt her s u mmary vras co mpiled by 

McKi nney ( 63 ) in 1969 . · 

It i s i n tere s ting to n6te t hat thi s branch of Qu e u e Theory , 

like the the ory fo r net works , is large ly re s trict ed to models 

with exp onential arrival and service time s . Beside s these , 

models wit h exponential arriva ls from a finite number of 

sources ha ve been dev~loped to treat systems wh e r e the 

number of u se rs is restri cted to the numbe r of t e r mi nals . 

The inde pendenc e property of the exp onential di s tr i bution 

is share d by it s di s cr ete analo g : the ge ometric distribution . 

-- - ---- One o f the --earliest·- time-sharing mod e ls used the assumption 

that job leng t h s we r e restricte d to di screte v a lues : 

( quantum size).n; n = 1, 2 , ... 

and ge ometrically dist ributed; with arrivals occ uring as 

Ber nou l li t rials at t he end of each auantum . . . . 

The H/ G/ 1 s y s te m wi th f eedback has al s o received attention . 

There seems t o be l ittle published work on s i mulation; 
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t he ma j or ·c<;or'; in -:ti s f i old i s lhe r,1ono1:)'.'ap t ')f 1\ . 3c !:ie _ r 

( ::.:o ) . 
Outline o f tl~e Cha,) t ~r . 

~his ss c t i o n has pr e sente d some gen eral ide as on comput er 

a pplications of que ue t he ory , the t i me - s haring a pplic ution 

in 1)articular . 6 . 2 describes and analyses one baoic model 

in de tail-. · 6 . 3 list s t he .;1any ~oossibl e variatio n s on this 

mode l , and i ndicates briefly the mathemat ical me t hods used . 

6 . 2 A Srt{~'LE TI ME- .SHARH:G SYSTEr:i AND ViODEL . 

The system treated her e is chosen as a typical example 

of time - shar i ng systems ; and b e cause a nalysis of t he mode l 

a pplie s and extends the theory of poi s~on queues pr~sent e d 

in earl i er chap t ers . · Agai n , t h e s i mplic i ty re s ults l argely 

fro m the po i s so n a ssuBptions . 

6 . 2 .1 TEE SYSTEM AND T HE MODEL DESCRIBED . 

The M/ M/1 system wi t h fe edbac k oc cur s in o ther s i t u a tions 

apar t f rom c omputing , but s ince c omputing syst ems motivate d 

th e develo pment of the theory, we de scribe one time - sharing 

sy s te m h ere be fore desc r ibing the mode l desi gned for i t . 

The Computer Syste m. 

A stream of jo b s e nters t he system , an d forma a que ue . 

Usua lly the job does not arrive at the time - shari n g part of 

the syst e m until it has pas s ed through a n input d evi ce , and 

is s t or ed on disc or ot he r wi se . Aft er wai ting for it s turn , 

the job rec e ives one quantum or slice of c omputer t ; me . If 

it finis hes within thi s t i me , it depar t s - t his ~ay i n volve 

que ueing a gain be fore an o u t put device . If i t do es not 

finish, and ot her jobs are waiting , the processing stops , 
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and t he job is Gtored (in core , if there is room ; or by 

ro l ling it out or.to disc) . 'rhe nc,xt job ente r s the proc:esoor . 

The time involved in t1is tr a nsfer is the swap time . I ~ 

stored , t he job rejoin s the q u eue , at the back . Af ter a 

further wait it receives another q_uant um of processing ; and 

so on until it is com?leted . 

The Hod.el '. 

The arri ving stream of jobs is poisson , rate /\. . Each 

job r equires a certain processing time t; and tis 

exponent ial Nit h mean 1}.,;.t,. . Quantum length is a constant , 

q . S'Nap t i me , T , is taken to be zero . The space for storage 

o f ne w and incomple te jobs is t aken to be infinite ~ 

The assumption of poisson input i s li~e l y to be v a lid 

for systems with many independ e nt users ; many systems do 

have exponential job l e n gt _s ; and the memory l ess property 

means that a job which survives a number of quanta : still 

has an exponential life ahead of it . The system can be 

designed t o hold quantum s i z e almost c onstant . The 

assumption of ze ro swap time introduces systematic differences 

be t ween syst e m and model . 

6 . 2 . 2 AN ALY .S I S MW RESULTS . 

The s y stem designer and manage r will be intereste d in 

t hroughput ; and 11 co n gestion n , i . e . , the distribution of 

n u mber in system. The l atter affects the amount of storage 

to be provided for waiting jobs . The customers will be 

int e r ested in t he turnaround time . Both group s are . 

c o n c erned wit h queues before i n / out d e vices ; bu t only the 

s ubsystem b e t ween these is analy sed here . 
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()u 'UC T_.e:nr; th . 

In an" int e~'val dt , a~ arrival occurs ·xith -n,ro'o.::..bility 

A at , an , a deuurture with probability ,~dt . 
4 - / 

I'he occurrence 

of a swap wi thi n the interval makes no di f f er ence , a s we 

have assumed zero swa p t ime , and the swap does no t a l te r t he 

number i n t he system . Henc e t he di stribution of number i~ 

systen is :i,_d enti cal wit h t hat for t he simple i1/ M/l sy ste11 : 

p n - rn ( l - p ) ' 
where 

As fo r t,/ M/1, the upper limit on t hr oughput is /..,,l j obs/ second . 

Turnarou nd Time . 

Si nce time - sharing aims to give preferenc e t o short jobs , 

we examine the exp ected value of t he turnaro und time or 

r esponse time , R , f or a jo~ o f given length , t . The analysis 

i s the 11: 0 r k o f J . .Shem er ( f? :l. ) . 

Let 

The jo b requires N passes t hrough t he proc essor , wher e 

( N - 1) q < t ~ Nq • 

vr . = E [ waiti ng time(without s ervice) be t ween (i -1 )t h 
l 

and ith pass / t1 , i::: 1, .. , N. 

The turnaround time c onsists of N wai t s and the proce ssing 

time ; so 
N 

!.: 
i =l 

v: . + t . 
l 

However muc h pro c~ ss i ng a job has already received , the 

probability that a job s till requires more than a quantum 

of proc essing i s 

l
e,() . - ;« t 
~~e dt 

q 
::; e - ;'{ q 



Thus the ox,ected lsngi\ of each pass is q , 

where 
' - M. t 't - ./{ (1 
1: • /l. e I a - + q . e 1 

• 

( 1 htt ) ( 1 
I 

- /--( 0 
- e ·) . 

~hen jo J arrives , the expected numbe r ahead of it i s 

E (n] and 

E [] =f /(1 - f ) 

The expecte d wait befo r e J ' s f ir st pass .i s w1 , where 

Vi l :; Q f /( 1 - f ) • 

Dur i ng J ' s f i r st wait a nd pass , jo bs j oin t he queue behind J 

fron t wo s ourc es : 

.· jo bs ar rive fro m outsi de at rate A· ; 

.( e - ;,Lq ) of the jobs befo r e J requi r e more proc essin g . 

Thus 
i- E [nJ 

Si milarly , 

_ 11 q e r ~ . ) . 

) , ( / e - )'tq ) ( '' . 1 + q1\ + w. 1 Q) l - i - , 

;: gw i _ 1 + .>i Qc: , i ~ 2 , 3 . . . 

where 

g = >. Q + e - )"-q • 

Since 

1'/ - (7 ,, + . 3 ~ D •· 2 ,AQ a ;;; gg VI 1 + 

e tc, t o 

N-1 + A QJJ (l g -+ + +-
N-2 

WN = (1' wl +- g ) 
0 . 

N-1 + )\ Qq.( 1 gN-1) / ( l g ) - g \Il l -
'l -1 - /\ Qq / ( 1 g) ) + >.. Q~/( 1 =- g ( wl -

The expected t ot al w ?-it in g time i s W , 

N 

whe r e 

W=- "> 
i=l 

w 
i 

- 'g ) 



( 1 
rr 

( - .. ·' ) ,u 
- I ~10. ) l; I ~Cl 

( 1 ) 
" 1 4, - ,,. --,__, 1 - ri' - C' ..., u 

Expected turnaroun d tim e for a joiJ of l ength t then i s given 

by : 

[R/ lj 
~T 

E ( 1 "' ) ( 2-e 1DA ) + N_:_2q t - C + - 1 - g 11 ;, 1-g 1 - 0-
0 

Q :: ( 1,),t ) er e - /q) 

g ::. ~ Qt e - ,µq 

t / a ( N < t / q + 1 • 

An Extension . 

In the limi t a s q~ 0 , t h e time- shari ng rnodel becomes a 

" p ro c es s or - shar ing 11 model. Ev ery j o b i n th e syst em i s 

p ro c e sse d for the whol e time i t i s in the system ; a t r a t e : 

_..,M- /(nu mber i n system). 

L e t 
q -J> 0 

. The~. , Q ~ q , ,-

g ~ 1 - (;-t - ),. )q 

q N ~ t 

and s o 

The P re u a in un c ha nged . 
n 

This p r oc esso r - sharing mod e l i s o b vi ou s ly unreali s tic , as it 

does not accoun t f or s wa p times . Ho wever , it d e monstr a tes 

the limit to which t he time- s h a ring model t e n d s . 

Graph s at t he end of this chapter display E [R/t] for the 

time - s haring mo d e l ( wit h q =-/A-/ 2) , and for th e t wo limi t ing 

case s ; 

q ~ -OQ ; t he simple M/ M/ 1 mod el; 

q -> 0 t he p roce ssor - s h ared mo del. 
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t < 1 ! .t 
/ 

the cases Graphed , 

hav2 their t u.::~rw.rouncl ti ue r eC:.uc ed . 

jobs 

This section is no t a summary of ti me-sharing the ory, 

1 l 0 

but an outline o the model s whi c h have rec eived study plus 

a fe w exampl es illu s trating t he methods involved in the 

theory . 

6 . 3 . 1 POI NTS OF VP....:"'1 I ATIOJ.J . 

The many possi ble time-shar i ng models c an all be consi dered 

as variant s or developments from t he s i mpl e mode l of 6 . 2 . 

The poin t s within the model at ~hich variations can be 

introduced -are li s t ed here ; together with t he vari ants 

~hich have received study . 

Number of Proce sses . 

Though syst ems exi s t with mo re t han one proces s or in 

parallel , the t he ory has not deve loped pa s t single - pro c essor 

models . 

Number of Queue s . 

The Round Ro bin model (RR ) v1i th one qu eue leads to the 

Fo re gro und - 3ackground t1ode l v;ith N aueues ( FBN) . In the 
... l 

latter, arrivals join queue 1. After their fir s t pas s they 

join queue 2 or l eave the sy s tem ; and so on to queue N, 

which is an RR queue . Queue i rec eives ~rocessing only 

when queues 1, 2 , . . i-1 are empty . F~ r systems give an ,, 

even faster service fo r short jo bs t han RR systems , and do 

not suffer fro m overloadin g by long jo bs . 

Model s s tudied include RR , FB2 , Fl\, , and FBw • Their 
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r·olatj_·ve rner.1-t s arc ctLscussed by· 11.di:ct 2n.d /1.vi - I tzhctl: ( "3 ) , 

i n t heir study n -r '- ' ·n l"B· ·no·1 c1 U .t l,[ lv .. .,_J ,. lJ.·- • 
l ~ 

0.~w.ntum Si ze . 

Qu ant uCT s i ze can be tre ate d a s a const ant , or as a 

random vari abl e . It can be dependent on the state of the 

sy s t em, on the amount of ·proce s ,3ing already granted , or on 

external pr iorities . The aim i s to re duce the time lost in 

swapping , and so to improve performance under heavy loadi ng . 

·1:'iai ti ng ti ::nes f or short j obs wil l be increased . 'MullQi:y 

and Driscol l ( 6t ) present an al gorithm in which quant um 

size is c onst ant ; but s wap s are permitted onl y when neces s ary . 

Many of the models have been transformed into processor-

sha1~i ng models , by a l l owing q to approach zero . 

SvrnD Time . 

Swap time can be assumed zero , or tr eated as a positive 

c onstant or random variable . 

Arrival Process . 

The int erarrival distri butions studied are restricted 

entirely to geometric , exponential , and exponential from a 

finite numbe r of s ource s . There is probably no nee d for 

models with other arrival assumptions. 

When arrivals occur by B~rnoulli trial at const ant 

intervals, a geometric inter-arriva l distribution re s ult s . 

Job Lengths . 

Most of the papers assume either e xponential or geometric 

job lengths . Chan .3: ( ii,.- ) and recently Sal-;:ata, NogtJcchi 

and Oizumi ( 77) have studied models with general job 

l ength distributions. 



Other Studiec . -------·--
• • 1 

T),:, Si' ,, c-, 0 T,' r T)/ r 1 :..J ,._, · . ,)_ '-' 1...) .. -1 l £\.. V j 

been studied ; t heso include cycle time a~ . busy period 

distri:::,ution . Coffman and >{ leinroc:k ( :ll ) study tactics 

vihich the use r c an e::1:pl oy t o II beat 11 the scheduling syst em. 

A littl e wo r k has be en con tributed on cost struc tures . 

6 . 3. 2 r:ATH~~I,'.ATI-C AL H}.i;THOJS :?OR SOL'S OTHER ?-IO:QEL.S . 

The me t hods invol v ed i n analysis of t hree of't he more 

s igni f icant mode l s are outlined briefly he re . 

The Discre t e -Time Mod el. 

The mod e l wit h geome tric arrival s ~nd job lengths is 

significant in be ing one of the simp l e st, and o n e of the 

fir st to be studied. The arrivals c an occur just before 

or just after the ends of the quanta . The n late arrivals 11 

case is cons idered here . 

Fe e d bac k makes n o difference to queue length , so the 

equilibrium probabilities for t he instants after the end Of 

a quantum and before an arriva l are given by: 

Pn-::: (1 - a)a 
n 

where a -.::. fcr /(1 - >. q ); 

p - ).. q/ ( 1 - t:J' ) ; 

q ::.: Pr ( an arrival occurs at the end of a qu ant u:n) 

and job l ength di stri bution is given by 

s :;:. ( 1 
n 

) - n -1 - a- ., 'n:= l , 2. ; 

In various publications ( 4l ) , ( t ~o ) , ( S-1 ) , Kl einrock 

finds E [ R/tj ( where R i s turnaround time , tis )ob 

l ength), by a me t hod s i milar to that used by Shemer ( see 

6 .2.1) for the exponenti a l mode l. The expect ed waits before 

each p2-ss are foun d fro m a re currence relation , and sumried . 
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Fi ni.tc - .~~onrce ;:oc.kl. --·-- _ .. __ _ 
The mode l ~i t t exponent i al ~r~ivals from a fini t e nLlober 

o f sourc e s i s t reate d i n :nu 1::erous :9:?,f•ers ; j_t 3 signj_:fic ance 

co~es f~o m it s appli cat i ons t o sys t ems ~ith a f inite nuQbe r , 

1T , o f input t e:·Ji:Ln als , eac h of wh:Lch c ::m hav e only one j ob 

a t a time i n the system . 

Adiri ( · 2 ) shows t hat the sequenc e o f departur e ei)ochs 

is a s equenc e of regen er at i on points : the ti me be t ween 

depar tures has t he s am e di s tribut ion as the t ot al pr oc essi ng 

t i me r e qui r e d , s i nce queue l ength is unchanged by a s wap 

no t involvi ng a depar ture . Ther e i s a f i nit e numbe r of stat es 

(N + 1), s o t he mode l behaves as a mar k ov cha i n . The 

equilibrium queue length pro babiliti e s are foun d fr om the 

matri x of transition pro babilities . E [R/t ) can then be 

. fo und by the familiar recurrenc e and summation procedur e . 

The RR i-'!/G/1 Viode l . 

The signific anc e o f t hi s model co me s from the non­

exponent i al job l engths in some systems . Sa.1,,;:ata , Noguc hi 

and Oi1. .ut:1i ( '7 9 ) present a derivati on of E f R/ t 1 which is 
~ -

s i milar to t he derivations above . Here it is necessary to 

divide the jobs i nto classes : class i cont ains t he jobs 

which wil l need i phases . Instead of consid eri ng the 

expected nu~ber of jobs which join the _que ue behin~ job J, 

M .. has to be found ; where 
lJ 

M .. :::.. E [number of cJ.ass j jobs in queue when a class i 
lJ 

job begi ns a pa ss] - ~ 

Matri x rec urrence rel ation s . involvin
0
~ vec tor s of the M .. 

lJ 
are found and solved . 

If the jo b length probability function does not reach zero 
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for .fj_ni.tc job len:;tli.s , an , :::i:?roxtr:,ato solution only can 

be found . 
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as Func t ion of Job Lan3th . 

t 6~ 

E~it] 
51"' 

,,,U/2 .,,/'t-- }'l/:2 ~t, 

J;, Jo L en~ t-h ---;> 

G) simple M/ M/1 mo del 

A~. 7 throughout @ time - shar.ing mod el; q =}"/2 

G) proce ssor- s haring mode l 



COI' CLUSION . 

Thi s c hapt er·att empt s 

to evaluat e the coverage 

achieved for each major 

t opic , and the practical 

value of the theory 

which has evolve d . 

7.1 COVERAGE . 

7 . 2 CRITIQUE. 

11 6 
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7 . 1 C0\T~~1~ J\GE . 

So.at y ' s '' Queueins 'J'heory ;i ( ?6), purJlj_shed i n 196 1 

contai ns 91D 1'cfe:::-ences ; the ::iiol io .r-;rap hy of nis 11 A 

Lam 8nt a n d a 3iblio 5ra.phy 11 ( 77) consi s ts of a 1)0ut 500 

more ; a n d. t he fl ow of papers i s co~t lnuing st ill . Ho wever , 

many o f ttese ~orks are i r rel evant t o the present s tudy , and 

some degre e o f coverage can b e c l a imed fo r eac h c h a p~er . 

Chapt er 2 achieves t he poore s t coverage . ~ ume r o u s 

pape r s on mul tichannel system s hRve a ppeared , p articularly 

i n the e arly 1960 1 s ; r e ~ r e c ent pa~ e r s t reat mu ltichanne l 

s y s t ems de v oi d of ot he r c omplications whi ch ar e ou tsi d e t he 

sco p e of t he chap t e r . 'l·hree s uch pape r s whi ch e s c ap e d 

inclusi o n are Arora ' s . orr t he Laplace tr ansform 6 f Pn (t) 

for t he syst sm H/ GI/2 ( 6 ) , t h a t o f :FL R . P .Jackso::1 

and Hend erson on an al t erna tive me t hod of fi n din g t he 

t ran s for ms of P ( t) f o r t he sy s t em ~""./ M/c ( 46'"'), and 
n 

.Shapiro ' s on ? for t he s y s te m H/ E_;Jc ( g/ ) . Th e r e a re 
n 

probably ma.ny ot her v:o r ks on A/B/ c s yst e ms . Ho we v e r , t he 

t r e atment o f t he s te ady s tat e M/ M/ c sy s t em is cOGpl e te , ind 

the r e st o f t he c h a p t er ind i cat es direction s t a~e n i n the 

s tudy of other sys t ems . R . R . P Jac xson' s three " classical 11 

a pproaches ( 43) ar e i nclud e d : r eduction to a ma rkov 

proc e s s ; t h e i mbe dd e d marko v c hai n ; a nd t he probabi l i s ti c 

d e rivation .of the ~ie ne r - HO)f eq u a tion for wa iting t i me . 

The entir e ly separat e 
V 

approach 0 f Benes h as no t be en 

inc l ud ed. ; hi s bo o~ deals wit h s in ~~le - s erver qu eue s (7),'l'here 

may be , o r a t l eas t Ghoul d be , ot h e r fr e s h appr oaches , 
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serie n s y ~terns , t ho rc ~uc t i on me t ho ds f o r us o ~i ih re ~ular 

The wor~ on eye ic queue s is o~ly touc hed upon . 

Chapt e i 4 a chi eves an even better coverage , as the field 

i s even more s p ecial i zed . Few writ ers see~ to h ave ve ~tured 

into j _ t since J . R . Jac 1 c., on pr e sent e d his generalized poi s son 

~odel ( 4 0) . The.r e are , hoy;ever , the q uite di f:f' e rent 

a pproac hes me ntione d at the start o f chante r 7 . So~e o f 

the s e a~p_ o ac he s have not h i ng t o do wi th q u eues ; o thers d o 

not s eem to ha v e been developed ~i gni fi cantly . 

Cha p t e r 5 deal s with a s peci a lized ~od el which ha s be en 

·studie d e x t e n s ively oy a s 1;1all group . The co verage for t his 

mod e l is go od ; but the r e may be othe r types of co ~mu ~ic ation 
, 

net wqrks 1.;hich ha ve rec eived s tudy . 

Chapter 6 de a l s briefly with a fiel d whic h ha s r e ceive d 

much att ention in t h e l a s t decad e . Th0 coverase of t h~ t h eory 

a n d l i te rature i s not i n t en ded to be thorough , but indicativ e . 

T he r e are v arious papers o n t he topics o f c hapters 5 and 

6 ~hich ar e irr e l e van t i n t hat t hey study t he desi gn o f 

computer software , r ather t h a n the queuein g mod e ls Which 

are the real sub j ec t - matt e r of thi s study . 

7. 2 C?sI TI QUE. 

As we pro c e e d from single - s tat io n ~odels , to series ~o d e l s , 

t o net work mo dels , an d t h en t o a pplications of n e t ~ork mod e l s , 

t h e t heory c l ear l y bec omes more and more limit ed to tha t of 
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T ,, 
-- l,l IJD_;?C r .s , ) o.nd 

st and s on t he :cieTit s of t ~,8 s i mi.l <?.l' c:_:,~ve l o:9r-1cnt ':.'i1ich oc cur .s 

t :nr ou ghout t he II clasGic a l II t lie ory of (;_ueues , o.nd j_ts 

ap1Jli c ati 011s . 

Bhat concludes his survey wi t h these c o mments : 

11 I t is o.U:r fir m belief that the a pplied re s earc he r should 

gi ve up the naive idea that the steady state behaviour o f a 

pois s on arrival, exponential servic e que ueing system is all 

that n e eds to be consider ed. in re a l-life situations ." He Rdc.s : 

II what we need in the soluti on of design probleos ... 

are not simplifying a ssumptions t hat re duce the p roblem into 

farniliar patterns .. ( but) . . . more s ophistj_cat ecl procedures 

which can t alze ca1~e -of th e co mplexities of t he situation . " 

Jac kson and Ad e lson state : 

11 On p e rusing the literature, it soon became o bvi ous that 

onl;y the r e latively simple probl ems .. a re lik ely to yi8ld 

usable sol utions by a nalyt ic methods . The comp lexity of 

many of the se solutions is s uch as to fr i g hten off all 

but the mos t i ntr epi d applied scientists ... II 

The v1ri ters d evote most of the second part of their survey 

( ;,. ) to systems with evnoncntial or Erlan r:: J ist ri outions . - T -· . " .t-- - - ' -

A substantial pie c e of evide nce incline s the pr esent 

writer to side with Jac ~son and Ade l son , as far as the applic -

a t i. ons of this study are concerne c:L The evidence is the 

simulati on studies of Kl e inroc _.;: ( -4,g) , Scherr ( 8 0 ) and 

others . The po i sson :nodels can be modified in various v1ay s 

which do not destroy the simplici ty of t hei r analysis , and 

t he analysis of the se 
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l i feli ~·:e !":O dcls . 
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The y ear sivcn for each reference i s t he year of p ublication; 

many of the ~arks ~ere ~ritten a year or tvo before 

public a tion . 
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