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Well, I do not mind telling you I have been at work
upon this geometry of Four Dimensions for some time.

Some of my results are curious.

— H.G.Wells: The Time Machine (1895) —



Abstract

Solutions of Laplace’s equation in terms of bispherical and toroidal coordinates are used to
derive new exact exterior (vacuum), general relativistic fields, of static axially symmetric
spacetimes.

For each new metric we calculate the first Geroch relativistic multipole moments. By se-
lecting solutions that have even multipole moments, and thus a plane of equatorial symmetry,
we numerically generate the timelike geodesics of test particles confined to these planes.

Approximate solutions of these orbits are calculated, from which the precession of the
perihelion is compared to that of the numerical results and those predicted by a method of
Fernandez-Jambrina and Hoenselaers (2001). Similar calculations are done in the bispherical
case for the precession rate of the line of nodes of a perturbed circular orbit.

Geodesics of zero angular momentum are also presented for various spacetimes. In general,
it is observed that the trajectories of test particles can experience periods of gravitational
repulsion. Furthermore, the toroidal solutions show that the period of oscillation of a test
particle along the axis of a ring like mass distribution can increase as the mass of the source
is increased.

We also consider the application of bicyclide coordinates. In doing so the computation
of Lamé-Wangerin functions are required. New results for the eigenfunctions for the Lamé
equation of order —% are produced. Analytic and numerical results are compared. The

multipole moments and timelike geodesics of this solution are also presented.
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Like all other arts, the science of deduction and analysis
is one which can only be acquired by long and patient study,
nor is life long enough to allow any mortal to attain
the highest possible perfection in it.

Before turning to those moral and mental aspects
of the matter which present the greatest difficulties,

let the inquirer begin by mastering more elementary problems.

— Sherlock Holmes: A Study In Scarlet —



Chapter 1
Introduction

1.1 Thesis Motivation

The simplest geodesic problem in general relativity is concerned with the motions of test
particles and photons in the vacuum gravitational field of a spherical body. The solution
of Einstein’s equations for the metric of such a vacuum field, the Schwarzschild solution,
determines the geometrical properties of space and the rate of flow of time near the body
which creates the field.

The Schwarzschild spacetime does not exactly represent the gravitational field of astro-
physical objects which are, in general, not spherical. It is therefore worth while to investigate,

with the help of test particles, the fields of non spherical mass distributions.

For astrophysical problems the deviations from spherical symmetry of greatest interest
are those which accompany stellar rotation. Such deviations preserve axial symmetry which
enables considerable simplification in the mathematical models of such astrophysical bodies.

In some instances, exact solutions are possible.

Further simplifications can be made by assuming that the body is at rest and the devia-
tions from spherical symmetry are related to variations in the mass distribution which creates

the field rather than to rotation. Such relativistic fields are known as Weyl fields.

This work is restricted to the study of relativistic static axisymmetric fields. Furthermore
we will limit ourselves to the exterior region of the gravitational source. The purpose of
this work is to derive new Weyl fields and investigate their geometry via timelike geodesics.

Particular emphasis will be made on calculating ezact solutions.
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1.2 Outline

This introductionary chapter provides a summary of results needed to achieve our goals. We
begin, from first principles, in deriving the general metric describing a static axially symmetric
spacetime satisfying Einstein’s vacuum field equations (a Weyl metric). The specific field
equations and boundary conditions required so the solutions can be considered as realistic are
then introduced.

This is followed by a few examples of well known and important Weyl solutions and

discussion of their significance.

As we are concerned with non-spherical mass distributions it is natural to introduce the
concept of multipole moments. We do so in flat and curved space and show how they differ.

Methods for their calculation in Weyl spacetimes are subsequently provided.

The vast majority of geodesic studies concerning Weyl spacetimes has concentrated on
those of the Erez-Rosen metric which represents a field of a mass with quadrupole moment
(and higher moments). We summarise the derivation of this metric in detail as the method

serves as blueprint for subsequent chapters.

We conclude this chapter by discussing how the precession of the perihelia of bounded
timelike geodesics can be calculated in terms of (covariant) multipole moments of a given

spacetime.

Having established the necessary foundations and concepts we then proceed in the follow-
ing chapters to calculate new spacetimes and explore their geodesics. In particular, chapter
two is concerned with the application of bispherical coordinates. To simplify our task we seek
solutions for which a plane of symmetry exists to which timelike geodesics are confined. The
orbits of such motions are determined numerically and an approximate analytical solution is

derived. Radial type geodesics (i.e. those of zero angular momentum), are also calculated.
Similar results are presented in chapter three where toroidal coordinates are used.

In chapter four bicyclide coordinates are employed. As solutions to Laplace’s equation
are difficult to find analytically in these coordinates (as we will see is a pivotal requirement for
Weyl solutions) the majority of this chapter is spent in obtaining approximate and numerical

solutions for the metric functions. Some geodesics are also presented.
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1.3 Notations

We shall use a metric with the signature (+,—, —, —). Generally geometrized units in which
¢ = G = 1, c being the velocity of light in vacuum and G the gravitational constant are
used. In the vacuum metrics of general relativity sources appear as singularities. By a

physical singularity we will mean a location in spacetime where a curvature scalar is infinite,
in particular we shall compute* the Kretschmann scalar

K := Rgp.qR%°?

to check for the existence of a physical singularity (Bonnor, 1992; Hawking and Ellis, 1973).

1.4 Axisymmetric Static Solutions of Einstein’s Vacuum Field
Equations

The initial work on static axially symmetric solutions of the Einstein field equations was done
by Weyl (1917) and Levi-Civita (1918) shortly after the development of general relativity.

In addition to being of relevance to astrophysical problems (Morgan and Morgan, 1970;
Semerak et al., 1999a) and as possible final states of gravitational collapse (Doroshkevich et al.,
1966; Zel’dovich and Novikov, 1967), Weyl (i.e. static, axially symmetric) metrics are also of
interest simply because they present us with the rare opportunity of explicitly determining

and investigating a large class of relativistic metrics.

In principle all of the Weyl metrics are known since there exists a precise algorithm for
generating them from an infinite set of Newtonian potential functions. In practice however
the global structure of only a few such solutions is well understood.

In Newtonian physics the axial symmetry of a gravitational field is easily defined: by using
cylindrical coordinates (p, z, ¢) with p = 0 being the axis of symmetry, then the gravitational
potential is independent of the azimuthal angle ¢. We shall now formulate the analogous

problem for general relativity. The following is given by Synge (1960).

Let M be a four dimensional Riemann manifold (without torsion) with the metric g,,
(u,v = 0,1,2,3). If the spacetime is to be axisymmetric we require that the metric coeflicients

be independent of the azimuthal angle ¢.

By introducing a stationary condition we also make them independent of ¢. Ten functions
of two coordinates still remain - we now suppose ¢ and t to be reversible in the sense that the
metric is unchanged if ¢ is replaced —¢ or t by —t. The physical meaning of this additional

requirement is that the spacetime we are considering is not rotating!.

We note however, if the condition of simultaneous inversion is applied, that is ¢ — —¢

*The symbolic software MAPLE is used to perform the necessary calculations.
tAn intrinsic (coordinate independent) characterization of static axisymmetric spacetimes based on the existence

of two Killing vectors can be found in Kramer et al. (1980), for example.
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and t — —t, then the metric is that of a rotating body. Details of this generalization can be
found in Islam (1985).

The assumed invariances requires the metric to contain dy and dt only as squares, or

ds? = gudt? — g,,dp? — ¥ (1.1)
v = gu(d:l:l)2 + 2912d$1d$2 + gzg(dz2)2 (1.2)

where g, = guv(z!,2?) and we have five unknown functions. A further simplification can
be made and reduce the number of unknown functions to three, the essential step is to use
coordinates (z!,z?) for which ¥ has the diagonal form

¥ = a? [(dz)? + (dz?)?] (1.3)
where a is a function of (z!,z?) and so we can now write the general line element as
ds® = (2dt? — B2 dg? — o? [(dz")? + (dz?)?] (1.4)

where a, 8, ¢ are functions of (z!, z2).

From (1.4) the Ricci tensor has the components

- (2,2, B (509)-2(548) oo
o = (8] 4 (B2 (3 6) 2(50) s
R R
Ry; = %(Aﬁ+%(ﬁ1<l+ﬁ2c2)) (1.8)
Ru = 2 (80+5 (06 +5:6) (19

where the subscripts on the right refer to partial derivatives with respect to z! and z2 and

AB = i1 + P22
and so forth. In particular we have

R}+R} = B *Rsz-— ¢ 2Ry
1

= % A(BC). (1.10)

As we are concerned with vacuum solutions the field equations are

R, =0

and so from (1.10) we have A(B¢) =0, and thus it follows that 3¢ is a harmonic function. We

can therefore write 8¢ = p(z?, z?) and introduce the harmonic function z(z!,2?) such that

p+iz = f(z! +iz?)
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where f is an analytic function. By the (conformal) transformation (z1,22) — (p, z) we can

now write
U = o2 [(dxl)z + (dmz)z]
= A(p,2) (oip2 + dzz) . (1.11)

Thus in any domain in which the conditions of axial symmetry are satisfied and in which
R3 + R} = 0 the metric is reducible to

ds? = e®dt? — 21~ (dp? + dz?) — pte W dyp? (1.12)

where 1) and <y are functions of (p, 2).

From the Ricci components we have

5(R11+Ryp) = Ay-— (A¢ + ¢1) + 9% + ¢35 (1.13)
5(Ri1— Ryp) = ¢ — 93— % (1.14)
Rip = 219 — 7 (1-15)

3 4 _ (21
R-Rf = -2 (A¢ +2 ) (L.16)

or from the vacuum equations we obtain

%y 1oy 0%y
St oot o5
op pOp Oz

-l
Oy _,, 0000
0z Op 0z

Equation (1.17) is recognized as Laplace’s equation in cylindrical* coordinates (p,z,) in

=0 (1.17)

(1.19)

Euclidean 3-space for a function which is independent of ¢.

If (1.17) is satisfied then (1.18) and (1.19) are integrable. Thus v can be calculated to

within an additive constant by

= [ o1~ ¥D) dp+ 20,0 dz] (1.20)

where the path of integration is any domain in which the vacuum equations are satisfied. We
note although V21 = 0 is a linear partial differential equation, the equations for v manifest

the non-linearity of the Einstein field equations.

Therefore there is a straightforward method of obtaining static, axisymmetric, vacuum,
general relativistic fields. Namely choose an appropriate Newtonian gravitational field and
complete the process by integrating (1.20). As we will see in following sections, the true
physical significance of a new solution can be difficult to isolate and quite often shows no
resemblance to the Newtonian potential (¢) from which it is generated.

*Often referred to as (canonical) Weyl coordinates.
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1.5 Metric Boundary Conditions

Clearly for a solution to be physically relevant the metric functions 1 and v must satisfy not
only the Einstein vacuum field equations but also other conditions which follow from simple
physical considerations.

The line element must reduce to the Minkowski metric at spatial infinity. This means
that the gravitational field vanishes at large distances from the gravitational source i.e. it is

asymptotically flat. From (1.12) we have the requirements

pgr& P(p,z) =0 (1.21)
Jim ~(p, z) = 0. (1.22)

Furthermore the metric must be invariant under the transformation ¢ — ¢ + 2.

The singularities of ¢ will refer to sources of the gravitational field, but the metric
ds? = e®dt? — e (dp? + d2?) — pPe” W dp? (1.23)

may also have singularities representing stresses on the z-axis. Singularities of this type are
called conical singularities (Bonnor, 1992).

To avoid such singularities we must have for any infinitesimal spacelike circle, the ratio of
circumference to radius shall be 27, of course the dangerous place is the 2 axis; if we take a
small circle on which (p, z,t) are constant, with p infinitesimal, it is easy to see from the metric
(1.23) that the requirement is satisfied if (Bergmann, 1942; Synge, 1960; Szekeres, 1968)

lim v(p, 2) = 0. (1.24)

1.6 Examples

Here we present a short summary of a few well known axisymmetric spacetimes. This is only
a small selection of the many exact solutions known. Further examples and discussion can be
found (for example) in Bonnor (1992); Kramer et al. (1980) or Scott (1988).

We refer to mass ‘multipoles’ in the following examples, a discussion on which is found
in a following section, and how they must be redefined in curved space. Nevertheless for
this section the classical (flat) definition will suffice: the coefficients of the potential 1) when

written in terms of spherical coordinates.
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1.6.1 Curzon Solution

The mathematically simplest example belonging to the Weyl class of metrics is the gravita-
tional field produced by a spherically symmetric mass distribution with total mass m which is
located at the origin of the cylindrical coordinate system. This is the Curzon (1924) solution
in which

_ m  _ m
_W =-_ (1.25)
m?2p?
1= (1.26)

Although generated by the Newtonian mass monopole, it is not equivalent to the Schwarzschild
metric, which is known to be the unique spherically symmetric vacuum solution (Birkhoff’s
theorem). It’s far field is that of a mass at »r = 0 with multipole structure. Despite the ease
with which it is generated, its source structure and global structure remained a mystery until
the papers of Scott and Szekeres (1986a,b). It has no horizon (g4 does not vanish for r > 0)
but has a curvature (naked) singularity at r = 0.

One of the lessons which was learned from this solution is the directional character of the
singularity at 7 = 0. The limit of the Kretschmann curvature scalar depends on the direction
of approach to the singularity (Gautreau and Anderson, 1967). K — 0 as 7 — 0 along the

z-axis, but K — oo as r = 0 is approached from any other direction.

This suggested that the Weyl coordinates might be extensible through the singularity.
Scott and Szekeres (1986a,b) showed this to be true and showed that the Curzon singularity
is a ring (that is, rings comprised of curvature singularities occurring in the hyper-surfaces

t = constant of the Weyl space-times) on which some time-like geodesics terminate.

These rings are known to be a common feature throughout the entire Weyl class. That
the Weyl metrics should exhibit singularities in the form of rings is not surprising, since all

metrics in the class are axisymmetric.

Recently Bicdk et al. (1993) have shown that the Curzon solution can arise as the metrics
of counter-rotating relativistic disks. Interior solutions for 0 < 79 < r matched to the Curzon

metric are also known (Hernandez, 1967; Marek, 1967).

1.6.2 The Two-Particle Curzon Solution

The Curzon solution can be generalized in an obvious manner. The two-particle Curzon
solution, which will come as no surprise, was discovered by Curzon (1924)*. It holds a special
place in the hierarchy of exact solutions in general relativity and as Scott (1988) comments

no survey of the Weyl metrics would be complete without mentioning it.

This solution which is probably the most enlightening of all exact solutions is generated by

the Newtonian potential of two point masses of mass m; and mz. For the mass configuration

*There seems a little confusion here. Scott (1988) claims that this solution was indeed discovered first by
Curzon, however Bonnor (1992) claims it was Bach and Weyl in 1922. This is also supported by Misra (1960).
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to be axisymmetric the two particles must both lie along the z axis at z; and 2y respectively
(21 > 22). The metric terms are

Y= R R (1.27)
where
Ryo = \/P2 + (2 — 212)? (1.28)
and
1, mf m% 2mima p2+(z—z1)(z—z2)
= 2|, m™ —1f. 1.29
! 2" {R‘f Ry | (22— 21)? R1Ry (1.29)

Clearly 1 refers to two Curzon particles on the axis of symmetry. This is a static solution,
therefore, how can a static (vacuum) solution consisting only of two point masses be at
rest? Two masses at rest in vacuum should gravitate. This observation lead Silberstein
(1936) to claim that the general theory of relativity was incorrect. Einstein and Rosen (1936)
subsequently showed that in fact the two particle solution is not a purely vacuum solution

and provided the following argument (Scott, 1988).

Consider a small circle given by ¢t = constant, z = constant (z; < z < z3), p = constant

and small. The circumference C and radius R of this circle as R — 07 behaves as
C/R — 2me™ where ~=+(0,z). (1.30)

Now for z; < z < 23, 7(0,z) # 0 and so C/R does not approach 2 as R — 0%. Hence
the spacetime violates the condition of elementary flatness on the section of the axis between
the two particles suggesting the existence of a strut holding them apart and explaining the
static nature of the solution.* Furthermore Bonnor (1992) comments that the matter of this
strut is precisely the sort that has zero active gravitational mass. Therefore it will exert no
gravitational field (Israel, 1977) and hence does not appear in (1.27).

Interestingly Szekeres (1968) showed that static, two body solutions can exist in general
relativity provided at least one of the two point masses is endowed with a multipole mass

structure. This allows equilibrium to be achieved without the need for an intervening strut.

Furthermore Dietz and Hoenselaers (1982) using techniques to generate stationary solu-
tions from static ones obtained from the two particle Curzon solution a stationary axisym-
metric solution representing two particles precisely balanced by their spin-spin interaction.

This solution is also a purely vacuum solution and no strut is required.

1.6.3 The Zipoy-Voorhees Metric

Various studies of the Weyl solutions indicated explicitly how important it is to always check
whether a result is not just a consequence of the choice of coordinates. Consider the Zipoy-

Voorhees metrics, which are a subclass of Weyl metrics. These solutions are generated by

*This lack of elementary flatness, i.e. lack of differentiability as the metric is only Co at the center of the circle
considered gives via the Einstein equations rise to a non-vanishing energy momentum tensor. This energy
momentum tensor has the form of a § function and describes consequently a line source (Fodor et al., 1989).
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the Newtonian potential of a constant density line mass with total mass m and (coordinate)
length [, which is located along the z-axis with the mid point at the origin:

m. Ry+ Ry—2l
L e S
v 2l . R+ Ry + 21 (1.31)

v = —m—2n[ AR Ry ] 1.32
22 " [(Ry + Ro)? — 42 (1.32)

where
Rio=1/(zx1)2+ p2. (1.33)

This metric was first derived by Bach and Weyl (1922). It has since been discussed and
investigated to a varying extent by numerous authors (Zipoy, 1966; Gautreau, 1969; Voorhees,
1970; Cooperstock and Junevicus, 1974) and is more commonly referred to as the Voorhees

or Zipoy-Voorhees metric or the y-metric.

Again this metric has a directional singularity if m > 2[, but not for m < 2! (Gautreau
and Anderson, 1967). At infinity the metric represents an isolated body with monopole and
higher mass moments. An interior solution for it has been given by Stewart et al. (1982)

The Curzon metric is obtained by letting I — 0 and keeping m finite. The Schwarzschild
metric is obtained when [ = m. Thus in Weyl coordinates the Newtonian potential 1) cor-
responding to the Schwarzschild solution is that of a finite rod with mass density 1/2 and
length 2m.

1.7 Aspects Relating To This Thesis

Let us make precise the meaning of the terms solution and source. In referring to a solution
of the field equations, we mean a metric g,, which satisfies the static axially symmetric
vacuum field equations. This metric is then to be thought of as the exterior solution for some
configuration of matter referred to as the source. For example, the Schwarzschild metric can
be considered as the exterior gravitational field of a spherically symmetric shell of matter,

which would then be referred to as the source.

The idea of fitting a coordinate system to the problem at hand is not new and is frequently
used in physics. It has been established earlier in this chapter that the Weyl coordinates (p, 2)
can be tentatively regarded as cylindrical (they are actually the analog to the cylindrical
coordinates in flat space), it is then natural, in the quest for solutions of Laplace’s equation
(fundamental in the construction of any Weyl field) to go one step further, guided by the
symmetries of the source configuration, and consider other coordinates which are related in

the usual way to the cylindrical coordinates of flat space.

Throughout this thesis, it will be assumed that coordinates (z®) are chosen; these are

adapted to the symmetries of the source in the sense that the exterior solutions obtained

1

will be valid outside of some hypersurface - = const. and this hypersurface will be said to

correspond to the (surface of the) source.
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The method employed throughout this thesis then is to explore Weyl-type coordinate
systems whose eigensolutions, that is the solutions 1 and ~ which result when separable so-
lutions of Laplace’s equation are used, can represent exteriors of bounded, physical sources.
This thesis will consider several exact solutions of Einstein’s equations. Regarding the astro-
physical motivation, those solutions that are relevant and therefore studied here are generally
(exceptions arise in the bicyclide chapter) those that do not contain struts (the two particle
Curzon solution for example) and membranes - the supporting singularities, the presence of
which indicates that a given system of sources cannot remain static according to the field

equations.

We reiterate however, that no matching of interior to exterior solutions is considered in
this work, although an extension of the thesis does naturally lead to potential applications of

matter-vacuum matching problems.

1.8 Multipole Moments

It is apparent from the examples given in section 1.6 that in general there is no correspondence
between the geometry of the source for a Weyl metric, and the geometry of the Newtonian
source from which it is generated*. How then can we obtain some meaningful physical inter-

pretation of a newly generated Weyl solution?

One means of constructing an intuitive picture in Newtonian theory is provided by mul-
tipole moments. Given that Newtonian theory is contained in Einstein’s theory perhaps one
can gain some information about the gravitational field by calculating the corresponding New-
tonian limit of the metric. Unfortunately, it will be shown that this limit is not unique and
depends on the choice of coordinates (Thorne, 1980) and thus a covariant means of calculating

the multipole moments of the source is required.

1.8.1 Overview

Multipole moments give useful information about the gravitational field of an isolated source.
In Newtonian theory they can be calculated by appropriately weighted integrals over the
source. Such a prescription is also available in general relativity and defines the so-called
Dixon moments (Hoenselaers, 1992). Furthermore in Newtonian theory there is also the
possibility of reading off the moments from the gravitational far field and they agree as the
theory is linear with the source moments. For relativistic stationary fields, far field moments

can be defined, however there is no link known between them and the source moments.

The multipole moments of solutions of Einstein’s equation might similarly suggest in-
terpretations of these fields. For example, if a Newtonian potential exists having the same
multipole structure as a given solution of Einstein’s equation, that potential could be regarded

as the Newtonian analog of the given solution. One would not expect however, that all fea-

*Furthermore, there is not a strict 1—1 correspondence between the Weyl metrics and their generating Newtonian
potentials, for example there exists four distinct Newtonian potentials which generate flat space! (Scott, 1988).
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tures of Newtonian multipole moments will survive the transition to general relativity, for
curvature is likely to destroy the moments in regions near the sources. However, the moments
may reappear as the curvature dies away, that is for large distances from the sources. Thus
it would be reasonable to expect that multipole moments exist for asymptotically flat space
times and these moments should be quantities at infinity.

Geroch (1970a,b) considered multipole moments in curved, static, asymptotically flat and
empty spacetimes and proposed a covariant and thus coordinate-invariant definition for them.

We shall be interested in these moments throughout this thesis.

Geroch'’s definition was generalized by Hansen (1974) to include stationary fields. Clarke
and Sciama (1971) defined multipole moments for static fields by using Sommerfelds’s method
for solving Poisson’s equation although this work is coordinate dependent. Another coordi-
nate dependent definition of multipole moments was proposed by Thorne (1980) although the
coordinates were investigated from a physical point of view and a method for choosing suit-
able coordinates was given. Beig and Simon (1981a,b) formulated a coordinate independent
definition by using the previous works of Geroch and Hansen.

1.8.2 Classical Definitions

Since Newton’s gravitation theory is contained in Einstein’s theory as a special case one
can investigate certain cases of a given metric in order to understand its physical meaning
and structure*. One of these limiting cases is the linear approximation which involves the
gravitational field at large distances from the source. The explicit calculation of the linear

approximation is related to the coordinates in which the metric is given.

The linearized line element can be written (Misner et al., 1973)
; 29
ds® = (1 + 2(1)) dt? — (4ekaJJ + A, ) dtdz* — [(1 - —) dij + A”] de'dz?  (1.34)

where i,j,k = 1,2,3. A;; are time-dependent quantities of order O(r~!) which lead to the
appearance of gravitational waves. We shall be concerned with static fields thus we will neglect
these quantities and likewise the angular momentum J* can be eliminated (the source static,
i.e. is not rotating). The quantities A; are of O(r~%). They determine higher order moments

of the angular momentum distribution. The function ® satisfies Poisson’s equation
V20 = 4mp (1.35)

where 1 = mass density. Thus we conclude that @ represents the Newtonian gravitational
potential. As we are interested in axisymmetric fields, solutions of (1.35) can be written in

terms of spheroidal harmonics

d(x) = G/ p(x') Bz

Ix x|

— _GZ }:)l C030 /p,(x')'r/lPl(Cosel) d3(13/ (136)

*We shall explicitly include the velocity of hght in vacuum c and G the gravitational constant in this section.
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o(x)

FIGURE 1.1: Coordinates employed for spheroidal harmonic expansion for the
potential at x of a body who’s elements have position x;.

where Pj(cos 0) are Legendre polynomials. We define the multipole moments of a mass distri-
bution of density p(x’) as

M, = /,u )yt Py(cos ') d 3

Then the Newtonian gravitational potential of an axisymmetric distribution is
-G E )(cos 8). (1.37)

The monopole moment, My = M, is the total mass of the system. The dipole moment M;
can be made to vanish by a change of coordinates so that the new systems origin is located

at the center of mass of the distribution. The mass quadrupole moment is defined as
Moy=Q = %/u(x’) [3(1:’3)2 - r'2] d¥%’. (1.38)

For a prolate source > 0. If @ = 0 then the mass distribution is spherically symmetric, and
if @ < 0 then the source is oblate.

One can calculate all multipole moments of a given metric by investigating the respective
expansion in inverse powers of a suitable radial coordinate. The multipole moments can then be
obtained in the static case, from the metric coefficients g;. Although it must be remembered
that this computation is coordinate dependent. For example, consider the Schwarzschild

metric:*

1. In spherical coordinates

-1
ds? = & (1 _xM > dt* — (1 _ ;oM > dr? —r? (d6? + sin® 0 dg?) .

c’r cer

Clearly from (1.34) and (1.37) we have Mo = M with all other moments null. Thus the
Schwarzschild metric describes the gravitational field of a spherically symmetric mass

distribution of total mass M.

*This example is from Quevedo (1990).
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2. In isotropic coordinates the coordinate R is related to the radial coordinate by
GM )2
2¢2R

T=R<1+

the metric reads

2
ds? = 1‘2%%2 2 GM \* 2 2 2 2 2

GM .
e\ d? = (14 o5 [dR? + R? (d6® + sin® 6 dy?) |

Expanding ¢4 in inverse powers of R we have

GM/c* _(GM/c?)?
2 .
R

g ~1-—
implying the multipole values
Mo =M, My o« —(GM/c?)?,

and hence, in isotropic coordinates the Schwarzschild metric appears to represent the

gravitational field of a non spherically symmetric source.

It is clear from this simple example that the determination of the multipole moments is
reliant upon the coordinates used to determine them. The comments of Bondi and Rindler
(1991) seem particularly applicable here,

“Non-linearity is such an integral feature of general relativity that we did not feel
it profitable to look at the purely linear approzimations, even far from the source,
where deviations from flat space are bound to be small, but the featureless char-
acter of Minkowski space makes it difficult to separate relevant deviations from
coordinate peculiarities.”

1.8.3 Geroch Multipole Moments

We now briefly describe the Geroch multipole moments corresponding to a static axisymmetric
field. There importance is based on the fact that they are defined in a covariant fashion and

thus are coordinate independent.

This section is a summary of the works of Hansen (1974); Geroch (1970b); Quevedo (1990)

and Hernandez-Pastora and Martin (1994). Further details can be found in these references.

Recall that in Newtonian gravity the mass multipole moments can be defined in two
equivalent forms. Firstly, as moments of a mass distribution (see (1.36)) if the mass density
is known, or secondly as the coefficients of the multipole expansion given by (1.37). The

following definition was proposed by Geroch (1970b).

The multipole moments are conformal Killing tensors in an Euclidean space N with the
metric h;;. Thus the tensors ¢4 satisfy the equation V(ifjk"") = hUITk-1) where V is the

gradient operator in N and T*-! is an arbitrary tensor in N.

The multipole moments of a solution of V2¢ = 0 in flat space, whose solution is

¢ =r'Q+77°Qirt + 31 7°Qur'al + - (1.39)
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where x is the vector and r its norm, are the set of totally symmetric, trace-free, independent
matrices @, @i, Qij, - ... Suppose that these matrices are defined at the origin of the coordi-
nates which is not related to a given point but it can be any arbitrary point of . Then the
matrices @, Qi, Qij, - - . are Killing tensor fields.

Due to the coordinate invariance and covariant character of this interpretation, one can

expect that the corresponding generalization to general relativity permits a similar relativistic
definition for multipole moments with the same properties.

This idea was developed by Geroch (1970b) for static and by Hansen (1974) for stationary
asymptotically flat solutions of Einstein’s vacuum equations.

Let M be a torsion free four-dimensional Riemannian manifold with the metric g,, which

has signature (+ — ——) and satisfies Einstein’s vacuum field equations. Let £% be a timelike
Killing vector field defined in M. The norm f, and twist w, are defined by
f=6%,  wa= et VEL (1.40)

The vacuum field equations require Viqwy = 0, thus there exists a scalar field Q satisfying
wa = Vo The set S of trajectories of £* in M is (at least locally) a differentiable manifold
with the metric \

Sij = 9009 + 9oigo;-
The following definition given by Geroch guarantees the curvature of S dies away at large
distances from the sources. This amounts to adding the “point at infinity” (A) to the manifold
S by means of a conformal transformation. The asymptotic behaviour of a field in S is then

determined by the behaviour at A.
A three-dimensional manifold S with metric s;; is called asymptotically flat if there exists

a manifold S with the metric 5i; which satisfies the following conditions:

1. S = S U A where A is a single point.
2. 5= o2 sij where © is a scalar field defined on S.
3. Olp =0, Diel,\ =0, DiDjOIA = 2.§ij|/\.

Here D; represents the covariant derivative operator associated with §;;. For example, Eu-
clidean 3-space is asymptotically flat in this sense: choose the conformal factor © = r2,

where r is the distance from the origin.

Furthermore, one introduces the scalar fields*

M = % (f2 +e?-1), &M= ﬁQM (1.41)
in S and defines the symmetric, trace-free tensor fields P(fl’l_ a BY
pM _ ¢M
P%‘.alﬂ = C [Datﬂpcﬁf...al - %l(2l - I)Razawlpg...a,_l]

“There also exist scalar fields corresponding to the angular momentum distribution, but as we are considered

with static fields we omit these terms.
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where C[T,..c] denotes the totally symmetric trace-free part of T, . and Rala2 is the Ricci
tensor in & and is present to ensure the correct behaviour of the moments under an additional
conformal rescaling of 5;;. This conformal rescaling of the unphysical metric 8;j reflects a
change of origin respective to which to the moments are defined in the unphysical manifold

S. The 2!-pole (mass) moments of ®M are determined by the value of the tensors P,fl’f a At A

Mo, o, =P} s (1.42)

It is natural to ask whether this definition when applied to a Newtonian potential in
Euclidean space produces the usual multipole moments for that system. For illustrative
purposes, let ¢ be a Newtonian potential, which clearly satisfies V2¢ = 0 in Euclidean space.
Then ¢ possesses a multipole-moment expansion of the form given by (1.39).

Define the new position vector Z% = r~2z% with respect to the origin at infinity. The

series (1.39) expressed in terms of Z% takes the form

¢=171Q +7r71QuZ% + r1Quzz + - - - (1.43)

2

It was noted above that {2 = r~* is an appropriate choice of conformal factor for completing

Euclidean 3-space. Making this choice, and setting o=V 2¢ we have
¢=Q+ QuZ® + 1Qup7°Z + - -- (1.44)

and it follows then

Q = ¢Z|A, Qa = Da‘;’l/\) Qab = Dabb‘zll\a cee (1'45)

where D, is the derivative operator associated with sij. We note that these expressions
coincide, in the case of zero curvature, with those of (1.42). Thus this formulation applied to
a Newtonian potential in flat space yields the correct values for the multipole moments of the

system.

Recall that multipole moments of a system are implicitly defined with respect to some
origin, and depend on this choice of origin. The behaviour of the Newtonian multipole mo-
ments under a change of origin is also reflected in this new formulation under a change of

conformal factor.

The conditions (1)-(3) above for asymptotic flatness do not determine the conformal factor

uniquely. In fact, one can choose any conformal factor Q' of the form
' =Quw

where  is a conformal factor satisfying conditions (1)-(3) and w is any smooth function
whose value at A is unity. Since arbitrary conformal transformations can be generated by

repeated application of infinitesimal ones, it suffices to consider the case in which w differs
infinitesimally from 1.
The multipole moments which result from the use of the conformal factor € are related

to those associated with Q by

Pl ult = Poyay — 32 = 1€ [Puy_a s Dayw] | (L46)

aj...ap
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Notice that the change in the 2! moment depends only on the 2!-! moment. Geroch

has shown that his behaviour reflects precisely the usual dependence of Newtonian multipole
moments on the choice of origin.

The actual calculation of the moments for a given exact solution is laborious. The axis
of an axisymmetric solution, i.e. the set of fixed points of the action of the angular Killing
vector, passes through A and only the geometric objects invariant under the action at A
are the axis vector and the metric itself. Hence the multipole moments are proportional to
the symmetrized trace-free product of the axis vector with itself and it suffices to know the

numbers
1

Tl

M, PM . n® . n%m, (1.47)

ai...qp

where n® is the unit axis vector to determine the multipole moments.

The covariant character of the Geroch-(Hansen) moments follows from the tensor char-

acter of the quantities Pf”l. _a;» Whose explicit value is not related to any coordinate system,

thus this definition is coordinate invariant.
For a given static axisymmetric solution one can calculate the Geroch moments via
1. Calculate f and 2 from (1.40).

2. Choose the conformal factor, © such that the conditions for asymptotic flatness are
satisfied

3. Calculate the potential ® from (1.41)

4. Calculate the multipole moments from (1.47).

Even with this simplification, (1.47), the explicit calculation of the multipole moments is
still time consuming. Hoenselaers (1986) has found a relation between the Ernst potential of

a metric and its Geroch-Hansen multipole moments.

The procedure is outlined in the next section and is used throughout this thesis. Note:
throughout this work the phrase ‘relativistic moments’ refers to these Geroch moments and

use of the symbols My = m, My = Q, My etc for the mass, quadrupole and 2%-pole respectively.

1.8.4 Algorithm to Compute the Relativistic Moments
To calculate the Geroch multipole moments of a static axisymmetric (Weyl) metric
ds® = e2Vdt? — e (dp? + d2?) — ple P dy? (1.48)

where 9 = 9(p, z) we begin by computing*

*This function is related to the Ernst potential E, which, for static fields is given by E = eZ¥.
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Introduce the new coordinate zZ = 1/z, and calculate

hy = d—t'f
dz
dh;_;
hy = PE +2&hi_1hy for 1>2. (1.49)

The mass multipole is given by

hi1

My =dy — L
(l + 1)' p=0,z=0

(1.50)

the term d; in (1.50) vanishes for | < 4, afterwards the expressions gets complicated and indeed
no closed formulae are known for them. Here we give the first few terms, a comprehensive set
up to dio can be found in Fodor et al. (1989).

dy = %mo(m% - mzmo)

ds = gmo(mamy —mamo) + £mi(m? — mamg) (1.51)

where the m; terms are given by

1 d't1¢(z,0)
(I+1) dzi+t |-y

m; =

1.8.5 Weyl Moments

Recall that the metric function 9 in (1.48) is a solution to Laplace’s equation in flat space,
V24 = 0. They have the following asymptotically flat general solution

)
v=> ,%Pn(cos 9) (1.52)

n=0
where 72 = p? 4 22, cos = z/r and P,(cos6) are the Legendre polynomials. The coefficients
a, are real constants which will be called “Weyl moments” since evidently they cannot be
identified with the relativistic moments despite the formal equality between expression (1.52)
and the classical potential (1.37). For example the Schwarzschild solution, which defines a

pure monopole (mass M), is defined in the Weyl structure as

M2n+1

_ =0 1.
o r 1’ 2t (1.53)

a2n =

which is very different from the “Weyl monopole” defined by the only non null coefficient ag

corresponding to the Curzon solution (see section 1.6).

Making use of a procedure defined by Thorne (1980) for the calculating of the multipole
moments of a stationary metric, Hernandez-Pastora and Martin (1994) give expressions for the
Geroch moments M,, in terms of the Weyl moments a,. They concentrate on even multipoles,

thus they assume that the source has equatorial symmetry and the origin of the coordinates
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is in the symmetry plane. They find that the moments are related by*

My = -—ao
1
M2 = gag—ag
19 8
M4 = —ﬁag + 70,(2)(12 — a4
389 23 60 17
Ms = 355% — 370002 + 50003 + 70504 — as, (1.54)
or inverting
ap = —My
1
as = —§M8 - M2
1
a4 = —gMg - §M3M2
1 25 60
ag = -7Mg - ﬁM{,‘Mz - ﬁMoMg. (1.55)

These result will become useful in later chapters when the expansion (1.52) is required.

1.9 Erez-Rosen Spacetime

It is obvious that the Schwarzschild solution does not exactly represent the gravitational fields
of astrophysical objects which are, in general, not spherical. Of physical importance is the
Wey! metric of Erez and Rosen (1959) whose exterior (static) gravitational field is of a mass

with quadrupole moment.

The method used to formulate this metric serves as a prototype used throughout this
thesis. In essence the method is based on introducing new coordinates in which Laplace’s
equation separates into ordinary differential equations. Clearly numerical techniques could be

used to solve the field equations. We have strived to obtain exact solutions.

1.9.1 The Metric

Prolate coordinates (), v, @) are related to cylindrical coordinates by (m is a constant)

_ T+ +7r_ _ Ty — T
where
ri=p?+(zxm)?, A>1, -1<pu<l (1.57)

The Weyl metric (1.12) in these coordinates is
d\?
A2 -1

*Expressions up to M, are given in Hernandez-Pastora and Martin (1994), it is interesting to note that they
computed the first 20 Geroch moments but state to publish them would require the whole journal by itself.

d 2
ds? = e dt? — m2e~ %W [6270\2 —u?) ( + 1 —Mlﬂ) + (1= pH(N=1)dp?| (1.58)
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with 9 = ¥(A, u) and v = v(A, p) which satisfy

(2 -] +]a- W] =0 (1.59)
0 1-p?
B = o PV - DR A - i - 2 — D] (1.60)
oy A2 -1 2 2 24,2
il vy (102 = 1)y} - u(1 - W2)g2 +22(1 - 2t ] - (1.61)

The differential equation (1.59) can be solved by the method of separation of variables, let

YA ) = AN M (u) (1.62)

then (1.59) becomes
(2 - 1)AA]A —aA = 0 (1.63)
(- ;R)M,,]“ +aM = 0 (1.64)

where a is a constant. In order to avoid singularities at u = +1 we take
a=v(v+1l) v=0,1,2,...

The general solution of (1.64) is given by Legendre polynomials P,(u). As 1 must be asymp-
totically flat we take for the solution of (1.63) to be the Legendre functions of the second kind
Qv (N\). Thus we take ¥ = P,(u)Qu(A).

The special case v = 0, after the coordinate change A = —\ is

¥ = RuQo(-Y = 31 (357 (1.65)

which corresponds to the Schwarzschild metric in prolate spheroidal coordinates.

The Erez-Rosen [ER] solution is that generated by taking

Y = Po(u)Qo(=A) + qP2(p)Q2(=2) \ (1.66)
- -1\ 3
= %m (i - 1) + %q(3u2 -1) [%(3,\2 —1)In (/\ - 1) + §,\] (1.67)

from which we calculate

1 A2 -1 3 2 A—1
vy o= 5(1+Q)2ln<m‘)—:‘Z’Q(l_“)[)‘ln()‘_'_l +2 (1.68)
4
e (1) R - N 5 (169)
5\ (A—1
2 2 _ 2,2 _ Y
+/\<)\ + 74 — 9\ 3)1n()\+1)+ (1.70)

A—-1
%(}\2 _ 1)(A2 + “2 — 9A2/J,2 — ].) ln2 (m)] . (171)
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The meaning of the parameter g can be elucidated by the asymptotic behaviour of the metric
function gy = e?¥. We introduce spherical coordinates via A = r/m — 1 and p = cosf. As
r — oo we have

9 Qm?

m_Q
gtt == 1+2{_7—r—3P2(C080)+TLIT—5P2(COSO)

1
+5 [—15—4Q m3 Py(cos 0) + % Q? PZ(cos 0)] + - } . (1.72)

Accordingly we see that the asymptotic expansion of gy leads to the Newtonian gravitational
potential of a mass m with quadrupole moment*

Q= 1—25m3q-
This determination of the quadrupole moment is not coordinate invariant. However in this
specific case, the quadrupole moment @) coincides with that obtained by using the relativistic,
coordinate independent Geroch definition (Quevedo and Parkes, 1991). The physical meaning
of the ER solution has been investigated by Zel’dovich and Novikov (1965).

Unlike most Weyl spacetimes, the geodesics of the ER solution have been extensively
studied (Quevedo and Parkes, 1991; Quevedo, 1990; Krori and Sarmah, 1991; Armenti, 1972).
The asymptotic spacelike geodesics in the Curzon solution have been presented (Scott and
Szekeres, 1986a,b) and Semerdk et al. (1999a) have studied the geodesics in superimposed
Weyl spacetimes, in particular those of the form of a Schwarzschild + ring field. Generally
speaking the literature is short of geodesics studies of Weyl metrics.

1.10 Perihelion Precession

An aim of this thesis to generate bound timelike geodesics governed by the new metrics
derived in the upcoming chapters. Here we summarise the paper of Fernadndez-Jambrina and
Hoenselaers (2001) who determine the influence of high order (relativistic) multipoles in the

perihelion precession of an equatorial orbit.

Bertrand’s theorem (Goldstein, 1980) states that stable bounded orbits of particles moving
under the influence of a central force which is neither Newtonian nor harmonic are not closed.
Thus whenever the source of the gravitational field is not monopolar, the bounded trajectories
in the equatorial plane will no longer be the elliptic orbits described by Kepler’s first law but

will be of a precessing ellipse if the deviation from spherical symmetry is small.

It has been proven for general relativity that there are just two asymptotically flat static
spherically symmetric spacetimes in which the stable orbits are closed but they are rather
different from the classical physical situations (Perlick, 1992). When relativistic effects are
taken into account, not even the motion around a spherical distribution of mass is closed
and is referred to as perihelion precession. Of course higher multipole moments of the mass
distribution will also contribute to this effect.

*Higher multipole moments do not vanish. A pure mass plus quadrupole solution is given by Hernandez-Pastora
and Martin (1994).
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Using (1.52) (and the associated general expression for the remaining metric term =),
Fernandez-Jambrina and Hoenselaers solve the general (geodesic) equations of motion for a
test particle (in the 8 = 7/2 plane) by a perturbative expansion.

In order to evaluate the contribution to the precession of higher order multipole moments
the equations are not expressed in terms of the Weyl moments a,, but in the more physical
Geroch relativistic moments M. They use the dimensionless parameter*

e=2 (1.73)

to expand the equations, where M is the mass of the gravitational source and L the angular
momentum (per unit mass) of the test particle (L is a constant of the motion). Furthermore

the energy per unit mass of the particle can also be expanded in ¢
E=1+¢) Epe" (1.74)
n=0

the expansion starts at this order because the expression for the energy associated with the
Kepler ellipse (—1/2 < Ey < 0) which is expected to be the first term, is second order in e.

As we are concerned with static! fields we have in the expansion of E

B = Ey=Es=0 (1.75)

B, = —6-10E, - 1E2 (1.76)

By = —% —20E) - 13E} + 1E3 + (2 + 3Eo) 24 (1.77)
0

and the perihelion shift is given by
Ap=m(Ag+ A1+ Ay + Aqg). (1.78)

The first term Ao comprises the Newtonian contribution to the precession, that is, the terms

which remain after taking the classical limit ¢ — oco. It is given by

_ 3M, 4 (105 45E0)% (10_5 15E0) M2\ 4
Ag = Mge +{ 8+ 1 M8+ 8+ 1) s € (1.79)

it is seen that it only contains only mass multipole moments since rotation has no influence

in Newtonian theory.

Although? these (and subsequent) terms are expressed in geometrical units, if the usual

constants are included the actual magnitudes of each term is recovered.

For example, the first term in (1.79) has a factor G2 and the second a G*. For oblate
gravitational sources the quadrupole moment M, is negative, thus it contributes to a posi-
tive shift of the perihelion in the first order. The next order shift, the contribution of the

*According to Kepler’s law which is assumed to be a good approximation at a great distance from the source,
L ~ \/mr, where m is the mass of the particle.Thus the dimensionless number M/L should be small.

tFernandez-Jambrina and Hoenselaers compute the shift for stationary spacetimes thus the original Ay result
contains terms dependent upon the angular momentum moments which are null for static fields.

Y refers to the speed of light and G to the gravitational constant.
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quadrupole is, always positive, but the M, (sedecimpole) term bears the opposite sign to the
quadrupole moment.

The second term A; comprises the contribution to the perihelion precession due to a
spherically symmetric mass distribution (Schwarzschild)

105
A = 624 (7 + 15E0) et + (? + 165E0) €b

159105 = 16725E; = T705E3\ ,
+< 32 "7 8 T g )€

1701507 2
N ( | 216375E, 20115E0> (10

) e 2 (1.80)

it is of the order G?/c? and can be calculated exactly in terms of elliptic functions (e.g. see
Chandrasekhar (1983)), and the contribution of every order is positive.

The term
M, 25383  28305E, 375E2\ M.
Ay = —(90 +42Eg)—2¢5 — 0) =28
! (90 + 42E0) 375 (16 T T )Mg"5
e 2686203 N 503379F, N 80187E2\ M,
112 28 28 M3
12471 165E2\ M2\ 1o
+( 16 +519E0+_4_>Vg € (181)

contains relativistic terms depending only on the quadrupole moment M5 and the the mass
Mp. The first correction has a factor G*/c? in front of it.

The influence of the M4 moment is included in A and does occur until the tenth order

of €. It is proportional to G6/c?,

42 495E2\ M.
Aig = (Z—S + 570FE¢ + 0) ——‘-1-610. (1.82)

16 4 ) Mg

We shall compare these theoretical perihelion shifts to the numerical determined shifts of

bounded geodesics in several differing spacetimes.



Chapter 2
Bispherical Coordinates

2.1 Introduction

Often mathematical models used to represent a particular realistic physical situation can be
simplified by a wise selection of coordinates. In general relativity this is immaterial in theory,
however from a practical point a judicious choice of coordinate system can be the difference
between solving the problem or not.

Fundamental in any Weyl solution is the calculation of the harmonic function . This
chapter will be concerned with constructing axisymmetric static fields by using bispherical
coordinates. The advantage of these coordinates are manifest in the ability to calculate ¢ by

separation of variables.

Carminati and Sarracino (1981) first considered these coordinates and the idealized mass
distributions for which these harmonic solutions could model. The mass distributions were
inferred from the singularities of ¥ and the behaviour of the Kretschmann scalar. Generally
speaking this thesis will concentrate on solutions that could model realistic astrophysical

bodies, thus this chapter deals with 1 solutions that model point like masses.

By determining the relativistic multipole moments we construct two bispherical solutions
that exhibit an equatorial plane of symmetry. We introduce mass centered spherical coordi-
nates and calculate numerically timelike geodesics in these planes of symmetry and formulate

an analytic approximation to these orbits.

The numerical precession of the perihelion and nodes are compared to the theoretical
predictions based on the work of Ferndndez-Jambrina and Hoenselaers (2001).

The geodesics of test particle with zero angular momentum are also determined.
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2.2 Coordinates

Bispherical coordinates® (o, ) are connected to the cylindrical coordinates p, 2 by the relations

b= csin a = csinh g
cosh 8 — cosa " cosh3 - cosa (21)
where
0<a<m, -0 < < o0 (2.2)

and c is a fixed positive scale factor. The corresponding triply orthogonal family of surfaces,
illustrated in figure 2.1, consists of the spindle-shaped surfaces of constant o described by the

equation

p? + 22 —2cpcot o = ¢?

and the spheres of constant 8 described by the equation
p? + (z — ccoth B)? = ¢?/sinh? 8.
The remaining coordinate surface are the planes ¢ = constant. The points p = 0, z = +c

a=0

FIGURE 2.1: Typical coordinate surfaces for the bispherical coordinate system.

correspond to the values 3 — +oo, while p = 0, 2 — *oo if @« = 0, 8 — 0+. The region

|z| < ¢, p =0 corresponds’ to a = 7.

The coordinates (2.1) in terms of cylindrical coordinates are

2cp
C!(p, Z) = arctan m (23)
1 P24+ 22422432
= =1 .
Blp,2) 2 n(p2 + 22 — 2cz + 2 (2.4)

*These coordinates are sometimes referred to as bipolar coordinates. For example see Lebedev (1972) or Moon

and Spencer (1988) for conflicting terminology.
"Moon and Spencer (1988) label the regions of the z-axis incorrectly.
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Additionally, by introducing spherical coordinates (,0, ) via the transformations p=rsinf
and z = rcos 6 into the expressions for a and 8 we obtain

_ 2crsin 6
a(r,d) = arctan ( = ) (2.5)
1 4rccos 6
B(r,0) = —ln(1+ )
(r.6) 2 72+ c2 — 2rccosd (2:6)
Expanding for large r we obtain the useful asymptotic relations
2c 2c3 & " si
a ~ —sinf+ —sin(36) + - Z 2¢" sin(nf) (2.7)
r 3rd n=13s5. " T
2 2¢3 > n
B = —C cosf + -—cos(30) +--- = L M. (2.8)
3r3 n=13s5. " T
2.3 Metric
The general axially symmetric metric (Weyl) in bispherical coordinates becomes
20—2¢(a,B)
ds? = e2¥(@B) gs2 _ €€ 2v(.8) (7,2 2 in2a dio? .
s“=e (cosh B — cos a)? [e (da +dg ) + sin“ady ] . (2.9)

2.3.1 v Solutions

The function 1) satisfies Laplace’s equation (with d,1 = 0)

0 sin a o sina o\
da <coshﬁ—cosa Ba) 8,3 (coshﬁ—cosa%) =0 (2.10)

Solutions are most readily obtained by separation of variables. By setting

¥(a, B) = /cosh B — cosa F(a)G
and introducing a separation constant v, F' and G satisfy the independent equations

d*G

P v+1)2G=0

1 4 (smaiﬁ) +v(v+1)F =0.
sina da d

Solutions are respectively hyperbolic and Legendre functions. The general axially symmetric

solutions can be written (A — D are arbitrary constants)

3 = +/coshfB— cosa[AP,(cosa)+ BQ,(cosa)] x
[Ccosh(v + 3)B + Dsinh(v + 1)8]. (2.11)

Some knowledge of the possible (idealized) sources for the space-time generated by these

solutions can be obtained by studying the singular behavior of ¢ and the Kretschmann scalar.

Carminati and Sarracino (1981) showed that various values of the constants A, B, C and D

in (2.11) enable the bispherical eigensolutions to model many possible sources. These include
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infinite mass distribution along the z axis, semi-infinite line mass distributions (mass located
z > c and z < —c), single point sources (at z = c or z = —c) or two point mass sources at
z = +ec.

Our aim here is to study solutions that may in some approximate limit model astrophys-
ical bodies. Motivated by these assumptions we can simplify the general solution (2.11) by
choosing solutions that are finite.

Given that, Qy(z) — 0o as z — 1 and P,(z) — o0 as £ — —1 unless v is a non-negative
integer, we set

B=0 and v=n=0,1,2...

and 1 now contains Legendre polynomial functions. Furthermore we restrict our study to the

case when
C=D=1

as this assumption permits the eigensolutions to represent the spacetime of a single point
mass located at the singular point p =0, z =c (& = 0,7 8 — 00).

Accordingly the asymptotically flat ¢ solution has the typical form

Yn(a, B) = /cosh B — cosa Ay Py(cos o) em+1/28, (2.12)

2.3.2 ~ Solutions

To complete the determination of the metric (2.9) the remaining function v(c,3) must be
calculated. To provide a general method we write (2.12) as*

¥(a, B) = —v/cosh B — cosa F(a, B)

from which ~ satisfies the following equations (see equations (1.18) and (1.19))

Oy

e sina [(Fa2 - Fg + $F?)(cosh Bcosa — 1) —

2sinh Bsin a Fo Fg — F(F, cosh Bsina + Fgsinh 8 cos a)] (2.13)

g_g = sina [(FC% — Fg)sinhﬂsina + 2F,Fg(cosh B cos o — 1)

—1F?sinacosh 8 + F(Fysinh B cosa — Fgcosh Bsin a)] . (2.14)

We begin by calculating a partial solution by integrating (2.13)

Y(a, B) = / %da (2.15)

evaluation of this integral is straightforward, albeit tedious as only trigonometric functions

are being integrated. Thus v = 7, + u(3) where u(8) is an unknown function. However

Oy , du 0Oy

0B  dB 9B

*This generalization obviously incorporates the possibility of the superposition of eigensolutions. Partial differ-

entiation represented by subscripts.
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which must be valid for all a values. Thus by setting o = 0 we see from (2.14) that
-8 Tdp

and after integrating we obtain VP(O’ B) +u(B) = const. Here we set the constant of integration
to zero so the solution is asymptotically flat. Thus to complete the determination of the metric
(2.9) we calculate v via

8’711(0’ :@) + du 0

7(0) ﬂ) = 7p(a’13) - 7p(0’ :6) (216)

By construction the required boundary conditions

Vaxis =0 and |, —0 (2.17)

are satisfied. Carminati and Sarracino (1981) give general formulae for obtaining v from

general superposition of v solutions.

2.4 Bispherical Relativistic Multipoles

The procedure outlined in section 1.8.4 will now be used to calculate the relativistic moments
of a bispherical spacetime.

Recall that the multipole moments are in essence, determined by the values of the deriva-
tives of 1 with respect to Z = 1/z at the point Z = 0 on the symmetry axis (@ = 0). The
analysis of this section utilizes the explicit inversion formulae, nevertheless the multipole mo-
ments can also be evaluated using the implicit relationships given by (2.1) on the symmetry
axis, namely

coshf—1
Z2B)=1/z = ———
Z(8) / csinh 8
and realizing that z - 0= — 0.

Consider the most general 1 solution formed by a linear superposition of eigensolutions

Ys(a, ) = —v/cosh f — cosa Z ApPy(cos a) e t1/D8, (2.18)

nes

The summation is over S, a set which contains unique n values. On the symmetry axis we

have P,(cos a)|e=0 =1 and from (2.4)

B(p=0,z)=In (z + C) . (2.19)

zZ—cC

Anticipating non-vanishing dipole moments let us displace the origin of the coordinates by

the translation®

Z=z—¢ (2.20)

*This translation to the center of mass frame, is equally valid in determining relativistic multipole moments as
in the classical scenario (Geroch, 1970b).
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where e is a scalar that in turn will be evaluated to eliminate the dipole contribution. Sub-
stituting (2.20) and (2.19) into (2.18) we obtain

P(') = —V2c[(z' +€e— o) + e+ c)]—1/2 Z A, <w>n+l/2 (2.21)

, —
nes Zte—c

It then follows from section 1.8.4 that the mass and dipole moments are (we suppress the

obvious limits on the summations henceforth)

My = V2c) A, (2.22)
M, = Vi [Z(c (2n+1) - )4n] . (2.23)
To eliminate the dipole term we set
cYy Ap(2n+1)
€= . 2.24
> 4n (224
Letting
f= Z An
and

g= ZAn(2n+ 1)

the quadrupole term becomes

M, = lsZA (2"“)[ (1+2n)—2g]+3f—4f3]. (2.25)
The next moment is
My = l3 y AnZntl) 2"“ [f(1+2n)—2g]+6fg
_fz 2"“ [(4n +4n+3)f2—6fg(1+2n)+6g” (2.26)

the general My term is lengthly and will be omitted here.

We note from (2.24) for a single term solution the dipole term is eliminated by the simple
coordinate shift (2.20) with e = (2n + 1)c.

2.5 n =0 Solution

The first bispherical solution is obtained by setting n = 0 in (2.12). The resulting metric

functions, containing the arbitrary constant A are

¥ = —+/coshB— cosa AeP/? (2.27)

v = —1A2e¥ sin?a. (2.28)
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2.5.1 Multipole Moments

From the general computations of section 2.4 the n = 0 solution has the following (dipole

eliminated) multipole moments

My = m=v2cA (2.29)
M, = M;=0 (2.30)
My = —3m? (2.31)
My = Emb (2.32)
Mg = —38m7 (2.33)

additional computation reveals that the M5 and M; moments also vanish. Assuming that
all odd multipoles moments vanish indicates that the source generating this field exhibits
equatorial symmetry (about the center of mass z = € = ¢ ). We note that the moments of

this solution are solely dependent upon the value of the mass m of the source.

2.5.2 New Coordinates and Solution

We have seen for the n = 0 solution, the dipole and subsequent odd multipole moments are
nullified by the elementary transformation z = 2’ + ¢. Let us introduce spherical coordinates

(r,0,¢) centered at (p =0,z = c).
From (2.5) and (2.6) we have

2csind
a(r, 0) = arctan <T—m> (234)
B(r,0) = iln(r?+4crcosf+4c?) —In(r) (2.35)
from which the terms (2.27) and (2.28) become
m
W) = -2 (236)
m?sin? 6
(b)) = — =55 (2.37)
and the metric (2.9) reduces to
ds? = e*Vdt* — e 22 (dr? 4 r2dh?) — e7?¥r?sin? 0 dp. (2.38)

From (2.36) we can readily verify the multipole moments given earlier by the method outlined
in section 1.8.5. Indeed the method described there was used to evaluate the Mg moment (see

(2.33)) and to show that the next odd multipole moments vanish.

Results (2.36), (2.37) and (2.38) form the well known Curzon solution which is discussed
in the introduction of this thesis. We can conclude that the n = 0 bispherical solution is

equivalent to a displaced (z = ¢) Curzon solution.

Scott and Szekeres (1986a) discuss geodesics approaching r = 0 on a hypersurface ¢t =

const. Furthermore in Scott and Szekeres (1986b) the behavior of all geodesics approaching
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r = 0 is analyzed. de Felice (1991) deduces the general pattern of the potential surfaces for
timelike geodesics in the Curzon metric which reveal that for fairly small energies and angular
momenta, the timelike geodesics group into two sets; the geodesics of one set tend to the
2-axis as r — 0 and the others tend to the p-axis. It is shown that stable circular motion is
confined to the z = 0 plane.

We shall now examine the timelike geodesics pertaining to this metric. In particular
we will restrict our study to two types of test particle trajectories. We begin with motions
characterized by zero angular momentum. This is followed by bounded trajectories in the

equatorial plane.

To simplify computations we use the spherical coordinates introduced above. This is
simply a matter of convenience and identical simulations can be performed (which were done
and used to confirm numerical results) in the original bispherical coordinate description. Thus
the true application of bispherical coordinates is somewhat diminished with the benefit of
hindsight (i.e. the realization that we are in fact considering the Curzon solution). Of course
the natural progression of matching interior and exterior solutions could deem the use of the

original coordinates more beneficial, but is not considered here.

We note that null geodesics, which are interesting in their own right, are not studied in
this chapter or in general throughout this thesis.

2.5.3 Equations of Motion

The Lagrangian associated with the metric (2.38) is
2L = 212 — e WFY (32  r20%) — =212 sin? 9 (2.39)

where in general we have ¥(r,6) and v(r,60). The dot refers to the derivative with respect

to an affine parameter s. The geodesic equations can be computed from the Euler-Lagrange

oL 0/ oL
zw:a—(aT) (2.40)

As the Lagrangian (2.39) is independent of the coordinates ¢ and ¢ we have

equations

i = Ee® (2.41)
. Le?¥
Y = T 2an%e (2.42)

the constants of the motion E and L can be interpreted as the test particles specific* energy

and (azimuthal) angular momentum respectively.

The remaining equations are

P4 BT 4 (e — ) (77 = 1%0%) — 6% + 270 — ) 70 -
L2
———(1—r¢,) e =0 2.43
r3sin? § ( ¥r) (2.43)
*Per unit mass. Justifications for these interpretations can be found in Misner et al. (1973).
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.. E? _ 1 . ) 2 .
O+ Yoz e+ (0 —Yo) (207 = %)+ Z(r(ye — ) + 1) 76+
2
m(¢9 sinf — cos ) eV-2v = 0. (2.44)

An energy integral of motion follows from the Lagrangian
€ = eMi? — WA (52 1 1202) _ ey 24in2 92 (2.45)

where € = 0, —1, +1 for null, spacelike or timelike geodesics. As we are concentrating specifi-
cally on timelike geodesics we accordingly set € = 1. Introducing (2.41) and (2.42) we obtain
247202 =P | E? - —e¥ | (2.46)

We solve these equations of motion numerically. Although explicit symplectic algorithms
exist for numerically integrating Hamiltonian systems (e.g. Mikkola et al. (2002); Tang et al.
(2002); Regan (2002)) and can be used to conserve E and L to high accuracy we have not

endeavored to employ these techniques. Instead adaptive Runge-Kutta (RK) routines are
used throughout.

This is because the RK method is more elementary to understand, readily available and
simpler to code.* Numerous authors have also employed RK routines in other geodesic studies
(e.g. see Scott and Szekeres (1986a), Semerdk et al. (1999a), or Sengupta (1997)). We shall
demonstrate in subsequent sections the accuracy of the numerical method used to conserve L
and F.

2.5.4 L =0 Timelike Geodesics

Geodesics On The Azxis

We begin by looking at the geodesics of test particles with zero angular momentum which
start from rest on the z axis. These initial conditions imply that 6y = 0, 6o = 0 and from
(2.44) we see that § = 0 and so the motion is confined to the z axis. Given y and its derivatives

are zero along the z axis we have the simplified equation of motion (r = z)

2= E? — e M2 (2.47)
where the starting point is related to the constant E via

InE = —2m/z.

A typical trajectory as a function of proper time s and coordinate time ¢ is illustrated in figure

2.2. In terms of s the particle reaches the origin in finite time, however the coordinate time

*The Matlab adaptive forth order RK method ode45 was used extensively. To vindicate solutions additional
numerical methods were used namely, the multi-step predictor-corrector method ode113 from the Matlab suite

and routines written in Fortran 90/95 implementing algorithms presented in numerical recipes (Press et al.,
1986).
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tends to infinity. These results are consistent with the analysis of Scott and Szekeres (1986Db),

who showed that as z — 07 then

A2 mAB
tz) ~ / ey - D5 - 22 i+ 02 (2.48)
z z z

s(z) ~ so—(2/K) (2.49)

where A, B,C, K, ty and sq are constants.
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FIGURE 2.2: The variation of the coordinate time (t) and the proper time (s) along a timelike
geodesic of a test particle, starting at rest at zg = 10 and falling towards the origin (m = 1).

General Geodesics

General geodesics of zero angular momentum are presented in figure 2.3. Due to symmetry
we only consider motion in the quadrant 0 < § < 7/2. Here several trajectories of in falling
test particles are illustrated. The initial release distance 7¢ is increased in the plots. Given
that the test particles start from rest, 7o = 6o = 0, from (2.44) for large r then initially
(L =0)

§~0 thus  6(s)~ 6y = const. (2.50)

so the initial motion will be in the radial direction. This is clearly seen in the figures, more so
in the lower plots where rq is increased. After this initial radial inflow all trajectories curve
towards to z axis and approach the singular point (at the origin) ‘from above’. This also

occurs for particles that are released near the z axis.

Included in figure 2.3 is a plot of 7 as a function of s of the trajectories released from
ro = 1. It demonstrates an interesting feature observed in all geodesics that are released close
to the z = 0 plane: the ‘bump’ indicating the test particle is repelled from the source (at
the origin) then subsequently attracted towards the source. Further plots demonstrating this

behaviour are found in figure 2.4.

In figure 2.4 we also include the difference between the constant of the motion E and

its numerical value E,(s) = te*¥ for the the geodesic beginning at 7o = 1,6y = 88°. This



2.5. n = 0 Solution 36

FIGURE 2.3: . Trajectories of in falling test particles in the Curzon spacetime released from
various initial positions (ro,0p). 0o = 5°,25°,...,85°. The source (m = 1) is located at the
origin. The dashed curves are radial lines. The upper right plot corresponds to the first plot
and shows r as a function of s.

particular geodesic has a pronounced ‘repulsive’ segment. The computation suggests that the
numerical scheme is still producing accurate results for this particular initial condition (this
is also verified by altering the integration tolerances and observing the predicted increase in
accuracy as the tolerances become more demanding). This would suggest that the repulsive

motion is not a numerical artifact.

We should interpret these results with caution. Clearly near the source, where curvature
is large, the validity of the coordinate r is questionable. Lets us examine these geodesics using

coordinates having more geometrical meaning. For fixed  and ¢ the metric (2.38) becomes
ds* = —re % (62"d92 + sin%0 dp? ) (2.51)
from which the element of surface area is given by

dSs =12~V sin 0 df do. (2.52)
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FIGURE 2.4: . Close in plot of r(s) of in-falling test particles that are released near the x
azis (p = 80°,82°,...88%). The repulsion, or increase, in r is clearly seen. The bottom
plot illustrates the conservation of the constant E corresponding to a particle released from
To = 1,90 = 88°. (m = 1).

Given 9 = ¥(r) and v = (r, ) then the surface area for fixed r is

s
Sa(r) = 2nr2e=2 / €7 sin 6 df (2.53)
0

for r large, 1,7 — 0 and Sa = 4772, the surface area of a 2 sphere which is expected since

the space is asymptotically flat.

From (2.53) lets us define a more physical radial coordinate, rather than r used previously*

s
R*=1r%% / €"sinfdf (2.54)
0

*Similar introduction of a more physical radial coordinate is discussed in Semerak et al. (1999b,a) for example.
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for large  then r =~ R and has the usual interpretation as a radial coordinate.

Figures 2.5 and 2.6 compare 7(s) and R(s) for various geodesics. We set 7o = 1 and the
mass of the source m = 1. Simulations with various ro and m values produce results with
the identical qualitative behaviour, thus without loss of generality we concentrate on these

specific parameter values.

All R curves obtain a local minimum of value R,, = 2.0852, thereafter R tends to infinity,
indicating that the source is getting further away (in terms of the physical radius) from the

test particle.

We note that a local minimum in the r curve (the onset of the apparent repulsive motion)

corresponds to a local maximum in the R curve. This is evident in figure 2.6.

Unfortunately the calculation of R does not shed light on the observed ‘repulsion’. It
is likely that this is a manifestation of directional character of the singularity at the origin.
Investigation of the Kretschmann scalar, for example, may provide explanations for this non

physical behaviour.
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FIGURE 2.5: r(s) and R(s) plots.
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2.5.5 Bound Equatorial Geodesics

We shall now consider geodesics with non zero angular momentum. We shall concentrate
on those orbits that remain bounded in the z = 0 plane, and as all odd multipole moments
vanish, will remain in this invariant plane. This is also evident from (2.44). Given 6y = 7/2,

6o = 0 and Yolo=6, = O then 6 = 0 and therefore the motion is confined to the § = /2 plane.

The metric functions simplify to
Y =-m/r, v = —m?2/2r?
and the equations of motion become
i+ r2E%e ™ + mTrz(m —2r)r2 — L2(r —m)e®¥~2 =0 (2.55)
t=Ee ™,  p=—Lr2%%. (2.56)
Furthermore (2.46) becomes

= - ew} (2.57)

from which we can determine the r values for which 7 = 0, i.e. the turning points of the
motion. Accordingly setting 7 = 0 in (2.57) and solving for the energy E we obtain

L2%e%¥

r2

E? =% l +1| =V2(r;L). (2.58)

Here V2(r; L) is the potential function for the timelike geodesics parameterized by L. Typical

curves are shown in figure 2.7.

de Felice (1991) has analyzed the general pattern of the potential surfaces (i.e not confined
to the z = 0 plane) for timelike geodesics for the Curzon metric. In particular he finds that
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FIGURE 2.7: Curzon potential curves. (A = L/m).

the potential has turning points corresponding to real values of L only at 7 > 2m and the last
stable circular orbit occurs at r = (3 + v/5)m with L ~ 3.5m.

We will solve (2.55) numerically with the initial conditions
7"0 = @Yo = to =0 at r= To- (259)

Therefore we can use the potential V2(r;L) to determine the constant E. Given we are
interested in bounded motion E (or rp) will also be chosen so that there are two turning
points of the motion which will in turn correspond to the aphelion and perihelion radii of the
orbit.

2.5.6 Approximate Solution

Although (2.55) must be solved numerically we can, by assuming the test particle moves at
large distances from the source, formulate an analytical (approximate) solution. Quevedo and
Parkes (1991) using the same assumption analyzed the equatorial timelike geodesics in the

Erez-Rosen spacetime.

We are interested in the shape of the orbit rather that its time evolution. Define the

dimensionless variables*

m m
From (2.56) and (2.57) we calculate
2 2
<Z—Z) =u'? = A2%% [E264“ — % - 62“} . (2.61)

Expanding up to the order u? (recall we are assuming the motion is far from the source) then

u'?=Au®+ Bu?+Cu—D (2.62)

*Recall that L, is the angular momentum per unit mass thus has units of length.
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where the coefficients are

A = 2A%(22E? -5) (2.63)
B = 3A’3E?’-1)-1 (2.64)
C = 2A%(2E?-1) (2.65)
D = A%(1-E?). (2.66)

It follows from equation (2.62) that motion is possible for
F(u):= AW + Bu’ +Cu—D >0 (2.67)

that is, the geometry of the geodesics is determined by the roots of the equations F'(u) = 0.
Since F'(u) is cubic in u there exists two possibilities: either all roots are real or one of them

is real and the other two are complex conjugates of each other.

Let us assume that the parameters m, E and L have been chosen so that we have three
unequal positive roots* of (2.62) (the potential V2(r; L) is useful to satisfy this requirement).

The behaviour of the curve F'(u) is presented in figure 2.8.

Bounded motion is possible in the region u; < u < uy. The particle’s trajectory oscillates
between the aphelion (r, = m/u;) and the perihelion (r, = m/ug). The trajectory is an

(precessing) ellipse.

In the region u > w3 the motion is unbounded and the test particle can move only in
the direction of the gravitational source and reaches it in a finite interval of time. We cannot

describe this type of motion because the approximation (2.62) is not valid near the source.

N

FIGURE 2.8: The curve F(u) with three distinct positive roots.

The three roots u; < ug < us satisfy (Abramowitz and Stegun, 1965)

3(2E% -1

urug + ugu3 +uzuy = _52—E2——_5) (2.68)
_ 3-B)

w3y = o (2.69)

3—9A2(3E2—1) _

2A2(22E2 —5) ¢
*When two roots coincide there exists circular orbits. See Chandrasekhar (1983) for a comprehensive breakdown
of differing orbits based on the analysis of the roots of F(u).

up + up + u3 (2.70)
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For all roots to be positive these results require
%<E2<1 and L? > 6m?2.

Following Chandrasekhar (1983) we write the three positive roots as

m

u = 7(1 —e) (2.71)
m

uy = 7(1 +e) (2.72)

uz = &—ul—u2 = f—sz (2.73)

here [ is the latus rectum, a positive constant and e is the eccentricity for which, by virtue of
requiring u; > 0 satisfies,
0<e<].

Furthermore as us < uz we have £ — 3u — pe > 0 where u = m/l. Substituting (2.71)-(2.73)
into (2.68) and (2.69) we have

3(2E2 - 1)

3(1-E?
w1 -e’)E—-2u) = 4iE—2_1—()) (2.75)

which relate explicitly the parameters p and e, which describe the particles trajectory, with
the parameters* E, A and m which determine the particles energy, angular momentum and
the mass of the source. These non-linear equations are solved numerically when computing

the analytic approximate solution.

Recall we wish to solve (2.62). It can be written as

2
<Z—:;) = A(u — u1)(u — ug)(u — us), (2.76)
or
\/7430=/[(u—ul)(u—u2)(u—u3)]_l/2 du. (2.77)
By introducing the new variable
w=uj + 1/t
then (2.77) becomes
- —2 2 2y2 _p2y ]2
VAp = N CETICTETY /[(t ) —3)] " at (2.78)

where
a®=1/(ug —u;) and b*=1/(uz —uy).

Solutions aref

-2 _ U — U1
VAp = ——— ! t \ - 7k ) k2 = 2.
v VU3 — Uy ns (tVup — ) ugz — Uy (2.79)

*Recall that £ is a function of A and E.
tSee entry 3.152.12 in Gradshteyn and Ryzhik (1980). Notation: Jacobi (odd) elliptic function ns(z, k) =
1/sn(x,k). And 0 < k < 1 is the modulus. K (k) determines the period.
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thus the equation of the orbit is
u=uy + (ug —u1)sn® (1/Aluz — u1) v, k). (2.80)
From (2.71)—(2.73) the modulus is determined by
K2 — 2ue
§—3u+ pe
and satisfies 0 < k < 1 as required.
The orbit equation can also be written as
l
—=1l+e (2 sn2(np, k) — 1) (2.81)
with
n? = LA(E — 3u + pe). (2.82)

Trajectories derived by means of (2.81) are illustrated in figure 2.10. In each plot the
approximate solution (2.81) and the numerical solution of (2.55) are shown. Each trajectory
begins at ro = 180 but have differing energy E and angular momentum values L. The

corresponding potential curves for each orbit is shown in figure 2.9.

1.01

Potential V(r)
o
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FIGURE 2.9: Potential curves (m = 1) corresponding to the orbits shown in figure 2.10.

From the potential curves it is evident as L increases the perihelion (closest approach)
radii increases. As the approximate solution is based on the premise that the test particle
moves at large distances from the gravitational source as L increases the agreement between
the true (numerical) and approximate solutions should improve. This is indeed seen in the
orbit comparisons illustrated in figure 2.10.

As mentioned earlier a Runge-Kutta (order 4/5) method (RK) was used to numerically
solve the equations of motion. Figure 2.11 shows the typical conservation of the constants of

the motion E and L as the integration tolerances are increased.
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FIGURE 2.10: Timelike geodesics in the equatorial plane of the Curzon solution. The
solid line is the numerical solution of equation (2.55) the dashed line the is analytic
approzimation given by (2.81). In each the mass of the source (at the origin) is set
to 1. The figure captions refer to the constants used in (2.81) and rm:n refers to the
perihelion value (marked by dots on in the plots).

Here for a given s, the absolute difference between the numerical (n) value of the constant,
e.g. En(s) =te? or Ly(s) = —pr’e 2% and its given value E or L is plotted.

Although, not perfect, the conservation of these constants is good and the error system-
atically decreases as the integration tolerances are increased (although this is difficult to see

in the E plot as this constant is conserved to high accuracy for any tolerance value).
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The gradual rise in either quantity is due to this lack of conservation, but in our application

as most computational runs are short this will not be of major consequence.

From these results we can justify the use and reliability of the RK method. In any

numerical run (including the upcoming chapters) similar plots to figure 2.11 were drawn to

check the output.
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FIGURE 2.11: Conservation of E and L.

2.5.7 Precession of Perihelion

The trajectories shown in figure 2.10 reveal that the shift in the perihelion decreases (as
indicated by the solid black dots) as the angular momentum of the test particle increases.
This is anticipated, as eluded too previously in section 1.10, where it was pointed out that

bounded timelike geodesics will not be closed curves but be precessing ellipses.

We now compare the numerical precession rates, Ay with those predicted by the elliptic

approximation (2.81) and the multipole moment method described in section 1.10.

Given sn K = —sn3K = 1 we see the approximate solution (2.81) reaches perihelion
when ¢ = K(k)/n and on the next occasion, when ¢ = 3K/n. Thus ¢ increases by 2K/n
between two passages through perihelion. Thus the shift in perihelion given by this elliptic
approximation is

Apgp =21 — 2K /n.

Comparisons are given in the following tables and accompanying figures. In all, the mass
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of the source is set to one: m = 1. Two sets of data are given. The first is that of orbits
beginning at 7o = 90 and the second rg = 180.

For a given L the perihelion value for the orbit beginning at rg = 180 will be less than
the corresponding orbit beginning at 7o = 90 (compare the second columns of tables 2.1 and
2.2). Thus the Apg results for the 7o = 180 orbits should be the less accurate of the two.
Indeed this is observed in comparing the last column of the two tables.

The accuracy of both Agpy and Agg increase as L grows. This is not surprising for
the Ayp calculations, as they are based on the (small) parameter ¢ = M/L. Similarly as
discussed earlier, as L increases so does the perihelion value of a given orbit and the assumption
that the test particle is moving at large distances from the source used to derive the elliptic

approximation and thus Agpg, becomes more valid.

m=1 ro = 90
L | Tmin Apn Apum App || |Apn — Apu| | |Apn — Ayg|
50 | 10.558 | 1.21519 | 1.19620 | 1.24718 0.01899 0.03199
55 | 14.243 || 0.88964 | 0.88493 | 0.91310 0.00471 0.02346
6.0 | 18.496 || 0.69193 | 0.69053 | 0.70844 0.00140 0.01651
6.5 | 23.460 || 0.55886 | 0.55838 | 0.57060 0.00048 0.01174
7.0 | 29.302 || 0.46346 | 0.46328 | 0.47199 0.00018 0.00853
7.5 | 36.233 || 0.39204 | 0.39197 | 0.39836 0.00006 0.00632
8.0 | 44.537 | 0.33684 | 0.33680 | 0.34162 0.00004 0.00478
8.5 | 54.609 || 0.29309 | 0.29307 | 0.29678 0.00002 0.00369
9.0 | 67.010 || 0.25773 | 0.25772 | 0.26063 0.00001 0.00290
9.5 | 82.573 || 0.22866 | 0.22866 | 0.23099 0.00000 0.00233

TABLE 2.1: Numerical and theoretical precession rates for Curzon solution (in the z =0
plane) for geodesics starting at ro = 90 and various angular momentum L values . T,
refers to the perihelion radii. Apy is the numerical perihelion shift (in radians), Apps the
predicted shift based on the relativistic multipole moments and Apg is the shift predicted by
the elliptic solution. The final two columns illustrates the differences between the numerical
and predicted shifts.

Figure 2.12 clearly demonstrates that the accuracy of two methods increases with L.
The multipole method out performs the elliptic approximation for any L and its accuracy

dramatically improves for larger L.
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m=1 o = 180
L "min Apy Apm Apg |Apn — Apum| | |Apn — ApE|
5.0 9.690 1.24606 | 1.22434 | 1.28008 0.02172 0.03402
5.5 12.876 0.90687 | 0.90149 | 0.93234 0.00538 0.02547
6.0 16.407 0.70294 | 0.70134 | 0.72103 0.00160 0.01809
6.5 20.345 0.56641 | 0.56586 | 0.57935 0.00055 0.01294
7.0 24.747 0.46884 | 0.46863 | 0.47827 0.00021 0.00943
7.5 29.673 0.39595 | 0.39587 | 0.40296 0.00008 0.00701
8.0 35.187 0.33970 | 0.33966 | 0.34500 0.00004 0.00530
8.5 41.368 0.29518 | 0.29516 | 0.29925 0.00002 0.00407
9.0 48.308 0.25921 | 0.25920 | 0.26240 0.00001 0.00319
9.5 56.117 0.22968 | 0.22968 | 0.23220 0.00000 0.00252
10.0 | 64.933 0.20509 | 0.20509 | 0.20711 0.00000 0.00201
11.0 | 86.293 0.16671 | 0.16671 | 0.16805 0.00000 0.00134
12.0 | 114.312 || 0.13841 | 0.13841 | 0.13934 0.00000 0.00093
13.0 | 152.178 || 0.11689 | 0.11689 | 0.11756 0.00000 0.00067

TABLE 2.2: Precession rates of geodesics starting at ro = 180 (see table 2.1).

Difference between Numerical and Predicted Shifts

Difference between Numerical and Predicted Shifts
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FIGURE 2.12: Convergence of precession calculations.
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2.5.8 Precession of the Line of Nodes

We have considered the trajectories of test particles in the equatorial plane § = 7 /2. We shall

now consider a bounded orbit that deviates slightly from the equatorial plane.

If the mass distribution of the source were spherically symmetric the equatorial plane
would not be at all privileged and the orbit would always intersect it at the same points
(nodes). This is no longer the situation when the source is not spherical, if the trajectory of
the particle does not lie on the equatorial plane, then the orbit cannot be a plane curve and

the orbit rotates around the symmetry axis of the mass distribution.

In Newtonian gravity this is referred to as the precession of the line of nodes and the first
contribution to the precession arises from the quadrupole moment. In general relativity it is
the rotational dipole moment that appears first.

Ferndndez-Jambrina and Hoenselaers (2001) [FH] have formulated, in terms of relativis-
tic multipole moments of the source, the angle in which the line of nodes precesses in one

revolution of a reference geodesic (in the equatorial plane).

Quevedo and Parkes (1991) [QP] calculated the contribution of the quadrupole moment
in the precession of the line of nodes for the Erez-Rosen spacetime. Their method is based on

Hoenselaers and Ernst (1983) work. The following analysis is a summary of [FH] and [QP)].

Consider a reference geodesics z#(s) in the equatorial plane of the mass distribution. For
simplicity we assume this geodesics is circular. Let (* be an infinitesimal vector representing
the separation vector between the reference geodesic and the geodesic of the test particle (see
figure 2.13), whose plane of motion is inclined by 6 (infinitesimally small) with respect to the

equatorial plane. ¢* satisfies the equation of geodesic deviation

D¢,

Ds2 = u«\}c‘fi"uj:/\j:'c pyvy...=0,1,2,3 (2.83)
or equivalently
M+ Ty (¥R + 2, 3¢t = 0. (2.84)

Evaluating (2.84) for the reference geodesic, 7 = 6 = 0, and noting that the first derivatives
of the metric with respect to 6 vanish on it, (2.84) becomes (¢% = ()

| ) _
¢— 2—(gtt,00 2 + Gop.00 9°) ¢=0. (2.85)
960 0=m/2
Since &
P ) "=/l-2 r_
¢(=Cp, (=¢¢¥, ¢ dy (2.86)
(2.85) can be written
¢"+9Q%=0 (2.87)
with .
0% = — —— (9,00 £ + G660 9°) (2.88)

2¢2g¢0
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FIGURE 2.13: The infinitesimal vector { is used for the calculation of the precession of the
line of nodes: ON the intersection between the XY plane and the orbital plane. The compo-
nents of ( change their values after rotating once around the reference geodesic. This change
corresponds to the precession of the line of nodes around the symmetry azis of the source.
The bottom plot is of an actual orbit (azis are not of equal scale). The parameters are L = 4,
inclination 6y = 5°, R = 10.6 (radius of reference circular geodesic), the rays from the origin
(source m = 1) indicate the nodes positions of each orbit.

where every function is to be calculated on § = 7/2 and r = R, the radius of the geodesic
circle. Equation (2.87) states that the nodes of nearby geodesics are separated by regular
intervals of the coordinate ¢. If § is different from one, these nodes will travel around the
geodesic circle instead of remaining at constant values of the azimuthal angle, the ascending

node advances by the angle A® = 27/Q0 — 27 per revolution.
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Ferndndez-Jambrina and Hoenselaers (2001) show that the frequency of the precession
of the nodes can be written independently of the choice of coordinates. The angle through

which the line of nodes has precessed in one revolution of the reference circle is given by*
Ad = TI'(A() + Ag+ AIG) (2.89)

where the A; terms contain the relativistic (Geroch) multipole moments My, Mo, ... of the

source and the angular momentum of the test particle, L. Explicitly we have

Mo M. 3 2272
AO — 3 0 2 (_15M0M4+9M0M2 )L_8+

L4 2 4

105 M3 Mg 45 MA M, M. SM3

0 +¥16 + o {V124Vi4 + 81 Mo M2 L'12, (2'90)
8 8 8
24 M3M, 2799 M2 M, 12396 M M.
Ag = 0 0 _ 472 02 -10

327223 MEMZ 361993 MMy \ 1o

( 308 + 5 L=12 (2.91)
and 120 MSM;  2905M7 M.

A = — 074 _ 074, (2.92)

LlO 2L12

The following tables illustrate the precession of the nodes for the Curzon solution. Recall
for this solution

— — 1.3 — 19 .5 — 389 .7
M()—m, M2——§m, M4—'m'm, MG——3—465m

and the last stable circular orbit occurs at r = (34+v/5)m with L = 3.5m (de Felice, 1991). We
compare the numerical (true) precession rate A®y and the predicted rates A®p calculated

by (2.89) for various L values and inclination angles 6p. The mass of the source is m = 1.

In general, for a fixed L, as g increases the difference between the numerical and predicted
shifts (e) grows. For small 6y the agreement is excellent and is typically within a tenth of a
percent. The above theoretical calculations are based on the assumption that the inclination
angle is small. Thus this observed increase in e is expected. For values of L < 8 the error is
a little less predictable but can be attributed to the numerical method used to calculate the
(numerical) precession of the nodes. It is still encouraging to note the the relative error is still

less than one percent.

*In their paper (2.89) contains terms related to the angular momentum distribution (i.e. that moments due to
rotation of the source) we are considering static fields thus we have omitted these terms.
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o1

Precession of Nodes. m =1
L ) Ady Adp e=|Ady — Adp| 100 x e/Ad
0.20 | -7.5041e-03 | -7.4532e-03 5.0896e-05 0.6782
5 | 0.50 | -7.5026e-03 | -7.4532e-03 4.9446e-05 0.6590
1.00 | -7.4974e-03 | -7.4532e-03 4.4270e-05 0.5905
0.20 | -3.1330e-03 | -3.1299e-03 3.1640e-06 0.1010
6 | 0.50 | -3.1325e-03 | -3.1299e-03 2.6020e-06 0.0831
1.00 | -3.1305e-03 | -3.1299e-03 5.9500e-07 0.0190
0.20 | -8.7764e-04 | -8.7762e-04 2.1300e-08 0.0024
8 | 0.50 | -8.7749e-04 | -8.7762e-04 1.2720e-07 0.0145
1.00 | -8.7696e-04 | -8.7762e-04 6.5760e-07 0.0750
0.10 | -3.4163e-04 | -3.4163e-04 7.0000e-10 0.0002
0.20 | -3.4162e-04 | -3.4163e-04 8.9000e-09 0.0026
10 | 0.50 | -3.4157e-04 | -3.4163e-04 6.5900e-08 0.0193
1.00 | -3.4136e-04 | -3.4163e-04 2.6950e-07 0.0790
5.00 | -3.3490e-04 | -3.4163e-04 6.7289e-06 2.0092
0.10 | -1.6045e-04 | -1.6045e-04 1.1000e-09 0.0007
0.20 | -1.6044e-04 | -1.6045e-04 4.9000e-09 0.0031
12 | 0.50 | -1.6042e-04 | -1.6045e-04 3.1400e-08 0.0196
1.00 | -1.6032e-04 | -1.6045e-04 1.2600e-07 0.0786
5.00 | -1.5732e-04 | -1.6045e-04 3.1268e-06 1.9875
0.10 | -8.5267e-05 | -8.5267e-05 6.5000e-10 0.0008
0.20 | -8.5265e-05 | -8.5267e-05 2.6400e-09 0.0031
14 | 0.50 | -8.5251e-05 | -8.5267e-05 1.6600e-08 0.0195
1.00 | -8.5201e-05 | -8.5267e-05 6.6420e-08 0.0779
5.00 | -8.3620e-05 | -8.5267e-05 1.6469e-06 1.9695

TABLE 2.3: Comparison between numerically determined precession of nodes per revolution
of the reference circular geodesic (A®y) and the predicted value (A®p) evaluated from
(2.89). L is the angular momentum of the test particle, 6o refers to the inclination (from
the z = 0 plane) of the orbit, e is the absolute error and the final column is the relative
percentage error. The radius of the reference circular geodesics corresponding to the above
L values are: r—¢ = 31.7, rg = 59.8, 110 = 95.9, 714 = 191.9. The mass of the source is

m=1.
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2.6 n =1+ 2 Solution

The previous section discussed the n = 0 bispherical solution. By calculating its relativistic
multipole moments it was seen that the odd multipole moments vanish. This indicated that
the solution had equatorial symmetry which ultimately lead to the conclusion that the n = 0
solution was indeed the Curzon metric. We now endeavor to formulate a further bispherical

solution that has equatorial symmetry.

In section 2.4 it was shown for single term solutions of the form

Yn(a, B) = —v/cosh B — cosa Ap Py(cosa) e™ /2B n=0,1,2,... (2.93)

the associated metric generated by these particular solutions is that of a point source (of
mass* V/2A,m) located at the singular point of the harmonic function (2.93): at z = m on
the symmetry axis. The dipole moment is nullified by the coordinate shift z — z+ (2n+1)m.

After this translation the next odd moment in general is given by

Mz =58v2mt Ayn(n +1)(n +2) (2.94)
from which it is clear that the only single term solution for which this moment vanishes is the
n = 0 solution. Thus 1) is the only single term solution that can exhibit a plane of symmetry.

Physically, for a plane of symmetry to exist the center of mass (effectively the location
of the dipole) must coincide with the location of the source z; = m. Clearly we must resort
to a linear combination of the particular solutions (2.93). For simplicity we will consider the

superposition of two particular solutions.

Firstly consider the two term solution of the form

Yon = —v/cosh B — cos a [APo(cos @)eb/? + BP,(cos a)e(""'l/?)ﬂ] (2.95)
here n = 1,2,.... The center of mass is located at
m(A+ B+ 2Bn
Zeom = ( AT B ) (2.96)

Given we require zqom = 25 = m then we must set B = 0. Thus no %, superpositions permit

solutions that can have equatorial symmetry. Now consider the two term solution

Yin = —V/cosh f — cosa | AP1e¥/2 + BP,elnt1/2)6 | (2.97)
where n = 2,3....... Its center of mass is located at
m(3A+ B +2Bn
Zcom = ( A+ B ) (2.98)

Equating zeom = 2s = m requires B = —A/n. Setting B to this value then
M = —$/2m*A(n - 1)(n - 2) (2.99)

which vanishes for n = 2. Thus the ;2 solution is a likely to have a plane of symmetry.

*We have relabeled the coordinate scale factor ¢ by m and will use this notation throughout the remainder of
this chapter.
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2.6.1 % and v

If n = 2, 912 has mass moment
My = 3v2Am (2.100)

thus for simplicity we set A = /2 then we have

Y =P1p = —\/2(cosh,3 — cos @) [Pl(cos a) P2 3P2(cos @) 655/2] (2.101)
and
1
TEMN2 = 35 [7566ﬁ cos® a — 216€% cos® a — (11758 — 222¢%P) cos? o +

(28858 — 96¢%) cos® o + (45€%° — 252¢*” + 16€?P) cos? o —

(72 — 96€%8) cos o — 3% + 30e*P — 1662B] . (2.102)

The relativistic moments of this solution are

My=m (2.103)
M;=Msz=Ms=0 (2.104)
13
M, = -?m3 (2.105)
499
M4 = 105m (2.106)
15189707

—_ 7 (o 7
5= ~gopaay ™ (~ 164m"). (2.107)

We note in nullifying both the dipole and M3 moments we are left with no arbitrary

constants in the remaining higher moments. They are determined by the one parameter m.

As in the n = 0 solution it is useful to introduce mass centered (z = m, p = 0) spherical

coordinates (7,6, ) into the above metric terms. From (2.34) and (2.35) we find

m 4m

m,m (3cos?6—1) = —7+

3 3

2 12m? 6m?
,y=_g:3sin20[ TT (25cos49—14c0520+1)+r—n;(5c0520—1)+1]. (2.109)

In section 2.6.3 we will show that this solution has a plane of symmetry and thus verifying

our earlier assumption that all odd multipole moments vanish.
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2.6.2 Geodesics on the Axis

Recall that the bispherical metric in spherical coordinates becomes
ds® = e dt? — e 2 (dr? 4 r2d6?) — e"P¥r?sin? 0 dip?. (2.110)

The geodesic equations determined from this metric are given in section 2.5.3 with ¢ and «
given by (2.108) and (2.109) respectively.

In this section we will consider the geodesics of test particles released on the z axis with
zero angular momentum. The particle’s motion is confined to the axis and its equation of

motion is given by (r = z)

2= (B2 W -1) (2.111)
where along the axis we have
m  4m3
1,b = —? + z—3 (2112)

We shall assume that the particle starts from rest at z9. The constant E is then given by
InE = 4o = —mzy ! + 4m3z5°. (2.113)
Solving (2.111) for 22 =0 determines the turning points of the motion. Introducing

m
u=—>0
z
we have

4ud —up =4 —u (2.114)

where ug = m/z. Let co = 4ud — ug. Thus the roots of the cubic f(u) := co +u — 4u® are
required. f(u) can be thought of as the potential function for the orbits along the axis. There

are three cases to consider:

0 (uo = 0, %)

1. ¢
2. o 0 (0<u0<%)

<
3. c0 > O (u0>%)

If cg = 0, f(u) will have roots u; = 0,ug = :I:%. Clearly the negative root is of no physical
importance. Given that f — 0% asu — 0 and f —» —occ as u — 00, a particle released from

ug = % (z0 = 2m) we be accelerated towards infinity, u = 0.

For f(u) to permit three real roots we must have (Spiegel, 1997)

% __1 _Aco 2.115
64 1728 <~ — (2.115)

If A = 0 at least two roots are equal, corresponding to

1
=+—. 2.116
Co 3\/3 ( )

If we take the positive value of (2.116) then the roots of f(u) are —v/3/6,—1/3/6,/3/3 = uo,

as f(0) = co > 0 and f(u) — —oo as u — oo then a particle released from ug will also be

accelerated towards infinity.
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Alternatively if we take the negative value for ¢ then f(u) has roots —v/3/3,v/3/6,/3/6 =
up and as f(0) < 0 then the particle starting at ug (zo = 6m/+/3) remains there. This however
is an unstable critical point.

This possibility seems peculiar as we are considering static fields. Szekeres (1968) showed
that static, two body solutions are possible in general relativity, if at least one of the two point

masses is endowed with a multiple mass structure. We however only have one source.

If A < 0 all roots are real and unequal. Furthermore if

1
——=<¢ <0 2.117
3\/§ Co ( )

for which 29 > 2m then the product of the three roots will be negative and thus we must have
two positive roots corresponding to the two points on the axis the particle oscillates between.
If

1
O0<cg< —= 2.118
0373 (2.118)

then the product of the roots is positive and thus only one positive roots exists, the particle
begins from here and again accelerates towards infinity along the axis. Figures 2.14 and 2.15

demonstrate these different possibilities.

0.5 — T T T T

0.4r 1

-02f 32 ]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIGURE 2.14: f(u). The labels refer to the uy value.

Naturally, questions arises for this solution. For example, is this repulsive type motion
true for directions (starting points) other than axial? How strong is the repulsion (i.e. can the
repulsion be overcome by test particles moving down the axis with sufficient initial velocity?
What is the velocity of the test particle in the repulsion type motion - what is its limiting

value (v = ¢ 7).

We must emphasis the fact that these strange phenomena where confirmed in the original

bispherical coordinates and spherical coordinates, along with numerous numerical ode solvers.
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FIGURE 2.15: Various types of orbits along the z azis. The first plot is that of the particle
released at the critical point zg = 6m/+/3 which corresponds to an unstable stationary point.
This is indicated by the numerical ‘junk’ at later s values. The second is of the oscillatory
type (see the above potential figure). The later plot is of a test particle repelled to infinity
along the azis. For all we take m = 1.

2.6.3 Geodesics in the Plane

We shall now consider the orbits of test particles in the equatorial plane of the metric (2.110).
It is now possible to show that the # = m/2 equatorial plane is indeed a plane of symmetry

for which geodesics will be confined.

Assume that a test particle has initial conditions 6y = 7/2, 6 =0, ro# 0 and 7 # 0.
The 6 geodesic equation (given by (2.44)) then reduces to the form

0 = f(r,7)e + g(r,7)7e (2.119)

given in the plane 99 = 9 = 0 then 6 = 0 and the motion is thus confined to the plane. This

implies all odd multipole moments must vanish.

Figure 2.17 gives examples of bounded equatorial orbits in this spacetime. The associated
potential curves for these orbits are shown in figure 2.16. We supplement the numerical
solutions with that of an approximate solution calculated in an analogous manner as described

in section 2.5.5.
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The only coefficient in the approximation (2.62) that needs altering is*
2
A= 51\2(34132 - 1. (2.120)

The constants &, u and e are now determined by

3-9A2(3E2 - 1)

¢ = 2A2(34E2 — 11) (2.121)
2ué — p*(3+€?) = :;(352;—_111) (2.122)
- - = B (2123
1015:
1013
1.005 E
— 1 :
§'0995'
§ 0.991
0.985}:
0.98f 4
0.975¢
0.97

150 180

FIGURE 2.16: Potential curves of the n = 1+ 2 solution (m = 1). They correspond to the
orbits shown in figure 2.17. The dashed curves (hard to see in the higher L curves) are those
of the Curzon solution used in the earlier section.

2.6.4 Perihelion Precession

The perihelion precession rates for orbits beginning at ro = 90 with various L values are
shown in table 2.4. The numerically determined values are compared with those given by
the elliptic approximation and multipole moments method (section 1.10). As in the previous
Curzon solution, we see as L increases the differences between the predicted and numerical

values become less.

Each multipole moment for the n = 1+ 2 solution is of the same sign and of greater mag-
nitude when compared with the corresponding n = 0 (Curzon) solution moments. Therefore
given two equatorial orbits, one in the Curzon (n = 0) spacetime and the other in the n = 1+2
spacetime, with the same L and ro (and thus approximately the same E if rq is sufficiently
large - see figure 2.16) the advance in the perihelion will be greater for the n = 1+ 2 solution.
From comparing with table 2.1 we see that the precession rates are indeed greater than the

corresponding Curzon orbits.

*The variables A, l, e etc are introduced in section 2.5.5.
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L=47 E=0.9948 r,=180 L=6 E=0.995 r,=180

-50 -100r-
—100}
~1s0f
150}
(a) € = 1.0719, e = 0.9196, p = 0.0691 Fmin = (b) € = 1.9917, ¢ = 0.8348, & = 0.0336, Fmin =
7.1, Apn = 2.45320, Apg = 1.89818 16.2, Apn = 0.78062, Apg = 0.77065
L=7 E=0.9952 ro=180 L=10 E =0.996 r0=180
. . . . . . woof ’ ' . .
of sol
-50 or
_50
_100.
-100}
_1so}
_150}
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(c) € = 2.8503,e = 0.7595, u = 0.0231, Tmin = (d) € = 6.2089, e = 04703, p = 0.0105, rmin =
24.6, Apn = 0.49872, App = 0.50037 64.8, Apy = 0.20999, Apg = 0.21141

FIGURE 2.17: Timelike geodesics in the equatorial plane of the n = 1+ 2 solution.
The solid line is the numerical solution the dashed line the is analytic approrimation.
In each the mass of the source (at the origin) is set to 1. The figure captions refer
to the constants used in the approrimation and rmin Tefers to the perihelion value
(marked by dots on in the plots). Apn and Apg are the numerical and elliptic
approzimation perihelion precession rates respectively. Compare with figure 2.10
and table 2.1.

This can also be explained by the fact that the perihelion radii for the n = 1 + 2 solution
are less than the Curzon orbits (compare column two of tables 2.4 and 2.1).



2.6. n =1+ 2 Solution 59

m=1 ro = 90
L Tmin Apn Apum Apg |Apn — Apum| | [Apn — Apg]
5.00 10.084 1.53297 1.42798 1.39699 0.10498 0.13598
5.50 13.934 1.02406 1.00271 0.99173 0.02135 0.03233
6.00 18.265 0.76366 | 0.75791 | 0.75578 0.00575 0.00788
6.50 | 23.273 0.60208 | 0.60025 | 0.60151 0.00183 0.00057
7.00 | 29.141 0.49161 0.49095 | 0.49332 0.00065 0.00171
7.50 | 36.089 0.41141 0.41115 | 0.41369 0.00026 0.00229
8.00 | 44.403 0.35072 | 0.35061 | 0.35299 0.00011 0.00227
8.50 54.478 0.30337 | 0.30332 | 0.30543 0.00005 0.00206
9.00 | 66.878 0.26554 | 0.26552 | 0.26735 0.00002 0.00180
9.50 | 82.435 0.23475 | 0.23473 | 0.23630 0.00001 0.00156

TABLE 2.4: Numerical and theoretical precession rates for n = 1 + 2 solution geodesics
starting at 7o = 90 and various angular momentum L values. T, refers to the perihelion
radii. App is the numerical perihelion shift (in radians), App the predicted shift based on
the relativistic multipole moments and Apg 1is the shift predicted by the elliptic solution.
The final two columns illustrates the differences between the numerical and predicted shifts.
Compare with table 2.1.

2.6.5 Precession of the Nodes

We now turn our attention to geodesics that deviate slightly from the equatorial plane and
compare numerical and predicted values for the rate of the precession of the nodes of such

geodesics.

The analysis given in section 2.5.8 assumes the reference geodesic is circular. These orbits

correspond to the turning points of the potential

Vir,0;L) = e* l (2.124)

where in general ¢ = 1(r,0). We are interested in circular orbits in the § = /2 plane thus
in (2.124) we have ¢ = —m/r — 2m?/r3.
The turning points are found by solving
rm + 6r2m® — e L2 (r3 — 2mr? — 12m3) = 0. (2.125)

Solving with respect to L? we have

2= rim + 6r2m?

= - - - 2.12
e2¥(r3 — 2mr2 — 12m3) ( 6)

and as L2 > 0 then r > 3.2m approximately and the minimum of L? occurs at r ~ 7.4m.
Thus L'fm.n ~ 15.5m2 or Lin =~ 3.94m and this corresponds to the angular momentum of the

last stable circular orbit.
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Precession of Nodes. m =1, 6y = 0.1°
L Ady Adp e=|AdNy — Adp| | 100 xe/ADN
5.00 | -9.851316e-02 | -9.724505e-02 1.268105e-03 1.287245
6.00 | -4.079276e-02 | -4.071892e-02 7.384761e-05 0.181031
7.00 | -2.038206e-02 | -2.037476e-02 7.295433e-06 0.035793
8.00 | -1.140917e-02 | -1.140820e-02 9.674948e-07 0.008480
9.00 | -6.911381e-03 | -6.911244e-03 1.373156e-07 0.001987
10.00 | -4.440856e-03 | -4.440849e-03 6.981093e-09 0.000157

TABLE 2.5: Comparison between numerically determined precession of nodes per revolution
of the reference circular geodesic (A®y) and the predicted value (A®p) evaluated from
(2.89). e is the absolute error and the final column is the relative percentage error.

Table 2.5 compares the precession rates for an orbit that has inclination of 6y = 1° from
the equatorial plane. The agreement between the numerical and predicted values improves as
L increases as indicated in the last two columns. The shifts are larger (more negative) than

the Curzon solution and can be attributed to the larger multipole moments of this solution.

2.7 Summary

In this chapter we have constructed two bispherical solutions that have an equatorial plane
of symmetry. It was shown that the n = 0 function is the only single term solution that has
a plane of symmetry. Furthermore, no two term superposition containing the n = 0 solution
can have a plane of symmetry. A linear combination of the n = 1+ 2 solutions does however,

generate a field with no odd multipole moments.

It was evident for both bispherical solutions that the introduction of mass centered spher-
ical coordinates (at z = ¢ = m, p = 0) readily simplified the metric. In particular the n =0
solution was the well known Curzon solution. The n = 1 + 2 solution is a generalization of

the Curzon solution.

It was shown that for the Curzon solution the timelike geodesics with zero angular mo-

mentum experienced a repulsive force if released close from the p axis.

The introduction of a more physical radial coordinate in which to follow the trajectories
did not, unfortunately, solve this enigma. It is anticipated that this phenomena is due to the
directional dependence of the singularity. Further investigation of this is warranted and is an

obvious extension of these investigations.

Test particle trajectories of zero angular momentum, released on the z axis in the n = 1+2
spacetime were also calculated. It was possible for the test particles to oscillate along the axis

or be accelerated to infinity along the axis. There also exists an unstable release point for
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which the particle remains stationary. This is especially interesting.

The beauty of solutions having equatorial symmetry is evident when considering orbits
of test particles starting from rest in this plane: they are confined to it. The numerical and
theoretical precession of the perihelion were computed and agreed well for those orbits of
relativity high L values.

Similar results for the precession of the nodes for orbits slightly deviating from the plane
(and of circular nature within the plane) was evident. Although it is clear that circular orbits
are possible in the equatorial plane for the n = 1+ 2 solution we have not ascertained whether
this is so for other planes.

Both solutions considered in this chapter represent the field of point like masses located
on the z axis. In the next chapter we consider those fields generated from ring like mass
distributions in the p plane.



Chapter 3
Toroidal Coordinates

3.1 Introduction

This chapter is concerned with calculating Weyl fields using toroidal coordinates. In bispheri-
cal coordinates the singularities of ¢ are located on the z axis. Now the sources (singularities

of ¥) have a ring-like distribution in the z = 0 plane.

Bach and Weyl (1922) first constructed the relativistic field of a pure ring mass source
in terms of elliptic functions. Misra (1961) calculated the external field due to any toroidal
distribution in terms of toroidal functions. He gives gives one example, that of the Bach-Weyl

ring solution. We derive three new solutions.

Timelike orbits of zero angular momentum are presented. It becomes evident for the
ring solution, when the particle oscillates along the z axis, that the period of oscillation can
increase as the mass of the ring is increases. This is in direct contrast to the Newtonian

scenario.

The relativistic multipole structure of any arbitrary harmonic toroidal solution is cal-
culated, enabling us to apply the results of Ferndndez-Jambrina and Hoenselaers (2001) to
compare the advance of the perihelion of closed timelike orbits with that of numerical values

and those computed from an approximate solution to these orbits.
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3.2 Coordinates

Toroidal coordinates a, 3, ¢ are related to cylindrical polar coordinates p and z by the formulas

= csinh a csin 8

~ cosh a — cos 8 = cosha — cos 3 31

where
0<a<o O0<p<2r O0<p<2r

and c is a positive scale factor. The triply orthogonal system of surfaces consists of the toroidal
surfaces a = ag with axial circle of radius (ccoth ag) in the zy plane with center at the origin

and having a circular cross section of radius (a cosech ayp).

The surface 8 = [y (8o < ) is that part of the sphere of radius (ccosec fy), with center
p = 0,z = ccot Sy which is above the zy plane. The rest of the same sphere below the zy
plane is given by 3 = 2m — . The dividing line is the circle of radius c in the xy plane with
center at the origin, which is also the degenerate surface a = oo.

The part of the zy plane inside the circle & = oo corresponds to § = 7 and the rest of

the zy plane outside the circle corresponds to 3 = 0 or 2.

The z axis corresponds to a = 0 and as

a,f—0 then r=4/p?+22— 0. (3.2)
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FIGURE 3.1: Toroidal Coordinates.

The inverse transformation of (3.1) is given by

1 p? + 2% + 2cp + 2
= =1 .3
“ 2n(p2+z2—2cp+c2 ekl

B = arctan (—ﬁ—> (3.4)

p?+ 22— c?
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3.3 Metric

The general axially symmetric (Weyl) line element
ds? = e dt? — 22 (dp? + d2?) — pPe P dyp? (3.5)

by virtue of (3.1) becomes

20-20

C
ds? = eV dt? — a7 [e27 (da® + dB?) + sinh®a d¢2] (3.6)

where ¥ and « are functions of « and f.

3.4 1 Solutions

The metric function ¢ satisfies Laplace’s equation. In toroidal coordinates it has the form
(with axial symmetry)

0 < sinh a 61/)) 0 ( sinh a 8¢> _o

da \ cosh a — cos B da +5§ cosha — cos 3 98 37

The substitution

1 = v/cosh a — cos 3 A(a) B(B) (3.8)

enables (3.7) to separate:

1 d%A 1dA 1 1dB |,
+ cotha — +-= =

A da? AmtiT BET (3.9)

Clearly,
B(B) = c1 cos(vB) + cosin(vf)

where v is a separation constant (in what follows ¢; are constants). The remaining equation

for A(a) may be written

1 d [ . dA g 1 _
sinh(a) E(smh a%—) - (1/ - Z)A =0 (3.10)

which is Legendre’s equation,
[(1-2?)y) +l+1)y=0
with argument z = cosha and ! = v — 5. Thus the solutions of (3.10) are of the form
A(a) = c3P,_1/3(cosh @) + c4Q,_1/2(cosh a) (3.11)

where P and Q are Legendre functions of the first and second kind respectively.

By restricting the parameter v to be an integer n, which, without loss of generality, we

can assume to be nonnegative, then the continuity condition

Ylg=0 = ¥|g=2r
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is satisfied. This is equivalent to the physical requirement that the solutions be periodic in
the cyclic coordinate 3 (Lebedev, 1972).

The metric must become flat as 7 — oo, requiring ¢ — 0 as a, 3 — 0. For general v

P, _1p(1)=1 and lir51+ Qy—1/2(cosh @) = oo.

a—

Thus we set ¢4 = 0 so that our solution remains finite at infinity. Therefore the general

solution of (3.7) which is asymptotically flat can be formed by superposition of the solutions

= y/cosh a — cos f[c; cos(nf) + czsin(nB)]P,_1/2(cosh ). (3.12)
These general solutions correspond to solutions of Laplace’s equation suitable for solving the
exterior Dirichlet problem for a domain bounded by the toroidal surface a = ag (Lebedev,
1972; Misra, 1961).

3.5 Calculating vy

For generality write (3.12) as

—+/cosha — cos 8 F(a, ). (3.13)

The function v occurring in the metric (3.6) is obtained by solving

gl = sinh a{(Fg - Fg)(l —coshacosB) — 2(1+ cosh accos B)F? —
e

F (cosh asin B F3 + sinh a.cos B F,,) — 2sinh asin 3 FaFg} (3.14)
g_g = sinh a{(Fg - Fﬁz + 1F?)sinh asin 8 + F(cosh asin 3 F —

sinh a cos 8 Fj) + 2F Fp(1 —coshacosﬂ)} (3.15)

subject to the boundary conditions that - is zero along the z axis and is asymptotically flat:

})grg)v( z) = lim~y(a,8)=0 (3.16)
TIH{.IO’Y(/)’Z) = al}ilgofy(a,ﬁ) =0. (3.17)

Integrating (3.15) we have
o.) = [ 518 = f(e,) + Ule) (318)

where the function U(a) remains to be determined. Calculating f(a, ) is always possible as

only integration of trigonometric functions is required. From (3.14) when 3 = /2 we have

d oy
o [fla,7/2) + U()] = o (3.19)

B=m/2
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which leads to the differential equation for U(a)

Ule) = —fa,m/2)+

sinha{(Fg - Fé) — 1F? —FFgcosha — 2sinhaFaFg} (3.20)

B=r/2

Equation (3.20) is solved by quadrature. By construction the boundary conditions are satis-
fied. For our single ring-like solutions we must ensure that v is continuous, especially at the
coordinate boundaries 8 = 0,27. This is equivalent to having a v function that is continuous

around any circle a = const. (Gleiser and Pullin, 1989).

One must be cautious in checking the validity of v: if the potential 9 is singular at some
point in the plane p > 0 (which is clearly true for toroidal harmonic solutions) then v may be

multiply-defined.

This is especially evident when considering the situation (we are not however) of a field of
a ring around the axis and a point particle on the axis. As in the two particle Curzon solution
(see section 1.6), for such a situation to be static one expects some kind of supporting stresses
to counteract the gravitational attraction between the objects. There are in principle two
possibilities: one could have a Weyl strut along the axis connected to some kind of surface
layer inside the ring, or one could have a surface layer extending in a conical fashion from
the point particle to the ring which in turn is not a ring but a ring with a membrane inside.
These possibilities are discussed in numerous places, for example Hoenselaers (1995); Thorne
(1980); Gleiser and Pullin (1989).

3.5.1 Useful Integrals

Often in computing U(a) evaluation of integrals containing Legendre functions of the first

kind squared, viz.
I= / (B, (2)]? dz. (3.21)

is required (v is arbitrary). To calculate I we begin with the result (Abramowitz and Stegun,
1965; Magnus et al., 1966)

(v—o)v+o+1) / P,P, dz = z(v — 0)P,Py + 0P,Py_1 — vP,_1P,. (3.22)

Let 0 = v + h, then

P,P, Pn_ P,_
v+ h+ 1)/P,,P,,+h dz = 2 PP,y — —2=23 [(u 4Ryl Ty 1] . (3.23)
h }%+h }%
Given that 5 P ) P P
vy v+h-—1 v—1
9 = lim - h - 2
5 (5) = [(” TN VR ] (3:24)

we have as h — 0

I= /[Py]de = 21/1“ [z[P,,]z —[P,)? a% (VP;;I)] . (3.25)
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Paramount in computing this derivative is the result

9 o
o b P, = 0 (3.26)
v==3
and the identities
2v+1)2P, = (v+1)P,y1+VvP,_; (3.27)
zP, = P,_1+(v+1)(z2-1)/2p;! (3.28)

which are used to lower the degree* of the Legendre functions in intermediary calculations so
that (3.26) can be used.

In particular we have that?

P, P

17 1.
2 2

2 / [PyPdz = 2([Py)* + [P_1J%) — (3.29)

4/[13%]2 dz = 4z2P_%P% + z([P%]2 -2 [P%]Q —3P3P_1)+ PP

2

- P

Pi.  (3.30)

)
[

[N
[
S]]

3.6 Relativistic Multipole Moments

The relativistic multipole moments of the metric generated by the general solution
Y(a, B) = —+y/cosha — cos Z [Ansin(nB) + By cos(nf)] P,_1/2(cosh a) (3.31)
nes
where S is a set of unique n values, can be readily computed by the methods developed by
Hoenselaers (1986) summarized in the earlier section 1.8.4.
The evaluation of the moments are in essence, determined by the values of the derivatives
of ¢ with respect to Z = 1/z at the point Z = 0 on the symmetry axis (a = 0).
On the axis, as P,(1) = 1 we have

Y(B) = —v/1 — cos Z [Ay sin(ngB) + By cos(nf)]. (3.32)

nes

Furthermore from (3.4) on the axis we have

2(z —¢€)c )

,3 = arctan <(Z—_m (333)

where € is subsequently used to nullify any dipole moment. Introducing z = 1/z into (3.33)
and then into (3.32) expanding for small Z and applying the algorithm described in section

1.8.4 the general mass and dipole moments are, respectively

My = V2¢) By, (3.34)
My = V2c|[2cY nAnted Bl (3.35)

*P; ! is the Legendre function of order —1.
TResult (3.29) has also been shown in Piquette and Van Buren (1984).
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From (3.35) we see that translating the origin (z — z — €) by

c— —2cy - nA,
2.Bn

nullifies the dipole moment. The quadrupole and M3 moment, after this transformation
become

My = \/§c3<12zn(2AnZnAn+BnnZBn)+3 an+4(ZB")3> (3.37)

(3.36)

6 S B,
v = 2a(55)" (o aa S A E BB
5 n (12 Ban Y nAn Y By —2Ann? (X B)? + 12 4, (N ndn)? — 4, (X Bn)2)

(¥ Bn)?
+3> nApY. Bn> : (3.38)

We observe for solutions with A, = 0, then M; = M3 = 0. It can be shown in general, that
all odd moments vanish indicating a solution with equatorial symmetry (the z = 0 plane).

This is also evident for the corresponding classical potential problem (Lebedev, 1972).

3.7 n =0 Solution

The first solution considered will be that by setting n = 0 in (3.12). We therefore have

Yo = —+/cosha — cos 3 B P_% (cosh @) (3.39)

where B is a constant. From (3.13) we have

F(a,B) = F(a) = BP_1(cosha). (3.40)

1
2
It follows from section 3.5 that*
¥(a, B) = —cos 8 [sinh2a (F2 + %F2) +sinhacosha FF, | + U(a) (3.41)
where

1
Ule) = /sinhanga— Z/sinhanda
U, - Us. (3.42)

Let z = cosh @ and write P = P_ 1 (cosh @), then

Up=-1 / P*(2) dz. (3.43)
By integrating by parts we calculate

Uy = (> = 1)P,P — / 2:PP, dz — / (:2 - 1)PP,, dz. (3.44)

*Subscripts refer to differentiation.
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Recall that P(z) satisfies Legendre’s equation
(1-2°)P,, —2:P, - 1P =0 (3.45)
thus
Uy = (2~ 1)P,P+1 / P%dz. (3.46)
From equations (3.42) and (3.43) we obtain
U(z) = (22 — 1)P,P. (3.47)
Given the identity
(22 = 1)P)(z) = v(2P, — P,_)
then
Ula)=}B?P_, [P% (cosh ) — cosha P_y (cosh )] (3.48)
and it follows that

Yo(e, B) = —3B? [cos 8 {[P1]2 [P_1]2} =2 P_; Py +2cosh ol P_y)?]. (3.49)

Solutions (3.39) and (3.49) form the Bach and Weyl (1922) solution, the relativistic field
of a ring centered at z = 0 with radius p = c.

The ring itself has non-trivial structure, it has a directional singularity and is certainly
not a simple line source (Israel, 1977; Thorne, 1980). The solution produces, sufficiently far

away from the source, a toroidal gravitational field (Hoenselaers, 1995).

Semerdk et al. (1999a) has investigated the timelike geodesics of a Schwarzschild plus
Bach-Weyl field. Geodesics of the the Bach-Weyl solution are illustrated in later sections.

3.7.1 Multipole Moments

Section 3.6 gives the general multipole structure of any toroidal ¢ solution. Here, for the

n = 0 solution we evaluate them by introducing spherical coordinates.

The general static axisymmetric vacuum solution in spherical coordinates (¢,r,0, ) can
be written in the following form (Kramer et al., 1980; Hernandez-Pastora and Martin, 1994)

Y = Z z+1 Py(cos6) (3.50)

> (l+1)(k+1) aja
I+ k+2 rlitkt2

e L

v (Pr+1Pe+1 — BiFy) (3.51)

1, k=0
where P;(cos #) are Legendre polynomials of order [ and a; are constants which determine the

multipole moments.

Miller (1977) calculates the expansion of harmonic toroidal solutions in terms of solid
spherical harmonics. After appropriate normalization and simplification of these general re-
sults, the n = 0 solution (3.39) can be written as

-2 BZzB’ F(,—1;1;2) 222 Filcosf) (3.52)

rl+1
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where i2 = —1 and F(-) is the Hypergeometric function. Let

b = F(3, z-1~2)
S(~I)(=1+1)22 +%% (=D)(=1+1)(=1+2)23

(212 (31?2

Thus for [ = 1,3,5,... from (3.53), (3.52) and (3.50) all (classical) odd multipole moments
vanish. Therefore we can write (3.52) as

Nt

= 1—l+22

Ho (353)

> Py (cos b
Z R G 2l P2+ Palcos9) ., ag=(-1)"*"V2Bby. (3.54)

From section 1.8.5 we can now calculate the relativistic moments M;. The first three are*

My = —V2Bay=V2B=m (3.55)
_ _m 2

M, = s (2m? +3) (3.56)

Mi = g5 T (152m* + 480m® + 315) . (3.57)

which can be readily confirmed (with ¢ = 1) from the general results given in section 3.6.

Furthermore we can now write

1a? 6 aoaz
0 = 308 o (P2-P3)+ 11 (PsPL— PoPo) +
m?2 3m? sm20 . 2
= —wSln 9—§T (55111 0—4)"' (358)

3.8 n =1 Solution

We now proceed and formulate the solution for the case n = 1. From equations (3.12) and
(3.13) we have
Y1 = —v/cosha — cos,BP% (cosha) [Asin 3+ Bcosf]. (3.59)

A and B are constants. From section 3.5 the unknown function U needed to complete the

determination of the function ~ satisfies (2 = cosh a)
2 2
U'(z) = B> — 1) [Pi (z)] — 182+ 44%) [Py(2)]". (3.60)
2

Integrating by parts and using the result (3.29) we obtain

U = By [ - 0P | - (B4 4 [ [Py] s (3.61)
= B+ APy P - B [P -2 p) @)

1,3 _ _19 5
*Mo = —ao, Mz = 305 — az, M4——105a0+ 8a2as — a4.
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Thus we have

B? 2
1 = =131 (16[Py]) coh®a—8P_, Py cosha+9 [P
2 ; ok

N

]2 -9 [P%r) cos® B +

2
6<P_%P% —cosha [Pl] )cos2,3—l2cosﬂ[P

1 1
2 2
be

1 2
{_71 % [—16sm3,3cosh2a+12sm2ﬂcosha 3sin 8 +

]2 sinh? a +

P

—

6 cosh ([P_%]Z + [P1]2> —12P

1
2

(81

2
9sin 33 +6P_1P1 [2s1n3ﬂ 3s1n2ﬂ] flj[P_%] sin3,3}

1
+ A2{ [Pl] [6(2 cos 383 cosh? o — 3 cos? B cosh @) —

2

1
E(S cos 3 + 3 cos 3,8)] + éP%P_% [(3 cos 3 — cos 33) cosha + 6
—3sin® ﬂ] + Zlé [P 1] [— 24 cosh a + cos 303 — 9cos,8] } (3.63)

It is easily verified that +; satisfies the required boundary conditions (3.16) and (3.17).

3.8.1 Multipole Moments

From the general results of section 3.6 we readily compute the first few multipole moments

(dipole transformed away) of this particular solution to be (c is the coordinate scale factor)

My = V2cB
_ 1 3 2 2 4
My = —g5V2c (24A +15B% + 4B*)
M; = 4\/§c4A(3B2+4A2) B2 (3.64)
The next moment is
V2 2 4 6 8
My 23055 (~7680A%B* — 4800 B® — 608 B"+
30240 A2B? + 40320 A* — 2835 B* ) . (3.65)

3.8.2 Simplifications

Let A = 0 then the n = 1 solution becomes

Y1 = —+/cosha —cos(B P% (cosh &) cos B (3.66)
2 2 2 2
y o= _%{ (16 [P,] cosh?a ~8P_y Py cosha +9 [Py — 9 [P}] ) cos® 3 +

2 2 2 . .9
6<P_%Pl — cosha [Pl] cos ﬂ—12cosﬁ[P%] sinh® o +
2

} (3.67)

]2> —12P,

6 cosh a ([P_%]2+ [P

N=
=



3.9. n=0+1 Solution 74

with even multipole moments

My = V2¢B=m (3.68)
M, = —%(1562+2m2) (3.69)
My = %(283564+2400c2m2+152m4). (3.70)

Given that the coefficients ag and as in (3.50) are related to the relativistic multipole moments
by (Hernandez-Pastora and Martin, 1994)

ayg = —Mo =-—-m (3.71)
1
ay = —-M:-My=="¢cm (3.72)
3 6
the expansion of (3.66) and (3.67) in terms of spherical coordinates (r,0, @) begins with

m  15¢2m

P~ —7+ 63 Py(cos 8) (3.73)
2 2,02 02
o m® 15¢* m*sin“f /_ . 5
Y1 = _ﬁ sin“ @ — T’r—4 (5bln 0 — 4) . (374)

3.9 n=0+1 Solution

Both n = 0 and n = 1 term solutions have a multipole structure that is determined by one
parameter, the mass m of the source. Once the constant* /2B = m is chosen the higher

multipole moments are fixed: M; = M;(m).

To gain more flexibility we now determine the metric corresponding to a linear combi-
nation of solutions. We will consider solutions with equatorial symmetry, thus enabling the
freedom to specify the mass and quadrupole (Ms = @) moments. It follows that all higher

(even) moments are then determined by two parameters:

My = My(m, Q).

We will first consider the solution generated by the superposition of the n =0 and n =1

1) solutions. Recall we are interested in solutions that have equatorial symmetry, thus we have

o1 = —+v/cosh a — cos 3 [Bo P_% (cosh @) + Bj cos 8 P% (cosh a) ] (3.75)

generating mass and quadrupole moments (again c is the coordinate scale factor)

m = V2c(Bo+ Bi) (3.76)
Q = —? ¢ (12BoB} + 12B3B; + 3By + 4B§ + 15B; + 4B3). (3.77)

Inverting we have

V2

By = —— 2 3 3.
0 543 (15mc” + 2m° + 6Q) (3.78)

*We can set without loss of generality ¢ = 1 (Hoenselaers, 1995).
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from which we can write for the next moment
My = —(3m5 + im3c? + 2mc?) — Q(8m? + 3¢2). (3.80)

The calculation of « requires the evaluation of

A
v = [B [smha(dd;) - i—sinhaAg] do (3.81)
dAg . 19 )
+ / 2BOB1IAlsmh a + ByB; coshaAoAlsmha] do (3.82)
- / B?sinh a4? da (3.83)

where Ag = P_ 1 (cosha) and A; = P% (cosh ). From the results of section 3.7 it becomes
clear that (3.81) is given by (3.48). After making the substitution z = cosh a and using the
identity 2(2%2 — 1)P’ , (2) = P1 (2) — 2P_ (z) then (3.82) and (3.83) simplify to
2
2
(BoB: — BY) / [PL(2)] d (3.84)

with solution given by (3.29). Thus combining and including the elementary integral (3.18)

we have

P_,
2

2
Yo1(a, B) = BOBI{ P — cosha [Pz] ) cos? 3 +

(P47,
( % —-P1P 1cosha>cos,3+
2 2

% ([P_;] + [P1]2> cosha — P_%Pl } +Y%+M (3.85)

where 7o and 7 are given by (3.49) and (3.67) respectively.

3.10 n =0+ 2 Solution

We will also consider the metric generated by the superposition of the n = 0 and n = 2
solutions. Again demanding equatorial symmetry we have

o2 = —+/cosh a — cos 8 [ By P_ (cosh a) + Bycos2p Ps (cosh @) ] (3.86)
Given mass m and quadrupole values @) then

V2

_ Y- 2 3
By = 9603(51'mc +2m° + 6Q) (3.87)
—By = §6—63(3mc +2m° + 6Q) (3.88)

from which we can write for the next moment

M = ~(mS + §mict + fme) — Q(3m? + 5e2). (389
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For brevity we will write
Ap(a) = P_%(cosh a), Ai(a)= P%, Az(a) = P%

and ’ for differentiation with respect to @ . The function U(a) which completes the determi-

nation of v is determined by solving

U'(a) = [sinha(4p)? - Lsinha A3] B (3.90)
+ [2coshaA6 + 3 sinha Ag + 2sinhaA8] As BoBy (3.91)
— [cosh a Ay + §sinha Aj + sinha A’Q'] A, B2 (3.92)

The first term is given by the corresponding U solution for the v case, equation (3.48). As Ap
is a solution to Legendre equation (3.10) with ¥ = n = 0 the term (3.91) vanishes. Similarly
the third term, by virtue of (3.10) with n = 2 becomes

2

—4BZsinha [P% (cosh(a) | (3.93)

The integral of (3.93) is given by (3.30). This completes the determination of U. The complete

~o2 function is given by
702 = Bg{ cos® B| A3(5 — & cosh® @) + $ A2 A coshar — gA%} +
L

cos® 3| 6A3(Ag cosh o — Al)] +

cos® 83 -A% —1249A; cosha + 3A% + 8A2 cosh(2a)] -
6cos2ﬂ[A2 cosha — Al] Ay —

cosﬂ[ — 4A3cosh® a + 143 + 6A3A; cosha — %A%] +

% cosh aA% + 3A3Apcosha — gAlAg + 2 cosh aA% + AgA; —
4 cosh? aAgAl} +

BOBQ{ cos® 3 [§A2(5A0 —8coshad;) + Af] +
Ag(Agcosha — A7)(1 — 2cos? B) +

: cosﬁ[A2(4 cosh aA; — Ag) — 3Af] } + . (3.94)

3.11 Numerical Calculation of v

Analytic evaluation of the metric function vy to this point has been possible. In a certain sense

this is a luxury. As the complexity of 1 increases, due to superposition of particular solutions,
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or considering functions containing higher order P,.;/5(cosha) terms, the evaluation of v
becomes a more arduous and tedious task, although in principle still possible.

In the next chapter v must be computed numerically. This section serves to give evidence
and a sense of assurance of the validity of the methods used in chapter 4 to calculate
numerically. Our test problem, of non trivial nature, will be to generate the vy, function
given above. We set By = 1 and By = 1/3 and from (3.13) and (3.86) we have

F(a,pB) = (cosh a) + 3 cos 28 P% (cosh ). (3.95)

We evaluate « via the line integral (Semerak et al., 1999b)

v = [ [P s

axis

= dﬂ] (3.96)

where the integration is taken along a path going from the axis (a = 0) to a given point.
dv/da and dvy/dB are given by (3.14) and (3.15). To satisfy the boundary conditions (3.16)
and (3.17) we calculate (3.96) via two paths. Firstly

al ﬁ, d"y
o, B =/ el da +/
FYP].( ﬂ) 0 ___O dﬂ

As limg_o [sinha F2] = 0, then the first integral in (3.97) does not become singular. As
dy/dB|a=0 = 0 then we take for the second path

(3.97)

aa’

Coan (¥ dy
(e, B) = /0 ol do (3.98)

\ﬁ=ﬁ’

Typical results are illustrated in figures 3.2 and 3.3. It is evident in the first figure that
the evaluation of v via (3.98) is superior to that of (3.97), although at higher integration
tolerances (as in practice would be implemented) both paths perform similarly. To minimize
computational time by reducing function evaluations path 2 would be used. Clear signs of

convergence for either path is observed, and the numerical evaluation of vz is reliable.

Similar methods are used in the following chapter to evaluate . It will be seen that
no analytic solution is possible, but these results here give some confidence in the numerical

procedures used there to evaluate +.

3.12 Equations of Motion

The Lagrangian associated with the metric (3.6) is
oL = e®i? — Xe?' (62 + B?) — X sinh%a 2. (3.99)

The dot over the coordinate denotes the derivative with respect to the affine parameter s and
Re—2V

(cosh a — cos 8)%°

X (e, B) = (3.100)
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» Integration Convergence

10

max| AN |

10 : :
10° 107 107 10°
Integration tolerance

FIGURE 3.2: The mazimum error between the analytic (v4) and numerical (YN)
functions. Here the numerical results are computed over a 10 x 10 uniform point grid

where 0 < a <1 and 0 < B < 2n. The z-azxis corresponds to the tolerance criteria
used in the numerical integration algorithm.

FIGURE 3.3: o2 given by (3.94) and the error between the analytical
and numerical (path 2) calculations (tol =1 x 107°).

The cyclic coordinates ¢t and ¢ enable the constants of the motion E and L, which represent
the total specific energy of the test particle and its angular momentum about the z axis
respectively, to be defined from

—-L

i = E€-2w, = ‘_#.
X sinh“a

(3.101)
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The remaining equations of motion are

& = X‘le‘”{’d’ae_z'pEz + 36?7 (Xa +2X70) (6% - 5%) +

e?(Xp + 2Xp)af

YC

L? [X,sinh 2
[ o sin c'r+3Xcosha]} (3.102)
sinh’«

-6 = X—le—2’Y{¢ﬂ€_2¢E2 — 3€¥(Xp +2Xvp)(¢* — B*) +

. L?’X
e (Xo + 2X74)af — E)Tn[lal?a} (3.103)

here subscripts refer to partial differentiation.

By rescaling the affine parameter s we can arrange that 2£ has the value ¢ = +1,—-1,0
for timelike, spacelike or null geodesics respectively. Thus a further integral of the motion
follows from the Lagrange function (3.99) and (3.101) we have

L2

2 52 _ y-1,-2v| p2_-2¢
+p°=X g [E —————¢€|. 3.104
a+p ¢ ¢ (X sinh? o) ¢ ( )

We will investigate the motion of test particles. Thus in all subsequent calculations we will
set € = 1. These equations of motion will be solved numerically via an adaptive Runge-Kutta
fifth order scheme.

The toroidal functions P,
and Stegun, 1965)

-1 (cosh &) were computed via quadrature using (Abramowitz

e
P i(cosha) =~ de i 3.105
n
2 7 Jo (cosh a + cospsinh a)"*32
except for the functions 0
P_% (cosha) = - sech($)K (tanh §) (3.106)
Py (cosh @) = %ea/zE(\/ 1—e2), (3.107)

Here K and E are elliptic integrals of the first and second kind.

3.13 L =0 Geodesics

We shall in this section consider the trajectories of particles which start from rest with zero
angular momentum, L = 0. From (3.104) the initial release point (g, Go) is related to the

constant E by
E = e¥(0,fo), (3.108)

3.13.1 Motion along z axis

Consider a test particle released from rest at some finite point z = zp on the axis. This
corresponds in toroidal coordinates to an initial position (ag = 0,08p). Given ap = o =0
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then equation (3.102) becomes (v = 0 along the axis)

do o Pa(0, Bo)- (3.109)

Consider the general solution ofy, equation (3.31)

Y(a, B) = y/cosha — cosﬁz fn(ﬂ)Pn_%(cosh Q). (3.110)
It follows for @ = 0 that
Yo = /1 —cos 3 an(ﬂ) E%Pn_%(cosh a)l . (3.111)
a=0

Expanding (3.105) for small a we have
1
Pn_%(cosh a)=1+ E(éln2 —1)a? 4+ 0(a?) (3.112)
and thus for @« = 0 we have ¢, = 0. Therefore, given g = ap = 0 then ay = 0 so
a(s) = ap = 0 and motion is restricted to the z axis. The remaining equation of motion

becomes (a = 0)

=g B2 (1 = cos ) = (a+ e ) B (3.113)
From (3.104) we have along the axis
B2 = ¢2(1 = cos 0)? (B — ) (3.114)
therefore
—B = c%(1 — cos B) [gbﬁez‘/’(l — cosB) —sin B(E? — 62’/’)] . (3.115)

Motion along the z axis for the various solutions formulated in the previous section will

now be examined.
n = 0 Solution.

For the n = 0 solution (0, 3) = —B(1 — cos 8)!/2. Solving (3.115) requires some cau-
tion. Figure 3.4 illustrates the dependence upon integration tolerances used in the numerical
method. These plots are generated with m = 10 and ¢ = 1. The first two plots, using lower
tolerances produce motion exhibiting characteristics of damped simple harmonic motion - an
indication of incorrect numerics. The third plot, using the highest tolerance produces the

expected (in the Newtonian sense) oscillatory motion.

Following Misra (1961) let us assume that the test particle is released from a small distance
from the origin, 8 = m — & where £ is small. To the first order E? = e=2™/¢ + O(£2). Recalling
that m = ¢v/2B then (3.115) becomes

£=—ke, k= ge-zm/C. (3.116)

Thus the motion of the particle will be simple harmonic with period T given by

(3.117)
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Motion along z axis Motion along z axis Motion along z axis
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(a) tol = 1 x 10~3 (b) tol =1 x 10~8 (c) tol =1 x 10~ 11

FIGURE 3.4: The motion of a particle released from zo = 10 as calculated
using differing integration tolerances.
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FIGURE 3.5: The shm approzimation (3.116) and the numerical (solid line) solution
(8.115) for various release points zg. Here m =1 (the ring mass) and c = 1 also.
As expected the accuracy of this approzimation increases as 2o is lowered.

This approximation is illustrated in figure 3.5. Trajectories (as functions of the proper time

s) for a test particle released from zg = 2 are shown in figure 3.6.

As the mass of the ring increases, the period of oscillation increases. This is contrary to
the Newtonian analogue and is clearly a perplexing result: it would suggest that a test particle

will oscillate quicker as the mass of the ring decreases.

This in fact does not occur. There does exist critical m values for which the classical
type behaviour is observed. Figure 3.7 illustrates this point. Here the period of oscillation
(proper time) as a function of mass is plotted. Labelled with an asterix is the critical mass
value. It is seen that the period decreases when the mass of the ring is increased to this value
- the Newtonian type behaviour. Afterwards the period decreases as observed in figure 3.6
clearly a relativistic effect. It is also evident that the period is dependent upon the amplitude
of oscillation, that is the initial release point.
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Motion Along z axis. Varying ring mass

FIGURE 3.6: The motion of a test particle as the mass of the ring (radius c=1) is
increased. Unlike the Newtonian situation the period of oscillation increases as the
mass of the Ting increases.

Period as a function of Mass (n=0,c=1)

100 0.5 1 1.5 2

Mass

FIGURE 3.7: Period of oscillation as a function of mass. The labels on the curves
refer to the initial zo release point. The stars mark the minimum period, afterwards
the motion behaves in a non-Newtonian manner.

Some insight to this behaviour can be found from examining the Kretschmann scalar K,
which gives the amount of curvature of spacetime as a function of position (Henry, 2000).

Along the z axis (a = 0) we have

2
K = 2 Cge_zm/c\/2_zcosﬁ(l—cosﬁ)5/2{mx

[16m2 sin? B(1 + cos B) + c*(123 cos? B + 186 cos B + 139)]

—2v2mcsin® 3(29 cos B + 19)} (3.118)
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which is plotted (relation (3.4) enables K, to be plotted as a function of z) in figure 3.8. For
m < 0.5 the curvature increases. Thereafter it decreases along the axis monotonically. By
making the analogy between curvature and restoring force, this would then justify the longer

periods observed in the oscillations shown in figure 3.6. These calculations do not indicate any

K, for varying m K, for varying m

0.4 . . . 0.7

m=05

m=1

FIGURE 3.8: The Kretschmann scalar (c = 1) along the z azis
for the n = 0 solution. Note the symmetry about z = 0.

dependence upon the amplitude of oscillation and fail to predict the transition from classical
to relativistic oscillations. We note that the curvature at the origin is not zero, as one would

expect on symmetry arguments.

Let us compare the relativistic and Newtonian orbits by calculating 8 = §(t) that is a
function of coordinate time. Subscripts ¢ and dots will refer to differentiation with respect to

t and proper time s respectively.

Along the axis

m
= —-———=+1—cosp.
Y o3 g
Generally ¢ = Ee~?¥ thus
B = BiEe™™ (3.119)
B = B (B -2up8;) (3.120)
from which the geodesic equation (3.113) becomes
_ m 49 1— 3/2 sin,@ 1 3 2 121
= 5™ sin (1 = cos ) teg 1T 30 O (3.121)
The corresponding Newtonian equation of motion is
_ m . _ 3/2 sin ﬁ 2
Bu = ol sin B(1 — cos B)*/“ + T cos Bi. (3.122)
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It will be illustrative to introduce the coordinate z using the inverse relationship (3.4). In
doing so we have

m

Z) = —— 3.123
v = -y (3.123)

and the relativistic and Newtonian equations of motion become respectively

= M2 [ 4(z) _g,2
“ =~y [ —322] (3.124)
mz

Ztt = —————r (3.125)

- (22 + )32

Thus, when ¢ and z; are small the relativistic and Newtonian trajectories should agree.
Examples of this are given in the following figures. It is observed as m increases the two

trajectories diverge.

The proper motion, z(s) is also plotted. From figure 3.10 we see as m increases the
expected increase in v is observed. We note that the amplitudes of the motion are identical.

The relativistic orbits generally have longer periods (once m > m, as eluded too earlier).

m=001(c=1) m=01(c=1) . m=1(@c=1)

\
=20 relativistic |
-08[1 - - 2(t) classical

2(s)

— 2(1) relativistic

-~ 2(t) classical
2(s)

o 20

o 2 4 6 8 10

tlors) t(ore)

FIGURE 3.9: Comparison of trajectories for increasing mass (c = 1).
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-0.04, -0.4
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0 20 © ) 80 100 ) s 10 15 20 25 30 35 4 [ 2 ) 6 ) 10
t

FIGURE 3.10: Corresponding Newtonian velocity profiles. As m increases so does max(v).
Thus the more prudent do relativistic considerations become. This is evident in these plots,
where the deviations between the various trajectories become more apparent as the velocity
increases.
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n =1 Solution.

We now turn our attention to the n = 1 solution. This section concentrates on the
trajectories of test particles released on the 2 axis with zero angular momentum. The simplified
metric functions ¥; and 7y; presented in section 3.8.2 are used in this section.

Along the axis the metric function i, becomes

Y1 = —B+v/1—cosf3 cos 8 (3.126)

or, from the inverse coordinate transformation (3.4)

22—62

T2 )

Y1 = (3.127)

From the multipole determination, we have introduced the mass of the source via the rela-
tionship m = v2c¢ B. We note that the potential (in a Newtonian sense) becomes zero when
z = ¢ and is positive for |z| < c¢ although, ¢, and its derivatives remain bounded along the

entire z axis.
This is also evident in the Kretschmann scalar along the axis
2

K, = 5;208(1—cosﬂ)5/2e4¢'1(ﬂ){\/1—cos,B[mz(l—cos,B)><

(2268 cos? 3 — 3024 cos (3 + 1009)(1 + cos B)%(3 cos B — 2)? +
c2(13824 + 4032 cos  — 46026 cos? 3 — 9612 cos® B + 45846 cos* ﬂ)] +

6v/2m c(1 — cos B)(2 — 3cos B)(1 + cos B)(2052 cos® B — 1419 cos? B —

1121 cos 8 + 776)} (3.128)
which at the origin 8 = 7, obtains its maximum value
m2
K, (m) = 267 C—ﬁe“m/C. (3.129)

Thus K, remains bounded (and positive) along the z axis indicating, along with (3.126) (or
(3.127)) that there are no sources along the axis. This is expected as in toroidal coordinates
the solutions to Laplace’s equation becomes singular when o — oo. We also note that the

metric function ~y; is zero along the axis.

Consider the Newtonian equations of motion for a test particle in the gravitational field
described by the potential (3.127)

22 — 52

z= —V’(,bl = —mZm.

(3.130)

Integrating, and noting that the initial velocity is zero at the release point zp we have

9 22— 2 22 —c?

5e =2 — .
z T PR T (R + )

(3.131)
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This equation serves to locate the turning points of the motion, that is, where the velocity
becomes zero. The permitted range of z is then fixed by the inequality

22—02 2(2)—0

(22 + ¢2)3/2 - (22 + 2)3/2

2

= P(z;20;¢) > 0. (3.132)

Recall that this is the classical potential of the motion. Using (3.127), evaluation the
relativistic analog of this equation given by (3.114) results in the same equation. Thus the

two motions will exhibit the same qualitative features.

Examples of various potential curves are illustrated in figure 3.11.

Potential Curves
0.3 T T T -

0.25F

0.2

0.15F

0.1r

|
o
(X

FIGURE 3.11: Various potential curves, P(z; zo; 1), for the 91 solution for motion
along the z azis. Here ¢ =1 and the initial release point zo is varied.

For zg < 1 then P(z; zo; ¢) has only one root, its starting position and the particles
motion is unbounded and accelerates from the release point to infinity (the upper curve in
figure 3.11).

When zp > 1 then P(z; z0; c¢) will have two roots and the test particle will oscillate along
the z axis between these two points. We note, for example, in the zo = 1.5 curve figure 3.11,

that the particle can experience initial repulsion from the origin.

When 2o = v/5¢, we have a repeated root and there is no motion: the particle remains

stationary. This is also evident by equation (3.130), as the particle starts from rest.

For zg > v/5 ¢ then the test particle exhibits oscillatory motion with initial displacement
towards the origin. Examples of each type of motion is given in figure 3.12. Recall that this

qualitative description is valid for either the Newtonian or relativistic motions.



3.13. L = 0 Geodesics 87

The geodesic equation of motion (3 = (s)) in toroidal coordinates is

3 mE? 3 3/2
B = WP sin (1 — 5 cos B)(1 — cos B)°/* +
T—cosd [1 + \/§c(1 5 cos B)(1 — cos f3) Jé] (3.133)
or in terms of coordinate time ¢t we have
m .
B = — N ' sin B(1 — 3 cos B)(1 — cos B)*/2 +
o [1 + 2 (1= Feos B)(1 05 )2 ] B2 (3.134)

Again we will resort to numerical evaluation of these equations, in which we set ¢ = 1
throughout. As for the previous n = 0 case, in the weak field limit, when velocities and m
are small then the relativistic and Newtonian motions should be comparable. Indeed this is
observed in the following figures. The initial positions correspond to those indicated in the
potential plots of figure 3.11.

Trajectories. m = 0.1 Trajectories. m = 0.1 Trajectories. m = 0.1
4 D

sort sort

FIGURE 3.12: n = 1 amis trajectories. m = 0.1. Dashed line (- -) is the Newtonian motion
given by (8.131). The solid line (-) is that of the relativistic orbit as a function of proper
time s. The remaining plot (---) is that of the relativistic orbit as a function of coordinate
time t, given by equation (3.184).

Trajectories. m = 0.5 Trajectories. m = 0.5 Trajectories. m = 0.5

sort

FIGURE 3.13: As in the previous figure but m = 0.5. Note how the three trajectories, when
compared to the previous figure, have little resemblance.
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The proper period of motion, T, like the earlier n = 0 solution, has a peculiar dependence
upon of the source mass m. Again there is a critical value m,, for which, when m approaches
this value from the left, the period of oscillation decreases. Thereafter the period increases.

In the Newtonian scenario T — 0 as m — oo. This is illustrated in figure 3.14 for various zo
values.

Period as a function of mass Relativistic and Newtonian Periods. z=15
T T 300

50F

45F

40f

Period

35

301

251

20 ’ A " L L . . . N . R
0 0.5 1 1.5 2 25 3 35 4 c0 0.2 0.4 0.6 0.8 1
Mass m Mass m

FIGURE 3.14: Period of oscillation as a function of mass. In the left plot, the
stars mark the minimum period, afterwards the motion behaves in a non-Newtonian
manner. A comparison between the relativistic and Newtonian periods are given in
the right hand plot. As m increases the difference grows.

3.13.2 General Orbits

We will now illustrate various trajectories of test particles of zero angular momentum that do

not start from the z axis.

Semerdk et al. (1999a), in modeling accretion disks, produce various timelike geodesics
of test particles in various superimposed Weyl metrics, including that of the toroidal n = 0
solution (the Weyl-Bach ring) and Schwarzschild metric.

Here we consider both the n = 0 and n = 1 solutions. The trajectories are determined
by the general equations (3.102) and (3.103) with L = 0. We will set ¢ = 1 and the mass of

source m = 1 throughout.

Typical trajectories of the n = 0 solution are shown in figures 3.15 and 3.16. We begin
with initial points close to the z axis. Initial values are indicated in the titles of the plots
(ro,6p) which are standard polar coordinates. An asterisk in the plots marks the initial

position. The singular points (p = ¢ = 1, z = 0) are indicated by solid black circles.

Typically for small 6y and 7o < 0.5 approximately, the test particle oscillates in an orderly
manner towards the (mass) singular point p = c¢. At approximately 7o = 0.685 the motion
becomes considerably different (figure 3.15(b)): the particle is initially accelerated towards
the source but is then repelled and threads the ring several times until eventually terminating

at the p = ¢ source point.
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As 7 is increased the motion becomes more erratic. At times, for example figure 3.15(c),
the motion terminates at the ‘left hand’ singular point, in agreement with Semerdk et al.
(1999a), who also concluded that the test trajectories preferably hit the innermost regions
around the rings along certain directions while being repelled elsewhere. This unphysical
repulsion is an actual breakdown of the validity of the coordinates near the source of the
gravitational field and the particles should appear repelled and attracted in the directions
from which the ring is physically (proper length) nearby or far away*.

= = =1° _ _ _40
m=1. ro-0,5. 90-1. m=1. r°-0.685. 00-1.

06F

041

(a) (b) Not shown is the initial motion from the release
point. It is similar to that in figure (a).

-1 -05 0 0.5 1 15

(c) (d)

FIGURE 3.15: General L = 0 geodesics for the ring solution.

*The singular points (the ring) having a directional dependency (Hoenselaers, 1992, 1995; Semerék et al., 1999a).
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An interesting case is presented in figure 3.15(d) where the motion (within numerically
induced errors) is cyclic and the particle oscillates through the ring in a systematic and

repetitive fashion. This general behaviour was observed in trajectories beginning with various

_ _ _ae0
m=1. ro-0.1,0.5, 1.0.00-45

1 F
0.6
0.5
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(c) (d) The motion of the test particle oscillations be-

tween the release point (*) and the spike in the
lower-left quadrant.

FIGURE 3.16: Further general L = 0 geodesics for the ring solution.

increasing g values. Examples are given in figure 3.16 where 6y = 45°. In particular plot (c)
and (d) indicate the existence of closed orbits. Here the release points have been selected in
order to produce orbits that do not “get too close” to the singular points and thus minimize

the numerical errors generated”*.

*The singular point corresponds to a — 0o, thus the accuracy in the integration near these points diminishes.
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For completeness we have included in figure 3.17 trajectories beginning close to the z =0
plane (fp — 90°). Due to the initial conditions, the particle inevitably passes close to the
singular point shortly after release, and as eluded too above, the validity of the orbits, as the
use of the coordinates become questionable near the singular points, should be viewed with
caution. It is seen however, that again the motion is divided generally into two types: those
that terminate at the left or right hand singular points.

- - — R§° _ _ — RRC
m=1. r0_2. 00-854 m=1. r0-2. 90-88.
1.5
15} ]
1.
1
0.5F ) 0.5¢
N0 [ ] N 0
-0.5 -0.5
-1
-1t
-1.5}
A1'§1i5 —1I -0.5 0 0.5 1 1.5 2 -1.5 -1 -0.5 0 0.5 1 1.5 2
P p

(2) (b)

FIGURE 3.17: L = 0 geodesics for the ring solution near the p azis.

Geodesics for test particles starting from rest with zero angular momentum for the n =1
solution are presented in the following figures. The solution is singular at p = c= 1,2 =0
although the actual mass distribution is not known. From the multipole analysis calculated
earlier, the field (with the appropriate selection of parameters) can exhibit equatorial sym-
metry about the z = 0 plane. We will concentrate on this particular form of the solution.
Numerical results confirm this symmetry and thus we will illustrate typical geodesics begin-

ning in the quadrant 2, p > 0 only.

Clearly the equations of motion (3.102) and (3.103) are not separable in a and 3. Solving
for the zeros of equation (3.104),

62+ %2 =F(a,3;,E,L =0) (3.135)

at these points we have & = 0 and (3 = 0 simultaneously. The permitted ranges of the o and
8 coordinates are then fixed by the inequality F' > 0. The constant E is related to the initial
release point (ayg, Bo) by E = e¥° where 9(a, () is given by (3.66). Thus the permitted ranges
of the coordinates are governed by the relation F' = 9y — ¢ > 0.

This relation is useful in determining qualitative properties of the motion, in particular

whether the geodesics will be unbounded or terminate. Two examples are given in figure 3.18.
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Here F is plotted as a function of the cylindrical coordinates p, z rather than the toroidal
coordinates «, 8. Plots (a) and (b) refer to the motion beginning at (ro = 1,69 = 5°). The

Yo =W

N O
=
-2
2 1 2 3 4
P
(a) F for (ro = 1,60 = 5°). (b) Contour plot of figure (a).
Yo~V
4
2
1
~n 0
-1
-2
0 1
(c) F for (ro = 2,60 = 5). (d) Contour plot of figure (c).

FIGURE 3.18: Potential plots for the n = 1 solution. In figures (b) and (d)
the white area is the allowed range of the coordinates.

contour plot (b) in which the unshaded (white) area corresponds to F' > 0, is unbounded,
thus the motion beginning from the indicated asterisks, will also be unbounded. The actual

orbit exhibiting this behaviour is shown in figure 3.19(a).

Similar analysis holds for plots (c) and (d) which relate to the initial conditions (ro =
2,00 = 5). Here, however there is a distinct region for which F' > 0 and thus indicating

bounded motion. Again this is reflected in figure 3.19(b).
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Figure 3.19 illustrates the typical L = 0 geodesics for the n = 1 solution. In figure 3.19(a)
examples of unbounded (repulsive) motion is shown, this occurs when the release position 7o
is small. As 7 is increased the motion becomes bounded. For release points close to z axis (6p
small) there are initial repulsive parts of the motion. Typically the test particle terminates

near the right hand singular point, although under certain initial conditions the particle can

terminate at the left hand singular point.

o
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FIGURE 3.19: L = 0 geodesics for the n =1 solution.
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3.14 Bound Orbits

We will now consider the bounded geodesics of test particles starting from rest in the z = 0
plane with L # 0. We will restrict our study to the 1y and p; solutions that have even
multipole moments (about the equatorial z = 0 plane).

From (3.12) and the analysis of section 3.6 we see in general, under these requirements,
the ¢ solutions are constructed from particular solutions of the form

Y = ycosha — cos B P,,_1/5(cosh a) cos(nf3). (3.136)

The z = 0 plane corresponds to an initial 8 value of By = 7 or 0 (inside or outside the
singular ring at o — oo respectively), thus we readily compute from (3.136) that dg9|g—g, = 0.
We assume that Sy = 0, from (3.103) it follows that Sy = 0 and thus B(s) = Bo and so the
motion is confined to the z = 0 plane as required due to the symmetry of the 1/ solutions that
are generating the field.

We can therefore write the geodesic equations as

2 .
a= X‘le_27{¢a6‘2“’E2+%e27(Xa+2X’ya)d2 o | } (3.137)

- 2X? sinh®a
We will concentrate on motion beginning from p > ¢ requiring 8 = 0 thus
e

X(e) = (cosha — 1)2

(3.138)

where (o, 3) = ¥(a, 0). The remaining equations for £ and ¢ are given by (3.101).

Given dg = 0, solving the integral of the motion (3.104) with respect to E we obtain the
general potential equation, parameterized by the angular momentum L,

V(a;L) = e (1 + (3.139)

2
/20
X sinh® «
which can be employed to determine the turning points of the motion (if any) of the bounded

trajectory. For easier interpretation we will plot V' as a function of p enabled by the inverse

transformation (3.3).

The toroidal functions P,;/2(cosh @) cannot be written explicitly in terms of p thus we
will numerically invert these functions used in evaluating 1. As we are considering motion

outside the singular point p = ¢ we have a = In[(p + ¢)/(p — ¢)] from which
sinha = 2pc/(p? — c2), cosha = (p? + ¢%)/(p* — ?)
thus in terms of p we have

2
V2(p;L) = ¥ (1 + %emﬁ(")) >0 (3.140)

which can be verified from the metric given by (3.5) (with dz = 0) also. We note, to compute

V the metric function 1 is only required.
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3141 n=0
Recall that the n = 0 (ring) solution

Yo = —v/cosha — cos 3 B P_; j5(cosh a) (3.141)

may be expanded in terms of spherical coordinates
o0 al
EDY 1 Pi(cos0). (3.142)
=0

From section 3.6 the mass My and quadrupole moment M, for the n = 0 solution are

My = V2B (3.143)
M, = —¥23(3B+4B3). (3.144)

From section 1.8.5 given My and M> we have for the constants ap and ag in (3.142) (recall
a1 = 0 due to symmetry)

ap = —My=—-V2¢B (3.145)
1 2
ay = —§M3 - M, = g Bc. (3.146)

Let B = 271/2 and relabel the coordinate scale factor: ¢ = m. Thus the source has mass
My = m and quadrupole moment My = —(5/6)m3. Given we are interested in motion
confined to the z = 0 (6 = m/2) plane then the expansion (3.142) begins with

Yo = —— — —=. (3.147)

We will use this result to calculate approximate solutions to the equation of motion (3.137).

We note that this solution represents a field with classical quadrupole moment —m3/2.

Similarly from (3.58) we have for the remaining metric function
m-
T = —5 5 sin 0=—-—. (3.148)

It is interesting to use (3.147) and compare the exact and approximate potential curves
discussed in the previous section. This is illustrated in figure 3.20.

The agreement is excellent for large p. Close to the singular point p = m = 1 the two
curves deviate. This could be improved upon by including more lower order terms in the
expansion (3.147). Clearly for small p additional lower order terms will become important.
For simplicity, and to facilitate the determination of an approximate solution for bounded

geodesics we shall not include any more terms in the above approximation.

Let us examine the potential curves corresponding to this solution in more detail (we shall
perform the analogous analysis of de Felice (1991) who studied the potential curves associated

with the Curzon metric). Encouraged by the numerical evidence, let us simplify the analysis
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n =0 Potentials (m=1).
T == T 1.4
L=5

n =0 Potentials (m=1).

T

V(p;L)

FIGURE 3.20: Potential curves for the n = 0 solution in the 2 = 0 plane. The dashed
line is the approzimate potential determined by (8.140) and (3.147). The solid line is the
potential determined by (3.139) and (3.141).

by using the potential V 2(p; L) and the approximate 1 solution given by (3.147). From Olver
(1997) we have the asymptotic expansion

Py©~La (e-o) (3.149)

—2
thus the following limits hold (o — oo is equivalent to p — ¢):

: 2(,. — : 20,. —
hmmV (p;L)=0 and pll'noloV (p;L) =1 (3.150)

p—c=
(the second results follows directly from the asymptotic flatness of 1). The turning points of
V?2(p; L) are found as solutions of

4mp® + 3m3p? + 2L%e¥ [3m3 +4mp? — 2p3] = 0. (3.151)

Or, by solving with respect to L? we have

2042 2
2 _ mp*(4p* + 3m?) _
L= 2e2¥(2p3 — 4mp? — 3m3) 0. (3.152)

As & > 0 then p > 2.3 m approximately. The minimum of § occurs at p ~ 5.7m, corresponding
to L2, ~ 13m2. Thus V ?(p; L) has turning points corresponding to real values of L only
when p > 2.3m. We note that for the Curzon solution the corresponding turning points only
occur for p > 2m and the minimum of é. occurs at p = (3 + V5)m = 5.3m (de Felice, 1991).

Clearly for bounded motion the points corresponding to V2(p;L) = 1 are important.

This occurs at
LP=pe e _1)=y (3.153)

which clearly becomes unbounded as p — ¢ or co. The minimum value occurs when

2 = 4p3 — 4mp? — 3m3.
4p3 — 8mp? — 6m3

(3.154)
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The minimum of 7 is also a point of the curve § as can be verified by direct substitution.

Given an initial starting position (po(ap),z = 0) and angular momentum L we use the
potential curves to calculate the remaining constant E. Recall once E is fixed then the ranges

of the coordinates a (or p) are fixed.

In particular, circular orbits occur only when E? = min(V2(p; L)) < 1. The radii of these
of these orbits p., depend on L as can seen from (3.152). Additionally we have 5.7m < p. < co.
The potential function for circular orbits is

4p® — 4mp? — 3m?
: 2/ . V2 T2 5 20 2P P
min(V<(p; L)) =V=*(p;L* =) =e (4p3 ~Smp? —6m3 | (3.155)
For p. = 5.7m = p* the minimum energy for circular orbits E,,. is given by
Eme =V (p*;8) ~ 0.948. (3.156)

As de Felice (1991) notes, it is interesting to compare this value* with the energy threshold for
circular motion in the Schwarzschild space-time: ESS* ~ 0.942 which is slightly smaller of that
for the ring solution (3.156). The corresponding threshold energy for the Curzon solution is
EC¥ ~ 0.945. Thus when considering circular orbits the n = 0 toroidal space-time produces
(in the z plane) gravitational effects almost indistinguishable from that of the Schwarzschild

or Curzon solutions.

Various energy values and radii of circular orbits, determined by (3.155) and (3.152)
respectively, are shown in table 3.1. Recall these theoretical calculations are based on the
expansion (3.147). We see that they compare favorably with the numerical results calculated
from the exact potential equation (3.139) and (3.141).

Numerical Theoretical

L min (V' 2) Pec min (V 2) Pe

4.0 0.925256 | 10.6999 0.925258 | 10.7012
4.5 0.943924 | 15.4221 0.943921 | 15.4224
5.0 0.955931 | 20.4015 0.955930 | 20.4016
9.5 0.964298 | 25.7896 0.964298 | 25.7896
6.0 0.970420 | 31.6317 0.970419 | 31.6317
10.0 | 0.989789 | 95.8899 0.989791 | 95.8850

TABLE 3.1: Numerical and theoretical comparisons of the location, p. and energy,
E? = min (V ?) values for circular orbits (in the z = 0 plane) for the ring (n = 0)
toroidal solution.

Let us assume, from the application of the potential curves described above, that E, L
and the starting position of a test particle have been appropriately chosen so that the orbit
will be bounded and the test particle oscillates between two extreme values.

*Of course this is calculated from the approximate solution (3.147), however as we have seen, as p* is relatively
large, this approximation should be accurate. Indeed this is evident in the results presented in table 3.1.
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We will solve the geodesic equation (3.137) numerically, but will now present an approx-

imate analytical solution to this problem. Further details of the following analysis can be
found in section 2.5.6.

From the general Weyl metric we obtain the equation of motion

dp\? — =2y | 2 L? W _ 29
(ds) =e E* — ?e —e (3.157)
here ¢ and v are functions of p and z. We are only concerned with motion in the z = 0 plane

however. Furthermore, since we are interested in the shape of the orbit rather than its time

evolution we introduce the dimensionless variables

u(yp) = %, A= % (3.158)
from which we obtain
(%)2 = W) = AZe T [E2 - X—Ze‘w’ - ew] (3.159)
we have from (3.147) and (3.148)
W(u) = —(u+ iui’) and  ~(u) = —%u? (3.160)

To proceed we simplify equation (3.159) by assuming that the test particle is moving at large

distances from the gravitational source, thus expanding up to the order u3 we obtain

(w)? = Aud + Bu® + Cu— D := F(u) (3.161)
the coefficients are
A = %1\2(94152 —23) (3.162)
B = 3A’3E*-1)-1 (3.163)
C = 2A%(2E?-1) (3.164)
D = A*1-E?. (3.165)

As discussed in section 2.5.6 it follows that motion is possible for F'(u) > 0 as the geometry
of the geodesics are determined by the roots, 0 < u1 < ug < us, of F' (u) = 0. The roots are

related by
12(2E% - 1
U + uguz + UzuUp = E(lfiT?,) (3.166)
6(1 — E?)
U UU3 94F2 — 23 (3.167)

6 — 18A2(3E2 — 1)
A2(94E? — 23)

up +ug+uz = =¢. (3.168)

We shall consider the case when all roots are real and positive: it follows from (3.166) and
(3.167) that this requires 3 < E? <1 and L? > 6m? (in the extreme case E = 1). Let us

write the three roots as

wm=pll—e), w=p(l+e), uz=E—2u (3.169)
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here we have used (3.168) to determine uz and we have introduced x4 = m/l and e where l > 0
is the latus rectum and e the eccentricity of the orbit. From (3.166) and (3.167) we have

2 _

2t - 123+ = A ) (3.170)
6(1 — E?

B-e-m) = GF) (3.171)

which relate explicitly the parameters u and e, which describe the particles trajectory, with
the parameters E, A and m which determine the particles energy, angular momentum and
the mass of the source. From section 2.5.5, we can write the solution of (3.161) in terms of
elliptic functions as

u=u; + (ug — U1)8n2(%\/A(’U,3 —uy)p, k) (3.172)
where the elliptic modulus is given by
2ue
k= ———. 3.173
& —3u+ pe ( )
In terms of p we have
l
5= 1+ e(2sn?(3Auz — u1)p, k) — 1). (3.174)

Trajectories derived by means of (3.174) are illustrated in figure 3.21. In each plot the
approximate solution (3.174) and the numerical solution of (3.137) are shown. Each trajectory

begins at p = 70 but have differing energy E and angular momentum values L.

As L is increased the perihelion (closest approach) radii increases, and in doing so the
agreement between the true (numerical) and approximate solutions improves. This is antic-
ipated as the approximate solution is based on the premise that the test particle move at
large distances from the gravitational source. We note for all orbits the general features are

maintained.

Clearly, as expected, the orbits are still periodic, but no longer of period 27; rather it is
of period 27(1 + Agp). Table 3.2 summarizes the perihelion shifts, Ay, of those orbits shown
in figure 3.21. The numerical (Ayy) shifts* are compared to that predicted by the elliptic
approximation given by (3.174). It is clear that this approximation becomes more accurate
as the perihelion radii increases (effectively for orbits of higher L value).

We also compute the shift due to Ferndndez-Jambrina and Hoenselaers (2001) formula-
tion based on the Geroch-Hansen multipoles' of the source (Apyas). This method is a post-
Newtonian perturbative approximation (using the dimensionless parameter ¢ = m/L which

typically should be a small parameter).

We use the complete approximation, up to order €!9, which requires the first five Geroch-
Hansen multipole moments, although the calculations are simplified as the metric is static and

odd multipoles are null. It is therefore a little surprising that for orbits with smaller L values

*The average of several periods.
In these calculations the multipole moment M; = (947/840)m® is required as shown in section 1.10.
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(a) € = 1.2632, e = 0.8062, p = 0.07359, prmin = 7.5 (b) € = 1.6751, e = 0.7286, p = 0.052, ppmin = 11.0

L=6 E=09893 p =70 L=7 E=0.9906 p,=70

aof

201

—o0t
40}
-60}
-60 -40 -2IO (;J( 20 40 60
(c) € = 2.6250, e = 0.5596, ju = 0.03238, pin = 19.8 (d) € = 3.7408, e = 0.3666, p1 = 0.0225, pmin = 32.6

FIGURE 3.21: Timelike geodesics in the equatorial plane of the n = 0 toroidal
solution. The solid line is the numerical solution of equation (3.137) the thin line
the analytic approrimation given by (3.172). In each the mass of the source (the ring
in the plots) and radius are both set to 1. The figure captions refer to the constants
used in (8.172) and pmin refers to the perihelion value.

(m =1 for all) this method does not agree well with the numerical perihelion shifts. Clearly
higher order terms and thus the inclusion of higher order multipoles is required. Furthermore
it is interesting to note that the elliptic approximation, although known to be inaccurate for
these smaller L values, actually out-performs the the multipole method. For larger L values
the multipole method is more accurate.
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L E Aoy | Apm | Ape || |Aen —Apu| | |[Apny — Apgl
4.5 | 0.9878 1.9471 1.805 1.9045 0.1421 0.0426
5.0 | 0.9883 | 1.2336 | 1.2110 | 1.2486 0.0226 0.0150
6.0 | 0.9897 | 0.6956 | 0.6941 | 0.7084 0.0015 0.0128
7.0 | 09906 | 0.4648 | 0.4647 | 0.4722 0.0001 0.0074

TABLE 3.2: Numerical and theoretical precession rates for the ring solution (in the
2z = 0 plane). These results correspond to the geodesics of figure 3.21. Apn refers
to the numerical perihelion shift (in radians). Ay is the predicted shift based on
the relativistic multipole moments. Apg is the shift predicted by the elliptic solution
(8.174). The final two columns illustrates the differences between the numerical and
predicted shifts.

We have concentrated on situations for which the motion of the test particle is bounded.
This need not be the case, for completeness we conclude this section with two examples of
the contrary. In figure 3.22 a test particle spirals into the ring (L is not sufficiently large
enough) and the test particle has E2 > 1 and the motion is unbounded and is scattered
towards infinity.

L=4 E=09831 p°=50 L=45 E=1.035
10F 301
5t 25}
0]
201
5
> 15l
-10
10
-15
-20 5t
25 op O
30 . . . , . ] 5L . . A . " , . , ,
0 10 20 30 40 -25 -20 -15 -10 -5 0 5 10 15 20

x x

FIGURE 3.22: Ezamples of unbounded orbits.

3142 n=0+1

We shall now investigate the bounded geodesics of the n = 0 + 1 solution. We will restrict
our study to motion within the z = 0 plane and consider the particular solutions for which

this plane is a plane of symmetry.

We shall consider the trajectories of test particles outside the singular region (of unknown

mass distribution) p = ¢, hence § = 0 and, without loss of generality, we shall set c = 1.
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The relevant metric functions are (for brevity we omit the argument of the Legendre
functions in (3.176))

Yo1 = —Vcosha—1 (Bo P_%(cosh a) + By P% (cosh a)) (3.175)
1

Yo1 = —B&lz <P_1 1 —le cosha) + P2, —lel +
4 2 2 2 -2 -2

BoBlle+%cosha<Pfl—Pf—2P 1 ;> ] -
2 2 2 2 2

1
—B? | 4cosh’a P} + (8P_1 Py — 12P?, ) cosha +
12 2 2 2 -2
6P_ P, — P?, —3P? } (3.176)
2 2 2 2

Given the mass m and quadrupole (relativistic) moment @ of the source, the constants* By
and B are calculated from (see section 3.9).

Bo=L (15m +2m3 +6Q), Bi=—¥2 (3m+2m®+6Q). (3.177)
Higher order multipole moments are fixed!, for example
M= (b + md + 3m) = Q(3m? + ). (3.178)

From these multipole values it follows from section 1.8.5 and equations (3.50) and (3.51) that

in terms of spherical coordinates we have

m  m3+3Q m? 4
o1 = - TPQ(COS 0) — 3—5r—5(7m + 40Q) Py (cos0) + - - - (3.179)
m?2 m
Yo1 = ﬁ(Pf - POQ) + éﬁ(m:} +3Q) (PP — PyP)
2
+ o (m® + 3Q)2 (P} — PP + - (3.180)
and in the z = r cos § = 0 plane then
b~ —Z4 m? (3.181)
01 =~ o 6P q .
m?2  mt
Yo1 Yy + 4—pz¢1~ (3.182)
Here q is a dimensionless parameter is given by
3Q
g=1+ 3 (3.183)
As expected if we take Q = —(%m + %mg') which equals the value of the quadrupole moment

(M) for the n = 0 solution (see (3.144) with ¢ = 1) then the above solutions degenerate to
those given by (3.147) and (3.148). This is consistent with substituting this value of @ into
(3.177) from which B; = 0 and thus (3.175) is equal to the n = 0 solution (3.141).

*Recall that ¢ has dimension of length. Thus from (3.76) and (3.77) m and Q have correct dimensionality.
t Although not considered, the interesting case when m = 0 with higher moments not vanishing is possible.




3.14. Bound Orbits 103

The exact potential curves determined by (3.175) and (3.139) and the approximate curves
derived from (3.181) and (3.140) are illustrated in figure 3.25. The approximate 9 solution
fails to replicate the exact solution for small p, nevertheless it does agree well with the exact
solution for larger values of p. We will exploit this fact later to obtain an analytic solution
describing bound geodesics. An indication of the domain of validity in using the approximate
solution is illustrated in figure 3.23. For given L and @ values the p value is plotted for which

the approximate and exact potentials (V2) thereafter differ by no less than 10%.

FIGURE 3.23: The minimum p for which |V.2,.; — Va%,pz| <107* (m =1).

The turning points of the approximate potential V?(p; L) occur at
p*(2mp* — m® - 3Q)

2e2¥(p3 — 2mp? + m3 + 3Q)°

If Q = 0, the minimum of (3.184) occurs at p ~ 4.9m and its value is L2, ~ 11.986m?

min

L=

(3.184)

(compare with the Schwarzschild values of L2, = 12m? at p = 6m). However, in light of
the numerical evidence illustrated in figure 3.25 this is clearly incorrect as the potential has

a minimum for all values of L.

Figure 3.24 illustrates how the radii of stable circular orbits, p., depend on L, ) and m.
For fixed L, as @ increases so does p.. The existence of p. for Q < 0 depends upon m and L
critically as the top two plots clearly demonstrate. The lower plot is of (3.184), the accuracy
for p/m small is limited. We note for L = 0 the curves refer to radii for which the particle is

stationary.

The first figure in 3.25 for which L = 0 indicates interesting features; the potential obtains
a local minimum which indicates firstly that stationary motion and secondly that oscillatory

motion along the p axis is possible.
For large £ (= cosha), P%(é) ~ 2v/2771€1/2] (Olver, 1997) combining with (3.149) as
p— c=1 (a — oo) then the leading terms of (3.175) for large £ are
Y ~ —(Boln&+2B1§) ~—Bi€
~ (3m+2m®+6Q)¢ (3.185)
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FIGURE 3.24: The top plots (m = 1,2) plot the minimum locations of the potential
V2(a; L) representing the location stable circular orbits. The lower plot is computed
from (3.184). Here ¢ = —44,-29...31,46. For m = 1 these correspond to Q =
—15,—10...10,15 and we can compare to the first figure.

thus for fixed m > 0, if
Q> —%3(3+2m2) -Q (3.186)

then the potential, which for large & looks like V2 ~ €%, will become unbounded, thus no
test particle can ‘spiral’ into the singular region. Similarly if @ <  then V2 — 0 as seen in
the plots of figure 3.25 (in which Q = —5/6).
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FIGURE 3.25: Various potential curves and approrimations (dashed curve) for fized L and
increasing quadrupole moment Q (m = 1). Note in the middle plot for Q = 0 there are
two local minimum indicating two radii for which stable circular orbits are possible.
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Bound Geodesics

The potential curves illustrated above provide a means to determine the parameters, for
example, L and E, for an orbit to be bounded. In particular we examine how the quadrupole
moment () alters the orbit. Such orbits are illustrated in figure 3.26*. It is evident that with
increasing @) the perihelion shift decreases. This is also observed in the equatorial timelike
geodesics of the Erez-Rosen spacetime (Quevedo, 1990). We also note the the perihelion

advance is the same direction as the motion regardless of @) value.

We formulate an approximate solution as done for the n = 0 solution. This approximation
assumes the motion of the test particle is far from the source. Details are given on page 98.
From (3.181) and (3.182) the coefficient A in the cubic (3.161) becomes

A= %A2 [(1-2B%) q + 42 - 10] (3.187)

the remaining coefficients are unchanged. Furthermore we have

3 — 9A2(3E? — 1)

¢ = R[1-28Y)q+ 4B —10] (3.188)
12(2E2 -1
|- B
- - = o) (3.190)

which relate explicitly the parameters p and e, which describe the particles trajectory, with
the parameters E, A, m and g. The assumption of three positive roots of the cubic F'(u) has

the further requirement dependent upon the quadrupole moment
q < (44E* —10)(2E? - 1)}

and therefore as E2 — 1 then Q < 11m3.

The numerical and approximate trajectories (of fixed mass and quadrupole moment) are
given in figure 3.27, indicating as L is increased the accuracy of the approximate solution also
improves. From the potential plots given earlier, we see as L increases (for fixed E) then in
general, the perihelion radii increases and the assumption that the test particle is moving far
from the source is more readily met and hence the observed improvement in accuracy of the

approximate trajectory solution.

Comparisons of the shift in perihelion computed numerically, from the above elliptic
approximation and those based on the relativistic multipole moments of the field due to
Fernandez-Jambrina and Hoenselaers (2001), are tabulated in figure 3.3 and plotted in figure
3.29. The multipole moment predictions agree well with the numerical shifts and converge
quickly as indicated in figure 3.28 with increasing L for all values of Q. All, in particular as

Q increases, approximate solutions fail to replicate the shifts (and hence orbits) well.

*These plots are generated by solving (numerically) the toroidal equation of motion (3.137) using (3.175).
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L=7 E=0.9905 Q=-60

L=7 E=0.9906 Q=-20
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(a) Ay = 0.3301 (b) Ay = 0.6042

L=7 E=0.9906 Q=20 L=7 E=0.9907 Q=60

(c) Ap = 0.3301 (d) Ay = 0.1083

FIGURE 3.26: Timelike geodesics in the equatorial plane of the n = 0+ 1 solution
(numerical solution of (3.137)). The parameters of the orbit L =7, po =70, m =1
remain unchanged in all figures, whereas the quadrupole moment, Q, varies. One
sees that the contribution of the quadrupole moment to the perihelion (marked on
plots) shift is negative, i.e. with increasing Q the perihelion shift (Ayp) decreases.
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60f

401

201

(a) € = 1.3572, e = 0.804, i = 0.0729, pmin = 7.7 (b) £ =1.7999, e = 0.7269, i = 0.0523, prmin = 11.1

L=6 E=0.9893 Q=0 pD=70 L=7 E=09906 Q=0 pe=T70

(c) € = 2.8209, e = 0.5582, u = 0.0323, pmin = 19.9 (d) € = 4.0202, e = 0.3650, u = 0.0225, pynin = 32.6

FIGURE 3.27: Timelike geodesics in the equatorial plane of the n = 0 + 1 toroidal
solution. The solid line is the numerical solution of equation (3.187) the thin line
the analytic approrimation given by (3.172). The quadrupole moment is zero, the
mass of the source (the ring in the plots) and radius are both set to 1 in all plots.
The figure captions refer to the constants used in (3.172) and pmin Tefers to the
perihelion value. Compare with figure 3.21.
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L=¢6 L=7 L =8

Q App ApN Appm Apg ApN Appm Apg ApN Appm
-5.0000 0.7570 0.7684 0.7622 0.4942 0.4936 0.4929 0.3539 0.3521 0.3520
-4.4737 0.7508 0.7590 0.7535 0.4914 0.4899 0.4893 0.3524 0.3504 0.3502
-3.9474 0.7446 0.7496 0.7447 0.4886 0.4863 0.4857 0.3509 0.3484 0.3484
-3.4211 0.7384 0.7403 0.7360 0.4858 0.4826 0.4821 0.3494 0.3466 0.3466
-2.8947 0.7323 0.7310 0.7274 0.4830 0.4790 0.4786 0.3479 0.3448 0.3448
-2.3684 0.7262 0.7218 0.7187 0.4803 0.4754 0.4750 0.3465 0.3430 0.3430
-1.8421 0.7201 0.7127 0.7101 0.4775 0.4717 0.4714 0.3450 0.3412 0.3412
-1.3158 0.7140 0.7037 0.7016 0.4747 0.4681 0.4679 0.3435 0.3394 0.3394
-0.7895 0.7080 0.6947 0.6931 0.4720 0.4646 0.4643 0.3420 0.3377 0.3376
-0.2632 0.7020 0.6858 0.6846 0.4692 0.4609 0.4608 0.3405 0.3358 0.3358
0.2632 0.6960 0.6770 0.6761 0.4665 0.4573 0.4572 0.3391 0.3341 0.3340
0.7895 0.6901 0.6683 0.6677 0.4638 0.4538 0.4537 0.3376 0.3323 0.3322
1.3158 0.6842 0.6596 0.6593 0.4610 0.4502 0.4502 0.3361 0.3305 0.3305
1.8421 0.6783 0.6510 0.6509 0.4583 0.4467 0.4467 0.3346 0.3286 0.328
2.3684 0.6724 0.6424 0.6426 0.4556 0.4432 0.4432 0.3332 0.3270 0.3269
2.8947 0.6666 0.6339 0.6343 0.4529 0.4396 0.4397 0.3317 0.3252 0.3251
3.4211 0.6608 0.6255 0.6261 0.4502 0.4361 0.4362 0.3302 0.3233 0.3233
3.9474 0.6550 0.6172 0.6178 0.4474 0.4326 0.4327 0.3288 0.3216 0.3213
4.4737 0.6492 0.6088 0.6097 0.4448 0.4291 0.4292 0.3273 0.3197 0.3198
5.0000 0.6435 0.6006 0.6015 0.4421 0.4256 0.4258 0.3258 0.3180 0.3180

TABLE 3.3: Numerical and theoretical precession rates for the n = 0 + 1 solution
of varying quadrupole moment Q (in the z = 0 plane;m = 1). Apn refers to the
numerical perihelion shift (in radians). App is the predicted shift based on the
relativistic multipole moments. Apg is the shift predicted by the elliptic solution
(8.174). All trajectories begin at pg = 70 much like those presented in figure 3.26.
This table is plotted in figure 3.29.

FIGURE 3.28: The convergence of the predicted shifts Apg and Apg to the true
precession shift Apn, as L increases.
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FIGURE 3.29: Plot of the table 8.3. The dashed curve is Apg - the precession based
on the elliptic approzimation. The solid line is the numerical precession Apn and the
markers + indicate the predicted precession based on the multipole moments Appy.
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3.15 Summary

We have constructed various toroidal spacetimes and generated some timelike geodesics asso-
ciated with them.

Given a toroidal harmonic function %, it is possible to determine the multipole structure
of the spacetime and, as we have done here, select parameters to specify specific multipole
moment characteristics. From the multipole structure it is then possible to expand the toroidal
solutions in terms of spherical coordinates which are used in subsequent calculations to develop

approximate potentials and equations describing the trajectories of test particles.

The greatest difficulty in constructing specific spacetimes was the formulation of the
metric function . The calculation of -y lead to the integration of toroidal functions squared.
We have shown a general method to evaluate such integrals, and in doing so were able to
produce the n = 1, n = 0+ 1 and n = 0 + 2 « functions. Numerical verification of the
n = 0 + 2 solution was provided to give assurances of the methods used in the upcoming

chapter.

The timelike geodesics of zero angular momentum resulted in many interesting results.
For the n = 0 and n = 1 fields, observation of the test particle period of oscillation, along
the z axis, increasing as the mass of the source increased, was perplexing. An explanation for
this is still required, in particular for the more physically viable ring solution. The analysis of
the Kretschmann scalar did indicate some insight but did not predict accurately the change
from the counter-intuitive relativistic periods of motion to the Newtonian dependence upon

the sources mass, i.e. decrease in period as the mass increases.

The elliptic approximations to the bounded timelike geodesics in general provide an ad-
equate approximation to the orbit. In particular for the n = 0 4 1 solution where it was
possible to alter the mass and quadrupole moments of the source, it was evident that not only
for small angular momentum values (resulting in small perihelion radii) but additionally for
increasing quadrupole moment this approximation become less reliable. This was evident in
the comparison of perihelion shifts. As the angular momentum of the test particle is increased
the numerical and predicted (via multipole moments) perihelion shift values agreed very well,
where as those determined by the approximate solution, were less accurate.



Chapter 4
Bicyclide Coordinates

4.1 Introduction

This chapter investigates the Weyl metric formulated in bicyclide* coordinates.

Contrary to earlier coordinate systems employed, this chapter is heavily reliant on nu-
merical calculations not only to solve the orbit equations, but to generate the metric itself.
This is primarily due to the inability to solve analytically the separated differential equations
related to Laplace’s equation, which is the cornerstone of any Weyl solution. Ultimately
this separation, coupled with the necessary boundary conditions leads to the evaluation of
Lamé- Wangerin functions. A major portion of this chapter is devoted to the calculation of
such functions, their approximations and the subsequent numerical calculation of the metric

function ~.

We begin by summarizing the work by Wangerin (Erdélyi et al. (1955a), Wangerin (1875))
who determined the most general systems of orthogonal curvilinear coordinates in which
Laplace’s equation is separable. By choosing an appropriate conformal transformation we
obtain the two separable equations to be solved. One is solved analytically via a power series
in elliptic functions, the remaining function is solved numerically.

We then proceed and calculate v and show to satisfy the required boundary conditions a

superposition of particular solutions is required.

Given this we calculate the multipole moments (relativistic and classical derivations) of
certain two term solutions and then produce timelike geodesics pertaining to the space-time

generated by these solutions.

* Also known as confocal bicircular quartics.
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4.2 General Separation

In cylindrical coordinates (p, z, ) Laplace’s equation is
@_'_161,/) 821,1;2+ 1 6%y
Op*  pOp 0z p?0yp?

Wangerin* determined, by letting z = z(u,v) and p = p(u,v), the most general systems of

=0. (4.1)

orthogonal curvilinear coordinates u,v for which (4.1) permits R-separable solutions of the
form
P = R(u,v)U(uw)V (v)®(p). (4.2)

Here R(u,v) is a fixed function and U, V and ® are solutions of ordinary differential equations.

1/2 and the coordinates

Wangerin was to prove that solutions of this form require R(u,v) = p~
(u,v) may be taken so that the mapping of the (z, p) plane in the (u,v) plane is conformal.
Thus there exists an analytic function f such that z+ip = f(u+iv). Furthermore by assuming

a solution of the form

1 .
Y(u,v, = —¢&(u,v)er™? 4.3
(u, v, ) 7 (u,v) (4.3)
and inserting into (4.1) we obtain
%€ 9% 2 1
52 T2 — (M — )F(u,v)€=0 (4.4)
here i) |
u+ v
= = . 4.
F(u,v) Imf(u+v)]? p? (4.5)
Consequently to permit separable solutions F'(u,v) must be of the form
F(u,v) = Fi(u) + F>(v) (4.6)

and this occurs if and only if f is a solution of the ordinary differential equation

(f)?=ao+aif +arf* +asf’ +asf* = Ps(f) (4.7)

in which the a; are real constants. We see that f is either an elementary or elliptic function.
Assuming that Py has four distinct zeros, three cases arise for f, characterized by the type of
zeros: four real, four complex, or two real and two complex. The standard forms of f for the

three cases are the Jacobian elliptic functions,
1. sn(u + v, k) corresponding to four real foci on the axis of rotation.
2. isn(u + iv, k) no real foci on the axis.
3. cn(u + v, k) two real foci on the axis.

This chapter concentrates on the first case for the form of f. In general if f satisfies (4.7), U

and V satisfy the ordinary differential equations

2

% +[h—(m* - DF)]U =0 (4.8)
2

‘fw‘; [h— (m? - HR@w) )V =0. (4.9)

*Erdélyi et al. indicates, these results where repeated by Snow (1952) and Lagrange (1939), (1944).
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4.3 Jacobi Elliptic Functions

It would be prudent at this point to present a sum- '
mary of useful properties of the Jacobi elliptic functions. ¥
Further details are readily available from many sources,
for example Abramowitz and Stegun (1965) and Erdélyi
et al. (1955b). )

Elliptic functions are inversions of elliptic integrals.
The three basic functions are denoted cn(u, k), sn(u, k)

and dn(u, k). k is known as the modulus, the comple- -
mentary modulus, &/, is related by k2 + k2 = 1. Often

0 K 2K 3K 4K

the k argument is suppressed for brevity, for example FIGURE 4.1:* Jacobian elliptic functions.

sn(u, k) can be written snwu.

We have
sn?u + cnu =1, k%sn?u + dn?u = 1, k% cn?u + k'? = dn?u (4.10)

and in particular
sn(u +iK') = L
"~ ksnu  k

where K(k), the quarter-period, is the complete elliptic integral of the first kind, K'(k) =

nsu (4.11)

K(k'). The standard Jacobi elliptic functions all have singularities at the points

u=2mK+i(2n+1)K' nmel (4.12)
and as u — 0 we have

snu = u—5(1+k%)ud+ 05 (4.13)

cau = 1—Zu?+0(u?) (4.14)

dnu = 1- %kQUZ + O(u?). (4.15)

Ratios of these functions are denoted by combining the first letter of the numerator function
with the first of the denominator function, thus snu /cnu = scu, cnu /dnu = cdu etc. The

notation, for example 1/cnu = ncu is also employed (also see (4.11)).

4.4 Bicyclide Coordinates

As mentioned in section 4.2 we will limit our analysis to the case when we introduce new

coordinates (u,v) via the conformal transformation
z+ip= f(u+1iv) =sn(u+iv, k). (4.16)

This conformal mapping is analyzed in Erdélyi et al. (1955b) and Bowman (1953). The

second case, when f(u + iv) = isn(u + iv, k), which can be used to calculate the harmonics
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of a flat ring has been discussed by Poole (1929, 1930). The three transformations presented

above correspond, respectively to the three cyclide-coordinates presented in Moon and Spencer
(1988).

From (4.16) Laplace’s equation (4.1) becomes

3
Vi) = T {snvcnvi [cnudnu %] +

Q2 cnu dnu snv cnv ou T Ou
0 [snvcnv Oy 1?2 0%
cnu dnu ED) [ T %] } cn?udn2usn?vcnv 9p? 0 (4.17)

where T = 1 — dn?usn?v and Q2 = (1 — sn?udn®v)(dn?v — k%sn?u).

We are interested in solutions that are axially symmetric, thus % is independent of ¢
implying that in (4.3) we set m = 0. Accordingly (4.17) reduces to

0 [cnudnu 0y 0 [snvcnv OY]
snv cny —- [ T %] +cnudnu% [ T 5;] =0 (4.18)
and from (4.5) and (4.16) we have
1—k)\?
Fiw) + BO) = — {(1 — k)sn [i(l + k), H—k]} (4.19)
1-k]2
+ {(1 — k)sn [(1 +k)(v — iK), m] } (4.20)

which leads to the separated ordinary differential equations corresponding to (4.18)

U — (1+k)? h+%{1_|__:sn<i(1+k)u, ;—:)}2]U=0 (4.21)
S (1+k)2[h+%{1;:sn<(1+k)(v—iK), %;—:)}2]V=0. (4.22)

It is advantageous (Erdélyi et al., 1955a) to transform the equations for F} and F5 con-

taining the modulus
1-k

1+k

to that of the standard modulus k. This can be achieved by using the curvilinear coordinates

(4.23)

u,v introduced by the conformal mapping*

K'sn(u + v, k) _ iadn(u +iv,k) —cn(u + v, k) (4.24)
en(u + v, k) + dn(u + v, k) B k'sn(u + iv, k) '

z+ip=1ia

where the foci of the confocal system

p=0, 2= :i:a\/;, :I:a\/l/_k

*This new transformation is more evident by comparison with Landen’s transformation,

2 sn(u, k)
1+ ken(u, k) +dn(a, k)

sn(u, k) = w=1(1+ k)u.
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determine the constant a > 0 and the value of the modulus 0 < k < 1. This transformation

maps the rectangle with vertices (the four foci) (0+ iK', 2K + ¢K') in the (u,v) plane on the
half-plane p > 0.

Figure 4.2 illustrates some important features of the transformation (4.24). Corresponding
points are denoted by the same letter.

iK 2K+iK'
B A ’
D l
L ccccacecnncsnoesssacnasosnacancscnne -
E F V=YV,
u
C D
-iK 2K-iK'

FIGURE 4.2: The mapping (4.24). Adapted from Erdélyi et al. (1955a).

The real form of the transformation (4.24) is

ak’ sn(u, k) cn(v, k')

p en(u, k) dn(v, k') + dn(u, k) (4.25)
—ak’ sn(v, k')
= 4.2
z cn(u, k) dn(v, k') + dn(u, k) (4.26)
where
u€[0,2K] and ve[-K K] (4.27)

The z-axis divides into five regions, summarized in the table below. The origin corresponds
tou=v=0and r = \/p2+ 22 — oo as u — 2K and v — 0. The p plane is specified by
setting v = 0, and p — oo as u — 2K.

r Region u I v I
—0<z< A 2K (0,K")
A<z<B (0,2K) K’
B<z<C 0 (-K',K')
C<z<D (0,2K) -K'
D<z<oo 2K (-K',0)

TABLE 4.1: The five regions on the z azis. Refer to figure 4.2 for labels.
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4.5 Metric

From (4.25) and (4.26) the Weyl metric becomes
a2k2 o= 2%

2 _ 20 342
ds” = erdt (cnudnv + dnu)?

[62'7(1 — dn%usn?v)(du? + dv?) + sn?u cn?v d<p2] . (4.28)

The domains of u and v are given by (4.27). To complete the determination of the metric the

functions 9 (u,v) and 7y(u,v) are required.

4.6 Calculating ¢

The metric term 1 is a harmonic function of the form

cnudnv + dnu
snu cnv

= pV2U(W)V (v) = ( )E Uw) V(v). (4.29)

From equations (4.25) and (4.26), we calculate

2
F(u,v) = |J;2| = an(i,k) — k2sn?(iv, k)
= [ksn(u+ iK' k)]® - [ksn(iv, k) )? (4.30)

from which the ordinary differential equations (4.8) and (4.9) for U and V become
U" + [h+ ik sn(u+ iK', k)| U =0 (4.31)
V" — [h+ ik so’(iv,k) | V = 0. (4.32)
In general we will seek solutions that are finite for constant u or v. This requires both (4.31)

and (4.32) to be finite at their respective endpoints. Additionally 1 must be asymptotically
flat as 7 — oo, or equivalently as u — 2K, v — +0.

v = — const = const

N\

N

7

y

v =+ const

FIGURE 4.3: Coordinates surfaces generated by (4.16). They are similar to bispherical coor-
dinates, but with 4th degree surfaces instead of 2nd degree.
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4.6.1 Lamé-Equation

Clearly we require solutions to equations (4.31) and (4.32), both are of the form

d?A

d—C2+{h—n(n+1)[ksn((,k)]2}A=0 (4.33)

which is called the Jacobian form of Lamé’s equation or simply Lamé’s equation. Here ( is
in general a complex variable, h a parameter, characteristic values of which are determined
either by a periodicity requirement or by a finiteness condition. The variables n and k, are
both typically real (one exception is generated by the conformal transformation, case 3, from
section 4.2, which results in the modulus & in (4.33) being complex).

Lamé’s equation has been investigated since the nineteenth century and the results of these
investigation are scattered in many distant branches of mathematical physics. Both Erdélyi
et al. (1955a) and Arscott (1964) however provide comprehensive works that consolidate the

major results regarding these equations.

For example, when n = % and h = %(1 + k2?), Lamé’s equation has solutions
A(¢) = (dn¢ £en ()2,

For integral n and all h, Lamé’s equation has either one solution whose square is a polynomial
of degree n in sn?¢, or two solutions whose product is such a polynomial (Whittaker and
Watson, 1940). Contemporary solutions can be found, for example, in Khare and Sukhatme
(1999) and Ritter (1998), both of which present new solutions for n integral and positive
half-integral values.

However, suffice to say, for our problem for which (refer to (4.31))

n=—- (4.34)

forms an auspicious void in the knowledge regarding Lamé functions - comparatively little is
known about the solutions for this value of n. This chapter thus goes some way in filling this

void.
4.6.2 Boundary Conditions
Given that u € [0,2K] and v € [-K',K'] and from (4.12) we see that (4.30)

F(u,v) = [ksn(u + iK', k)]? — [ksn(iv, k) ]?

becomes infinite for u = 0,2K or for v = +K’. Thus the end-points of the intervals of u
and v correspond to singular points of the ordinary differential equations for U and V, given
by (4.31) and (4.32). Therefore in general we require harmonic functions that are finite at
two singularities of Lamé’s equation. Erdélyi et al. (1955a) refers to such solutions as Lamé-

Wangerin functions. Importantly, solutions exist for only certain characteristic values of h.
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Let F7 (¢, k?) denote a Lamé-Wangerin function (Erdélyi et al.) for which v/sn¢ F7 (¢, k?)
is bounded, and has 7 zeros in the open interval (iK',2K + ¢K’). Furthermore, if F(¢) is a
Lamé-Wangerin function, so are the functions

F2K +2K'—(¢) and F(¢)+ F(2K + 2iK' - ()

and the analysis may be restricted to the investigation of Lamé-Wangerin functions which are
even or odd functions of ( — K — iK’. Accordingly if F7(, k?) is such a function it will be
an even or odd function of { — K — iK' if r is even or odd. Therefore solutions of (4.33), for
which

(sn¢)Y2A(¢) are bounded at ¢ = iK' (4.35)
also satisfy one of the following boundary conditions
ANK+iK') = 0 r even (4.36)

AK+iK) = 0 r odd. (4.37)

McCrea and Newing (1933) showed, using singular Sturm-Liouville theory, that for each
r =0,1,... there is one Lamé-Wangerin function, and the eigenvalue, h, belonging to these
functions form an increasing unbounded sequence. Furthermore if 0 < £k < 1 and n > —1/2
in (4.33) then h is also real.

4.6.3 U Solutions

We now endeavor to solve the first Lamé equation
U" + [h+ 1k?sn?(u+iK/, Kju=0, o0<u<K (4.38)

or equivalently from (4.30) or (4.11)

1
" —
U + [h+4sn2(u,k)]U_0. (4.39)
The boundary condition (4.35) is now restated as
(snu)~Y2U(u) is bounded at u = 0. (4.40)

Paramount in the determination of these solutions is the accurate evaluation of the eigenvalue
h. This is accomplished by various means. We will begin our discussion on evaluating U by

providing an approximate solution.

4.6.4 Bessel Approximations

Let us begin by constructing a solution for which the first boundary condition (4.40) is met.

For small u and from (4.13) we can approximate (4.39) by

U'+(h+5(1+k2)+3u2)U=0 (4.41)
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which permits the general solution
U(u) = c1 Vu Jo(Hu) + ca VuYo(Hu) (4.42)
here ¢; and cg are constants, Jy and Yy are the Bessel and Neumann functions of order zero

respectively and
H=\/h+ 11 +kK?. (4.43)

For simplicity let us discard the Y solution and normalize the remaining term by choosing
c1 so that the absolute global maximum is unity. Thus our inner solution (in reference to the

expansion near the origin) satisfying the boundary condition (4.35) is
Ui = cl\/ﬂJo(Hu). (444)

Now let us in turn, consider the remaining boundary conditions (4.36) and (4.37).

Let = u — K. Given sn(z + K) = cd(z), we have from (4.14, 4.15) for z ~ 0
sn(z + K) =~ 1+%(k2—1)x2+-~
and near z = 0 (4.39) becomes
U'(z)+ (h+§(1+ (1 - k?)z?))U(z) = 0. (4.45)
The outer solution has the general form
Us(u) = c3cos(A(u — K) + 1) (4.46)

here c3,31 and A = /h + % are constants. For even (+) solutions we require U, (K) = 0, and
for odd (-) solutions U,(K) = 0 thus from (4.46) we obtain (we set c3 = 1)

Uf(u) = cos(A(u—K)+ nm) (4.47)
Uy (u) = cos(A(u —K)+nm+ 7). (4.48)

Let us assume that h is large. Clearly H ~ A ~ v/h, and from the asymptotic behaviour of
Jo (Abramowitz and Stegun, 1965) we see that (4.44) behaves like

U; ~ cos(Vhu — im). (4.49)
Thus in some region of overlap we have U; ~ UZ hence

cos(Vh(u — K) 4 n) (Even)
cos(Vhu — 1m) ~ (4.50)
cos(Vh(u —K) + nm + ) (0dd).

Matching these arguments we obtain the quantization conditions for h,

Kk)WVh = (n+3)m  (Even) (4.51)
Kk)WVh = (n+3)7  (0dd). (4.52)
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Solutions with h values generated for the even n = 1 quantization (4.51) are illustrated in
figures 4.4(a) and 4.4(b). Here we plot the inner Bessel solution (4.44) and the outer cosine
solution (4.47). It is observed as k — 1 (K — 00), h decreases and the region of overlap of
these solutions (in particular about K) reduces. This is anticipated as the analysis assumes
that h is large*. Figures 4.4(c) and 4.4(d) represent solutions with perturbed h values. Both
plots demonstrate the importance of using relations (4.51) and (4.52) to determine h. Similar

results hold for odd solutions.

1/

-1

(a) k=01, h =6.22, K = 1.57 (b) k=0.9, h =2.97, K = 2.28

0 K2 K

(c) k=0.1,h =170 (d) k=09, h = 4.0

FIGURE 4.4: Regions of overlap. Dashed line (- -) represent the (normal-
ized) inner Bessel solution (4.44). Solid line is the outer solution (4.47).

The solution (4.44), sufficiently normalized (c;) and the parameter H calculated appropri-
ately (h large), will satisfy the prescribed boundary conditions and represent an approximate
solution of (4.39) applicable throughout the complete interval 0 < u < 2K.

Values of h = h(k) calculated by equations (4.51) and (4.52) are shown in table 4.2.

We will introduce the following notation that will be applied throughout the remainder
of this chapter. The eigenvalues h,, will refer to the number of zeros, m, the corresponding
eigenfunction has in the interval u € [0, 2K]. This parallels the classifications of general
Lamé-Wangerin functions outlined in section 4.6.2 earlier.

*This requirement can be obtained in two ways: choosing k small or n large.
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B hy ha | hs ha hs

0.1 | 0.248748 | 2.238729 | 6.218691 | 12.188635 | 20.148559 | 30.098465
0.2 || 0.244962 | 2.204656 | 6.124043 | 12.003125 | 19.841900 | 29.640369
0.3 || 0.238551 | 2.146960 | 5.963777 | 11.689004 | 19.322639 | 28.864682
0.4 || 0.229347 | 2.064119 | 5.733663 | 11.237979 | 18.577067 | 27.750928
0.5 [| 0.217067 | 1.953600 | 5.426668 | 10.636269 | 17.582404 | 26.265073
0.6 || 0.201247 | 1.811224 | 5.031177 | 9.861107 | 16.301014 | 24.350898
0.7 || 0.181076 | 1.629682 | 4.526894 | 8.872713 | 14.667138 | 21.910169
0.8 || 0.154939 | 1.394455 | 3.873487 | 7.592035 | 12.550099 | 18.747679
0.9 [ 0.118604 | 1.067440 | 2.965111 | 5.811617 | 9.606958 | 14.351135

TABLE 4.2: Approzimate eigenvalues.

4.6.5 Series 1

Ince (1940) investigated various series solutions of the (typical) form U = Y Agm sn®™( to
the general Lamé equation (4.33). Here he assumed that 0 < k < 1, n is real and > —1/2
but not necessarily an integer and 0 < ¢ < 2K or 0 < ¢ < 4K. He also discusses how the

associated recurrence relations can be used to evaluate h.

For the series solution of the form (ag # 0)

U(u) = f: an sn2" e (u, k) (4.53)

n=0

to be a formal solution of (4.39) we require a = % and the coefficients to satisfy the recurrence

relations
dar + [h— 11+ K%)] a9 =0 (4.54)

4(n+1)2angr + [h— 1+ K (4n +1)?] an +
Ik4n-1)(4n—-3)an-1 = 0 (n>1). (4.55)

This series satisfies boundary conditions (4.40) and (4.36) and therefore represents an even
solution to (4.39). In general we write (4.54)

Ma1+pPoag =0 (4.56)

and (4.55) as
Yn Qn41 + ,Bn(h) an+anan_1 =0 (4.57)

with obvious definitions for the new terms. Furthermore define o, — «, 8, — G and v, — 7
as n — oo. If t; and ty are the roots of the quadratic equation

a+Bt+~t2=0 (4.58)

and |t1| < |t2| then in general (Perron (1929), Flammer (1957))

lim ( In ): to. (4.59)
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If h has one of its sequence of characteristic values (eigenvalue) then the limit in (4.59) tends
to the smaller t; value. This is vital when considering the convergence of (4.53), it will now

converge in a more extensive region which includes at least two singularities.

In particular from (4.55) we calculate that a = 4k?n2, 8 = —4(1 4+ k?)n? and v = 4n?

and so solutions to (4.58) are then t; = k2 or t, = 1. The series (4.53) converges when

an

an-1

lim
n—o0

|snu|? <1 (4.60)

and if h has a characteristic value, the series is therefore absolutely and uniformly convergent

through any region in which |ksnu| < 1. Clearly our specific problem for which 0 < k < 1
and 0 < u < 2K satisfies this condition.

Pivotal in these results is the accurate calculation of h. From (4.57) write

an Qn

= - 4.61
an—1 ﬁn(h) + 'Ynan+1/an ( )
from which by repeated application leads to the infinite continued fraction
Cp = — on (4.62)
,Bn(h) an+1 'Yn

B ﬂn+1(h) — Tn+1 an+2/an+l o

which converges as |t1| < |t2| (Erdélyi et al., 1955a). h is determined by solving the transcen-
dental equation

,30 = 01'71 . (463)

Computationally we proceed as follows. Assume for n = N that ay = 0. Calculate the finite
continued fraction C; given by (4.62) and solve (4.63). Repeat this process with a neighboring
value of N until the values of h are unaffected by larger values of N. For example, let £k = 0.1
and N = 2 and accordingly set az = 0. From (4.63) we obtain

(h-18) (h- 1)+ 35 =0
giving the first estimates of h to be approximately 0.254 and 6.311. By choosing N = 2

equation (4.63) is a quadratic equation. For larger values of N numerical methods must be

employed, to solve higher order equations. This was achieved by using Maple.

A summary of the first three even eigenvalues are shown in table 4.3. The second entry
per eigenvalue (e.g. 4 for the ho(0.1) value) represent the number of terms, N required so

that the difference between successive calculations was no more than 1 x 10~7.

For k > 0.7 (with the exception of ho(0.7)) this procedure failed to calculate convergent
eigenvalues. Similar shortcomings are also noted in Ince (1940).

Comparing these results with those in table 4.2 we see the values given there approximate
the true hg values poorly and the he and h4 eigenvalues reasonably well, the discrepancy
between the two methods becomes less pronounced as the value of the eigenvalue increases.
This result is to be expected as the approximation used to calculate the earlier values assumed

that h was large.
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| & | ho ho 1 h4

0.1 [[ 0.247496 | 4 [[ 6.217440 | 6 [ 20.147308 | 7

0.2 [ 0239932 [ 5 [ 6.119018 | 8 || 19.836875 | 9
7
9

0.3 || 0.227146 5.952398 | 10 || 19.311257 | 12
0.4 || 0.208838 5.713238 | 12 || 18.556635 | 15
0.5 || 0.184507 | 11 || 5.394322 | 15 || 17.550039 | 18
0.6 || 0.153326 | 15 || 4.983734 | 20 || 16.253527 | 24
0.7 || 0.113847 | 21 -1 - -1 -

TABLE 4.3: First three even eigenvalues determined by (4.63) and (4.55).

An odd solution satisfying boundary conditions (4.40) and (4.37) is given by

U(u) = cn(u, k) f: by, sn2" 12 (u, k) (4.64)

n=0

where the coefficients satisfy the recurrence relations

16b; — [9+ k2 — 4h| by = 0 (4.65)

16(n + 1)2bny1 + [4h + K2 (4n +2)* = (4n + 3)%| b +
K2(@4n+1)(4n— by = 0 (n>1). (4.66)

This series has identical t; 2 values as the even solution (4.53), and if h is chosen appropriately
the same region of convergence: |ksnu| < 1. Table 4.4 lists the first three odd eigenvalues
calculated by the method described earlier (with the same convergence criteria). Again, when
comparing with the earlier approximate values for these eigenvalues, we see the difference
diminishes as h increases. Furthermore we notice, as in the even scenario, this method fails

to converge for values of k > 0.7.

| & | h h3 hs

0.1 |[ 2.237477 | 4 || 12.187383 | 6 || 30.097213 | 7
0.2 ][ 2.199633 | 5 || 11.998100 | 8 || 29.635344 | 9
0.3 || 2.1355091 | 7 || 11.677623 | 9 || 28.853300 | 12
0.4 || 2.043726 | 9 || 11.217548 | 12 || 27.730494 | 15
0.5 || 1.921340 | 11 || 10.603909 | 15 || 26.232705 | 18
0.6 || 1.763969 | 15 || 9.813632 | 19 || 24.303405 | 23
0.7 || 1.563815 | 20 -1 - S

TABLE 4.4: First three odd eigenvalues determined by (4.63) and (4.64).
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4.6.6 Series II

Ideally we would like series solutions that emit convergent h values for any k value. The
following series provides a solution to this problem, and in particular enables the computation
of h associated with higher k values absent in tables 4.3 and 4.4.

An even solution is given by the series (Erdélyi et al., 1955a)

00 00 k snu 2n+1/2
U(U)=an=2an<—> (4.67)
=0 = 1+dnu

and the recurrence relations

2k%a1 + [2h+ 12— k?)] ao = 0 (4.68)

4n+1)%k%any1 + 3 [Bh+ k2 — (4n 4+ 1)2(2 - k%)) an +
K@2n-1)%a,-1 = 0 (n>1). (4.69)

While an odd solution can be generated from

ad k snu \2t3/2
U(u) =Ccsu an (m) (470)
n=0
and the recurrence relations
4k?by + [4h + 5k — 9] by = 0 (4.71)

A(n+1)*k? bpy1 + 5 [Bh+ K% — (4n + 3)%(2 — k)] bn +
k2(2n + 1)2 bpot = 0 (n>1). (4.72)

For both solutions, the roots of the quadratic equation (4.58) are (k? + k2 = 1)

1-Fk 1+

b= =
=95k 2T 1-W

(4.73)

Now |snu/(1 +dnu )| < 1/(1 + k)%, thus if h has one of its eigenvalues then the ratio of two

successive terms of (4.69) or (4.72) tends to t; and we have

fn+1

fn

so the convergence is at least as good of a geometric series with ratio (4.74) (Erdélyi et al.
(1955a), Arscott (1964)).

__ K _[1-k']2
T (1+K)2 T [14+FK

(4.74)

Tables 4.5 and 4.6 illustrate the effectiveness of these new series. To emphasize the
improved convergence, the second entry per eigenvalue represent the number of terms, N
required in (4.63) so that the difference between successive calculations was no more than
1 x 10-10 rather than the previous criteria of 1 x 1077,
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| & | ho hy h4
0.1 || 0.2474958124 | 2 || 6.2174395784 | 4 || 20.1473076408 | 5
0.2 | 0.2399319651 | 3 || 6.1190183558 | 4 || 19.8368748197 | 6
0.3 | 0.2271463830 | 4 | 5.9523978834 | 5 || 19.3112568140 | 6
0.4 | 0.2088381836 | 4 | 5.7132374511 | 6 || 18.5566345105 | 7
0.5 | 0.1845070937 | 5 | 5.3943222624 | 6 || 17.5500390453 | 8
0.6 | 0.1533259726 | 6 | 4.9837334400 | 7 || 16.2535266060 | 9
0.7 | 0.1138468121 | 7 | 4.4606436406 | 9 || 14.6007965335 | 11
0.8 | 0.0631804409 | 9 | 3.7836569995 | 11 || 12.4600855493 | 13
0.9 || -0.0063256442 | 12 || 2.8440902810 | 15 || 9.4855418446 | 18

TABLE 4.5: First three even eigenvalues determined by (4.63) and (4.67).

| & hy hs hs

0.1 || 2.2374773868 | 3 | 12.1873830255 | 4 || 30.0972134156 | 5
0.2 || 2.1996326122 | 3 || 11.9980995629 | 4 || 29.6353439815 | 6
0.3 || 2.1355904898 | 4 || 116776224391 | 5 || 28.8533002539 | 6
0.4 || 2.0437264333 | 4 || 11.2175481723 | 6 || 27.7304939824 | 7
0.5 || 1.9213400019 | 5 || 10.6039092111 | 7 || 26.2327053357 | 8
0.6 || 17639693334 | 6 || 9.8136314006 | 8 || 24.3034045624 | 9
0.7 || 1.5638148779 | 7 || 8.8063955652 | 9 || 21.8438162100 | 11
0.8 || 1.3053626804 | 9 || 7.5020694870 | 11 || 18.6576426356 | 13
0.9 || 0.9478098467 | 13 || 5.6903014607 | 16 || 14.2296710664 | 19

TABLE 4.6: First odd even eigenvalues determined by (4.63) and (4.70).

4.6.7 Eigenfunctions

We now present graphically the solutions to (4.39) developed in the preceding sections. In ad-
dition to these analytic results we provide numerical solutions generated by the Fortran-NAG
routine DO2KEF*.

This routine calculates a specified eigenvalue and its associated eigenfunction of a regular
singular second-order Sturm-Liouville system by combining a Pruefer transformation and
shooting method techniques!. To implement this method a ratio of an approximate solution
and its derivative near the singular points u = 0, 2K is required. By symmetry we use (4.44)
for the approximation. It was encouraging to find that at worst, the numerical eigenvalues
computed agreed only to the sixth decimal figure shown in tables 4.5 and 4.6. The ho(k)
values agreed up to the tenth decimal.

Figure 4.5 illustrates the computation of the h(0.9) and h1(0.9) solutions. All eigen-

functions displayed below have been normalized so max |U| = 1. In the Bessel approximation

*D02KEY- Nag Fortran Library Routine Mark 18.
tDetails of this algorithm can be found in Birkhoff and Rota (1962).
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(4.44), the respective h values from tables 4.5 or 4.6 are used. We have chosen these values
deliberately as they are respectively the lowest eigenvalues for the first even or odd solution.
It is clear from even these two plots, representing the worst case scenario (small h), that
as h increases the approximate solution agrees remarkably well with the numerical and se-
ries solutions (§4.6.6), which are indistinguishable at this scale. In figure 4.6 the first three
eigenfunctions (series generated) are shown for k = 0.1.

Solution Comparisons. k = 0.9 hy = -0.0063256442 Solution Comparisons. k = 0.9 h, =0.947809847
1 T T T

U(u)
-]

i . ; 1 i ;
0 K2 K 3K/2 2K 0 K2 K 3K/2 2K
u. (K = 2.2805) u. (K =2.2805)

(a) ho(0.9) even eigenfunction. (b) h1(0.9) odd eigenfunction.

FIGURE 4.5: Comparison of computed eigensolutions. The +dash line is the Bessel approzi-
mation. The indistinguishable *lines are the numerical and series (§4.6.6) solutions.

Eigenfunctions corresponding to ho' h » and h2 (k=0.1)
1 T

U(u)
o

K 2K
u. (K=1.5747)

FIGURE 4.6: First three U eigenfunctions.



4.6. Calculating 130

4.6.8 V Solutions

To complete the determination of 1, we now turn our attention to the solutions of
V" - [h + L1k sn?(iv, k)] V=0 -K<v<K (4.75)
or equivalently, as sn(iv, k) = isc(v, k'),
V" — [h— k¥ sc?(v, K)]v=o. (4.76)

In these equations the parameter h = h(k) is now fixed, and has been evaluated as described
in the previous sections. In general we seek solutions that are bounded at the singular points
v = £K’. This condition corresponds, for fixed u, that the potential 1 = p~1/2V (v)U(u) is

finite on the 2 axis, or the analogous condition*
[sc(v, k')]_l/2 V(v) is bounded at v=K'. (4.77)

For a prescribed h, two solutions are possible: an even solution for which V’/(0) = 1 and
an odd V(0) = 0. Attempts to obtain solutions to (4.76) paralleled that of section 4.6.3.
Initially, various series solutions where constructed, but ultimately all of these solutions failed

to produce convergent results. Thus we where restricted to solve (4.76) numerically.

4.6.9 Numerical Solutions

Numerical solutions to the boundary value problem (4.76) where generated by the Matlab v6
code bvp4ct. To implement this code an approximate solution near the singular endpoints
v = K’ is provided and numerically matched in the interior region. Furthermore this code
returns the first derivative of this solution, which is paramount in the determination of the

metric function ~ (section 4.7).

Calculation of the approximate solutions near the endpoints v = K’ satisfying (4.77) is

obtained in an analogous manner as described in section 4.6.4.

Let v = w + K/, and given, k?sc?(w £ K',k') = cs?(w, k) ~ w2 -1 (1+k?) +-- as

w — 0, equation (4.76) becomes
V'~ [h+ (1452 - %w_Z] V=0 (4.78)
The solutions of (4.78) near the left or right endpoints are
Vi, =VoxK Ih(Hv+K'))+ Vv K Ko(H(v+K')) (4.79)

where Iy and K are the modified Bessel functions of the first and second kind (of zeroth order)
respectively, the constant H is given by (4.43). In practice (in reference to the numerical

scheme) we need only provide the lowest order terms of the series expansion of these solutions

*By symmetry this entails that the solution is also finite at the remaining endpoint v = —K'.
tNote this algorithm does not combine the shooting technique, bvpdc implements a collocation method.



4.6. Calculating v

131
near the endpoints*. Thus we supply to the code the approximations V; = /v + K’ and
Vi = cv/v — K/ for the left and right solutions, furthermore in the right hand approximation
we set ¢ = 1 to generate even solutions (about v = 0) and for odd ¢ = —1.

Various even and odd solutions with h(k) = hg, h1, ho are shown in figure 4.7. Here all

solutions are normalized so that the maximum value of any eigenfunction is one.

We recall that the labeling on the eigenvalue h, for example h,, refers to the number of

zeros the corresponding U solution has, but serves no method of characterizing the particular
V solutions generated by this value of h.

d Even V(v)
\

ti k=0.1

Odd V(v) k=0.1

V(v)

V(v)
°)
'

%P

<op
\
\

KP/2

3.6956

ke

-KP/2

<OfF

KP/2

Normalized Even V(v) Solutions k = 0.5
T T

T
5 g

Normalized Odd V(v) Solutions k = 0.5
r T T
¢

T

V(v)

V(v)
(=}

3 i
2.1565 -KP/2

<ot

.5
KP/2

Normalized Odd V(v) Solutions k = 0.9
T T T
[ |

Viv)

)
(=]

%P

-KP/2

KP/2
v

ke

-KP/2

KP/2

<OoFf

FIGURE 4.7: Various even and odd solutions for k = 0.1,0.5,0.9. hg etc. refers to
the value of h used. Note KP=K'.

*Trials with the retention of higher order terms had no significant effects on the computed solutions.
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4.6.10 Approximations
As in section 4.6.4, the Ky solution presented in (4.79)
Vir(v) = Vv K Ko(H(v+K") (4.80)

valid near the endpoints, in fact turns out for large h to be in excellent agreement with the
actual (numerical) solution*. Figure 4.8 displays the comparison of even solutions for the two
values k£ = 0.1 and k£ = 0.5 (due to symmetry we use the half interval —K’ < v < 0 and use
the V] solution). We see for the smallest eigenvalue hg the difference is large, but for higher h
values agreement is good. Additionally the inner boundary condition at v = 0, requiring the

derivative of the function here to be zero, improves as h increases. This is to be expected as

Vi~ e VROHK) a5 p T and v—0. (4.81)

Numerical vs Ko Even Solutions k = 0.1 Numerical vs Ko Even Solutions k = 0.5

0.75

0.251

-3.6956 ~2KP/3 -KP13 [

(a) ho =0.247 hy =2.237 hz =6.217 (b) ho =0.185 h1 =1.921 hy =5.394

FIGURE 4.8: Numerical solution versus the Ko approzimation (dashed line).

For small v equation (4.76) to lowest order becomes V" — hV = 0, with general solution

V = Asinh(vhv) + Bcosh(vVhv). Here A and B are constants, clearly for odd solutions we
take solutions of the form

V = Asinh(Vhv) (4.82)

and for even solutions
V = Bcosh(Vhv). (4.83)

Examples of these inner approximations are shown in figure 4.9. Both approximations, re-
gardless of k or h values, match the numerical solution well even for this exaggerated domain
(recall these are solutions for v = 0). The constant B is determined so that the numerical and
approximate solutions agree at v = 0, whereas A is determined by matching the derivatives

of the approximation and numerical solutions at the origin.

*The I, solution can be eliminated from this possibility on its asymptotic behaviour.
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V(v) (Numerical) and Inner Approximations

V(v) (Numerical) and Inner Approximations
1 T —r T T T

FIGURE 4.9: Hyperbolic inner approzimations (+). The eigenfunctions
are those belonging to the parameters k = 0.1 h = 0.2475.

4.6.11 Summary

Let us summarise the previous sections which discussed the formulation of

W = \/R(u,0) Uw)V (v) = (Cn“ Qi o dns ) P U) V). (4.84)

snu cnv

By meeting the imposed finiteness conditions (4.40) and (4.77) for U and V respectively, ¢ is
then bounded on the z-axis. Furthermore as w = u — 2K — 0 and v —» 0, r — oo and

P~V + 02w 2U(w)V(v) -0 (4.85)

as the term w~1/2 U is the finite condition (4.40), and so % is asymptotically flat.

In all subsequent work requiring the computation of 1, the factor U(u) will be generated
by the series solutions presented in section 4.6.6.
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4.7 Determining vy

To complete the determination of the metric (4.28) the function v(u, v) must be calculated. In

terms of Weyl’s original cylindrical coordinates v satisfies v, = p (d)f, —92)andy, =2p Yo Pz

With v (u,v) given by (4.84), and introducing the notation
sy =sn(u,k), s =sn(v,k') etc
we write our new coordinates (section 4.4) as
p=s1c0A71 z=—soA7} A =cidy + dy.

The equations for v become

where (A; = dA/du etc)
2
D = (C1d1822d2A + c1dicasaNg — c1drdaA + 31d2A1) A
and the functions A, B and C when { = u are

A = —ci®dis'da®A3 — 2¢13dicpsaBdaA’ Mg + 1P s1s0  dp P APAy +
c13d189% A Ao + c13d1592do? A% + 2 ¢12s1c0893da A A1 Ao +
2c1d189 da? A + 2 c13dicosadaA? Ay — 125182 A1 AS? —
c12s1822da A% A1 + 4 c1dicaso®daA® Ay — 2c1°dys? A Ag? —
2c12s10980daA A1As — 2c1d152 A Ag? — 3cidisoda? A3 +
+2¢1251892A1A9% — 4 c1dicasadaA?Ag + s1592do? A% A,
ci3diA A® + 3crdisa®A Ag® + c1d1da® A% + 2 s1c050da A Ay Ag —
c1?s1A1A2% — 51592 A1 A% — 51d2°A%A1 — c1di A Ag® + s1A1 A3

B = 2c1%5102893doA% + 214 s10080d2° A% — 2145159 A% A, —
2c1%51892d92 A2 Ay + 4 c13dicasoPda A AL — 2c1%s1c080da A3 —
dc3dyisatA AN, — 2 c12s1d12cos9da A3 — 2¢12s1¢0893da A A2 —
2c12510989d33 A% + 6 c1%51892A% Ao + 414 51d22 A% A, —
4c13dycosodaA?Ar + 2 c1251594A1%2 Ao + 2 ¢125159%da2 A2 Ay —
dcydycosaddaN?A + 8c13d1592A A1 Ag + 2¢12s1c080d0 A3 +
2¢12s1¢080daA A2 +4cidise® A A Ay —
derts1A2Ay — 2¢1%51d12A% Ay — 2¢1251892A%A —

41251527 A1%Ag — dc1®51dp A% Ay + 4 crdicpsadaAPAy —
dci®diA A Ay — Berdiso® A Ay Ay —

2s10282d2A A% + dcr?s1A%Ag + 2¢1 251412 A0 +

251802 M2 A0 + 4 c1diA A Ag — 25141

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)
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C = —c1°d152%A3 — ¢19d159%do% A3 + 31451522 A%A +
3c1%51892da? A2A1 4 3¢1%d1 592 A% + 2¢,%d1do A% +
3cr3dysot A A% 4 c13dys92da? A% — 951592 A%A, —
6c12s1d2?A%A1 — 1251898 A 13 — 3¢1251592da2 A% A —
2¢15d1A3 — ¢13d13A3 — ¢13d1592A% — 6¢13dyso2A A2 —
2¢13d1d2% A% — 2c1dyso* A A + 6185 A%A +
3c1251d12A2%A1 + 3¢1251592A%A ) 4+ 2¢1%s1892A1% +
6c12s1dg2A2A; + 2¢13d1 A3 + 3¢ 3di A A2 + B eidise? AN 2 —
6c1251A%A; — c12s1A13 — s1522A12 — 3ci1diA A2 + s1A43 (4.91)

and for ¢ = v we have

A = (c12co?s9ds® A3 + 3¢1%c3dp® A2 Ay — 31 %co%s0daA Ag? —

c1289do3 A3 — c12¢93A0% — 3 c12cada® A% Ay + sodo® A3 +

cadg®A%Ag + sadaA Ao? + caAo®)s1co (4.92)
B = 2(—cadiA+ slAl)(—c12c22c122A2 +

2 c12cosadaA Ay + c12¢% Ao? + ¢12da A% — da?A? — Ag?)co? (4.93)

Cc = (61231(11262282(121\3 + 2613d162252d2A2A1 +
61231d12023A2A2 + 2 013d1CQ3A AAs — 6123162282d21\ A12 -

61231023A12A2 -2 cldlch A1A2 = 8182d2A A12 + 8162A12A2)02. (4.94)

4.7.1 Numerical Method

It is obvious that we will have to resort to numerical meth-

ods in the evaluation of ~.

B Path 2 (o]
Elementary flatness requires that v = 0 at the vacuum

parts of the axis (Synge, 1960; Bonnor, 1992). We integrate A Path | D

from u = v =0 (2 = p = 0) to a given point (&, ?), through a
region devoid of matter. Initially for diagnostic purposes we

will compute v using the two paths, ABC and ADC, illustrated

K
in figure 4.10. This method has been discussed in section 3.11

of the toroidal chapter. FIGURE 4.10: Integration paths.

From (4.87) we have for path one
© Jry

'Yp1=7(ﬁ»ﬁ) = /O'a_u

7 By
d bl
u+/0 £

dv (4.95)
v=0 u=1

with v = 0 considerable simplification can be obtained and we can write

I ]
Y1 = /81(1/)3—103) du  + /%
0 v=0 0

dv. (4.96)

u=u
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We note however, the first integrand of equation (4.96) evaluated at the lower limit becomes
singular. Consider the generalized solution

cde +dy

1/2
) [alUlVl + asUsVy + - - - ] (4.97)
S1C2

wluo) = (

here o; are constants and the U;V; terms are distinct eigensolutions. Recall (see §4.6.4) as
u =~ 0 then U; =~ /uJo(H;u) and as u,v — 0 we have

¢(U, v) ~ Al(alvl(O) + - ) + AQ(OquI(O) + - ) v+ A3(a1V1(O) + - ) u? doans

— At Aot A (4.98)

where A; are finite constants. Thus s;(¢2 — %2) ~ u as u — 0,v = 0. We can therefore avoid
this singular point by beginning the integration slightly from the origin and noting that this
will have negligible effect on the computed value of the integral.

Evaluating « via path two reduces to

_/f‘a_‘f
Yp2 = ) Ou

as there is no contribution along AB due to the s; factor in 7,.

du. (4.99)
v=">

Unlike earlier chapters 1 is not known analytically*. As the evaluation of 4 in theory
is path independent the comparison of values obtained via path one and two will serve as a
means to check the validity of our solutions. The numerical quadrature was facilitated by the
Matlab routine quadl which approximates the integral of a function using recursive adaptive

Lobatto quadrature.

4.7.2 Examples

Figures 4.12, 4.13 and 4.14 illustrate the typical ab-
solute differences found between the evaluation of 7y via
the two paths described above for various single term

solutions.

Due to the large gradients in the V near the endpoints
(v - +K', V'(v) = (v F K')~1/2) we have avoided the
regions close to v = +K',0 < u < 2K. oswe 0

Recall from table 4.1 (p.118) that these regions corre-  FIGURE 4.11: vp1 of figure 4.12
spond to two finite bars along the z-axis. Given that the
metric function ~ is not zero at these regions (figure 4.11)

would suggest that the 1 potentials generating -y are those of two finite bars along the z-axis.

The following plots show that the differences between the paths are reasonable. We would

expect some discrepancy due to the errors generated in the numerical integration coupled with

*Recall we know V and V' numerically.
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the additional errors introduced by the function V and its derivative which are only known
numerically.

By altering the integration tolerance values, it was found that the minimum, maximum
difference achievable was approximately 5 x 10~7, corresponding to an integration tolerance

of 1 x 10~7. The plots shown are those computed at this value.

Difference Between Integration Paths

0.9°KP

-0.9°KP

FIGURE 4.12: £k =0.1,h = hg, V is odd.

Difference Between Integration Paths

FIGURE 4.13: k= 0.1,h = hy, V is odd.

Difference Between Integration Paths

0.9°KP

-0.9°KP

FIGURE 4.14: k=0.5,h = hy, V is even.
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4.7.3 7 Boundary Conditions

To complete the determination of v we must have that this function satisfies the requirements
of elementary flatness. We will now address this boundary condition:

Jim y(u,v) =0 = lim y(u,v) =0 (4.100)

v—0

or, from the previous section, by employing path one we have

U
Jim (o) = 0 = tim a0 - ud)

v—0

du. (4.101)
The use of a single 9 = VR UV solution is too restrictive and the ability to satisfy (4.101) is
not possible. Consider the application of an even (about v = 0) V factor in ¥. The integrand
in (4.101) becomes s;12 which is positive (fig. 4.15(b)) throughout the interval 0 < u < 2K.

Similarly for the remaining possibility that V is an odd function then the integrand
degenerates to a function that is negative throughout the range of integration (fig. 4.15(a)).

Thus for either possibility v is not asymptotically flat.

Clearly one term solutions will not suffice. To continue this study we will now generate

metrics based on the two term solution

Y =11+ ap = /R(u,v) [1V1 + aUV2] (4.102)

where the U;(u)V;(v) are distinct eigensolutions. The constant « is determined by solving the
quadratic equation
ac? +ba+c=0 (4.103)

where the coefficients are obtained by expanding (4.101) and performing the necessary quadra-
ture. Clearly for real solutions we require b —4ac > 0. There are four distinct cases dependent
upon the parity of V; and V,. We shall now consider these differing scenarios (throughout
these calculations v = 0, thus R = R(u,0) and R,(u,0) = 0 and so forth).

Case I: V] and V5 odd
If V; and V; are both odd then V;(0) = V2(0) = 0 and the coeflicients of (4.103) are

2K
a = — 2’2/ s1RUZ du (4.104)
0
2K
b = 2V Vi / s1RUIU; du (4.105)
0
2K
c = -V? / s1RU? du. (4.106)
0
For 0 < u < 2K
sitR=c+d1 >0 (4.107)

thus for real solutions we need

2K 2 2K 2K
/ s1RULU; du >/ s RU? du/ s1RUZ du. (4.108)
0 0 0
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From Schwarz’s Inequality (SI) (Abramowitz and Stegun, 1965, equ. 3.2.11) the left hand
side of (4.108) satisfies

2K 2 2K 2K
/ (51R)2 Uy (1R)Y2Us du 5/ isdeu/ sLRUZ du (4.109)
0 0 0

from which we conclude that (4.108) is not possible, and so the linear superposition of two

odd V solutions will not permit an asymptotically flat v solution.
Case II: V; and V; even

Given these assumptions it follows that V{(0) = V5(0) = 0 and

2K
o = V2 /0 2L (2RU} + RuU2)* du (4.110)

1 2K S1 % ’ S1 % ’
b= 1wy, / (E) (2RUS + RuUs) (§> QUIR+ Ry U1) du  (4.111)
0

2K
c = V2 ] 5L QRU! + RuUL)? du. (4.112)
o 4R
Again from SI we have

1
4

K 2K
5 %(2RU§ + RyU»)? du (4.113)

2 <
b" < R

2
VEVE (2RU; + R,U1)? du /O
0

therefore, b> — 4ac # 0 and so solutions containing two even V solutions will not suffice.
Case III: V; even V5 odd
We now have V{(0) = 0 and V,(0) = 0 from which we have

2K
a = — 2’2/0 s1RU2 du (4.114)
b = 0 (4.115)
2 [ 51 ' 2
¢ = V; / L(2RU; + RuU)* du. (4.116)
0

Given that @ < 0 and ¢ > 0 then 4ac < 0 and thus real solutions are permissible.
Case IV: V] odd V; even

This situation is similar that of the previous case. a and c are interchanged and subscripts

1 — 2 (not s1). It follows then the this combination also permits real solutions to (4.103).

Thus we have shown that a superposition containing V solutions of differing parity enables
(4.103) to have two real solutions. Furthermore as b = 0 under these assumptions we have
solutions of the form #+a. By choosing either a value, v will then exhibit the desirable
asymptotic behavior, condition (4.100), however one must be careful in the selection of which

root to use. Further clarification of this point is discussed in the following section.
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4.8 Multipole Moments

We now turn our attention to the calculation of the relativistic multipole moments of the
metric generated by 1 solutions of the form @ = \/R[UlVl + aUV,]. Recall* that the
moments are determined by the values of the derivative of ¢ (on the z-axis) with respect to

zZ = 1/z at the point Z = 0 which corresponds to u = 2K, v — 07 in bicyclide coordinates.

We have (note the introduction of the constant )

d d
(S H\/—CI 2t llU1V1+aU2V21
S1C1

ado+dy | Uy U,y
Vi+a—2V; 4.117
Co l\/a AV 2] (4.117)

and as u — 2K we have from the series representations, equations (4.67) and (4.70), and by

symmetry that!
1/2
+ag (%) (Even)

. U(u)
1 4.11
u-—glll{‘ vsnu - ( 8)

3/2
—bo (g) (0dd)
and by appropriate selection of ag and by we can normalize the U solutions so that

lim Ulu) —
u—2K- +/snu

This is the normalization that will be used for all subsequent calculations.

We shall now assume that V; represents an odd solution and V5 an even solution. This

ordering will be used throughout the remainder of this chapter.

To avoid ambiguity between labeling of the eigenvalues associated with each U;V; pair,
hy will refer to the eigenvalue associated with the first U;V; solution and hj; with the second

(refer to the eigenvalue labeling on pg. 131).

As v — 0 we can use the approximations presented in section 4.6.10
Vi = Asinh (\/h_lv) and Va &~ Bcosh (v hi1v). (4.119)
We shall renormalize the V' solutions so
A=B=1. (4.120)

Hence, for © = 2K and v — 0 we obtain
P(v) =~ k' av+\/h—1v2+—1-a(12hn+2—k’2)v3
V2 24

1
+ ﬂA\/h_l(4hl +2 -kt 4. (4.121)

*See section 1.8.4.
tThe following result is a manifestation of the Lame-Wangerin boundary conditions discussed in section 4.6.2,
which require ¥ to be bounded on the z axis.
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To enable to nullify a possible dipole moment let z — z + € where € is a constant and from

(4.26) we define

F(v) = — 1 _ 1—ds
z+e€ ak'so—e+edsy

thus as v —» 0, z — oo and Z — 0. From (4.121) and (4.122) we calculate (see §1.8.4) the

(Mp = M) mass moment as

(4.122)

M = — lim (dd’ d”) = —pv2aa (4.123)

v—0 E’;E

and by introducing the constant m via

m
= — 4.124
iy o ( )
then
M=m (4.125)

so that the constant m > 0 now determines the mass of the gravitational source. Similarly

we calculate the dipole moment as*

D= m(k'ea + 2a v/hy)

Yo (4.126)
which is eliminated by setting
20,\/ hI
e=-—— = —ad. (4.127)
In doing so the quadrupole moments becomes
1 3 m a2 2 8h[
Q = —§m - 2]{:'2 k/ —2—4h]1+?:|
1
= —§m3 — ma*¢ (4.128)
which may also be nullified by setting the positive coordinate scale factor
|2ak'm)|
a= = ax 4.129
V6a2(4hy + 2 — k%) — 48k ( )
In general
4/ hy 12h;
3 2
M; = ma 30k hi1—2+k _9h11+_012 ]
= ma®p (4.130)

which is not possible to transform away, thus the source cannot posses equatorial symmetry.

In the previous section it was mentioned that the selection of the constant a needed
some further consideration. Recall that this constant (a root of a quadratic equation) was
determined so the the metric function v was asymptotically flat. Furthermore, it must be

chosen so that 1 (now containing the constant p) behaves asymptotically in a manner that is

*When negative eigenvalues are used for hr or hyr then the approximations for V given by (4.119) naturally
transform into their trigonometric counterparts. The multipole formulae are unaltered except hy1 — |hiu].
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physical, that is, for example, in the z = 0 (v = 0) plane as p — oo, ¥ o —p~!. Henceforth

we will determine (4.124) by using the negative root —a so

m
=——>0 4.131
b= Toalal (4.131)

and choose the remaining value for o (the superposition constant) so that the correct asymp-

totic behaviour is evident. An example of this is given in figure 4.15(c).

v, Area = -0.095135 & v, Area = 0.00053471

3
<
&
3,
2_
007 i
_0080 0.8 1.6 24 2K GO 0.8 16 24 X
u u
(a) ¥1. h1 = ho(0.1). (b) ¥2. hir = h1(0.1).
Solution Comparisons y, -y, Area=-99585e-18
T T ! 0.03 T

0.02f

0.01F

-0.02-

(c) Y1 £ ae (d) Y1 — 0.575798 92.

FIGURE 4.15: An ezample of determining the sign of a. Figures (a) and (b) show
dvy/du given the individual solutions 1 (with odd Vi factor) and v (even V). From
(c) we see that the negative a value is needed for a physical solution. (d) shows that
this linear combination of the solutions makes the area zero.

In table 4.7, various values for the superposition constant « and the constants 4, and 7n
associated with the multipole moments are shown. The notation 19; represents the solution
generated with k = 0.1, h; = hg and hy; = h;. Similarly 50 is the solution generated with
k = 0.5, h; = hg and hyp = ha.
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From table 4.7 we observe, that solutions that are formed with h; = hg and hy; = hg, ie.
both U solutions are even eigenfunctions, require a positive a value to generate solutions with
the required physical behaviour. Excluding these solutions, we note as k increases, for fixed
eigenvalues (eg. Y101, ¥s501, ¥901), the value of the multipole moments decrease monotonically.
We also note the (relativity) large moment values for the ;92 solutions.

It was possible to set a given by (4.129) so that @ = 0. This was only possible for U with
differing parity. Results are shown in table 4.8.

| I o« | =60 | ¢@ | nm) |
Yio1 || -0.575798 | 1.736705 | -2.014114 | 13.965977
Ysor || -0.529595 | 1.873110 | -2.448367 | 17.421315
Woo1 || -0.128476 | 2.840418 | -6.67219 | 57.159351

Y02 || 0.022296 44.85 1998 178721
Pso2 || 0.102035 9.72 79 1409
Yooz || 0.043943 8.31 34 347

Y103 || -0.376864 | 2.653453 | -18.090265 | 159.989336
¥so3 || -0.344591 | 2.878746 | -20.823744 | 199.220809
o3 || -0.081900 | 4.455750 | -44.807357 651.943

TABLE 4.7: Constants associated with various solutions. The notation 1101
represents the solution generated with k = 0.1, hy = hg and hj; = h;.

[ o [ ¢ [ am
Y101 || 0.406815 | 0.706518 | 0.940293
¥so1 || 0.368979 | 0.691137 | 0.875153
o1 || 0.223515 | 0.634877 | 0.638276
Y103 || 0.135743 | 0.360187 | 0.400167
503 || 0.126522 | 0.364224 | 0.403488
ooz || 0.086251 | 0.384313 | 0.418315

TABLE 4.8: When a = a, then the quadrupole moment vanishes.
The resulting € and M3/m multipole moments, given a., are listed.

4.8.1 Classical Mass and Dipole Moments

Geroch (1970b) has shown the mass and dipole moments of any asymptotically flat Weyl

solution are the same as those of the potential v, in flat space, generating the Weyl metric.

By introducing the new coordinate w = u— 2K, from equations (4.25) and (4.26) we have

a?k%(snw cn?v + snv)
(cnwdnv — dnw )?

r2=p2+z2=

(4.132)
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From the expansions (4.13)-(4.14) as w,v — 0 then
2a 1 o

T~ — = — 00. 4.133
K vw? 40?2 Vw? +0? (4.133)
Similarly, given z = rcos€ and p = rsin as w,v — 0 we have the asymptotic relations
0
v o~ I (4.134)
r
in 0
w o~ Z S;n . (4.135)

We have (s; = snw etc)

Y o= p cld2+d1 [U1V1+aU2V2}—p\/ak’,/ [—V +aLV2} (4.136)
V' sia V51

From our normalization we have that U;//s;1 — 1 and /51 ~ y/w as w — 0 and V} ~ Vhiv
and Vo ~ 14 -21-hnv2 as v — 0. Thus as 7 — oco we have from (4.134) and (4.135)

2 2
¥~ —pak'o [_%_mocosa_@aw_'__”] (r — o) (4.137)

r2 2 73

thus the mass moment is
M = —pv2aa (4.138)

which agrees with the relativistic value given by (4.123) and the dipole moment

1
D= —P;ﬂ\/ﬁaz\/h_l (4.139)

also agrees with the unshifted (e = 0) relativistic moment given by (4.126).

4.8.2 Interpretation

The physical interpretation of the metric generated by these solutions is obscure. By con-
sidering the singular regions of ¥ and « (as commonly done eg. see Bonnor (1992) although
applications to these coordinates is not discussed there) the metric could be that of two finite

line masses located between the four foci* on the z axis (figure 4.2, pg. 118).

At best this is only a tentative interpretation, the exact details are somewhat hidden
behind numerical results, the intractability of the coordinates and to some degree the inabil-
ity to compute the Kretschmann scalar. Given that the metric does not posses equatorial
symmetry (the existence of odd multipole moments) this suggests the mass per unit length
in each ‘bar’, if believed to be a true interpretation, is not constant. Clearly further work in

pin pointing the true physical nature of these metrics is needed.

In figure 4.16, the singular behaviour near the boundaries of the functions 101(u,v)
and 7y(u,v) is clearly seen. The singular behaviour near the four foci on the axis is further
illustrated in figure 4.17 where the functions 101 (p, 2z) and 4101 (p, 2) near the z axis are shown.
Figure 4.18 shows the typical behaviour of a ;92 solution. We observe when comparing with
the earlier figure the singular type behaviour of the « function is more evident near the foci on
the axis. This may be related to the high multipole moments corresponding to these particular

solutions.

*For the subsequent plots the foci location are given by equation (4.149) in the following section.
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w(u,v) ¥(u,v)
x 10

500..

0.9*KP

~0.9°KP g

FIGURE 4.16: 101(u,v) and corresponding y(u,v) function (m = 1).

v(p.2) ¥(p.2)

FIGURE 4.17: 9101(p, z) and corresponding y(p, z) function close to the z azis (m = 1).

v(p,2) ¥(p,2)

-2 0

FIGURE 4.18: 9102(p, z) and corresponding y(p, z) function close to the z azis (m = 1).
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4.9 Geodesics

The previous sections have discussed the formulation of the functions ¥ and « needed to
determine the metric
a2k? e=2

2 _ 2 2
ds” = edt (cnudnv + dnu)?

[627(1 — dn?usn?v)(du? + dv?) + sn?u cn?v dy? ] . (4.140)

The remainder of this chapter will concentrate on the time-like geodesics of this bicyclide

space-time. To formulate the equations of motion, let
a2k2e—2

X(u,v) = ——(cldz R

Y (u,v) = €27(1 — d?s3) Z(u,v) = (s1¢2)> (4.141)
from which the Lagrangian associated with (4.140) is
2L = e?i? — XY (u? 4 0%) — X Zp2. (4.142)

From the Euler-Lagrange equations, the cyclic coordinates ¢t and ¢ enable the familiar con-
stants E and L to be introduced by

t=Ee % p=—-L(X2Z)L. (4.143)

The remaining geodesic equations are then

. 1 _ L?
i = -3 lE2wu 24 L(XY)u(@® — 9%) + (XY )yuv — ax272 (XZ)u] (4.144)
Vo= _XI_Y [ E*py e — L(XY)y(4? — 9%) + (XY )yi0 — 5 XL2222 (Xz )vl (4.145)

here subscripts refer to partial differentiation. Equations (4.143), (4.144) and (4.145) form the
system of differential equations which are solved (numerically) to obtain the geodesic plots*.
In determining the metric function v we use integration path one, discussed in section 4.7.1,

whilest the derivatives are computed directly from (4.87).

4.9.1 L =0 Geodesics

We begin looking at the simpler timelike geodesics of zero angular momentum (L = 0). We
shall consider the trajectories of test particles which start from rest (¢ = v = 0) at some finite

distance and fall towards the source(s) located on the z axis.
Given an initial location (p;, z;) we numerically invert

o ak’ s1(u;) co(vi) - —ak' so(v;)
P eru) da(vn) + di (w) " c(ws) do(vs) + di ()

to obtain the corresponding initial (u;,v;) values. For time-like geodesics it is possible to set
2L =1 in (4.142). The starting location is related to the constant E by

(4.146)

InE = ¢(us, v;). (4.147)

*As in previous work the numerical method employed is a Runge-Kutta 4/5th order adaptive integrator.
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We set in this section
1—k 1/2

so the four foci on the axis are now located at (refer to §4.4, pg 116.)

1-k
z=%1(==xf1), z=x—— (= %f9) (p=0). (4.149)

1+k
Given the multipole moments for various superpositions of 1 solutions (see table 4.7) we
shall concentrate on the geodesics generated by the 11g; solution, whose moments are the

smaller of the various solutions.

Figure 4.19 illustrates typical L = 0 geodesics calculated for the 1;0; solution (m = 1).
Here we have plotted z(s) versus p(s).

Plots (a)—(d) show the trajectories beginning at increasing po positions, released from the
seven zq values: zp = %e, 1, £fo, 0. €, given by (4.127), is the center-of-mass plane (dipole
moment is null), £1, £ fy are the four foci positions given by (4.149).

It is clear that the majority of the trajectories are converging towards upper foci on the
z axis. Although this does not occur for certain test particles released close to the z axis.
There is no evidence of any plane for which the paths are symmetric. This is anticipated
as we have shown that the odd-multipole moments are non vanishing*. In subsequent plots
there does seem some symmetry in the trajectories of test particles in the field generated by

the solutions 192 and ¥sp2.

Plots (a) and (b) best illustrate some peculiar properties of test trajectories that are
released from close vicinity of the z axis. It is useful to recall Hoenselaers (1992) comments
against taking Weyl coordinates too seriously close to singularities of the potential - the
observed repulsion is mostly likely to be caused by the lack of validity of the coordinates
employed in regions of high curvature. This is somewhat similar to the observed repulsion in
geodesic studies of Weyl rings (Semerék et al., 1999a). It would be instead desirable to use
something having more geometrical meaning so that the motion, in particular near the axis,
is better portrayed.

This anti-intuitive behaviour does in any case serve to illustrate that the singularity
(representing the source of the gravitational field) has a non-trivial structure - the typical
directional dependence that is common for all Weyl fields (Scott, 1988). The horizon, which
for Weyl fields may appear only as part of the symmetry axis (Semerdk et al., 1999a), is
apparent when we plot coordinate time ¢ against proper time s, for example see figure 4.21.

To provide a means of confirmation of the accuracy of the numerical integration, the
system of differential equations derived from the equations of motions given in §4.9 where

augmented with the additional equation

t= =21 [y 4y 0] (t = Ee™?¥), (4.150)

*Although these are calculated at infinity, the existence of non vanishing odd moments indicates non symmetry
even in the vicinity of the source.
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Vyqy L=0 geodesics Vo, L=0 geodesics
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(a) po = 1. Note the repulsive behaviour. (b) po = 2. Again repulsive motion is evident.
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(e) Overlay of previous plots. (f) Near the positive z axis.

FIGURE 4.19: Various L = 0 geodesics generated with the 1101 solution. Integra-
tion is terminated when t > 1 x 107. The star indicates the initial position.
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This was done to improve the accuracy of £, necessary to compute the constant E at a
given s. By integrating (4.150) we compute £ to O(h?*), where h is the step size used by the
Runge-Kutta integrator.

Typical results are shown in figure 4.20, in which the absolute difference between the
initial E value and Epum = E(s) = te?¥ is plotted, AE. Both plots demonstrate that the
ability to conserve E diminishes as the test particle approaches the axis. In the far-field
region, where the motion of the test particle is approximately linear the conservation of F
is pleasing. The accuracy diminishes as the test particle approaches the axis, as indicated in

figure 4.21, due to the large dt/ds values in this region.

It was also observed that AE decreases as the integration tolerances became smaller. A
limiting value, based on the convergence of AE of approximately 10~7 was possible for the
integration tolerance — this was a reflection upon the maximum accuracy possible for the

numerical evaluation of V(v) and v(u,v) functions.

E-E, | IE-E, |
107°t
10
~+ %
E 3
u u
w w. el
% =0
g g
107t
1074
107 107" 10° 107 10° 10'
log‘ 08 Ic;g1 oS

FIGURE 4.20: Conservation of E. Here the absolute difference between E and
E(s) = te®¥ is plotted. On the left the trajectory beginning at po = 1, 2 = —¢ is
shown, while on the right, that beginning at po = 5, z = —e. Both correspond to
the respective 1101 orbits shown in the previous figures 4.19(a) and 4.19(c).

Figure 4.22 shows how the trajectories alter when the mass of the source, determined by
(4.124), for the 1101 solution is increased. As expected the departure from the initial linear
motion becomes more rapid as m increases, a consequence of the increasing curvature. We

note in the m = 6 plot the upper trajectory now terminates at a new position.

We conclude this section with figures 4.23, 4.24 and 4.25 which illustrate some trajectories
(all released from pp = 5) generated with various v solutions other than the 10, solution.
Again there are regions of repulsion close to the axis. All show the typical initial linear motion
then the abrupt deflection near the axis (the bulge), this occurring at greater distances from

the axis, as the eigenvalue is increased (eg. compare 1go2 Vs 1903 plots).
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tvs s for ¥, SOlution
T

FIGURE 4.21: logt vs log s for the top trajectory in figure 4.19(c).
As the test particle approaches the azis the coordinate time t
rapidly increases, indicative behaviour of a horizon.

4.9.2 Bound Orbits

This section will concentrate on the geodesics of bounded timelike orbits generated by the
two solutions formed from the 1191 and 103 solutions. In section 4.8 it was shown that the
coordinate scale factor a could be adjusted so that the quadrupole moment vanished. In this
section we will set a = a, so that @ = 0. Furthermore we recall from table 4.8 that in doing so
the two solutions 1091 and 103 generate, respectively, fields of the maximum and minimum
M3 moments. Unless stated otherwise in all proceeding calculations m = 1.

For bounded orbits we have from equations (4.142) and (4.143)

1 L?
2 .2 2,2 _ 1 _ — . B
w4+ v XV [E e 1 XZ] = F(u,v; E;L). (4.151)

Since the equations of motion are not separable in u and v we can only solve for the zeros of
F at these points we have & = 0 and ¥ = 0 simultaneously. The permitted ranges of the u

and v coordinates are then fixed by the inequality F' > 0. Solving F' with respect to F we get

L?
25 20 = V2(u, v:
E“>e (1 + XZ) = V*(u,v; L). (4.152)

Here V2(u,v; L) is the potential function for the timelike geodesics and its graph describes a

family of surfaces parameterized by L.

Figures 4.26(a) and 4.26(b) illustrate the potential curves, V (p, z), for various L values
for the two 1 solutions. They are drawn in the center of mass plane, that is z = €, so that
the dipole moment is transformed away, and as already mentioned, a is also chosen so the @
moment is zero. On these potential curves the minimum points have been drawn. In figure
4.26(b) careful observation indicates further inner minimum points — we have neglected the

study of trajectories beginning at these locations, as we have seen in the previous section that
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FIGURE 4.22: L =0, po = 5 geodesics for the 1101, solution with increasing mass
moment. The fourth plot includes the m = 1 plot shown in figure 4.19(c).
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FIGURE 4.23: L = 0 geodesics generated with various k = 0.1 eigenfunctions.
The first plot shows the orbits for the 110z solution (note the apparent symmetry
in the upper and lower-most trajectories). The second, those formed by the 1103
solution. The final plot overlays the previous two plots and that of the ¢101 plot

in figure 4.19(c).

the validity of the coordinates close to the z axis is poor. We concentrate on the outer turning
points only. We note that as p — oo the locations of the minimum for the two 4 solutions

coalesce.
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FIGURE 4.24: L = 0, pg = 5 geodesics for the ¥so1, ¥so2 and 503 solutions.
Note the apparent symmetry in the two extreme geodesics of the second plot.
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FIGURE 4.25: L =0, po = 5 geodesics for the 1go1, Yooz and g3 solutions.

D=Q=0 Potential Curves for the V101 Solution. D=Q=0 Potential Curves for the Vi0a Solution.
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(a) 1101 potential curves. The turning points, (b) %103 potential curves. Turning points occur at
indicated by circles they occur at: Pmin = Pmin = 6.1149, 8.7522, 10.9900, 20.5005, 31.6893

5.7976, 8.6562, 10.9551, 20.4903, 31.6847.

FIGURE 4.26: Various potential curves (D = @ = 0 plane) for the 1101 and 1103 solutions.

Furthermore it is interesting to note that broadly speaking, both potential curves resemble
the potential curves of the Schwarzschild metric (Misner et al., 1973; Chandrasekhar, 1983)
of same parameter values (m, L).



4.9. Geodesics 153

Y01 Orbits Wi0s Orbits
31.7} 31.7¢
20.5¢ 20.5¢
8.7t 8.8t
> or > of
-8.7 -88
-20.5¢ -20.5f
-31.7} 1 -31.7 ;
-31.7 -20.5 -10.9 0 58 20.5 317 -31.7 -20.5 -10.9 0 6.1 2(;.5 31.7
X X
(a) The orbits, corresponding to the turning points (b) The orbits, corresponding to the turning points
indicted in figure 4.26(a), projected in the zy plane. indicted in figure 4.26(b), projected in the zy plane.

FIGURE 4.27: Circular orbits of the 1101 and Y103 solutions.

Figures 4.27 and 4.28 illustrate the orbits of test particles that are released from the
minimum points indicated on the potential curves. As the higher order moments do not vanish
this plane is not an invariant plane and the motion will not be confined to it — although the
deviation from the initial plane for all orbits is small and the orbits are nearly circular.

As py — oo we would anticipate that any motion out of this plane would become less
pronounced as the curvature diminishes. This is indeed observed, in particular for those orbits
starting close to axis (figures 4.28(a) and 4.28(c)) the deviation is greater than those starting
further out, where the gravitational field is weaker (figures 4.28(b) and 4.28(d)). This small
deviation is further illustrated in figures 4.27 in which the orbits (in the zy plane) are circular.
Some indication of this deviation is seen in the inner orbits of 4.27(b), where the trajectories

become thicker.

It is also observed that the 1,03 orbits have less deviation from the initial plane than
the 1101 orbits - this is a reflection of the strength of the higher non-vanishing multipole
moments. In particular the M3 moment is smaller for the ;03 solution, although the inner
(figure 4.28(c)) z oscillations have a less periodic structure (c.f. figures 4.28(a)(c)(d)).

Figure 4.30 displays an orbit released from 29 = —¢, i.e. not in the plane that the dipole
moment is null. The initial conditions are chosen so that the test particle is released from the
minimum of the corresponding potential curve through this plane. It is readily observed that
there is greater deviation in the z direction when compared to the earlier plots. The orbit is

nearly circular however.

The final figure 4.31 shows a typical trajectory when the initial release point does not
correspond to a minimum point of the potential curve. This plots complements figure 4.26(a)
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FIGURE 4.29: The respective orbits of the two differing solutions, with initial positions
indicated by the turning points in the potential curves of figure 4.26. Note the vertical (z)
azis is not to scale, but illustrates the relative deviations of particular orbits.
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FIGURE 4.30: 1101 orbit of a test particle released from z = —€, po = pmin, L = 4.

L = 5 plot. Here the test particle is released with perihelion value p, ~ 15. From the potential

curve we anticipate an aphelion value =~ 30 if, as we know is incorrect, the motion is confined
to the plane.

Nevertheless as the motion out of this plane (figure 4.31(c)) is relatively minimal, to a
good level of approximation the orbit does obtain these aphelion and perihelion values, as

shown in figure 4.31(b).
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FIGURE 4.31: 1101 orbit of a test particle released from z =€, pg ~ 15, L = 5.
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4.10 Summary

This chapter has developed the essential features required to study the Weyl space time in
terms of bicyclide coordinates.

Calculating the harmonic function 1 required the construction of Lamé-Wangerin eigen-

functions, which were dependent upon the accurate determination of eigenvalues.

The eigenvalues where calculated using a truncated infinite continued fraction and verified
using numerical methods. An approximation to the U solutions in terms of Bessel functions
was given and shown for all but the (numerical) lowest eigenfunctions, to agree well with the
true solution. Similar methods to solve the second separable equation for V proved to be un-
successful and the numerical determination of these functions was required. Approximations
near v = ( were possible which proved paramount in subsequent calculations regarding the

multipole structure of the generated field.

Calculating the remaining metric function v was determined via numerical quadrature.
Evidence was given to support the requirement that the line integral was path independent, or
at least to approximately, the same level of accuracy of the numerical solution V for which the
integrals contained. It was further shown that to satisfy the condition of elementary flatness
the superposition of at least two particular i solutions was necessary. Analysis showed that

only solutions with specific parity could enable the boundary conditions to be met.

Using appropriate approximations for the eigensolutions on the z axis, the multipole
moments where obtained, and it was evident by the non vanishing of the higher odd multipole
moments that the fields generated by various superpositions of eigensolutions did not have
an invariant plane for which geodesics motion would be confined. This is subsequently shown
in the numerical solution of the time like geodesic trajectories, although the deviation out
of certain planes, namely those for which the dipole and quadrupole moments vanished, was
relatively small. This deviation was enhanced when the motion was started from planes for
the dipole and quadrupole moment were not nullified. The use of potential curves served
under certain criteria to give good approximations of aphelion and perihelion values of elliptic

orbits.

Timelike geodesics of zero angular momentum where also presented. Generally, the initial
motion was of a radial type, although all experienced some deviation and repulsion before
terminating close to the horizon on the z axis. The interpretation of this repulsion region is
still unclear but as often experienced in geodesic studies of Weyl fields, it is not wise to attach

physical meaning on the coordinates near regions of high curvature.

The physical interpretation of the sources generating these fields is still obscure. The
singular regions of ¥ would indicate that the field is that of two finite line masses located
between the two pairs of foci. This is a tentative prediction as, for example, no attempt to
compute the Kretschmann scalar, which is often employed to probe the locations of the sources

(and directional behaviour), was not made. This is an obvious extension to this chapter.



Chapter 5
Review and Future Work

In this thesis we have presented new axially symmetric static spacetimes and examined certain
timelike geodesics within these solutions.

Our studies have generally concentrated on trajectories of test particles that are confined
to equatorial planes. The predictions based on the relativistic multipole moments agreed well
with the numerical values of the precession rates of the perihelion.

Small deviations from circular orbits were discussed in the bispherical chapter and the
corresponding precession of the nodes was calculated, again numerical and theoretical results
were consistent. Similar calculations could be carried out for the ring like solutions developed
in the toroidal chapter. Of course for both coordinate systems we could further generalize by
relaxing the assumption that the out-of-the plane geodesics slightly deviates from the reference
circular orbit.

One common thread for all coordinate systems considered here was the repulsive like
behaviour observed for geodesics of zero angular momentum. Attempts in the bispherical
chapter to introduce a more physical radial coordinate in which to plot the trajectories failed
to solve this enigma. Further study is needed here to understand this phenomena.

The toroidal solutions warrant a special mention. Contrary to Newtonian mechanics it
was observed if the mass of the source was greater than a certain value the period of the
oscillation for a test particle along the z axis increased as the mass of the source increased.
The ergodic nature of certain orbits is also surprising. There is also the interesting case of

oscillating trajectories along the p axis (L = 0) in the n = 0 + 1 solution.

The beauty of the bispherical and toroidal solutions presented here is that they are exact.
This was clearly not possible in the bicyclide chapter. The physical nature of the sources for
the solutions developed here are uncertain. Although geodesics were produced no attempts to
calculate precession rates of perihelion and nodes was done. Incidentally, this could be used
to verify the multipole moments calculated based on the approximate solutions to the metric
functions.

Finally, throughout we have concentrated on timelike geodesics. Clearly an examination
of the null geodesics in these spacetimes remains.
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We live in a Newtonian world of Einsteinian physics ruled by Frankenstein logic.

— David Russell —

There was a blithe certainty that came from first comprehending the full Einstein field
equations, arabesques of Greek letters clinging tenuously to the page, a gossamer web.
They seemed insubstantial when you first saw them, a string of squiggles.

Yet to follow the delicate tensors as they contracted, as the superscripts paired with
subscripts, collapsing mathematically into concrete classical entities
— potential; mass; forces vectoring in a curved geometry —
that was a sublime experience.

The iron fist of the real, inside the velvet glove of airy mathematics.

— Gregory Benford - Timescape —
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