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1 Introduction

Research in radical theory has been under way for more than a century, begun by
Wedderburn investigating hypercomplex numbers [17], explored further in classes of
associative rings through key examples by Kéthe [7] and Jacobson [6], before its formal
grounding in this setting being undertaken independently by Kurosh [8] and Amitsur [2]. This
platform allowed for its rapid development (see the reference list in the text by Gardner and
Wiegandt [4] for a useful record of the way the theory unfolded for rings up to the date of
publication) with key notions of the theory extended to other mathematical objects having
suitable internal structure (for example groups [9],[3] and topological spaces [19]) to ensure
the related object induced through a mapping is more accessible for analysis and description.

While some object properties satisfy the Kurosh-Amitsur framework, a central problem has



been to identify a smallest suitable (radical) subobject acting as the kernel for a mapping so
that the image induced is free from radical subobjects (and called semisimple). The collection
of radical objects forms a radical class and the collection of semisimple objects forms a
semisimple class. Class operators, introduced early as part of the theory’s development [18],
under slight adjustment were shown to be a suitable vehicle to re-introduce the theory [11] in
terms of base radical [13] and base semisimple classes [14], and were used effectively to
determine the radical theory possible in certain universal classes containing a finite number of
class objects [16]. The cost of this simpler construction is that the class subobject so
constructed may no longer be the smallest radical subobject to contain the object property
under consideration. The class operators used to date are not generally able to construct the
suitable radical subobject and so the aim of this paper is to introduce appropriate additional
operators to close this gap and then to go on and detail some of the properties of these
operators in their own right as well as their interplay with the familiar operators. The work is
set in the class of algebras introduced by Puczylowski [15] (here called P-algebras) which
includes ideal-determined varieties such as (multi-operator) groups, rings, loops and hoops.

Some of the results require us to work in an ideal-determined variety [12].

2 Preliminaries

Classes are denoted by calligraphic font such as X and elements of a class by uppercase
letters such as A. We denote by A a class of objects called P-algebras with 0 € A the zero
P-algebra and = an equivalence relation on A called isomorphism [15]. All subclasses of A
are assumed to be abstract, meaning closed under isomorphisms and containing 0 (as in [11]).

A class A of P-algebras satisfies the following axioms:

1. For each A € A there is associated a complete lattice (L4, <) such that Ly C A, and L,
has top element A and bottom element 04 = 0. For all I € L4 we call I an ideal of A,
denoted I < A.

2. For every I € Ly, the interval [0,1],, ={B € L4 |0 < B < I} is a sublattice of Lj.

3. With every I < A there exists A/l € A, with Ly = {K/I | K <A, I <K < A}, and the



map given by K — K/I is an isomorphism [/, A], — La/;.

4. If A= B then there is an isomorphism f : L, — Lp such that for each I € Ly, I = f(I)
and A/I = B/f(I).

5. Foreach A€ Aand I,J< Awith J <1, (A/J)/(I/J)= A/, and for any
ILJ<A (IV D)/ I=J/(INJ).

By axiom 3, for any A € A, A/JA =0, and by axiom 4, A~ 0 if and only if A =04. If <A
then A/I is a factor of A. We say I < A is a proper ideal if [ # A and similarly, A/I is proper
factor it AJ/I # A. For the remainder of this paper we will consider those algebras satisfying
the condition A/0 = A (this could easily have been added as an additional axiom but is

included here to retain the axiom structure in its original form).

Any ideal-determined variety in the sense of [5] gives an example of the abstract set-up above.
Let V be a variety with distinguished nullary 0. Suppose that the p-class containing 0
determines p then V is a 0-regular variety. If ¢(0,0,...,0) = 0 is an identity for each
operation ¢ in the signature of V, then we call V a 0-normal variety [12]. It is
ideal-determined in the sense of [5] if moreover any two congruences permute at zero, meaning
that for any two congruences p,0 on A, (a,0) € po @ if and only if (a,0) € 6 o p; equivalently,
(a,0) € pV 0 implies the existence of b € A for which (b,0) € p and (a,b) € 6. (In fact the
definition of “ideal-determined” given in [5] is shown there to be equivalent to the one given
here.) A variation on the famous result due to Malcev linking congruence permutable
varieties to the existence of a certain ternary term, indirectly shown in [5], and demonstrated
explicitly in [1] (see Theorem 2.4), says that this permuting at zero property is equivalent to
the existence of a binary term s(x,y) in the variety for which s(z,z) =0 and s(z,0) = z. It
follows that the ideals of an algebra in an ideal-determined variety are nothing but its
congruence classes that contain 0 (exactly as for rings, and indeed all the familiar examples if

one replaces “0” by “1” as appropriate).

In an ideal-determined variety A, for A € A and I € L4, A/I is the factor algebra in A
obtained by factoring out I from A in the usual way: I determines a unique congruence py for

which I is the p;-class containing 0, and then A/I is nothing but A/p;. All of the P-algebra
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axioms hold, in particular the last (which is a version of the second isomorphism theorem).
The algebra 0 in an ideal-determined variety stands for the trivial algebra {0}; we let context

determine the meaning.

In particular, in the ideal-determined variety A, we can form the direct sum A ® B of

A, B € A, which is nothing but their usual Cartesian product A x B as algebras, so copies of
A, B are factors of it, but they also embed as ideals. Thus the congruence m on A x B given
by (ay,as)m (b1, by) if and only if as = by is such that A @ B/m = B, and the m-class
containing (0,0) =0 in A @ B is the ideal A = {(a,0) | a € A} which is isomorphic to A.
Then A @ B/A 2 B and vice versa.

A class X C A is hereditary if, for all A € X', [ < A implies I € X, and X is factor closed if,
forall A€ X, I <Aimplies A/I € X. A class X is closed under extensions if X has the
property that whenever I is an ideal of A and both I and A/I are elements of X', then A € X.

A universal class is abstract, hereditary and factor closed.

Define J to be an accessible of A € A if there exists a finite chain J = Jy< J1<...aJ, = A. If

J is nonzero and has no nonzero proper ideals we say J is simple.

Theorem 2.1. (Lemma 4.1 [11]) If A is a P-algebra, then every accessible of a factor of A is
a factor of an accessible of A. Specifically, if I is an accessible of A/J then I = K/J for some
accessible K of A.

The class operators U, S and — act on subclasses X of A and are defined by
U(X) = {A € A| A has no nonzero factor in X'},
S(X) = {A € A| A has no nonzero accessible in X'}, and
-(X)={A e A| Aisnot in X}.

It follows from A/0 = A that U(X) N X = {0}.

Remark 1. A subclass X of A is hereditary if and only if X = S=(X) and X is factor closed
if and only if X = U—~(X).

Theorem 2.2. (Theorem 2.1 [11]) For all subclasses X and Y of A,
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(i) If X CY then U(Y) C U(X) and S(V) C S(X),

(it) U(X) € ~(X) and S(X) € ~(X),

(iii) U=U(X) = U(X) and S-S(X) = S(X),

(iv) UUUU(X) = UU(X) and SSSS(X) = SS(X), and
(v) USUS(X) = US(X) and SUSU(X) = SU(X).

Theorem 2.3. (Lemma 4.5 [11]) For all subclasses X C A, S-U(X) is factor closed.

The primary compositions for these operators to establish radical and semisimple classes are

then

US(&X) = {A € A |every nonzero factor of A has a nonzero accessible in X'}, and
SU(X) = {A € A |every nonzero accessible of A has a nonzero factor in X'}.

Definition 1. For any subclass X C A, we call

(i) X a base radical class whenever X = US(X), and

(i1) X a base semisimple class whenever X = SU(X).

Remark 2. For any subclass X, the class US(X) is always a base radical class and the class

SU(X) is always a base semisimple class, although in both cases not necessarily equal to the

class X itself.

Remark 3. When U(X) is a radical class it is called the upper radical class of X' [4] and
from the definition above U(X) = USU(X).

For the remainder of this work, the term ‘radical class’ will mean base radical class and
‘semisimple class’ will mean base semisimple class. The smallest radical class to contain a
class X is called the lower radical class usually denoted £(X'), and the smallest semisimple

class containing X is called the semisimple closure of X usually denoted X



Theorem 2.4. (Theorem 3.3 [11]) For all subclasses X C A,

(i) US(X) is a radical class; if X is factor closed, then the lower radical class containing

X, L(X)=US(X),

(i) SU(X) is a semisimple class; if X is hereditary, then the semisimple closure of X,
X =SU(X).

The lower radical class and semisimple closure constructions for a class X are generally
unreachable under composition of U, S and — alone. For example, consider the ring A on four
non-associative elements introduced by Leavitt and Watters [10] (and detailed in [4], page
305) with its one proper ideal I which itself has one simple proper ideal J. The homomorphic
images A/I and I/J are simple and A/I,I/J and J are non-isomorphic. The subuniversal
class generated is A; = {0, A, 1, J,A/I,1/J}. The smallest radical class to contain {/} is
L({I})=1{0,1,1/J}, which cannot be generated through U, S and — since the possible
compositions generating radicals classes [16] are

US({I}) = USSS({l}) = USU~({I}) =UU({I}) = {0} and

USS({I}) = USU({/}) = US—({/}) = UUU({[}) = A;.
Therein lies the motivation for introducing new operators; to find an operator description of
the lower radical class as well as the semisimple closure of a subclass X' of A. In addition,
these operators have many interesting properties.
Let A and B be any two P-algebras. If B is a factor of A then we call A a preimage of B, and
if B is an accessible of A then A is called a cover of B. The properties ‘is a preimage of” and
‘is a cover of” form preorders. We define two class operators V and T that can act on any
subclass X C A as

T(X) ={A € A| A has no nonzero cover in X'} and

V(&) ={A € A| A has no nonzero preimage in X'}.
In the following section we make extensive use of the duality between particular operators
(like U and S and between pairs of operators like U and S, with V and T). By duality we
mean that in certain contexts, operators can be exchanged to generate concepts and
statements which are related but different in their meaning. We see this for example in

Definition 1 and we will see much more of it in both the actions of the class operators and the



proof technique it offers when appropriate. For the class of P-algebras A, the duality is not
perfect (both for U and S [11] and as we will see for V and T in Proposition 3.13).

3 Main results for classes of P-algebras

3.1 The lower radical and semisimple constructions

The operators V and T can be combined with U, S and — to obtain new classes of interest.

In particular, for any subclass X C A,

e UV (X) = {A € A| every nonzero factor of A has a nonzero preimage in X'} which we

will soon show is the smallest factor closed class to contain X,

e VU(X) = {A € A| every nonzero preimage of A has a nonzero factor in X'}, the

preimage closure of X,

e ST(X) = {A € AJ every nonzero accessible of A has a nonzero cover in X'}, the smallest

hereditary class to contain X', and

e TS(X) = {A € AJ every nonzero cover of A has a nonzero accessible in X'}, the smallest

factor closed class to contain X.

We now verify these claims.

Proposition 3.1. For all subclasses X C A,
(i) UV (X) is the smallest factor closed class to contain X and UV (X) = -V (X),
(i) VU(X) is the preimage closure of X and VU(X) = ~U(X),

(iii) ST(X) is the smallest hereditary class to contain X and ST(X) = -T(X), and
(iv) TS(X) is the cover closure of X and TS(X) = —=S(X).

Proof. The proof in all cases for X = {0} is straightforward since =V (X) = -U(X) =
-T(X) = =S(X) = {0}. Now to prove (z) and (ii7) for a nonzero class X: If A € =V (X) then



A has a nonzero preimage in X and A is in the smallest factor closed class to contain X.
Conversely, if A is in the smallest factor closed class to contain X then A has a nonzero
preimage in X and so A € =V (X). For all ¥ C A, UV (X) C =V (X). Suppose A € =V (X).
Then A has a nonzero preimage C' € X and for every nonzero factor B of A, B has C' as a
nonzero preimage. Therefore every nonzero factor of A has a nonzero preimage in X', hence
AeUV(X) and UV(X) = =V (&X). The dual argument exchanging U with S and V with T
proves (7i7).

(77) and (iv): Let X # {0} and A € “U(X). Then A has a nonzero factor B in X’ so A is in
the nonzero preimage closure of X. Conversely, if A is in the preimage closure of X then A
has a nonzero factor in X, hence A € “U(X). For all ¥ C A, VU(X) C =U(X). Let

A € ~U(X). Then A has a nonzero factor B in X and for every nonzero preimage C of A, C'
has B as a nonzero factor and so every nonzero preimage of A has a nonzero factor in X.

Hence A € VU(X) and VU(X) = -U(X). Similary, the dual argument proves (iv). O

When X is factor closed, X = U=(X) = =V (X) and, when X is hereditary,

X = 8S—(X) = -T(X). The smallest radical class to contain any factor closed class X is
US(X) and the smallest semisimple class to contain any hereditary X is SU(X) (Theorem
2.4). The inclusion of V and T allows removal of the requirement for existing conditions on X
and provides an operator description of the smallest radical class and the smallest semisimple

class to contain any X', as our next result shows.

Theorem 3.2. For all X C A, the lower radical class L(X) = US-V(X) = USUV(X).
Dually, the semisimple closure of X, X = SU-T(X) = SUST(X).

Proof. For all subclasses X C A, any radical class which contains X will also contain the
factor closure of X, that is =V (X'). Since =V (X) is factor closed, Theorem 2.4(i) shows
US(—=V (X)) is the smallest radical class to contain =V (X'), and hence it is the smallest
radical class to contain X'. By Proposition 3.1(i), L(X) = US—-V(X) = USUV(X). The

dual argument using Theorem 2.4(ii) proves the second part. O]

This allows us to constructively describe the lower radical class for any class X as the class for

which every nonzero factor of a P-algebra has a nonzero accessible which has a nonzero



preimage in X and its dual, the semsimple closure for any class X', as the class for which

every nonzero accessible of a P-algebra has a nonzero factor which has a nonzero cover in X.

Corollary 3.3. For all subclasses X C A and A € X, A is U=T(X)-semisimple.

Proof. That U-T(X) = UST(&X) follows from Proposition 3.1 (iiz) so U=T(X) is a radical
class for all subclasses X in A. Then S(U-T(X)) is the semisimple class of U=T(X) and
Theorem 3.2 shows it is the smallest semisimple class to contain X'. Therefore

X C S(U-T(X)) and hence for A € X, A is U=T(X)-semisimple. O

3.2 Elementary properties for operators V and T

The following theorem outlines six fundamental relationships between classes generated by

the operators, while highlighting the duality between U and S, and V and T.
Theorem 3.4. For all subclasses X C A,

(i) UVU(X) =U(X) and STS(X) = S(&X),

(1)) VUV (X) =V (X) and TST(X) = T(X), and
(iii) V-V (X) =V (X) and T-T(X) = T(X).

Proof. The following arguments make extensive use of Proposition 3.1.

(1): Since U(VU (X)) = U(=U(X)), it follows from Theorem 2.2(7) that UVU(X) = U(X).
The dual argument using shows S(TS(X)) = S(=S(&X)) = S(X), proving (7).

(i1): As VUV (X) = -UV(X) = ==V (X) = V(X), this proves the first part. Dually,
TST(X) = -ST(X) = -—T(X) = T(X), which proves ().

(111): Now, V-V (X) = VUV (X) and T-T(X) = TST(X) so it follows from (4i) that
V-V(X) =V(X) and T-T(X) = T(X), showing (). O

From Theorem 2.2(7v) and (v) we know the operators UU, US, SS and SU are all

idempotent. Our next result shows we now have six more idempotent operators.



Theorem 3.5. For all subclasses X C A,
(i) UVUV(X) = UV(X),
(ii) STST(X) = ST(X),
(iii) VUVU(X) = VU(X),
(iv) TSTS(X) = TS(X),
(v) VVVV(X) = VV(X), and
(vi) TTTT(X) = TT(X).

Proof. (i) - (iv): It follows from Theorem 3.4 that U(VUV (X)) = U(V(X))(i),

S(TST(X)) = S(T(X)) (ii), V(UVU(X)) = VU(X) (iii) and T(STS(X)) = TS(X) (iv).
(v) and (vi): For all subclasses X C A, VV(X) C =V (X), since -V (X) DO X for all X and so
-VV(X) D V(X), whence VV(X) C =V (X). It follows that

VV(VV (X)) CVV(=V(X)) = V(V=V(X)) which, by Theorem 3.4 (773), is VV (X).
Conversely, V-(&X) C VV(X), since V(X)) C X for all X, and so VV(X) D V(X),
whence VV(X) = VV—==(&X) O V=(X) we have V(V (X)) = V-V(V(X)) =

V=(VV (X)) C VV(VV (X)) so both classes are equal. Dualising shows (vi). O
Proposition 3.6. For all subclasses X C A, the largest factor closed class contained in T(X)

is a radical class and the largest hereditary class contained in V(X') is a semisimple class.

Proof. The largest factor closed subclass of T(X) is U=T(X) which, by Proposition 3.1 (4ii),
is UST(X), a radical class by Remark 2. The dual argument using Proposition 3.1(7) proves
the second part. O

It follows that

Corollary 3.7. For all subclasses X C A, the class V(X) is hereditary if and only if V(X) is

a semisimple class. Dually, T(X) is factor closed if and only if T(X) is a radical class.
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Proposition 3.8. For all subclasses X C A, V(X) = A and T(X) = A if and only if
X ={0}.

Proof. If X = {0}, it is clear that V(X) = A and T(X') = A. Conversely, suppose V(X) = A
and T(X) = A with X # {0}. Then there exists nonzero A € X', s0 A ¢ V(X) and A ¢ T(X),
a contradiction. Therefore X must be the class {0}, which completes the proof. O]

The class U(X) can be a nontrivial radical class. For example, when X is any hereditary class,
X =8S-& and so U(X) = US—(X) which is a radical class by Remark 2. Dually, S(X) can
be a semisimple class. When X is any factor closed class, X = U=(X) and S(X) = SU—(X)
which is a semisimple class by the same Remark. For any class X, the classes V(X') and T(X)
are only ever trivially radical or semismple classes. These classes do however share some of

the properties of radical and semisimple classes as demonstrated in the following result.
Proposition 3.9. For all subclasses X C A, V(X) and T(X) are closed under extensions.

Proof. Let A € V(X') where A is an ideal of B € A. Suppose B/A € V(X). Then, since
V(X) is closed under preimages, B € V(X) showing V(X) is closed under extensions. Dually,
suppose A € T(X) where A is an ideal of B € A, and let B/A € T(X). Then, since T(X) is
closed under covers and A € T(X), it follows that B € T(X) showing T(X) is also closed

under extensions. O

Proposition 3.10. For all subclasses X C A, the largest hereditary subclass of V(X)) is the

semasimple class of the smallest radical class containing X .

Proof. By Theorem 3.2, the smallest radical class to contain X is US=V(&X). Its semisimple
class is S(US—-V(X')) which, from Proposition 3.1(7), is SUSUV(X). Theorem 2.2(v) shows
SUSU(V (X)) = SU(V(X)) and, again by Proposition 3.1(i), we know SUV(X) = S=V (&),
which is the largest hereditary subclass of V(&X). O

The proof of Proposition 3.10 can be dualised for the operators U with S, and V with T and

noting Remark 3 to show
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Proposition 3.11. For all subclasses X C A, the largest factor closed subclass of T(X) is the

upper radical class of the smallest semisimple class containing X .

Hence, from Propositions 3.10 and 3.11, we can see that S=V(X) is the largest class to be
free of X-accessibles and U-T(X) is the largest class to be free of X'-factors.

Proposition 3.12. For all subclasses X C A, =S-U(X) is the smallest cover-closed,

preimage-closed class containing X .

Proof. 1t is clear, for all subclasses X C A, that X C =S-U(&X"). By Proposition 3.1 (iv),
-S—-U(X) = TS-U(X) which is cover-closed. Suppose A € =S—=U(X) and let A* be a
preimage of A such that A* € S-U(X). By Theorem 2.3, S-U(X) is factor closed so it
follows that A € S=U(X), a contradiction. Hence =S—=U(X) is also preimage-closed. If

X C Y such that Y C =S—U(X) and ) is cover-closed and preimage-closed, then Proposition
3.1(ii) and (iv) shows Y = -U(Y) = =S(Y). Therefore

-S-U(&X) C =S-U(Y) = =S(Y) = Y € =S-U(X), so all classes are equal and =S—-U(X) is

the smallest cover-closed, preimage-closed class to contain X. O

Proposition 3.13. For all subclasses X C A, V-T(X) C T-V(X).

Proof. 1f nonzero A € =“T-V(X) then A has a cover B such that B has a preimage C' in X.
Since A is an accessible of B, A is the accessible of a factor of C. By Theorem 2.1, A must be
the factor of an accessible, say D, of C' which means A has a preimage D with a cover C' in
X, showing A € =V-T(X). Therefore “T-V(X) C -V-T(X) and taking complements
gives V-T(X) C T-V(X). O

In general we cannot dualise Proposition 3.13 since factors of accessibles may not necessarily
be accessibles of factors (see the comment after Lemma 4.3 in [11] for an example of when
this is not the case). Lemma 4.4 of [11] shows that when the property of being an ideal is
transitive, every factor of an accessible of A € A is an accessible of a factor of A so when

ideals are transitive the two classes in Proposition 3.13 will be equal.
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Proposition 3.14. For all subclasses X C A, T-V-T(X) = V-T(X).

Proof. By Theorem 3.4(ii1), V-T(X) = V=(T-T(X)) and, from Proposition 3.13, it follows
that (V-T)-T(X) C (T-V)-T(X). Since T-V-T(X) C ==V-T(X) = V-T(X), we see

that all classes are equal. O

Proposition 3.15. For all subclasses X C A, =V-T(X) is the smallest hereditary, factor

closed class containing X .

Proof. By Proposition 3.14, -V-T(X) = -“T-V—T(X) which is hereditary by Proposition
3.1(iii). Now, suppose X C Y and Y C =V-T(X') such that ) is hereditary and factor
closed. Then =V-T(X) C =V—-T()) and, by Proposition 3.1(%) and (i),

-V-T(Y) = -V(Y) =Y C =-V-T(X). Therefore all classes are equal and -V—-T(X) is the

smallest hereditary, factor closed class containing X'. O

Proposition 3.16. For all subclasses X C A, -V-T(X) = UV-T(X) = UVST(X) =
SV-T(X) = SVST(X).

Proof. By Proposition 3.1(i) and (%), for all ¥ C A we have -V-T(X) = UV-T(X) =
UVST(X). The class ~“V-T(X) is hereditary by Proposition 3.15, so -“V-T(X) =
S—=(=V-T(X)) = SV-T(X) and finally, again by Proposition 3.1 (i), SV-T(X') =
SVST(X). O

Proposition 3.17. If X C A and X is factor closed, then SU(X) C SUUT(X). If X is
hereditary then US(X) C USSV(X).

Proof. Suppose a subclass X C A is factor closed and let A € SU(X). Then every nonzero
accessible B of A has a nonzero factor C' in X. Since X is factor closed, X C UT(X) so

C € UT(X), showing B has a nonzero factor in UT(X). Hence every nonzero accessible of A
has a nonzero factor in UT(X) and so A € SUUT(X). The dual argument proves

US(X) C USSV(X) when X is hereditary. O
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It is apparent that the operators U, S, T and V are special cases of a more general operator

type which is the subject of further investigation.

3.3 The ideal-determined case

For the remainder we assume A is an ideal-determined variety.

Proposition 3.18. For all subclasses X C A, V(X) is either factor closed or hereditary if
and only if V(X) ={0} or V(X) = A.

Proof. Let X be a subclass of A. If V(X') = {0} or V(&) = A then it is clear that V(X)) is
factor closed or hereditary (in fact both). If V(X') # {0} and V(X) # A, then -V (X)) # {0}.
Let A be a nonzero element of V(X') and B be a nonzero element of =V (X') and consider
A® B. A® B has factor A and hence A@® B € V(X) since A @ B is a preimage of A and
V(X) is closed under preimages. But A @ B has B both as a factor and an accessible,
therefore V(X) is neither factor closed nor hereditary. ]

Dualising this argument shows the following.
Proposition 3.19. For all subclasses X C A, T(X) is either factor closed or hereditary if
and only if T(X) = {0} or T(X)=A.
As a consequence of Propositions 3.8 and 3.18 we have the following.
Corollary 3.20. For all subclasses X C A, the following are equivalent:
(i) V(X) is hereditary,
(ii) V(X) is factor closed,
(1ii) V(X) is a radical class,
(iv) V(X) is a semisimple class,
(v) V(X) is a radical-semisimple class, and
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(vi) V(X) = {0} or V() = A.

Proof. (i) implies (i) - (vi): Given (i) that V(X) is hereditary then, by Proposition 3.18,
V(X)=Aor V(X)={0} (vi). It is straightforward to see that (ii) - (vi) follow.

(11) implies (i): If V(X)) is factor closed (ii) then, by the same argument, V(X) = {0} or
V(X) = A and hence V(X) is hereditary ().

It is clear that (%i1) implies (i), and that (iv), (v) and (vi) imply (i), which completes the
proof. O]

The dual result, using Propositions 3.8 and 3.19, also holds true. That is,
Corollary 3.21. For all subclasses X C A, the following are equivalent:
(i) T(X) is hereditary,
(ii) T(X) is factor closed,
(1ii) T(X) is a radical class,
(iv) T(X) is a semisimple class,
(v) T(X) is a radical-semisimple class, and
(vi) T(X)={0} or T(X)=A.

In the ideal-determined case, the operators T and V tend to generate the trivial class

containing only the zero algebra.

Proposition 3.22. If T(X) is a proper nonzero subclass of A, then TT(X) = {0}. Dually, if
V(X) is a proper nonzero subclass of A, then VV(X) = {0}.

Proof. Let X be such that T(X) is a proper nonzero subclass of A. Then - T(X) # {0} and
consider nonzero A and nonzero B such that A € T(X) and B € - T(X). Then A® B is a
nonzero cover of A, hence A® B € T(X), but A @ B is also a nonzero cover of B, so

A e -T(T(X)). Since A and B were arbitrary it follows that both =T(X) C -TT(&X") and
T(X) C -TT(X). Therefore “TT(X) = A and so TT(X) = {0}. The dual argument proves
the second part. O
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Proposition 3.23. For all nonzero subclasses X C A,
T-S(X) = V-U(X) = V-S(X) =T-U(X) = {0}.

Proof. Let X be nonzero and suppose there exists nonzero A € T=S(X). Then A has no
nonzero cover in =S(X’). Since X’ is nonzero, there exists nonzero B € X so A® B € =S(X).
As A® B is a cover of A, this contradicts the fact A € T=S(X'). Hence A = 0 and

T-S(X) = {0}. The dual argument proves V-U(X) = {0}.

Now, let A and B be nonzero with B € X. Then A® B € =S(X) since B<A® B. Since A is
a factor of A @ B, it follows that A has a nonzero preimage in =S(X) so A € =V-S(X). As
A was an arbitrary nonzero element in A, we have that “V—=S(X) = A and V-S(X) = {0}.
The dual argument shows T-U(X) = {0} and hence T=S(X) = V-U(X) = V=S(X) =
T-U(X) = {0}. O

Proposition 3.24. For all subclasses X C A, the class TV(X) = {0} or TV(X) = A.

Proof. Let A € A such that A is nonzero and A € TV (&X'). Now, assume =TV (X) is nonzero
and let nonzero B € =TV (X'). Then there exists B* such that B* is a nonzero cover of B and
B* € V(X). Consider A @ B*, a cover of A. Then A® B* € TV(X) so A@ B* has a nonzero
preimage in X and B* has a nonzero preimage in X since B* is a factor of A @ B*. Therefore

B* ¢ V(X), a contradiction, showing =TV (X) = {0} and TV(X) = A. O

Using the dual argument,

Proposition 3.25. For all subclasses X C A, the class VT(X) = {0} or VT(X) = A.

Hence, for all subclasses X C A, the classes TV (X) and VT(X) are trivially

radical-semisimple classes.

Corollary 3.26. For all subclasses X C A, “TV(X) = STV(X) = UTV(X) and
~VT(X) = SVT(X) = UVT(X).
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Proof. From Proposition 3.24, the class TV (X) = {0} or A for all subclasses X C A. If

TV (X) = {0} then =(TV (X)) = S(TV(X)) = U(TV(&X)) = A. Similarly, if TV(X) = A
then =(TV (X)) = S(TV (X)) = U(TV (X)) = {0}. Interchanging V and T and using
Proposition 3.25 proves the second part. 0

The development of radical theory has centred on the element properties of the class objects,

but it is clear there is much to be gleaned about its nature using this class operator approach.
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