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ABSTRACT 

The basis of this dissertation is a review of the 

quantum mechanical formulation of damping and stimulation, 

particularly in non-linear optical processes. The basic 

problems of the quantum theory of damping are discussed, 

and the formalism for the quantum theory is introduced. 

The study of a particular example, that of a damped simple 

harmonic oscillator, provides an introduction to the 

handling of the basic tool, the master equation. 

The physical aspects of the non-linear processes 

are contained in the systems' photon statistics, and the 

master equation provides several approaches for obtaining 

these. This theory is then used to formulate a quantum 

mechanical model of Raman scattering by phonons, and to 

thus obtain the photon statistics of the scattered 

radiation. 
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1 

INTRODUCTION 

We usually try to account for damping in quantum 

systems phenomenologically, which is not a very success­

ful approach for many systems. By allowing the damping 

to be described by interaction with a heat bath, we obtain 

a formalism by which damping can be treated successfully. 

This ' method is used widely in the theory of non-linear 

optical processes, particularly in laser processes. 

Haken (1970) gives a comprehensive discussion of the 

method and its applications. 

Using a form of perturbation theory, we can derive 

an equation of motion (the "Master Equation") for the 

density matrix describing our ·damped system. By adopting 

a particular form for the bath, or reservoir, we obtain 

a working equation. We follow Louisell (1969), who takes 

the bath to be a large number of simple harmonic oscillators. 

The master equation gives us an operator equation for 

the density matrix. It is convenient to reduce this to a 

c- number equation, and this may be done in several ways, 

depending on the information required and on the initial 

conditions of the system. Once the equation is solved, we 

have a complete statistical description of the system, 

since the average of any dynamical variable (e.g. photon 

number) may be found. This theory may then be applied to 

the non-linear process of Raman scattering, which is the 

inelastic scattering of light by a medium. 
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(4.6.2.) 

+ Vik...~ L Ca,\~], O.s1 \- Y\ kA,._ L LO.I\~ -S 1, ~l\+1 · 

+ �~� \(.,~e·'l~~wttlo},s1, ~+] \, �~� ~I\S e,,'l~O.wlt(C\~~51, 0~1 , 

where: l<.~s-:: ?..i'\'~(w0 ) l\<S(w,)l-z lfi.1'2. 

K.A.-.-= ?.:n~lwol lk"'two')l'lf1.\'l. 

Ks: = k.A s -: ?.. i\ 5 Lu, 0) \( I\ (We,) K:. !, ( I.O c, ') I !;1,. \ l 

h -:: hlWc,J 

As in section (2.4), we must assume that 

functions of w near w = w. 
0 

are flat 

is an allowed frequency mismatch, 

obtained by varying the laser input frequency, and/or 

the cavity resonances. 

4.7 Some Equations of Motion 

{ i) Coupled equations for <'Q~';> and <O.A+"l. 

~~O.i') = Tr (Q~ ~) -:: ~s .(Q,s') �~� K~A. <0.1,.•'7 e,;'l.,Aw t { 4. 7 .1.) 

d.(o,~•'7 -:: 1 ((t + c'.)E7) �~� -kA;.,<.O.f '> - �~� <o. ') €. 7..Ct~wt , ar r I\ 1)t '1 �~� 1, 

We may ignore small dispersion effects in the gain constants, 

and set ks,-=- k P,,A -: kA~ -= ks A -= k , say. 

Setting and 

becomes 

"'-!2, J 1: l 
- l \(/2,+ 'I.. ~W) D {4.7.2.) 

(4.7.2.) may be solved in the standard manner to yield 
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s olutions which are linear combinations of time varying 

exponentials. The time variation is given by the e.igen­

values of the coefficient matrix in (4.7.2.) - i.e.: 

/\ ~ ±~(/lu..1?.- ~kt>.wl\ (4.7.3.) 

The solution is: 

and ,, -:. ~D. +("-1-;i.+aw)1 Mo)+ "-14 fl>(o)\ /k "). · 

t'l. -:: ~ l 1' - ( "'l~t (6w) 1 Po.lo\ - k.1.,_ Blo) \ / k?,. · 

If t:::.w~.., I<., ( 4. 7. 3. ) reduces to 

(4.7.4.) · 

In this case, A and B become uncoupled, (4.7.4.) reducing 

to Al~)".:: t\(o)~').l = A.lo).e'l(p((t~1>>+kf"1.)t]. (4.7.6.) 

" t . i.e: <4~(~)') :: ~a.llo)",e. h 

~lt) ~ 13lo)e:"t -= glc,)e.xpL-Cio.w,i.~/~)t]. (4.7.7.) 

i.e: <<;\:(~)'> = <u;lo)'Je.--"ht · 

We have two waves, one of gain constant ~, the other .of 

k -2. If we compare (4.7.6.) with (4.3.7.), we see that the 

first wave is almost wholely stokes in character. The 

second, attenuated, wave is almost wholelyantistokes in 

character. Thus in the case of a large frequency mismatch, 

the waves uncouple into separate stokes and antistokes 

waves. 

According to (4.7.3.), if t>w=o there is no gain. 

This is because the laser depletion has not been taken 

into account. A classical analysis (Walls 1970) which takes 

the depletion into account shows that there is a non-zero 

gain even with 6.v.J = o However, this gain is still 

small, and the main gain occurs for large !:>vs • 



38 

(ii) Photon Numbers and Correlations 

We can obtain equations of motion for the photon 

numbers <n~({:)) : <ei,-4as7> <r.t11(0';,:.(QA-4-CAA'> · 

correlation functions <CA-. a$ '7 , <o..l o..~+'l 

~\. <o.!o,..'7 = -K~~<:ap.,\,,..") +: ~11." ~ 

and for the 

- ~A e-1~owt <a:a~-;,, - k.~~ e 'l (~wt< C4.\ Cts ~. 

cl + 
c3:t<C4sas'7 :: ~s(h+1) ._ ~s <a!,~a,'>. 

L K~ e.· '2.~ .bwt < r. + ~'- L \<.p,._s e). "~ t -
T ::2, '-"P.,: a, / ....- :2.. <.o." Q.) I 

\(s~ K~t:1. 
:i <ap., ~ '? - :i."' <.ctp, a~') 

\::_j~ /,., ~o. ~......_ _ K111r.. <,..· ~" t-'--. 
'2. '""" s I :;i" V\A '-"S I ' 

,. ~ e '2..~~""'t < o.~· a,- - a, a;..., -k.A5 h Q.. 1.u~u,t 

As before we shall ignore dispersion in the J<'s, setting 

all equal J<. Let + t to A = <~It\ 0.A 'l 
' 

B = <Qs C\s ':1 

c = <or,..a~1-e ').~~wt 

' 
D = < a j) .. ~he-2 awt . 

We then obtain the non-homogenous system 

A -k'. 0 
k'. k'. A Rn -2 -2 

B 0 )<' k' k'. 
B k'.Cn+1> 2 2 d = k k' 

+ (4.7.8.) 
dt c 2 -2 2itiw 0 c k'.Cn+~> 

D k' J<' 0 -2itiw D k'Cn+~> 2 -2 

We can make this an homogenous system by defining 

A' = A-n, B' = B + cn+1>, to get:-

A' -k 0 ~ ]t 
A' -2 -2 

B' 0 +k k'. k' B' d 2 2 
dt = ]< (4.7.9.) 

c }< 
2illw 0 c 2 -2 

D k' k 0 -2itiw D 2 -2 

We can further simplify by setting 
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W = A'+B', X = A'-B', Y = C+D, Z = C-D, to obtain 

d 
dt 

w 

x 

y 

z 

= 

0 

-k 

0 

0 

-k 

0 

k 

0 

0 0 'I w 

-k 0 x 

0 2itiw y 

2itiw 0 z 

( 4 .7. 10) 

The solutions of (4.7.10) are exponentials ,with time 

dependence given by the eigenvalues A of the matrix of 

coefficients. i.e: 
---· k '\ -:: "t t G 6w l I :i: J I + k1,iw-i ] :2. (4.7.11.) 

For tiw>>k, the solutions again separate into waves of 

almost wholely stokes or antistokes character. 

4.8 Fokker Planck Equation 

This is derived in an analogous manner to the previous 

cases:-

We assume the joint stokes-antistokes density matrix has 

a P-representation 

i.e: elt) ~ ~'Pl~,r~t) \p1.'llp'l~l<~IG\1~c\i~ . (4.8.1.) 

where la> is an eigenstate of aA and 16> is an eigenstate 

of as. 
Substituting (4.8.1.) into the master equation and 

proceeding as in Chapter 3, we obtain the following Fokker­

Planck equation for the coupled stokes and antistokes fields: 

i = ~-("t~+\.~w)~ ~ +(~/2. .. ~t..w) ~°'J 
k ( " c) " ]2_ \ "' - u

1 

+i',;2. ~ c>;z~ -~.:>~*' ~ l;i..Y\ c>~J'.k 

+"12Cri4-1)"<::112>~K - \<(""\) 0U:0~ C1t.s.2.> 

+ complex conjugate} P~,~Jt)· 

where o<. s: c<. e C:.o.wt ' ~ "' f ~ ~Awt . 
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The solution of this equation, subject to both modes 

being initially coherent is outlined in the appendix . 
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5. CONCLUSIONS 

The quantum theory of damping and stimulation is 

a self-consistent theory, applicable to systems perturbed 

by small interactions. We see that the results it yields 

agree with those expected classically (e.g. an exponential 

decay or increase in average photon number is the quantum 

version of an exponential decay or increase in a classical 

field intensity). Further, in non-linear optical processes, 

the effects due to spontaneous emission are described self-

consistently by the quantum formalism. In classical theory, 

we have to add spontaneous emission in an ad hoc manner. 

The approximations made in the theory are in most 

cases highly valid ones. A main short coming is the 

necessity to make the parametric approximation in order 

that a problem may become tractable. However, even this 

approximation is valid for processes of low efficiency, 

d f . 1 h . . an or times t<k, t e rise time constant. 

Application of the Louisell damping and stimulation 

model to the Raman scattering process yields results which 

agree closely with the classical standing wave results. 

The model successfully describes the coupling of the stokes 

and antistokes fields through the phonon bath. Furthermore, 

the quantum analysis yields the spontaneous Raman effect, 

as well as the stimulated effect, in a self-consistent 

manner. The classical analysis describes only the stimu-

lated effect, and hence is only applicable in situations 
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where the stimulated effect dominates. (e.g: in a Raman 

laser well above threshold.) 

The work in Chapter 4 on the Raman effect is appli­

cable to standing wave problems only: the fields are 

taken to be monochromatic modes. To study travelling wave 

problems, we would have to represent the fields by wave­

packets. An outline of this method is given in several 

papers on travelling wave frequency conversion (Tuck~r 

and Walls 1969, Von Foerster and Glauber, 1971). 

In our description we ignored higher order stokes 

and antistokes fields. Experimentally, these can be 

suppressed (Bloembergen 1964) so this is valid. For 

Raman scattering by atoms, a similar approach to Chapter 4 

may be used, replacing the phonons by atoms, and obtaining 

atomic matrix elements in the tracing out process (Shen 

19ij9). 



APPENDICES 

A. The P-Representations of Equation (3.1.3.) 

1. Since it is obvious that 

J p ~) a lol. ',<,oi. l a+ 01o(. : Jo<.*"' ? I~) Io< '><o(, I ol. '2."' 

2. Consider l tll +ol.) \o4'"l~"' I : -

~ + ~ 
\o(."> <oJ. I ::. e - OI, o1. e °'" , o "'<o I e.. o< o. 

• •• (?~'14 ~"")l°"-"><"'t:: ( ;~,. ~"')~Q.-°''\,<.eo<.a\o....,<ole~"'a ~. 

Hence 

Now 

* + "' = e-o<. o<. eo1.e,1 \o"><o\Q..,O( 0 o. 

~ P(c,1.) \c,c.', <«I°' d.•o1. 

J ? (.,i.. )\d.'1<'. o1. I a cte><. ~ 

(Al) 

since P = 0 at infinity if pis to be a true density 

operator. 

• • • ~P(o(.Hoi."'7<o<\od~o<. ,:, ~\oi."7<"'1("'- ~"" ... )pG,r.)o.1
c(., (A2) 

Now } ~("") \4)(.'?~ \ aa. id. 1"' = I PC,1 .. )u "'?<.a(. I ( 1 +o;~ a) cf'c,( . 

( using the ~,a.+ commutat ion relations) 

:: S t>(o1.Hoe~-<~1( l-+a~) ~:i°' 
since <o<\ 0.+ ~ o<, ._, ..C:o<..I. 

.. ~ ,P(ot,) \~"'7<ci<. I o.o.4- d,'l~ :, 

( using (A2)') 

:: ) \,1,"'7~1{ \ -too,,<'' - :o4. .... ~ >it \ P"'-l o\2.p(, ( A3) 

The other results of (3.1.3.) are obtained in a similar 

manner . 



B. Solution of Fokker Planck Eq uations 

If we set a= x +ix, S = x + ix ,.~., all x. real, 
l 2 3 \ 1 

i = l,2, •••• ,2n, say, 

we can always reduce a Fokker Planck equation to the form 
~? -= - ...; . . ~ b,i 'v) J.. tY .• oi P . 
~t :--- ~ M.J ....,,,__ + ,- ~ ~ l," 1• ~~;)-:x:. C Bl) 

" .> o~... ~ J v J 

the matrices M = (M •. ) and T = (T,,) are real. 
1] 1] 

where 

We diagonalize M with an orthogonal matrix S (Mis skew 

symmetric in general ) to get 

')... = d1a~(")..,,111., ... . -:>-,) -= SMs-1 

Using the orthogonality of S, we obtain 

where 

Similarly, ~~t,.~'P :: :f.~6~ - ~ 
·• ,; ~ ~i:~-:t.., i. j :.) ~IJ,~"j' 

where ( 6,j ) -= S t' s' 
Hence (Bl) becomes 

o? -- -<: ""\,~'!') L< i:')"l.j' 
"),.t - ~ A" ~ ... ,. + -'<- 6,; - (B2) 
v • 0

"• i. j "~v~~IT..>' 

We wish to solve (B2) subject to the -initial condition 

Pc-x. 1 , ... -x1. .. ,c-:c) -= <oL-x,-':t, 0
) S<-xz..--x,.:J ... ~<-:rx ... --x;,.J . 

:: S(~,-v,0 ) ~lv:i.-'-'1-") .... ~(v1."-V'1.C:,) . 

Wang & Uhlenbeck (1945) show that the solution of this 

problem is a 2n dimension Gaussian distribution in the 

variables v
1

,v
2

, •••• ,v
2
n, with 

averages v. = v. 0 exp(Ait) 
1 1 r 

variances (u-.-u4)(v.;-Vj) :: -~~'~">.j ( 1-~xp{(,.~~)._,)t.l] . 

We substitute for the vj in terms of the xk to obtain our 

final answer. 
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C. Calculation of Pmn, section (4.4) 

and 

(Cl) 

'2.'!f 

Using ~ e CmiS ~xfi ~x.. (:.(Q~ ~ d~ :: L ~ ~.:n Jh-, l,c.) 

0 

(see, e.g. Watson 1966) 

(Cl) becomes )1'( ~tm-"'' 'JM-h (D.fi.ror> 

The r integration is then 

~~ r tm+MI) i')Cf [-( l +A)Y'I, 1 :r~ ... l1·~ ~ l"'V'o )dr ( C2) 
f'( VH·') \ .9.. )V 1 

\~ Jv (ed.) e"p (-p1 t:1J ~.M-i d.t :: "i '.:l~ 1. f
1 

( -«~", v+1.,-~~ ) 
o ';l.~M°(\V\.1) I 

Using 

(see, e.g. Watson 1966) 

(C2) becomes 

The result for Pmn then follows. 
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