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ABSTRACT

The basis of this dissertation is a review of the
quantum mechanical formulation of damping and stimulation,
particularly in non-linear optical processes. The basic
problems of the quantum theory of damping are discussed,
and the formalism for the quantum theory is introduced.
The study of a particular example, that of a damped simple
harmonic oscillator, provides an introduction to the
handling of the basic tool, the master equation.

The physical aspects of the non-linear processes
are contained in the systems' photon statistics, and the
master eguation provides several approaches for obtaining
these. This theory is then used to formulate a quantum
mechanical model of Raman scattering by phonons, and to

thus obtain the photon statistics of the scattered

radiation.
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INTRODUCTION Tk

We usually try to account for damping in quantum
systems phenomenologically, which is not a very success-
ful approach for many systems. By allowing the damping
to be described by interaction with a heat bath, we obtain
a formalism by which damping can be treated successfully.
This method is used widely in the theory of non-linear
optical processes, particularly in laser processes.

Haken (1970) gives a comprehensive discussion of the
method and its applications.

Using a form of perturbation theory, we can derive
an equation of motion (the "Master Equation") for the
density matrix describing our damped system. By adopting
a particular form for the bath, or reservoir, we obtain
a working equation. We follow Louisell (1969), who takes
the bath to be a large number of simple harmonic oscillators.

The master equation gives us an operator equation for
the density matrix. It is convenient to reduce this to a
c- number equation, and this may be done in several ways,
depending on the information required and on the initial
conditions of the system. Once the equation is solved, we
have a complete statistical description of the systenm,
since the average of any dynamical variable (e.g. photon
number) may be found. This theory may then be applied to

the non-linear process of Raman scattering, which is the

inelastic scattering of light by a medium.
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solutions which are linear combinations of time varying
exponentials. The time variation is given by the eigen-
values of the coefficient matrix in (4,7.2.) - i.e.:

y S TRT T T P | (4.7.3.)

The solution is:

A /2
< A - C‘ k/‘ ]e’xtﬁ C’L[ » e-‘xt (u.7.uo)
8 A=Ky aw) ) “= (K Law)
where =4t lawl- "’an\‘/z A
and o {0y (ki s caw) Alo)s K BN /K -
Cp = LI N - (%2 (aw) T Ale) - 7y BloYS /K™ -
If DwwK, (4.7.3.) reduces to
Ax E(Bw ¢ ). (4,7.5.)

In this case, A and B become uncoupled, (4.7.4.) reducing

to A = Alode ™t = A\o\uPC(meat]. (4.7.6.)

i.e: <G (b)Y =<Lagloy et

RlE) & Blole ™ = 3(ohxef-(iw+‘=/z\t] : (4.7.7.)

R
i.er <adlDS> = <atle)ve fat

We have two waves, one of gain constant %, the other of
-%. If we compare (4.7.6.) with (4.3.7.), we see that the

first wave is almost wholely stokes in character. The
second, attenuated, wave is almost wholely antistokes in
character. Thus in the case of a large frequency mismatch,
the waves uncouple into separate stokes and antistokes
waves.

According to (4.7.3.), if pAw=o there is no gain.
This is because the laser depletion has not been taken
‘into account. A classical analysis (Walls 1970) which takes
the depletion into account shows that there is a non-zero
gain even with Aw= o . However, this gain is still

small, and the main gain occurs for large Aus .
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(ii) Photon Numbers and Correlations

We can obtain equations of motion for the photon
numbers <ny (B> = <agtasy | <nalbdY = <G4 &aY - and for the

o . +
correlation functions <®aGs?V <aAJ’a55 :

o 2N
a&—hmiam = ’KAA<GA*QA7 4 Kaan

—Ka gm2ibwb g bt Kas paiawé g g0,
%<a:a,§ = Kss(nn) + Kgg <as*as> .

p ¥ At gy o BRE SRIBUE as> .
ﬁ@‘“ﬁ“’ﬁ B \%«aaﬁ = R ca.a

il ) 2 e S
vlgp e iawbeqta, asaty —Ksy e 20w

d = Ks /b K . 3
deatady = %cataty - Kat<agdaty -

pih3 o200t Lgta, L a0l Yy -k RPN

As before we shall ignore dispersion in the K's, setting
1-

all equal to K. Let A = <Q:Qa> s B = <Gsa45%
ca <a“q‘7€‘l;ﬁwt N QA‘ a;'5€-2 Awt
We then obtain the non-homogenous system
1 r K AR T T TG SR
A -K 0 --2' -'i' A Kn
B 0. Ko K B K(Ri+1)
| = ¥ ” + = (4.7:8.)
dt C -i- -5' 2iAw 0 C -k(n"’;i)
K K : &%
D ; e 0 =2iAw| | D ~-K(n+)

We can make this an homogenous system by defining

A' = A-n, B' = B + (n+l), to get:-

‘ ( K pohag
A -« o X X Al
B s T R R g

s = 2 ¢ (4.7.9.)
dat v ¥ K . A
C -2- --2- 2iAw 0 c
KX X )

D ) L-i --i- 0 -21Aw) ‘D J

We can further simplify by setting




(W) (0 -k 0 o Y{w)
4 |X x 0 -k 0 ||x
a_'E = ('4.7.10)
Y 0o k0  2iAe||Y
z 0o 0 2iaw 0 ||z
\ \ o, Bl

The solutions of (4.7.10) are exponentials,with time
dependence given by the eigenvalues A of the matrix of
coefficients. i.e: '

=tz Aw[‘ljl-ﬂ"/ﬁw-;]/z (u.7.11.j
For Aw>>k, the solutions again separate into waves of

almost wholely stokes or antistokes character.

4.8 Fokker Planck Equation

This is derived in an analogous manner to the previous
cases:-
We assume the joint stokes-antistokes density matrix has
a P-representation

. #%°T Q(t\ = g?(u,'ts’t\ \m\?ﬁ«klv,ld‘x difs, (4.8.1.)
where |a>_is an eigenstate of a, and |8> is an eigenstate
of aq.

Substituting (4.8.1.) into the master equation and
proceeding as in Chapter 3, we obtain the following Fokker-
Planck equation for the coupled stokes and antistokes fields:

0~ . B
‘%‘% = '&-(K/—;_{gmuﬂS"* 13 + (¥ » bw) -a—:.az,
AL 5&* -% 2% 4 Ko h *
2 p 3 op ~ zxfbl
+ complex conjugate} P(Q,ﬁf)-

ane -~ o‘.e“A“’t : % e ﬁewtwt
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The solution of this equation, subject to both modes

being initially coherent is outlined in the appendix.
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S. CONCLUSIONS

The quantum theory of damping and stimulation is
a self-consistent theory, applicable to systems perturbed
by small interactions. We see that the results it yields
agree with those expected classically (e.g. an exponential
decay or increase in average photon number is the quantum
version of an exponential decay or increase in a classical
field intensity). Further, in non-linear optical processes,
the effects due to spontaneous emission are described self-
consistently by the quantum formalism. In classical theory,
we have to add spontaneous emission in an ad hoc manner. ‘

The approximations made in the theory are in most
cases highly valid ones. A main short coming is the
necessity to make the parametric approximation in order
that a problem may become tractable. However, even this
approximation is valid for processes of low efficiency,
and for times t<% , the rise time constant.

Application of the Louisell damping and stimulation
model to the Raman scattering process yields results which
agree closely with the classical standing wave results.

The model successfully describes the coupling of the stokes
and antistokes fields through the phonon bath. Furthermore,
the quantum analysis yields the spontaneous Raman effect,

as well as the stimulated effect, in a self-consistent
manner. The classical analysis describes only the stimu-

lated effect, and hence is only applicable in situations
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where the stimulated effect dominates. (e.g: 1in a Raman
laser well above threshold.)

The work in Chapter 4 on the Raman effect is appli-
cable to standing wave problems only: the fields are
taken to be monochromatic modes. To study travelling wave
problems, we would have to represent the fields by wave-
packets. An outline of this method is given in several
papers on travelling wave frequency conversion (Tucker
and Walls 1969, Von Foerster and Glauber, 1971).

In our description we ignored higher order stokes
and antistokes fields. Experimentally, these can be
suppressed (Bloembergen 1964) so this is valid. For
Raman scattering by atoms, a similar approach to Chapter 4
may be used, replacing the phonons by atoms, and obtaining
atomic matrix elements in the tracing out process (Shen

1969).




APPENDICES

A. The P-Representations of Equation (3.1.3.)

1. Since alaYy = «\xy it is obvious that
SPMatm«la’fdm B So(*o( Pl ) lx D<ot} d2ex (A1)

2, Consider K%;x pod ) <) i =

lk> Lot = e_'“*‘" €da"°><o\e,°‘:“
e (3"“ bekdledX| = (%ﬁ LR P L AMONPL AN
2 e %™ ga¥ione0102M g
= X540t G
Hence SPW (y<aladia = S?(M(%}u b & D<) 2o

2P
Now XP(M lav<aotl adx® YP(MM»«;]_: - S\x‘m«d N da

|

0

- S\&5<a&l %5\ dd‘;
since P = 0 at infinity if p is to be a true density
operator.
3 ) . SP(&) l&y<xladin = S\oh«(l (ot - %Lﬂ Pla) A3k - (A2) |
Now SP(aO o<l aat dix = SP(A)MNM (l+ata) diot -
(using the a,a*' commutation relations)
s SP(M\«»&&I( l+ac™) d2u

since <«tal = *<wi-

3 S?m\mwmoﬁ dx = SPW\«»«I Aok S (o2 P) KXY < ) B e

- SP(M 1A Y<ol | A2 + Slot7<a‘~\ (x- g;%)(oa“?)d’x

(using a2))"
z S\nm{\%&x"‘ -%‘* o> % Pl d2x  (A3)
The other results of (3.1.3.) are obtained in a similar

manner.



B. Solution of Fokker Planck Equations

If wesetda =x #:dx , B ax 4+ ix ...y all x. Peal,
1 2 3 b i
i=1,2,.00.y2n, say,
we can always reduce a Fokker Planck equation to the form
oF AN P) %P
o " o i L < olp ] —
2t %3- MvJ po + 2 s /t"d' ?)a:.lb:xo' (B1)

" where the matrices M = (Mij) dandix s (Tij) are real.

LRy }N

We diagonalize M with an orthogonal matrix S (M is skew
symmetric in general) to get

Nz diagnda,n ) = SMo™
Using the orthogonality of S, we obtain

semg $3P | o 20l
vJ .

DXL ‘U
where v, oy
valile Sx =35 |
V-; Az
Similarly, zz7,%f = 226,27
v m.’b-ﬁ v bu;bu")v

where (6‘3) s eney

Hence (Bl) becomes )
P e 2P % ke BT
= =-=N\ . 4+ 2Z 64 ™
bt .‘ ’A‘l va L 3 \(J aud b%'

(B2)
We wish to solve (B2) subject to the initial condition
Pixy .. %aw, €20) = Blxy-m®) Sl-20)... Slapaxs,).

| 2 0 =u®) BWz-0,0). ... Sy, -02) .
Wang &€ Uhlenbeck (1945) show that the solution of this
problem is a 2n dimension Gaussian distribution in the

variables ViV, seeeasV, oy with

averages ;i = vi°exp(A§t)

PR
We substitute for the Vj in terms of the Xy to»obtain our

-6
variances (ui-Gi)y-J) = = [l-exp{wg »-)_Qb}] .
v

final answer.
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c. Calculation of pmn, section (L.4)
Set oo = f5 000
and B = re'® , SO dll’s z vdrd®

The © integration is

-

o
S e“'“'“mexP{—'lA""Om(@'- @o)k dé (€L
°

& where A = [(Ren(e**-0)]7
Al

Using | e ax\g'ﬁex @6d do = 2w T, (x)

(see, e.g. Watson 1966)

(C1l) becomes W™ Ty, ({24100

The r integration is then

S*r Pasi exp [-Canyr2] T, (20 A Fredde (c2)

. - 3 §(VEM (,?» v 3

Using 1 (at) expl-pr) e dt = z )\ 3 sV a
' &° y i 24 Ty sFalizovi, ? )

(see, e.g. Watson 1966)

(C2) becomes (Ao qwm-n
ml[mm‘s F szo‘)
i 1(m+\. .

M=Nyia 114
2O AT (e AE0

The result for pp, then follows.
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