Working Paper Series
ISSN 1177-777X

AN ALGORITHM FOR THE SYNTHESIS OF LEAST
RESTRICTIVE CONTROLLABLE SUPERVISORS FOR
EXTENDED FINITE-STATE MACHINES

Robi Malik and Marcelo Teixeira

Working Paper: 01/2016
January 13, 2016

(©Robi Malik and Marcelo Teixeira

Department of Computer Science
The University of Waikato
Private Bag 3105
Hamilton, 3240
New Zealand



AN ALGORITHM FOR THE SYNTHESIS OF LEAST
RESTRICTIVE CONTROLLABLE SUPERVISORS FOR
EXTENDED FINITE-STATE MACHINES

Robi Malik Marcelo Teixeira
Department of Computer Science Academic Department of Informatics
The University of Waikato Federal University of Technology Parana
Hamilton, New Zealand Pato Branco, Brazil
robi@waikato.ac.nz marceloteixeira@utfpr.edu.br

January 13, 2016

Abstract

This working paper proposes an algorithm for the synthesis of modular supervisors
using extended finite-state machines, i.e., state machines with variables and guards on the
transitions. Synthesis is performed by iteratively selecting components from a synchronous
composition until a least restrictive controllable solution is obtained. This method is
usually faster and produces smaller supervisors than standard monolithic synthesis, while
offering the modelling benefits of variables. An example of manufacturing system control
illustrates the approach.

1 Introduction

Supervisory Control Theory [10] provides a framework for the synthesis, i.e., automatic com-
putation, of supervisors or controllers for discrete event systems. The theory has been gener-
alised for Extended Finite-state Machines (EFSMs) [3,7], which include variables and improve
modelling capabilities for systems with data dependency or software. Several synthesis al-
gorithms for EFSMs have been proposed [5,6,8]. The straightforward synthesis algorithms
explore the full system state space, including all possible combinations of variable values, and
this can result in prohibitively many states. This complexity can be avoided to some extent
using symbolic representation [6] or abstraction [11,13].

This working paper focuses on the synthesis of least restrictive and controllable supervi-
sors, i.e., considering only prefix-closed behaviours, in a modular setting, where the system
model consists of several interacting EFSM components. In this case, efficient solutions for



systems without variables are known that restrict the synthesis to subsystems [1,2,9]. Once
appropriate subsystems have been identified, the supervisors synthesised for the subsystems
together achieve the least restrictive controllable behaviour of the entire system.

These solutions do not generalise directly to EFSMs, because the composition with other
components may introduce new variable assignments and increase behaviour. Therefore, this
working paper proposes the use of abstractions that capture the possible variable changes
outside of the subsystem considered. This results in an incremental procedure that only
works with components needed to ensure a controllable and maximally permissive supervisor.

In the following, Section 2 introduces an improved version of the algorithm [1] for mod-
ular synthesis of ordinary finite-state machines, and Section 3 generalises this algorithm for
EFSMs. Afterwards, Section 4 illustrates the approach with an example, and Section 5 con-
cludes.

2 Finite-State Machines

2.1 Definitions

A finite-state machine (FSM) is a tuple F' = (X,Q,Q°, — ), where ¥ is a finite set of events,
Q is a finite set of states, Q° C @ is the set of initial states, and — C @ x X x @ is the
transition relation.

The transition relation is written in infix notation, where = y means the existence of a
transition from state x € @) to y € Q with event ¢ € 3. This notation is extended to traces
s € ¥* in the standard way. Furthermore, given state sets X,Y C @, the notation X = Y
means x — y for some states z € X and y € Y, and X — Y means X > Y for some s € X%,
and X - means X = Y for some Y, and F > X means Q° = X. A trace s € ¥* is accepted
by the FSM if F 2, and the language or behaviour of F is the set of all traces it accepts,
LIF)={se¥|F 3}

In this working paper, FSMs do not have accepting states, and all languages are prefix-
closed: trace s € X" is a prefiz of t € ¥* if t = su for some u € ¥*, and the language L C ¥*
is prefiz-closed, if all prefixes of traces t € L are contained in L.

FSMs executing in parallel are synchronised in lock-step [4]. The synchronous composition
of two FSMs F} = (X, 0, Q3,—) and F5 = (X, Q,, @S, —5) with the same event set X is

F1HF2:<27Q1XQ27QTXQ;7_>>7 (1)

where (z1,22) 2 (y1,92) if and only if 21 5 x5 and y; > y». FSMs with different event
sets can be composed after the selfloop operation [14], adding selfloop transitions = % x
with the missing events to all states of an FSM; this is not considered in this section for the
sake of brevity, and all FSMs are assumed to have the same event set ¥. In this case, it is
clear that synchronous composition of FSMs results in the intersection of their languages,
,C(Fl H Fg) = ,C(Fl) N ﬁ(Fg)



For the purpose of control, the event set is partitioned into the sets . of controllable
events and X, of uncontrollable events. Controllable events can be disabled by a controlling
agent, while uncontrollable events occur spontaneously. A prefix-closed specification language
K C ¥* is ¥,-controllable [10] with respect to a prefix-closed plant language L C ¥* if
K¥,NL C K, ie., if every uncontrollable event continuation possible in L is also possible
in K.

If a language K is not controllable, the task of synthesis is to find a controllable sublan-
guage K/ C K. It is a classical result of supervisory control theory [10] that the union of
controllable languages is again controllable, and there exists a unique supremal controllable
sublanguage of any given language,

supC(L, K, %y,) = U {K'CLNK | K'is ¥,-controllable with respect to L} . (2)

It is common to require that the result of synthesis is contained in the plant language L, which
is enforced by the intersection LNK in (2). If the plant and specification are given by FSMs G
and F, a standard algorithm [10] with time complexity polynomial in the number of transitions
of G || E can construct an FSM that accepts (2). This FSM is denoted supC(G, E,¥%,) in
the following. It can be used as a so-called supervisor, which restricts the plant through
synchronous composition, enforcing the specification by disabling only controllable events in
the least restrictive way possible.

2.2 Modular Synthesis Algorithm

In the following, it is assumed that the plant is given by several FSMs, G = Gy || - - - || G,
and the specification is given by a single FSM FE. In this case, the complexity to compute
supC(G, E, %) is exponential in the number n of plant components due to the exponential
number of states in the synchronous composition.

It has been proposed [1,2] to mitigate this complexity by identifying an appropriate subset
of the plants to perform synthesis with. Algorithm 1 shows such an approach. It is the basis
for the extended finite-state machine synthesis algorithm in the following section.

Here and in the following, for a set G of state machines, H(g) denotes the synchronous
composition of all elements of G, and ||(0) = (3, {z°}, {z°}, {2°} x & x {2°}) is the neutral
element of synchronous composition, a state machine that accepts all events without state
change.

The idea of Algorithm 1 is to gradually increase the set of plants and uncontrollable events
considered in synthesis. At the beginning, the loop entry condition in line 5 checks whether
the specification S° = E is controllable by itself. This may succeed if, for example, F has only
controllable events, in which case F is returned as the least restrictive solution. Otherwise
the loop is entered and performs synthesis with respect to selected subsets G+ of plants
and i1 of uncontrollable events (line 8). When inside the loop, line 5 ensures that the



Algorithm 1: Modular FSM synthesis.
Input: plants G = {G1,...,Gy}; specification E; uncontrollable events X,;
GO « 0;
SV E;
DILIENR
14 0;
while £(S?) is not ¥, -controllable with respect to E(H(g’)) do
Sl Siu{p eS| (@) S = (zg,zs) and z¢ £ and zg 5 )
Gt {G'eG |G — xg A for some pe Xt}
S supC(||(GH), B, X5
141+ 1;
end
return S°
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current result S? is not controllable with respect to the full set 3, of uncontrollable events.
Thus, S¢ disables some event p € ¥, \ ©iF! which really is uncontrollable but was assumed
controllable in synthesis. These events are treated as uncontrollable in the next iteration
(line 6). To ensure the least restrictive result, all plants that in some state may disable one
of these uncontrollable events are also included (line 7).

The procedure continues until a >,-controllable solution is found. Termination is guar-
anteed, because the set XY of included uncontrollable events increases with every iteration.
As the result is X,-controllable with respect to a subset of plants, it is also controllable with
respect to the full plant, as stated in the following lemma.

Lemma 1 Let K, L1, Ly C ¥* be prefix-closed languages, and let ¥, C ¥ be a set of events.
If K is X,-controllable with respect to L1, then K is Y,-controllable with respect to L1 N Lo.

Proof. See Proposition 3 in [2]. O

The approach [1] ensures least restrictiveness by including all plants that share an uncon-
trollable event with the specification, or with a plant already included. Algorithm 1 improves
on this in line 6, by considering only uncontrollable events that cause a controllability prob-
lem, and in line 7, by only adding plants that disable an uncontrollable event, as opposed to
plants that have it in their event set. This is enough to ensure that supervisor S* remains an
over-approximation of the least restrictive synthesis result after each iteration i.

Lemma 2 Before and after each iteration of Algorithm 1, it holds that

L([|(G) 1 8) 2 supC(L([[(9)), L(E), Zu) - 3)



Proof. Before the ﬁrst iteration 1 =0, it holds according to line 1 of Algorithm 1 that
21015 = (@) | B) 2 Lowe(c(|@). £B). ).

Otherwise, it holds after line 8 that S’+1 = supC (|[(g"), B, S5, This firstly implies
supC(L(||(9)), L(E), %) € L(|(G))NL(E) € L(||(G"))NL(E), and secondly it follows that
supC(L({[(G)), L(E), By) is S5 -controllable with respect to [|(G"). To see the latter, let s €
supC(L(||(9)), L(E),Xy) and p € S5 such that sy € L(]|(G")). Then s € supC(L(]|(G))
L(E),Su) € L(||(G)). As p € T it follows from line 7 that y is enabled in all accessible
states of all plants outside of gi+1, i.e., not only s € L(|[(G")) but also su € L(||(G))
Therefore, sy € supC(L(|[(G)), L(E) u) as supC( ([[(@)), ( ), 2u) is Xy-controllable with
respect to H(g) It follows that SupC H , Xu) C sup H (G, E EZH) E(Siﬂ)
and then also £(|[(G)[|S™) 2 L(||(9) ﬁsupC H ), L(E),%y) supC (/[(g) Yu)-

|

Lemmasl and 2 are combined to obtain Proposition 3, which confirms that Algorithm 1
returns an FSM implementing the least restrictive supervisor. As synthesis within the loop
only includes a part of the plant, the remaining plants have to be composed with the result
to get the exact supremal controllable sublanguage.

Proposition 3 Upon termination of Algorithm 1, it holds that
L(|[(G) | 5%) = supC(L(]|(9)), L(E), Zu) - (4)

Proof. By the loop-entry condition (line 5 of Algorithm 1), it is clear that £(S?) is X,-
controllable with respect to £(G*) upon termination of the loop. By Lemma 1, it follows that
L(S%) is ¥,-controllable with respect to £(G), and then L(H(g) | S%) is also ¥,-controllable
with respect to £(G) [2]. As furthermore £(S") C E( ) from lines 2 and 8, it holds that
L([(G) I ) € £(||(9) || E), and therefore L(|[(G) || S*) € supC(L(||(G), L(E), ). The
converse inclusion has been shown in Lemma 2, hence the equality (4) holds. O

3 Extended Finite-State Machines

Ezxtended finite-state machines (EFSMs) add to FSMs wvariables and the ability to read and
update these variables on the occurrence of transitions [3,7]. Examples of such state machines
are shown in Figure 4 on page 26.

3.1 Variables and Updates

An update is a formula constructed from variables, integer constants, Boolean literals, and

the usual arithmetic and logic connectives. The set of all update formulas is denoted by II.
A wariable v is an entity associated with a finite discrete domain dom(v) and an initial

value 0° € dom(v). Let V = {wp,...,v,} be the set of variables with domain dom(V) =



dom(vg) x -+ x dom(v,). An element 0 of dom(V') is also considered as a valuation that
assigns to each variable v € V a value 0(v) € dom(v), and by extension a truth value to
each update. The initial valuation is v° € dom(V) with 9°(v) = 0° for each v € V. An
update is satisfiable if it is true for at least one valuation, otherwise unsatisfiable, and valid
if it is true for all valuations of its variables. The restriction of a valuation v € dom(V') to
W CVis o € dom(W) with 9y (v) = 0(v) for all v € W. Two valuations ¢ € dom(V)
and w € dom(W) can be combined to give v @ w € dom(V U W) where (0 & w)(v) = v(v) for
veVand (08 w)(w) =w(w) forwe W\ V.

A second set of variables, called nezt-state variables and denoted V' = {v' | v € V' } is
used to describe the values of the variables after a transition. Variables in V' are also referred
to as current-state variables to differentiate them from the next-state variables in V'. The
next-state variable v’ has the same domain as its current-state variable v. Given ¢ € dom(V'),
the valuation o' € dom(V”) is defined by ¢'(v") = 0(v) for all v € V. For an update p € II, the
term vars(p) denotes the set of all variables that occur as current-state or next-state variable
in p, and vars’(p) denotes the set of all variables whose corresponding next-state variables
occur in p. For example, if p is the update 2’ = y+1, then vars(p) = {z, y} and vars'(p) = {z}.

3.2 EFSM Definition and Operations

Definition 1 An Extended finite-state machine (EFSM) is a tuple F = (¥, Q, Q°, — ), where
> is a finite set of events, @) is a finite set of locations, Q° C Q is the set of initial locations,
and — C @ x X x II x @ is the extended transition relation.

A transition between locations x,y € @ with event ¢ € ¥ and update p € II is written
z y. It can occur if F is in location x and the update p evaluates to true, and when
it occurs, F' changes its location to y while updating the variables in vars’(p) in accordance
with p; variables not in vars’(p) remain unchanged.

For example, let = be a variable with domain dom(z) = {0,...,5}. A transition with
update ¥’ = x + 1 changes the variable x by adding 1 to its current value, if it currently is
less than 5. Otherwise (if = 5) the transition is disabled. The update z = 3 disables a
transition unless © = 3 in the current state, and the value of x in the next state is unchanged.
Differently, the update 2’ = 3 always enables its transition, and the value of z in the next
state is forced to be 3.

Given an EFSM F' and event o € X, the referenced variable set is vars(F, o) = |J{ vars(p)
2y, and vars(F,o) = Uprer vars(F', o) for a set F of EFSMs. Furthermore, vars(F) =
U, ex vars(F, o), and analogous notation is defined for vars’.

This working paper imposes some syntactic restrictions on system models, which are
needed for the modularity results.

Definition 2 Let F = (X,Q,Q°,—) be an EFSM.



e [ is normalised, if for any two transitions x RELN y1 and x9 RN y2 with the same
event o € X, it holds that vars'(p;) = vars'(ps).

o Fis pure if vars'(F) = 0.

e [ is state-deterministic if |Q°| < 1, and for all transitions x TPy and 2 222 49 such
that p1 A ps is satisfiable, it holds that y; = ya.

In a normalised EFSM, the set of variables changed by an event is the same on all transi-
tions. This assumption helps to maintain the implicitly unchanged variables after abstraction
and synchronous composition. Every EFSM can be transformed into a normalised EFSM by
a process of renaming similar to normalisation [7]. As a stronger condition, a pure EFSM
cannot assign any variables, it only restricts events. State-determinism is needed for super-
visors to track the location of the plant by the observation of events and variable values. It
ensures that the target locations are uniquely determined from the source location, event,
and variable assignment.

In the following, plants are modelled by normalised state-deterministic EFSMs, while
specifications are pure state-deterministic EFSMs. The synthesised supervisor is not subject
to these requirements and in particular can restrict variable assignments.

An EFSM F = (£,Q,Q°, —) can be unfolded [7,13] and interpreted as an FSM with
state set @@ x dom(vars(F')). The states (z,0) consist of a location z € @ and a valuation
v € dom(vars(F)). A transition between two states, written (x,9) % (y, ), exists if F
contains a transition z Z¥ y such that that the update p is true if the current-state variables
are interpreted according to © and the next-state variables according to 0, i.e., (0 @ w')(p) is
true, and all variables that do not appear as next-state variables in the update are unchanged,
ie., 0(v) = w(v) for v ¢ vars/(p). This transition relation is also defined for variables not
in vars(F'), which remain unchanged, and for events not in ¥, which are always enabled
without changing the EFSM’s location or any variables. That is, (z,0) > (x,9), for all z € Q
and o ¢ ¥. The — notation is extended to traces, state sets, and state machines in the same
way as for FSMs. Based on this, the set of accessible states of an EFSM F' is

Q¥ (F) ={(z,0) € Q x dom(vars(F)) | FF — (z,0) } . (5)

With the following definition, an EFSM can be restricted to a set of unfolded states,
symbolically, by rewriting updates to impose new constraints on the variables.

Definition 3 Let F' = (£,Q,Q° —) be an EFSM, and let X C @ x dom(vars(F')). The
symbolic restriction of F' to X is the EFSM F [ X = (3, QIX, “’X, —>|X>, where

Qx ={z€Q|(z,0) € X for some © € dom(vars(F)) } ; (6)
Qix ={z°€ Q| (2°,0°) e X }; (7)



and x w)p( y,ifz,y € Q)x, and x 20y, and ¢y is an update such that vars'(gq,) = vars'(F')
and 9'(gy) is true if and only if (y,?0) € X.

Definition 4 Let F = (X,Q,Q° —) be an EFSM. The accessible sub-EFSM of F is
Acc(F) = F | Q*°(F).
When comparing EFSMs, variables must be considered in addition to events, so the fol-

lowing notion of behavioural inclusion replaces language inclusion as used for FSMs.

Definition 5 An EFSM F} is behaviourally included in another EFSM Fs, written F} Cy, Fb,
if for every path

($0,’IA)0) g (xla/f}l) 3 e % (xna'f)n) (8)
in Fy, with 0; € dom(vars(F})), there exists a path
(y()vwo) g (ylﬂbl) g e o-_’g (yﬂnwn) (9)

in Fy such that ; € dom(vars(Fy)) and ¥; |v;, = W; vy, for 1 < i < n, where Vig = vars(F1) N
vars(Fy).

If F} is behaviourally included in F5 then every path in F} corresponds to a path in F5 with
the same events and variable assignments. The two EFSMs typically use the same variables,
but if not, only the common variables are required to match. It is an immediate consequence

of this definition that symbolic restriction (Definition 3) results in a behaviourally included
EFSM, ie., F| X C, F.

Definition 6 The synchronous composition of two EFSMs Fy = (¥,,Q4,QY,—;) and Fy =
(9, Q9,Q3,—9) is
F1HF2:<21U227Q1XQZ’QiXQ§7_>>7 (10)
0:p1/\p2

where (21, 29) “2 (y1,y2) if 21 2% y1 and 22 2o Yo

This definition captures EFSMs with different event sets through the extended definition
of the transition relation above. Updates in synchronous composition are combined by con-

junction. They may cancel each other out, e.g., if z; Z——» =0, 1 in F) and @2 25, 4
in Fy, then the conjunction 2’ = 0 A 2’ = 1 is unsatisfiable, or equivalently there is no

such transition in Fj || F». Synchronous composition can override the assumption of im-

plicitly unchanged variables in an EFSM. If ﬂn y1 and g ﬂ)g Y2, €.g., then

(r1,22) w) (y1,y2). So the value of x changes from 0 to 1 in F} || F» although
implicitly unchanged in Fj.

It is clear that EFSM synchronous composition is associative and commutative, but it is
not idempotent as F'|| F' = F' does not generally hold for non-deterministic state machines.
If F is a state-deterministic EFSM, then F' || F' = F holds up to isomorphism, after deletion

of transitions with unsatisfiable updates and inaccessible locations.



3.3 EFSM Controllability and Synthesis

For the supervisory control of EFSM systems, this working paper assumes that all variables are
controlled by the plant. The plant is modelled by a set of normalised EFSMs that represent
the possible system behaviour including all possible variable changes. The specification is
typically modelled by one or more pure EFSMs, which only restrict the occurrence of events.
The supervisor can also restrict variable changes. The following definition of controllability
covers both cases.

Definition 7 Let G = (¥,,Q4,Q%, =) and E = (X5, Qp,Q%, =) be two EFSMs,
and let X, be a set of events. F is ¥y-controllable with respect to G, if for all valuations
0,w € dom(vars(G) U vars(E)), all states (zg,zp,0) € Q*°(G || E), and all transitions

(
(

xG,0) LaN (yg,w) in G such that p € ¥ g N X, there exists a location yg of F such that
A 12 A~ .
.CUG,JZ'E,'U) — (yG>yE7w) in G H E.

Yu-controllability means that, from any accessible state in the synchronous composition
of the plant G and specification F, if an uncontrollable event is eligible in the plant, then it
is also eligible in the specification. In addition, the specification must allow any assignment
to next-state variables prescribed by the plant. The condition (zqg,zg,0) LaN (ya, yE, W) is
applied to the synchronous composition G || F, so it requires the plant and specification to
be able to take the transition together. This allows a pure specification to follow the plant’s
assignments to next-state variables.

In the case that an uncontrollable event is not mentioned in the plant, u ¢ X, based
on the extended definition of the transition relation, the transition is always possible in the
plant and does not change variables. In order to be controllable, the specification must always
enable p without changing any of the plant’s variables on its occurrence.

Remark 1 Given a plant G and pure specification F, it can be assumed without loss of
generality, that vars(F) C vars(G). This is because any variable v that appears only in E
and not in GG, cannot appear as next-state variable in G or E as vars'(E) = (). This variable v
remains unchanged on all transitions of the synchronous composition G || F, so all its occur-
rences can be replaced by a constant representing its initial value 0°, resulting in an EFSM
system with equivalent behaviour.

If a specification is not controllable, synthesis is used to find a a supervisor, which restricts
the plant while satisfying the specification. The supervisor is an EFSM to be composed with
the plant in synchronous composition, and unlike the specification, may include next-state
variables on its updates. Thus, the supervisor can disable (controllable) events completely or
under certain circumstances, and it can remove some of the plant’s variable assignments from
a controllable transition.



Definition 8 Let G and F be two EFSMs, and let ¥, be a set of events. A supremal
supervisor for E with respect to G and X, is an EFSM S such that

(i

)
(i) G||S Sy G || E;
)
v)

vars(S) C vars(G) U vars(E);

(iii) S is ¥y,-controllable with respect to G;

(iv) For any EFSM S’ that satisfies (ii) and (iii), it holds that G || 8" C, G || S.

Definition 8 characterises the possible synthesis results for a given plant G' and specifica-
tion E. A correct supervisor can only use variables that appear in the plant or specification (i).
This syntactic condition is convenient but not essential, as any extra variables can be unfolded
into locations to construct an equivalent supervisor. A correct supervisor must satisfy the
specification through behavioural inclusion after composition with the plant (ii), and it must
be controllable (iii). It also should be least restrictive or supremal, i.e., any other supervi-
sor that controllably satisfies the specification should have less possible behaviour, again in
composition with the plant (iv).

A supervisor satisfying these four conditions can be computed by means of a standard
fixpoint iteration on the unfolded state set of G || E, using the following operator.

Definition 9 Let G = (X, Qq, Q¢, =) and E = (X5, Qp, Q%, — ) be two EFSMs, let
V = vars(G) Uvars(E), and let 3, be a set of events. The extended synthesis step operator
Oc.Ex,.: 20cxQpxdom(V) _, 9QexQpxdom(V) with respect to G, E, and X, is defined as

Oc.53,(X) = {(zg,xp,0) € QaxQpxdom(V) | if (zg,0) & (yg, ) for some p € T, (11)
and w € dom(V), then there exists yp € Qg such that (zg,zp, 0) =
(va YE,w ) € X}

For a set X of combinations of locations and variable assignments, the operator ©¢ g x,
removes from X any uncontrollable states, i.e., states where the plant enables some uncon-
trollable transitions not enabled by the specification, and any states from where the system
could uncontrollably reach some combination of location and valuation not contained in X. It
is easy to see that the operator ©¢ g x, is monotonic and has a greatest fixpoint C:)q 5. [12].
In the finite-state case, this fixpoint is calculated as the limit of the iteration

X% =Qg x Qp x dom(V) ; (12)
X = O g, (X7) (13)

The result of state-based EFSM synthesis is then obtained by restricting the system to this
fixpoint.

10



Definition 10 Let G and E be two EFSMs, and let ¥, be a set of events. The supremal
Yu-controllable sub-EFSM of G and F is

supC(G, E,%,) = Acc((G | E)  Oc.5,) (14)

where (:)Q E,5, is the greatest fixpoint of the operator ©¢ gy, from Definition 11.

The following Proposition 4 confirms that this fixpoint indeed gives a correct synthesis
result according to Definition 8.

Proposition 4 Let G and E be state-deterministic EFSMs, let E be pure, and let ¥, be a
set of events. Then supC(G, F,¥,) is a supremal supervisor for E with respect to G and %,,.

Proof. Write S = supC(G, E,%,). It is to be shown that S satisfies conditions (i)—(iv) in
Definition 8.

(i) It follows from Definitions 3 and 10 that vars(S) = vars(supC(G, E, 3,)) C vars(G) U
vars(E).

(ii) Note that vars(G || §) = vars(G) U vars(G) U vars(E) = vars(G || E). Let
(28 (ye, wp), 0°) 7 - 7 (2, (v, 2), 0") (15)

be a path in G || S = G | supC(G, E,%,). Then zf, = y& for 0 < k < n by the
state-determinism of G. It follows that

(:E%,m%,f)o) g e ﬁ‘g ($7(’L;71,%’@n) (16)

is a path in supC(G, E,%,) and in G || E. This shows G || S C, G || E according to
Definition 5.

(iii) Let v,w € dom(vars(G || S)), let (zg,z5,0) € Q*°(G || S), let p € g N Xy, and let
(zg,0) & (yg,w) in G. Following Definition 7, it is to be shown that there exists a
location yg of S such that (zq,zg,0) = (ya,ys,w) in G || S.

Write 25 = (2, g), so that (zq, (¢, zE),0) = (zq,z5,0) € Q*°(G || S) = Q*°(G ||
supC(G, E,%,)) € Q*°(G || G || E), which implies zg = zf;, as G is state-deterministic.
As vars/(S) = vars'(G), it follows that (xg,xf;,@) = (24, zp,0) = (mg,f)) € Q¥ (S) =
Q*“(supC(G, E, %)) € O¢.ex, = 9¢.5x.(0¢.Eyx,) by (14) and as O¢ gy, is a fix-
point of ©¢ g x,. Then by Definition 9 there exists a location yg of E such that
(xq,xE, D) Ly (ya,yp,w) € (:)G,Egu. Then (zg,zg,0) Ly (ya,yp,w) in supC(G, E,
¥4) = S, which implies the claim (zg, zg,0) LN (yg,ys,w) in G || S with ys = (yg, yE)-
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(iv) Let S” be an EFSM that satisfies (ii) and (iii). Then in particular G || 8" C, G || E (ii),
so by Definition 5 for every path

(.’E%,l’%,’d}o) g <m1G7$,197w1) g e ﬁﬁ (Z’%,%g,ﬁ}n) (17)
in G || S, with @* € dom(W) and W = vars(G) U vars(S’), there exists a path
(2 2, 0%) B (g 0, 01) T o T (2, 2, O7) (18)

in G || E, with ¢ € dom(V) and V = vars(G) U vars(E), such that @}, = {)|kVﬂW
for 0 < k < n. Note that the locations xg are the same in both paths due to the
state-determinism of G. Following Remark 1, assume without loss of generality that
vars(E) C vars(G), so that V' = vars(G) Uvars(F) = vars(G) C vars(G) Uvars(S') = W
and thus oF = Uf}"“v for 0 <k <n.

Let X C Qg x Qg x dom(V) be the set of all end states (x, 2%, 0") of paths (18) in
G || E obtained from a corresponding path (17) in G || S’. This means that G || S’ C,

Acc((G || E) | X).
It is next shown that X C O¢g gy, (X), ie, X is a post-fizpoint of ©O¢ g yx,. Let
(xl, 2, 0") € X and (2, 9") 5 (2™, 9"+1) in G for some p € By, 2™ € Qq,
and 9" € dom(V). As (23, 2%,9") € X, there exists a corresponding path (17) in
G || S" with end state (zf, 2%, @") such that 0" = wfy,. It follows that (xg, 2%, 0") €
. Let w = Dw". en 1t tollows trom (x4, v") — (x , U a
2 (G| ). Tet i+l = 9"+1 @ ", Then it follows from (2, 67) % (5, 67+1) that
(g, w™) LaN (x?;rl, w"T1), and this implies by the Y -controllability of S’ with respect
to G (iii) and the state-determinism of G that (z%, 2%, @") 5 (z&F, x4, @) in
G || S for some location 2" of S’. This transition extends the path (17), and by the
state-determinism of G' and F, it follows that the corresponding path (18) extends by
(g, 'y, ™) LN (acgﬂ,x%ﬂ,ﬁ”“) for some location :c?;l of E. Therefore (x’é“,x%“,
") € X and thus (2%, 2%,0") € O¢ px,(X) by Definition 9. As (2%, 2%,9") € X
was chosen arbitrarily, it follows that X C ©¢ g5, (X).

It follows from the Knaster-Tarski theorem [12] that X C éG,E,Eu~ This implies G ||
S" Gy Ace((G [ B) | X) Sy Ace((G || E) [ Ogpx,) = G || Ace((G || E) | OgE3,) =
G || supC(G, E, 5). 0

3.4 Modular Synthesis Algorithm

The idea of modular synthesis (Algorithm 1) is to identify a suitable subsystem to perform
synthesis and use the result to control the entire system. This is based on modularity proper-
ties, according to which synchronous composition of a state machine with another only ever

12



é)(}a:v’:*

Figure 1: The EFSM chaos(o, v).

restricts the behaviour [2]. Then controllability with respect to a part of the plant implies
controllability with respect to the entire plant, as shown in Lemma 1.

EFSMs do not have this property. When EFSMs are combined in synchronous composi-
tion, new next-state variables can be added to transitions, possibly changing variables that
were implicitly unchanged. To enable modular synthesis with EFSMs, one solution is to re-
place the parts of the system not considered in a synthesis attempt by an abstraction that
includes all possible variable changes. This abstraction is called chaos EFSM.

Definition 11 Given an event o and a variable v, the chaos EFSM for o and v is defined as

chaos(o,v) = ({o},{c},{c},{(c,0,0" = x,¢)}) . (19)

The EFSM chaos(o, v) is shown in Figure 1. The update v" = % means that v can assume
any value from its domain in the next state. Formally, this update is true for all valuations,
but it includes the next-state variable v’ so that v is no longer implicitly unchanged.

In the synchronous composition Fj || F5 of two EFSMs, some variables in F} may be
changed by transitions in F. A variable v can be changed after composition of a transition
in F; that does not mention v’ with a transition in F5 that mentions v’; or by a transition with
an event that only appears in F5. By inspection of the next-state variables on the transitions
of Fy, it can be determined that certain variables are not changed in F5, or are only changed
on the occurrence of certain events. The following Lemma 5 shows how to identify the specific
chaos EFSMs to capture possible variable changes in another EFSM and obtain a modularity
result for EFSMs. It is the crucial argument needed to generalise Lemma 1, which is done in
Lemma 6 below.

Lemma 5 Let F; and F5 be two EFSMs, and let
C = ||({ chaos(o,v) | v € vars(Fy) N vars'(Fa,0) }) . (20)

If (%’1,.%'2, ﬁ) 2 (y17 y2,117) in £y H F5 then (1131, C:’[)|vars(F1)) 2 (ylv caw\vars(Fl)) in Fy H C, where
c is the single location of C.

Proof. Let Xq, X5, and X denote the event sets of Fy, Fy, and C, respectively, and write
Vi = vars(F1). Note that vars(C') C V; and thus also Vi = vars(F} || C'). Assume

(l‘laxzaﬁ) £> (ylquJw) (21)
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in F1 H FQ.
If o ¢ X1 U9 then z1 = y; and x2 = yo, and from X C ¥y it follows that o ¢ X1 U X¢.
Then it is clear that (z1, cv@|vars(F1)) 5 (z1, cvw|vars(F1)) = (y1, ¢, w|varS(Fl)) in Fy || C.
Otherwise F} || F» contains a transition

(z1,22) ZF (y1,92) (22)

such that (0 @ @')(p) is true and o(v) = w(v) for all v ¢ vars'(p). C contains a single
o-transition ¢ ZX% ¢, where pc is the conjunction of v/ = * statements over its variables
vars'(pc) = Vi Nvars'(Fy,0). The update peo is true for all valuations, only its next-state
variables are important. From (22) it follows that x; b, y1 in F; and xo REEN yo in Fy
such that p = p1 A p2. (By the extended definition of the transition relation, if o ¢ X for
k€ {1,2}, then x = y and py = true.) Then Fj || C has a transition

(e1,¢) Z (y,0) (23)
As (0@ w')(p) = (0 ® W) (p1 A p2) is true, it follows that (0 @ w')(p1) is true, and thus
(0 ® ') (p1 A pe) is also true.

Now consider v € V; \ vars'(p1 A pc). Then v € Vi and v ¢ vars/(p1) and v ¢ vars'(po) =
Vinvars'(Fy,0), and given v € V; also v ¢ vars'(Fy, o) 2O vars'(ps). This means v ¢ vars'(p; A
p2) = vars'(p) and therefore 9(v) = w(v) from above. This shows the claim (1, ¢, 0y,) 2
(y1, ¢, )y, ) O

In a synchronous composition F} || Fs, Lemma 5 allows F5 to be replaced by chaos EFSMs C'
for variables in F} and events with transitions assigning to these variables in F5. Then all
transitions in F || F» are also possible in Fy || C.

Algorithm 2 uses this result to extend Algorithm 1 for EFSM plants G and specification E.
As before, the algorithm seeks to identify suitable subsets G' C G of the plants and Efl cx,
of the uncontrollable events, starting with no plants and trying to use the specification E as
supervisor. Differently from Algorithm 1, the plants G* = G \ G’ not included at each step are
replaced by appropriate chaos EFSMs C*. If the supervisor S* found in the i-th iteration is
controllable with respect to the abstraction |[(G%) || [[(C?) of the plant and all uncontrollable
events, then it is returned as the result.

Otherwise line 9 extends the set XY by including uncontrollable events that cause S° to
violate controllability as it is done in Algorithm 1. Then line 10 extends the plant G, which
like in the FSM case must include all components that may disable some uncontrollable event,
however here variables must be taken into account.

Definition 12 Let F = (X,Q,Q°,—) be an EFSM. An event o € X is always enabled at
location z € @, if the disjunction \/}__, p; is valid, where z SALN y; for 1 <4 < n are all the
o-transitions originating from x. Event ¢ is always enabled in F, if it is always enabled at
every location z € ).
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Algorithm 2: Modular EFSM synthesis with a single specification.

Input: normalised state-deterministic plants G = {G1, ..., G, }; pure
state-deterministic specification F; uncontrollable events >,,.
1 20 « 0
2 GO« 0);
3 G'«G;

4 VO« vars(E);

5 C% < { chaos(c,v) | v € vars(E) Nvars' (G, o) };

6 SV« E;

7 1+ 0

8 while S’ is not Sy-controllable with respect to ||(G*) || ||(C?) do
9 Yt U { € X, | there exist 9,1 € dom(V?),

(za, ¢, ws,0) € Q*([|(G) | |(€) I $), and (zq, D) 5 (ya, )
in G*, and there is no location yg of S* such that
(.Z'G,C,LUS,?AJ) ﬂ) (vacv yS;’LD) in H(gl) || H(Cl> || S }7

10 Gt <« {G' € G | there exists p € X! such that p is not always enabled in G’ };
" Gl e G\ GitL,

12 | Vi vars(GHY) U vars(E);

13 Cil < {chaos(o,v) | v € VI nvars' (G o) };

14 gitl supC( H(gz—i—l) ” H(CH'I),E, E]il+1);

15 11+ 1;

16 end

17 return S’

15



An event is always enabled in an EFSM if it can be taken at any location, independently of
variable updates. Plant EFSMs not satisfying this condition are included in the next iteration
following line 10 of Algorithm 2.

It is next shown that Algorithm 2 indeed returns the least restrictive controllable super-
visor. First, to confirm that the result is controllable, the following Lemma 6 extends the
FSM result of Lemma 1 to EFSMs. The second plant, Go, cannot be dropped completely and
instead is replaced by appropriate chaos EFSMs C.

Lemma 6 Let GG, Go, and E be EFSMs, let X, be a set of events, and let
C= H({ chaos(o,v) | v € (vars(G1) U vars(E)) Nvars'(Ge, o) }) . (24)
If E is ¥y-controllable with respect to G ||C, then E is ¥,-controllable with respect to G || Ga.

Proof. Let Xi, 39, and X denote the event sets of GG1, G2, and F, respectively, let Xg =
Y1 UX9, and let ¥ C Yo denote the event set of C. Further write V; = vars(Gyp), Vo =
vars(Gz), and Vg = vars(E). Assume that E is ¥,-controllable with respect to G; || C, let
0, € dom(Vy U Vo U Vg), let (21,29, 25,0) € Q*(G1 || G2 || E), and let p € ¥ g N3, such
that

(21, 22,9) 5 (y1,92,0) (25)

in Gy || G2. According to Definition 7, it is to be shown that

(-rlavaxEv@) ﬂ> (ylvaayva) (26)

in Gy || G2 || E for some location yg of E.

From (z1,22,25,0) € Q*°(G1 || G2 || F) it follows by Lemma 5 (with F; = G || E and
Fy = Gy) that (21, ¢, 2, Ojy,uy,,) € Q*°(G1||C||E), where c is the single location of C'. It also
follows from (25) by Lemma 5 (with F} = G and Fy = G3) that (z1,¢,9)y,) Xat (y1, ¢, ;)
in G || C’, where ¢ is the single location of

C" = ||({ chaos(o,v) | v € vars(G1) Nvars'(Ga,0) }) . (27)

C differs from C’ by the addition of variables that appear in F but not in Gy, however
since C' only contains updates of the form v" = x that are always true, it also holds that
(@1, ¢, Bv0v) = (01,6 Dpiuvg) In Gr || C. Since (21, ¢, 28, 8y,0v,,) € Q°(Gr || C || E), it
follows from the X,-controllability of F with respect to G || C' that there exists a location yg
of E such that

A~ 12 ~
(l‘laca xEvv|V1UVE) - (ylvcvyan‘ViUVE) (28)

in G1||C||E. Also, by (25) it holds that (z1,z2) 22% (y1,y2) in G1||Ga such that (66@)(pg) is
true and 0(v) = w(v) for all v ¢ vars'(pg). (If p ¢ X¢, then x1 = y1, T2 = Yo, and pg = true.)
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From (28) and p € X it follows by Definition 6 that E has a transition zg HPE, g such that
(Opuve @w"vle)(pE) is true. Then (0®w')(pg) is also true. Again by Definition 6, it follows

that G || G2 || E has a transition (z1, 22, 2g) LELATN (y1,y2,yp). Here (0 & @) (pg A pg) is

true, and for v ¢ vars'(pg A pg) 2 vars'(pe) it holds that ¢(v) = w(v) as stated above. This
is enough to show the claim (26). O

The following lemma is needed to lift controllability with respect to a subsystem to a
larger system. It shows that any part of the plant can be added to the specification without
affecting controllability. This known result for FSMs [2] extends directly to EFSMs.

Lemma 7 Let G1, G2, and E be EFSMs, where GG is state-deterministic, and let ¥, be a
set of events. If £ is ¥,-controllable with respect to G || Gz, then E || G2 is ¥y-controllable
with respect to G || Ge.

Proof. Let X1, ¥, and X denote the event sets of G, G2, and F, respectively. Assume
that F is ¥,-controllable with respect to G || Ga, let V' = vars(G;) U vars(Gz) U vars(E) and
0, € dom(V), let (z1,x2,2p,%2,0) € Q*°(G1 || G2 || E || G2), and let p € (EgUX3)NE,
such that (z1,22,0) & (y1,0,0) in G || G2. According to Definition 7, it is to be shown that
(x1, 2, 2R, T2,0) L (y1,Y2,YE, 2, W) in Gy || G2 || E' || G2 for some locations yg of E and s
of GQ.

First note that, as G2 is state-deterministic, it holds that zo = Z9 and (z1,x2,2g,0) €
Q*°(G1 || G2 || E). Then it follows from the ¥,-controllability of E with respect to G || G2
that (x1, 9, zp,0) Eay (y1,y2,yE, W) in Gy || Go || E for some location yg of E. This implies
(x1,22,2E,T2,0) N (y1,92,YE, Y2, W) in G1 || G2 || E' || G2, and the claim follows with Zo = 9
and UYa = Y2. Od

The following lemma is the key argument to prove that the result of Algorithm 2 is least
restrictive. It shows that the supervisor S’ after each iteration is an over-approximation of
the least restrictive supervisor for the full plant, after composition with omitted the plants G°.

Although similar to Lemma 8, the proof needs to take variables into account. The variable
sets may be different between the partial plant G and the complete plant G, and this can result
in the supervisor for G not being controllable with respect to G¢. Therefore, the following
proof does not use behavioural inclusion and Definition 8 directly, and instead works through
the synthesis iteration.

Lemma 8 At the end of every iteration of Algorithm 2 (before line 15), it holds that
supC([|(G), B, ) v [[(GF) 1 577 (29)

Proof. The unfolded state set of supC(H(g),E, Y.) has state tuples (zg,Zg,xp,0) where
(rq,Zq) is a location of G, separated into the components zg of G*! and zg of G, and xp
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is a location of E, and v € dom(V') with V' = vars(GU{ E}). The unfolded state set of H (g‘i+1) I
S+ on the other hand, has state tuples (Zg, (zg,c, 2g),?), where (zg,c, zg) is a location
of ST = supC( H (G || H (CHY), B, %41 (line 14) and c is the single location of H(C”l).
The unfolded state set of S**! contains tuples (zq, ¢, og, ¥;i11) With 941 € dom(V”l)

It is first shown that every accessible state of the global synthesis result supC( H ), E,3y)
corresponds to a state of the local synthesis result, or more precisely
7T(Q&CC (SupC( H (g), E, Eu))) g @H(Ql"'l)ﬂ II(C1+1)7E,EZ,1+1 (30)

where 7 is an operation to erase the G part from state tuples, defined by
m(xq, Tq, g, 0) = (xq, ¢, xE,@‘ViH) . (31)
Let X7 be the state sets encountered during synthesis of S = supC(|[(G") | [|(C*),
E, YD) e
X = Q” Gitl) X {C} X QE X dom(V’H) (32)
)(J = @H(g1+1)””(01+1) E 21.1—0—1 (X]) . (33)
It is shown by induction on j that
W(Qacc(supC(H(g),E, Yu)) € X7 . (34)

For the inductive base, j = 0, let (g, Zg, zg,0) € Q*(supC( H ¥u)) € Q|g) X REX
dom(V). Then 7(zq, Zq,zE,0) = (zq, ¢, $E7U|Vz+l) € Q)gi+1) x{c}xQEdem(Vz+ ) = X0,
Now assume (34) has been shown for some j > 0 and consider j + 1. Let

(za,Za,E,0) € Q*(supC(|[(G), B, u)) - (35)
It is to be shown that
m(xa, g, vp, ) = (26, ¢, xp, Dy ) € XIT! = GH(gm)H||(Ci+1),E,ziu+1(Xj) : (36)

Considering Definition 9, let p € ¥4 and ;1 € dom(V**H) such that (zq, ¢, Opyic) Xat
(ya, e ig1) in [[(G7F1) | ][(C7FY). Tt follows from Definition 6 that z¢ “¥ yg in ||(G7!) such
that (91 © i) (p) is true, and then (0 @ @')(p) with 1 = ;11 © 0 is also true. Further
it follows from line 11 for all EFSMs G’ € Gt that G’ ¢ G'!, so p € X! is always enabled
in G’ by line 10. It follows that there exists a location g of G'*! such that

(w6, 76, 0) & (Yo, Yo, ) (37)
in [[(G7Y) || |G = H Further it follows from (35) that (zqg,Zg, (z¢,ZTa,2E),0) €
QaCC(H( ) || supC( H (G),E )) Then it follows from the ¥,-controllability of supC (H( ), B,

18



Y4) with respect to G and the state-determinism of G that there exists a location yg of
such that

(w6, Z6: (v6, Ta, R), 0)  (ya, Yo, (Y6, Ta, yr), ) (38)
in [[(G) I supC(][(G), B, Eu). Then also (ya, e, (ya: ¥, yr), w) € Q*([|[(G) || supC(||(9), E.
Sw) and (ya, Ja, ye, ) € Q*(supC(||(G), E,Xy)). It follows by inductive assumption (34)
that (ya,c,ye, wiv1) = 7(ya, Yo, Yy, W) € Tr(QaCC(supC(H(Q),E,Zu)) C XJ. Furthermore, it
follows from (38) that (zg, >k, Ojyi+1) 2 (ya,yp, wis1) in [(G"*1) || E. By construction of
the chaos EFSMs, and as |[(G"!) || ||(C*™) || E only has variables from Vi*! also

({BG7C7 :UE’@‘VHJ) ﬁ> (yG7c7 yani-l—l) € X] . (39)

It follows by Definition 9 that (zq, ¢,z g, 6|V¢+1) IS ®|I(gi“)llH(C"“),E,Efﬁq(Xj) = X+

This completes the induction, which shows that (34) holds for all 7 > 0. This in turn
implies (30).

Finally, to show the original claim (29), let

(m%,ig,x%,@o) L (xdy, Tds, ', 0") (40)

be a path in supC(H(g), E,%,). Clearly, all states on this path are accessible, i.e., (x’é,:i’&,
ak oF) e Qe (supC(H(g), E,%,)) for all 0 < k < n, and therefore by (30),

~

k k sk k =k .k -~k
(&, xE7U|Vi+1) =m(x¢, TG, vp, 0°) € @”(gi+1)||”(ci+1),E,gg+1 . (41)

Furthermore, the path (40) also exists in ||(G) || E, which implies by Lemma 5 that (z%,c,
xOE,@fV,.+1) BB (2, g, Offi) 18 A path in (G || [[(€1) || E, and by (41) also in

supC(||(GTY) || ||(€7), B, £5) = §7+1. Combining this with (40), the path

(j;(()?v (‘T(C)h ) ‘TO )7 @0) g e ﬁﬁ (.f7é7 (1’87 ¢, JI%), f)n) (42)

in |[(G") || S7F! is obtained. (Variables that do not appear as next-state variable on a
transition in (42) do not appear at all in G"*! or F as the construction of S**! by restriction
(Definition 3) requires all variables to appear as next-state variables on all transitions, nor
in G, These variables must remain unchanged according to (40).) The claim (29) follows
by Definition 5. O

The following Proposition 9 combines the above lemmas to confirm that Algorithm 2
correctly returns a least restrictive supervisor. As the algorithm clearly terminates because
the set 32, of uncontrollable events increases with each iteration, this completes the correctness
proof of Algorithm 2.
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Proposition 9 Upon termination of Algorithm 2, S? is a supremal supervisor for E with
respect to [[(G).

Proof. It is to be shown that S and G = [|(G) satisfy conditions (i)—(iv) in Definition 8.

(i)

(i)

In the case i = 0, it holds that vars(S?) = vars(E) C vars(G) U vars(E) by line 6
of Algorithm 2. Otherwise, it follows that vars(S“"!) = vars(supC([|(G"+!) || [|(C™H),
E, Y1) C vars(GH) U vars(CPH) U vars(E) C vars(GHY) U vars(GH) U vars(E) =

vars(G) U vars(F) from lines 11-14.

In the case i = 0, it holds that H(g) 1S =1|(G) || E by line 6 of Algorithm 2.
Otherwise consider a path in ||(G) || S™™,

(xonjonxgvﬁo) g e 2; (5172:,552:7352’@0) (43)

where the locations of ||(G) are decomposed into the parts f; and zf; for ||(G"!) and
|(G™F1), respectively. The locations of S = supC(|[(G") | |[(C*F), E, S5 are
further decomposed into 2% = (2%, ¢, z%), where the x%, are the same as in (43) due to
the state-determinism of G. By Lemma 5,

(xoGﬂ ¢, (QZ%, ¢, x%‘)v @|0Vi+1) g t &; (xTCLh ¢, (9573;7 c, x%)) @ﬁ/wrl) (44)

is a path in |[(G"FY) || [|(CTF) || 7T As ST = supC(||(GTFY) || ||(CT), B, SiFY) is a
supremal supervisor for £ with respect to ||(G"*1)]|||(C*™) by Proposition 4, it holds by
Definition 8 (i) that [[(G") || [(CTF1) || S™FF Sy ||(G7FY) || ||(C*F) || E. Then according
to Definition 5, there exists a path

(:L%,c, xOE7{)|0Vi+1> g e ﬁ; (mqu x%7ﬁﬁ/i+1) (45)

in |[(G) || [|[(€7Y) || E, where the locations zf; of |[(G'*!) and 2%, of E are again the
same due to state-determinism. Combining (43) and (45), it is possible to construct a
path

(2,72, 2%, 0% B I8 (2, 7%, 2, ) (46)

in [|(G) || E. (Variables that do not appear as next-state variables on the i-th transition
in (46), do not appear at all as next-state variables associated with o; in H(Q ) due to
normalisation (Definition 2), and therefore also not in H(C”l) or on the correspond-
ing transition in S**!'. These variables must remain unchanged between ¢° and o*+!

according to (43).) This shows H(Q) | Sttt C, }|(g) | E.
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Figure 2: Issue arising from a plant that is not normalised.

(iii) By the loop-entry condition (line 8 of Algorithm 2), it is clear that S? is ¥,-controllable
With respect to ||(G%) || || (C*) upon termination of the loop. It follows by Lemma 6 (with
= H(g’), Go = H(Q_Z), and E = S% note vars(G%) U vars(S?) = vars(G*) U vars(G*) U
Vars(E) = vars(G') Uvars(E) = V%, so C in Lemma 6 becomes the same as [[(C’)) that

S* is Y,-controllable with respect to H QZ ) I ( H Ql = H

(iv) Let S” be an EFSM that satisfies (ii) and (iii). Then H(Q)HS’ Cy [[(9)]IsupC([|(9), E, y)
by Proposition 4. In the case i = 0, it holds that H(g) |S" Cy H(g) ||supC(H(g), E ¥, =
supC(||(G), E,2u) Cv [[(G) | E = ||(G) || S° by state-determinism of G and from lines 3
and 6. Otherwise it follows from Lemma 8 and again by state-determinism of G that
@IS Sy [|(9) IsupC([|(G), B, Tu) = supC([| (), B, Bu) Cv [[(GH) |57 = [[(G")]
supC([[(G [ €h), B, 51 = [[(@ DG+ [supc(([(@ DI €, B, =) =
19) I s+ O

The above proof of condition (ii) requires that the plant is normalised according to Defi-
nition 2. The following example shows that normalisation is required.

Example 1 Consider the EFSM system consisting of plants G = {G1,G2} and specifica-
tion E as shown in Figure 2. Variable 2 has domain dom(z) = {0, 1} and initial value z° = 0,
event « is controllable, while p is uncontrollable. G2 is not normalised because of the two
updates associated with event «, namely 2’ = 1 with vars’(z/ = 1) = {z} and true with
vars'(true) = (). If synthesis is considered for a subsystem consisting of G; and E, then Go
is replaced by the chaos EFSM Cy = chaos(a, x) also shown in the figure. In the composi-
tion of G1 and Co, the variable x can change arbitrarily on event «, so synthesis constrains
this to a next-state value of 1 to satisfy the specification. This results in the supervisor
supC(G || Cq, E, %,). Tt is behaviourally included in the local system G || Co || E, but not in
the complete system G || Gg || E where the variable x remains implicitly unchanged on the
a-transition. Synthesis for the complete system has to disable « entirely, as it is not possible
to change x from its initial value 0 before the uncontrollable event p occurs.
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3.5 Multiple Specifications

If an FSM system contains more than one specification, then controllability can be verified
for each specification separately, and it is also known that a least restrictive supervisor can
be obtained by combining the least restrictive supervisors obtained for the individual spec-

ifications [2]. Under the assumption of pure specifications, these results extend directly to
EFSMs.

Lemma 10 Let G be a normalised state-deterministic EFSM, let £7 and Es be pure EFSMs,
and let X, be a set of events. Then

G || supC(G, Eq || B2, %) Sy G || supC(G, Eq, %) ; (47)
G || SupC(G7 El || E27 Eu) gv G || SupC(G7 E27 Eu) N (48)
Proof. Write E = E; || E2. Note that S = supC(G, E,%,) is a supremal supervisor for E

with respect to G by Proposition 4. To show the claim (47), following Definition 8, it is
enough to show that S satisfies conditions (ii) and (iii) in Definition 8 (with E = E).

(ii) Let
(xOG’ xOSv@O) S ($g?$ga @n) (49)
be a path in G || S where % € dom(vars(G || S)). As G || S C, G| E (ii), there exists a
path
(2, 2%, 0% B - B (2, 2, ™) (50)

in G || E where w* € dom(vars(G || E)), and f)‘]f/ars(G”S) = wﬁlars(G”E) for 1 < k < n;

note that the locations xé of G are the same due to state-determinism. Decompose
the locations of E into the components of Ey and Fy by writing 2%, = (2%, 2%,). As
vars'(Fs) = (), it follows that

(xoGax%'l?wO) g o ﬁﬁ (aﬁg,l‘%l,?ﬂn) (51)

must be a path in G || Ey. As the path (49) was chosen arbitrarily, it follows from
Definition 5 that G || S C, G || Eq.

(iii) S is Xy-controllable with respect to G, because S = supC(G, E,X,) is a supremal
supervisor for E with respect to G (iii).

This shows (47). The proof for (48) is analogous. O

Proposition 11 Let G be a state-deterministic normalised EFSM, let £y and Es be pure
EFSMs, and let ¥, be a set of events. Let S; and S3 be supremal supervisors for £ and FEs
with respect to G, respectively. Then S || Sy is a supremal supervisor for Ej || 5 with respect

to G.
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Proof. It is to be shown that S = S} || Sz satisfies conditions (i)—(iv) in Definition 8 (with
E=FE | Ey).

(i) Clearly, vars(S) = vars(S1) U vars(S2) C vars(G) U vars(E7) U vars(G) U vars(Ey) =
vars(G) Uvars(E) as S1 and Sy are supremal supervisors for F; and Es, respectively.

(ii) Write V = vars(G). Let
(:UonxOSl?x%Q’{)O) g SR (x’(’;,:vgl,xEQ,ﬁ”) (52)

be a path in G || S = G || S1 || S2 where 9% € dom(vars(G || S)) for 0 < k < n. Following
Remark 1, assume without loss of generality that vars(E}), vars(Es) C vars(G), which
by (i) implies vars(G||.S) = vars(G)Uvars(Sy)Uvars(Sy) C vars(G)Uvars(G)Uvars(FEq)U
vars(G) U vars(FEy) = vars(G) = V, i.e., ¥ € dom(V) for 0 < k < n.

It is shown by induction on n that
(:C(C)?’ xg‘lv @0) g SR (xg’v xglv @n) (53)

(1’%,1‘%2,@0) g T ﬁ’; (xghxg?v{)n) (54)

are paths in G || S1 and G || S2. This clearly is the case for n = 0. Now assume paths
(53) and (54) of length n > 0 have been constructed, and consider a path (52) of length
n+1,

~ ~ On N
(xg’axg’lvxg‘% UO) =B (:IJ?;, xg”l?xg?vvn) — (SUZH#UZ*TI’ xg—;l’ vn—i—l) : (55)
The final transition of (55) implies by Definition 6 that g Tnria, x?;rl in G and
¥ Tntl P, azg# in S; and z%, RUARLCEN azg‘gl in Sy, where (0" @ (0"t (pg), (0" ®
(01 (ps1), and (5" @ (9" 1)) (ps2) are all true, and

o"(v) = " (v) for all v € V '\ vars'(pg A ps1 A ps2) - (56)
Again by Definition 6, there exists a transition

On+1:PGAPS1 (n+1 n+1) (57)

(z¢s, ©51) To T

in G| Sy such that (9”@ (9" 1)) (pg Aps1) is true. It remains to be shown that variables

in V; = V \ vars'(pg A ps1) are unchanged between 9™ and 9"*!. However, so far it

only follows that (., 2%,,0") SAai (w2, by, @ 9™t in G || S;. This transition
extends the path (53) from the inductive assumption. Given that S; is a supremal
supervisor for Ey, i.e., G || S1 Cy G || E1 by Definition 8 (ii), it follows by Definition 5

that there exists a path

(xg'axOEh'{)O) g T ﬁﬁ (‘rg?x%hlﬁn) m} (an+17x%—i1_17ﬁﬁ/1 S ®n+1) . (58)
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(iii)

in G || Ey. The locations of G are unchanged from (55) due to state-determinism. Then

. " On+1:PGAPE1 .
G| By must contain a transition (2, 2’%,) — (x5t 25t such that variables

outside of vars'(pg A pp1) = vars'(pe) (note pg; is an update from the pure EFSM Ej)
are unchanged on the last transition of (58), i.e.,

@ﬁ/\vars/(pg) - (@ﬁ/l D @n+l)|V\vars’(pg) . (59)

By a symmetric argument, it can be shown that

5 5 ~n+1
Uﬁ/\vars’(pg) = (Uﬁ/g Rk )|V\vars’(pc) ) (60)
where Vo = V' \ vars'(pg A ps2). Now let v € V} and consider two cases.

e v ¢ vars'(ps2). Then it follows from v € Vi = V \ vars'(pg A ps1) that v ¢
vars'(pg A ps1 A ps2) and thus 97 (v) = 9" (v) by (56).

e v € vars'(pg2). Note that v € Vi = V \ vars'(pg A ps1) C V \ vars'(pg) and
v ¢ V\vars'(ps2) 2 V\vars'(psa Apg) = Va, and therefore it follows from (60) that

" (v) = @ﬁ/\vars,(pc)(v) = (@ﬁ/z @ ") 1 varst (ps) (V) = (@ﬁ/z @ 5" (v) = " (v).
Thus, 9" (v) = 9" (v) for all v € V4 = V \ vars'(pe A ps1), so it follows from (57) that

(2, 2%y, 0") T (it 2t ot (61)

in G || S;. Thus, the path (53) also exists for n + 1. The path (54) is extended by a
symmetric argument, completing the induction.

Therefore, the paths (53) and (54) exist in G||.S1 and G| S2. Given that S; is a supervisor
for Ey, ie., G || S1 Cv G || E1 by Definition 8 (ii), and likewise G || S2 Cy G || E2, by
Definition 5 there also exist paths

(26, 2y, 0°) - 8 (2, 'y, 0") (62)
(26, T, 0°) T -+ 73 (agy, g, 0") (63)

in G| Ey and G || E2. As Ej and E3 are pure, it follows that
(‘Tgvx%hm%yﬁo) g U ﬁﬁ (xg7x%lvx%27®n) (64>

is a path in G || Ej || E2 = G || E. Since the path (52) was chosen arbitrarily, it follows
from Definition 5 that G || S C, G || E.

Let 0,w € dom(vars(G || 5)), let (z¢,x5,0) € Q*(G || S), let u € XxgN X, and let
(g, D) LaN (yg,w) in G. Following Definition 7, it is to be shown that there exists a
location yg of S such that (zq,zs, ) & (ya,ys, ) in G || S.
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Write zg = (251, 252). As (zg,zs1,252,0) = (xg,x5,0) € Q*°(G | S) = Q*°(G || S1 |
Ss), it follows from Lemma 5 (with F} = G || S1 and Fy = S3) that (zg,xs51,¢,0) €
Q*°(G||51]|C). Given that vars'(C) C vars'(S2) = vars' (G| Eq) = vars'(G)Uvars' (Ey) =
vars'(G) C vars' (G| S1), as vars'(F3) = () by assumption, it also holds that (zq, 251, 9) €
Q*°(G || S1). Then by the X,-controllability of S; with respect to G, there exists a
location yg1 of S such that (zg,xs1,0) LN (ya,ys1,w) in G || S1. Likewise, there exists
a location ygo of So such that (z¢q, zg2,0) LN (ya,ys2, w) in G || S2. Then it also follows
that (zq,xs,0) = (xq, 51, T52, ) = (Yo, ys1, yse, W) in G || Sy || S2 = G || S.

Let S” be an EFSM that satisfies (ii) and (iii). Then G || 8" C, G || supC(G, E, %,) Cy
G ||supC(G, E;,%,) Cy G || S, for j € {1,2}, by Proposition 4 and Lemma 10. Now let

(xOG’x%,,[)O) g U &ﬁ (x7é7x7§’@n) (65)
be a path in G || S". As G || S' S, G || S1 and G || S" Sy G || Se, there exist paths

(1.%'7:6%17{)?) g e ﬁﬁ (xg7mg'17@?> (66)

(.%%,ZL'%Q,’[)S) g e U_T$ (x7GL’>xg27{)g) (67)

in G||S1 and G|| S, with (0%)vars(a) s vars(cls;) = (0F) vars(@s9)nvars(alls;) for j € {1,2}
and 1 < k < n. Note that (@k)|vars(G) = (z“;f)hars((;). Then

(@, 2%, 289,07 @ 09) T - T (2, 28y, 2y, OF @ 0F) (68)
is a path in G| S1[|S2 = G||.S, with (04)vars(G||s)vars(G[1s) = (¥ B0) jvars(G 57 Avars(G]19)

for 0 < k <n. As the path (65) was chosen arbitrarily, it follows from Definition 5 that
G| S <G S. 0

Given sets of plant EFSMs G and specifications EFSMs &, by Propositions 9 and 11 syn-
thesis can be performed separately for each specification E; € £ with respect to G using Algo-
rithm 2, and the synchronous composition of the resulting supervisors S; = supC (H (G),E;,%y)
gives the least restrictive supervisor for the combined specification H (€) and plant H(g) This
approach is shown in Algorithm 3.

4 Manufacturing system example

Figure 3 shows a manufacturing system with material feedback [13]. The system consists of
two machines, M7 and Ms, linked by one-place buffers B; and Bs. Buffer B; receives external
workpieces by event s. Machine M; removes workpieces from Bj (event s;), manufactures
and puts them in By (event f1), where a quality test is performed. The test determines
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Algorithm 3: Modular EFSM synthesis with multiple specifications.

Input: normalised state-deterministic plants G = {G1, ..., Gy, }; pure specifications
E ={FE,...,E}; uncontrollable events 3,,.

18— 0;

2 foreach E; € £ do
3 Calculate S; using Algorithm 2 with F = Ej;
4 S+ SU {Sj};
5 end

6 return S

B1 —— ! B2
_S}DL M, L}D%y Mo _f>
x : |

Figure 3: Manufacturing system with material feedback [13].

M() Mlsl:m’lzbl/\ , Mgszr:m’Q:bg/\
b = s by =0 b=
sib 21 fribh = mi A F vty =min(ms +1,5) A
m) = mh =0
01 Uy O Us Max
s:b1 =0 s1:b1 >0 f1:b2=0 saf b2 >0 r:mg <5
r:bp =0 sor b >0

Figure 4: EFSM model of manufacturing system.

the operation to be performed by My (sof or sa,), which leads to a release of the workpiece
(event f) or its return to B for rework (event r). Events fi, f, and r are uncontrollable,
the others are controllable. The control objective is to avoid overflow and underflow of the
buffers, and to ensure that workpieces pass through the system at most five times.

Figure 4 shows an EFSM model of this system. The variables by, m1, b2, and msy with
domain {0, 1,2} and initial value 0 record the contents of machines and buffers. A value of 0
indicates that the machine or buffer is empty, while a value of k& > 0 indicates the presence
of a workpiece that has been placed k times into buffer B;.

Plants My, M7, and Ms model the behaviour of the machines and buffers. A first unload
to B; (transition s in Mj) sets the variable b; to 1, indicating presence of a workpiece in its
first cycle. Loading a workpiece from By to M; (transition s; in M;) transfers the value from
b1 to my and resets by to 0, as Bj is again empty. Likewise, a transition with f; assigns the
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0 b 0 S s s:by =0 s Sofr b =0
sor b > s1 s1 s :b =0 sgf sgf:bgzo

Figure 5: Synthesised supervisors for manufacturing system.

value of m; to by and resets mq to 0, etc. When a workpiece is returned to B on event r,
the condition b} = min(msg + 1,5) in My assigns to by the value that identifies the next work
cycle. The transition is also defined when my = 5, i.e., the workpiece is already in its last
cycle, but this case is ruled out by specification Maz.

Specifications O1, Uy, O2, and Uy model the avoidance of overflow and underflow. For
example, O specifies that a workpiece can only be added to buffer By on event s or r when
it is empty, by = 0. Specification Mazx restricts the number of cycles per workpiece.

To obtain a modular supervisor, Algorithm 2 is invoked for each specification separately.
Specifications U; and Uy contain only controllable events, so they are naturally controllable
and Algorithm 2 terminates without entering the loop. These specifications can serve as
supervisors directly, e.g., Uy prevents loading of a workpiece from B; when Bj is empty.

For specification Oq, the first iteration of Algorithm 2 without plants, G° = (), uses chaos
EFSMs for variable b1, which appears in O and is changed by the plant on events s, sy, and 7,
i.e., C* = {chaos(s, by ), chaos(s1, b1 ), chaos(r, by)}. It turns out that O; is not ¥,-controllable
with respect to H (CY), because O; prevents the uncontrollable event r» when by # 0. Therefore,
r is considered as uncontrollable in the next iteration, 1 = {r}, so plant My that disables r
is added, G' = {M>}. Among the variables in My and O1, V! = {by,bs,ma}, only by
and by may be changed by the remaining plants My and M, so that C' = {chaos(s,b1),
chaos(s1, b1), chaos(f1,b2)}. Synthesis gives the supervisor Sp; = supC(Ms || H(Cl),Ol, {r})
shown in Figure 5, which is y-controllable with respect to M, || [|(C'). Algorithm 2 stops
here.

The figure only shows updates added during synthesis, a computed supervisor may contain
more updates. The update on sg,. in Sp1 avoids overflow of By by preventing M from loading
a workpiece to be reworked unless B; is empty. The update on s contradicts plant My and
thereby disables s, i.e., the loading of a new workpiece to B, while another is being returned.
The update on s; is redundant due to plant Mj, but appears here as M; was not included in
the partial synthesis.

Synthesis for specifications Oy and Max also terminates after the first iteration, producing
the supervisors Sp1 and Sjys., in Figure 5.

Table 1 shows an overview of the synthesis procedure for this example and the numbers
of states encountered at the end of each iteration. Overall, modular synthesis never composes
more than two of the EFSMs from Figure 4 and gives five supervisor components with 1-3
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Table 1: Synthesis Statistics for Example.

Specifications Plants Variables |Uncont.| Explored states |Sup. locations

E G- v spl@nifen el s
Modular Synthesis

01 M2 bl, bQ, mo T 288 3

Uy — b1 — 3 1

02 M1 bl, bg, mq f1 252 2

Us — ba — 3 1

Max M2 bl, b2, mo T 288 3

Monolithic Synthesis
Ol,Ul,OQ,UQ,Ma.T Mo,Ml,MQ bl,bg,ml,mg‘ f,fl,T ‘ 912 6

locations each. The largest compositions are encountered at the end of synthesis for O
and Maz and have 288 unfolded states each. In contrast, the standard algorithm to construct
a supervisor for all plants and specifications together explores a state space of 912 states and
produces a single supervisor with six locations.

5 Conclusions

The working paper presents an algorithm that calculates modular controllable supervisors that
control a system in a least restrictive way. The proposed incremental approach is simpler and
produces smaller supervisors than the usual methods of monolithic synthesis in the literature.
It improves on the authors’ previous work [13] by completely removing some components and
variables from the subsystems subject to synthesis at each step of the algorithm.

In future work, the authors would like to investigate the use of variable abstraction [13]
to further reduce the subsystems. It would also be interesting to extend the approach to
consider the synthesis of nonblocking supervisors.
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