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Crucial to a knowledge of the perturbations of Robertson-Walker cosmological models are
complete sets of functions with which to expand such perturbations. For the open Robertson—
Walker cosmology an answer to this question is given. In addition some observations
concerning explicit solution by separation of variables of wave equations for spin 1 in a
Riemannian space having an infinitesimal line element of which the Robertson-Walker models

are a special case are made.

L. INTRODUCTION

The original investigations of Lifshitz' and Lifshitz and
Khalatnikov? into the gravitational stability of the Robert-
son-Walker (RW) isotropic cosmological models® demon-
strated the utility of scalar, vector, and tensor harmonics in
giving a complete description of small perturbations. In par-
ticular these authors"® showed that in the synchronous
gauge all perturbations involving pressure, density, velocity,
and metric fluctuations can be obtained once a complete set
of such functions is found for S, (three-dimensional sphere),
E, (Euclidean three-space), or H, (three-dimensional hy-
perbolic space).

In Sec. I of this article we discuiss the functions neces-
sary to expand a tensor field /,, on these three manifolds.
For E, and S, this is basically a review. However, for H, a
complete set of such functions is derived using results of
group theory culminating in the orthogonality and com-
pleteness relations (2.32). In Sec. I spin 1 field equations
(which include Maxwell’s equations) are solved by a separa-
tion of variables ansatz relative to a particular choice of
frame for the metric given in local coordinaies by the line
element

ds* =dt? — () (dx® + b2 (x)dy? + A p)d?)) . (1.1)

This line element is a generalization of the Robertson—-Walk-
er one. What this section does is to provide further examples
of spin equations that are solvable by the separation of vari-
ables ansatz but are not characterized as eigensolutions of
first-order operators. These examples also show how a natu-
ral choice of frame can be intrinsically characterized in
terms of Killing—Yano tensors and their duals.

II. VECTOR AND TENSOR HARMONICS ON THREE-
DIMENSIONAL SPACES OF CONSTANT RIEMANNIAN
CURVATURE

The choice of three-dimensional manifold is determined
by whether the closed, flat, or open RW model is used. In the
book by Landau and Lifshitz® a complete set of basis func-
tions is derived for the conformally flat RW model in which
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a general tensor field /1, on E; can be expanded in terms of
three families of functions related to three-dimensional
plane waves.

(1) Using the scalar function Q = ¢™" the tensor func-
tions

nen®
(o)

Jo. Pe.=o0
(2.1)

1 1
aff = T Eapi Pa =(_a—
Qs 385Q 3g3

are formed. These plane waves in the conformally flat model
correspond to perturbations in which the gravitational field,
velocity, and density vary.

(2) With the transverse vecior waves S = se™, sn = 0
the tensor S,z =n,S; + n,S, satisfies $%, =0, These
waves correspond to perturbations in which the gravitation-
al field and velocity vary but not the density.

(3) The transverse tensor waves G,z = U, ;™" where
the symmetric tensor U,; satisfies Uaﬁnﬁ =0, U,*=0
These waves correspond to gravitational waves.

The expansion of a symmetric tensor 4, can then be
given in terms of the three families of functions. In fact the
various families can be invariantly characterized on E, ac-
cording to

AW, 3= (V'VOIW 3= —n'W,,,
where

Wa = Qa/}’PaﬁsSa/ﬂGaﬁ 1

VGop =057, =G, =P, =0.
(This set of functions is not the only choice possible. Spheri-
cal coordinates could have been chosen for r and the compo-
nents of the tensor /,; expanded in a suitable complete set of
spherical waves. ) The isometry group of E, is the six-dimen-
sional Euclidean group E; generated by translations and ro-
tations in the Cartesian coordinates x%a = 1,2,3. A basis for
the Lie algebra E; of E, consists of infinitesmal translations

P, and infinitesmal rotations A7, whose nonzero commuta-
tion relations are

(2.2)
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(M M| = €5 M P

asyMy, [Mo,Pg] =€
o, =1,2,3.

aByt vy

Furthermore

fW""W:;ﬂ dr =0, (2.3)
when W, _Waﬂ are not from the same type and each contrib-
uting tensor harmonic satisfies

P Wy, =3, Wy, =in, W,

the P, being the translation generators as above.

The problem for the closed RW universe has been solved
by Gerlach and Sengupta.* A general tensor field on S; is
expanded in terms of three families of functions in direct
analogy with the flat space case.

(1) From scalar eigenfunctions of the Laplace operator
Qon S,, viz.,

AQ=(V'V,)Q= — ("= 1)Q
and for #n an integer, the tensor fields
Qop =182pQr  Pop =[1/(n* — DIVeV, Q0+ Quss
P, =0 (2.6)

(2.4)

(2.5)

are constructed.

(2) From vector eigenfunctions of the Laplace operator
S, which are divergenceless, a tensor S, =V,S; + V.S,
can be constructed where

ASa = - (nZ - 2)Sa’ vaSa = O (2'7)

(3) From tensor eigenfunctions of the Laplace operator
G,5, one can construct solutions that are symmetric, diver-
genceless, traceless,

AG, = — ("* =3)G,5, V'Gp=0, G°, =0.
Gerlach and Sengupta® developed a complete set of solutions
for tensors of these types in terms of an angular momentum
basis. The results are correct but can be derived more neatly
using a knowledge of the group representation theory of
SO(4) acting on S;. In the open RW model the problem of a
complete set of basis functions has, as far as we know, yet to
be fully elucidated. In this article we explicitly compute a
basis with which to expand second-order tensors 4,; on H,.
This is done by using the completeness results due to Nai-
mark® and Gelfand et al.® for the decomposition of the left
(or right) regular representation of the Lorentz group into
unitary irreducible constituents. The manifold H is realized
on the upper sheet of the two-sheeted hyperboloid:

1= - =1, v> L

We choose spherical coordinates on the unit hyperboloid,
viz.,

V= (V(),Vl,Vz:v})
= (cosh a,sinh a sin 8 cos ¢,

sinh a sin @ sin ¢,sinh a cos &)

O<a<w, 0<O<m, O0LP<27 (2.8)
with line element
ds® = da® + sinh® a(d6? + sin® 8 d¢?). (2.9)
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In order to obtain a complete set of functions with which to
expand second-order tensors we proceed as outlined above.
(1) Scalar functions Q that satisfy

AQ= — (1+p%)Q (2.10)

are readily obtained. A complete set of such functions in the
coordinate basis given above is

Q% = 950, (a)D 4 (0,6,(7/2) — )
O<p<oo, J=12,.,IM|<J, (2.11)

where D4,y (1,0,¢) is a matrix element of the rotation group
in the Euler parametrization and ®%;;(a) the matrix ele-
ment of the group element ¢ ~ ™ in an angular momentum
basis for the unitary irreducible representation of SO(3,1)
labeled by [m,ip]. (See the Appendix for definitions of the
Lorentz group and its Lie algebra.) The completeness and
orthogonality relations for these functions is well known’
and follows from Egs. (A9) for m = O.viz.,

f QgM (a’9’¢)Q§’;{' (a’e}¢)-‘—1-v—l—‘—11:/2_(1v3
0

=2m(2J + 1)N436,,.8(p —p')

< 4 ® * ' [y d
> 3 ) 0m(@0$)0%(a6%)1 5

J=0M= — oJ

(2.12)

1
=———0(a—a')5(60—8")6(p —¢).
sinh? a sin @ ( ol 10t — 89
The representation space is the natural one
T,0(v) = Q(g™'v)
for geSO(3,1) and the inner product is

(O.R) ___JQR* dv, dv, dv, ’
Yo
where (dv, dv, dv,)vy ! = sinh® a sin 8 da d@ d¢ is the in-
variant measure on ;.
(2) Vector harmonics S, . The functions we require in
this case must be eigenfunctions of A and divergenceless.

Taking the choice of coordinates given in (1.9) we may write
v = (Vp,V),Va,V3)

=R;( ¢ —7/2)R,( — O)N;(a)R;(a) R\ ( BYR;(y)V

= R;( ¢)R,(O)N;(a)V, (2.13)

where v = (1,0) and a, f3, ¥ are arbitrary. Given a relativis-
tic vector field S,, b = 0,1,2,3 the action on S, induced by
the Lorentz group is

T,S,(x) =D'%",°(g)S. (g™ 'x), (2.14)
where
x=nrv, geS0O(3,1), r>0.

This is just the transformation law for relativistic fields. We
define new vector fields by

S;,(8)=D"2,(g)S.(g~'¥). (2.15)
These new fields transform according to
T,S;(8)=D"%(gg)S.(g 'g~'W)
—5;(88), (2.16)

i.e., the individual components of the new vector fields, .S,
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transform independently. For the Euler parametrization of a
Lorentz group element given in (2.13) we can write S} ( g)
as

S;(8) =D, (RS (a,6:9) ,
R=Ry(~ VR (—BRy(~a). (2.17)

The functions S}, ( g) transform under the Lorentz group
according to the regular representation and are of the specif-
ic form given in (2.17). From the decomposition of the regu-
lar representation of the Lorentz group into its unitary irre-
ducible components, a complete set of basis functions can be
taken as

D5\1/1( '_7/9'—'ﬂ a)q)[,ij(a)DﬁM(Oygy(ﬂ-/z) —¢)’
0<,D<00; m=0,+1,+2,.;

Sl =Im|,Im| + 1,...,

NI, M, |A|<min(LJ) . (2.18)

For functions of the form (2.17) the expansion functions for
S, (a,6,6) are

O<p<eoo; Lm=0,+1; J=|ml||m]+1,.;
A |<min(], )),IM|<J. (2.19)

In choosing a frame in space-time at each point we can with-
out loss of generality take the arbitrary parameters
a = =y = 0 and consider the vector fields S, (¢,0,4) in-
stead of S, (x). The above expansion functions (2.19) then
form a complete set for a general vecior field. Proca’s equa-
tion (and hence Maxwell’s equations) can be solved in these
coordinates. Agamaliev, Atakashiev, and Verdiev® have in-
dicated how this can be done in Minkowski space-time. Re-
turning to the problem on the manifold H,, we seek trans-
verse fields corresponding to spin 1 as a result of the
condition VS, = 0. These functions can be obtained from
considerations in Minkowski space-time as follows. Consid-
er a general point in Minkowski space-time as x = rv and
choose the frame of one forms
ey dX' =dr, e, dx'=rda,

ey dx' = (1/y/2) rsinh a(d@ + i sin 6 ds) ,
e, dx' = (1/J2) rsinh a(d@ — isin 8 de) .

Then the components of the vector field S, referred to this
frame, viz., S, can be expanded in terms of the functions

S(}"'—‘fl(")q) %J(a)D éM(o,e,(ﬁ"/Z) - ¢) >

S =L P (a)D 5y (0,6,(7/2) —¢), m=0,+1,

S, =j3(r)<1>‘1’i’}(a)D’ 0,6,(7/2) —¢), m=0,+1,
= f,(r)®F",,(a)D’_,,(0,0,(7/2) — &),
m=0,+1,

(2.20)

(2.21)

the r dependence being chosen so as to obtain a complete set
of functions on H;. This is done by taking f; = 0 and choos-
ing solutions of A'S, = (VV.)S, = 0 to have f,(r) = r*.
The vectors S, are then solutions of
AS, = (V9V,)Ss = — (p*+2)S;, B=123,
(2.22)
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and V’?S,g = 0, i.e., a suitable basis for iransverse vector fun-
tions relative to the frame e, ,,, @ = 1,2,3 consists of the func-
tions

S, =45 (a)D 3,,(0,6,(7/2) — 4),

S, = q)ﬁ)n%l(a)D M(Oe(ﬂ'/z) —¢),
S = (D‘,“”J(a)DJ w(0,6,(m/2) — &),

(2.23)

for
O<p<oo; =12, [Mi<J.

Even and odd parity states can be constructed by realizing
that the parity operation corresponds to the replacement
a— — a and the matrix element functions ® 7} (a) satisfy

q’ﬂf}(“)—(—"l)l Jq)lum(“a) (2.24)

(3) Tensor harmonics G,;. The functions we require in
this case must be eigenfunctions of A, traceless and diver-
genceless. As with the case of vector harmonics we consider
the relativistic tensor fields that transform under the Lor-
entz group according to

T,G, (x) = D13, ()G, (g7 'x). (2.25)
Defining new vector fields

Gi(g) =D, “(2)G, (g™ 'V) (2.26)
then these fields transform according to

TG (8) =D, “(gg')G, (g 'g™'9)

=G (g8). (2.27)

Then writing

G (8) =D, *(R)G 4(a,0,8), (2.28)

where R = R;( — ¥)R,( — B)R;( — ), we argue just as
we did in the vector case that the suitable basis of expansion
functions for functions G, (2,6,0) are asin (2.18), but with

O<p<oo; Lm=0,41,+2; J=|mlm|+ 1,.;
A [<min(4 ), M </ .

If we fix a frame as before by taking ¢ = 8=y =0, we can
identify G, (2,6,4) as our set of tensor fields. In order to
identify which components of G, (¢,6,4) enable the canoni-
cal action of the rotation group to be realized we use the
tetrad defined by (2.20). A suitable choice of tensor har-
monics is

Goo = f1(N @5, (a)D 3,(0,0,(7/2) — 4),
G = [IAMP (@) + 1 A(NDE (a) | Dy
0,67 — )
X005~
Go1 = [(—2—)1’3(»»)¢ bos(a) — (—I-)fz(r)dﬁf’g}(a)}DJ
3 V2
x(o,e,f__qs)

Gy, = (i/N2) i) D 2™ 1,(a)DJ 1w (0.0,(m/2) — &),
Gy3 = (l/\/v)fz(r)cb fiz(a)D M(Oe (7/2) — &),
G = (I/J‘)f‘l(f)q) sis{a)D M(OG(TT/Z) —¢),
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Gy = (i2) /i1 ® 5™ ;@)D 1, (0,6,(n/2) — ¢),
Gy = filn® 2—2.I(a)DJ-2M(O:0’(7T/2) — @),

G,y = [,(r)® 535 (a) D 3,,(0,6,(7/2) — ¢),

Gy = (i/3)Goo — (1/6)G,; . (2.29)

Here, m = 0, 4 1, + 2 where appropriate. The functions f;,
i = 1,2,3 are chosen in such a way as to make the orthogona-
lity relations for the functions G, coincide with those condi-
tions given in the Appendix. If we now seek divergence free
solutions which satisfy V°G,, = 0 we take G, = O for all a.
Then we obtain the two independent solutions by taking
f1 =r~ ' * % which are solutions of

AGg, = (V°V,)Gg, = — (3 +p*)Gy,

and VG, = 0. A suitable basis of functions is
Gl = 2/3955; (a) D 5,4(0,0,(7/2) — @),
G = (N2)D57; (@)D 14, (0,6,(7/2) — ¢),
Gy = (i/N2)DET (@)D, (0,0,(7/2) — §),
G4l = P57 " (@)D ,,,(0,6,(7/2) — @),
G5%m = D557 (a) D 5,,(0,6,(7/2) — ),
Gy =(—1NG T, m= 2. (2.31)

By using the forms of the transverse vector fields S, and the
scalar field Q, the traceless fields given previously and the
recurrence formulas of the Appendix, all the traceless com-
ponents in the expansion of the field 4,, are then given by
allowingm =0, + 1, + 2in (2.31). The remaining compo-
nent having trace is simply H,gp™ = 8,5P50,(a)D Jp
(0,6,(m/2) — ¢). This then gives the complete set of func-
tions with which to expand a tensor on H.
The orthogonality and completeness relations are

(2.30)

dv, dv, dv,

Yo

J BJM(a99 ¢)Gal3pm(a’0’¢)*

=20NE5T(2J + 1)8,5- 6, Oasne 6Cp — ') 5
o J 2 0
z 2 GZ’EJM(a901¢)
J=2 = ~Jm= —-2J0
G5¥m(a',0’, )*
a ¢ N
= —,—.,1'—_—'5(61 —a')é(8— 9')5(¢ - ¢’) s
sinh” a@ sin
J’HaBJM(a gqs)GaBpm( ’9,¢)*M=0,
Yo
fHaNM(a 9¢)Haﬁp0(a’9,¢)*m
Yo
= 27T(2J+ DNES,, S 6o —p") s
S f H (0,06 HE0(a,0"8') ~22.
SZom= —J N

1
L Sa—a)80—6"6(6—¢),
sinh’ @ sin 6 (a =)ol 18497
m,m'=0,:t1’i2,

with N % as in (A9).

(2.32)
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lll. SEPARATION OF VARIABLES FOR
GENERALIZATIONS OF ROBERTSON-WALKER-TYPE
SPACE-TIMES

In addition to the problem of determining complete sets
of functions for the expansion of vector and tensor fields on
H, there has been considerable interest in the intrinsic char-
acterization of solutions of the nonscalar equations of math-
ematical physics. Considerable attention has been paid to
this topic and we mention, in particular, studies of the Dirac
equation®!' and Maxwell’s equations.'? In this section we
discuss some extensions of the results of Kamran and Fels."?
These authors studied the metric given in local coordinates
by the line element

ds* = dt? — a®(2) (dx* + b2 (x)(dy* + ¢*( y)dZ?))

=g,, dx“dx®. (3.1)

In the null frame specified by the one-forms

e(o,,dx’=% (dt —adx), eg,dx = % (dt+adx),

e(z),-dx"=%ab(dy + icdz), 3.2)

ey dx' = 712— ab(dy —icdz) .

Kamran and Fels'?> demonstrated that the Dirac equation
could be solved by a separation of variables procedure that is
described by second-order symmetries. We demonstrate
that Maxwell’s equations in their spinor and vector potential
forms also admit separable solutions in direct analogy with
what happens for the RW metrics, but that for spin 5>2 the
solution mechanism breaks down. The null frame can be
intrinsically characterized by using the observation that the
Riemannian space with line element (2.1) admits a valence
two Killing-Yano having nonzero component K **
= 1/(abc). If we look for simultaneous eigenvectors of K *
and its dual K ¥ = &,.,. K “ the corresponding eigenvectors
are

320) = (1,¢,0,0), eél) = (1, —a,0,0),

e, = (0,0,1,isin 8), e}, = (0,0,1,isin9),
with eigenvalues given according to Table I.

The null frame specified by the forms (3.2) is the natu-
ral one for the spinorial form of Maxwell’s equations. How-

ever, for the vector potential form the quasidiagonal tetrad is
more suitable. This can be characterized intrinsically by

(3.3)

TABLE . Eigenvalues corresponding to the eigenvectors given in Eq.
(3.3).

Eigenvalues of Eigenvalues of

K, K%
Loy o 1/bc
Iy, o — 1/bc
I, i 0
[ —i 0
E. G. Kalnins and W. Miller, Jr. 701
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realizing that there is also a Killing—Yano tensor of valence 3
for the Riemannian space with line element (3.1) with com-

p— € |
ponents K, ; = £,.4.K ¢ where the only nonzero element of

K, is K, = a. If we now look for simultaneous eigenvectors
of K, = K,K. — (VK,) g, and K,, we recover eigenvec-
tors in the quasidiagonal tetrad. In the case of the form of
Maxwell’s equations written in terms of the vector potential,
we solve the more general problem of the massive spin 1
equation, viz.,

A4, —RSA, =m?d,, V4,=0. (3.4)

If instead of the frame eia) we choose the quasidiagonal
frame specified by

E'o =€
E{, = e, — €y Ef, =ek=23

then Maxwell’s equations have the form

a, Cl, 2 a, be
o e5(22) 52 e ()2

b 2
%) (0 -2o+2)
_ g = S
(azb 7 caZ+c 42

3 c
+ (ay +143, 4 J-)A3] =m?4,,
C c

oo+ ()« () + (G- ()]

%]

I
A

(I -GN
(=)
(2)

A
o+ (o) 2.+ (%) + (%)
——— l U —
AR VETE Rk a Q

(3.5)
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where
Agg = 80,3,
There are two families of solutions for these equations:
(1) For the first type of solution we write
Ag=ag,(Pe™", A, =a,g,(»)e” ",
Ay = (1/\2)age(p)e™ %, A= (Vﬁ)a&(y)e(; ";’;

where the functions g;, / = 0,1,2,3 satisfy the first-order sys-
tem

(ay - (/{ /C) + (Cy/C))go(J’) = /1431(.1’),

(0, ~ (A /e))g,(») = A:8,(»),

(3, + (A1 /0))8:(p) = A28o(»),

3, + (4 /7¢) + (¢, /0))g:(») = 4,8,(»), (3.7

which is consistent if A,4; = A,4,. Then for the x depen-
dence of solutions of first type choose

a,=oh,, a,=\ah, a,=\ah, a,=0, (3.8)
where

(As/BYho+ (4 + 8, —2b,/b)h =0,

(As/bYhy + (4 3, — b, /b)h, =0,

(=8, — b,/bYhg+ Ar/bh, =0,

(4 — 8, —2b,/bYh, + (A4,/b)hy =0. (3.9)

Then the function & satisfies the differential equation

2
o1+ (3o (2)+ (2 + ()] o=
a a a a 7
(3.10)

(2) For the second type of solution choose the components
of the vector field as

z

N s Py i
ag = aobogie =", a,=a,b,ge” ",

@ = (1) abgee =", ay= (1/V2)8,b,g.e ',
(3.11)

and require that the functions b,, i = 0,1,2 satisfy the consis-
tent system of equations

axbo = fb],
(. + (2b,/6))b, = 3eb, + (1/b) by,
€by + (Aby/2b) =0,

A= —,=—U, Ay=4,=lu (3.12)
Then the 4, functions satisfy
(d, + (3a,/a))aq — (3e/a)a, = Q,
3 3 2
[oi+ (52) o+ (35) + (5) - (5) T
a a a a
6
+ (%) 2y =, (3.13)
P
3 2 3 2
71+ (%) o+ () + (55) + (5
a a’ a a
(20,6) . 2n
—\—]ds=ma,
PE
E. G. Kalnins and W. Miller, Jr. 702
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In particular, if the metric is chosen in local coordinates to
correspond to the open RW cosmological model, then

a =sinh*(¥/2), t=i(sinh y —9),

b=sinhx, c=siny. (3.14)
Identifying
AO = aO U(’)’.'I (x)DéM(O!yyz))

Ay = a, 5, (x)D gpy (09,2),

Ay = a, 07 (x) D13 (09,2),

Ay=a,®" ,(x)D”_,,(0p,2), m=0,+1, (3.15)
we find that the solutions of Maxwell’s equations
(mass = 0) are given by

[cosh(¢/2)]17%"2P £173 , 5, [cosh(y/2)],
(3.16)

ay=0,a,=

and
ay = [cosh(4/2)]7*/*P Ef;§+2ip[005h(¢/2)],
a, = (14+p%)""?[3, + 3 cosh(¥/2) ] ao,

where P¥(z) is a solution of Legendre’s equation.'*

The second solution does not represent electromagnetic
waves and can be removed by a gauge-fixing transformation.
This solution represents the solutions of Maxwell’s equa-
tions in which the vector 4 = (A4,,4,,4,5,45) is simulta-
neously in the synchronous and de Donder gauges.

The systems of first-order differential equations (3.7),
(3.9), (3.12) mimic the recurrence relations for the matrix
elements ®47% (a), m = 0,1 and D7,,, [0,6,(7/2) — &].

In fact if one examines the spinor equivalent of Max-
well’s equations, which are a special case of massive equa-
tions due to Wiinsch,'” viz.,

VAP s = mipp”,
vtAA‘wg; = —md,p, (3.17)

where V**'is the spinor derivative as defined by Penrose and
Rindler.'® Then, relative to the null frame, ¢, solutions can
be chosen such that

boo = a\hegoe =, Boy = arhigie

b1 = ahygre =,

Yoo = A hgie™ Y P = — Ahggee =%,

Yor = A\hge™ Y, ho = —Ahge™ ", (3.18)

where the functions a,, 4, satisfy the coupled equations

(=)o) (2o,
(é) (a, +%+%)A, = ma,.

This separation of variables procedure does not work if an
attempt is made to mimic the use of the recurrence formulas
of the Lorentz group to obtain solutions of free-field equa-
tions for spin >2. In fact, the procedure will only work if the
background metric dx? + b*(x)(dy* + c*(p)dz’) corre-
sponds to a three-dimensional Riemannian space of constant
curvature, i.e., the case which includes the RW metrics.
Rather than write out the equations in detail, we mention

(3.19)
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that the solution to the equation for gravitational waves in
the simultaneous synchronous and de Donder gauges has
the form (2.29) with f, = f; =0, m = + 2 and f, given by

Ji=[cosh(9/2)17%2P £377, ,, [cosh /2], (3.20)

where P“ (z) is a solution of Legendre’s equation."*
For this choice of function f;, i = 1,2,3 the tensor G, in
(2.29) is a solution of

Gab + 2RacbdG -
VG, =0, G° =

Any theory that explains exactly when a separation of vari-
ables procedure works would need to show exactly why it is
that spin 1 equations in the case of infinitesmal distance
(3.1) admit separable solutions whereas high spin equations
do not. This problem does not occur in the case of RW cos-
mological models, as group theory guarantees the results.

This section has shown that two formulations of spin 1
free-field equations in a background space-time correspond-
ing to the metric (3.1) have solutions by means of a separat-
ed solutions for the components in appropriately chosen
frames. These frames are in the case of the spinor formula-
tion (3.17) determined by the simultaneous eigenvectors of
the Killing—Yano tensor K * and its dual X **. In the vector
formulation the quasidiagonal tetrad is determined by
choosing eigenvectors of K ** and the Killing tensor KA
full understanding of what intrinsic properties enable explic-
it solution of complete sets of solutions to free-field equa-
tions will be the subject of further study.

2R.;Gy =0,
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APPENDIX: THE LORENTZ GROUP SO(3,1) AND
COMPLETE SETS OF MATRIX ELEMENTS

We give here in summarized form, the relevant proper-
ties of the Lorentz group. We refer the reader to Gel'fand,
Minlos, and Shapiro.®

If R,(z) is the rotation about the ith spatial axis and
N, (¢t) the hyperbolic rotation in the 0/ plane / = 1,2,3 then
the generators of these one-parameter subgroups denoted by
M., N,, i = 1,2,3 satisfy the commutation relations

MM} =€, My, [M.M]=¢€yNg,
[NV, ] = — € Mg. (A1)

Each irreducible representation (IR) of SO(3,1) is labeled
by a pair of numbers [m,c] where c is complex and |m| a
positive integer. There are two invariant operators

K,=M?>—-N? K,=M:N, (A2)
such that in a given IR
Ki=1—-c—m% K,=icm. (A3)
The IRs of SO(3,1) are of two types:
E. G. Kalnins and W. Miller, Jr. 703
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1. Infinite dimensional class

In this class ¢ (|m| + n)? for any positive integer n.
The action of the generators of the Lie algebra on a canonical
SO(3) basis f, is

M+f;/l=a51+lj}/l+l!

M_f; =a51f1,1~1»

iM; fy, = A,

N, fu =afl./l+lclf;-l./l+l _afl,——,{—lAlf;,A+l
+af{.+*li—-lcl+lf:'+l.n‘.+n

N_fu =afl,—/1+101f1—1./1_1 _alwA,l—lAlﬁ,/l—l
—a il Sroiao

iNs [, =a£.~,lclf[~ 14— A4, iz
—a’jl",{c,“ﬂﬁ,,{,

M, =M, +iM, N, =N 1IN,

where

. + 2 2 2 2
4 = ime o=t [(1 —m*) (!l -—c)]’
I+ 1) i -1

ah, =y =AY =u).
The /A spectrum for the IR |

Al 1=|ml|,\m| + 1,.
The representations are uwnitary if,

c=ip, m=0,+L +1,43..
(this is the principal series);

(A4)

myc] is

0<p < w0,
Ime=0, O0<ec<l, m=0
(this is the complementary series).
2. Finite-dimensional class

In this class ¢> = (|m| + n)? for some positive integer 7.
The action of the generators on a canonical SO(3) basis is as
in (A4). The /A spectrum for the IR [m,c] is

A<, jm| -+ 1,..0m} +n — 1.

The unitary IR [m,ip] can be realized on the space of func-
tions on the two-dimensional sphere via the orthonormal
angular momentum basis functions:

S =21 +1)/47]'°D},,, (4,6,0),
A<, 1={m|,jm| + 1,.... (A5)

The action of the Lorentz group can be induced from the
action
T!m.ipl(g)q,(z)

= ([)’z—l—y)'"“’ip—l(ﬁ*z*+7/*)“’"+ip—1

I=|m|,

XP[(az+ 8)/(Bz+ p)] (A6)
via the identification
lzZ] 7' =tan 6, argz=4g,
and with
S16,8) = e~ "[sin*(0/2) 17~ '¢(2), (A7)

the matrix element of ¥, () in the angular momentum basis
has the integral representation

704 J. Math. Phys., Vol. 32, No. 3, March 1991

i (a) = W2+ 1)(T+ 1)
]
X dx(cosha -+ xsinha)?~!, (A8)
— ]
,1m (x)d (x’)
= (x 4 tanh @)/(1 4+ x tanh a),
where N, (¢c) =€ i=123 and d', (cos &)
=Df{m (0,6,0).

An explicit expression for these functions has been ob-
tained by Dao Wong duc and Nguyen Van Hieu.!” These
functions satisfy the orthogonality relations

2f P (@)D "(a)sinh? a da
7 Jo
=N€Im5mm’8(p—-—’0’),

Z (Dw(a) %y (a')dp

m= —jJ0
=N 28=4) i minid). (A9)
sinh” ¢

The normalization factor is
Vo B =DU2U+ DI + [m)I — [t
Y (L + )L+ m+ DAL — )L + 1 — m)!

: Clp +|m]) |?
X P k)
R TGp+L+1)

where
L = max(lJ).
These functions obey the symmetry relations
Q7 (a) = (= 1) 05— a)

= (=D (@) =D (a).
(A10)

By a straightforward extension of the arguments in Sec. I,
any tensor field representing the solution of a Lorentz invar-
iant equation can in a suitable frame be directly expandable
in an appropriate choice of matrix elements [e.g., the com-
ponents G,,, in (2.31)].

We know from the group theory arguments that each
component of a Lorentz invariant equation must be expan-
dable in an appropriate choice of matrix elements. Recur-
rence formulas for the functions ®4]5 (a) can be deduced by
realizing the matrix element D %) (g) in the generalized
Euler parametrization in the form

;zlh‘lp](g) z Dﬁly (¢ - l r 9)0)

Ipl(a)DJ/l (a,ﬂﬂ’) (Ali)

For fixed J,A ' the matrix elements provide a realization of -
the unitary IR [m,ip] by the left regular representation

T, DImel 5,0 (g) = Dml, (g )DI™Pl  (g). (A12)

Consequently invoking the canonical action of the infinites-
mal operators in (A4) we deduce the recurrence relations
that follow. These results are due to Strom:'®
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[(I+1)" —A%](d, — I coth a) D (a) +

sinh a

XVI+ADT+A+ DT+ - /l+ Doy, ,(a)]

__[((1+1)2 2)((1+1)2+’02)(21+1)J 12

2]+3

[VI-DU-A+ DT =D +1+DHo, ,(a)

DY (a),

JITT=A7T(8, + (I + 1)coth a)d5y; (a) + ——
2sinha

FVISDU A+ DT+ AT =2+ DO, (@) ]

{ \Y4 1 \ 21 1 172 n
=[u’2—iﬁ21u’2 2 (211-1)] 7 (a)

[VI+DU+ 2+ DT+ DT+ A+ D, (a)

(A8, + A coth a 4 imp) P77 (a) =

A+DUT+DT -4+ DPF ,(a)

D+A+1D(V—

17 1 1INsr T om

Y Bom FAPRN
I ld),

S

+ (1 +coth’a)A %+ 1 +p* — m* | DY (a)

—JU-DU+A+1
(32+200tha8 _d+ ) +JU+ D]
‘ ’ sinh’ a
T :1oﬂtha [VT+DHU=DUT+AT = A+ DOy (a)

NTFAFTDT=—DTFAF DT =D, @]

These relations enable the a dependence of solutions to rela-
tivistically invariant equations to be obtained in the form
given in e.g. (1.31). The matrix elements

D47 (a)D 54, [0,6,(7/2) — &1,
O<p<oo, m=0,+1,+2,.,
Ji=\|m||m| +1,.; |M|<J, |A|<min(LJ),

then provide a suitable complete set of functions with which
to expand spin s fields 0</<s, for further details see Refs. 7
and 19. There are, however, other systems of basis functions
possible corresponding to a different choice of group para-
metrization and coordinates on the hyperboloid. These func-
tions are the analogs on H; of vector and tensor expansion
functions corresponding to spherical, or cylindrical waves in
Euclidean three-space. We list below a brief summary of oth-
er important sets of basis functions that are possible, togeth-
er with the corresponding group parametrizations and co-
ordinates on H;. In each case the new basis functions are
eigenfunctions of a definite subgroup chain of SO(3,1). In
the case of spherical coordinates (2.9) the basis consists of
sets of eigenfunctions of the operators M ? (angular momen-
tum) and M, (its third component).

Two other coordinate systems on the hyperboloid are
the following.

(1) Hyperboloid coordinates:

v = (cosh a cosh b,cosh a sinh b,

cosh a sinh & sin ¢,sinh a)

— 0 <a< 0,0<b< 0,0<¢ <27 (A14)
The corresponding group parametrization is
g =R;($)N,(b)N;(a)R3(a)R(BIR; (7). (A15)

The appropriate basis functions are denoted by
H{Z(a)D%y (0,b,4), €= *,
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(A13)

|
where D%, (@,b,¢) are the matrix elements of a general ele-

ment of the SO(2,1) group given in terms of the Euler para-
metrization

g§=R;(@)N,(b)R;(¢)
and in the corresponding unitary irreducible representations
labeled by j,e = + wheree= +, |1 |</

j=—1+1ig, 0<g<ow; AN=0,+1,+2,.,
j=01,lm —1; AN=j+1,j+2.,

— A<,
j=—4+ig, O0<g<ow; AN=0,+1,+2,.,
j=0,1,.,Jm -1 AN= —j—1,—j—2,

and integer.
The functions H#;°(a) have the integral representa-

tion:2°
m 1 |
ag @ =5 (1+5) (+5)
Xf (cosha cosh b + sinha)®~'/M—4
0
Xd,, (cosh b)d',, (cosh 8,)sinh b db,
(A16)
where
cos 8, = (cosh b sinh a -+ cosh a)
(cosh b cosh a + sinh a)
. (cos 8) =Dy, (0,6,0),
and
Hyp = (a)y= (=1 HE " (—a). (A17)

As expected, the recurrence formulas for these functions en-
able the complete decoupling of relativistically invariant
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equations from the dependence on a,b,¢ in a frame corre-
sponding to the one forms

ey dx' = da,
€2, dx' = (1/\2)sinh a(db + i sinh bd &),
ey dx' = (1/2)sinh a(db — i sinh b dg).

Bearing in mind that if we consider spinor equations, the use
of null trends is appropriate, the basis functions are eigen-
functions of N? + N3 — M3 and M, with eigenvalues
—j(j+ 1) and M, respectively.

(2) Horospherical coordinates:

(A18)

v = (}r’¢" + cosh a,re” cosh ¢,re” sin ¢,1r’¢" — sinh a)

— 0 <4< 0,0<r< 0,0 < 27, (A19)
The corresponding group parametrization is
g=R;($)T\(NNs(a)R;(a)R (BIR;(¥),
where
T,(r) = e+ M, (A20)

The appropriate basis functions are denoted by
Efna)d, _ y(Xr)e™e,

where J, (2) is a Bessel function.'* The functions E%" (a)
have the integral representation'®

B (a)

1 ”( i \e!
= [l+— e osz———é)
\ +2fo 5

XJ,, _; (e °X tanl@)d!,; (cos G)sin 0dO. (A21)

The corresponding frame of one-forms in which complete
decoupling of relativistically invariant equations occurs
from the variables a,7,¢ is

e, dx' =da, ey, dx'= (1/y2)e~(dr+ irds),
ey dx' = (1/\2)e ~(dr — ir dg), (A22)

with suitale modification to include the use of null tetrads if
spinor equations are included. The basis functions are eigen-
functions of (N, + M,)? + (N, — M,)? and M, with eigen-
values — X and M, respectively. In fact, all possible sub-
group chains for the Lorentz group are known and
appropriate basis functions on H, for symmeiric tensors can
be computed in a suitable frame. For further details see Kal-
nins.’?

Specifically for the case of perturbations of the RW cos-
mological models, we give the explicit expressions for the
expansion functions in the coordinates. The functions

P (a) satisfy the differential equation

[8%Z +2(/+ l)cosh ad,
+{[/UI+ 1) —J(J 4+ 1)]/sinh? a)

— 2imp cotha + ([ + 1)* + p* — m?* 1947 (a) =0
(A23)

and have the solution
diF(a) =1 (1 - —ip)a]

XoF\(J 4+ 1 —ipJ + 1 —m2J + 2,1 — e~ 29,
(A24)

— 2a)1~

exp[ — (/+1—m
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The other external matrix element can be obtained from the
symmetry condition

™ (a) = Dh; "(a). (A25)

The remaining functlons can be obtained from the recur-
rence formulas as follows:

(1) m=0
DL, (a) = DL, (@) = ——
NI+ 1) 2
X (sinh ad, 4+ cosh a)d45, (@),
2
os(a) = ———  (sinh ad, + cosh a)®4, (a)
QJ 3J(J+ 1) 21d
+ V(T + 1) — 2083, (a); (A26)
(2)m=1
; 2
e (@) =———
VI +1) =12
X [sinh @d, + cosh a + ip] P4, 5, (a),
2 .
D90, (a) = —————— [(sinh ad, + cosh @) + i
7 BIT+1) [ ]
Xq)p+ u(a) +VJ(J+ 1)y — q)ziz,[(a);
(A27) -
(3)m=2
! 2
P (@) = —r——
T+ -2
X [sinh ad, + cosh a + ip] P4 atz,(a),
2 (a) = 2 [V3(sinh ad, + cosh @)

VW +1) -2
X P, (a) —Y3[JT+ 1) —2]d%

Z;tzl(a)'
(A28)

These expressions are deduced from the simplest recurrence
relations that enable all other matrix elements ®47% (@) to be
deduced from the expressions for the external components.
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