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The model for Poisson random noise under Hadamard multiplexing is revised. The new model accounts
for the variation of the Hadamard multiplexed measurements, as well as the previously considered
variation due to Poisson fluctuations. A numerical simulation matches the model prediction within
uncertainty. © 2011 Optical Society of America
OCIS codes: 030.4280, 350.6980, 110.4234, 110.1758.

In [1] we analyzed the Hadamard H-matrix for use
in multiplexing on an optical imaging spectrometer.
As part of the analysis we made a prediction for the
noise level at decoding due to Poisson noise in the
signal at acquisition, which, we now realize, under-
estimated the size of the Poisson noise due to multi-
plexing. Here we provide a revised formula with
support from a numerical simulation.

In [1] complement encoding was employed to im-
plement a full H-matrix, H, in an optical setting.
Let p be data to be determined from measurements
a where a ¼ Hp. The H-matrix has both positive and
negative entries, but in incoherent optics only posi-
tive values are physically realizable. Complement
encoding solves the problem by taking two sets of
measurements, where the first set of measurements
are taken according to the positive entries in the
H-matrix, aþ ¼ Hþp, and the second set according
to the negative entries a− ¼ H−p, where H� ¼
� 1

2 ðH � 1Þ and H ¼ Hþ
−H−. The final encoded

measurement is computed by

a ¼ aþ − a− ¼ Hp: ð1Þ

Now assume that the illumination is a Poisson
random variable r with mean and variance hri. The
entries in p represent attenuation of the light. Thus
the variance of each element pi in p is σ2i ¼ hripi.
Herein we omit the explicit optics attenuation term
not related to the object being imaged, αs, used in [1].
It was stated that each aþ

j entry in aþ, and a−

j in a−,
has variance due to Poisson effects, respectively ðσþÞ2
and ðσ−Þ2 given by

ðσþÞ2 ¼ δjNhrihpi; ð2Þ

ðσ−Þ2 ¼ ð1 − δjÞNhrihpi; ð3Þ

whereN is the number of entries in p, hpi is the mean
of the pi, and 0 ≤ δj ≤ 1. From Eq. (3) it follows that
the Poisson variance in the combined measurements
aj in a is

σ2j ¼ ðσþj Þ2 þ ðσ−j Þ2 ¼ Nhrihpi: ð4Þ

Equation (4) appeared to adequately describe the
results from the physical experiment described in
[1], namely that the noise level varied with wave-
length in acquired spectra. The analysis leading to
the result in Eq. (4), however, only accounts for the
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variation in the illumination and neglects the fact
that the measurements themselves vary.

Here in computing the variance we explicitly
include the interaction of two effects:

• Poisson error with variance hri and mean 0
(we are considering only the variation in the illumi-
nation about the mean) and

• attenuation with means Hþp ≈ H−p ≈ Nhpi=2
and variances σ2Hþp and σ2H−p, the variance over the
encoded p.

Using the equation for the product of two variables
[2] the variance at measurement is

σ2a ¼ σ2aþ þ σ2a−; ð5Þ

≈

�
hriN

2hpi2
4

þ hriσ2Hþp

�
þ
�
hriN

2hpi2
4

þ hriσ2H−p

�
;

¼ hriN
2hpi2
2

þ hriðσ2Hþp þ σ2H−pÞ: ð6Þ

Of greatest concern is the N2 term in the numerator
of Eq. (6), indicating that Eq. (13) of [1], paraphrased
as Eq. (4) above, underestimates the Poisson noise
effect.

As a specific example, consider a signal p of N ¼ 8
discrete values pi ¼ i=N, and let r be a Poisson ran-
dom variable with hri ¼ 1000. In MatLab 2009a [3],
we simulated multiplexing using complement encod-
ing 100 times, and from the simulated measure-
ments estimated the N variances at each of the aj

in a, and then the mean of the N variances. The 100
simulated measurements were repeated 100 times
over, yielding 100 mean of variances, and the overall
mean variance and standard deviation in the var-
iance were calculated. The predicted variance at
acquisition using Eq. (6) is 11,938, whereas the un-
derestimated prediction from Eq. (4) is 4500. The nu-
merical simulation gave an estimate of the variance
in the acquisition of 11; 700� 600, matching the pre-
dicted value within uncertainty.

In [1] we drew the conclusion that, in an optical
setting, H-matrix multiplexing has no effect on the
average photon noise level when compared to nomul-
tiplexing. The improvement expected from H-matrix
multiplexing depends on the relative level of photon
noise and random additive noise. It followed from
Eq. (4) that the worst that H-matrix multiplexing
can achieve is the same overall noise level as no
multiplexing. Contrary to [1], Eq. (6) indicates that
beyond a certain light level multiplexing may in-
crease the overall noise level above that of no multi-
plexing. Nevertheless the conclusion drawn in [1]
that H-matrix multiplexing produces a preferential
reduction of additive noise remains true. The impli-
cations of Eq. (6) will be investigated in detail in
future work.
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