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We show that the Euler-Poisson-Darboux equation {d,—0,,—[(2m+ 1)/]0,} ® = O separates in

exactly nine coordinate systems corresponding to nine orbits of symmetric second-order operators in the
enveloping algebra of SL(2, R), the symmetry group of this equation. We employ techniques developed in
earlier papers from this series and use the representation theory of SL(2, R) to derive special function
identities relating the separated solutions. We also show that the complex EPD equation separates in
exactly five coordinate systems corresponding to five orbits of symmetric second-order operators in the

enveloping algebra of SL(2,E).

INTRODUCTION

This paper is one of a series concerning the relation-
ships between the symmetry group of a linear second
order partial differential equation and the coordinate
systems in which variables separate for that equation.
The previous three papers! were devoted to separation
of variables for the wave equation (3, — AP (x)=0. If
we pass to polar coordinates,

X{=¥CO8¢@, x,=7Ssing,

and consider solutions of the form P(x) = exp(im )@ (¢, 7),
the wave equation transforms to the Euler—Poisson—
Darboux (EPD) equation

(3= 2,,- /7 8, +m?/F]é=0. (0.1)

Many authors write ®{f,7) =+ "0(t, ») and take the
EPD equation in the form

(att - arr - [(27}’[ + 1)/7’] ar) o= 0,

but for our purposes (0. 1) is more convenient., This
equation also arises from the wave equations

(3, - 8,)¥(x) =0, n>2, if one looks for spherically
symmetric solutions. For n =2, m is usually taken to
be an integer while, for »> 2, m may be half-integral,
In this paper we will treat these cases simultaneously
by allowing » to be a nonnegative real number.

{0.2)

It follows from the results of Refs. 1 that (0.1) can
be solved by separation of variables in exactly nine
coordinate systems associated with nine orbits of sec-
ond order operators in the enveloping algebra of
SL(2, R). Here SL(2, R) is the local symmetry group of
the EPD equation.

In this paper we undertake a detailed study of these
coordinate systems and show how one can use the rep-
resentation theory of SL(2, R) and its universal cover-
ing group to derive special function identities relating
separable solutions corresponding to distinct coordinate
systems.

In Sec. 1 we compute the symmetry algebra sl(2, R)
of the EPD equation and show that we can introduce a
Hilbert space structure on the solution space of the EPD
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equation such that this space transforms according to
a unitary irreducible representation of the universal
covering group of SL(2, R), taken from the discrete
series. We also relate the space to two other models
of this representation which are more useful for com-
putational purposes.

In Secs. 2 and 3 we classify the nine possible coordi-
nate systems such that variables separate in (0. 1) and
relate them to nine orbits of symmetric second order
operators in the enveloping algebra of sl(2, R). We also
compute the spectral resolutions of these operators. In
Sec. 4 we use our earlier results to compute the separa-
ble solutions of (0.1), and in Sec. 5 we determine over-
lap functions relating various distinct bases.

Finally, in Sec. 6 we discuss the separation of varia-
ble problem for the complex EPD equation and show that
this equation permits separation in exactly five coordi-
nate systems corresponding to five orbits of symmetric
second order operators in the enveloping algebra of
sl(2, C). We relate these results to a paper by
Viswanathan,® which employs Weisner’s method®? to
derive generating functions for Gegenbauer polynomi-
als. For a slightly different approach to the complex
EPD equation, see Ref. 5.

All special functions appearing in this paper are de-
fined as in the Bateman Project, ¢

1. SYMMETRIES OF THE EPD EQUATION
The symmetry algebra of the EPD equation
[0 = 0 — (1/9) 8, + m2/P2) 2 (t, ¥) =0,
y20, —eo<t<eo, (11)
is the set of all linear differential operators
L=a(t,7) 8, +ay(t,v) 2, +b(t, )

such that L® is a (local) solution of (1.1) whenever &

is a (local) solution. By using standard techniques in
Lie theory, "4 it is straightforward to show that this
algebra is isomorphic to sl(2, R). Indeed, the operators
A, B,C form a basis where
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A=3@-~-»)a,-2trd, -],
B=—(5+13,+79,),
C=3Q+#+7r)0,+2tra, +1].

(1.2)

Note that A +C=19,. Here, we are ignoring the trivial
symmetry E of multiplication by the scalar one: E® =&,
The commutation relations are

[A,Bl=-¢, [A,Cl=-B, [B,C]=A.

We can express (1.1) in terms of the Lie algebra
generators with the result

(CP-A*-B)d=(:-m?) o, (1.19)
where C% — A% - B? is the Casimir operator for sl(2, R).

By definition, sl(2, R) is the Lie algebra of 2X2 real
traceless matrices. We choose the isomorphism be-
tween our symmetry algebra and sl(2, R) such that the
operators A, B, C correspond to the matrices A4,8,(,
respectively, where

A=(38) 2= (5 ) e=(5 ),

Then, using standard results from Lie theory,* we find
that the operators (1.2) exponentiate to a local Lie rep-
resentation of the group SL(2, R) by operators T(G),
where

(1.3)

(1.4)

T(G) (¢, v) =[(o +y8)? = ¥*2]1/2

x@[(oﬂ_ B)(a + vt) — vt ¥

(a+v =75 (a+ vy -7 |
_ (@ B\ .

G= (y 6)cSL(z,R). (1.5)

Here, SL(2,R) is a local symmetry group of (1.1) in
the sense that if ® is a local solution of the EPD equa-
tion, then T(G) @ is also a local solution.

Motivated by the connection between the EPD equa-
tion and the wave equation discussed in Refs. 1, we note
that for any C* function f(k) with compact support in
(0, ») the corresponding function

®(t,7) = exp(~ imn/2) [[” exp(itk) (k) f(k) dk=U[f]
(1.8)
is a solution of (1.1). If we introduce the inner product

Fofor = I3 f1(B) Fy (k) dEe (1.7

on the space of C” functions, we find that, in terms of
the corresponding solutions &;(t,7) of (1.1), the inner
product reads

(@4, @) =(f1,f) =1 fow ®y(r, 1) 3,8, (v, t) vdr

=—if0°° B,(r, 1) 3,3, (r, D) vdr. (1.8)
Here, the last two integrals are actually independent
of f.

It follows from this that if we complete our pre-
Hilbert space of C” functions f to form the Hilbert space
L,(0, =), the space of corresponding functions & =U[f]
defined formally by (1. 6) will form a Hilbert space /4 of
weak solutions of the EPD equation with inner product
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(1.8). The transformation U determines a unitary equi-
valence between these Hilbert spaces.

The action of the symmetry algebra sl1(2,R) on /{ is
given formally by (1.2). Indeed, these expressions make
sense when applied to the dense subspace of // consist-
ing of those solutions & which arise from C” functions
f with compact support on (0, ©), Moreover, as we shall
see, they define symmetric operators on this subspace.
The operators UTIKU on L,(0, ») related to operators
Ke sl(2,R) on /4 are easily determined using integration
by parts:

i & 1 d m?
A“Ek(ﬁﬁf+%ﬁ—7e7+l)’

1 d

i & 1 d  m
c:— p— —_ ——

zk(Zi_kf kdk*?”)“

[We are using the same letter to designate correspond-
ing operators on 4 and L, (0, w), ] It is now straightfor-
ward to show that {A, iB, and iC are essentially self-
adjoint on L, (0, ), Moreover, it is well known that
these operators determine a unitary irreducible rep-
resentation of the universal covering group of SL(2, R)
from the discrete series, "8

Indeed, it is easy to check that C has discrete spec-
trum iA=i(m+s+1/2), s=0,1,2,++* with a corre-
sponding ON basis for L,(0, ©) consisting of
eigenfunctions

2T (s +1) )1/2
) . m _ (2m)
V(R = <—————————r(2m T 1) (2B)™exp(~ k) L 3™ (2F),
(1.10)
Cf‘;i):i(m+s+%)ffs1): <fs(1)’fs('1)>:653"
From this fact and the relation
Cio A Bi=Lt_m? (1.11)

we see that the operators (1.9) determine the irreduci-
ble representation D;,_,,, from the negative discrete
series, 0?8

For 2m an integer this Lie algebra representation
exponentiates to a single-valued unitary irreducible
representation of SL(2, R) defined by unitary operators
T(G), where

T(G)f(k) =~ v expli(ka/y +1/2 - mm)]
X [[7 exp(ild/7) Sy ((2/7)VED F@) dL, ¥#0,
T(G) f(k) = a exp(ikap) flalk), y=0,

G= (‘;‘ ?) c SL(2,R), f& L,(0,=). (1.12)

For 2m not an integer, operators (1.12) define a
multiple-valued representation of SL(2, R). In this case
we obtain a single-valued representation of the universal
covering group of SL(2, R), and expressions (1.12) are
valid only in a neighborhood of the identity element of
the covering group. For a discussion of the parametri-
zation of the covering group see Refs. 7, 9.
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There is another model of D;,_,,,, due to Bargmann,®

which we will also find useful. This model is defined on
the Hilbert space //,, of all functions F(z) =37.0 22",
a,< €, analytic in the disk |z| <1 and such that

lim {( -1)/7] f | F(2)|2(1 - 2z)"2dx dy < =,

T-2m+1

1>1, z=x+1iy.
The inner product is

T, K= lim [0-1/7]

X qu F( K1 - 22)"2 dxdy (1.13)

and a convenient ON basis is provided by the monomials

F2)=[C@m+s+1)/T(2m +3)s1]1/225,

§=0,1,2,+++. (1.14)

The operators A, B, C corresponding to (1. 2) and (1. 9)
are

=é{(1+z2)£ +(2m+1)z} s

B:% {(1—32)£—(2m+1)z}, (1.15)

. d 1
C=1 {ZE+M+§}'

For more details about this representation, see Refs.

7, 9. Since CF,=i(m +s+3) 7, it follows that the basis
vectors £ (k) and 7, correspond. The unitary mapping
V from #/,, onto L, (0, «) which carries 7 to f{¥ and

the operators (1.15) to (1.9) is

V}(k) = <.7: V(k’ '))m, }E/'/m:
£ ®) F(2)

=[2/T@m + 312 Q2E)" 1 -

X exp(— k) exp[- 2kz/(1 - 2)].
Similarly, the unitary mapping W=UV from #,, onto
#H is
W t, V) ={F Wt,7,* Vs F<EHm
W(t, 7, 2) =207 T (m + %) exp(+ imn/2) /N2 (@m + 35]
XL +if)(1 - 2) + 22 + (1 - 2)2r 2pmt/2,

2. THE SEPARABLE COORDINATE SYSTEMS

As shown in Refs, 1 the EPD equation permits
separation or R-separation of variables in nine coordi-
nate systems corresponding exactly to the nine SL(2, R)-
orbits in the space §/{C?- A - B?}, where § is the space
of symmetric second-order elements in the universal
enveloping algebra of s1(2, R). A particular separated
solution @ is characterized by (1. 1) and the eigenvalue
equation & =A%, The eigenvalue X is the separation
constant. If two operators S, S’ are on the same orbit,
i.e., if ¢S'=T(G)ST(G™?), where cc R, ¢#0 and
Ge SL(2,R), then the coordinate systems associated
with S and S’ are considered equivalent. A complete
list of orbit representatives is

Ve, 2)= é (1.16)

Z)'2 m={

1], ¢?,
2]. (A+C)?,
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3. B,
4], 24*+AC+CA-aB?, a>-1, 2.1)
5]. 2C'+AC+CA+aB?, a>-1,

6]. ¥BE+AC+CA, 0s7y<,
7). B*-sCY,
8], C*+E:B?, O<k<w,
9}, (A+C)B+BA+C)

0<st<l,

(in case 4] and 5] we shall always normalize so that
a=0).

It is clear that the operators 1]—9] are symmetric
in the L,(0, ©) model of the representation Dy, ,/,. [Here
we consider these operators as initially defined on the
dense subspace of C™ functions with compact support in
(0, =), ] In this section we will determine the spectral
resolutions of six of these operators in this model.
Operators 6], 7], and 8] are most conveniently studied
in the //,, model and will be treated in the following
section,

System 1] has been treated above, It is straightfor-
ward to show that the operator {C has deficiency indices
(0, 0). Thus iC is essentially self-adjoint. The spectrum
of the closure of C isi(m+s+3%), s=0,1,2,-++, and
each of these discrete eigenvalues has multiplicity one.
The corresponding ON basis of eigenvectors is listed
in (1.10).

For system 2] we have A +C =k. Clearly the closure
of — (A +C) has continuous spectrum covering the posi-
tive real axis and a basis of generalized eigenfunctions

fiZ) (k) = 6(k - A)y
<f§«2)s ;'2)>:50‘- A,)y

O< A< oo,
2.2)
A+C) D =irf P,

where 5() is the Dirac delta function.

For system 3] we have B=4% +kd/dk. It is easy to
show that the closure of - i{B is self-adjoint with con-
tinuous spectrum covering the real axis and a basis of
generalized eigenfunctions

(3) (k) — (2”) -1/2 ktu-i/Z
(f:;.s)y u(.?)>= 6(“‘ - “,)s

—oL <o

§ .
Bf 3) "lﬂfés)-

2.3)

System 4] with a=0 is more interesting. Here the
operator L =2A? + AC + CA is symmetric with deficiency
indices (1, 1). The possible self-adjoint extensions L,
can be parametrized by the real number o, 0 <o <2,
For each «, L, has discrete spectrum A=m? - (a + 2s)?
-1, s=0, 1 2, -+, each eigenvalue of multiplicity one,
and continuous spectrum The normalized eigenvectors

fol(k) form an ON set for L,(0, «):

FO R =[2(c + 28) 12, (),
(Falss Fly=0se, Lofat) =[m?

s§=0,1,°°",
- (@ +25)? - 3]£0.

(2.4)

The overlaps between distinct self-adjoint extensions
Ly, Ly, a@a#a’, are given by
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<f¢(x4)s’ oifl,)s’>
v(oz+23)(a + 28" sinm{(a - a’)/2+s - s’]
rla=a)/2+s—s Mle+a’)/2+s+s']

(2.5)

Restricting ourselves to the case o =2 for simplicity,
we find that L, has continuous spectrum A=m?+ 8- %,
8= 0, with corresponding generalized eigenfunctions

f(“ (k) [ ,JE‘('yk) + J_.‘\/B‘(’yk)]/z"/ k Sinhiﬂ; B),
(Faw s Fatp)=0(8-8".

The functions {78, fali} form a complete set for
L,(0,<). More details can be found on pp. 93—95 of
Ref. 10.

For system 5] with a= 0 we find that the operator
M=2C*+AC+CA is essentially seif-adjoint. The
closure of M (which we also call M) has continuous
spectrum A=4% —m? - p?, =0, of multiplicity one and
a basis of generahzed eigenvectors,

£k =[n /2Ry sink(um]K,, (£), 0<u<w,
A28 =8 —u), M= A

For system 9] we find that the operator N=(4 +C)B
+ B(A +C) has unequal deficiency indices (1, 0). How-
ever, there exists an obvious extension of N to the
space Ly(R) =Ly (- =, 0) ® L,(0, ) with deficiency in-
dices (1,1). Of the self-adjoint extensions of this latter
operator we choose the one with continuous specirum
covering the real axis and generalized eigenfunctions:

£ (k) =exp(En/k) /R V2T, — 0 <A< o,

(2. 6)

G-m-

(2.7
Nf;g) 2>xf‘9’ f f“”(k)f D(BYdk =0\ = ),

Note that { 7’} satisfies the usual orthogonality rela-
tions on L, (R) but not on L, (0, ).

3. LAME BASES

The spectral resolution of the operators 6], 7], and
8] is carried out in this section using the model of
D}, » due to Bargmann, ° defined on the Hilbert space
Hnas given in Sec. 1. The reason for treating these
operators in this model rather than the L,{0, ») Hilbert
space model with SL(2, R) generators as in (1.9) is that
they are second order differential operators rather
than fourth order,

In fact, if we consider the functions { (z) defined by
F(2)=2"""%(2), where J(z)cH ,, and put z=1e* with
6 complex, the generators A, B, and C acting on the func-

tions ¢ (z) have the form
A=-ginf— d + (m- %) COSG,
dg
) d \ d {3.1)
B=- cosf—z ~ (m = 3) siné, C:z-ig’

The form of the generators (3. 1) is the same as used
in Ref. 11, where the bases described by the operators
1]—9] were studied for the principal series of SL(2, R).
The appropriate variables which change eigenvalue equa-
tions for the operators 6], 7], and 8] to Lamé equations
have been given in that article. The spectral resolution
for each of these operators also follows along the lines
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of our previous article. We now discuss each of the
three Lamé bases in the order 8], 7], and 6], treating
the simplest cases first.

For the coordinate system 8] it is convenient to

choose the functions / (v) defined by

G(z)=ldn(v, s) 12"/ (v), (3.2)
where

cosf = E sa(v, §)

(1 + 572 qn(v, s)
and s=k/(1+k%' /2, The eigenvalue equation for this
coordinate system is then

(;;d;z*’sz(nlz—é)cnz(v,s)——l%éz)L ) =0, (3.3)

Suitable eigenfunctions are the Lamé Wangerin functions
with boundary conditions

(1) [sn(v, $)]*2/ ,(v) bounded at v =K' and [ (K +iK’)
=0.

This gives the solution / ,(v) = F¥ (v, s) with 2p
zeros in the interval (iK', iK' + 2K).

(ii) [sn(v, $)]' 2/ ,(v) bounded at v =4K" and / (K +iK")
=0 giving the solution /() = F2 (v, s) with 2p +1
zeros in the interval (iK', iK'+ 2K).

1t should also be mentioned that the resulting
eigenfunctions
782)={[s"sn(v, s) +icn(v, s)]/s dn(v, $)}™1 2 [, (2),
(3.4)
where s'=(1-s%!/2 are analytic inside the unit circle
of the complex z plane and are elements of K wlm
=1,2,3, ).

For the coordinate system 7] we choose the functions

/M (v) defined by

G (z)=[is"/en(v, )™ /% (v), (3.5)

where

cos® =dn(z, s)/en(v, s).

The eigenvalue equation for this coordinate system then
becomes

2
<%2_32(m2_§)5n2(0,s)_)\>/hx(v)=0- (3.6)

Natural choices for eigenfunctions are the Lamé
Wangerin functions with boundary conditions:

(i) [sn(v, 8)/%} ,(v) bounded at v =:K and /M, (K +iK")
=0 giving the solutlon/h,\(v)— % 172(v, s) with 2p zeros
in the interval ({K’, iK' + 2K);

(ii) [sn(v, s)I' 2/l ,(v) bounded at v =iK' and /(K +iK")
=0 giving the solution/V,(v) = F¥3},.(v, s) with 2p +1
zeros in the interval (iK', iK' + 2K).

In each case the spectrum is discrete and the eigen-

values are labeled by the index p, p=0,1,2,--+-. The
resulting eigenfunctions

A=) 1/en?(v, 140, (v)

(3.7

={s'[s'sn(v, s) - dn(, s)
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are analytic inside the unit circle of the complex 2 plane
and belong to #/,. The coordinate system 6] is the most
complicated of the three under consideration. A con-
venient choice of function V/(v) is

Nsn(v, s)dn(v, s) m1/2
G&)= ([?(1 AT 17 71 ]end(v, s)—27) N

(3.8)

where

201 (1 +7 2]+ {(1 + #3221 #lsni(o, s)
[1+7= 1+ 2]sn?(v, s) - 27

sinf =

and

s (L+7 2y N
ST E AT

The eigenvalue equation for this coordinate system is

- 8(1 + 2 /2 [(1 + 20 re _ 1].

2 z_%
(Edc?' Hom® = 2)snw, )+ r(;’)z‘ ’z(s)fis 7
1/2
+%+_—7:slryzl>/\/x(w):0- (3.9

Here we have introduced the variables, w={(s+is')v
+iK'(f) and t = (s +is’) /(- s +is'). The resulting equa-
tion is of the Lamé type with modulus ¢ on the unit cir-
cle. Natural choices for eigenfunctions are the Lamé
Wangerin functions with boundary conditions as for the
coordinate system 7], where v is replaced by w and ¥
by {. The eigenfunctions are then N (w)=F,_, ,,(w, 1)
withp=0,1,2,---, and the spectrum is discrete. The
corresponding eigenfunctions 7$%'(z) are analytic in the
unit circle in the complex z plane and are members of

H e

We see that for the discrete series D;, /, of SL(2, R)
the most convenient basis eigenfunctions for the three
Lameé bases are the Lamé Wangerin or finite Lamé
functions. This is opposed to the situation in Ref. 11,
where we dealt with the principal series of SL(2, R) and
the corresponding basis functions for system 8] were
the periodic Lamé functions. For the discrete series
D7y /2 in the Bargmann model the operator specifying
system 8] is singular inside the unit disc. The operators
of the other two systems are singular on the unit disc.
The imposition of boundary conditions that gives Lame
Wangerin functions for these systems yields eigenfunc-
tions in i’*/,,,, which are analytic inside the unit disc and
Zero at the singular points.

4. THE TWO-VARIABLE MODEL

If {A(k)} is a basis for L,(0, ) consisting of eigen-
functions of the operator S, symmetric and second order
in the generators (1. 9) of sl(2, R), then{F{'(t,»} is a
basis for / consisting of eigenfunctions of the corre-

. !
sponding operator S° constructed from the generators
(1.2), where

FOU »n=ulf], j=1,...,9, (4.1
and U is the unitary transformation (1.6). Indeed we

have the relations
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Sf{j)z 7\]‘{“, S'F{j): KF;fj )’
LDy =AY, UAD) = (FD, FP) = o0

Furthermore, F¥ (¢, #) is a solution of the EPD equa-
tion (1.1). It follows from results proved in Refs. 1
that for fixed j there exists a coordinate system

{u(t, v, v(t, ¥)} such that variables separate (or R-
separate) in the EPD equation and such that F¥ (¢, )

= explQu, v) [y (wK,\(v), where J,, K, are solutions of
the separated second order ordinary differential equa-
tions and either @ =0 (separation) or @ #0 and @ cannot
be expressed as a sum Q(u, v) =q,(u) +¢g,(v) (R-separa-
tion). In particular the possible coordinate systems and
separated equations (as well as the functions @) are
listed in Ref. 1, Paper 9.

(4.2)

In this section it is our aim to compute all the func-
tions F{ (¢, ») defined by (4.1) and (1. 6). In general, the
integrals (4. 1) are rather difficult to evaluate. In par-
ticular we have not been able to find the integral for
7 =5 nor two of the three integrals needed for j=4 in
the Bateman Project.

However, our work is enormously simplified because
we know in advance the coordinates in which variables
separate for (4.1). Thus we can immediately evaluate
the integral as a linear combination of four terms (since
Jy and K, each satisfy a known second order ordinary
linear differential equation). The four constants can
then be determined by evaluating the integral for spe-
cially chosen values of the variables #, v. In this re-
spect the functions F;“"’(t, 7) listed below can also be re-
garded as evaluations of a number of interesting inte-
grals related to the EPD equation.

For several cases we find that the integral (4. 1) does
not converge sufficiently rapidly so that differentiation
under the integral sign is permitted. It is not immedi-
ately apparent in these cases that F¥’ is actually a
solution of the EPD equation. However, it is always pos-
sible to justify our assertions by noting that if we allow
¢t to become complex and take Imf >0 in (1. 6), then the
convergence in each integral (4. 1) is sufficiently rapid
that multiple differentiation with respect to » and ¢ is
permitted under the integral sign. In each case one can
verify by inspection that the coordinates u(f, 7), v(t, %)
can be extended to the domain Im¢ = 0 and that variables
still separate in the EPD equation. Finally one can
evaluate the integrals (4.1) for Imf >0 and then use the
Lebesgue dominated convergence theorem or a similar
device to justify going to the limit as f becomes real
through positive imaginary values.

We have the following results:

1]: FO, V) =F& (0, ¢)
_( 2(s1) )“2 L@m+1) e
T\r2m+s+1) T(m+1)

X exp[- i(m - 1)1/2]Vcoso - cose sin™o
X exp[—i(s +m +1/2)@]CM™ D (cos0),
§=0,1,2,...,
sing
T coso—cose’

_ sinc
coso - cose’
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Ososm, 21-0>¢>g,

i B(B—r2-1)+it
RIS EINIE

i = (2= 7"‘+1)+ir
DGR GRS

=vcoso- cosg, (F&, F)=68..

Here, C§”’(z ) is a Gegenbauer polynomial,

(4.3)

2] F®t, 7) = exp(~ imm/2) exp(it\J (M),
Q=0, (F¥, F#)=86(x=1"),

A>0

14

u=t, v=vy, (4.4

3}
Ff’ (t, V) =explein(m +1/2+ip)/2) (£ )11 /2

exp(imn/2)r™ .
*TomTDvar LimFivtz)

X, P (in/2+m/2+15,i0/2+m/2+

r< e,

(4.5)
5ym+1; 2/,
F®(¢t, v) =[exp(~= imn/2) /v 2n {21 - /2
[r(m/z +ip/2+5)r "/ D(m/2 = iu/2+3)]
X F(iu/2+m/2+5,in/2=m/2+%; 53 t2/79)

+ 2t 2t ST (1 /2 + 41 /2 +3) /T m/2 + /2 + 5))
X F(iu/2+m/2+5; iu/2-m/2+5; 55 /7,
r> ¢,

Here the (+) sign holds for { >0 and the (~) sign for
£<0. In this case u=tf, v=7v/t, @ =0, and (F{®, F}¥)
=6( - ).

For systems of type 4] we consider three cases.

[t| 27 +1: For =1 we have (v =a +2s)

F&(t, ) =F(8, @)
=explin(v/2-m+H|V2/m (4.6)
XP;7 72 (cosh®)@y /5(coshy),
§=0,1,2,..., for 8> ¢, and F&'(0, ¢) = F# (¢, 6) for
6<¢. Here P, and @, are Legendre functions and
t=coshé coshy, 7=sinhfsinhy, 6, ¢ =0, 4.7

For t< -~ 1 we have F{t)(t, ») = exp(— imm)F, (Iis( t, ).

4b]: ]t‘SV—lz
explim(— 5m/2+v+3) ]2 "I +v/2 - m/2)

F“)S(e Q)= TG +v+mITG +m/2-v/2)
Q.1 /2(i sinh6)Q, _ ;»(i sinhg), (4. 8)
{=sinhf sinhg, % =coshfcoshy, —-*<f<x
cl: [t] +r<1: Fort=0,
F®6, 0) :WF(V + m +4) exp(= im7/2) i
, T-m+3 cosl(n/2)(v —m=3)]
X Py .(cos8) PiT sp(cose), v=a+2s, (4.9)
374 J. Math. Phys., Vol. 17, No. 3, March 1976

t=cosbcosy, r=sinbsing, 0<8,@<u/2,

For t <0, Fg(t,7) = exp(-imm) FO (=, 7)
These three parametrizations do not cover the full
¥—{ plane but, as shown in Ref. 1, Paper 9, variables

do not separate in the remaining domain. We omit the
computation of the continuum eigenfunctions F;“},

5]: F‘fs’(t,qf)EFf’(G, @)
:773/21"(%—1’;1+m)1"(%+iu+m)
2VEL sinh{Lm)
XP 5 n(cosh®)P,, ., (— i sinhg),
O<p<e, (4,10
t=coshf sinhg, 7»=sinhfcoshe, 0< 6, ¢.
For t <0 we have F®)(t, 7) = exp(— imm)F> (= £, 7).
9]:
F®O(t, v) = F®(x, X)
V271 K20V =N (2XV=X) ift>0, A<0,
{NTH“’(sz )L (2XVR)  if >0, A>0,
(4.11)
Here,
x=5(VEFTHVT=7), X=3(TF+r-Vi-9) iftzr>0,
=3(VrHi+Vr=h), X=3(r+i-vr=b ifr+t>0.
(4.12)

Also F§(~t, v) = exp(— imm)FO (¢, 7).

For cases j=6, 7, 8 it is most convenient to use the
model A, (1.13)—(1.15). The passage to the two vari-
able model proceeds along similar lines as in our earlier
work with Lamé bases.!! In each case the resulting
basis function is determined to within a phase. This
quantity can be chosen by adopting a fixed normalization
of the Lamé Wangerin functions.

8]: F{®(@t, v)=2[dn(a, s)dn(8, s) +iss'en(B, s) [ /2
Fr o a(a, )Fo 108, 5), (4.13)
where
t=s sn(a, s) sn(B, s)/R, r=1/R (4.14)

and
R=-idn(a, s)dn(8, s)/ss’ +en(a, s)en(B, s”)

and the variables @, are in the ranges a c [0, 2K],
Belik’, iK' +2K].

71: F@, v) =2E[s sn(a, s)sn(B, s) + enle, s)en(8, s) 172
XFY oo, S)FE L 0(8, s), (4.15)
where
t=dn(a, s)dn(g, s)/ss'R, r=1/R,
and
R=s[sn(a, s)sn(B, s) +cnla, s)en(B, s)/s']. (4.16)
E.G. Kalnins and W. Milier, Jr. 374
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The variables @, 8 can vary in the two ranges a,
c{0,2K], a,Bc[iK’,iK +2K).

8]: FO(t, ) =2 [(s — is")dn(w, Hdn(k, 7)

+(s +isen(w, Hen(u, 1)1 /2

X Fro r2(w, O Fq 13k, 1), (4.17)
where
t=2Vss'(s +is')sn(w, H)sn(u, t)/R,
r=2vVss'/R (4.18)

and R ={(s - isdn(w, )dn(g, £) + (s +is en(w, Hen(i, 1)},
t=(s+is")/(s —is").

The variables w and ¢ vary in the ranges w, L
c[-iK',iK'], which is the line segment joining the points
- iK', iK' in the complex plane. (Remember K’ and K
are complex.) Here for the Lamé bases we have used
the same notation as in Sec. 3, where the spectral anal-
ysis was performed.

5. OVERLAP FUNCTIONS

Here we compute several of the overlap functions

9 A% which allow us to expand eigenfunctions £’
in terms of eigenfunctions £’. Since (T(G)f¥’, T(G)F?)
={f{", A1), the same functions allow us to expand eigen-
functions T(G)f¥’ in terms of eigenfunctions T(G)f{*’.
Moreover, since (£, A1) =(F, F#), the overlaps
allow us to expand eigenfunctions Fff Yin/ in terms of
eigenfunctions F{!’, These last expansions converge in
the Hilbert space sense. Pointwise convergence has to
be checked separately.

However, if we choose »= 0 and Imf >0 in (1.6), then
the function H, ,(k) = exp(+ imm/2) exp(- if k)J (k) be-
longs to L,[0,~] and the transformation U[f], (1.6), can
be represented as an inner product on L,[0, «]:

VA=<, He 2. (5.1)

In this case it follows easily that all of the expansion
formulas

F ) = [, N, v) da,

Im¢ >0, =0, (5.2)

are valid in the sense of pointwise convergence, a.e.,
(See the analogous arguments in Refs. 12 and 13.) In
each case it is easy to verify that separation of vari-
ables persists in the domain Im¢ > 0 if it holds for Im¢
=0.

Overlaps involving system 2] are especially easy to
compute;

S RN =f9)), 0<r<wn, (5.3)

In addition we list the overlaps (f¢’, /") between the j]
basis and the discrete basis 1]:

(7 (1)>:(F(2m+s+1)>1/2 T (2m +ip+3)
s (sDm T(2m +1)

—-s,m+iu+3 )
x y
2F1< 9 + 1 2}, (5.4)
375 J. Math. Phys,, Vol. 17, No. 3, March 1976

(e )

— 2m-v+1(1 1 i)-v-m-l /2

L(v+m +§)<ur(2m+s+ 1))1/2
rv+1 \(shHT(2m+1)

X Fy(vem+z;v+3,-8;20+1,

o2 2
i Ty 1)

v=a+2q, ¢,5=0,1,2,---. (5.5)

Here F, is a Lauricella function.!* The overlaps
B, 7% and (2, f&, while straightforward to com-
pute, are of a complexity similar to (5.5) and will not
be listed here. [Note that the latter overlaps are not
unitary since {f{*’} is an ON basis for L,(R), not

Lz[oy co]. ]

The overlaps (¥, 8%, j=6,17, 8, can be obtained
immediately from the //,, models. The computation of
the overlap functions between the Lamé bases 6], 7],
and 8] and the basis 1] is easiest to perform by giving
the recurrence formulas for these coefficients (see Ref.
11.) We consider explicitly the case of coordinate sys-
tem 8], where the basis function 7{#(z) is even under
the interchange z — - z. Applying the operator C?+ k2B?
to both sides of the identity,

I®(2)=21az%, (5.6)
n=0

we obtain the recurrence relation

B (2n+2)(2n+1)a,,
+[4n(k® +2)(1 = m = 28) — A= (2m = 1) (2m = 1 + %) ]a,

+2k¥2(n =12+ (2m = 1)(n=-m)]a,, =0, (5.7

2k%ay - [4n+ (2m = 1)(2m = 1+ F?) ] = 0.

The normalized overlap functions b, are then given via
the relation

a,=[L@2m+n+1)/T@2m+3nl %,

For the case of eigenfunctions 7¥(z) which are odd the
analysis goes through as before by making the substitu-
tion #—~n+3. We should mention here that even and odd
eigenfunctions 7{#'(z) correspond to Lamé Wangerin
functions with an even or odd number of zeros in the
interval (iK'(s), iK'(s) + 2K(s)) (see Sec. 3). Similar re-
currence relations for the basis eigenfunctions of sys-
tem 7] can be derived by making the substitutions 2
~~1/s% x~— /s, The recurrence relation for 6] is
somewhat more lengthy and will not be presented here.

Finally we list the interesting overlaps

4) pon T v LR D((v +in) /20 ((v - i) /2)
@a9In s (u sinhuw Cv+1)

(v+in)/2,(v-iu)/2

X, Fy y+1 ;s =1}, v=a+2s,
in-l v+1 2
G, g0y 7R P /D)

L((v-ip)/2+1)°

As discussed in earlier papers in this series, the
most general overlaps between basis functions are the
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mixed basis matrix elements (T(G)fS, i), The deter-
mination of these matrix elements is straightforward,
though frequently the result is complicated.

6. THE COMPLEX EPD EQUATION

In the case where the variables 7, ¢ in (1.1) are com-
plex and m is a complex constant, we can regard the
EPD equation from another point of view. For the sym-
metry algebra we now choose the complex Lie algebra
s1(2, ¢), whose action on solutions of (1.1) is given by
(1.5), where now the matrix elements «, 8,7, 6 are al-
lowed to be complex and constrained only by the re-
quirement detG =1.

We can now pose the problem of determining the pos-
sible coordinate systems {u, v} in which the complex
EPD equation is separable. Here, we require that the
coordinate transformation functions u(7, ¢), v(7,¢t) be
only complex analytic in 7,¢ rather than real analytic
as in the case of the real EPD equation. Furthermore,
we regard two coordinate systems as equivalent if one
can be obtained from the other by a transformation
(1.5) from the group SL(2, €¢). Just as in Sec. 2, we ex-
pect the equivalence classes of coordinate systems to
correspond to the SL(2, @)-orbits in the space g” =5/
{Cc?.A%- B%°, where 5° is the space of symmetric
second-order elements in the universal enveloping alge-
bra of sl(2, @).

To determine the adjoint action of SL(2, C) on §¢, we
choose a more convenient basis for sl(2, €):
S, =14, S,=iB, §,=C,

6.1
[SDSZ]ZSS’ [S3,Sl]=Sz, [Sz:sa]:sl- ( )

A general element @ of §° can be expressed uniquely
in the form
Q= .ik\/lqjksjsky 9 =q; € C. (6.2)
J 4R
Using the well-known local isomorphism of SO(3, C)

and SL{2, €), and identifying @ with the 3X3 symmetric
matrix @ = (g;), we see that under the adjoint represen-

tation @ transforms according to @ ~01Q0, 0€S0(3, C).

The elements of J° can be identified with the matrices

@ such that tr@ =0, or more conveniently, we can add
arbitrary multiples of the identity matrix to @. It is now
a simple exercise in matrix theory to classify the orbits
in § under the adjoint representation of SL(2,C). We
present only the results and label the four possible or-
bit types by the eigenvalues of Q. The symbol A(2) [or
A(3)] signifies that the eigenvalue X corresponds to a
generalized eigenvector of degree 2 (or 3). Every @

e yc is conjugate under the adjoint representation to an
element in the following list.

eigenvalues orbit representative
a. A, P AS? + uS2 + pS2
A+ p+p=0,

A=W (r=p)(p=-p)#0
b. 2A, =X, =)
A#0

A(25% -~ % - 52

376 J. Math. Phys., Vol. 17, No. 3, March 1976

c. M(2),-2x (A +%)S2+ (A - 3)52 — 2282
+54(8,S, +5,5,)
d. 0(3) (Sy +18,)Sy + S4(S, +1iS,)

(6.3)

For our purposes we can add a scalar multiple of
8%+ SZ+8S% to any of the orbit representations without
changing the element of . Then we find that any ele-
ment of f is equivalent to a scalar multiple of one of
the following elements.

a., S2-k%S%, R#0, 8], 7], 8],

b. SZ, 1], 3]

cl. (A#0) 252+ (1 - 6M)SZ+i(5,5,+S,5,), 4],5], (6.4
c2. (A=0) S}~ S%+14(S;S, +S,S,), 2],

d. (S; +14S,)S, + S4(S; +1S,), 9].

Each of the nine SL(2, R)-orbit representatives in
(2.1) belongs to one of the five orbits (6.4), and we have
indicated the orbit inclusions in the last column of (6. 4).
We see that each of our five orbit-types contains at
least one of the SL(2, R)-orbits and that some contain
more than one. From these facts we infer that there
are no new separable coordinate systems obtained by
complexifying the EPD equation: all coordinate systems
follow from an obvious analytic continuation of the sys-
tems 1}—9]. However, the systems 1]and 3], the sys-
tems 4] and 5], and the systems 6], 7], 8] are equivalent
for the complex EPD equation.

A particularly interesting basis for the solutions of
the complex EPD equation is that of type b:

}i(w’ )= T""’”l(l _ w2)m/zc:'n+1 /2(w),
B = (ot m+ 17, (6.5)

Here, C%(w) is a Gegenbauer function (a polynomial for
n=0,1,2,---) and the complex variables w, 7 are given

by
w:t(tz_ ,,,2)-1 /2’ T= (52__ ,;,2)-1 12_

In terms of the variables w, 7 the local group action
(1.5) of SL(2, C} becomes

{(6.8)

T(G)®(w, T) =yl/eyt/z
X ((w+ 28yw + BT + v&7Y)/V; TU),
U = [(62 + 8272 + 2867w) /(a2 + 1272 + 2ayT ) /2,

v =[(2w + 28yw + aBT + y6T1)(2Byw + aBT + 6771 + 1] /2,
(6.7
Here
G:(“ ﬁ) e SL(Z, 0).
v 6

We are now in a position to apply Weisner’s method®™
to expand solutions of the complex EPD equation in
terms of the basis (6.5). Suppose ®(7,t)=®(w,7) is a
solution of the EPD equation such that
7-m1(1 = 2)"™/2@(w, T) is analytic in 7 and w in a neigh-
borhood of (w, 7)=(0, 0). Then there exist complex con-
stants g, such that
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T (1 - w2 (w, ) =2 a,C7 2 (w) T, (6.8)
n=0
This method was employed by Viswanathan® to derive
generating functions for the Gegenbauer polynomials.
[The awkward factor 7™1(1 - »?)™"/% which appears in
(6. 8) is due to our insistence in retaining the EPD equa~
tion. One can easily remove this factor by transforming
the EPD equation to the equivalent equation for ultra-
spherical functions which appears in Ref. 2. ] In order
to derive useful results from (6.8), one characterizes
a solution ¢ of the EPD equation by requiring that it be
an eigenfunction of a first or second order operator in
the enveloping algebra of SL(2, C). As Viswanathan re-
marked, in practice one can compute $ precisely in
the cases where it is possible to find coordinate sys-
tems in which variables separate in the equations for
¢. The results of our paper show why this is so and
exactly when separable variables exist. Once a suitable
% is computed one can evaluate the constants a, by
choosing special values of the variables, e.g., w=0.
Similarly one can derive expansions for 7(G)9®, i.e.,
functions which lie on the same SL(2, C)~orbit as &.

According to (6.4) there are five types of orbits to
consider to obtain all possible generating functions for
the Gegenbauer polynomials via Weisner’s method. An
examination of Viswanathan’s paper shows that he has
found four of these orbits, omitting only the Lamé
case (type a). This case can be treated by using the

377 J. Math. Phys., Vol. 17, No. 3, March 1976

coordinates (4.14) for o, B complex and substituting

into (6.6). The remainder of the computations follow
just as those given in Ref. 2. However, the resulting
identities are somewhat complex due to the fact that

sn{e, s) and sn(B, s) are rather complicated algebraic
functions of w and 7.
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