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the program is run until the perturbation energy is either 100 times greater or 100
times less than the initial energy or if the simulated time exceeds 1.5 hours without
either of these occurring. If the configuration is stable, the velocity is increased and

the process repeated to find the critical velocity.

Both fluids are assumed to have the same steady velocity in this calculation. The
results determined from this hydrodynamic analysis for the four flow configurations

examined are shown below. Figure 5.4 shows a typical steady flow configuration

(2,1) used in Ziegler’s calculation.

Flow configuration Modes Critical velocity (m/sec)

(1,1) 8x8 043
(1,2) 6x6 028
(2,1) 6x6 0.16
(2,2) 6x6 0.17

Generally speaking, higher steady velocities and more complex steady flow patterns
make the system more unstable, although the dependence is not linear. The velocity

at which the interface becomes unstable is of the same order as that measured in

industrial cells.

The effect of drag parameter o on critical velocity is calculated with the steady flow

configuration (2,1) as follows:

Drag Parameter a Critical Velocity (m/sec)

0.5 0.11
1.0 0.17
2.0 0.33

The ACD is one of the most important factors for cell operation. Figure 2.2 shows
the critical velocity for various values of the ACD. As the ACD is increased, the
system becomes less stable. This comes from the simple fact that the damping force
will be decreased as the ACD is increased since the Moreau damping coefficient has
been adopted (see the next section). His result on the ACD is contradictory to the

conventional knowledge and the real measurements. We discuss this point in more
detail in Chapter 6.
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Figure 2.2: Effect of ACD on the critical steady velocity by Ziegler for the basic
flow configuration (2,2).

2.2.9 Damping

In this section, we review simple drag models which incorporate both the drag force,
which is associated with turbulent viscosity and the induced current density, due to
the external magnetic fields. Normally, the threshold for the instability predicted
from many theories is much lower than that observed in real cells, because damping

has been neglected.

Moreau [51] introduced a simplified model by considering the damping due to the
no-slip condition on the solid boundaries. This model produced convincing results
compared with those from a two-dimensional hydrodynamic model based on the
Navier-Stokes equations. Later, this model was incorporated into the interfacial

instability theory for infinite models by Sneyd [73] and Pigny & Moreau [57] allowing
steady flows in both layers.

Moreau’s model was mainly concerned with the vertical momentum flux and the
friction on the interface. This was estimated by analysing orders of magnitude in
the Navier-Stokes equation with a magnetic body force:

T 0 0
p(U-V)U——VP-f—JXB—E-Fa—xi(T]ea—in), (28)
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Figure 2.3: Effect of Wang’s model of magnetic damping on the critical velocity in
a reduction cell when 8 = 0.50% = 2.5 x 10" is assumed, where cell length a=7.7m,

width b=3.3m, metal depth h,=0.2m and ACD=0.04m.

V-U=0. (2.9)

where U stands for the velocity, P for the pressure and 1, for the effective viscosity
associated with two-dimensional motion. The term % represents the drag force
induced from the no-slip condition at the top and bottom of the fluid layer. H is
the fluid layer depth and T is a drag force. Morcau showed that the force balance of
the system can be achieved only between the magnetic force, the pressure gradient

and the drag force, while other terms are relatively small.

Using a constant drag coefficient k, he assumed an approximately linear relationship

between the drag force T and the velocity U as follows:
T = kU. (2.10)
To consider the damping due to the induced current density, Wang [83] modified

Moreau’s linear damping model by assuming a drag coefficient dependent on the

magnetic field as well as the thickness of each layer:

(67
k=8B]+ . (2.11)
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The value of coefficient a suggested by Ziegler [85)

o =1.0 kg/ (m? sec), (2.12)

is used while we expect 3 to be of the same order as the electrical conductivity o.
a = 1.0 is calculated with values of V; = 0.15 m/s and L = 3 m respectively, from

the following formula by Bird [11] for turbulent drag on a flat plate:

-1/5
a = 0.037pV2 (2;—’)) :

Figure 2.3 shows Wang’s result. The damping effect of induced current is increased

greatly when B, is greater than 0.008 Tesla. We will discuss this result further in
Chapter 7.

In this chapter, we reviewed and discussed previous interfacial instability theories
which are related with our research. Based on this review, our model will be estab-

lished, simulated and compared with other models in Chapter 5 and 6.



Chapter 3

Basic physics of interfacial

instability

Interfacial instability can be caused by the current perturbation or the KH insta-
bility. As reviewed in Chapter 2, the steady velocity fields and the magnetic fields
are the crucial parameters in the analysis. These effects can be predicted by the
MHD equations. In this chapter, we review the basic MHD equations and linearised

perturbation equations (For further details, see [49], [22], [27], [36], [50] and [26]).

3.1 Basic MHD equations

3.1.1 Navier-Stokes equations

The superscript a and ¢ will denote the aluminium and the cryolite layer respectivély.
This notation is used in this thesis, unless specified otherwise. The Navier-Stokes
equations are commonly used to describe the flow. As we assume that the liquids
are incompressible and inviscid, we have the following form of the Navier-Stokes
equations,

pU+p(U-V)U+VP-F =0, (3.1)

and the continuity equation,

vV-U=0, (3.2)
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where p = the mass density, U = the velocity field, P = the pressure and F = the
body force.

The body force includes gravity and the electromagnetic forces:
F=-pgz+J xB, (3.3)

where g = gravitational acceleration, J = the current field and B = the magnetic
field.

As the normal velocities on liquid/solid boundaries are zero, the boundary condition

for the velocity field is written as:
U.-n=0, (3.4)
where 1 is an unit normal vector to the liquid and solid boundaries.

Continuity of normal velocity U, and pressure P at the aluminum/cryolite interface
implies

pe = PC,
Up=U,; =0. (3.5)
The vorticity equation can be obtained by taking the curl of the equation (3.1):
P+ p(U-V)Q—p(R-V)U -V xF =0, (3.6)

where the vorticity 2 =V x U.

3.1.2 Maxwell’s equations

Since the materials in the cell interior are not ferromagnetic, Maxwell’s equations

can be written as follows:

vV.B=0, (3.7)
0B

VXxE= —‘*67, (38)

V-D =g, (3.9)
oD

VxH= J+—a?, (3.10)
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where E = the electric field, D = the electric displacement, H = the magnetic in-

duction and g = the charge density. We also have two other relations by virtue of
the definition of the D and the H,

D = ¢,E, (3.11)
B
# (3.12)

where the free space dielectric constant ¢, and the permeability u take the following

values in S.l.units,

€, = 8.8552 x 1072 Fm™},
p = 47 x 1077 Hm™L.

Ohm’s law is used to complete the boundary value problem,

J =0E, (3.13)
where the electric conductivity takes the following values:
0 = 5x10°Q 'm™!,
¢ = 1072 Q7 'm™L.

If we make the usual MHD approximation of neglecting the displacement current
0D/t [33], (3.10) becomes

VxH=1. (3.14)

Using Ohm’s law, we can write
J=0(E+UxB). (3.15)

The second term in the above equation is known as the induced current density and
represents current generated by fluid motion. We will discuss further the induced

current in Chapter 7.

Thus, we have the electromagnetic equations as follows:

V.-B =0,
V x B = ud,
V x (J—O’UXB)=—O’-66—?. (3.16)
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By eliminating J from the above equations, we have finally
V-B =0,
1 0B
Vx|-VxB-0oUXxB|=-0—.
(,u o ) 75 (3.17)

The lateral boundaries for both layers in a cell are made from the frozen cryolite

which is an electrical insulator, so the normal component of the electric currents on

these boundaries is assumed to be zero

(leB>-ﬁ=O.
m

On the top and the bottom of the cell where the currents are distributed through
the anode, we have

1
(;V X B) 2= Jig(2,),

1
(—EV X B) z = Jyuom(Z,y). (3.18)

*

where J;,, and J;,,;,, represents distributions on the anode/cryolite and aluminium/
cathode interfaces. They are normally unknown and can be solved for in conjunction
with the internal fields.

3.1.3 The Lorentz force

The magnetic fields can be expressed in terms of the current density, using the

g JIxr
B=—
i / dv, (3.19)

r3

Biot-Savart law

where r is the spatial coordinate vector. The current density J can be obtained: by
solving Laplace’s equation for the current potential ¢ with appropriate boundary
conditions. Also it is possible to determine J from potential theory only if we can

assume that J is slowly-varying, so that B ~ 0 and V x J ~ 0 [72].

Using the conservation of the current V-J = 0, we have another equation as follows:

V-V¢ = 0

Vi = 0. (3.20)
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As defined in the previous section, the Lorentz force is written as:

F, = JxB (3.21)
1
= m (V xB) x B. (3.22)

If we separate the magnetic field into internal B;,; and external (background) part
B..: [74], we have

1
FL = ; [V X (Bint + Bezt)] X (Bint + Bezt) . (323)

or
1
F, = " [V X (Bint)] X (Bint + Begt) (3.24)

as V x Bz = 0 in the fluid. The antisymmetric term B;,; represents the internal
part B due to local current, while the symmetric term B.,; represents the external
field due to remote current sources, such as those in the bus bar, which is often

known by empirical measurements.

3.2 Linearised perturbation equations

When we assume a small perturbation from an equilibrium state on the aluminium/

cryolite interface, we can decompose the system variables as follows:

U = U+nu,
P'" = P+p,
J = J+j,
B' = B+b, (3.25)

where capital letters represent the steady state and lower case letters the small

perturbation. Only the first order perturbations will be considered in this thesis.

Substituting the above equations into the Navier-Stokes equations, to leading order

we have

pu+p(U-V)utp(u-V)U+Vp—-f =0, (3.26)

V-u=0, (3.27)
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where

f = jxB+Jxb

1
= (;be)xB+be. (3.28)
On solid boundaries, the normal component of the velocity field is zero,
Up = u- n=0. (329)
On the aluminium/cryolite interface, we have
D
E(U —2)=0
or
L. D
‘ Dt
= n+ U\ (3.30)

By the pressure continuity on the interface. we have
Pi+p* =P +p. (3.31)
Similarly, we can write the magnetic field perturbation as follows:
V-b=0.

1
Vx(——be—Uxb—uxB,»,,,):Tx(ume)—a—b. (3.32)
ou ot

3.3 System analysis

A spectral analysis is widely used to analyse the stability of a linear system. Math-
ematically, the physical variables such as the velocity. the pressure and the surface

wave displacement can be assumed proportional to

ez(k-x—wt) )

The wave behaviour is determined by the dispersion relation between the wave

number vector k and the angular frequency w of the system. All modes can be

examined at a time by this method.

Another method is a time evolution simulation. This is often an inevitable option
for the analysis of the nonlinear system. We shall adopt this method to calculate
the critical steady velocity in this thesis, as our equations are dependent on time

with the transient adjustment of the basic steady velocity.



Chapter 4

Two-dimensional flows in

rectangular containers

In this chapter, we will discuss the stability of the two-dimensional flows with closed
streamlines in rectangular containers. It is interesting to discuss the stability of
single layer, before we investigate the interfacial instability between two liquid layers
in aluminium reduction cells. This study is to find whether single layer flows are
stable themselves without any interfacial mechanism or not. First, two-dimensional
steady laminar flows and the representation of stream functions for basic steady flows
will be discussed. Then Arnol’d’s stability theorem will be discussed. The global
stability criteria provided by this theorem will give a general picture about the
disturbances and the stability. A normal mode analysis is introduced to investigate

an unsteady evolution of flow when two different modes are initially present.

4.1 Two-dimensional steady laminar flows with

closed streamlines

First we discuss the features of two-dimensional steady laminar flows with closed
streamlines consisting of one or several eddies. We assume steady laminar motion of
large Reynolds number - i.e. that viscous forces are small compared with pressure

forces nearly everywhere in the cell. It is assumed that the Reynolds number is large
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enough for the thickness of the associated viscous layers to be small compared with

the linear dimensions of the region of fluid under consideration.

The equations governing the steady laminar motion of a uniform incompressible
fluid are obtained from the continuity equation and the Navier-Stokes equation as
follows [8]:

V-u=0, (4.1)

2

uxXw-—V 1_7+q_ + vV xXw = QE
p 2 ot

= 0, (4.2)

where the vorticity term w and the scalar velocity term ¢ are defined by:

w = V xu, (4.3)

¢ = |uf. (4.4)

When the Reynolds number of the motion is large, viscous forces are small every-

where except in the neighbourhood of certain singular surface and the equation (4.2)

reduces approximately to

uXw=VH, (4.5)

where H is the local total head in the fluid,

q2

DI

The local total head H is constant over stream-vortex surfaces or ’Bernoulli surfaces’,
each such surface containing the local vectors u and w in its tangent plane everywhere
and being swept out by a vortex line. However, when the viscosity v # 0 the stream-
vortex surfaces will not exist because uxw is then not necessarily parallel everywhere

to the gradient of some scalar function.

In order to understand the effect of viscosity, no matter how small the value of v

may be, we take the line integral of equation (4.2) around a closed contour with line

element dl,
74 (0 X w) - dl—fdl.VH - 1/?4 (Vxw) - dl = 0. (4.7)

The second term on the left-hand side vanishes since H is a single-valued function

of position. We can make the first term on the left-hand side zero by choosing the
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closed contour to coincide with a streamline, of which a line element will be denoted

by ds. Thus we have the exact integral condition

f (Vxw) - ds =0, (4.8)

to be satisfied for every closed streamline.

When the flow is two-dimensional, we can introduce the stream function 1,and use
the orthogonal curvilinear coordinates (1,£), the lines £ = constant being every-
where normal to the streamlines. The displacements corresponding to increments
in ¥ and £ are dy/q and hd€, where h is an unknown function of 1 and £. Now the

inviscid flow equation (4.5) can be written as:

w(y) = i}%. (4.9)

The above equation is approximately valid everywhere when the Reynolds number

of the motion is large.

When evaluating the integral in (4.8) for streamlines lying in the region of small
viscous forces, we can make use of the approximation (4.5) whence V x w becomes

a vector parallel to the local streamline and (4.8) takes the form

g% 7{ gds = 0. (4.10)
Thus we have
o _g
dy ’
or
w(y) = %@ = constant, (4.11)

everywhere in a connected region of small viscous forces [8].

The above simple equation contains a significant physical meaning. In steady flows,
the net viscous diffusion of vorticity across a closed streamline must be zero. This

is possible only if vorticity w is approximately constant across streamlines, which is

well-known as the Prandtl-Batchelor theorem [9].

Now we consider a stream function for steady flows. Ziegler [85] used a combina-
tion of Fourier components as a stream function ¥ for the basic steady flow in his

linearised equations as follows:

K
17[) = Z UnHTl(‘Tay)a
n=1
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where the eigenfunctions
NgTT . NyTY

H, =sin sin
a b
satisfy the following equations:
ViH, + X H, =0, (4.12)
H,, = 0 on lateral boundaries. (4.13)

However, the above expression for the stream function does not in general represent

a steady flow. We must first check the physical and mathematical features of the
basic flow.

When the flow in the cell is steady, the vorticity must be constant along closed

stream lines. Thus we can express this mathematically as follows:

D 8
Ew = aw +u- Vw
= 0. (4.14)

where the first term is zero for steady flow,

8
79 =0 (4.15)

Thus the second term of the above equation must be zero,

u- Vw=0. (4.16)
As the velocity u can be expressed in terms of stream function as follows:

u=Vy x z,
we can obtain the relationship between ¥ and w in two dimensional flow as follows:

u-Vw = (V¢ x2) - Vw
= —[u]
T oo b = 0, (4.17)
where the Poisson bracket [¢,w] denotes

O Oyy

Opw Oyw

[wvw] =
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The steady-flow condition [¢),w] = 0 is equivalent to the condition that 1 is a
function of w,

Y = F(w).
For example, when the stream function has a single Fourier component,
Y = U H(z,y), (4.18)
it is clear that this represents a steady flow. Indeed
w=—V2UH, = XU, H, = X},

so w and 1 are functionally related. However, when we consider a stream function

with two Fourier components,

Y = U H(z,y) + UsHo(,9), w = AU H, + MU, H, (4.19)

v and w are not functionally related unless A\; = A;. Thus a stream function
with several Fourier components will not generally represent a steady flow. Ziegler

neglected this point in some of his numerical applications.

4.2 Global stability criteria in rectangular con-

tainers

In the previous section, we summarised the approximate relationship between the
vorticity and the streamline in two-dimensional high Reynolds number steady lam-
inar flow. The linear stability of flows of this type to two-dimensional disturbances

will be discussed by Arnol’d’s stability theorems in this section.

4.2.1 Arnol’d’s stability theorems

When the two-dimensional steady flow 1 (z,y) is perturbed by an unsteady distur-
bance ¢(z,y,t) the stream function ¥(z,y,t) [45] may be represented by

U(z,y,t) = P(z,y) + €d(z, Y, 1), (4.20)
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Domain V

Figure 4.1: A topologically simple streamline pattern.

where € is some small parameter and ¢(z,y,t) and ¥(z, y, t) vanish on the boundary

S. Because the vorticity is constant on a fluid particle

Dw D 9
D = Di [-V2¥(z,,1)]
= 0. (4.21)
Arnol’d [7], [6] observed that for any such flow, the functional
_ 1 2 2
A(T) = /V [§|v\1r| ~c(-v \1:)] dv, (4.22)
is also conserved by the flow for any function C, i.e.
d
—A(¥) =0.
A0 =0 (4.23)

This follows from the individual conservation laws for kinetic energy and vorticity.

To first order in e the functional A (¥) will be written as follows:

A(D) = AW) +¢ [ [0 Vo + V2C' (-V2)] av. (4.24)
Now, by the relation
V- V¢ =V (yVe) - V?9,

and by the divergence theorem

/v V- ($V)dV = /S ¥V AdS = 0, (4.25)
we have
A) = A@)+e /v [~9V%6 + V26C!(~V*w)] aV
= A(W)+e /V [C'(-929) - v V3¢V, (4.26)
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where the S denotes the boundary of the volume V. The functional A (¥) will be

stationary for any function ¢(z,y) when ¥ = 9 if the function C is chosen so that
C'(w) = ¢(w). (4.27)
Then by Taylor expansion of the vorticity function in the equation (4.22),
C(-V?¥) = C(-V*(y +€¢))
= C(=V*) +C'eV?+ %C"e?(V?(ﬁ)? + o(€?). (4.28)
The functional A (¥) will be written as follows:
A(W) = A(¥) + 3¢ Bl0) + o), (4.29)

where the functional B(¢) is given by

B(¢) = /V [IWP - ﬁ(V'-’o)‘~’ dvV. (4.30)

dw

Because A (V) is constant, for all time the functional B(¢) is equal to its initial value
in the linear approximation. The Arnol’d stability thecorem can be summarised as
follows; the magnitude of the perturbation |©| can only increase when it contrives

to keep the value of B(¢) small [4], [48], [10]. Thus an unstable normal mode ¢ =
|¢|e’t, when Real(o) > 0, must satisfy B(o) = 0.

4.2.2 Global stability criterion in two dimensional vortex

flows

Now we consider the functional in the previous section
dy: N
B(o) = [, |IVoP - (w0 av.
1% dw
expressing the disturbance ¢ (see the section 4.3) as

¢ = aa(t)Ha(x)y)a (431)

where the Greek subscript « is used for summation — i.e.

a0 (1) Halz,y) = i anHa(z, ).
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For a steady flow ¥ = H,,, the functional will have the form as
d
Bo) = [, |6k - ever] av

1

_ 2 2 4 2

—/v[a/\HHH —)\Qa/\HHH]
)‘2 2 2

- /V(1 % 2o )02 A2 || Ha |24V (4.32)

Each term of the functional will have a positive or a negative value according to the

ratio %:—1 If we separate the functional with the positive and the negative terms and
make it zero as follows:

2

/\ 2 2
B(¢) = /V<1—A )2 X2\ Hal [PV

- 2/ 2/\2||H |12V
+ Z / Va2 X2 || | P dV
= 0. (4.33)

The above equation is a necessary condition for a perturbation ¢ to be destabilis-
ing. Although (4.33) does not provide complete stability information, nevertheless
some interesting conclusions can be drawn. Since the first sum is positive and the
second negative, terms from each must be present to satisfy the equation. Thus a

destabilising ¢ must contain some positive H,, components with n < m and some

negative with n > m.

In the next section, we shall use a normal mode analysis in order to find the exact

stability boundary.

4.3 Nonlinear evolution of flow

In this section we consider the time-evolution of non-steady flow. We derive a system
of ordinary differential equations for the evolution of the Fourier coefficients in the
normal mode expansion of the stream function. Then we use these equations to give

the general condition for steady flow and to show that single Fourier-component

flows are stable.
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A general velocity field u can be represented with the stream function

u=Vyx 2, (4.34)

and the stream function 1 can be expanded in terms of Fourier components,

¥ = aq(t)Ha(z,y). (4.35)

The vorticity equations are obtained from the Navier-Stokes equations as follows:

Ow

Substituting (4.34) and (4.35) into (4.36), we have
ao () N2 Hy + ag(t)an(t)\a[Hq, Hg) = 0. (4.37)

By taking the inner product of the above equation with the eigenfunctions H,, and

by the property of orthogonality, we have

a"ﬂl(t)/\znl|I_Im”2 + /\ngaﬁ Qqalp = Oa (438)

where

Mipnap = /r Hiu[Ha, Hg)dl. (4.39)

The above system of ordinary differential equations were numerically integrated in

time using the NAG routine D02BBF. At each calculation step we checked the total
kinetic energy AFE,

1
AFE = §p/ru~udl“
_ ! /(wxa) (V4 x 2)dT
B 2p r z
_ 1. 2
= 50 /F |2, (4.40)
and the total vorticity 2,
Q = [(-VX)dl
[=v*)
= M\ [ ¢dl
/F Ydl’, (4.41)

in order to ensure the energy and the vorticity conservation.
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4.4 Steady flow

4.4.1 Derivation of the steady-flow condition

From the nonlinear flow evolution equation of flow (4.38) it follows that the condition

for steady flow is

A2 Map a0 = 0, m=1, 2, 3,.... (4.42)

Clearly the coefficient M, 4p is antisymmetric in o and S so (4.42) can be written
in a more symmetrical form. Interchanging the dummy indices o and 3, obtain
/\iMmagaaaB = /\%Mmgaagaa
= —)\%Mmagaaaﬁ. (443)

Thus the equation (4.42) can be written as

(A2 = A3) Mpapaq(t)as(t) = 0, m=1, 2, 3,.... (4.44)

One obvious solution of (4.44) is

{ai = ¢ (a constant) when i = k,
a; =0 when ¢ # k,

i.e. a flow consisting of just one Fourier component. In this case, w = —\24. For a

flow consisting of just two Fourier components a; and a; say the condition for steady

flow becomes

(A} = M) Mpngjas(t)a(t) =0,  m=1,2,3,..., (4.45)

which is satisfied only when A; = );. Such repeated eigenvalues could occur for
example in a square cell. Generally speaking, however, there seem to be no simple

solutions for an infinite number of non-zero a,.
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Figure 4.2: A typical unsteady oscillation of d(t) in a rectangular container, where

the initial disturbances a; = a; = 0.01m/sec and ¢, = 1000 sec.

4.4.2 Periodic flows

A more general question is the existence of periodic solutions. It is convenient to

define a norm for the vector A = (ai, ag, as, ..., a,) of Fourier components by setting

=

2

A0I= | o) (4.46)

In order to test for periodic solutions we investigate the difference magnitude d(t) =
|A(t) — A(to)|, where t, denotes a fixed time after the initial transient behavior
during the wave oscillation. When we apply an initial disturbance such as a; =
a; = 1072m/sec, a3 = ay...a, = 0, a typical oscillation of d(t) is shown in Figure
4.2. Figure 4.3 also shows an unsteady oscillation of d(t) with various combinations

of initial disturbances a, = ra;.

If d(t) = 0, it means that a,(t) — a,(to) = 0 for all n - i.e. the a,(t) are identical
with the a,(to) so the solution over the next time interval t — ¢y will be a repeat of
the previous one. This establishes that the solution is periodic. We calculated d(t)
for only the first 6000 seconds on account of numerical error. At least one of the

solutions in figure 4.3 (when r = 0.2) appears to be periodic.
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Figure 4.3: An unsteady oscillation of d(¢) where the initial disturbances a; =

0.01, a; = raym/sec and t, = 1000 sec.

4.4.3 Linearised stability analysis of single-component flows

Suppose that a; = 1 so that the basic flow is VHy x Z and let the remaining a, be

small perturbations. The linearised form of equation (4.38) can be written
Nl HonPam (8) + %(Ai — A2) Mpkata(t) + %(Ai — A Mpakao(t) = 0. (4.47)
It is shown in Appendix I that M., is antisymmetric in each pair of suffixes, so
(X5 = A) Mimakaa = (O = A2) Mimkata.
Thus we can write

Al Hinl[Pam () + (Af = A3) Mmkata(t) = 0. (4.48)

Now if we define
bo = (A} — A2) Ga; (4.49)
equation (4.48) can be written in the form

Al | Ho[?
(A—Q__Ti)bm = Mmkaba, (4.50)
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The final form of the evolution equation is

Ambm = Smabaa (451)

where
_ A2 Hul?

A'm. - ()\7271 _ A%)) Sma = mka-

We can view (4.51) as a matrix equation
Ab=Sb

where b is the vector of perturbed Fourier coefficients, A is a diagonal (and hence

symmetric) matrix and S an antisymmetric matrix. The growth rates are the eigen-

values of the generalised eigenvalue problem
Ax = A\Sx,

which are purely imaginary [34]. The instability growth is proportional to e,

and since all A are purely imaginary there is no exponential growth. We conclude

therefore that single-component flows are stable.

In order to confirm the analytical result, we calculated the eigenvalues numerically.
When a large number of modes are involved it will take much time to find the
eigenvalues so we calculated only the first ten modes in each direction using the NAG
routine FO2AFF. High-frequency modes in any case are more strongly damped. The

numerical results also show that the eigenvalues are purely imaginary.
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4.5 Conclusion

In this chapter, we showed single-component flows are steady, but it is not clear
that any flow with more than one Fourier component is steady except in the case of
repeated eigenvalues. We have also derived a global stability criterion by Arnol’d’s
stability theorem. Arnol’d’s stability theorem gives some insight into the stability
of a single-component flow but not a complete picture. A non-linear evolution
equation is derived for multi-component flows. Numerical integration shows that
periodic flows exist, but with quite long periods. The non-linear evolution equation

can be used to derive conditions for a general steadyv flow.

Finally, we have shown that a single-component flow is stable. Hence any hydrody-

namic instability must be due to interfacial effects.

In the following chapter we investigate interfacial instability between two liquid

layers which is our main interest.



Chapter 5

Wave evolution equations

It is well known that disturbances can grow at the interface in aluminium reduc-
tion cells. The steady velocity difference is one of the main destabilising factors,
as reviewed in Chapter 2. In this chapter, in order to investigate the interfacial
instability, we shall formulate the wave evolution equations with the normal mode
method. A simulation program is developed to follow the evolution of the interface
using the wave evolution equations. The code is verified by reproducing gravity

wave modes and by confirming energy conservation of the perturbed system.

5.1 Physical and mathematical simplifications

Some physical and mathematical simplifications are inevitable to formulate the sys-

tem equations, as is usual in most analyses. The following simplifications are adopted

in our model:

e The cell geometry is rectangular as shown in Figure 1.3. The cell geometry
is not simply rectangular but includes a frozen ledge as shown in Figure 1.1.

This assumption is essential to formulate system equations analytically.

e The gaps between the anodes are neglected. The current and magnetic fields
are not ezactly uniform in most cases. Sometimes, we assume a uniform

magnetic field to simplify the numerical calculations.



48

e The basic flows are known and steady. The basic flows are driven by the sta-

tionary electromagnetic forces in the cell and can be obtained from experimental

data or numerical simulations.

e The flows in both liquid layers are incompressible. Both liquid aluminium and

cryolite are almost incompressible.

e The vertical component of rotational velocity is small. Because of the strong
turbulence, there is efficient vertical transport in a cell. We ignore the de-
pendence of the rotational velocity in the vertical direction and consider only
variations in the horizontal direction as the aluminium and the cryolite layers

are relatively thin compared with the cell length and width .

e Viscosity is negligible. This is acceptable as the dynamic viscosity term is
much smaller than other physical terms such as pressure, inertia and magnetic
forces. However, the boundary effect is used to estimate a frictional damping

in this thesis by a model introduced by Moreau [51].

e The bubble induced flow is neglected. It can influence the flow in the cryolite

layer [87]. However, we will ignore it to simplify our analysis, and it would be

very difficult to estimate.

5.2 Normal mode analysis

In this section the system equations will be obtained from the linearised equations
of the motion, the interface boundary condition and the vorticity equations. The
normal mode method will be adopted to formulate the wave evolution equations in
terms of eigenfunctions which satisfy the lateral boundary conditions. The velocity
field is decomposed into rotational and irrotational terms, which can be expressed
in terms of a stream function and velocity potential respectively. Then we shall
substitute the velocity perturbation into the equation of motion and the interface
equation and make use of the orthogonality of the basis eigenfunctions in order to

obtain scalar equations. Finally, a system of ordinary differential equations for the

eigenfunction coefficients will be obtained.

The steady velocity difference causes a pressure difference at the interface between



49

two liquid layers, which disturbs the flow in the cell. Thus the steady pressure terms
will be included for the continuity of the pressure at the interface. We integrate

numerically the wave evolution equations forwards in time from an initial equilibrium

state, where the steady velocity is zero.

5.2.1 Eigenfunctions

As is usual in the normal mode analysis, the eigenfunctions E,(z,y), n = 1,2, ..., of

the eigenvalue problem
V?E + ME =0, (5.1)
VE -fi =0 on lateral boundaries, (5.2)

are chosen as our basis functions, satisfying the same lateral boundary conditions as
the velocity field. The eigenvalue corresponding to E, is denoted by A,. The basis

eigenfunctions E,, satisfy the following orthogonality relations:

[, EnEndody = Sl |Enl[* = 1w,

[5 VE, - VEmdzdy = SmnX2||Enl|? = A2 || Eml |- (5.3)

In a rectangular cell, E,, are chosen as

NgTT  NyTY
E, = cos == cos -~
a b

Then, the interface displacement can be expanded in terms of the F, as:
n=" (t)En, (5.4)
n=1

where the 7, (t) are functions of time, which we call wave evolution coefficients. We

adopt the usual assumption of linear wave theory that 1 is very small, compared

with the wavelength.

5.2.2 Velocity perturbation

In general, the Lorentz force is rotational and therefore so is the fluid motion in a

cell. It is useful to decompose the velocity perturbation u into a rotational term u,
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which is purely horizontal and an irrotational term u,. The velocity field u, can be

expressed in terms of a velocity potential ¢ and u, in terms of a stream function ¢

mathematically as follows:
u = up+u,
= Vé(z,y,2)+Vi(z, y) xz. (5.5)
The boundary conditions for the ¢ and the v are summarised as:

Vi = V-u,=0, % = 0 on solid boundaries,

V%) = —w,¥ =0 on lateral boundaries. (5.6)

For the aluminium and cryolite layers, since u and u, are both solenoidal we have

Vit =0, (i=a.c).

Also on the solid walls, the boundary condition are written as:

=0,¢'=0.

on

The ¢* are both specified uniquely since they must satisfy the kinematic boundary

condition, '
09" .
on g

on the interface. The velocity potential ¢ is chosen to have the following form:

6 = io 9a(2) En(2, 9)bu ()

def

= ¢aba(t), (57)
where the function g,(z) is chosen as:

o/ _ cosh X, (z+ h?)]
92(2) =\ Sinh (k)

cosh [\, (z — h9)]
Apsinh (A he)
to satisfy the vertical boundary conditions

9n(2) = —

g2(z) =g¢S(2) =1lat z=0,
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95(2) = gi(2)' =0at z = —h® or z = h®, (5.9)

where h® and h® denote liquid aluminium depth and ACD respectively (see Figure
1.3).

As we assume the vertical component of u, is small, we can expand the rotational
velocity field in terms of two dimensional stream function ¥ (z,y) as follows:
¥ = Ho(z,y)ca(t), (5.10)

where, in order to expand 1), we introduce a second set of eigenfunction

. MgTT | NyTY
H, = sin —= sin =2,
a b

satisfying
V:H + )\’H =0, (5.11)

H = 0 on lateral boundaries. (5.12)

Similarly, in steady state, the basic flow U and the steady vorticity €2 can be ex-

pressed in terms of scalar function U as follows:

U = VUxz

= UVH(z,y) x 2, (5.13)
Q = VxU

= UV x {VH(z,y) x z}

= —UV?H(z,y)z

= UNH(z,y)2. (5.14)

The steady velocity U is assumed to be constant in Ziegler’s work. The pressures
vary as $p°(v®)? in the aluminium and as $p°(v)? in the cryolite, so they cannot
balance everywhere on the interface because p* # p® and v® # v°. Thus, his compu-
tation begins with an initial pressure imbalance between two liquid layers. However,
in order to avoid the initial pressure difference, we increase the steady velocity grad-
ually from zero to a constant value for the transient period of 10 seconds as shown
in Figure 5.1,

U=U(1l—-e"), (5.15)

where the 3 is related to the acceleration rate. The value of U will be constant after

the initial transient period ty = O(871).
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Figure 5.1: The initial adjustment of the steady velocity.

5.2.3 Equations of motion

The first-order perturbation of the Navier-Stokes equations (see Section 3.2) is writ-

ten as :
Ou ~ ~
pE+ku+sz xu+ pwz x U
+Vpr —f
= 0, (5.16)

where k and f denote frictional drag coeflicient and body force respectively and the

pressure term pr is represented as:

pr=p+pU-u (5.17)

5.2.4 The pressure distribution of the basic steady flow

In order to formulate the pressure continuity condition at the interface we must first
find the zeroth-order pressure distribution. From Navier-Stokes equations for two

dimensional steady flows, we can obtain the pressure gradient term VP as follows:

p UV U= —-VP — pgz, (5.18)
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U2
p( € x U+V—2—) = —VP — pgz

U? ~
pN2YVep + V (P + p7> = —pgZ. (5.19)
Then integration of the above equation gives the pressure distribution as
_ P y22 2\ _
P=c 2()\7,0 +|Vd)|) pgz.

By the boundary condition ¥ = 0 at z = y = 2 = 0, when we take a single-Fourier

component flow ¢y = UH,, we have
P = Ry—5 (X" +|VuP) - pgz
- g_gUWVHﬁuvmﬂ—pw, (5.20)

where U is a constant and P, denotes the pressurc at x =y = z = 0.

The above equation represents the pressure distribution by the steady velocity field.
It is interesting to observe that the wave length of the pressure distribution is half
that of the velocity distribution because of the square terms in the above equaﬁon.
In the next section, this expression for the steady pressure P is needed to formulate

the pressure continuity condition at the interface.

5.2.5 The continuity of the pressure at the interface

From the continuity of the total pressure across the interface, we can write
P +p® =P+ ).
or
a C __ (& a
p* —p° =P - P". (5.21)

where p =the pressure perturbation and P =the steady pressure distribution of the

basic flow.

Using (5.20) we find that pressure continuity across the interface implies
(P* “)
_ 1 2 72 2
_5( (U9)?) (\2H? + |VH|?)
+(p*—»p ) (5.22)

a C

p—-p =

This equation gives the displacement of the interface necessary for continuity of

pressure.
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5.2.6 Scalar formulation

All the dynamic equations obtained from the previous sections are vector equations;
to obtain the scalar evolution equation for time-dependent coefficients b,,, ¢,, and

Nm, We take the inner product of the equation of motion with V¢, as follows:
p < 4,Vo, >+ <ku, Ve, >+p< Oz xu, Vo, >
+p < wzxU, V¢, >+ <Vpr,Vé,, > — <, Vo, >=0, (5.23)

where the symbol <> denotes the inner product in the domain V/,

<X,y >=/ x - ydV.
1%
The first inner product term p < u, Vg, > is written by the divergence theorem as:

< 0, Vém >=/VV-(1'1¢m)dV
- /F (1t - i) ¢l (5.24)

where 1 is a normal vector to the boundaries in the domain V. The only contribution
to the above integral arises from the upper and lower surface of the interface, I'*

and ', as u-n = 0 on solid boundaries. Thus, we have the result for each layer in

terms of the evolution variable i)m as follows:

p < ,Vén>=p [ (i) gmdl
)
. /F o (V6+99x2) - gl

As the second rotational velocity term is horizontal, it will vanish with the inner

product of the vertical vector n and only the vertical irrotational velocity term will
remain as follows:
< 0,V >= /g(w) ZGmdl
,0 I m - p r at m
= 1 [ Ba ba émdl
= # [ Ea(gn(0)En) dTb,

= 0gm(0) /F EoEmdTh,
= Pgm(0)5m0||Em|l2ba

= pgm(O)HEmllzbm- (5'25)
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The above calculation is obtained on the lower surface of the interface (aluminium
layer). This calculation applies to the aluminium layer where the outward normal
on the interface is z. In the cryolite layer the normal is —Z and the negative result

will be obtained. Thus, we use a variable - to represent the direction of integration

as follows:
p <, Vom >= 70Gm(0)||Enl[bm, (5.26)

where v* = 1 and v¢ = —1, which depends on the lower and upper surface of

interface, ' and I'*. Here we take n = Z by linearisation.

Similarly, we have the second inner product < ku, V¢,, > in terms of the evolution
variable b, as follows:

< ku, Vo, >= /V V- (ku) gpdV

- /F (ku - &) gpdl

= kg (0)ba /F EoEpdl

= 7kgm(0)mal|Eal[*ba

= 'Ykgm(O)HEmszm- (5.27)

The third inner product p < Qz x u,V¢,, > is written in terms of the evolution
variables b, and ¢, as follows:
p < QFxu,Vén,>= p/V(QE % u) - VormdV
= p[ (92 % 0)-V (gn(z) En) dV
v

= 9 [ {92 % (VhuEago + VeaHa ¥ 2)} - V (gn(:)En) V. (5.28)

By the separation of variables for the volume integration, this equation can be

expressed in terms of b, and ¢, as:
p < QExu,Vén >=p / Ja(2)gm(2)dz /F Q[E,, Ey]dTba
+p / gm(2)dz /F OVH, - VEndlc,
= P)\iUk Ima lekba
+pNUk G QP (5.29)

where the subscript k represents the basic steady flow configuration and the inte-

gration coefficients are defined in Appendix II.
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The fourth inner product p < wz x U,V¢,, > is written in terms of the evolution

variable ¢, as follows:

p < wixU,V¢m>=p/v(w2xU)-V¢de
- ) /V [(-V?) 2 x (UsVHix2)] - VndV
= 5 /V [(A2Haco) 2 x (UsVHix2)] - VmdV
= p /v (NUeHaVHico) - V (gm(2) Bm) dV

= pA2Uk G Q) ca. (5.30)

The fifth inner product < Vpr, Vé,, > is written in terms of the evolution variables

ba, ¢, and 7, as follows:

< Vpr,Vom >= [ Vpr: Vondv
1%
— /FpT(Vq&m-ﬁ)dF
- / prEmdl
r
- /r(p+pU~u)Ede’
_ 1 2 271712 2
= 5ol /F (A2HE + |VH[?) EmdD
+Pg||Ea”25ma77a
+pUkGa(0) Qrniba
+pUk Qi Ca, (5.31)
where the following calculations are used to obtain the integration coefficients:
_ 1 2 2172 2
/F pEndl = /F [ip(Uk) (VH? + |VH| )] Epndl
+ /F (pgn) Emdl
1
= o0 [ (MHE+|VHL) Epdr
+09 [ EaEndl7,
T

1
= 5o [ (NeHE+ |VH?) Bl
+09| Em|*Nm, (5.32)

U:-u = U-(u,+u,)
= (UyVHix2) -V (ga(2)Eqbs)
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+ (UxVH x Z) - (VHyc X Z)
= nga(z)[Eaka]ba
YUV Hy - VHeca. (5.33)

Finally, the last inner product < f,V¢,, > is written in terms of the evolution

variable 7, as follows:

< f,Vo¢,, >
= < fManm Vd)m >
= [ fita" VéndVna
_V
= Gma Tay (534)

where

GmOl = < fMon V¢m >
- /V frra - VémdV,
froe = Ja X B. (5.35)

The fys, and the j, denote the current perturbation and the magnetic force due to
the o’th mode of the interfacial wave respectively. By combining the above results,

we have the first of five evolution equations:

Amb, + Bmbs, + Crmabl + Dimabf,
+Emacg, + Fmacg + Gmana +Qm = 0. (536)

The coefficient matrices in the above equation are listed in Appendix II.

5.2.7 The interface boundary condition

The kinematic condition on the interface is considered in this section. The vertical

velocity of the fluid particles on the interface satisfies:

Dn
=0 = Py
= n+U.Vn, (5.37)
and
u -_ %
=07 5,

= Eqbs. (5.38)
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Thus we have

Eb, = n+U-Vp

N+ (UsVHgxz) - VE,n,
= EuNo + Uk|Ea, He]Na, (5.39)

where the square bracket [A,B] denotes a Jacobian.

By the orthogonal property of the eigenfunctions E,,

be / E,Endl = 1, / E,E,,dl
T T
+Us [ [Eay HeEmdT'ne,

or
Em!1bm = || Eml[im + Ux Q%) 7.

Dividing both sides by ||E,,||?, we have the interface equations as follows:

. 4
bm = llEmI|2Q£ank a- (540)

From the above equations, we can obtain the second and the third evolution equa-

tions in terms of the variable b,, and 7,:

be (Uk )

bm— m = HE H2 Qmak Nas
b = T + T @kl
||E ||2 el
or
bfn = bgn - Hmanaa (541)
Thm + Imana - bfn =0. (5.42)

5.2.8 The vorticity equation

The perturbation of vorticity can be obtained by taking the z-component of the curl
of (5.16) as follows:
ow

§+kw+u vQ+U- Vw—;(fo) =0, (5.43)
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where

u-VQ = (u+u) YV (\RUH)
= V(ga(2)Eaba) - V (MU Hy)
+(VHaca x 2) - V (NULHy)
= 9a(2)AiUyVE, - VHb,
—A2Up[H,, Hica, (5.44)

U-Vw = U-V(\2Hec,)
= (UxVHi x 2) -V (A Haca )
= )\iUk[Ha,Hk]ca- (545)

Taking the inner product with the eigenfunction H,,, we have
. k
Ml Honl|? €1 +’\z,—0'”HaH26maCa
+ G0 XULQY) b
(/\2 - /\2) U:QY) cq

- Qmana = (5.46)

Finally we can obtain two additional evolution equations as follows:

Jmé(rln + Kmab?x + Lmacg + Mmana = 0, (547)
Jmcvc'n + Nmabfx + Omacg + Pmana = 0, (548)

where the wave evolution coefficients are listed in Appendix II.

5.3 Wave evolution equations

As a result, we have the wave evolution equations for the five sets of unknown

variables b2,b¢, c2, ¢ and 7, in the aluminium reduction cell as follows:

Amb® + BpbS, + Crmab? 4 Dbt

+Emacg + Fmacca + Gma"?a +Qm =0,

bfn = by, — Himaa,

m
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ﬁm + Imana - bfn = 0,
In€e + Kmab® + LinaCs + Mpana = 0,
Iy + Nmabg + OmaCl + Prane = 0. (5.49)

The first set of equations are obtained from the linearised Navier-Stokes equations,
the second and the third from the interface equations and the last two sets from the
vorticity equations. The second equation (5.49) can be used to eliminate b and b,

in the above equations. Thus we can reduce the number of the equations as follows:
Amb% + B (02, = Hinatla) + Coualts + Do (b — Hinla)

+Enace + Frnach, + Gmala + Qi = 0.

']mc;ln + Kmabg + Lmn(‘:ll + -‘jrnana = 0,

Jmcfn + Nmk (bz - chn'r]a) + ()mn(':, + I)mana = 0,

ﬁm + Imann - [",',, = 0. (550)
Sometimes, it is convenient to write the above equations as 4m x 4m matrix form
as follows:
 (Aa+Ba)dma 0 0 ~DBuHu | [ &2 ]
0 JaOma 0 0 e L
O 0 ']()0.”1(1 () C‘a
L 0 0 0 e | | o |
[ . 7
(Cma + Dma) Ema qu (('mu - Dmkan) bZ
Knma Lo 0 Mina C‘é
Nma 0 Omo (Pmo - JmGHkn) CE
| b 00 Ima I e
[ )
Qm
0
0
L O .
or simply we can write
X = AX + B,

(5.52)
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where the coefficient matrices are:

r -1
(Ag + Bo) bma 0 0 -BpnHpna |
0 JaOma 0
A = - 0 %
0 0 JoOma 0
i 0 0 0 Oma |
[ (Cma + Dma) Ema Fma (Gma - Dmkan) ]
Kma Lma O Mma
Nma 0 Oma (Pma Nmkan)
| —bma 0 0 Ima |
- =1 ¢
(Aa + Ba) 5ma 0 0 _BmHma Qm 1
0 JoOma 0 0 0
B = - . (5.53)
0 0 JaOma 0 0
I 0 0 0 Oma 1 1 0 |

The above wave evolution equations are linear, but have time-dependent coefficients
because of the initial adjustment period for the basic flow. Thus, we are unable to
use an eigenvalue analysis to obtain the wave growth rate. Only the time integration

method is possible to investigate the instability.

5.4 Verification

The wave evolution equations obtained in the previous sections were integrated
forward in time by the NAG routine DO2PDF and the Numerical Recipes routine
RK4 in Fortran [61]. We found the critical steady velocity such that the interface
displacement just becomes unstable. When we use a typical cell shown in Chapter 5
with a single-eddy steady flow, the critical steady velocity of 0.23 m/sec is obtained
(with two eddies, 0.24 m/sec). It is of the same order as those that are measured in
industrial cells [85]. In order to minimise the numerical error, we use the integration

step 0.05 sec in this thesis. The critical steady velocity is changed according to the

integration step as follows:
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Integration step (sec) Critcal steady velocity (m/sec)

0.01 0.23
0.5 0.23
0.7 0.22
0.8 0.2

1.0 0.19

A detailed description of the scheme will be given in Chapter 6.

To verify our model and its implementation, we first will recover the natural fre-
quencies for a cell under the gravity force by letting the steady flows be zero. These
results will be compared with Urata’s analytic calculation. Segatz (see [67], [65] and

[66]) used a similar verification without Lorentz forces for his model.

Secondly, we check the total energy to confirm energy conservation and the energy

exchange between the kinetic energy and the potential energy when there is no

damping term.

Finally, we calculate the energy dissipation by the frictional damping in order to

compare it with the total energy loss during the perturbation process.

5.4.1 Gravity wave period

It is well known that an internal gravity wave arises at the interface between two
liquids having different densities. As the difference of both densities is small, the
long period oscillation may be expected. By neglecting viscosity of both liquids and

the electromagnetic forces, the period T is derived from the dynamic equations as

follows:

- %\] p° coth (khe) + p¢ coth (khe) (5.50

kg (p* — p°) ’

[z &2
k=1 + 5 (5.55)

The above simple calculation indicates fairly good agreement with the observed

where the wave number:

periods in a real cell. The slight discrepancy is due to neglecting the effects of the

electromagnetic forces, the basic steady flow of the liquid metal and cell geometry.

Using the above equations, the pure gravity wave period T of a typical cell used in
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Figure 5.2: The total energy conservation, where h; = 0.2m, hy = 0.04m, p; =
2270kg/m, p, = 2088kg/m and the initial interface displacement 7, = ... = 7, =
0.001m.

Chapter 6 is analytically estimated as follows:

a C (4
T = 9 p°® coth (khe) + p¢coth (kh®)
\ kg (p* — p°)
_ o, |2270coth (1.03574 x 0.2) + 2088 coth (1.03574 x 0.04)
N 1.03574 x 9.8 (2270 — 2088)
= 36.26,

where the wave number k of (1,1) mode is calculated by

k2 k2
k=7T§+332!‘

= = -}-L
- "7 T 33

= 1.03574.

The period of 36.26 sec shows a good agreement with our numerical result 36.4 sec.

5.4.2 Energy conservation

In order to confirm energy conservation and the energy conversion between the

kinetic and potential energy, we check the total energy at every calculation step



64

0.0030 [T I R T e

Dissipated Energy

0.0020

Total Energy (Nm)

0.0010

LIS U R L L L L L (L L B L AL

Illlllllllllllllll

Total Energy

o©
o
o]
o
S

1

0 100 200 300 400 500
Time (sec)

Figure 5.3: The energy dissipation by the frictional damping force, where h_l =
0.2m, hy, = 0.04m, p; = 2270kg/m, p; = 2088kg/m, =1 and the initial interface
displacement 7; = 7... = 7, = 0.00lm. The steady velocity U* = 0.2m/sec,
U° = 0.1m/sec and the initial adjustment period 10 sec for the basic steady flow are

applied.

without any damping terms. Figure 5.2 shows the energy conservation during the

perturbation with an initial disturbance.

5.4.3 Energy dissipation by the frictional damping force

The energy dissipation is also checked with the frictional damping term. We consider
both the rotational and irrotational velocity terms. The total dissipated energy must
be equal to the initial perturbation energy. The dissipation rate Ry by the frictional

damping force is written as follows:
Ry = / (ku) - udV
= [hup-upav + [ku, - uav +2 [ ku, - uay,
= /ku,, ‘updV + /kur -u,dV
= R,+ R, (5.56)

where the inner product of the rotational and the irrotational term [ ku,-u,dV = 0.
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Then the dissipated energy AFE, is written as

AE; = / Rudt, (5.57)

where the irrotational term R, and rotational term R, of the dissipation rate are

calculated as

R, = k /V u, - u,dV
- /V Vé-VodV
= & | [{0:0m(2)Y" + gm(2) M) EZ 4V
— 2 2412 2 2
= & [[{8:9m(2)}* + gm(2)*A2)dz [ ERdTEE

= & [[{0:9m(2)}* + gm(2)X2)dz| ] 82,

= k{T,,. (2) + X2, Gmm (2)}|Em||?62,, (5.58)

R, = kh/vu,-u,dv
- kh/F(Vz/) x 2)-(Ve x 2)dT

= khX\? 2dT
2 [ 1wl
= khXZ ||Hp,||%c2,. (5.59)

Figure 5.3 shows the initial perturbation energy and the energy dissipated by the
frictional damping force. The initial perturbation energy should exactly equal the
total energy dissipated during the frictional damping process. It is interesting to
observe the energy increment during the initial transient period (10 seconds), as we
gradually increase the steady velocity from zero to a constant value. Even after the
transient period, we can observe occasional temporary energy increases. It seems
to be the main reason that kinetic energy is transfered from the steady velocity
field by the interfacial mechanism continuously. Thus, when the steady velocity is

increased beyond the critical speed, the system will be unstable due to the kinetic

energy transfer.

Figure 5.4 shows the basic steady flow configurations used in our numerical calcu-

lations. Unless otherwise specified, we use the basic flow configuration (1,1) in this
thesis.
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Chapter 6

The Kelvin-Helmholtz and

pressure driven instabilities

The K-H instability has been previously discussed by some authors (see Moreau &
Ziegler [52], Pigney [57) and Wang [83]). The steady velocity of the basic flow is a
main concern in the above analyses, while other studies have been more concerned

with instabilities driven by the electromagnetic ficlds. such as the current instability.

There exist strong circulation flows in the aluminium reduction cell, which are driven
mainly by electromagnetic forces. The average velocity of the steady flows depends
on the various cell design and operating paramecters. and is normally about 0.1 -
0.2m/sec. It is much slower in the cryolite laver because of its relatively weak elec-
trical conductivity and higher viscosity [83]. This give rise to a velocity discontinuity
at the interface and the K-H instability.

In this chapter, we review a simplified K-H instability model, then discuss our model
which is formulated with the normal mode method in Chapter 5. The former shows
the K-H instability mechanism clearly in a two dimensional infinite cell, while we use
the three dimensional cell model with vertical and lateral boundary conditions to be
more realistic. Both models confirm that the magnitudes of the steady velocities,

the ACD and cell geometry are crucial factors.
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5.5 Conclusion

A coupled system of ordinary differential equations are formulated with the normal
mode method and verified by reproducing the gravity wave mode and by confirming
the energy conservation. In the next chapter, we shall investigate the dynamic be-
haviours of the interface in the view of the K-H instability mechanism by calculating

the critical steady velocity with the simulation program formulated in this chapter.
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Figure 6.1: A simplified K-H instability model.

6.1 A simplified K-H instability model

We shall consider one dimensional flow in two liquid layers with the different hor-
izontal velocities, which are bounded by parallel plane walls as shown in Figure
6.1. There is a discontinuity in the velocity at the interface z = 0. We assume an

interface perturbation 7 represented by

N o= e
— noei(lz—wt)’ (61)

where 7, is a constant, [ is the horizontal wave number and w is the angular fre-

quency.

The linearised perturbation in each layer to the Navier-Stokes equation is

Ou,
Pj (8—; + Uj@:,;llj) + kjllj = ij, (62)

where the index j represents the layer, U; denotes the basic steady flow, k; is the

drag coefficient and p; is the pressure perturbation.

We assume u; and p; to be proportional to eX:

u; = Uj (z)ei"i,
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p; = g;(2)€X. (6.3)

By applying the following boundary conditions, u, = 0 on the solid / liquid bound-

aries
o) _
0z ) ,_ " ’

Op2 —0
0z ) ,__p, ’

and the interface condition,

_ Dn
Y= = D
on
= a +u;- VT)
= —i (w - Ujl) n, (64)

to the above equation, we finally obtain the following two instability criteria in terms

of the velocity difference AU at the interface [83):

AU? > (p2C2 + p1Cy) A pgl (k2Co + k101)2
- 12G,C [CICZ (p'ka)? + C1Cs (p2k1)* + prp2 (k1C1)° + prpo (k202)2] ’

4 (pQC2 + Plcl) A pgl + (kgC2 =+ k101)2

AU? >
vtz 412p,p2C1Co ’

(6.5)
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where

__cosh(lh,) __cosh(lhy)
"7 sinh(thy)’ ? "~ sinh(lhy)’

Both criteria must be satisfied for a cell to be stable as shown in Figure 6.2. They
show the K-H instability can occur even between the same liquid layers, when p, =

P2-

Normally, the first criterion is more important than the second. It is also interesting
to observe that the first criterion does not depend on the drag coefficient greatly,
while the second does as shown in Figure 6.3. Though this model is not enough for

real applications, it shows the K-H instability mechanism very simply and clearly.
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6.2 Normal mode method for the K-H instability

in aluminium reduction cells

When we neglect the electromagnetic fields, the wave evolution equation can be
written as follows:

[ (Am + B)6me O 0 —BuHma | [ 02
0 Jnbma 0 0 Ja |
0 0 Jnbma 0 é
i 0 0 0 Oma 11 Na )
[ (Cma + Dma) Ema Fma (Gma - Dmkaa) W ' bz \
_ Kma Lma 0 Mma Cg $
Nma 0 Oma (Pma - Nmkaa) ﬁ Cccz
i _6ma 0 0 Ima ] L'rla )
Qm
0
- 3 (6.6
0 )
| 0]

where all the coefficients are the same as shown in Chapter 5.

The model developed in Chapter 5 is employed for the hydrodynamic instability in
an aluminium reduction cell. Current perturbation effects are not included in this
stage. As one of most important results in this research, two different hydrodynamic
instability mechanisms will be introduced. The first mechanism, which was studied
by Ziegler, shows that instability is possible even when the velocity difference = 0.
This must be due to the density difference between two liquid layers, and seems to

be generated from the steady pressure difference at the interface (see Section 5.2.4).

However, the second mechanism known as the K-H instability is due to the velocity
difference between the liquid layers and is much stronger. It occurs between the
liquid layers of the same density, if there is a steady velocity difference. The cell
instability is determined by a complex interaction of both mechanisms. We include
the above two mechanisms in our model. Various design and operation parameters

such as ACD, liquid metal depth, cell length and steady flow pattern are investigated
in this chapter.
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6.2.1 Instability threshold

In Ziegler’s work, the instability of a cell is measured by an alternative form of kinetic
and potential energy of the system expressed in terms of the Fourier coefficients. The
total perturbation energy is a useful indicator of instability growth when an initial
disturbance is applied at the interface, which is affected by the steady velocity of
the basic flow in the interfacial mechanism. The system can be perturbed without
the initial disturbance because the initial pressure imbalance causes the interface to
grow immediately. However, in our perturbation we apply the initial disturbance as

it is necessary to check the critical velocity with an instability threshold.

The system is deemed unstable if the perturbation energy increases over the thresh-
old during the simulation and stable if it decreases or does not change. Ziegler
assumed a cell to be unstable if the energy is 100 times greater than that calculated
from the initially given perturbation to the interface. The simplified energy form
was evaluated using square terms of all the coefficients. The initial perturbation

was applied to the interface displacement 7, not to the velocity fields.

In our model, we are going to take a slightly different formulation from Ziegler’s. We
calculate the exact values of the perturbation kinetic energy AK F and the potential

energy APFE for the irrotational velocity, the rotational velocity and the interface

displacement terms as follows:

AKE = /Vp{(U+u)-(U+u)—U-U}dV

p/v(2U-u+u-u)dV

= p/V{QU “(up+u,) +up-u, +2u, - u, +u, - udV. (6.7)

As [y up - u.dV = [, U-u,dV = 0 in the above equation, when we take a steady
flow U = Uy VH, x z, we have

AKE = p/V(zu.u,+u,,-u,,+u,.u,)dv
= p2Uker /V VH, - VHydV + AKE, + AKE,

= p2Ushck /F VH, - VHydl + AKE, + AKE,
= p2Urh)i||Hi||*cr + AKE, + AKE,, (6.8)

where the kinetic energy perturbation terms for the irrotational and the rotational



velocity are written as
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AKE, = p /V u, - u,dV
= p / Vé-VedV
\4
= 5 [ [{8.92(2)}" + 9a ()2 X2} EZB2 AV
= p/[{azga(z)}2 +ga(z)2/\i]dZ/PE§dei
= p [[{8:90(2)}* + ga =)22]del | Eal P82, (6.9)
AKE, p/ u, - u.dV’
\4
ph /F (Vo x 2)-(V x 2)dT
= ph)l 241
o)L [l
phAL||Hal 5. (6.10)
APE = (p"=p)g [ ndV
(0" = )9 /r /” ndndl
1 ‘ ,
5" - p‘)y/rn'dl“
1 ,
50" =g /I EZdTn
1 ‘ ,
5(0" = P9Il Ealrc. (6.11)
Thus we have the total perturbation energy AFE as:
AE = AKE + APE, (6.12)

while Ziegler took a pseudo-energy term which is roughly approximated from the

wave evolution coefficients to simplify the calculation [85]. His energy term is a little

far from the exact value of the perturbation energy.

In our simulations, we adopt Ziegler’s threshold and assume a cell to be unstable if

the perturbation energy AFE is 100 times greater than that of the initial perturbation.

The initial perturbation of 10~3m is given only to all the coefficients associated with

the interface displacement 1 (7 = 72 = ...n, = 0.001m) while others are assumed
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zero (by = by = ...b, =0 and ¢; = ¢, = ...c, = 0). If the perturbation energy is 100
times less than that calculated from the initially given perturbation to the interface
or the simulated time exceeds 1.5 hours without the above divergence occurring, the
system is considered to be stable. According to our simulation, Ziegler’s assumption
for the instability threshold of 100 times greater or less than the initial perturbation
energy looks reasonable, since the critical velocity is quite insensitive to the value
of this threshold. Using a threshold value of 500 or reducing it to 20 makes no

measurable difference.

When the configuration is stable, the steady velocity is incremented, the initial
conditions reset and the process repeated in Ziegler’s calculation. However, in order
to find the critical steady velocity more conveniently, we use a bisection method in
our simulations. We use an initial interval [0.1, 0.4] m/sec for the steady velocities
and bisect until the error is less than 1073m/sec. Thus we can simply vary the

parameters gradually to plot the relationship to the critical steady velocity.
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6.2.2 Wave modes

In Chapter 5 we derived the following wave evolution equations:
X =AX +B, (6.13)

which are solved by the NAG routine DO2PDF or the Numerical Recipes RK4 [61].
The elements of the matrix A and B are listed in Chapter 5. The wave Fourier
expansion is truncated to 120 modes in total from 0 to 10 in the z-direction and
from 0 to 10 in the y-direction respectively, as shown in Figure 6.4. The mode (0,0)
is not included. The higher frequency waves are quickly dissipated by viscosity,
so do not affect the long period stability seriously. However, generally speaking,
the more wave modes we take in each direction, the greater opportunity for cell
instability. Thus we would expect the critical steady velocity to decrease somewhat

as the number of modes increases.

The following table shows the critical steady velocity vs. number of modes in a

reduction cell:

Number of modes Critical steady velocity

24 0.228m/sec
48 0.227m/sec
63 0.227m/sec
80 0.227m/sec
99 0.227m/sec
120 0.226m /sec
224 0.226m/sec

It is interesting to observe that the above result shows that high frequency waves

less than a wavelength of 1m do not affect the K-H instability significantly.

6.2.3 Cell dimension and operation parameters

The cell dimension and operation parameters used in this thesis are as follows, unless

specified otherwise:



7

Cell length a="77Tm

Cell width b=3.3m
Anode-cathode distance ACD = 0.04m
Aluminium liquid depth A% = 0.2m
Density of aluminium  p® = 2270kg/m?
Density of cryolite p¢ = 2088kg/m?
Drag coefficient a=1

Basic flow configuration (1,1) or (2,1)

6.2.4 Steady flow pattern

Ziegler (1993) took the steady flows in both the aluminium and cryolite layer as

expressed by the following stream function:

¥ = 1, sin (k,mx) sin (Eﬂ) ,
a b

where k; and k, are positive integers which determine the number of steady eddies

in a cell in the z and y direction respectively. As his analysis assumes that both the

layers have the identical velocity fields,

Yo = Yo (6.14)

no K-H instability is present.

Wang (1996) also assumed identical flow patterns but of different magnitudes, taking

Yo = Ta;
1 a
= Lut (6.15)

The exact value of the velocity difference ratio r4 is difficult to measure in real cell.
Wang’s assumption [83] is based on the fact that the velocity field in the cryolite
layer is much smaller than that in the aluminium layer. The discontinuity in the

velocity fields at the interface will give rise to a K-H instability when 1), attains a

certain critical value.

We adopt Wang’s assumption r4 = % unless otherwise indicated. The effect of the
velocity difference on the critical steady velocity is shown in Figure 6.5. We hold °

constant so that

P — 9 =91 - rq)
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initial interface displacement 7;=10"*m is applied.

and the velocity difference varies from ¢* to 0 as ry increases. Hence generally
K-H instability decreases with r4. The one-eddy curve shows the K-H instability
between 74 = 0.7 and r4 = 1.0. However, the two-eddies curve does not leap up near
rq = 1. That is not easy to explain because of some complicated interaction with

the pressure-driven instability.

We also impose a gradual acceleration of the steady flow in order to avoid an initial
pressure difference between the liquid interface due to the steady velocities of both
the layers. The steady velocity becomes constant after the initial acceleration for
to=10 seconds as shown in Figure 5.1. We apply the perturbation to an initial

equilibrium state, which is theoretically very important in our instability analysis
(see Section 5.2.2).

6.3 Operation and design parameters

In this section, we discuss effects of some operation and design parameters in the

aluminium reduction process. Notwithstanding our complicated formulation of the
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Figure 6.6: A typical interface displacement under a one-eddy basic flow

wave evolution equations, the numerical simulation results give us reasonable predic-
tions for the interfacial instability, which are mostly found to be physically realistic.

A typical interface displacement under one eddy basic flow is shown in Figure 6.6.

6.3.1 Steady velocity of the basic flow

One of the most important factors in the hydrodynamic cell instability is the basic
steady velocity driven by the electromagnetic forces. It is obvious that generally
the higher steady velocity differences make the system more unstable, as they will
generate more pressure difference at the interface. However, the instability is not
linearly dependent on the steady velocity, as shown in Figure 6.5. Although it is hard
to explain simply because of some complicated interaction with the pressure-driven
instability, the system becomes more unstable with the greater kinetic energy (i.e.
rq = 1.0) applied to the steady flow, especially in case of one eddy. The opposite

trends in the curves seems to be due to the velocity difference, when K-H instability

is dominant against other mechanisms.

We can also confirm the existence of Ziegler’s instability mechanism when 74 =1 in
Figure 6.4. When the circulation of the basic flow is stirred by the electromagnetic

forces, it is well-known that the interaction between B,, j, and j, provides the main
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coeflicients a, with a one-eddy basic flow. Here a=7.7m, b=3.3m and h,=0.2m.

driving source. Thus, in order to reduce the steady velocity, the vertical magnetic
component B, must be minimised during the cell operation. It goes without saying

that this result coincides with most previous MHD analyses also.

The critical steady velocity U, for onset of instability is clearly sensitive to the
magnitude of the velocity discontinuity AU, but there does not appear to be a
simple relation between them. Moreover U, cannot be determined easily in real
cells since there is no obvious way of controlling the steady induced velocity fields.
Also an approximate calculation from the dynamic equations does not guarantee
the result as well. Thus, the empirical data should be carefully checked with the

simulation results and adjusted properly.

6.3.2 Effect of ACD

It is often observed that cells tend to become more stable when the ACD is increased
[83] and our predictions generally follow this trend. It is common for a cell system to
become stable as the ACD increases between 0.03m - 0.07m in our model as shown

in Figures 6.7 and 6.8, which agrees with previous observations [83] very well.
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However, the system will be more stable as the ACD decreases below 0.03m, because
the frictional damping force increases with decreasing depth, being proportional to
1/h in Moreau’s model. If we assume no frictional damping force (o = 0), the critical
velocity decreases continuously as the ACD decreases (see Figure 6.7). Therefore,
the simple application of the frictional drag coeflicient can produce an unrealistic

damping force in our simulation, especially in the range of the ACD under 0.03m.

Ziegler’s result in Figure 2.2 shows this mechanism very clearly, which is contra-
dictory to the usual observations and measurements [38]. As his model neglects
the vertical velocity field, only the effect of the frictional drag force seems to be
reflected in the change in ACD. Our model explains both the usual observations

and the Ziegler’s result together.

In practice, the ACD is usually around 0.04 m. Unfortunately, we find that it is
not the optimum value for cell stability as shown in Figure 6.7. If we are able to
take this to 0.03m, the system will become more unstable. However, as we reviewed
earlier, if we reduce the ACD too much, the electrical short will occur between the
anode and the liquid flow, which must be the first thing to avoid in cell operation. If

we increase the ACD vice versa, it will cost too much electrical power normally. No
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doubt the ACD is the most important and sensitive factor among the cell operation

parameters, which should be determined not only by cell instability, but also by

electric power economy.

6.3.3 Effect of frictional drag

The frictional drag force is one of the main factors in reducing the cell instability.
As is usual, the higher damping force makes the system more stable. Unfortunately,
in real applications, there is no practical way to maximize the frictional drag as it
depends on the liquid viscosity and turbulence, although it is slightly related to the
ACD, the steady velocity and the cell dimension.

It is interesting to observe that at a certain steady velocity, the system still remains
stable even without any drag force as shown in Figure 6.9. Also it shows the system

will become less stable unless there is a frictional drag force.
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Figure 6.10: The critical steady velocity U, versus the liquid aluminium depth in
an aluminium reduction cell, where a=7.7m, b=3.3m, ACD=0.04m and the initial

interface displacement 7;=10"*m.

6.3.4 Liquid aluminium depth

The liquid aluminium depth is also one of the factors, which affects cell instability,
particularly in the range between 0.15m - 0.25m as shown in Figure 6.10. Normally

the aluminium depth is about 0.2m in real cells.

6.3.5 Cell length

The cell length also affects U, and determines the natural frequencies of interfacial
gravity waves, as reviewed in Chapter 2. It is interesting to find that the cell length
affects the K-H/pressure instability very little in the case of a one-eddy flow, as

shown in Figure 6.11.
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6.3.6 Basic steady flow configurations

The basic flow configuration is one of the major factors affecting cell stability, as
shown in Ziegler’s work. The following table summarises the relationship between

U. and the steady flow pattern.

No. of eddies Basic flow U,(m/sec)

1 (1,1) 0.23
2 (2,1) 0.24
2 (1,2) 0.12
4 (2,2) 0.08

The system is dramatically more unstable for the (1,2) and (2,2) flows. Generally

speaking, the system will become more unstable, the more eddies of the basic steady
flow.

According to the basic flow configuration, the effect of other cell parameters such as
the ACD, frictional drag, liquid aluminium depth and cell length is varied as shown
in the previous sections. Especially, the ACD is affected by the steady flow pattern
significantly in the range under 0.02m (see Figure 6.8).
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6.3.7 Ziegler’s work (U® = U°) and the K-H instability (U* #
Ue)

We calculated the critical steady velocity with the same dimensions and operation
parameters as used by Ziegler in our model as follows:

Steady Flow Configuration modes Ziegler’s results Our results
(1,1) 8x8  0.43m/sec 0.12m/sec
(2,1) 6x6  0.16m/sec 0.12m/sec

The above results show that Ziegler’s calculation cannot detect some instabilities
which ours can. One of the main difference is due to the vertical velocity field,
which he ignored. Another problem is that his numerical integration begins with an
unbalanced pressure difference at the interface.

6.4 Conclusion

The K-H instability always occurs with the velocity difference between the liquid
layers. We can find the K-H mechanism as shown in Figure 6.5. The critical steady
velocity does not linearly depend on the velocity difference, because of the compli-
cated interaction of the pressure difference between two liquid layers. We include
both the K-H and the pressure difference effects in our analysis.

In the K-H instability mechanism, the steady velocity difference of the basic flow
generates the kinetic energy at the interface. Due to this mechanism with the other

design and the operating parameters in the cells, the interfacial instability has always
been a challenge.

In most cases, the steady velocity in aluminium layer is much greater than that in
cryolite layer. Wang [83] assumed the value of the aluminium steady velocity twice
greater than that of the cryolite velocity, U. = %Ua in his analysis. As a matter
of fact, Ziegler’s result does not seem to occur in real cell operations although it is
assumed theoretically. The steady velocity in the aluminium layer is always greater
than that in the cryolite layer. Thus, we find that the K-H instability is one of the
most destabilising mechanisms in aluminium reduction cells.

We estimated the critical steady velocity with various cell operation and design
parameters in our K-H instability model. It is shown that the ACD, the frictional
drag coefficient, the liquid aluminium depth, the cell length and the basic flow
configurations are the main parameters affecting stability. Among them, the ACD

is a dominant and sensitive parameter in real cell operation, as the other parameters
are not so simple to control.

The K-H instability mechanism shows that a cell system can become more unstable
even when we reduce the steady velocity in cryolite layer while the aluminium layer
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maintains the original velocity, because the velocity difference is increased. Thus,
the simple reduction of the cryolite velocity does not help a cell system become more
stable. This is one of interesting results in our study. Because the steady velocity
in aluminium layer is always greater than that in cryolite layer, the hydrodynamic
coupling mechanism in spite of its complexity guides us to the following conclusion.
The steady velocity in aluminium layer must be minimised during the reduction
process in order to control the cell instability properly.



Chapter 7

Induced magnetic damping

In this chapter, we explore a method of incorporating induced electric currents into
our model. The main effect of the induced currents is to damp the instability. In
a mean flow, the induced magnetic force can be as large as 40% of the imposed
magnetic force according to previous research [35]. The induced current is driven
by the EMF caused by the conducting fluid flowing across magnetic field lines. The
kinetic energy is converted to electric energy via Ohmic dissipation of the induced
currents. Thus, this force acts as a damping source by dissipating the kinetic energy.

In the first section, the general features of induced magnetic damping will be briefly
introduced. In the second section, we will consider magnetic damping of surface
waves for liquid metal in a rectangular insulating container. The aim is to study in-
duced magnetic damping in a simple situation to illustrate some important features.
In the third section, we study the same problem, but in a perfectly conducting con-
tainer, to illustrate the importance of the container conductivity. Finally, in the last
section we re-calculate the critical steady velocity with magnetic damping included.

7.1 Introduction

As we reviewed in Chapter 1, liquid aluminium flows are predominantly driven by
the strong magnetic forces which can be calculated from the magnetic fields and
the electric currents flowing in the metal pad. In a real cell, apart from the electric
currents imposed on the cell through the anodes, the metal motion in the magnetic
fields induces extra currents in the pad. If the cell boundaries are insulating, electric

charge may accumulate and create the induced electric field which partly counteracts
the imposed electric field.

Thus the magnetic forces consist of two parts: one due to the imposed currents and
the other due to the induced currents. Thus we can decompose the current density
in terms of the imposed currents J, and the induced current J; which consists of
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the induced term ou x B and the induced current potential term ¢ as follows:

J = J,+3J;
= J,+ (cux B+ V). (7.1)

It is essential to include the induced electric potential V¢, which represents a back
electromagnetic force [83] necessary to satisfy the lateral boundary condition J - n =
0 where the cell boundary is insulated. Actually the cell boundary is conducting, but
since carbon is a much poorer conductor than aluminium we treat it as insulating.
Here we assume shallow layer, so the vertical velocity component is much smaller
than the horizontal velocity components. We also assume a well-mixed layer so that
the velocity is independent of z. Also the induced current J will have only horizontal
components (see Section 7.2.5).

Using the conservation of the induced current V - J; = 0 and the electromagnetic
boundary condition, we have equations for the induced electric potential ¢ as follows:

V2p = -0V - (uxB), (7.2)
oy . .
5, = o (u x B) on all the boundaries. (7.3)
n
The second equation indicates that no induced current escapes from the liquid metal
because the aluminium is much better electrical conductor than its surrounding
material. The induced current potential ¢ can be calculated numerically for given

velocity u and magnetic fields B from the above Poisson equation.

Generally, the V¢ term tends to oppose the induced force term u x B in order to
cancel the normal component at the boundaryv. Considering only ou x B as the
induced current density and neglecting the effect of Vo will probably overestimate
the damping effects of the induced current density [83].

The Lorentz force f takes the following form:

f = JxB
= J,xB+[o(uxB)+ V¢] xB. (7.4)

The induced magnetic force is strong in the aluminium layer while the turbulent drag
force dominates it in the cryolite layer because o* > ¢¢. Thus, in our formulation,
the induced magnetic damping term will be considered only in aluminium layer.

7.2 Induced magnetic damping of free-surface waves
in an insulating container

To simplify the physical problem, first we shall consider the induced magnetic damp-
ing in an insulating rectangular container as shown in Figure 7.1. This analysis
assumes a shallow layer and B = B,z for simplicity. The purpose of the following
section is to illustrate the crucial influence of the conductivity of the container.
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Figure 7.1: A rectangular container, where the free surface of liquid aluminium flow
is affected by the electromagnetic force.

7.2.1 Velocity perturbation

We apply similar methods to obtain the wave evolution equations to those used in
Chapter 5. The perturbation velocity field can be expressed by a velocity potential
¢ and a stream function ¥ mathematically as follows:

u=Veé+Vix 2. (7.5)

The velocity potential ¢ is chosen to have the following form, which satisfies the
boundary conditions,

¢ = Gga(2)Ea(z,y)balt)
def

= ¢aba(t)a (76)
where the go(2) = g4(2) (here we have only one liquid layer) and E, are exactly the

same functions as used in Chapter 5.

Then, the free surface displacement 7 can be expanded in terms of the E, and the
time t,

1N = Na(t) Ea. (7.7)

7.2.2 Equations of motion

The general form of the linearised equation of motion is simplified from the Navier-
Stokes equations as follows:

a_u
P o
+Vpr — £, =0, (7.8)

+ku+pQz x u+ pwz x U
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where f; denotes the induced magnetic damping force.

The governing equations for the ¢ are written as:

V-u=V32p=0, g% = 0 on solid boundaries, 1 = %f on free surface.

7.2.3 Scalar formulation
As before to obtain the scalar evolution equation for the variables b,,, we shall take
the inner product of the equation of motion with V¢,, as follows:

p < a,Vo, >+ <ku Ve, >+ <Vp, Vo, >
- < f,Vo¢, >=0. (7.9)

Now we have the evolution equations as follows:
Ambm + Cobm + Gt — fm = 0, (7.10)
where f,, denotes the induced magnetic damping term.

The coefficient matrices in the above equation are listed as:

Am = pgm(0)||Eml|?,
Cm = kgm(0)||Em||?,
G = pg||Enml|?. (7.11)

7.2.4 Free surface displacement

The usual kinematic free-surface condition implies:

. 0¢
U= =1 = s (7.12)
Thus, we have
77 = Eabon
Eaﬁa = Eabou (713)
or we simply find
Nm = bm. (7.14)

Now using b,, = M, (7.10) can be written as:

Am T +Crmim + Gl — fim = 0. (7.15)
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7.2.5 Calculating the induced current

From Faraday’s law, the induced current J; is given by:

J; = c(uxB)+Vp
= Vx x z, (7.16)

where the current stream function x can be expressed as

X = Hoda(t), (7.17)

which automatically satisfies the lateral boundary conditions. In this shallow layer
assumption, vertical velocity is considered to be much smaller than horizontal ve-
locity (ug, uy > u,). Then the induced current J; will be independent of z (each
horizontal cross-section of container is identical).

Taking the z-component of the curl of (7.16) we eliminate the current potential term
@ as follows:

—Vix = [0V x (uxB)]-z
= o(B-V)u-z
ou,
"B
= 0B,ga(z)Eqba, (7.18)

where assuming that B = B,Z is constant, the term V x (u x B) can be simplified
using the standard vector identity as

Vx(uxB) = (B-V)u—(u-V)B+u(V-B)-B(V-u)
= (B-V)u. (7.19)

We can use (7.17) and (7.18) to express the d,, coefficients in terms of the 7,,. Since

-V?x = M\ H,d,
= 0B,gh(2)Egbq- (7.20)

We take the inner product of each side with H,, and obtain,

Nl Hinl*dm = UBZQszLﬁa, (7.21)

where the coefficient Q). is defined in Appendix II. Here we have used the orthog-
onality of the H,,. Also since ¢’'(0) = 1 and ¢'(—h) = 0 it follows that

/ 0 g9"(z)dz = 1. (7.22)

-h

To summarise, we can write,
dm = SmaTla; (723)
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where

" AL Hnl 2

The above equation shows that the evolution coefficient d,, for the induced current
can be expressed in terms of the wave evolution coefficient 7, and the magnetic field

B,. This result will be used to calculate the induced damping force in the next
section.

7.2.6 Calculating the induced damping force J; x B

When we include the induced magnetic damping term, the general form of the
linearised equation of motion is written as:

a_u
ot
+Vpr — f; =0, (7.24)

+ku+ pQ2z x u+ pwz x U

From (7.16), f; can be represented by the current stream function x and the magnetic
field B as follows:

fi = J;xB
= (Vxxz)xB
[da(t)VH, x Z) x B
—B,V Hud,(t). (7.25)

Then, by the inner product of the equation of motion (7.24) with VE,,, the evolution
equations can be written with the additional coefficient T;,, as follows:

Am M +Crnlim + Grhm + Trmoda = 0, (7.26)
where the induced damping coefficient 17, is
Twe = —B, / gm(2)d2 /F VH, - VE,dl
= —B, . Q. (7.27)

7.2.7 The energy dissipation rate by the induced force

We shall calculate the rate R; at which the induced magnetic damping force f; does
work. This rate is useful for investigating the effects of the magnetic field on the
induced damping. When B is constant, we can write the energy dissipation rate

R, = /f,-udv
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= /(J,xB)-udV
= / (dm(t)V Hy X 2) x B] - udV’
= / (=B.VHp)dm(t) - {V9a(2) Eaba(t) + V Haca(t) x 2}dV
- / B,VHdm(t) - Vg (2) Eaba(t)dV
_ / B,VHndn(t) - (VHaca(t) X 2)dV, (7.28)

where the last term of the above equation vanishes as follows:

/ B,VHpdn(t) - (VHaca(t) x2)dV = B,dm(t)ca(t) / VH,, - (VH, x 2)dV
= B,dn(t)ca(t)h / VH,, - (VH, x 2)dT
= Bdm(t)ca(t)h / [Hyn, Ho)dD

= 0. (7.29)
Thus, we have
R = —-B, / O Hi O Eadl / 9a(2)dzdm(t)ba(t)
= Upalm(t)ba(t)
UmaSmkbk(t)ba(t)a (730)
where
Uma = —Bngg gm
and
S _ O-BZergl,Z!
"2 ol Hi ¥
dm(t) = Smaba(t)- (731)

from the previous section.

The rate R; shows that the magnetic damping force is irrotational, and therefore
has no affect on the rotational part of the fluid motion. If we integrate the rate R;
in time, we can obtain the total energy dissipated by the induced damping, which
must equal the decrease in AKE + APE over the same time interval.

7.2.8 Numerical results

In order to verify the formulation, we calculate the total perturbation energy AFE
and the dissipated energy ADE by the induced damping as follows:

AE = APE + AKE, (7.32)
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Figure 7.2: The energy dissipation by the induced magnetic damping in a rectangular
container, where a=7.7m, b=3.3m, h,=0.2m, a=0, B,=0.005 Tesla and the initial
interface displacement 7,=0.01m.

ADE = / Rydt

- / UneSmkbibadt, (7.33)
where the potential energy APE and the kinetic energy AK E' are written as:

1
APE = Zpg / |n|*dr
2 r
1
= 5pg / Eqd'n},
2 T

1
= §pg||Emllznfm (7.34)

1
AKE = —2—p/vu-udV
1
= 3» /V Vé-VodV
_ 1 2, 2 27 ;22
= 30 ] [{0:9m(2))? + g2(2)X2] EZYAV

= 50 [ [{0.0m(2)Y + G2)NE] de P, (7.35)

In calculating AKE, the rotational flow motion is not included, as we give the
irrotational perturbation. Figure 7.2 shows all the energy is eventually dissipated
by magnetic damping.

Also Figure 7.3 shows the kinetic energy dissipation time by the induced magnetic
damping due to the vertical magnetic field B, in a rectangular container. The
stronger magnetic field shows the shorter dissipation time, as we expected.
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Figure 7.3: The energy dissipation time by the induced magnetic damping in a
rectangular container, where a=7.7m, b=3.3m. /,=0.2m, a=1, B,=0.005 Tesla and
the initial interface displacement 7;=0.01m. The dissipation time is defined to be
the time taken for the energy to decay to 1% of its initial value.

In this section, we investigated the induced magnetic damping in an insulating
container. The assumption of insulating walls corresponds to the situation in an
alumunium reduction cell, but here for simplicity we have considered only a single
layer. This simplification shows us the energy dissipation mechanism by the induced
magnetic damping force very well.

7.3 Induced magnetic damping in a perfectly con-
ducting container

In this section, we consider the induced magnetic damping in containers with perfectly-
conducting walls. In this case, the lateral boundary conditions J; - i = 0 are no
longer valid. On the perfectly-conducting boundaries, the electric field E is con-
tinuous. So E = 0 in fluid adjacent to the boundaries. Thus the induced current
potential ¢ = 0 on the boundaries.

From Maxwell’s equations as in Section 7.2, we write the induced current in the
form:

Jr=0ouxB+Vo. (7.36)

By the conservation of the induced current

V-J; = V-o(uxB)+V2
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= 0, (7.37)
we have
Vi = —oV-(uxB)
= —0B,(Vxu)- -z
= —oB,w,
= —0B,)2H,c,
= o0B,V*. (7.38)

Thus ¢ = 0B, is the solution since this also satisfies the required boundary con-
dition.

Therefore, the induced force f; is

ff = J;xB

[o(u x B)+Vy] x B

c(B-u)B -0(B:-B)u+0VpxB,

0B2[u.z — (Vé + Vi x 2) + Vo) x Z]

= oB*(u,z — V¢)

= —0BX(V¢,, V4,,0), (7.39)

where Vo, = u,Zz.

7.3.1 Equations of motion

When we include the induced damping term, the general form of the linearized
equation of motion is written as:

du
P ot
+Vpr — 1 =0, (7.40)

+ku+pQzZ x u+ pwz x U

where the f; is the induced magnetic damping force in a electrically conducting
container.

The inner product < f;, V¢, > is written in terms of the wave evolution variable
b (t) as follows:

<f,Vé,> = <J;xB,Vd,, >
= < -0B%(V¢:,Ve,), Vo >, (7.41)

when
B = B,z. (7.42)
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Figure 7.4: The energy dissipation by the induced magnetic damping in a perfectly-
conducting container, where B,=0.005 Tesla, a=7.7m, b=3.3m, h,=0.2m, o=1 and
the initial interface displacement 7;=0.01m.

Finally, we have

<f,Vm> = —oB? / Jal(2)gm(2)dz /F VE, - VEndlb,
— Tlb., (7.43)

where

T = ~0B2\2, Jrum || Eml . (7.44)

Thus, the first evolution equations can be written with the additional coefficient T},
as follows: .

Ambm + (C'm + Trh)bm + Emaca + Gmana = 0 (745)

The perturbation of vorticity can be obtained by taking the z-component of the curl
of the equation of motion as follows:

1
%%+%w+u-VQ+U-Vw+;(VxfI)-2=O, (7.46)

where the induced damping term vanishes since

S(Vx£)7 = = [Vx (0BT 2

i

(7.47)

Thus, the above equation shows us that the vorticity equation is not affected by the
induced damping force.
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Figure 7.5: The energy dissipation time by the induced magnetic damping in a
perfectly-conducting container, where a=7.7m, b=3.3m, h,=0.2m, a=1 and the
initial interface displacement 7;=0.01m.

7.3.2 Wave evolution equations

Now we have the wave evolution equations with the induced damping term for the

three sets of unknown variables b,, c, and 7, in a electrically conducting container
as follows:

Am i +(Cm + T)7im + EmaCa + Gmatla = 0, (7.48)
Jmém + Kmaba + Lmaca + Mmana = 0 (750)

The second equation is derived in Section (7.2) and the last equation is the vorticity
equation as used in Section (5.2.8).

7.3.3 Numerical results

Figures 7.4 and 7.5 compare the rate of energy dissipation in insulating and con-
ducting containers. Clearly the damping is much stronger in conducting containers.
In an insulating container an induced electric field is established to ensure that no
current can flow through the wall. This field partially cancels the ou x B field, and
so reduces the induced current.

In this section, we investigated the induced magnetic damping in a perfectly-conducting
container which has a different electromagnetic boundary condition. Finally, we will

explore the induced magnetic damping perturbation in aluminium reduction cells in
the next section, which is our main interest.



99

7.4 Induced magnetic damping in aluminium re-
duction cells

Magnetic damping occurs almost exclusively in the aluminium layer, as the cryolite
is much poorer electrical conductor. Because carbon walls are relatively insulating,
we can take the induced current J; in terms of a current stream function x (see
Section 7.2.5) as follows:

Jr = Vx(z,y) x Z, (7.51)

so that J; satisfies the current continuity equation,

V-J; =0 (7.52)

The current stream function x can be expanded in terms of the eigenfunction H,,

x(z,y) = Ha(z,y)da(t). (7.53)

This formulation is based on the same assumptions as discussed in the previous
sections.

From Maxwell’s equations, we can write

c(uxB+Vy) = J;
= Vxx2, (7.54)

where the ¢ denotes the electric potential.

To determine x we consider the z-component of the curl of the above equation,
eliminating ¢:

~-V?x = [0V x(uxB)]-2
= o/(B-V)u—(u-V)B]-z
= 0B,0,u-zZ—-o(u-V)B,
0B,0,(Vé + Vo) x 2) - 2
—o{(Vé+ Vo x 2)-V}B,
= UBzaz{azga(z)Eaba}
—{094(2)(VE, - VB,)ba + 0[B,, Hy)cq }
= 0{B,0%94(2)Es — 9a(2)VE, - VB,}b,
—0[B,, Halcq. (7.55)

Here we have used the vector identity:

Vx(uxB) = (B-V)u—(u-V)B+u(V-B)-B(V-u)
B-V)u-(u-V)B, (7.56)

assuming incompressible flow, and B = B,z.
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By rearranging (7.55), we have

~V%x = 0{B,0%gu(2)E,
—9a(2)VE, - VB, }by — 0[B,, Hylcq
M2H,dy = 0{B,0200(2)Ea — ga(z)VEs, - VB, }b,
—J[Bu Ha]caa (757)

where b, and c, denote the same variables as used in Chapter 5.

By taking the inner product of the above equation with H,, over the liquid volume,
we have

A2 /V H H,dVd, = o /V (B,8200(2)Es — Ga(2)VEq, - VB,} HndVb,
—o / [B,, Ha) HyndV ca, (7.58)
1%
or
2 _ 2
A2 h, /F H,H,dld, = o / 829 (2)dz /F B,E,H,dTb,
—o [ go(2)dz [ Hn,VB, - VE,dTb,
o / ga(2)dz /1“ \Y
—oh, /F (B,, Ho]Hmdl'ca

= (0QGY — 7 92 QG2)ba
~0ha Q03 ca, (7.59)

where the integration coefficients are written in Appendix II.

Finally, by orthogonality of the eigenfunctions H,, we have one more set of evolution
equation for the electromagnetic damping as follows:

Rpndm = S by + 5P c,, (7.60)
where
R = Nohal | Ha| %,
Stan = 0Qe) — 0 92 QG2

S@ = _oh,QUY). (7.61)

7.4.1 Equations of motion

When we include the electromagnetic damping term, the general form of the lin-
earised equation of motion is written as:

a_u
"
+VpT - f] = 0, (762)

+ ku+ pQz x u+ pwz x U
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where the f; is the electromagnetic damping force by the induced current in a re-
duction cell.

The inner product < f;, V¢, > is written in terms of the coefficients d, as follows:
< fI7 V¢m >
= < (=B,VH,)dy(t), Vo, >
- /V (—=B,VH,) - VéndVd,
= /V (=B,VH,) - V (gn(2) Em) AV dg
- gm QSylli)da
= Thnada, (763)

where
<14>—/BVH .VE,dT,

T = — I QU (7.64)

The induced damping force is given by

f = J;xB
= (Vxxz)xB
[do(t)VH, x 2] x B
= (=B,VH,)d,(t). (7.65)

The first of six evolution equations can be written with the additional coefficient
Tne representing the induced magnetic damping as follows:

Ambpm + BbS, + Crmaba + Dimab
+Emata + FraCsy + GmaNe + Tnada + Qm = 0. (7.66)

The perturbation of vorticity can be obtained by taking the z-component of the curl
of (7.62) as follows:

ow

§+ﬁw+u VO4+U Vil [VX( £)]-2 =0, (7.67)

where the electromagnetic damping term will vanish as:

[Vxf]-2 = [Vx(=B,VH,)do(t)] 2 (7.68)
= 0. (7.69)

As before we find that the induced magnetic damping term does not affect vorticity.
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Figure 7.6: The critical steady velocity when the induced magnetic damping force
is included, where a=7.7m, b=3.3m, h,=0.2m and ACD=0.04m.

7.4.2 Wave evolution equations

When we include magnetic damping the evolution equations for the six coeflicients
b%, bS, s, cs,d% and 7, take the form:

Amb2 + BpbS, + Crgb® + Dyl +

EmaCy + Fracy + Gmatla + Thnadg + Qm = 0, (7.70)
bs, = b5 — Hualla- (7.71)

Nm + ImaNa — by, = 0. (7.72)

Iy, + Kmabs + LinaCo + Mipaa = 0, (7.73)
Imle, + Nmabe + OmaCs + Prala = 0, (7.74)
Rudy, = SRAbS + Shhch, (7.75)

By eliminating the b‘;, the b and the d, in the above equations, we can reduce the
number of the equations:

(Am + Bm)b®, — BpHpoa
+(Crma + Do + Tk S /ROBE + (Bma + Tk S [ Ri) 2

+Fmaca + (Gma - Dmkaa)'r]a + Qm = 07 (776)
ImCm + Nmabg + Omacy + (Pma — NmkHia)a = 0, (7.78)

7:]m + Imana - byan =0. (779)
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Figure 7.7: The critical steady velocity when the induced magnetic damping force
is included, where a=7.7m, b=3.3m, h,=0.2m, ACD=0.04m, a=1 and basic flow
configuration (1,1) & (2,1).

7.4.3 Numerical results

Results for the critical velocity when magnetic damping is included are shown in
Figure 7.6. Generally, we find that the induced current is able to increase the critical
steady velocity by less than 0.01m/sec approximately. This result shows that the
positive effect of the vertical magnetic field due to the induced magnetic damping

is only slight. Also Figure 7.7 shows that the induced damping is affected by the
basic flow patterns.

In order to compare the electromagnetic boundary conditions, we calculate the crit-
ical steady velocity in a perfectly-conducting cell, where there is no insulation be-
tween the liquid aluminium and the cell wall. Figure 7.8 shows the effect of the
induced magnetic damping force in a conducting cell, which is much stronger than
in an insulating cell.

In addition, we reproduce Wang’s modified magnetic damping estimation [83] ac-
cording to the following formulation:

(04

k=
hq

+BBY,

as reviewed in Chapter 2. This result shows that his formulation is useful only when
we estimate the coefficient 8 properly as shown in Figure 7.8. In his approximation,
the 3 has the value in the range of 10720 —10% which is too wide to be useful. How-
ever, if a reasonable estimation is provided from empirical data, his approximation
is very convenient for calculation (i.e. § = 0.50 works reasonably well).
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Figure 7.8: The critical steady velocity due to the modified magnetic damping by
Wang when 8 = 0.50 = 2.5 x 108 is assumed, where a=7.7m, b=3.3m, h,=0.2m,
a=1 and ACD=0.04m.

7.5 Conclusion

In the analysis of the induced magnetic damping perturbation for a single layer
container, it is shown that the vertical magnetic field B, damps the liquid surface
movement. The horizontal magnetic field is neglected for simplicity in our analysis.

Also the effect of the induced magnetic damping in a perfectly-conducting container
is investigated with a different electromagnetic boundary condition, which shows
stronger damping than in an insulating container.

In aluminium reduction cells with two liquid layers, though the induced magnetic
damping force is weak, but does slightly improve the cell stability.

In conclusion, the electromagnetic field can affect the cell instability in two different
ways. One is the induced magnetic damping effect due to the induced current which
is positive for the interfacial instability and another is the driving effect on the
steady flow due to the imposed magnetic field which is negative. Our simulation
result shows that the negative effect is much greater than the positive. Thus it
is very clear that the magnetic field B, which is the most dominant factor for the

driving source on the basic steady flows, must be minimised for the control of the
interfacial instability.



Chapter 8

Conclusions

We have investigated the K-H instability, which is a purely hydrodynamic interfacial
instability in aluminium reduction cells. Also electromagnetic damping is studied
with an improved treatment. The steady velocity difference between two liquid lay-
ers has been highlightened to explain the complex nature of the instability. The
cryolite and aluminium velocity fields are represented in terms of potentials and
stream functions, the Navier-Stokes equations are formulated as a system of ordi-
nary differential equations for the time-dependent coefficients. The system in then
integrated forward in time by standard methods. Various cell design and operation
parameters such as steady velocity, ACD, frictional drag coefficient, cell dimension,
liquid metal depth and velocity difference are considered in the numerical simula-
tions. This study shows the K-H instability is one of the most dominant mechanisms
in the interfacial instability.

In this chapter, we shall summarise the major research activities, the conclusions,
the limitations and the suggestions on further work.

8.1 Research activities

The major research activities performed in this study are summarised as follows:

e A normal mode method is used to derive a system of ordinary differential
equations describing the evolution of time-dependent 2D flow in rectangular
regions. These can be linearised to determine the stability of steady flows.

e The conditions for steady 2D flow in rectangular regions are examined. In
particular we show that a single Fourier-component flow is steady and stable.

e To ensure that the initial state is an equilibrium we start the flow evolution
from a state of rest, gradually increasing the layer flows to their steady values.
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This avoids an the initial pressure discontinuity across the interface which is
present in previous work.

e The total perturbation energy is calculated to verify energy conservation and
detect the instability. A bisection method is applied to find the critical steady
velocity more efficiently.

e The program is used to predict the critical steady velocity practically with
various cell design and operation parameters such as ACD, liquid metal depth,
cell length, drag coefficient, steady velocity of basic flow and flow patterns.
This may prove a useful tool in cell design.

e The K-H instability mechanism and Ziegler’s work are compared in the anal-
ysis of the hydrodynamic interfacial instability. It is shown that the K-H
instability mechanism is strongly destabilising as there exists a considerable
velocity difference between the liquid layers in real cells always.

e Preliminary calculations with a single layer of conducting fluid in a rectangu-
lar container showed that electromagnetic damping depends crucially on the
electrical conductivity of the container walls. It is much weaker in an insulat-
ing container than a perfectly-conducting one, because insulating walls inhibit
the flow of induced current. This effect means that magnetic damping is much
less effective in aluminium reduction cells than an order-of-magnitude analysis
might suggest.

8.2 Conclusions
The main conclusions are summarised as follows:

e In a rectangular container a two-dimensional flow which includes only one
Fourier component, is stable and steady. So it seems likely that the instability
which occurs in aluminium reduction cells is not due to an inherent instability
but to the interfacial mechanism between two liquid layers.

e The steady velocity in the aluminium layer is the most significant factor in
the K-H instability. The interfacial instability can be improved by reducing
the strong magnetic field, which drives the basic steady flow.

e Any interfacial instability approach will not be enough to configure the cell
stability without considering the K-H instability mechanism, as the velocity
difference always exists between two liquid layers in real cells.

e The purely hydrodynamic approach in the view of the K-H instability mecha-
nism is very practical and useful for the evaluation of the interfacial instability
in aluminium reduction cells without damaging the original physics seriously,
unless the current flow instability is so dominant.
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e The effect of the electromagnetic damping due to the induced current can
reduce the interfacial instability slightly. However, the negative effect of the
magnetic field by driving the basic flow is much stronger than the positive by
the induced magnetic damping for the interfacial instability.

e Using the normal mode method for the form of the steady-state current, mag-
netic field or flow, the scheme is suitable for industrial application where these
would be calculated numerically.

8.3 Limitations and further work

Although we are able to achieve some useful results in this research, there are in-
evitably some physical and mathematical limitations on account of the assumptions
and the simplifications we made for our model. The limitations of this study and
the suggestions on further work can be summarised as follows:

e The estimation of the frictional drag coeflicient a: An approximate value of the
drag coefficient a = 1.0kg/m?s was used in our simulation, which is calculated
with values of V; = 0.15m/s and L = 3m respectively from the formula by Bird
[11]. The drag coefficient & can be adjusted properly according to the steady
velocity and the cell width. The adjustment will give more realistic results for
the simulation as the drag coefficient affects the interfacial instability.

e The estimation of the steady velocity difference ratio r4 for the basic flow
from the given electromagnetic field: For theoretical analysis, we assumed the
steady cryolite velocity as half of the steady aluminium velocity in reduction
cells, as Wang [83] did. However, it is not easy to measure or estimate the exact
value of the velocity difference ratio. For more realistic simulation of the cell
instability, the steady velocity difference must be estimated properly from the
empirical data, as the instability mechanism depends upon it in a complex way.
We are able to predict the critical steady velocity at which the system becomes
unstable with our simulation program from the given steady velocities. If we
can properly estimate and control the steady velocity difference ratio from the
given electromagnetic field, it will be more efficient for the instability analysis.
Antille, Flueck and Romerio [5] tried to obtain the steady velocity field from
simultaneous measurements of anodic current fluctuations, which are analysed
by an FFT method giving frequencies and amplitudes of the different modes.
This method does not involve solving the Navier-Stokes equations. There are
also some useful commercial program packages such as FLUENT [83]. A data
acquisition method should be developed with a proper simulation package.
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Appendix I

Proot that M, is antisymmetric in each
pair of suffixes

In Section 4.3, we defined
Mipas = / [Ha, Hs|HndS.
s
This is clearly antisymmetric in « and 3.

Now
V x (HnH,VHg) = V(HnH,) x VHg

=H,VH, xVHg+ H,VH,, x VHg.

Integrating the above equation over the cross-section and applying Stokes’s theorem,
we have

= . d H.VH, x VH; -
/CHmHaVHg dl /SHmVH x VHjy s+/s VH, x VHg - dS

= Mmap + Mamﬂa

where C' is the boundary of the cross-section.

The left-hand side integration equals zero since H,, and H, vanish on the boundary
C, so
Mmaﬂ + Mamﬂ = 0.

Hence M, is antisymmetric in the first and the second suffixes. Antisymmetry in
the first and the third suffixes follows since

Mma,B = _Mmﬁa = Mﬂma = —Mﬂam~
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Appendix 11

The integration coefficients

Im= /gm(z)dz

Ima= [ gm(2)0a(2)dz

7= [ 0.90(2)d2

STILZIk - / Hk Ea’ E,,,]dr

mak —/HkVH(. VE,dl
Q¥ = / H,VH, - VE,dl
Qs = [ [Ea- Hi)Er
Q®, = / E,.VHy - VH,dl
QW)= [ (NeHE+ | H,2) Endr
QWb = [ (Ho HilHiy?

Q'Srsu):y = /l_‘eaB.'}a(}fmn.iHmdr

@—/EHmr

QUY = / VH, - VE,.dT
QU = / B,EoHypdl
QG2 —/H VB, - VEqdl
Q4L = / B, Ho] HpndD

(14)—/BVH "VE,.dl

Am = g5, ()| Em|I*
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B = —p°6%(0)|| Eml 2
Crme = p*UP%(0)QE,dT + p*X2U¢ G5 QD + k262 (0)|| B2

Drma = pU05(0)Qinni + FMUE e QUi — k492, (0) ||
BEna = p* XU 9 Q0" U 3, QS,":Lk+p“UsQ$22,k

Fa = p°A2U; G, QS;.):k + "N UE 9, QY mak + chISQSuLk
Gma = - éma ( ¢ — )g”Ea||25ma

(U = U3) ~@
Hma - Qma
IIEmH2 *

(4)
ho = 5, %

Im = A2/ Hnl
Kma =32 X2U2QY)

akm

ka
Luma = Afn;nHmHQ + (22 - A2) UeQY)

mak
Mo = "iQSgL
Npna =95 X2USQY,
Oma = Afn;uﬂmu"’ + (22 - 23) Uz,

Pro = —_Q(B)

¢ ¥ma

Qn =5 (" (U2 = p°(UF)?) Q)

l\:)ll—‘
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Appendix III

Analytic formulation of the wave evolution
coefficients

Although most integrals in the wave evolution coefficients are somewhat compli-
cated, fortunately they can be integrated analytically. Numerical integration using
such methods as Gaussian Quadrature can also be an alternative for calculating
the coefficients. Normally, it will take much time for the computation, while the
analytic integration shortens the calculation time greatly. To simplify the integrals,
the combination rule of trigonometric functions is used in the analytic formulation.

The functions g% and g, : As the integral form used in the § and the g, is part
of a volume integral, the integration direction is chosen upward in the z-direction
as follows;

P 0 a _ 1 Ao h? —Aa h®
Ja= /ha 920242 = S b aahe (1 = &™),

Tra= [ 92(2)5(2)dz
—hae

1
= I, (5inh Aah) A (Sinh Amh) (02 — A2
[Dgelah*+Amh® _ Age(Aah®=Amh®)

_A @ehttAmh® Ly o(=Aah®=Amhe)
A ereht=Amh® ) o(~Aah®+Amh?)
a (67

+/\me/\ah°—)\mh“ _ )\me(—/\ah“+)\mh°)]'

The integration coefficient Qﬁ;)ak: Using the combination rule of trigonometric func-
tions, the integration coefficient QS;L,C is written as;

lek = /FHk[Ea, Em]dF

= / H02E a8, Empdl’ — / Hy0,E a8y Epdl
r r

—MNgT —m,T

= [ 41: (6k:a“z+mz + 6k:,nz—m:)] [ 4y (6kyany+my - 6kyvny—'my )]
—MyT —nNn,T

- [ 41: (6kz;n:+mz - 6k:yn:—m: )] [ 4y (6kyvny+my + dky;ny—my )}

2
Ny My T
= 16 (6kz Mz +me + Jk:ynz"mz)(éky Mytmy 6ky ,'ny—my)

2
mxnyﬂ'
- ].6 (6’5: Mz+mg 6,9: ,'nz-mz)(aky My+my + 6ky ;ny_my)'

Similarly, we can obtain all other integration coefficients in the wave evolution equa-
tions analytically.
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