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Abstract

The presence of a hole, cut-out or void in a structure makes it difficult to be modelled for
calculating natural frequencies. A theoretical basis for simplifying the modelling of cut-outs in
a structure by attaching a negative structure is presented. The Dynamic Stiffness Method has
been used to prove that this method yields the required natural frequencies. The derivations
also show the presence of additional natural frequencies which correspond to the vibration of
the positive and negative parts vibrating together while the actual structure with the hole or cut-

out usually remains stationary.

1. Introduction

Determination of natural frequencies, critical loads and stress distribution in solid bodies with
voids, holes, cut-outs or damages is increasingly becoming important in applications such as
optimisation and damage detection [1-6]. The natural frequencies of such systems are
commonly obtained using the Finite Element Method (FEM) [7-16]. There have also been
some papers [17-19] which use analytical procedures such as the Rayleigh-Ritz Method (RRM)
[20-22] in which the potential and kinetic energy terms of the structure are found by subtracting
the energy terms associated with the void part from that of the larger structure (without the
void), by taking the displacement forms of the void to be the same as those of the larger
structure. In one recent approach [23], called the Independent Coordinate Coupling Method
(ICCM), the displacement forms of the void and the larger domain are constrained to have
similar values using Lagrangian type constraints in an average integral form. This method has
been generalized in [24] which deals with the modeling of plate-like structures with holes as a
basis for a structural optimization process. Once the coupling is done, the energy terms
corresponding to the void are subtracted from that of the larger structure and the Rayleigh-Ritz

minimisation is then carried out.

This work stems from the authors’ attempts to investigate the possibility of using the modes of
both the structure without any void and a negative structure corresponding to the void and then
combining the two sets of modes while enforcing the embedding continuity conditions by the
penalty method [25, 26] or the Lagrangian Multiplier Method (LMM) [27] in a Rayleigh-Ritz
procedure. Numerical experimentation with this idea using discrete systems, beams and plates
with cut-outs and holes showed that while it is possible to obtain the required frequencies, the

presence of additional natural frequencies and the difficulty in choosing appropriate shape



functions and constraint enforcement methods pose some challenges [28]. Thus the authors
proceeded to study the theoretical basis for combining positive and negative structures, using
the Dynamic Stiffness Method (DSM), the derivations and findings of which are presented in
this paper, along with some numerical results. The paper shows that the required natural
frequencies are obtainable from the model incorporating a negative structure, and explains the

additional frequencies.

2. The theoretical basis
2.1 Existence of natural frequencies of the structure with a hole in the proposed

model

In order to develop a theoretical framework, the question will first be addressed of whether or
not all the required natural frequencies and modes of at least a certain class of structures
containing voids can be obtained through the proposed method. The hypothesis taken is that
these characteristics are obtainable by combining the modes of positive and negative structures,
i.e. by embedding a negative structure with known modes into a larger positive structure with

known modes, and analysing the combined system.
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Fig. 1 Example of plates combining positive and negative structures



Consider the case of a structure A which contains a hole, represented in Fig. 1a by a rectangular
plate with a circular hole. Now consider two elastic structural bodies C* and C, having identical
shapes that would fill the void in A, one (C") with the same distribution of elastic and inertial
properties as that of A, and the other (C°) with negative properties but of the same magnitude.
In this case C* and C" will be circular plates. Then consider joining C* and C™ by means of a
very stiff elastic continuum Si1, which acts as a penalty against any differential displacement
between the two elements. The resulting structure has the potential to exist as an empty element
(E). The term ‘empty’ is used here to indicate that the element could be subjected to any
dynamic displacement without inducing any forces (or moments) at the boundaries. This empty
element state occurs only in modes in which C* and C vibrate together with the same
displacement. The combined unit, being empty, would not change the behaviour of any
structure to which it is attached as there will not be any unbalanced forces or moments. This
combined unit is now connected to Structure A along the common boundary with the hole (in
this case having a circular circumference), by constraining the degrees of freedom to be the
same. This may be done either by using a penalty parameter or by using sufficiently large
number (say r) of discrete constraints. It may be seen that the resulting structure A’ (see Fig.
1Db) is capable of possessing all the natural frequencies and modes of A, because it was formed
just by the addition of the empty element E. Furthermore, if the penalty stiffness is sufficiently
large, from the asymptotic modelling theorems [29], the combination of A and C* is equivalent
to B (the rectangular plate without any hole). Connecting B to C using S1 gives B’ as shown
in Fig. 1c. It is therefore deduced that the natural frequencies and modes of B’ would include
those of A. The hole in a plate is only an illustration but the same argument will hold for a body
with cut-outs or voids. This will be proved formally for discrete systems in the next section.

2.2 Proof of existence of the required natural frequencies for discrete systems

Consider a discrete structural system A (Fig. 2a) having n1 vibratory degrees of freedom which
is obtainable from a larger system B (Fig. 2b) by removing some elements. A represents the
structure with a cut-out and B is a larger structure which would be the result of filling the cut-
out part. For simplicity, the discrete systems are represented with spring-mass arrangements.
The proposed method involves attaching a negative structure C™ (Fig. 2c) to the larger positive
structure B to obtain B’ as illustrated in Fig. 2d. Thus C would potentially cancel the stiffness
and inertia in a part of A so as to produce A if it is rigidly connected to its positive counterpart
within B. The masses associated with the degrees of freedom of A are shown as lightly filled

circles and rectangles. The circles correspond to the internal degrees of freedom that do not lie



on the common boundary with the hollow domain while the rectangles correspond to degrees
of freedom that are on the boundary. The set of internal degrees of freedom of A will be denoted
by vector gai and the common degrees of freedom will be denoted by qe. Let the natural
frequencies of A be wa, a vector set containing wa 1, a2, .. wan1. Now consider another
discrete system C* (Fig. 2e) with m vibratory degrees of freedom which is the positive
counterpart of C and represents the component of B if it did not have the cut-out. This means
System C™ has the same magnitude of stiffness and inertial properties as C* but with opposite
sign. The masses associated with the positive structure are shown as black circles or squares
and their negative counterparts are shown as white circles and squares with dotted boundaries.
Now consider linking these to system A at a common boundary where the masses associated
with the shared degrees of freedom qe are shown in squares. The circles depict the masses that
are not associated with a common boundary with A (i.e. at internal degrees of freedom). These
sets of internal degrees of freedom of C* and C- are labelled gpiand gni respectively, to indicate
the internal degrees of freedom of the positive and negative structures. The natural frequencies
of C" are wc=[ax,1, axc,;, .. cm]. As both inertial and elastic (stiffness) properties of C™ are
equal and opposite to those of C*, each term in the equation of motion of C* would be equal
and opposite to the corresponding term for C*. This means the natural frequencies and modes
of C are identical to those of C*. For the purpose of this proof, it is necessary to consider
System A’ shown in Fig. 2f, which is formed by joining A, C* and C- rigidly at the common
boundary (i.e. the degrees of freedom at the boundary between the three systems are common
for them) and joining other corresponding degrees of freedom between C* and C™ by means of

elastic springs Su.

As the connection between A and C+in A’ is rigid,
A'=B' (1)
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Fig. 2 Spring-mass systems representing embedded negative structures

In order to justify the use of a system with embedded/tied negative structure representing a

structure with a void/hole/cut-out, it will be shown that:
The eigensolution of system A is also an eigensolution of system B'. Statement (a)

In the modes of the above eigensolution, positive and negative structures C* and C vibrate

together, while A vibrates in one of its natural modes. Statement (b)



It will also be shown that this model will produce additional natural frequencies and modes,
and that in general these extra modes do not involve vibration of the actual structure A which
will remain stationary. The only exceptions are cases where such spurious modes also share

the same eigenvalues as those of A.
Proof:

The eigenvalue equation for A" may be written as:
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Combining the stiffness and mass terms this may be written as:
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Eqg. (3) can be expressed in terms of the vectors u; = (qPi + qu)/Z and

Vi = (G — Gy;)/2 as
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The determinantal eigenvalue equation of the matrix in Eq. (4) is
Kii  Kie
K:Iei Kjzlee

So the eigenvalues are given by one of the two following cases.

(12K )2 =0 ®)




Case (1)

* *
Kaii  Kaie
* *
KAei KAee

= 0, i.e. those of structure A, (6a)

Noting that the combination of g,;and g, results in the full set of degrees of freedom of

Structure A (q,) it may be seen that the eigenvalues are therefore the eigenvalues of A, with

the boundary between A and C being unconstrained.

When Eq. (6a) is satisfied,
Kaii K:Iie] Aai _ (O
[Kjlei K:Iee (qe) - (0) (Gb)

Thus the natural frequencies and modes of A are a subset of the natural frequencies and modes
of A’.i.e.

OA C O, . (7
From Eq. (1),
WA C Op . (8)

This proves Statement (a)

The modes of this case for the domain of structure A obviously correspond to the natural modes

of A. It is interesting to investigate what happens to the components C* and C
Substituting the second row of Eq. (6b) into the fourth row of Eq. (4) gives K,;v; = 0.

Thisimplies that v; = 0, so that qp; and q,; are equal and the constraints between the positive

structure and its negative counterpart, C™ are fulfilled.

Thus the positive and negative structures C* and C" vibrate together which proves Statement
(b).

This is understandable as the net energy from the vibration of the positive and negative
components will be zero and there will not be any residual stress at the boundary between A

and C making it an unconstrained boundary for A. This case accounts for n1 modes.

Case (2)

The second scenario for Eqg. (5) is

12K¢;i| =0 (92)



This root has a multiplicity of 2 and corresponds to the structures C* and C-, but with the
boundary between A and C being fixed (this is because the only degrees of freedom included

are internal ones).
Thus Eq. (9a) is associated with the following equations
Kei9pi = Keidni = 0 (9b)
qQe = 0 (9c)
This case offers 2(m-r) eigenvalues.

From Eqg. (9¢) and the third row of Eq. (4), K};;q4; = 0, which may be satisfied in two ways.

Case (2a)

qu =0 (10a)
Case (2b)
|K4iil =0 (10b)

Case (2b) implies that the solution also corresponds to the eigensolution for Structure A when
its boundary with C is fully constrained. Thus, the eigenvalues of A with the boundary
constrained must coincide with the eigenvalues of Structures C* and C, also with their
boundaries clamped. This can be treated as a special case, the more likely scenario being Case
(2a). For Case (2a), from Eqgs (10a) and (9c), none of the degrees of freedom of A would
participate in the vibration. Structures C*and C™ with their boundaries with A fully constrained,
will vibrate in their natural modes. For this case, consider the first row of Eq. (4).
2Kcu; + 4Kgyiv; + 2Keiq. = 0

From Eqgs (9b) and (9c¢) it may be seen that the first and third terms of the above equation are

zero, so that Kg;v; = 0.

If C* and C" are connected by elements that provide non-zero stiffness (i.e. if Kgq; # 0) then
vi=0. This means that, as for Case (1), C* and C" vibrate together.

Once again, the vibration of C* and C™ with the same displacements at corresponding degrees
of freedom does not result in any residual stress at the boundary between A and C. However,
if there are no connections between their internal degrees of freedom, these degrees of freedom

may have different magnitude of displacements.

Although the above derivations were based on connected discrete systems, they hold for

continuous systems consisting of skeletal frame members too as long as the connections
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between the individual systems are made at a discrete number of points. The stiffness matrices
KGi, KGier Keeir Kaiir Khier Kheir Kaee Would then represent the exact dynamic stiffness
matrices of the continuous systems, which take into account the distribution of mass. Such
matrices are readily available for skeletal structural elements [30] and certain types of plates
and shell structures. For the sake of this proof, it is not necessary to have a knowledge of the
stiffness coefficients, but the existence of such a frequency dependent stiffness coefficient
relating the action (force or a moment) required at a given point in a structure to produce a unit
displacement (translation or rotation) at the same or a different point on the structure is
sufficient. This is true irrespective of the number of connecting points. As the number of points
increases towards infinity, the negative structure C would be rigidly connected to B almost
everywhere on their common boundary between the negative structure and the remaining
structure A. It is useful to note that the common boundary is the boundary between the structure
with the void A and the negative structure and does not include the connection between the
positive and negative parts that cancel each other. This means that the natural frequencies of a
structure A that contains a void or hole or cut-out would be a subset of the natural frequencies
of the corresponding structure without the void B when it is rigidly connected to a negative

structure with the same magnitude of elastic and inertial properties along the common boundary.

In practice, the rigid connections between A and C™ can be enforced by using the penalty
method. Thus it may be possible to use the penalty method in conjunction with the DSM for
using this approach. However, generally for problems where a DSM formulation is not
available, a numerical method such as the Rayleigh-Ritz Method could be applied. The results
found indicate that while the method works with the Rayleigh-Ritz scheme, care should be
taken to include a sufficient number of admissible functions to represent the vibration modes

of the positive and negative structures and to enable the two parts to cancel each other.

3. lustrative Examples and Discussion

A set of numerical experiments were carried out in order to investigate whether or not the above
proof holds for vibration analysis of beams. First consider a beam which is split into three
segments of length of li (i = 1,2,3). The beam has the total length L, Young’s modulus E, second
moment of area | and mass per unit length p, as shown in Fig. 3a. The natural frequencies are
obtained by solving the eigenvalue equation using the DSM (the dynamic stiffness matrix used

is given in Appendix A) and RRM. The following admissible functions are used for the RRM
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with very high stiffness translational and rotational springs of very high stiffness to enforce the

clamped condition as explained in [31, 32].

v(x) = j'=1 ajp;(x) (11a)

x\/ 71
$;0 =) (=123 (11b)
$;() = cos (L) (> 4) (110)

where v is the lateral displacement and x is the axial coordinate along the beam and j is the

number of admissible functions.

The shaded beam and white beam depict positive and negative structures respectively. The
negative component has the same magnitude of stiffness and mass as those of the positive
counterpart. They are connected sharing a common boundary at the joints in the DSM model,
or using springs of high stiffness or Lagrangian constraints in the RRM model. Effectively this

results in two independent cantilevers (Fig. 3b).
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Fig 3. (a) A beam with a negative part, (b) the resultant structure

\ AN\

oY
SASMIAAEAANN
oY
SASAANEANNN

Table 1 shows the natural frequency parameters of the original structure for the first six modes
for four cases where: (i) the positive and negative beams share the common boundary (at the
two joints) and are connected with internal spring connection, (ii) the two beams share the
common boundary only but have no internal connections, (iii) the negative beam is connected
using the positive penalty springs and (iv) using Lagrangian constraints. The results for Cases
(i) and (ii) are obtained using the DSM and the results for Cases (iii) and (iv) are obtained using
the RRM with j =250, which is sufficient to obtain a result converged to five significant figures
[31]. As can been seen from Table 1, the natural frequency parameters for the cases (i) and (ii)

are identical. This illustrates that the natural frequencies of the original structure can be
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obtained without the internal connection between the positive and negative beams as predicted
by Statement (a). This means enforcement of rigid connections only at the boundary nodes with
the negative beam is sufficient. The results for cases (iii) and (iv) have a good agreement with
cases (i) and (ii). However, the RRM requires a sufficient number of internal connections to
ensure that the negative part and its positive counterpart cancel each other. Convergence tests
showed that 125 constraints with penalty stiffness of magnitude that is 10! times the elastic

stiffness are sufficient to obtain converged results to the five significant figures.

Table 1 The natural frequency parameter of the original structure,
QO = [;3/w?p/EI, where | is the length of the resultant cantilever beam

0

Mode (i) (ii) (iii) (iv)
1 1.8751 1.8751 1.8751 1.8751
2 4.6941 4.6941 4.6941 4.6941
3 7.8548 7.8548 7.8547 7.8548
4 10.996 10.996 10.995 10.996
5 14.137 14.137 14.137 14.138
6 17.279 17.279 17.279 17.279

Fig. 4 shows the first (top row), second (middle row) and third (bottom row) modes of these
two cantilever segments, which correspond to the first three modes of the non-dimensional
frequency parameters given in Table 1 respectively. Those on the left side of the figure are for
the left segment and those on the right side are for the right segment. They have different
lengths and so different natural frequencies, however, they have the same non-dimensionalised
frequency parameters for the same modes. The horizontal axis is the axial coordinate and the
vertical axis is the displacement of beams. The solid thick lines depict the mode shapes of the
resultant systems and the circles and thin line depict the negative structure and the associated
positive counterpart respectively, which give in sum the void system. As the figure shows,
when the original structure vibrates with its natural modes the negative part and its positive

counterpart vibrate together in accordance with Statement (b).
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Fig. 4 First three pairs of natural modes of the cantilever beam segments.

Fig. 5 shows the spurious modes corresponding to Case (2a), obtained using the RRM with
penalty springs, where the negative structure and its positive counterpart vibrate together
without any violation of constraints. As can been seen from the figure, the empty structure with
fixed ends vibrates while the remaining structure stays stationary including at the common
nodes, as predicted in Eq. (10a), in the proof for Case (2).
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Fig. 5 Spurious modes corresponding to Case (2a).

For validation purposes, consider also the case where the positive component and the negative
component are connected using Lagrangian constraints. The natural frequencies obtained using
the penalty method and the Lagrangian Multiplier Method agree with each other (Table 1).
Using Lagrangian constraints with the RRM gives the same spurious modes as ones obtained
using the penalty springs.

It is interesting to mention here the Independent Coordinate Coupling Method (ICCM),
introduced by Kwak and Han [23]. In the ICCM Method, the energy of the hollow part of a
structure is effectively subtracted from the energy of a larger structure. Although the positive
and negative structures are not treated as independent as in the RRM with embedded or attached
negative structure, the ICCM could also be considered a negative structures approach, except
that the choice of admissible functions is made before the minimisation. For this reason, it was
decided to recalculate the natural frequencies and modes using the ICCM. The results
confirmed the published results, thus showing that the natural frequencies of the beam with the
hole can be obtained. As predicted in the derivations presented here, additional modes where
only the hollow part showed some displacements were also observed. It was easy to eliminate

these due to non-participation of the actual beam.

The second case considered is the vibration of an unconstrained rectangular plate with a
rectangular hole (see Fig. 6). Unlike beams, exact solutions for rectangular plates are available
only for plates with at least one set of opposite edges with simply supported or slip-shear
boundary conditions. Thus the analysis uses a combination of the Rayleigh-Ritz Method (for

the positive plate) and the Finite Element method (for the negative plate). The basic equations
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needed to formulate the eigenvalue equations are given in Appendix B and are taken from
references [33-38]. The positive and negative plates have been connected using the Penalty
Method. Detailed energy formulations for the positive and negative plates are available in [33].
The stiffness and mass matrices for the negative plate are equal and opposite to those of a

positive plate with the same magnitude of elastic modulus and density.

Hole modelled by
attaching a negative
plate modelled by finite
elements

HL.}

Fig. 6. An unconstrained rectangular plate with a rectangular hole
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Fig. 7 The first five bending modes of a completely free square plate with a square hole at the

centre.

The first five non-zero modes of the plate are shown in Fig. 7. The variation of natural
frequencies of the plate with Ng, the number of admissible functions (in each Cartesian
coordinate direction) employed in the Rayleigh-Ritz Method, and Ny, the number of degrees

of freedom in the finite element model of the negative plate, will be presented.

Table 2 gives the non-dimensional frequency parameter 2 defined by 2 = wazm. The
natural frequency parameters were obtained with 20 Rayleigh-Ritz terms (Nr = 20) and 400
Finite Elements (N =1323). As the plate is completely free, the first three natural frequencies
are zero corresponding to the rigid-body modes. The first 5 non-zero frequency parameters
give results which agree with the FEM results obtained with 972 elements (3220 dof) to 3

significant figures.
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Table 2. Natural frequency parameters 2 of first five bending modes.

(1) RRM (+) and FEM (-)

(2)

FEM only

Mode
1st 2nd 3rd 4th 5th
10.64 15.22 22.27 31.54 31.54
10.63 15.20 22.25 31.48 31.48

It may be noted that just with the first 100 Rayleigh-Ritz modes and 1323 dof in the FEM
model, the first 5 non-zero frequencies agree within 2% of the converged results. Table 3
shows the number of degrees of freedom required to obtain frequency parameters within 2%
of the converged results for the first five non-rigid body modes. This is achieved with 1423
number of degrees of freedom, of which 100 degrees of freedom (number of modes) are for
the larger positive plate, and 1323 dof are for the FE representation of the negative plate.
Therefore, the use of a negative structure for the hollow part, represented by an FEM model,

together with the first few modes of the positive plate offers a way of calculating natural

frequencies and modes of a plate with a hole.

Table 3. The effect of the number of the Rayleigh-Rtiz modes on natural

frequency parameters 2 (with 400 elements, (1323 dof) for the negative plate).

Present (No. of modes)

FEM
3220 dof
( ) 10 20 40 60 80 100
10.63 11.13 10.88 10.82 10.78 10.75 10.73
' 4.74%)  (2.39%)  (1.83%)  (145%) (117%)  (0.98 %)
15,20 15.48 15.37 15.29 15.28 15.26 15.26
' (1.88%)  (1.15%)  (0.63%)  (0.56%)  (0.43%)  (0.43 %)
29 o5 24.87 23.03 22.76 22.65 22.57 2251
' (11.8%)  (352%)  (231%)  (1.81%) (145%)  (1.18 %)
3148 32.89 32.65 32.23 32.03 31.96 31.90
' (4.48%)  (3.72%)  (238%)  (L.75%) (152%)  (1.33%)
3148 32.89 32.65 32.23 32.03 31.96 31.90
' 4.48%)  (3.72%)  (238%)  (L75%) (152%)  (1.33%)
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4. Conclusions

Using the Dynamic Stiffness Method, it has been shown that all the natural frequencies and
modes of a structure (A) which contains a cut-out, hole or void are contained in the natural
frequencies and modes of a combined structure which consists of a larger structure (B) and an
attached negative structure (C°) which has equal and opposite stiffness and inertial properties
of that part of the larger structure (B) which occupies the space of the cut-out, hole or void,
provided that all degrees of freedom at the boundary between the positive structure and the
actual structure (A) are constrained to be equal to those of the negative structure (C°). It has
also been shown the positive and negative combined model also produces additional modes in
which the corresponding positive and negative parts vibrate together at the natural frequencies
of the negative structure when its boundary with the positive structure is fully constrained,
while the actual structure remains stationary. It was found that there is no need to enforce
continuity of displacements between the positive and negative structure except at the

boundaries.

The above predictions have been demonstrated through two examples by calculating the natural
frequencies and modes of: (a) a system of two cantilevers which was modelled by attaching a
negative mid segment to a clamped-clamped beam; (b) a square plate with a square hole by
attaching a small negative square plate in a larger positive plate. The plate problem was solved
using a combination of the Rayleigh-Ritz Method and the Finite Element Method. When
applying the method in a Rayleigh-Ritz scheme, while it was possible to obtain the natural
frequencies and modes of the required structure with a cut-out, it was found to be necessary to
enforce continuity between the positive and negative structural elements throughout the domain
of the negative structure, not just at the boundaries. Further work is needed to determine the
reasons. It was found that the Rayleigh-Ritz model had to be built carefully, by determining
suitable penalty parameters for enforcing continuity of displacement between positive and
negative structures, and the number and shapes of admissible functions.
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Appendix A. Dynamic Stiffness Matrix of a Three Part Beam with Clamped Ends

Consider a beam which has three segments, each of length of Ii (i = 1,2,3). The beam has total
length L, Young’s modulus E, second moment of area | and mass per unit length p, as shown
in Fig. Al. There are four degree of freedoms numbered as shown in the figure. The natural

frequencies of the beam can be found by searching frequencies w, that satisfy Eq. (Al). The
dynamic stiffness matrix (K") is given as follows.

. LE I p %
7 1 l2 ER 7/
é /11 /13 ’//
Z\\\ENNN\\EN\\E) ;
v/ 2> 4> L
7 Z

fffffffffffffffffffffffffffff/ﬁ
Fig. Al. A clamped-clamped beam with three segments.

K'd=0 (Ala)

/K1,1 Ki, K3 Kia
Ky, Kz Kia

* , ’ \ _ 92
K" = Ki: Kiq d= Vs (Alb)
Sym

where

El El El El
Kii =73 )T +|{3)Te Ki,=={=%)0uw* |7z
L L, Ly L,

El El
Kiz=-— 3 Tyt Kis= 2 Q242
2 2
El El El
K, = (Z) Sy + (E) S2) K3 =— lz_z Q242
El El El
K2’4 = <l—> S(Z)C(Z) K3’3 = l_3 T(Z) + l—3 T(3)
2 2 3
El El El El
K3y = — 12 Q) + 12 Q) Kys = (E) Sy + <E> S3)
2 3

with
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Sy = A (cosh Agy sin Ay — sinh A cos ?\(i))/(l — cosh A cos 7\(1’))
Cuy = (sinh A¢) —sin A(i))/(cosh Agy sin Ay — sinh A cos A(i))
Qu = )\(i)z (sinh Ay sin )\(i))/(l — cosh A cos A(i))
dai) = (cosh A¢y —cos }\(i))/(sinh Ay sin ?\(i))
Ty = A(i)3 (sinh A(i) oS Agy + cosh Ay sin )\(i))/(l — cosh A cos A(i))
tay = (sinh Ay —sin ?\(i))/(sinh Ag) cos Ay + cosh Ay sin ?\(i))
and

Ay = L w?p/El (i =1,2.3)

Appendix B

B.1 Rayleigh — Ritz Method

The positive plate has completely free edges and the out-plane displacement w is defined by
the following admissible functions [33].

w(x,y,t) = W(x,y)sinwt (B1)
with
Ng Ng
W) =D ) Gidi(0d;) (B2)
i=1 j=1
and
xyi-1 .
¢;(x) = (E) fori =1,2and 3
(i —3)mx )
$i(§) = cos (T) fori > 4

where w is the circular frequency and t is time. Gi; are undetermined weighting coefficients.
The above equations are substituted into the strain energy expression, Vmax and kinetic energy
expression, Tmax given by Eqgs (B3) and (B4) respectively to obtain the stiffness matrix and
mass matrix used in the Rayleigh — Ritz analysis.

|%4 —1Dfafb aZWZ-I- 62W2+2 62W62W+21 azwzdd B3
max =27 )y Jo |\ 9x2 dy? Vox? 9y? d-=v) dxdy xay (B3)

and

a rb
Trnax = —— f W? dxdy (B4)
0o Jo

where



24

Eh3
12(1 —v2)
E is Young’s modulus, v is Poisson’s ratio, p is the density of the material and h is the thickness
of the plate.

D =

B.2 Finite Element Method

The hollow part is represented by the addition of the negative plate which is divided into a
finite number of rectangular elements which have four nodes and 12 associated degrees of
freedom, see Fig. B1. One can use the same energy expressions as in Eqs (B3) and (B4) to
develop the stiffness and mass matrices using the Finite Element Method. However, the energy
functional must have a minus sign as the negative plate has negative elastic modulus and
negative density whose magnitudes are the same as its positive counterpart. The element
stiffness and mass matrices used are given below, which are developed referring to [34-36].
For the rectangular element used in the present study, the eigenvalue equation given in Eq.
(B5) is satisfied.

y
z, (W)
Oy
LA
De
L5 x
1 rd
3 ™y,
de |
Fig. B1. A rectangular element
{[Ke] — w?[M,]}{d} = {0} (B5)

{d}={dy d; d3 d}7 and  {d}={Wi Oxi 0y:}"

[Ke] and [Me] are the element stiffness and mass matrices respectively. {d} is the displacement
vector including transverse displacement and rotations about the x and y axes.

The element stiffness matrix is given as follows.

D

(K] = [T1[S]1[T] (B6)

" 15a.b,

where,
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S1,1
S21 S22
S31 S32 S33 Sym
Sg1  Sa2 S43 Sy
Ss1 Ss2 S53 55, Sss
s] Se1 S62 S63 Sg4 Ses Ses
S71 S72 S73 S74 S75 S76 7,7
Sg1 Sg2 Ss3 Sg4 Sgs5 Sse Sg7 Sgs8
S9,1 S92 S93 S9,4 Sos5 Sog So,7 So98 S99
S101 S102 S103  S104 S105 5106 S107 Si0s S109  S1010
S111 S112 113 S114 0 S115 0 S116 S197 S8 S119 S1110  S1111
S121 S122 S123 S124  S125 S126  S157 Sipg Siz9 512:10 512:11 S12.12]
with

s11 = 60(B% + a?) — 12v + 42
Sp1 = 30a? +12v + 3, Sy = 20a% —4v + 4,
s3p=—(B0B%+12v+3), s3,=—15v, S33 = 20B% —4v + 4,
s41 = 30(B% — 2a%) +12v — 42, 54, = —30a® +3v —3,
Sa3 = —15B2+12v+3, 544 = 60(B% +a?) — 12v + 42
Ss1 = 30a? 4+ 12v + 3, S5 = 10a? +v —1, s53 =0,
ss5,4 = —(30a? + 12v + 3), Ss5 = 20a% — 4v + 4,
Seq = —15B8% +12v + 3, Se2 =0, Se3 = 1082 + 4v — 4, Seq = —(308% + 12v + 3),
Se;s = 15V, Sg6 = 20B% — 4v + 4,
$71=30(=2B%+a?) +12v—42,  s,,=15a%—12v -3,
s73 =30B%—3v +3, S74 = —30(B% + a?) — 12v + 42, s75 = 15a% + 3v — 3,
s76 =152 +3v—3, s,, = 60(B? + a?) — 12v + 42
g1 = 15a% — 12v — 3, Sgz = 10a? + 4v — 4, sg3 =0, sg4 = —15a? —3v +3,
Sgs =5a? —v+1,  sg6=0, s3g;=30a?+12v+3,  sgg=20a%—4v+4,
Soq = —30B8%+3v -3, S =0, So3 =10B%+v —1, Soq = —1582 —3v +3,
So5=0, Sqe=05B%—v+1, s9;,=3082+12v+3, S9g =15V, S99 =20B2—-4v+4
S101 = —30(B% + a®) — 12v + 42, S102 = —15a% —3v -3, S103 = 158% +3v — 3,
S104 =30(=2B% +a?) +12v —42,  s;05 = —15a?+12v+3, 196 = 302 —3v +3,
S107 = 30(B% —2a?) +12v — 42,  s195 = —30(B% + a?) — 12v + 42,

S100 = 1587 — 12v — 3,
S10,10 = 60(B? + a?) — 12v + 42
S111 = 15a% +3v - 3, S11,2 = S5a2—v+1, S113 =0, S114 = —15a? + 12v + 3,
S115 = 10a? + 4v — 4, S116 =0, s117 = 30a? —3v +3, s118 = 10a? +v —1,
5110 =0, s11,4 = —(30a% + 12v + 3), s115 = 20a? —4v + 4
S121 = —158% = 3v +3, 5122 =0, So3 =5B%—v+1, S124 = —30B%+3v -3,
S125 =0, S126 = 1082 +v—1, s, =152 —12v -3, S128 =0,

S120 = 10B% — 4v — 4,
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512,10 - 30ﬁ2 + 12V + 3, 512’11 - _15V, 512,12 - ZOﬁZ - 4V + 4’

(a= ae/be' B = be/ae)

and

1 1
l ] and 1] = ae
l

The element mass matrix is given in the following form.

T

pagbe | IM m

[M.] = 25220(21 m11 m21] (B7)
21 22

where

3454

461be 80b§ Sym
—46l1a, —63a,b, 80a?

Mi1 =1 1226  274b, —199a, 3454

274b,  —60b%?  42a,b, —461b, 80b?
|-199a, —42a,b, 40a? —46la, 63a,b, 80aZl

- 1226 199b, —274a, 394 —116b, —116a, ]
199b, 40b% —42a,b, 116b, —30bZ —28a,b,
274a, 42a,b, —60a%? 116a, —28a,b, —30a?

394  116b, —116a, 1226 —199b, —274a,

—116b, —30b2 28a,b, —199b,  40b2  42a,b,

| 116a, 28a,b, —30a%? 274a, —42a,b, —60a?]

my;, =

3454
461b, 80b2 Sym
461a, 63a,b, 80a?

M22 =1 1226  274b, 199a, 3454
—274b, —60b? —42a,b, —461b,  80b7
| 199a, 42a,b,  40a? 461a, —63a,b, 80aZl

B.3 Penalty Method

The continuity conditions between the two plates are satisfied asymptotically by inserting
artificial springs with very high stiffness between them and adding the potential energy due to
the springs as penalty terms to the Rayleigh-Ritz minimisation equations. Using the notation
in reference [37] the potential energy, Lmax is given by the following equations.
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Np Ny

1 2
Lmax = EZ 2 kw {W(xi; yj ) - dhi’j} (B8)
i J

Nhn is the number of the finite element nodes in the x and y directions for the hollow part, and
xi and yj are the coordinates of the positive plate corresponding to the nodes. dhij is the
transverse displacement of the negative plate at the nodes and kw is the penalty parameter. For
this study, the value of kw was chosen as 10 times the plate flexural rigidity, D (i.e. kw =
10'°D) since the value is sufficient to be considered as an asymptotically rigid connection from
the results in [38].

B.4 Eigenmatrix Equation
The total energy functional, (V,,qx + Limax) — Tmax 1S Minimised with respect to the unknown

weighting coefficients and nodal degrees of freedom using the Rayleigh — Ritz procedure which
yields an eigenvalue equation

G
(K1 - o2 | = (0) (B9)
in which
Kpos + K —K7 M 0
Kl = pos 14 ph ) Ml = pos
[ ] _Kph Kneg + Kphh_ [ ] 0 Mneg

where [K] and [M] are stiffness and mass matrices, and the subscripts pos and neg stand for the
positive and negative structure respectively. [K;] are stiffness sub-matrices due to the penalty
terms. {G}' and {dn}" are sets of coefficient vectors for the positive plate and degrees of
freedom of the negative plate respectively. The non-dimensional frequency parameters, 2 =

wa?,/ph/D are obtained by solving the above eigenvalue equation.



