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We classify and study all coordinate systems which permit R-separation of variables for the wave equation
in three space~time variables and such that at least one of the variables corresponds to a one-parameter
symmetry group of the wave equation. We discuss 33 such systems and relate them to orbits of commuting
operators in the enveloping algebra of the conformal group SO(3,2).

. INTRODUCTION

This paper is one of a series!~" devoted to uncovering
the relationships between the symmetry group of a lin-
ear second order partial differential equation and the
coordinate systems in which variables separate for that
equation, Here, we study the wave equation

(8o =211 —52)¥ (x)=0 (*)
in three space—time variables, The symmetry group of
this equation is locally isomorphic to the ten-parameter
group SO(3,2). In Paper 9 of this series we will derive
explicitly the possible orthogonal coordinate systems
with respect to which variables separate or R-separate
in (). (More precisely we shall list all coordinate sys-
tems obtained from confocal cyclides and their limits, 8)
We will show that each such system corresponds to a
two-dimensional (commuting) subspace of the space of
second order symmetric elements in the enveloping
algebra of so0(3,2). Here, the elements of s0(3,2) are
first order differential operators which are symmetries
of (). If the commuting operators @, S form a basis for
such a subspace, then the separated solutions ¥ of (x)
associated with this coordinate system are character-
ized by the eigenvalue equations Q¥ =¥, S¥ =¥,
where the eigenvalues A, u are the separation constants,
The group SO(3, 2) acts on the enveloping algebra of
so(3,2) via the adjoint representation and preserves the
rank of operators in the enveloping algebra. In particu-
lar the infinitesimal symmetries of (*) generate the
identity component of SO(3,2) and the symmetry I such
that I¥(x)=¥(-x) lies in the component not connected
with the identity. Under this action the two-dimensional
commuting subspaces of symmetric second order ele-
ments are decomposed into SO(3,2)-orbits, We regard
coordinate systems attached to subspaces on the same
orbit as equivalent, i,e., one such system can be ob-
tained from any other one by an S0(3,2) transformation,

Much of this paper is an introduction to the problem
of separation of variables for (x), Most of the detailed
calculations will be presented in Paper 9 of this series
and subsequent publications. In Sec. 1 we compute the
symmetry algebra of (x) in two different bases and by
taking a Fourier transform we construct the well -known
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Hilbert space #/, of positive energy solutions of (x), On
#, the symmetry operators of so(3,2) exponentiate to
yield a E_n\it_ay irreducible representation of a covering
group SO(3,2) of the identity component in SO(3,2), In
Sec. 2 we determine explicitly the action of $§0(3,2) on .
#,. Most of the results of this section appear to be new,

The remainder of the paper is devoted to separation
of variables. If a separable coordinate system corre-
sponds to a subspace where there exist operators
Q=A2%, S=B? with [4,B]=0 and 4, Beso(3,2), we call
such coordinates subgroup coordinates. In this case
one can diagonalize the first-order operators A, B.
These systems are the best-known and easiest to find,
More generally, if there exist operators @,S such that
Q=A4?% [4,5]=0, and A cs0(3,2), we call these co-
ordinates semisubgroup coordinates. Here, one can
diagonalize the first order operator A. If there exists
no pair @,S such that @ is a square of some A €50(3,2),
we call the coordinates nonsubgroup. Nonsubgroup co-
ordinates are the most intractible of all separable co-
ordinates and appear the least frequently in applications,

A given A € 50(3,2) may correspond to several (or to
no) semisubgroup systems. Indeed, if ¥ satisfies both
(x) and A¥ =ix¥, then, since 4 is a symmetry of (x),
we can use standard Lie theory and introduce new varia-
bles ¥,,%,,¥, such that A=3, +f(y) (where f may be
zero) and ¥(y)=7(y) exp(iry,)®,(y,,7,), Where » is a
fixed function satisfying 9y, +fr=0. Then (x) reduces
to a second order partial differential equation (t) for
9, in the two variables y,,y,. The possible semisub-
group systems A% S thus correspond to the possible co-
ordinate systems such that the reduced equation (%)
separates. In particular S corresponds to a second
order symmetry of the reduced equation.

In Secs, 3—7 we examine the possible semisubgroup
systems. The systems are of seven types correspond-
ing to seven choices for A, Using the notation for ele-
ments of so(3,2) introduced in Sec. 1, we find that
these types are:

1]. A=T,,. Then () becomes the eigenvalue equation
for the Laplace operator on the sphere S,. We find two
coordinate systems,%?®
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2]. A=P, and (f) is the reduced wave equation (4, 1),
We find four coordinate systems.

3]. A=P, and (}) is the Klein—Gordon equation (4, 5),
We find 11 coordinate systems, *1°

4]. A=D and (f) is the eigenvalue equation (4.9) for
the Laplace operator on a hyperboloid, We find nine
coordinate systems,*

5]. A=P,+ P, and (}) is the free particle Schrédinger
equation (5.1). We find four coordinate systems.®

6]. A=M,, and (f) is the Euler —Poisson—Darboux
(EPD) equation (6.1). We find nine coordinate systems.

T, A=3(T,,~T,.) and (f) is Eq. (7.1). The problem
of separation of variables for coordinates of this type is
currently under study, There are at least three co-
ordimte systems.

Eliminating duplicate coordinate systems we obtain a
total of 33 distinct semisubgroup systems at this
writing, 27 of which have already been discussed in
Refs. 1-7. The systems of types 6] and 7] are related
to unitary representations of the universal covering
group of SL(2,R) which belong to the discrete series.
They will be discussed in detail in future papers.

At this writing we have determined all 4 €s50(3,2)
such that a separable coordinate system corresponds to
some commuting pair A%,S and such that S belongs to
the enveloping algebra of the symmetry algebra of the
reduced equation (f) associated with A%, However,
there are some omissions on our list, due to the fact
that diagonalization of A does not uniquely determine
the variable y, which is split off to obtain (¥). The sys-
tems we have omitted correspond to nonorthogonal co-
ordinates and are such that S is not expressible in
terms of the symmetry algebra of (f). These systems
prove rather intractible from the group theoretical
viewpoint. The proofs of the above remarks follow from
the results of Sec. 8. In Paper 9 and later publications
we will settle these questions by using other techniques
to explicitly list all systems (orthogonal or not) such
that (x) R-separates.

In only a few representative cases do we explicitly
list the coordinate systems. For 27 systems the expres-
sions are given in Refs., 1—7T and 10, In Paper 9 we will
derive explicitly all orthogonal systems allowing R-
separation in (*) and obtain the corresponding semi-
subgroup systems as special cases,

Finally, in Sec. 8 we classify the orbits in so(3, 2)
under the adjoint action of SO(3,2) to see why not every
A€ s0(3.2) corresponds to a semisubgroup system of
the form A%,S.

The special functions appearing in this paper are all
defined as in the Bateman Project.

1. SO(3,2) AND THE WAVE EQUATION

We are concerned with the wave equation

(300—311—322)11)()6):0, xz(xo,xl,xz). (1°1)

As usual® we define the symmetry algebra of (1.1) to be
the set of all linear differential operators
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L=2"a,)3, +bx)

such that Ly is a (local) solution of (1.1) whenever y is
a (local) solution,

It is well known that the possible operators L form a
ten-dimensional Lie algebra, isomorphic to so(3,2),
where the commutator is the usual Lie bracket.'? As a
convenient basis for this model of so(3,2) we choose
the momentum operators

r,=3,, a=0,1,2, (1.2)
the generators of homogeneous Lorentz transformations

Mp=%x0, =%0,, My =%s9,+x,3,,

My, =%,0,+%,0,, (1.3)
the generator of dilatations
D:—(§+x080+x181+x262), (1.4)

and the generators of special conformal transformations

Ko=—xy+ (o —2x2)0 ) — 2x,%,3 ; — 2%,0 5,

Ki=x;+ (x «x +2x2)0, + 2x,x,0, + 2x,%,0 ,, (1.5)
Ky=x,+ (x «x +2x2)3, 4+ 25,59 + 2%,%,3

where
X2y =XV = K1Yy = XpYp =XYo — X Y. (1.6)

The commutation relations follow from (1.27) and (1.28)
which will be derived later,

These symmetry operators can be exponentiated to
obtain a local Lie transformation group of symmetries
of (1,1),** % In particular, the momentum and Lorentz
operators generate the Poincaré group of symmetries,

) = YA x —a)), a=lay,a,,a,), NeSO(1,2),
(1.7

the dilatation operator generates
(exprD)y(x) = exp(- r/2)[exp(- M)x], reR,

and the K, generate the special conformal
transformations

(1.8)

exp(a K, +a,K,+ a,K,)p(x)
=[1+2x-a+(a-a)x-x)]*/?

x+alx-x)
x w(l +2x.a+ (a =a)(xox)> :

(1.9)

In addition we shall consider the inversion, space re-
flection, and time reflection operators,

Ry(x)= (1/\/—96 cx0)P(—x/x - x),
S9(x) = lxo, — %1, %),
TP(x) = (= %o, %15 %5),

(1.10)

which are not generated by the local Lie symmetries
(1.2)—(1.5).

As is well-known, '** by formally taking the Fourier
transform in the variables x, we can express a solution
P(x) of (1.1) in the form
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1" .
se=gr [ [lemtalteut)
+explih «x)f (ky, k)] di(k), (1.11)

where ky=+ (k2+ k2 /2, k= (—kyyky,k,), and du(k)
= dk, diy Ry

Let H=H ,®H_ be the space of all ordered pairs of
complex-valued functions {f(k,, 2,),f(k,, k)t = F(ky, ky)
defined on R, such that

[ s+ 1D au@) < o (1.12)

(Lebesgue integral), and consider the indefinite inner
product on / given by

F,G)= [ [ (fg -7&)duk).

Then, as is well-known,'** the functions ¥, & related
to F, G by (1.11) satisfy

(1.13)

(¥, &)= (F,G)=2i [ [(U(x)3,8(x) ~ [0,9()]® (x))dx, dx,

Yost

(1.14)

independent of {, More precisely (1.14) can be derived
from (1, 13) by first considering the dense subspace of

H consisting of C* functions with compact support bound-
ed away from (0,0) and then passing to the limit. For

F </ the corresponding ¥(x) is a solution of (1,1) in the
sense of distribution theory; it may not be true that ¥ is
two times continuously differentiable in each variable,

The operators (1.2)—(1,5) acting on solutions of (1.1)
induce corresponding operators on// under which //,
and //_ are separately invariant. Indeed with repeated
integrations by parts we can establish that the action of
these operators on #, is

Py=1ik,, sz"ikjy j=1s2’ (1.15)
M, y=Fki3,, = FR33pys M01=koak1’ Moz=koak2y (1.18)
D:%+klak1+k28k2! (1.17)
Koziko(aklkl-i-akzkz), (1.18)

Ky =Ry By, = Frdp, + 228y +2,),

+2ky0, ,, T 0,).

k1R kakz

Ky=il=kydyp +Fadp

The action on /. is the same except that %, is replaced
by -k, in each of {1.15)—(1.18). Moreover, it is
straightforward to verify that these operators are skew-
Hermitian on //, and //_ separately.

The induced operators S and T on// are

SF(ku kz) = F(" ku kz) = (f(“ kla kg),f(_ kl’ kg)),

Tk, k) = (F Ry, ky), flly, o). (t.19)
Thus, //, and //_ are invariant under S, but these spaces
are interchanged by T. In view of this interchange prop-
erty of T we will henceforth limit ourselves to consid-
eration of elements in the Hilbert space //,, or what
amounts to the same thing, the positive energy solutions
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Y- = f f exp(ik - x)f(k, , k) du(K). (1.20)
The inner product on //, is

(f,0=[ [ Ay k)glley k) duntk) (1.21)
and

(¥,8)=(f, 9 =4 [ [ ¥(x)3,2 (x) dx, dx,

xg=t
=-4i [ [ ®(x)a,¥ (x) dx, dx,. (1.22)
x0=t

Furthermore, if ¥ is given by (1.20), we have

f(kl,kz)z%"f J'\Il(x)exp(--ik-x)d;\c1 dx,. (1.23)

By employing arguments analogous to those in Ref.
12, one can show that //_ is invariant under R and

Rf(k)Z;;f fc0s¢2l'kﬂl)du(l), fet,,

R®=E,

(1.24)

where E is the identity operator on//,. Clearly, R
extends to a unitary self-adjoint operator on /4 with
eigenvalues 1. It follows from the configuration-space
realization of our operators that
RK,R'=P,, j=1,2, RKR"'=-P,, RDR™=-D,
(1.25)
RM R'=M,, R=R".

At this point it is convenient to introduce another
basis for our Lie algebra of symmetry operators which
clearly displays the isomorphism between this algebra
and s0(3,2). We define so(3,2) as the ten-dimensional
Lie algebra of 5X5 matrices A such that AG +GA? =0,
where 0 is the zero matrix and

1 0

-1
0 -1

Let ¢ ;; be the 5X5 matrix with a1 in row i, column j
and zeros elsewhere. Then the matrices

rab:éab_ébaz-rba’ aib’
I‘aB:éGB+faa=I"Ba, 1Sa,b$3,
Tupg==Can+tlpa=-Tpu, 4<A,B<5,

(1.26)

form a basis for so(3,2) with commutation relations
[rab s ch] =05 Lgq T 0,4 e +6,,T 4 +0,7T
[raB’ ch] == 5adch R VPP

ca’

(1.27)
[F,u,:r45] = 6A5r4b - 5A4r5b ’
[Faa ’rcD] =06ppL —~ 8, T'np-
This I'-basis is related to our other basis via
Py=Ty +Ty, Py=T )+, P,=T;+Ty,
E.G. Kalnins and W. Mitler, Jr. 2509
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Ky=T - T4, K =T =Ty, K,=T,,—T,, 6 (1.28)
M,=T,, M, =T,, M,u=T,, D=T,.
Furthermore, we can set R=~G.
For our model of so(3,2) we have
Pj- Pi- P;=K;-K{-K;=0,

where the result for the K-operators follows from
(1.25). Furthermore, direct computations yield

2, +Ir2, +T2,=I% +1,
M3, = M3 -~ M =~D*+7,
Fis_ril—rglzrgs‘*'l

If {¥ , (x)} is an orthonormal (ON) basis for the Hil-
bert space of positive energy solution of (1.1), then (in
the sense of distributions)

E‘I’ (x)‘ll )= A(x %)

16“2 j f explik - (v’ — x)]du(k),

(1.31)

where the distribution A, defined by (1.31) has the ex~
plicit expression

(1.29)

(1.30)

27
E—a
2mi 1/2
A, (x)= —Uz—_m, t<—r, r=0E+2)02, (1.32)
27
(—ré————tz_)m’ -y <i<y.

The computation of (1.32) is carried out in analogy with
the corresponding result for four-dimensional space-
time. ! It follows immediately that

T (x) =¥, A (x" - x),

where the integration is carried out over x’.

(1.33)

2. THE ACTION OF THE CONFORMAL GROUP

It is well known that the representation of so(3,2) on
#, induced by the operators (1.15)~(1.18) exponentiates
to a global irreducible unitary representation of a cover-
ing group $O(3,2) of the identity component of SO(3,2).*?
The maximal connected compact subgroup of $0(3,2) is
S0(3)xS50(2), where SO(3) is generated by T'j,, 'y, Ty,
and SO(2) by I' ;. We will determine the explicit action
of this subgroup on #4/, as well as the action of several
other interesting subgroups of $0(3,2).

_ The operators My, My, M,, generate a subgroup of
50(3,2) isomorphic to SO(2,1). The action of this sub-
group on /4, is determined by

(exp6M ,)AK) = f(k, cOs 0 — k, 5inb, k,; sinf + k, cos¥),
(expaM,)f(K) = f(k,(a), k,), 2.1)
k) =k, + k)2 — eok2]/2(ky + ko), feH,.
(The result for M, follows easily from that for A,,.)
The P, generate a translation subgroup of $0(3,2):
(exp 2 a,P,)fK) =explia - k)fK). (2.2)
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Unitary operators of the form exp} a, K, are some-
what more difficult to compute explicitly. However, the
subgroup SO(2,1), (2.1), transforms the vector a under
the adjoint action and there are only three distinct cases
to consider: (1) a=(ay,0;0), a,#0, timelike; (2)
a=(0,a,,0), a,#0, spacelike; (3) a=(a,, a,,0), lightlike.

We start with the timelike case. Note that the
quantities f’l’z’

fxxzz(k)zﬁ(kx =18k, ~ L)y, =0 <1 <o,
ijlllz:_ljflllz’ i=1,2, Pofllz.‘,:iloleta’

form a basis for /4, of generalized eigenvectors of the
commuting operators P,. The orthogonality relation is

(e a0 Ssysy? = 01 = 505 = 52)l,

2.3)

Iy= @+ )2 @4
Thus, the quantities &1, :Rfli'z’
gu1,(0) = (1/27) cosVv2l - &, (2. 5)

form a basis for //, of generalized eigenvectors of the
commuting operators K,:

Kjgl112 ==il;gu1, BoSigr,=- o811y
(2. 6)
<g11¥2!gslsz> =8(1; = $1)8(ly ~ $3)1,.
(Here we are using the fact that R is unitary.)
The unitary operator expaK; takes the form
(expaKy)f(8) = [ [ Gla, L, 8)f(Vdpl), feH, (2.7

where
Gla, 1, 8) =(explaK)fi, fs) =(R exp(— aPy)Rf1, fo)

=(exp(~ aPy)g;,&q)

e If exp(~ iak,) cosv2l -k cosv2s - k du (k).
{2.8)

We can evaluate this integral by expanding the cosines,

cosVal-E= Y exp[in(6 - @) a2k,

li+ily =1 explip), ky+iky=Fk,exp(if),
and integrating term-~by-term. The result is
Gla,1,8) = - (i/2na) exp(i(s, + ,)/a]
xcos{(1/a)V2(syly+sidy + S |

To compute the action of expaK;, we need a basis of
generalized eigenvectors of the commuting operators

(2.9)

Mgy, and P;. The basis is
Iy, (K) = (1/V21)6(S ~ 1) exp(iXT), = <p,a<,
(2.10)
S=k,, T=In(ky+ky), du(k)=dSdT.
Indeed,
M02h).u :“hw’ Plh'xu == i“-hxu,
(2.11)

(Bgyy Byr oy = 81 — )60 = 21),
A straightforward computation, using the unitarity of

R, shows that the Rh,, are corresponding eigenfunctions
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of M,, and K, satisfying the same orthogonality rela-
tions as the h,,. Here,

My (Rhy,) =iN(Rh,,), Ky (Rhy,)=—iuRh,,,
4(u/S)* cosh(am)Kyy, (2VSu ), Su > 0,

Rip, (o) = BT

(@n)3 7221 /2 2(— 1/ S)M Ky, (2 exp(~ mi/2)V=Sp)

+Kpyn (2 exp(mi/2)0V="51)], Su <0,
(2.12)

where K, (z) is a MacDonald function. The unitary opera-
tor expaK; assumes the form

(expak,)f(e) = | | Ha,, 9)f) du(), (2.13)

where

H(a,1,8) =(exp(@K,)fy, 1) = | ] (i, exp(= K RI)

(Rh,,,fo) dpdr= f ) f exp(- ina)Rh,, (\)Rh,,(8) du dx

1 .,
= Bnlal exp[—i(s; +1,)/a]

(2.14)

><cOS/ S1(l2 +1p) = Li(s2 + So) ) ’

\a(sy +so) 72y + 1)1 /*
as follows from a tedious computation.

The computation of exp[a(K,+K;)] can most con-
veniently be carried out in Sec. 5, where we relate
this operator to the free-particle Schrddinger equation.

The dilatation operator D generates the one-param-
eter group expaD,

(expaD)f(k) = exp(a/2)f(e°k).

We can now easily exponentiate the compact genera-
tor I'ys=3(P, - K;). Indeed, the operators P, D, and K,
generate an SL(2, R) subgroup of SO(3, 2). It is easy to
verify the relation

(2.15)

exp26T; = exp(tand P;) exp(- sinf cos6 K)

xexp(— 21ncos6 D) (2.16)

on SL(2, R), and, evaluating the right-hand side of this
expression, we find

(exp26T )l = 2552

Xcos[cscoV2{Ryl, + Rl +Raly) | F) dul),
(2.17)

Similarly, the operators Py, D, and K; generate an
SL(2, R) subgroup of SO(3, 2) and one can verify the
relation

exp[—i(ky+1,) cotb]

B8 +#nm.

exp20T'y, = exp(tand P,) exp(sind cosé K,) exp(- 2 Incosd D),
2y =K+ Py,

or
exp{— ik[(sin®6 + 1)/sind coso]}
26T,)f(K) = 1
(exp26T,)f(k) anlsind|
xff exp(-il; cotf)
2511 J. Math. Phys., Vol. 16, No. 12, December 1975

Byla +10) = 1y (kg + ko)
xcos [sinle o+ k2, 4 1)t /z]f(l) dp(),

8% nm/2. (2.18)

The operators (2. 18) together with the operators
expb My5, (2.1), determine the action of the SO(3)
subgroup.

3. THE LAPLACE OPERATOR

On restriction of our irreducible representation of
§O(3, 2) to the compact subgroup SO(3) this representa-
tion decomposes into a direct sum of irreducible
representations D; of SO(3), dimD,=21+1. We will
determine a convenient basis for #/,, which exhibits this
decomposition, This is a basis of eigenvectors of the
commuting operators I'y; and I'ys:

Ty f=iMf, Tasf=imf, —ils5=3ko(- Ongey ~ Orgry +1).
(3.1)

By setting B, =k,cos0, k,=k;sind, it is easy to show
that the ON basis of eigenvectors is

FEm™ &) =0 -m)!/nl+m)! 1% (2k,)™ exp(- k)
XL,(Z_:)(zko) exp(imb),
r=l+s, 1=0,1,2,---, m=-1,-1+1,...,L

3.2)

Here, L{*(z) is a Laguerre polynomial.

From this result and the first of Eqs. (1.30) we see
that the {f*™: m=1,1-1,..., -1} for fixed I form an
ON basis for the representation D, of SO(3). Further-
more, on restriction to SO(3) our representation de-
composes as

2. @D,
1=0

From the known recurrence relations for Laguerre
polynomials we find
Ty f @™ =3VT—m+ DT +m+1)fFbm
% l(l — m)‘(l' +m)f(l-1.m)’
Ppf®™ = Wlrm+ )T +m+1)fHbmD ®.3)
+3VT=-mYT=m =) f D L VT m) T+ m = 1)

xf(l-l. m=1) _ "I{N/(Z —m+ 1)(l — M+ 2)f(l+1,m-1)-

Using (3.1), (3.3) and taking commutators, we can
compute the action of any I',; on this basis.

Note the close connection between the eigenvalue
equation I'y; f=72f and the quantum Kepler problem in
two-dimensional space:

Hg=pg, H:_axx_ayy*'e/r’ 7=(x2+y2)1/2,
ff |g[2dxdy<°°.

The two eigenvalue equations can be identified provided
we set & =xV< i, ky=yV= 1, p=-e%/42%, The eigen-
value problems are defined on Hilbert spaces with dif-
ferent inner products, but from the Virial theorem!® we
see that if the energy eigenvalue p belongs to the point
spectrum of H and g is a corresponding eigenvector,
then g also has finite norm in //*. Conversely, if fis
an eigenfunction of I'y;, then [[ f12dxdy <= and f cor-

(3.4)
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responds to an energy eigenvalue o in the point spec-
trum of H. Since the eigenvalues X of I'y; are A=+ 3,
1=0,1,2,---, it follows that the point eigenvalues of H
are p; =—e*/4(l + 3)%. Although this is a satisfying ex-
planation of the point spectrum of H, it sheds no light
on the continuous spectrum of H since I'y; has only
point spectrum.

Using (1. 20), we can compute the corresponding ON
basis of positive energy solutions »"%*™ (x) of (1. 1):

ey = 1/47 [ | explik - x)f ™ (K) dps (k)

:[(l—m)!/411(l+m)!]”2exp[im(a—11/2)] (3.5)
X f.” expl(ixg — 1)k )(2ke)"T (k) L {20 (2ky) ke,
X1=7CcoSQa, x,=7sina,

In terms of the coordinates

o= sin¥ oo 8ino cosa
" cosoc—cos¥’ "! coso-—cos¥’
sino sina
Xy = —————— (3.6)

" coso —cos¥ ’

variables R-separate in (1.1) and (3. 5) to give

™ VT =m) 1 /87 + m) ! Vcoso — cos¥
xexp[- 1% + )] exp[im(a - 1/2) P (coso)
=[(=i)™!/Val +2]Vcoso - cos¥ exp[- iU + 1) Yo, @),
(3.7

where P7 is an associated Legendre function and Y7 is
a spherical harmonic. (We can always parametrize so
that coso — cos¥> 0. ) Indeed, in our three-variable
model we find

Dys=— 3, + £ s8iny/(coso — cosy), Tyy=2,. (3.8)

Thus 3™ (x) = Vcoso - cosy exp[— i(l + 3)] explima)g(o),
and, substituting into (1.1), we see that variables R-
separate and g(0) is a linear combination of Pj*(coso)
and @7'(coso). Evaluating the integral (3. 5) for special
values of the parameters, e.g., 0=0,n, we establish
3.7).

For future use we point out that there is another
model of our irreducible representation of §O(3, 2) in
which the eigenfunctions of I'y; and I'y; take an especial-
ly simple form. The representation space is the Barg-
mann Hilbert space 7, consisting of all entire functions
h(zy, 25) such that!’

fc><c |h |2d.§(z) <o, di(z)=(exp[- (|Z1 Iz + 132 Iz)]/ﬂz)

Xdxydxa dyy dyy,
Zj:xj"'iyj’ j=12. (39)
The inner product is

(i1 = [ o SR AE().

The carrier space for our representation is not 7, but
the subspace 73 consisting of all 2 < 7, such that
h(—zy, — 29) =h(z4,2;). The functions

f(l"")(ZuZz):ZimZ;-m/ L+m) (I —m)!,
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lzofliza”'y Wl:l,l—l,...,—l,

(3.10)
form an ON basis for 7;. Setting

1"45:(2'/2)(.21821+22622+1), Ty=3(z,29 - 8,,,.),

242
@1

Ty5 = (i/2) (212, — 223.,), Lip =30, +2 2} - 2)

and comparing with expressions (3. 3), we see that we
have a new model of our representation of §O(3, 2) in

which the functions f ™ (k) can be identified with the

functions (3. 10). The explicit unitary mapping U from
#* to 7; which commutes with the group action is

2z

Uf(Z1,22):fRf Uk, 2)f(k) du (&), fe i, 5.12)
where 2
U(k,Z):XE f'(l,m)(k)f(l,m)(z)
=[exp(k, + 2, + Zz)/ﬁ] cosh[v2k,
X (a1 exp(=6/2) ~ 2, exp(i6/2))], (3.13)

ky=kycos8, Pky=k;sinb,

For convenience we will list the pairs of commuting
second order elements in the Lie algebra of §O(3, 2)
which correspond to each coordinate system we discuss.
Thus the system (3. 6), (3.7) corresponds to the
operators

1) F§5) F%3'

There is also a Lamé-type coordinate system related to
the SO(3) subgroup and determined by

2) FES’ F%2+02F%3, a#:oy

which we shall not treat here. The relationships between
1) and 2) are discussed in Refs. 4 and 9. These systems
correspond to the eigenvalue equation for the Laplace
operator on the sphere S,.

4. DIAGONALIZATION OF Py, P,, AND D

We next look for those coordinate systems permitting
separation of variables in (1. 1) such that the corre-
sponding basis functions ¥ are eigenfunctions of P;:
Py¥ =i2¥. For such systems we have ¥ (x) = exp(iax,)
x®(x(, x,), where

(841 + B9p + 2H)@ = 0. 4.1)

Thus the equation for the eigenfunctions reduces to the
Helmholtz equation (4.1). Now P, commutes with every
element in the Euclidean subalgebra £ (2) generated by
P,, P,, and M,;,. The Euclidean group in the plane E(2)
with Lie algebra £ (2) is the symmetry group of (4. 1).
It is known that this equation separates in exactly four
coordinate systems, each system corresponding to a
symmetric second- order element in the enveloping
algebra of £(2). See Refs, 1, 6, and 18 for discussion
of these matters as well as listings of the coordinates
and the related eigenfunctions. The pairs of commuting
second order symmetric operators associated with
these systems are

3) P%, P3, Cartesian,
4) P, M}, polar,
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5) P3, M;,P,+P,M,,, parabolic cylinder,
6) P3, M3, +P} elliptic.

On //* the requirement P, f=i\f implies f(k)
=6(ky = M)g,(8), where A>0, & =k cosb, ky=Fk,sin8, The
search for the functions g, reduces to a study of the
Hilbert space L,[0, 27] on which E(2) acts via

M12=69. (4. 2)

As is well known, these operators determine a unitary
irreducible representation of E(2) on L,[0, 27]. Once
the eigenfunctions g, ,(6) of the second operator in 3)—
6) have been determined, the corresponding separable
solutions ¥,, of (1.1) can be obtained from the relation

P =-iXcosf, P,=-ixrsiné,

. 2r
T, (x) = E%LZ—A—)C—O) f exp[- ix(x; cosé +x, sind)lg, (8) 6.
0

7
4.3)

The eigenfunctions g,, and the corresponding integrals
(4. 3) have been worked out in Refs. 1 and 6. For future
reference we give the basis 4):

Py, =ixVy,, MW, =in¥,,, n=0,£1,£2,---,

f).n(ko, 9) = 5(k0 - )\) eXP(ine)/‘/E, <f)myfx’n'> = 6()\_ )\,)Grm”

(4. 4)
(%9, 7, @) =[(=)"/V8m | exp[i(Axy + n) |, (17),
Xy1=vYcos¢, x,=7sing.

Now we search for coordinate systems allowing
separation of variables in (1. 1) such that the basis func-
tions ¥ are eigenfunctions of Py: P,¥ = -iy¥, Here we
have ¥ (x) = exp(-— iyx,)®(xy, x;), where

(300~ 811 +7")@ = 0. 4.5)

The operator P, commutes with the pseudo-Euclidean
subalgebra £ (1,1) generated by P;, P;, and M, and,
indeed, the pseudo-Euclidean group E(1,1) is the sym-
metry group of (4. 5). This equation separates in nine
coordinate systems associated with nine symmetric
second order operators in the enveloping algebra of

£ (1,1). Details on the coordinates and basis functions
are given in Refs. 1, 3, and 10. The pairs of commut-
ing operators associated with the corresponding solu-
tions of (1.1) are

3)" P}, PPy,
7 B,
8) P}, My Py+PMy,

9) B, My~ (Py+Py),

10) P3, M§1+(P0+P1)2,

11) P}, My (Py= P)) +(Py~ Py)My, = (Py+ P,)?,
12) P}, M} - PP,

13) P}, Mj;+ P,

14) P}, M% - P2

2
Mg,

The case 3)’ is equivalent to 3).

On //* the requirement P, f= - iyf implies f(k)
= 8(ky — v)g,(£), where — o <y <o, ky=lky! sinhg, k
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= |ky1 coshé, The search for eigenfunctions reduces to
a study of the Hilbert space L,(R) on which E(1,1) acts
via

P,=i|y|cosht, P;=-i|y|sinhg, My =3, (4.6)

These operators define a unitary irreducible represen-
tation of E(1,1) on L,(R). After the eigenfunctions
&y, (£) of the second operator in 7)—14) have been deter-
mined, the corresponding separable solutions ¥, of
(1.1) follow from

v, ,(x) = E%in) f exp[i || (x, coshg — x, sinh)]

Xgy, (E)dE.

The eigenfunctions g,, and the integrals (4.7) are com-
puted in Ref. 3 for cases 7)—12) and various overlaps
between these bases have been determined. Here we
give only the basis 7):

4.7

Py, =—iy¥, My¥,,=iu¥d,,,
Frully, €)= 8(ky - 7) exp(ipnt)/V2m,
FrusSpur) =6y =¥ )0(1 = p"),
¥, (%2, p, 6) = (1/V87%) expli (16 - yx,) 1K, . (i || p),
xg=pcoshf, x;=psinhé,

—o <y, h <o,

(4.8)

Next we look for coordinate systems yielding separa-
tion of variables in (1. 1) such that the basis functions
¥ are eigenfunctions of D: D¥ =~ {p¥, In this case we
have ¥(x) =p""1/2¢(s,, s, s,), Where

- 2 2 2 _
Xa=PSgy, pzo’ Sp—Sy—sp=¢€

and €=+1,~1, or 0 depending on whether x-x>0, <0
or =0. It follows from the second of Egs. (1.30) that

(Mg = M3, - ME)®(s) = (¥ + D@ (s). (4.9)

Now D commutes with the subalgebra so(2, 1) generated
by My, My, and My, and in fact SO(2, 1) is the sym-
metry group of (4.9). This equation separates in nine
coordinate systems associated with nine symmetric
second order operators in the enveloping algebra of
s0(2,1). The details for the case €=+1 are worked out
in Refs. 4 and 10. The pairs of commuting operators
associated with separated solutions of (1.1) are

15) D® M., spherical,
16) D?, M3, equidistant,
7) D%, (M- My,)?, horocyelic,

17) D?, M}, +a®M:,, elliptic,

18) D?, M} - &*M%,, hyperbolic (0<a<1)

19) D?, — My,My, ~ MMy +aMi,, semihyperbolic

(0<a<x)

20) D, aMyy + M3y + My - MopMyy ~ MMy,
elliptic-parabolic (0 <a)

21) D%, - aMjy+ Mgy + My — MopMyy — MyyM,,
hyperbolic-parabolic (0 <a)
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22) D%, MMy + My Mgy — Moy Myy = Myy My,
semicircular-parabolic.
[System 7)’ is equivalent to 7). ]

On /4* the requirement Df = - {uf implies f(k)
=k, (6), where — © <y <w, k;=k,cos6, k,=k,sind,
The eigenfunction problem thus reduces to a study of the
Hilbert space L,[0, 27} on which SO(2,1) acts via

M3 =8y, My =~5in8d,— (iv+3)cosé,

My =c0883,— (iv+3)siné. (4.10)
These operators define a unitary irreducible represen-
tation of SO(2,1) which is single-valued and belongs to
the principal series: I=— ++7lvl. Once the eigenfunc-
tions #,,(9) of the second operator in 15)—22) have been
determined, the corresponding separable solutions

¥, of (1.1) can be obtained from

iv-1/2

P F(%-iv)]‘:” expl+in(s - iv)/2]

| sy - s1c086 ~ s, 5in6|*-1/%, (6)d6,

¥, (x) = 2

(4.11)

where the plus sign occurs when sy~ s, c086 ~ s, 5iné > 0
and the minus sign occurs when this expression is <0.
We list explicitly the basis 17):
DY, =—-iv¥,  Mp¥, =im¥, , —o<p<o,
m=0,z1," -,

fvm(k()’ 9) = k(;w“i 2 exP(inG)/ZW, <fvm’fv'm'> = 6(V - Vl)émm' ’
ival /2
47

v, (x)=2 T(-iv—m+3) explin(s ~iv)/2] (4.12)

X P, /2 (cosha) exp(img),
x,=pcosha, x;=psinhacosy, x,=psinhasing.

Here, the expression for ¥,,(x) is the one valid for
x-x>0, x,>0, There is a similar result for the case
x-x>0, x,<0, but the expression for the case x-x <0
is somewhat more complicated:

ive1/2 (2{9(_ in/4 = va/2) + (= D)™ explin/4 + v, 2))
Nor exp(— mv) + exp(mv)

% {cosha) /2P, ,(tanha) explim @),

T, (x) = £

(4.13)
xy=p sinhe, x,;=pcoshacosg,
xy =pcoshasing, a>0.

For a<0, ¥, (x) is equal to expression (4. 13) multi-
plied by (- 1)™ and a replaced with —a. Finally, for
x-x=0, x,>0 we have

w, ()= explin (- iv)/2] T(civem+d)

4ny2m
X [exp[— (3 +iV)a]F(%:;—y—)EJ5 (4. 14)

rexpt 1+ iv)algy ,] exp(img)

T-om+iv
x,=e%, x=e’cosg, xy=e’sing.
5. THE SCHRODINGER EQUATION

Of special interest are the coordinate systems
permitting separation of variables in (1.1) such that the

2514 J. Math. Phys., Vol. 16, No. 12, December 1975

basis functions ¥ are eigenfunctions of Py+ Py: (P, + P)¥
=ip¥. For this case we have ¥ (x) = exp{isB)®{f, xy),
where 2s=x,+xq, 2{=x;-x,. The function & satisfies
the free particle Schridinger equation

(180, + By ) 2L, 2) = 0.

This equation admits as symmetries the operators
P=Py, Kp==Py+Py, £=Py+Py, 3=3(My- M),
D =-D- My, Kzz‘%(Ko+K1)a (5.2)

{5.1)

which all commute with P, + P, =£. These operators
form a basis for the six-dimensional Schrédinger
algebra of (5.1). Indeed the script notation and the com-
mutation relations for the basis agree with that found in
Ref. 5, where equation (5.1) was analyzed. The pairs
of commuting operators associated with separable sys-
tems for (5.1) are (deleting squares as in Ref. 5):

3)" Po+ Py, Py,
23) P,+P,, P,- P, -3iK,-:K,, oscillator,
24) P0+P1, PG—P1+(1A/112—£1A‘102,

free particle,

a#+0, linear potential,

25) Py+ Py, D+ My, repulsive oscillator.

(The so-called free-particle coordinates 3)” are the
same as 3). ] On //* the requirement (P, + P,)f =i8f im-
plies f(k) =ud(u — B)lz(v), where >0, u=k;—ky, v="F,.
Thus, the search for the I, reduces to a study of the
Hilbert space L,(R) on which the Schrddinger group acts
via

£=iB, P=—iv, B =283, [ =-1%-vd,

K-Z:_ivz/ﬁy KZZ_%Bavv' (5.3)

As shown in Ref. 5, these operators determine an
irreducible unitary representation of the Schrdédinger
group on Ly(R). Once the eigenfunctions Z,(v) of the
second operators in 23)—25) have been determined, the
corresponding separable solutions ¥, of (1. 1) can be
computed from

Yo%) = e_xp‘igiﬁ_s) f«» exp[—i(W¥%/B+vx) g} dv. (5.4)

For reference we list the basis 23):

(Py+ PV, =iB¥s, (Py—Py—iKy— 1K) Vg =i(n+ 20 g,

n=0,1,2,---, fa,lu,v)= (n!uj%;")i) exp(- vZ/B)H,,

<))

<f3n,fa'n'> = BG(B" B')bnn'a

. T /2 - nj2
_exp(iBs)(=1) 8 \! (1 —-zt)
¥ (s, t,%7) “dn! /) e \1 + it il
2 1/2
- 238 B ) )
><e""(4(1 +it))H"<x°<2(l o)
Using the u, v coordinates we can easily compute

exp[a(K, +K;)]. Indeed from the expression for K, in
(5. 3) and formula (3. 8) of Ref. 5 we find

{expla(K, + K )f 1k, ks)

(5. 5)
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1 = (= (kg —w)
" [Bria, - k)12 f_., e"p(4ia(ko = kt))

xf(uzz-___gko_—k_l)z ,w)dw, fC—:H’,

2 - Fy) (5. 6)

6. THE EPD EQUATION

Next we look for coordinate systems yielding separa-
tion of variables for (1. 1) such that the basis functions
¥ are eigenfunctions of Myy: M,¥ =im¥, We have ¥(x)
=exp(im@)®(x,, ), where

X, =7 CcOo8¢Q, Xx,=7sing,
and $ satisfies the Euler—Poisson—Darboux equation

m2

1
(aoo-a"—;an?—)@:o (6.1)

or
(T3 - T - T4)®=(Th+H)e=-m+3)m-3)® (6.2)

from the last of expressions (1,30). The symmetry
group of (6.1) is SL(2, R) and is generated by the sym-
metry operators I'ys, I'yy, I'sy.

The coordinate systems in which (1. 1) separates via
(6. 1) are characterized by the following pairs of com-
muting operators [y, =My, T'y;=D, Ty5=2(Py-K,), Ty,
=3(P, +Ky)]:

1 T, T,
4)" T3, (Tg+ Ty,
17)' I3, Tis,
26) T3, 2T+ Tyslyg+ T'yeLys,
27) T35, 2T35+TysTys+ Tyl
28) T%, Il +a(TyTy5+TysTys), a#0,
29) T%;, I'i+al%,, a#0,
30) I, al%,+T%, a+0,
31) Ty (Tiy+Tys)Tys+ Tis(Tyg + Typ).

(6.3)

These statements will be proved and the corresponding
coordinate systems derived in another publication.

On //* the requirement M,, f=imf implies f(k)
=exp(tm8)j ,(k,) where m=0,+1,+2,--., ky=k;cos6,
ky =k, 8in6. The eigenfunction problem reduces to a
study of the Hilbert space L,[0, ©] on which SL(2, R)
acts via

i 1 m?
1"45='§k0 (— a,,oko— 73;8’!04-—’% +1>,

i 1 m?
2k° (akoko + 'I;(; Bko - ;g— +1) ,

Ty= (6. 4)

Ly5=3 +Rody.

This action is irreducible and unitary equivalent to a
single-valued representation of SL(2, R), not SO(2,1),
from the negative discrete series D7, .4 /2, as can be
seen from (6. 2) and (3. 2). Indeed, the eigenvalues of
Tys in this model are i(n+3), n=lml, Im] +1,

Iml +2,---. This model of D] has been studied by a
number of authors, e.g., Refs. 19, 20, but the connec-
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tion with separation of variables in the EPD equation
has not been pointed out before. In another publication
we will use this and other models of the discrete series
Dj to study the spectra of the operators (6. 3) and derive
special function expansions related to the EPD equation.

7. DIAGONALIZATION OF I',5-T

Finally we look for separable solutions of (1.1) such
that the basis functions x are eigenfunctions of
L =4(T,, -T',): Ly = iky. Introducing the coordinates
(3. 6) and setting x(x) =Vcoso — cos¥®, we find

1
+ = p)
sin‘c

1 .
(;i_n; 34(sinod ) ~ dyy — 1 aw><1> =0. (7.1)

Now we choose as independent coordinates o, 8, p where
B=a+¥, p=a-¥, Interms of these coordinates, the
induced action of L on @ is L =9, and the solutions of
Ly =iky are x(x)=vcoso — cos¥ exp(ikB)O, where

(sin%0d,, + coso sinod, + (5 — «) cos’o — 2ik(sin’o + 1)2p

(7. 2)

The symmetry algebra of (7. 2) is sI(2, R) with basis
A=3(Ty+Ty5), B=3(Tyy+Ty5), C=2(Tp5-Tyy)

+cos’0d,,~ 10(0,p) =0.

(7.3)
and commutation relations

[AyB]icy [C’A]=B’ [C,B]:A_ (7.4)

Moreover, it is straightforward to verify the identity
A'-B - C*=1%+1, (7.5)

In terms of the coordinates o, B, p we also have A=9, as
the action of A on the solutions of (7.2). From (3. 1),

(3. 2) we see that the spectrum of L is given by «
=3(s+3), s=0,1,2,---, and for fixed « the eigenvalues
wof —iA, AG=iu0, are u=1+5-5s/2, 1=0,1,2,+--,
In terms of (7.5), Eq. (7.2) becomes

(A’~B* - CY0 =~ (k- 3) (- k+3)O (7.6)

so that the solutions of (7. 2) form the basis space for a
model of the representation D, ,,, (negative discrete
series), of the twofold covering group of SL(2, R).

The problem of separation of variables for (7. 2) has
not been settled yet. We will investigate this problem
in a future paper to see if there are for this symmetry
algebra exactly nine separable systems corresponding
to the nine orbits of second-order operators just as
found in Secs. 4 and 6. At the moment we know definite-
ly only the subgroup systems:

1) L% A%,
32) L?, B,
33) L% (A+B)

Except for 1)’ our //,-model is not very convenient for
systems of this type. Thus, in later publications we
shall employ the model (3. 11) and other models of the
discrete series, such as those found in Refs. 19 and 21,
to study this case. This conclude our list of semisub-
group coordinate systems in which variables separate
in (1.1).
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8. CONCLUDING REMARKS

In the previous sections we have classified all separa-
ble coordinate systems for the wave equation such that
the defining operators take the form A%, S where A
€ 50(3,2), Sis a second order symmetric element in
the enveloping algebra of so(3,2) and [4, S]=0. As ex-
plained in the Introduction, SO(3, 2) acts on the pair via
the adjoint representation to generate an orbit of
SO(3, 2)—equivalent pairs of commuting second order
operators., Coordinate systems corresponding to
equivalent pairs of operators are considered as
equivalent,

By choosing appropriate examples it is easy to show
that there are elements A in so(3, 2) for which there is
no S such that the pair A%, S corresponds to a separable
coordinate system. To see why this is the case, we
classify the orbits in so(3, 2) under the adjoint action of
SO(3, 2). This classification has been obtained in princi-
ple by Zassenhaus,? but we present the results here in
a much more explicit form. Indeed, we list the possible
eigenvalues of a 5x5 matrix A € so(3, 2) and for each
choice of eigenvalues we list a canonical form T
e 50(3, 2) such that T'=TAT"! for some T c SO(3, 2),
i.e., we list an element I" on each SO(3, 2) orbit in
so(3,2). From the relation A’ =~ GAG it follows easily
that det(A — A\E) =~ det(4 + AE), where x=a +iBc € and
E is the 5 X5 identity matrix, Thus, A=0 is always an
eigenvalue of A and, if A#0 is an eigenvalue, then so
are — A and A, We use the notation x(z), #=2,3,4,5, to
signify that A corresponds to a generalized eigenvector
x of rank »n, i, e., n is the smallest integer # such that
(A-2EY"x=0.

Possible Eigenvalue

1. 0,£1,%X @(Tgq + T'g5) + B(Ta5 — Ty5)
A=a+if, o, B#0

2. 0,za,+8 al'y + Bl
B+#0

3. 0,xa,+if al'y, + BTy
o, B#0

4, 0,xia,+i8 alyy— BTy

o,B#0
5. 0, a(2), - a2)
6. 0,ia(2), ~ia(2)

Py + Py + a(D + My,)
2aL +A +B [see (7.3)]

a#0

7. 0,0,0,%iB B3 or BIy;
B#0

8. 0Q3),ia,-ic 1/V2(Tys+ Ty5) + alyy
a#*0

9. 0(8),z« 1/V2(Ty3+ Ty5) + alyy
a#0

10. 0(3),0,0 P, or P,

11. 0(5) 1/V2(Ty3+ Ty5)

+3(Ty5— Tyg+ Tyq+ Ty5)
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Canonical Form T'e€so(3,2)

Suppose A =T takes the form 1. It is straightforward
to show that the operators 2B =Ty, + I35 and 2L =Ty;— [y
commute with each other and that the only nontrivial
elements of so(3, 2) commuting with A are linear com-
binations of B and L. Thus the separable coordinate
system associated with a pair A%, S and of the type dis-
cussed in the last paragraphs of the Introduction is
equivalent to the system associated B? and L? i.e.,
the system 32). Similar remarks hold for cases 2-9.

The operator of case 11 lies on the same orbit as the
linear potential operator 24): P, - P, +aM,, ~aM,. This
latter operator commutes only with a linear combina-
tion of itself and P, + P,.

1t is clear that we can use our /#,-model to compute
the spectra corresponding to pairs A%, S and to com-
pute overlaps between basis functions corresponding to
distinct pairs, in analogy with the procedures developed
in Refs. 1—7. We will present these results in
forthcoming papers.
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