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Definition 1.2 For f belonging to the class Co(K), the error in a lattice rule Q4

satisfies the inequality

|QA(f) = I(f) < KPa(Qn),

where

Pa(@y) =Y . (1.14)

heAt
In order to compare the potential of different classes of lattice rules, the average of
the quantity P,(Qa) has been used (see [4] and [5]). For the number-theoretic rule

given in (1.9), this average is defined in the following way.

Definition 1.3 For any integer n > 2, let X = X (n) be the set of all z € Z* whose
components z; are relatively prime to n and satisfy 1 < z; <n — 1. The average of

P,(Qu) for number-theoretic rules, over z € X 1is

S P (@),

En[Pa(Qnt)] = rn)s
zeX

where ¢ is FEuler’s function (that is, p(n) is the number of positive integers less than

n which are relatively prime to n).

Since E,[Pa(Qnt)] is an average of P,(Qn) over a set X, there must exist at least

one z in the set for which

Pa(Qnt) S En[Pa(Qnt)]'

Another criterion that has previously been used to assess the performance of

lattice rules is the quantity R(Q,) defined by

R(Qa) = ) T (1.15)

where W(n) ={h € 2Z°: 3£ < hy < 5,1 <k < s}
When the integrands are periodic, P, and R are usually considered as suitable
figures of merit for lattice rules. In the next section, we look at error bounds that

apply to more general rules and to integrands which are not necessarily periodic.
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1.5 Error in a general quasi-Monte Carlo rule

Error bounds for quasi-Monte Carlo integration are based on various measures of the
uniformity of distribution of the point sets. One such measure is the L, discrepancy,

which we shall denote by D(Q). This quantity appears in the error bound given by

11(f) - QNI < D@V (), (1.16)

where V(f) is a measure of variation of the integrand f in the sense of Hardy and
Krause. The quantity D(Q) has previously been derived by using two different
techniques. One of them is based on the Koksma-Hlawka inequality [38] (since
the error bound (1.16) corresponds to the L, version of this inequality) and the
other is based on the use of reproducing kernel Hilbert spaces. We present both
these methods for deriving D(@) in Chapter 4. We shall also give in Chapter 4 an
analogue of the error bound (1.16) for periodic integrands.

How well a class of Monte Carlo rules @ performs for non-periodic integrands
may be measured by using the average of D?(Q). An expression for this average
may be derived for various classes of rules and their values then compared with
averages or expected values for other classes of rules with approximately the same
number of points. The average discrepancy that we shall use is analogous to the
one given in Definition 1.3. For number-theoretic rules, it is defined in the following

way.

Definition 1.4 For any integer n > 2, let X = X(n) be the set of all z € Z* whose
components z; are relatively prime to n and satisfy 1 < z; < n — 1. The average of
the squared discrepancy D?(Qn:) for number-theoretic rules, over z € X is

3 D¥Qu).

E.[D*(Qu)] = PO

In an analogous way the average squared discrepancy for optimal vertex-modified
number-theoretic and 2° copy rules may be defined.
For non-periodic integrands, Joe [13] gave numerical evidence that values of the

average L, discrepancy for number-theoretic rules are smaller than the expected



12

values for Monte Carlo rules when the dimension s is less than 18. We shall carry
out similar comparisons of the averages for certain classes of rules (to be named
below) in chapters 5, 6 and 7.

In Chapter 5, we obtain an expression for the average of the squared L, discrep-
ancy for optimal vertex-modified number-theoretic rules. Values of this average are
then compared with the corresponding average for normal number-theoretic rules
and the expected value for Monte Carlo rules.

In the case of periodic integrands, it has previously been established that the
average (compare Definition 1.3) of the quantity P, and the values of R for 2° copy
rules are better than those for number-theoretic rules with roughly the same number
of points. In the case when the integrand is not periodic no such comparison has
been done previously and we shall do this in Chapter 6.

As mentioned earlier, quantities P, and R have been used to study error in the
case of periodic integrands. It might be useful to consider an analogue of the L,
discrepancy to study the error for such periodic integrands. In Chapter 7, we shall

consider this problem.



Chapter 2

Ultratriangular form for

prime-power lattice rules

2.1 Chapter summary

In this chapter, we shall extend the class of unique representations for lattice rules
by making use of the fact that any lattice rule may be expressed as a sum of prime-
power rules. This is done in Section 2.4 where we treat a special class of lattice rules
in which all the prime-power component rules have a consistent set of column indices
in their ultratriangular form. For this class we obtain a unique D — Z representation.
In this unique form, Z is a column-permuted unit upper triangular matrix and has
some of the properties inherited from the ultratriangular forms of its component
rules. In the section that follows we give some required definitions and results as
well as some properties of prime-power lattice rules. In Section 2.3 we present the
theory behind decomposition of a general lattice rule into prime-power rules and
their appropriate reassembly to obtain a canonical form for a general lattice rule. In
the final section, Section 2.5, an application of the ultratriangular form is given. We
use it to obtain a formula for calculating the number of prime-power rules having a
given set of invariants and column indices. The results of this chapter have appeared

in Reddy and Joe [28].
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2.2 Background material

In order to construct our unique D — Z form from any given D — Z form, we shall use
certain transformations which leave the lattice rule unchanged. The transformations

required in this chapter are taken from [16] and given in the following theorem.

Theorem 2.1 The rule Qx = Q[t, D, Z, s] given by
di-1dy—1  dp—1 ‘ 2,
Qn(f) = d1d2 “Z_O ;) “ZOf ({ +z2 Z 2 4. .+zta}) , (2.1)
s unaltered if Z is modified by applying one of the following transformations, or a

sequence of them.
(a) Replace z; by lz; for ¢ € Z satisfying ged(¢,d;) =1
(b) Replace z; by z; + d;x for x € Z°.
(c) Replace z; by z; + (md;/d;)z; for j # i, m € Z, and d; | md;.

A full list of transformations may be found in [16]. In this chapter we shall need
one further transformation. This is given in Lemma 2.5 of the following section.
We now consider lattice rules of prime-power order or simply, prime-power rules.
Lyness and Joe [16] have developed a unique canonical form, the ultratriangular
form, for such rules. This unique form is based on a column-permuted version of an
upper triangular matrix and plays a crucial role in the development of new results

in this chapter.

Definition 2.2 The t x s matriz Z is termed column permuted unit upper triangular
(cpuut) if and only if there exist distinct column indices m1,M2, . .. , Nmin(t,s), Where

n; € {1,2,...,s}, and

1, when k =j,
= 1 <j < min(ts).

0, whenk > j,

Zk,n;

A column permuted unit upper triangular matrix Z may be written in terms of
a unit upper triangular matrix Z’ as Z' = ZP, where P is an s X s permutation

matrix whose j-th column has a 1 in the 7;-th position for 1 < j < s. Note that the
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unassigned column indices from {1,2,...,s} are arbitrarily assigned to the rest of

the columns.

The unique ultratriangular form for a prime-power rule having order p?, for some

prime p, is then defined as follows.

Definition 2.3 An ultratriangular D — Z form for a prime-power rule is one in

which
(a) t<s,
(b) the diagonal elements of D satisfy
dy >2dy >+ 2dy > 1,
(c) d; and the components of z; = (21, . . . , zis) satisfy ged(zi1, - .. , 2is,d;) = 1 and
z;/d; € [0,1)%,
(d) Z is cpuut with column indices my, M2, ... , N,
() zjx/P €L for1 <k <,
(f) ifdj = djt1, then n; < Mjz1,
(8) 0< 2y, < di/dj, k # 3.

Given a D— Z form for a prime-power rule, the ultratriangular form may be obtained
by using certain transformations, some of which are given in Theorem 2.1. The full
details may be found in [16]. This form for a prime-power rule is a canonical form

with rank t and invariants di,d,, ... ,d;.

Example 2.1 Consider the Z-matriz,

1 fl C1 f2 f3 f4

o
—
&
o
N
o o O
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where the bj,1 < 7 < 4,¢,,1 <k <2,dp,1 <€<3andf,,1<m <6, represent
integers. This is a 5 X 6 cpuut matriz with column indices given by 1,6,4,2,5.
Here the integers denoted by d, should satisfy condition (e), but not necessarily
condition (g) of the above definition; the integers denoted by f., need to satisfy (g),
but not necessarily (e); whereas the integers denoted by b; should satisfy both of the
conditions (e) and (g). Condition (c) of the above definition ensures that the integer
values in the t-th row belong to [0,d;). In particular, the remaining integers c; and
o should satisfy 0 < ¢; < d; and 0 < ¢y < dy. Moreover, condition (f) of the above
definition requires that d3 # do and dy # ds. Hence, we haved; > dy > d3 > dy > ds.

For this Z-matriz the permutation matric P is

100000
000100
0 00O0T1
0100

0
00010
0

o o o o

1000

and the unit upper triangular matrizc Z' = ZP is given by

1 f4 fo £ f3 ¢
0 1 by by bz d;
0 0 1 by f5 do
00 0 1 fg c
00 0 0 1 ds

2.3 Decomposition and reassembly of lattice rules

The results of this section are based on the group structure of A(Q). However, we
shall not be concerned with this aspect of the theory here. We start this section

with the sum of two lattice rules. This is a very simple but important concept.
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Definition 2.4 Suppose Qa1 and Q4 o are two s-dimensional lattice rules. If

Ni—-1 Na—1

QAI Z f x] and QA Z(f) ]372 Z f(Yk)a (2'2)
k=0

where x;,yx, € [0,1)°, then their sum Qy, written as Qp1+Qa 2, is the s-dimensional

lattice rule given by

—1Ny-1
Qa(f) = (Qa1 + Qa2)(f) NlN Z > fx +yad) (2.3)
172 =0 k=0

We have v(Qa,1 + Qa2) < v(Qa1)v(Qa2) with equality being valid if v(Qa,1) and
v(Qa,2) are relatively prime (see [31, pp. 54-56]).

If Qa1 = Q[t1, D1, Z1, 8] and Qpo = Q[tz, Dy, Z5, 5], then it is not difficult to
show from (2.1), (2.2), and (2.3) that a D — Z form for the sum of @4 and Qa2 is
given by Q[ts, D3, Z3, s|, where t3 = t; + t5, D3 = diag{ D, D>}, and

Z
Zy=| "
Zy

Thus we write
Q[t37 D37 Z37 3] = Q[tl) Dla Zl7 S] + Q[tZ; -D21 Z2, S]'

The following lemma gives another transformation that we shall need in this chapter.

This follows from the discussion in [31, p. 51].
Lemma 2.5 When m and n are relatively prime,
Q[1,m,z,s]+ Q[1,n,2',s] = Q[1, mn, mz’ + nz, s]. (2.4)
Suppose we have a D — Z form with det D having prime factorization

t
det D = Hd, =pf‘p§2 .. -pqﬂ‘?

=1

with the prime factorization of individual elements d; given by

t
d; = 51 'pgz' -pqﬂq-‘ with Z,@j,i =p0;, 1<j<q
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(Some values of 3;; may be zero.) If we let Jz(-k) denote the prime pg-component of
d;; that is, Jgk) = pf"”', then it is shown in [17] that the lattice rule Qs = Q[t, D, Z, s]
may be decomposed as

Qr=PY 4+ PO 4 ... 4 p@)

where P®) = Q[t, D®), Z, s]. Here D™ is the t x ¢ diagonal matrix having elements

d®). The prime-power rule P®*) is known as the Sylow p-component of the original

rule Qo = Q[t, D, Z,s]. Hence a general lattice rule may be decomposed into the

sum of its Sylow pi-components.

Let C*) denote a canonical form of P® with rank and invariants
r(k); dgk), dgk), . ,dﬁ’f,z);
that is,
c® = g[r®) p®) ZKk) ], (2.5)

where D® = diag{d®,d¥,... d* } and Z® is a Z-matrix for this canonical
1, da (k)

form. We then have the following result.
Theorem 2.6 Suppose the lattice rule Qx may be ezpressed as the (direct) sum
Qr=CY+CcA 4+...4CO

where C¥) | given by (2.5), is a canonical form for the Sylow py-component of Qx.

Then Qn has a canonical D — Z form Q|r, D, Z, s], where

r = max(rD,r@ . @), (2.6)
and
q q ¢
d; = Hdgk), z;, = Z Hd?) zl(.k), 1<i<r. (2.7)
k=1 k=1 \ 21

Proof. The fact that Q4 has a canonical D — Z form Q|r, D, Z, s] with r and d;
as given in (2.6) and (2.7), respectively, follows from [17]. The expression for z; in
(2.7) may be obtained by repeated application of the transformation given in (2.4).

O



19

Note in (2.6) and (2.7) that if there is a value of r(*¥) less than r, then we

need values of di’f,z) T ,dﬁk) and zi‘f,z) T ,zﬁk). To obtain these values, we

use the trivial invariants di’f,z) 1
(k)

T(k)+1’ o e

=...=d" =1 and arbitrarily take the vectors

,zﬁk) to be zero vectors.
Example 2.2 Consider the D — Z form of a lattice rule given by

22 x 3% x 52 0 321 38 747
D= , Z= L (28)

0 2x3x%x5H 7 24 11

Here we take py =2, po = 3, and p3 = 5. We first write Qa as a sum of its Sylow
pk-components, that is, Qx = P + P 4+ PO) where P¥) = Q[t, D®) | Z, 5] with

t=2,s=3, and

oo |40 peo|®0] pe_|® 0

I

0 2 0 3 0 5

Now we need a canonical form for each Sylow py-component which we shall take to
be the unique ultratriangular form. We write U%) for the ultratriangular form of
the Sylow pi-component. Associated with each U%) are its r®) column indices (see
Definition 2.2) which we denote by ngk), ngk), e ,nf'f,g). Using the procedure given in
[16] we find that Qx = UM + U@ + UG, where UK = Q[r*) D) Z*) g with

rD =1, r@ =+0 =2, and

DW=[4], Z0=[1 2 3],

DO — 9 0 oz 013 DO — 25 0 20 = 1 37

)

0 3 102 0 5 014

The column indices for UV, U®) | and U® are given by ngl) =1; 17%2) =2, ng) =1;

and 7753) =1, 17£3) = 2, respectively. Note that the determinant of the matriz D in

(2.8) is 27,000, while
det DY) x det D@ x det D® = 13,500 < det D.

Hence the original D — Z form cannot be a canonical form since it was repetitive.
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Following the procedure given in Theorem 2.6, we obtain a canonical form for

the lattice rule specified by (2.8). The rule has rank 2 with the D — Z form given by

900 0 261 658 1227
D= Z= . (2.9)

0 15 S 3 22

By using Theorem 2.1(b), this Z-matriz may be replaced by

261 658 327
7 =

5 3 7

2.4 Unique form when the Sylow p-components
in ultratriangular form have a consistent set
of column indices

In this section we consider the canonical form obtained from Theorem 2.6 when the
canonical forms for all the Sylow px-components are ultratriangular forms. We shall
see that we can obtain a unique canonical form when the column indices for these
ultratriangular forms are consistent (to be defined below).

Recalling from the previous section that r = max(r(), 7@ ... @) it is clear
that there exists an £, 1 < £ < g such that 7(® = r. Now let the column indices for
the corresponding ultratriangular form U® be denoted by 7, ... ,n,. Then we say
that the column indices of the ultratriangular forms for the Sylow px-components

are consistent when for 1 < k <g,

k .
77](')=le, 1<j<r®,

We shall assume that this is the situation throughout this section.
Since the column indices are consistent, then all the zgk), 1<k<q1<i<r,
have zeros in positions 7;,... ,7-1. It follows from (2.7) that z; has zeros in the

same positions. Moreover, the 7;-th component of z; is given by

q q

‘i [T | =3 (di/d®). (2.10)

k=1 \ i=1 k=1
Jj#k
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(Note that for values of m for which 7™ < r, we arbitrarily took the vectors

ﬁ’(',‘,z) T ;2™ to be zero vectors. Thus for 7™ < § < r, z; in (2.7) would be

z
missing the £ = m term for those values of m for which 7™ < r.) Since each of
the terms in the last sum in (2.10) is missing a (prime) factor dgk), it is clear that
the 7;-th component of z; is relatively prime to d;. Elementary number theory then

shows there exists )\, € Z such that

q
XY (di/dP)=1 (mod dy).
k=1
Using Theorem 2.1(a), we can multiply z; by A; and we see from Theorem 2.1(b)
that the m;-th component of z; may be replaced with a 1. Note that in these

transformations of z;, any zero components are preserved. This leads to the following

lemma.

Lemma 2.7 If the column indices for the ultratriangular forms of its Sylow p-
components are consistent, then Qx may be expressed in a canonical form in which

Z is cpuut (see Definition 2.2) with column indices my, ... ,n;.

If the column indices for the ultratriangular forms are not consistent, then there
is no guarantee that the Z-matrix can be made cpuut. This is evidenced by the
example at the end of the previous section in which the Z-matrix was given in (2.9).

In order to show that it is possible to obtain a unique D — Z form, it is convenient
to pad out the canonical r-cycle form to an s-cycle form. To do this, we take
dr41 = -+ = ds; = 1. Moreover, we note that there are s — r values in {1,2,... s}
which are not assigned to be column indices. We now take 7,,1,...,7ns to be these

s — r unassigned values such that

Mr+1 < Mgz < -0 < 7.
Then for r+1 < j < s, we take z; to be the unit row vector having an 1 in the 7;-th
position and zeros elsewhere. Thus the canonical form of Theorem 2.6 (with all the
C®) taken to be ultratriangular forms with a consistent set of column indices) may
be extended artificially to the s-fold sum

di—1da-1 ds—1 s .
QA(f)=mZZ”'Zf<{;jiZ—:})- (2.11)

J1=0 j2=0 Js=0
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We then have the following definition.

Definition 2.8 If the column indices for the ultratriangular forms of the Sylow

Pr-components are consistent, then a standard D — Z form is an s-cycle form in

which
(a) Z is cpuut with column indices ny,mg, ... ,7s,
(b) 0< 2k nm < dk/dm, 1<k<m<s.

It follows from Lemma 2.7 and the padding procedure described above that the
§x s matrix Z can be assumed to be cpuut. Ifit is not already in standard form, then

it can be transformed into standard form by using a sequence of transformations

z) = Zp — [Zk,’(’iﬂJ gizm, k<m, (2.12)
k m

where |a] denotes the largest integer less than or equal to a. Theorem 2.1(c) shows
that such a transformation leaves the lattice rule @, unchanged. The transformation
(2.12) affects only z, the k-th row of Z. Moreover, since z,, has zeros in positions
M1,M2, - .- ,Mm—1, the above transformation leaves the corresponding components of
z, unaltered, but generally alters the remaining components. In particular, since

Zmam = 1, we see that z; . is replaced by

S e | nOm | G ZennOm | ZkgnOm || G
k,’qm k sNIm dk dm dk dk dm )

which clearly satisfies Definition 2.8(b). Once z,,, has been replaced by 2, ,

then any further transformations of the form (2.12) must be ordered in such a way
that the new component z; , is not altered again. This property holds if we deal
successively with z,...,z,_;, and in each vector z; alter the components 2,

k < j, in order of increasing j.

Theorem 2.9 The standard D — Z form for lattice rules whose ultratriangular

forms have a consistent set of column indices is unique.

Proof. We shall use induction to prove that Z is unique. This proof is based on

the proofs in [33, Lemma 5.3] and [16, Lemma 5.11].
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Suppose Z and Z' are two alternative forms of a Z-matrix of rule Q,, both in
standard form. Both Z and Z' have the same column indices 7y, ... ,7,. Also, since
both Z and Z' are cpuut, then they have the same 7;-th column (all components
being zero except for the first element which is 1).

Let us suppose columns 7y,7s, ... ,mm_1 of Z coincide with the corresponding
columns of Z’, but that for some k, z,, # 2, . (Note that such a value of k
must be less than m as both Z and Z’ are cpuut.) We see from (2.11) that both
zx/dy and zj /dy belong to the integration lattice corresponding to Q. From the
properties of a lattice, the difference

Zx — Z),
de

also does. As such, it may be expressed as

s
. Z;
> ],.j_. (2.13)
=1 t
Taking components 71,72, ... ,Mm-1 of (2.13) in turn, we find that j; = 0 for

1 <1 <m — 1. Consideration of the 7,,-th component yields

Zkm — 2 <z j
»Mlm Mm . “1m _ Jm
dy ;] i d’
with the final equality following because 2;,,, = 0 for all ¢ satisfyingm+1 <14 <s.
Thus

dg

Zkm z;c,nm = jmd—- (2.14)
m

Since 2, and z, are both in the interval [0, di/dy,), it follows that (2.14) can
be satisfied only if 7, = 0.

It follows from (2.14) that, contrary to the hypothesis, 2 ,, = 2, for all k,
and so column 7,, of Z and Z' also coincide. Thus the hypothesis that columns
M, 7M2, - - ,Mm—1 of Z and Z' coincide leads to the same being true of column 7,,. It
follows by induction that Z and Z’' must be the same matrix. Thus we conclude

that the Z-matrix in standard form must be unique. a

If the column indices happen to be 7, = m for 1 < m < s, so that the Z-matrix

is unit upper triangular, then the corresponding lattice rule is projection-regular. In
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this case, Theorem 2.9 recovers the result found in [33]. If this is not the case, then
postmultiplying Z by P (as mentioned earlier) would give a unit upper triangular
matrix. Note that this result also shows that a lattice rule is projection-regular if
its prime-power components are projection-regular.

By using the unique Z given in Definition 2.8, we may find the number of
projection-regular rules having a given set of invariants. Hence, we have the fol-

lowing result.

Theorem 2.10 The number of projection-regular lattice rules having invariants

dy,dy, ... ,ds is given by
ditdy 3 d3Tidg
Proof. The elements 2, for 1 < k < m < s in the Z-matrix of the standard form
must satisfy 0 < 2g, < di/d,,. Therefore, there are di/d,, possible choices for zim,.
If we consider each column of the unique Z-matrix in turn, we find that the number
of projection-regular lattice rules is given by
dy dy _dy di dy ds dy _dp ds_1
(dg)x(dgxd3)x<d4xd4xd4 X X dsxdsx xds .

Simplifying this expression gives the desired result. This recovers the result found

in [31]. O

2.5 Number of prime-power lattice rules having
given column indices and invariants

As mentioned earlier, any prime-power rule can be written in a unique ultratriangu-
lar form in which the Z-matrix is cpuut with unique column indices. In this section
we obtain a formula for the number of ultratriangular forms, and hence the number
of prime-power lattice rules, with specified invariants d; = p®,... ,d; = p* and col-
umn indices 7y, ... ,n:. We shall denote this quantity by ¥s(p®, ... ,p%; N1, ... , 7).
In turn, this quantity will depend on the four quantities u;, fi;, 7, and 7; for 1 <7 <t

which are defined below.
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To aid the understanding of the definitions of these four quantities, we shall
discuss them in the context of an example. This example is the D — Z form of a
prime-power rule in which s = 6, p = 2, Z is cpuut, and the column indices are

given by my =1, m, =6, 73 =4, 74 = 2, and 15 = 5. We take

32 0 0 00 1 a a a a a
0 16 0 0 O 0 a aaal
D=0 0800, Z=|0aalao0]|, (2.15)
0 0 040 01 ao0a§@o0
_00002J _OOaOlOJ

where the a represent integers.

For ¢ satisfying 1 < ¢ < ¢, let y; be the number of column indices that are
less than 7; and that have a subscript larger than 7. Suppose these subscripts are
k@, . ,k,(f,.), which for simplicity we shall write here as just k,...,k,,. For the
example above we have 7; = 1 when ¢ = 1. There are no column indices less than
m = 1 and hence y; = 0. When ¢ = 2, n, = 6. The column indices 7, 73, 74,
and 75 are all less than 7, = 6. However, only the last three have a subscript larger
than ¢ = 2. Hence ps = 3 and the corresponding subscripts are k; = 3, k; = 4, and
ks = 5. The other values of u; and k; may be found in a similar manner and are
given in Table 2.1 further on.

Note that if there exists a j satisfying 1 < j < p; for which p* = p®i, then
there are no lattice rules having the given column indices because we would then
have p* = p*% with k; > 4, but 7, < n; which, from Definition 2.3(e), is not
permissible. Let us suppose that this is not the case. By definition, the subscripts

ki, ...k, are all larger than ¢, so it follows from Definition 2.3(f) that

Zimy; € [0, p% /p™).

However, these values are further restricted by Definition 2.3(d) because the p;
column indices in question are all less than 7;. Of the p®~** possible values for

Zimi,» only 1 in p of them will satisfy Definition 2.3(d). From this we conclude that
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the components of z; in positions 7, ... ,Tk,, May be chosen in
1

i
[[p %! (2.16)
j=1

ways.

Now denote by f; the number of column indices that are less than 7; and that
have a subscript less than i. For : = 1 in the example above, 7, = 1 and there are
no column indices less than 1, so that ji; = 0. When 7 = 2, 7, = 6 and though there
are four column indices less than 7, = 6, only one of them, namely 7, = 1 has a
subscript less than ¢ = 2. Hence, fi; = 1. The remaining values of fi; are given in
Table 2.1.

Because the Z-matrix is cpuut, the components of z; have to be zero in the
positions specified by these fi; column indices. Thus, so far, of the components of
z; in positions 1,...,n; — 1, we have accounted for u; + fi; of them. Each of the
remaining 7; — 1 — p; — ji; components have to belong to [0,p%*), but also satisfy

Definition 2.3(d) from which we conclude that the number of possibilities is
[pa(—l] ﬂi—l—ﬂi—ﬂi . (2.17)

Similarly, let 7; be the number of column indices that are larger than 7; and
that have a subscript larger than ¢. The corresponding subscripts are denoted by
e&"’, e ,eS?, which we write here as simply ¢;,...,4;. For i = 1 in the example
above, 7, = 1 and all the column indices 72, 73,74, and 75 are larger than n; = 1.
Moreover, their subscripts are all larger than ¢ = 1. Therefore, 7, = 4 and the
corresponding subscripts are given by ¢; = 2,4, = 3, {3 = 4, and ¢4 = 5. When
i = 2 there are no column indices larger than 7, = 6 so that 7, = 0. Table 2.1
contains the other values of 7; and ¢;.

Definition 2.3(f) shows that
Zine, € [0, p% /p®5).

Since these 7; column indices are larger than 7;, the restriction of Definition 2.3(d)

does not apply and we conclude that the number of ways of choosing the components
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of z; in positions 7y, ... s e, 18

| Eama? (2.18)

Finally, let us denote by 7; the number of column indices that are larger than 7;
and that have a subscript less than i. It follows from the definitions of u;, fi;, and

7; that p; + i, + 7, + 7; = t — 1. Hence, we have
’f‘i:t—l—ui—ﬂi—ﬁ.

Because the Z-matrix is cpuut, the components of z; have to be zero in the
positions specified by these 7; column indices. Thus, so far, of the components of
z; in positions 7; + 1,...,s, we have accounted for 7; + 7; of them. Each of the
remaining s — 7; — 7; — 7; components have to belong to [0,p%), from which we

conclude that the number of possibilities is
[po]e (2.19)
This discussion and equations (2.16)—(2.19) lead to the following result.

Theorem 2.11 For 1 < i < t, let u; be the number of column indices that are
less than n; and that have a subscript larger than i. Suppose that the subscripts
of these column indices are kgi) Yoo ,k,(f,.). Now denote by [i; the number of column
indices that are less than n; and whose subscript is less than i. Similarly, let =;
be the number of column indices larger than n; and that have a subscript larger
than i. The corresponding subscripts are denoted by Kgi), e ,e&?. Finally, let 7; =
t—1—p;—fi; —7;. Then define k; =0 ifq; = ak’(;) for any j satisfying 1 < 7 < p;;

otherwise define

B gi—a -1 Ti i—a (;
g (%) _11mi—1—pi— i ai—a (i) ST — T — T
K; 1= I:] lp kj ] X [pa, 1]17 Hi—Hi x I;I Ip ¢ ] X [pa,]s Ni—Ti Tz,
j=1 j=1

where empty products are taken to be 1, that is, when u; and/or 7; are zero. The
number of prime-power lattice rules with given invariants p*,...,p* and column

indices Ny, ... , My 18
t

ws(pal" . ,pat;nl,. .- ,Th) = HK,,'.

i=1
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Table 2.1: The values of the parameters.

R T R N R A R B O Ol A I SR S R
1f1|s5|ojof4f0|-|-]- 3| 4|5 |32768
2(6[4(3|1]0|0|3]|4]5 -l -] -] 64
3|43 |11 |1|1]4]|-]- -] -] 16
al2f2lo|rfr|2]-|-|-|5]-|-1]-]| 8
5(5(1(0[3f0|1]-|-|- S

For the D—Z form given in (2.15), the full list of values for the various parameters

are given in Table 2.1. The total number of prime-power lattice rules having D =

diag{32,16, 8, 4,2} and column indices given by 1,6,4,2,5 is

5

Hni = 32768 x 64 x 16 x 8 x 1 = 268, 435, 456.

=1

As another simple example, we consider the case of projection-regular rules which

we recall are rules for which 7; = ¢. Such rules have the D — Z form given by

p 0
0 p*
0 O
D=
0 O
0 0

0

0
0
0
0

1 a a a
01 a a
0 01 a
0 001

0 00O

It is not difficult to see from the D — Z form that y; = 0, 4; = i —

Zﬁi) =1+ j, and 7; = 0. Using these values, we find that

Hp

and

7i

k(‘> r

t—1
—a
l;‘) _ Q; — Q4
- p )
j=1

[pa;]s—m—ﬁ -7

a.—l] ni—l—pi—f -1

= ).

a

a

d

a

1

l,Ti:-t—i,
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Hence, the total number of projection-regular prime-power lattice rules having in-
variants p®, ..., p™ is
t t—i
[I==1I [(HP""'“‘“ ) [P"‘]s_t} :
Upon expanding this last expression out and collecting the p® terms together, we

find that this expression is equivalent to

t
H(pai)s—2i+l — (pal)s—l(pag)s-:i(pa;;)s—s o (pat_l)s—2t+3(pag)s—2t+1’

i=1
which recovers the result found in Theorem 2.10, in the case when d; = p* for
1 <1 < t. We remark that if ¢ = s, this result is equivalent to that given in

Theorem 2.10. This is also the case if t < s since dyy; = diyo =+ =d; = 1.



Chapter 3

A lower triangular Hermite
normal form for projection-regular

lattice rules

3.1 Chapter summary

The structure of lattice rules has been studied using two different approaches. One
of them is based on the generator matrices A and B of the integration lattice A and
its dual At, respectively and the other approach is based on the representation of
lattice rules in t-cycle D — Z forms. This latter approach was previously used to
find unique forms for prime-power and projection-regular lattice rules. It was also
used in Chapter 2 to obtain a unique form for a special class of lattice rules whose
ultratriangular components have a consistent set of column indices. It is known
that by using row operations any integer matrix may be expressed uniquely in a
so-called Hermite normal form (see [30]). This unique form may either be upper
triangular or lower triangular. The former approach based on the generator matrix
of the dual lattice has previously made the assumption that it is upper triangular.
However, since the unique Z for the special case of projection-regular rules is upper
triangular, the corresponding B turns out to be lower triangular. This suggests that

the lower triangular Hermite normal form might be an appropriate form to study. In
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this chapter we consider such representations for projection-regular rules. We shall
obtain a unique representation for the generator matrix B of the dual lattice for such
rules. This is done by making use of their unique D — Z form. The results obtained
give conditions on the generator matrix which allow projection-regular rules to be
easily recognized. In Section 3.2 we give results from Chapter 2 relating to the
unique D — Z form for projection-regular rules. In Section 3.3 results concerning
the upper triangular lattice form are given and in the final section, Section 3.4, we
define a unique lower triangular form for the generator matrix of the dual lattice
(which is a special case of the lower triangular Hermite normal form) in the case of

projection-regular rules.

3.2 Unique D — Z form for projection-regular
lattice rules

Projection-regular rules, as mentioned earlier, are special classes of lattice rules in

which all the principal projections have the maximum possible order.

Example 3.1 The three-dimensional lattice rule given by

_sz<{ (1,2,1) 12(1,;,1)})’

11=012=0

is a projection-reqular rule. The rank of this rule is 2 and it has the invariants
dy = 6,dy = 2,d3 = 1. The two-dimensional principal projection of this rule given

by

az s (o)),

11=012=0
has invariants d; = 6,dy, = 2. Similarly one may show that the one-dimensional

principal projection has the sole invariant 6.

The rest of this section shall be devoted to defining a unique D — Z form for

projection-regular rules. The results given here follow from Chapter 2 and were
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first obtained in [33]. Recall that every lattice rule may be expressed in a canonical

D — 7 form
di—-1dy—1  dp—1

1 . . . Zr
QA(f)=—dld2mdrZZ"'Zf({112—1+122—z+---+1r2—r}>a

11=0 i2=0 ir=0

where 7 and dy,dy, ... ,d, are uniquely determined positive integers known as the
rank and invariants respectively. This form may be extended artificially (as done in

(2.11)) to the s-fold sum

di—1ds—1 ds—1

1 . . . Z
QA(f)z—dldg"-ds ZZ"'Zf({zlz—i+zzz—z+--'+%z—s}), (3.1)

11=0 i2=0 15=0

where d,1; =+ =d; =1 and z,,,,...,2, are arbitrary integer vectors. Although
the matrix D is uniquely determined in the extended form (3.1), the vectors z;, and

hence the s x s matrix Z given by

z

Zg

with 2;; denoting the j-th component of z;, is not. However, for projection-regular
rules this matrix may be made unique. This unique form is given in the following
theorem and is a consequence of Definition 2.8 and Theorem 2.9 in which we take

m=1tforl <i<s.

Theorem 3.1 Suppose we have a canonical s-cycle D — Z form for a projection-

reqular rule. Moreover, suppose the matriz Z has the following properties
(a) z;=0, 1<j<i<s,
(b) zs=1, 1<i<s,
(c) ogz,-j<g§, 1<i<j<s.
Then such a Z s unique.
Example 3.2 The projection-reqular rule given in Ezample 8.1 has the D' — Z'

representation

D = 7' =
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By using the procedure given in Chapter 2, one may verify that the unique D — Z

form for this rule is given by

6 0 0 1 21
D=10o020]|, Z=(01 0

0 01 0 01

3.3 The upper triangular lattice form

An s X s generator matrix A of the integration lattice A contains a generator a; in
its ¢-th row. Since any given A may have many such generator matrices, the matrix
A is not unique. In fact, one may carry out elementary row operations on A (using
integer coeflicients) without changing the lattice A; that is, we may premultiply A
by a unimodular matrix (a square matrix having a determinant —1 or 1) without
changing the lattice.

The integer matrix B of the dual lattice AL is related to the matrix A by the
matrix equation, B = (AT)~! (see [20]). Given one of the matrices A or B, we may
obtain the other by using this relation. In terms of these matrices, the order of the

lattice rule Q5 is given by
v(Qa) = |det A|™! = | det B].

Like the matrix A, the matrix B is not unique since a lattice generated by B
may also be generated by B’ = T B, where T is any unimodular matrix. However,
successive row operations may be carried out to put B in an upper triangular lattice

form, defined below. An algorithm for doing this may be found in [19)].

Definition 3.2 An s x s integer matriz B is in upper triangular lattice form if and

only if

(c) 0 < bijj < bjj, otherwise.
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Example 3.3 A matriz B' and its upper triangular lattice form B are given by

i
1 3 4 110
B=|426|, B=|02 4

0 2 4 0 0 10

The above definition then leads us to the following result found in [19].

Theorem 3.3 Fuvery dual lattice At has a unique generator matriz B in upper

triangular lattice form.

This unique form is essentially the Hermite normal form and it has previously been
used to derive many useful results in the field of lattice rules (see for example, [20],
[21] and [22]).

In the section that follows, we will consider the lower triangular lattice form of
the matrix B for lattice rules. This form will then be used to define a unique lower
triangular representation of this matrix B for the special case of projection-regular

rules.

3.4 A unique lower triangular form for
projection-regular rules

In order to obtain a unique lower triangular representation for the matrix B of
projection-regular rules, we shall first define the lower triangular lattice form for the

matrix B of any lattice rule. This is defined in the following way.

Definition 3.4 An s x s matriz B is in lower triangular lattice form if and only if

(c) 0 < bjj <bjj, otherwise.
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We may use row operations to transform any given integer matrix into a lower
triangular form. After this is done or during the process of doing this, it is straight-
forward to arrange the subdiagonal elements such that they satisfy condition (c) of

the above definition. We then have the following analogue of Theorem 3.3.

Theorem 3.5 Every dual lattice A+ has a unique generator matriz B in lower

triangular lattice form.
Proof. The result follows from [30, Theorem 4.2]. O

For projection-regular rules, the unique Z-matrix given in Theorem 3.1 is unimod-
ular since it is upper triangular with all the elements in the diagonal being 1. In
order to derive a corresponding unique lower triangular form for the matrix B from

this unique D — Z form, we require the following result from [18].

Theorem 3.6 Suppose that Qp is given in an s-cycle D — Z form with a Z-matriz
that is unimodular. Then this D — Z representation is non-repetitive and the matriz

A defined by A = D™'Z is a generator matriz of the lattice A.

Hence, we may use the unique Z, given in Theorem 3.1, to obtain the generator
matrix A = D~'Z for projection-regular rules. For such rules having the rank r and

the unique D — Z form given by

d; 0 0 --- 0 1 - 21y 21541 21,5
0 d- 0 --- 0 0 --- 1 2z, Zrs
D = ) Z = ’ +l , )
0 0 1 0 0 0 1 0
0 0 0 1 0 - 0 0 1
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the generator matrix A has the form

dy d; dy d;
0 1 Zienr 0 Zre
A — dr dr dr
0 0 1 0
0 0 0 1

From this matrix, we may obtain the generator matrix B = (AT)~!. Alternatively,
we may obtain B directly from the D — Z form by using B = D(Z%)~!. Thus we

have the following result.

Theorem 3.7 For a rank-r projection-regular lattice rule having the unique D — Z

form given in (3.2), the matriz B = D(ZT)™! is given by

4
0, j>1 or r<j<it,

bij = < d;, j=1 and 1<i<s, (3.3)

®; Z Ziki Zkikyy - 2kgi X SIN(K), j<i and j <,
KeS;;

\

where ®; = d; for 1 <1 <71 and ®; = 1 otherwise. Moreover, the elements of the

set S;; are generalized integers K = (ki, ks, ... , ko) such that
J<ki<ko<---<kg<iu.

The set S;j is empty when ¢ = j + 1 and it may contain at most 2°7-! elements
(because zgm = 0 for r < £ < m, some of the elements vanish). Associated with each
K is sign(K) = (=1)%*! which takes the value 1 when the number of integers is odd

and the value —1 when the number of integers is even including zero.
Proof. This result follows from [19, p. 15]. ]

To give a better understanding of the form (3.3) for the matrix B, we now give two

examples.
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Example 3.4 For a siz-dimensional projection-regular rule with rank 2, the matriz

B = D(ZT)7! is given by

- d, 0 00O00DO -
—Zz12dy d2 0000
B Zigzg3 — 213 —23 1 0 0 0
Z12224 — 214 —22¢ 01 0 O
Zi2205 — 215 —235 0 0 1 0

i 212226 — 216 -2 0 0 01 ]

Example 3.5 For a siz-dimensional rank-3 projection-regular lattice rule, the ma-

triz B = D(ZT)™! is given by

d; 0 0 0 0O
—212d2 d2 0 0 0 0
(212223 — 213)d3 —2p3d3 dz 000

B =
—212223234 + 212224 + 213234 — 214 203234 — 224 —234 1 0 O
—212203235 + 212225 + 213235 — 215 223235 — 225 —235 0 1 0
—212223236 + 212226 + 213236 — 216 223236 — 226 —23 0 0 1

Notice that the matrix B, given in (3.3), is lower triangular. This justifies our
decision to consider lower triangular representations for projection-regular rules.
Once we have the matrix B in this form, we may carry out a series of row operations
on it such that it becomes a special case of the lower triangular lattice form given

in Definition 3.4. We then have the following result.

Theorem 3.8 Let a rank-r projection-regular lattice rule be given in the unique
D — Z form, as defined in Theorem 8.1. Then the matriz B given by B = D(ZT)™!

may be expressed uniquely in lower triangular lattice form with elements satisfying
(a) by =d;, 1<i<s,
(b) b;; =0, 1<i<j<s,
(€) 0<by <bj;, 1<j<i<s,

(d) bij/bi € Z; that is, b;j has a factor b =d;, j<i<r.
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Proof. In order to transform the matrix B given in (3.3) into this lower triangular

lattice form, we may carry out row operations of the form,
b} =b; + Ab;, where A€ Z, i#j. (3.4)

The matrix B given in (3.3) is already in a lower triangular form with d;’s on the
main diagonal. Thus, we only need to make the entries b;; lying below the main
diagonal nonnegative and less than b;;. This may be done by using the row operation

(3.4) with A = — U—J'JLJ In particular, the j-th component of b} is given by

b b, b..
bl = b;; — [_QJ b = <_”__ lﬂJ) bis,
J J bj’ 73 bj' bj' JJ

which clearly satisfies 0 < b;; < bj;. These row operations must be ordered in such
a way that once b;; is changed, it is not altered again. This is achieved if the row
operations are carried out in the following order. In (3.4), for every value of i going
from s down to r + 1 we take j from 7 down to 1. Then all the elements below the
r-th row will satisfy the conditions of the above theorem.

The rest of the entries b;; for j < ¢« < r must also be less than b;;. For these
entries we perform the above row operation by taking for every value of ¢ from r
down to 2, the values of 7 from i — 1 down to 1. We need to verify that the non-
trivial factors d; are preserved in these entries. To do this, we note that the entries
bi; and d; both have the factor d; for j < i < r (this follows from Theorem 3.7 and

the fact that d;y; | d; for 1 <14 < r, respectively); that is,
bij = bid;,  dj = Bod;,
where §;, 32 € Z. 1t then follows that
b B,
- [fuma(a-[3]s)
J J b]-- JJ 1 Ba
Hence, the factors d; are preserved in entries b;; for j <i <. a

We remark that the unique B, given in Theorem 3.8, may be used to obtain the
number of projection-regular rules having a given set of invariants. This may be

done by first noting that the entries b;; for j < ¢ < r have a factor d;. Moreover,
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entries b;; in the j-th column of B must satisfy b;; < d;. Hence the total number
of choices for b;; when j < ¢ < r is dj/d;. The rest of the entries b;; below the
diagonal must be less that d;. By considering each of the columns of this unique B
in turn, we see that the total number of possibilities correspond to the number of

projection-regular lattice rules, as given in Theorem 2.10.

Example 3.6 The seven-dimensional rank-4 projection-regular lattice rule with the

unique D — Z form given by

-216 0 O 0000- -13723 174 201 89-
0 54 0 00 0 O 011 5 43 51 13
0 0 27 0000 0 01 19 23 25
D= 0 0 09000|, Z={000 1 8 5 7 1>
0 0 0 0100 000 0 1 0 O
0 0 0 0010 000 O O 1 0
i 0 0 0 0O0O0OT1 | I 000 O0 O 0 1 ]
has the matriz B = D(ZT)™! given by
[ 216 0 0 0 00O ]
—-162 54 0 0 00O
—-108 -27 27 O O O O
B = 0 -27 -18 9 0 0 O
31 0 -3 -8100
4 -13 -13 -5 01 0
90 33 -11 -7 0 0 1 |

After carrying out the row operations on this matriz, as described above, we get the
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lower triangular lattice form of B given by

-
216 0 O
594 54 0

o O o o

0
0
162 27 27 0
B=1162 0 9 9
193 0 6 1 1

o O O o o
o O o o o o

152 14 23 4 0 1

104 6 25 001j

[

We remark that if we have a matrix B in the form defined by (a)-(d) of Theorem 3.8,
then it always represents a projection-regular rule with the rank equal to the number

of non-unit entries in the main diagonal.



Chapter 4

The Lo discrepancy for

quasi-Monte Carlo rules

4.1 Chapter summary

In the theory of quasi-Monte Carlo rules, we have error bounds of the form

11(f) = QNI < D@V (), (4.1)

where V(f) is a measure of variation of the integrand and the quantity D(Q) mea-
sures the non-uniformity of the point set. In this thesis, we shall take the measure of
non-uniformity to be the L, (star) discrepancy. Hence, we present in this chapter,
two methods of obtaining an expression for this quantity. The first method is by
making use of local discrepancy and the second one is by using reproducing kernel
Hilbert spaces. These are described in sections 4.2 and 4.3, respectively. In Sec-
tion 4.4, we obtain the expected value of the squared discrepancy for Monte Carlo
rules and in the final section, Section 4.5, we give a periodic version of the bound

(4.1) and hence give the appropriate L, discrepancy.

4.2 The Koksma-Hlawka inequality

In the approximation of multidimensional integrals over the s-dimensional unit cube,

the performance of quasi-Monte Carlo equal-weight rules of the form (1.2) depends
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on the distribution of the points to, ... ,t,_; over the unit cube [0,1]°. In general,
if these points are evenly distributed over the unit cube, then they tend to provide
good approximations to the integral (1.1) (as mentioned in [12]). Thus, in order
to study the error in quasi-Monte Carlo rules, we need a quantity to measure how
far a set of points is from the ideal uniform distribution. One such quantity is the

classical L, discrepancy which is defined in terms of the local discrepancy

g(t)zw([o)tl)xx[()’ts)) _tl"'ts’ (42)

n

where 9 ([0,¢;) X - -+ x [0,¢5)) is the number of points of the original rule @ (see

(1.2)) that lie in the region [0,¢;) x - - - x [0, t,). The classical L, discrepancy is then

b@=(f o)

A simple expression (as found in [36]) for this quantity is given by

p@=(2) 2515 )+,j2jz_of:1ﬁ[1—max<t,,,tk,,)1

1=0 j=1 =0 j=1

given by

where t; = (¢i1,ti2,...,tis). It has been proved by Wozniakowski [37] that this
discrepancy is the average-case error with respect to the Wiener sheet measure. In
this thesis, we shall use D(Q), the L, discrepancy which will be defined below.
For a nonempty subset u of S = {1,2,...,s} let the cardinality be given by |u]
and for t € [0, 1]° let t, denote the vector from [0, 1]"/ containing the components
of t whose indices belong to u. Also let (t,, 1) be the vector obtained from t after
the components with indices not in u are replaced by 1. It then follows from [38]
that for integrands f, with bounded variation V'(f) on [0,1]° in the sense of Hardy
and Krause, the error bound for quasi-Monte Carlo rules is given by (4.1), where

the L, discrepancy is given by

1/2
P@= X [ gt de (4.3
0£ucs Y 0]
and V/(f) is a measure of the variation of f given by
1/2
vin=1 > / M 1) e (4.4)
- [0’1]Iu| 6t u) u .

0#uCS
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The inequality (4.1) together with (4.3) and (4.4) is known as the L, version of
the Koksma-Hlawka inequality and it relates the error to the variation of the inte-
grand. We note that this L, discrepancy incorporates the classical L, discrepancy
of the projections of the points tg, ... ,t,_; onto lower-dimensional faces of the unit
cube [0, 1]°. In this section and the next we shall find an expression for D?(Q) using
two methods. Here, we make use of (4.3) to obtain an expression.

If t = (ti,t2,... ,t) and t; = (t;1,ti2,- - - ,tis), then the local discrepancy (4.2)
at the point (ty, 1) may be written as

g (ty, 1) ZHIM% 114 (4.5)
" =0 jeu j€u
where I, .4, is the indicator function
1, t;; <ty

Iti'j <tj =
0, ti;>t

The square of g (t,, 1) may be written as

-1 n-1
tu, l Ht2 - —ZHt It,,<t] ZZHIti,j<thtk,j<tj'

j€Eu i=0 j€u 1=0 k=0 j€Eu

Noting that

1 . 1 1 1 1 2
/ t;dt; = 3 / tily j<t; Aty = / tjdt; = 9 (1 - ti,j)

1,

and

1 1
/ Iti,j<tj Itk,j<tj dtj = / ldtj =1 — max (ti,j, tk,j) )
0 (t._,,tk J)

the expression for the squared L, discrepancy is given by

D*Q) =), /[0 y .92 (tu,1) dt,

0#uCS
|ul 1 n—1n-1
- Z [<—> T Z H 1- t?,]) + E Z H [1 — max (ti,ja tk,])]
0#uCS =0 Je“ i=0 k=0 j€u

(4.6)
We remark that this expression for the L, discrepancy is not very useful for compu-

tational purposes. It involves a sum over all nonempty subsets of the set S. We note
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that the number of subsets of this set having |u| elements is (Izl) and the product
under the double summation has |u| terms. Moreover, we note from equation 0.154
of Gradshteyn and Ryzhik [7] that

s
Y (S,)j — 915,
=1
Hence, the calculation of L, discrepancy using formula (4.6) requires O(2°~'n?s)
operations. This order is very large for large values of s thus confirming that formula
(4.6) is not very suitable for computational purposes. We shall now simplify (4.6)
to obtain a computationally more suitable expression for the L, discrepancy. It will

be seen that the use of this alternative expression requires only O(n2s) operations.

In order to obtain this, we will need the following lemma.

Lemma 4.1 For a given set S = {1,2,...,s} and numbers a,... ,as, we have
S
E Haj = H(l +(lj) —-1.
P#uCS j€Eu j=1

Proof. This lemma may be proved by first considering,

f[(l"'aj)—l=(1+al)(1+a2)-~-(1+a3)—1.

Expanding the right-hand side of this equation gives 2° — 1 distinct terms, where
each term is a product of 4 of the a; and (s — 1) 1’s for 1 <4 < s; that is, they are
of the form ay, ay, - - - ax,1°~*. For each value of i, there are (:) such terms. These
terms correspond to the terms in the expansion of
2. [l
0#uCS j€u

hence proving the lemma. m]

Using this lemma, we shall now simplify expression (4.6) for the squared L,
discrepancy. We will consider each of the three terms on the right-hand side of this
expression in turn. The first term may be simplified as

SORE) @ e

0#uCS j=1
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followed by the second term

2> SI0-)--25 ¥ T304
0;6uCS 1=0 ]Eu i=0 @#uCS j€u
9 n—-1 s 3 t2~
=__Z(H( t,?,j))—l == (5—%>+2,
=0 \j=1 n =0 j=1
(4.8)
and finally the third term
1 n—1n-1
2 Z ZZH[I — max (ti,;, tk,;)]
0£uCS i=0 k=0 j€u
1 n—1n-1
== > Z [T — max (¢, t,5)]
1=0 k=0 §7#uCS j€u
1 n—1n— s
) (H 2 max (teg, )] - 1)
1=0 k=0 \j=1
1 n—1n-1 s
== 12— max (2, )] — 1. (4.9)

i=0 k=0 j=1
Adding (4.7), (4.8) and (4.9), we get a simplified expression for the squared L,
discrepancy given by

] n—-1 s 2 n-1n-1 s
4 2 3t 1
2 _ ]
D(Q) = <§> ey <§ S ) + = E [2 — max (t;j, tk ;)] -

i=0 k=0 j=1

(4.10)

4.3 Use of reproducing kernel Hilbert spaces to
derive the L, discrepancy

Reproducing kernel Hilbert spaces have previously been used by Wahba [35] in the
analysis of multivariate splines. Recently they have also been used to derive error
bounds and formulas for the worst-case integrands. In this section, we shall use
them for this latter purpose. In particular, we will use it as an alternative method
for the derivation of the L, discrepancy given in (4.10). The results given here are
based on the work of Sloan and Wozniakowski [34] and that of Hickernell [9)].

We first present the theory behind the reproducing kernel Hilbert space ap-

proach. Suppose that we have a Hilbert space H of real-valued functions defined
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over the unit cube [0, 1]*. If we denote the inner product on this space by (-, -), then

the norm induced by it is given by

I£1l = V£, f)-

For any t € [0,1]°, we define the evaluation functional A, as

A¢(f) = f(t), VfeH.

If A, is bounded, then by Riesz representation theorem there exists a function K

which is defined on [0, 1]* x [0, 1]* such that
Ay(f) = f(t) =(K(,t),f), VfeH, Vte[o,1].

The function K is known as a reproducing kernel. For details concerning reproducing
kernels, one may refer to the article by Aronszajn [2].
Once we have the reproducing kernel K for the Hilbert space H, we may express

any other linear functional, say ¢, in terms of this; that is,

8(f)={(¢f), VfeH, where ((t)=(K(,t),()=0(K(,t)). (411)

Here, ¢ is known as the representer for the linear functional 4. In particular, when

d = I — @, the error of the rule (1.2) may be written as

I-Q)(f)=(nf), VfeH, where n(t)=(I—-Q)(K(,1)).

Then using the Cauchy-Schwarz inequality, the error bound is given by

11(f) = QAN = [{m, AL < lImll IF1]- (4.12)

Equality holds when f is a multiple of the worst case integrand, 1. Here, the
quantity ||n| is the figure of merit that depends only on the point set that is used in
the integration and ||f|| is a measure of the variation of the integrand f. We shall
be concerned with the special case of the bound (4.12) for a particular choice of H.

When this is the case, the error bound is given by

() — QNI < D@ fls,
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where || - ||5 is the norm in the Sobolev space (to be defined later). In this section
our aim is to show that expression (4.10) for D(Q) may be recovered by using this
reproducing kernel Hilbert space approach. In order to do this, we assume that the
Hilbert space H is the Sobolev space (for more information on Sobolev spaces, see

[1]) of absolutely continuous functions defined by

Hy = {f e WP P([0,1°) « [|f]ls < o0},

2 1/2
Il = (2 / M dtu)

(If W+ > /OI]M 6'“'

0#£uCS

where

IUI
6 f(ty, 1)

f(ty,1)

) 1/2
dt,

Here, W3 ([0, 1]) are subsets of absolutely continuous functions whose first derivatives

and Wél’l""’l)([o, 1]*) is the tensor product,

Wy ([0,1]) ® - -- ® W5 ([0, 1]).

belong to Ly([0, 1]) (the space of Lebesgue square integrable functions on [0, 1]). The

L, discrepancy is defined as the worst case error over the unit ball in H,; that is,

D@) = sup [I(f) - Q(f)I

feH,,||flls<1

Moreover, this space has the reproducing kernel (as shown in [34]) given by

Ky(v,t) =[]l + min(1 - v;,1 - ;)] = H [(2 — max(vj,;)] .

J=1
Then it follows from (4.11) that the integration functional I may be written in terms

of the reproducing kernel as

I(f)= f(t)dt=<h;f)37

(0,1]¢

where (-, -); is the inner product on H; defined as

|ul |ul
(Fah=3 [ 5d () St 1) dto

and

hit)= | K,(v,t)dv. (4.13)
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Here, h is the representer of multiple integration and it follows from [34] that

1/2 1/2
Alls = [11]] = ( K,(v,t) dvdt) = (/ K,(v,t) dvdt)
(0,1)2 (0,1)* J[0,1]*
(4.14)
For the quasi-Monte Carlo rule @, the error in integration may then be written as

I(f)—Q(f): f(t)dt_%i:f(tz)=<f,h—%Z_:K3(,t,)> )
1=0 1=0

[()’1]"J L

where h is given in (4.13). It then follows from [34] that the L, discrepancy is given
by

h——ZK

1=0

D(@):= sup [I(f)-

fE€Hs,||f|ls<1

L]

This above equation may be simplified as follows.

D¥Q) = <h——ZK h——ZK( t;) >

i=0
n—1n-1
= (h,h), - —Eg(h Ky(-, ), +%ZOE<K3(',ti)aKs("tk)>s'
Since (h, K(-,t;))s = h(t;) an_d (K(-,t;), K(-,tk))s =_Kk(—0,,tk) we have
n-1n
D*(Q) = [Ihl} ~ —Z;h %XO: K, (t;, t). (4.15)
We may then obtain an expression f;r h(t;) as foll;ws
h(t;) = K, (t, t;) dt _/ H[z max(t;, t; ;)] dt
(0,1] (0,1]* 5=

- H/o [2 — max(t;,; ;)] dt;

- ﬁ[/oti'j(z—ti,j)dtﬁﬁ —t) dt]zﬁ(———) (4.16)

j=1 Jj=1

Moreover, we see from (4.14) that

IRll? = K, (ts, t) dt; dt—/ / H[z max(t; ;, t;)] dt;dt
(0,1]2 (0,1]° J{0,1)* 5

S 1
= H/O /0 [2 - max(ti,j, tj)] dti’j dtj
j=1

= lj[/ol [/otj (2 -1t;) dty; +/t‘1 (2—tiy) dti,j] dt; = (g) (4.17)

Substituting (4.16) and (4.17) into (4.15), we recover the expression for the squared

L, discrepancy found in (4.10).
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4.4 Expected value for Monte Carlo rules

In the next chapter, we shall compare the expected value of the squared discrepancy
for Monte Carlo rules with the average discrepancy for other rules having approxi-
mately the same number of points. Hence, we need an expression for the expected
value for Monte Carlo rules. We shall obtain this below.

Since the points are uniformly distributed on [0,1]*, the expected value for the
first two terms of (4.10) is given by

L n—-1 s 1
4 2 3 1
=) dt—— S22 ) dt; .
A),l]-‘ <3> nZH/O (2 5 w) J

1=0 j=1
4\° 3 1Y’ 4\°
=[] —9(2-2) =—(2) . 4.18
(5) 2(-5) =~ (5 wia
Since the third term (the term containing the double summation) of (4.10) has
the max(t; ;,tk;) term, its expected value may be obtained by considering the two

possibilities, i = k and i # k separately. For the case ¢ = k, the points are obviously

not independent and the expected value of the third term is given by

nr [ 1 1\° 1/3\°
11 2-n)dny=1(2-7) =1(3) (4.19)

When ¢ # k, the expected value of this term is

n2—n<e !
2 H / / [2 - max(ti,j, tk,j)] dti,j dtk’j. (420)
j=1 0 0

n

In order to compute this, we first note that

1 pl 1 ptey 1 pl
/ / max(t; 3, t ;) dt; j dtx; = / / bk, dtijdie,; + / / tij db;;dte; = 2.
0o Jo 0 Jo 0 Jit,;

(4.21)

It then follows that expression (4.20) may be written as

(-6-3- 03

Hence, for Monte Carlo rules having n points, the expected value is given by

() (2]

which recovers the result found in [9].
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4.5 The L, discrepancy for periodic integrands

In this section we give for quasi-Monte Carlo rules an analogue of the squared
L, discrepancy (4.10) which may be used to study the error in the case of periodic
integrands. This discrepancy will be used in Chapter 7 to compare number-theoretic
rules with 2° copy and Monte Carlo rules in the case of periodic integrands. In order

to obtain a discrepancy for periodic integrands, we define the class of functions

_ |ul 1 il
H:={f:aafeL2([0,1]3) and / 9 fdtj=O,Vj€u,Vu§S}.
tu 0 atu

It follows from Hickernell [9] that a reproducing kernel for H is given by
K(V’ t) = H ﬁl(vj’ tj)’
j=1

where

) = M+ 5 [l + e - 52 Bal, - )

is the reproducing kernel for the one-dimensional case. Here, By(z) = 12—z + 1/6

is the Bernoulli polynomial and u(t) and M satisfy

1 1 d,u 2
/,u(t)dtzO, M=1+ﬁ2/ (—) dt.
0 0 dt

Then for the quasi-Monte Carlo rule (1.2), it follows from [9] that the error bound

is given by

11(f) - QUAI < V(f) D), (4.23)

where D(Q) is the L, discrepancy given by

D@ =~ 2T [+ Bous,)]
+£-2' 23 [M + ,32 (ﬂ(ti,j) + ,LL(tk,j) + %Bg({ti,j — tk,j}))] (4.24)

i=0 k=0 j=1
and V(f) is the appropriate variation of f. It turns out that for our choice of the

parameters (given in (4.25) below), this variation is the same as V/(f), given in (4.4).
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We note from [9] that the quantity P, (see (1.14)) may be obtained from expres-
sion (4.24) by setting u(t) = 0 and 8 = 27. In order to derive the L, discrepancy

given in (4.10) for the nonperiodic case, Hickernell [9] chose the parameters,
t2 4
-, M=- .
S, M=5, (4.25)

in his general expression for the discrepancy of non-periodic integrands. We shall
use these same parameters in expression (4.24) to get an analogue of the squared

L, discrepancy. When this is done, the squared L, discrepancy becomes

1~ 5 (st tes = {tg — teg} + {tay — teg}) |-
(4.26)
This L, discrepancy may be used in the error analysis of periodic integrands since
it appears in the error bound (4.23) and it also allows us to use a goodness criterion
that is analogous to the one used in the case of non-periodic integrands. In order

to obtain a simplified expression for (4.26), we will need to simplify the quantity

7 1
1~ 5 (8 1k, = {ty — teg} + {tey — 1)) - (4.27)
To do this, we shall need the following lemma.

Lemma 4.2 For numbers x and y such that 0 < z,y < 1, we have

1
max(z,y)=§[a:2+y2—2xy—{:c—y}2+{a:—y}+x+y].

Proof. We first note that

-y, 1721/,
{z-y}=

T—-y+1, T <y.

The square of this term may be written as

{a:—y}2= (.’L‘—y)2, T2y,
(z—y)?+2z—-y)+1, z<y.
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It then follows that the difference {z — y}> — {z — y} may be written as

(z—y)?-z+y, x>y,
-y —{z-y}=
z-y)i’+z-y, z<y

This in turn may be written as

($—y)2—2.’17, CUZIU,

s-9P-fo-yh-z-y= 2

(z-y)* -2y, =<y
From this it follows that
2 9 9 2.’1;, x> v,
—-{z-y}' +{z-y}l+*+y’+2+y—-22y=
2y, z<y

The right-hand side of this equation is just 2 max(z,y). Hence the result follows. O

Using this lemma, we may replace the quantity (4.27) in expression (4.26) by

7 1 1
21- + §ti,j + Etk’j - ti,jtk,j - max(ti,j? tk,j)'

Hence for the case of periodic integrands, the L, discrepancy for quasi-Monte Carlo

rules is given by

- (15109

1 n-ln-1 s 7 s te
4+ — Z [Z + % + % — btk — maX(ti,j’tk,j) . (428)

We shall make use of this L, discrepancy in Chapter 7 to compare the performance
of number-theoretic rules with 2° copy and Monte Carlo rules in the case of periodic

integrands.



Chapter 5

Average discrepancy for optimal
vertex-modified number-theoretic

rules

5.1 Chapter summary

Recall from Chapter 1 that the vertex-modified rule is given by

1 1 n—1
M(f) = Z : "Zwil,...,i,f(il,--- y1s) + % Zf (t:). (5.1)
i1=0  iy=0 i=1

However,

s

For this rule there are obviously many choices for the weights w;,, . ;
it has been shown by Niederreiter and Sloan [25] that the weights may be chosen
optimally in the sense that its discrepancy (to be defined later) is minimized. These

optimal weights are given by

1 1
Wi,... i = > n ; ... i, (%), (5.2)
with
s .
gy (o ts) = | (1 =45 — (-1)4¢;), i€ {0,1}.
j=1
Here, ¢;, ... ;, has the value 1 at the vertex (i1,. .. ,%;) and the value 0 at all other ver-

tices. Moreover, with this choice of weights M integrates exactly every multilinear
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polynomial (every polynomial of degree at most 1 in each of its s variables). When
the optimal weights are used in M, the resulting rule, denoted by M, will be referred
to as the optimal vertex-modified rule. By taking t; = {iz/n} in expression (5.1), we
get the vertex-modified number-theoretic rule M,;. Although these vertex-modified
number-theoretic rules have been proposed for non-periodic integrands, their po-
tential when compared to normal number-theoretic rules is not clear. In order to
investigate this, we derive in Section 5.3 an expression for the average of D?(My,) (for
prime n), where M, is the optimal vertex-modified number-theoretic rule (vertex-
modified number theoretic rule with weights chosen optimally). We shall denote
this average by En[D?(My)], where N = n — 1 + 2% is the number of function
evaluations required by M. In order to obtain the expression for En[D?(M,)],
we derive in Section 5.2 a general expression relating D?(M) to D?(Q) (where @ is
the rule given in (1.2)). This expression in turn may be used to write D?(M,;) in
terms of D?(Qn:), the squared L, discrepancy of the original number-theoretic rule
Qnt given in (1.9). In the final section, Section 5.4, numerical results are given. We
present numerical values of Ex[D?(My)] together with values of the corresponding
average En/[D?(Qp)] for normal number-theoretic rules, where N’ is a prime num-
ber close to N. These values may also be compared with the expected value for
Monte Carlo rules. For reasonable numbers of points, the numerical results indicate
that the optimal vertex-modified number-theoretic rules have a smaller average L,
discrepancy than number-theoretic or Monte Carlo rules when the dimension s is

less than 12. The results of this chapter have appeared in Reddy and Joe [29].

5.2 Discrepancy for the optimal vertex-modified
rule

In this section we shall obtain an expression for D?(M) in terms of D?(Q). Once
we have this relationship, we may substitute Q@ = Q.. and M = M, to obtain the

result for number-theoretic rules as a special case. This result will be used in the
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next section to obtain an expression for En[D?(My)].
The error for the modified rule M given in (5.1) is defined in terms of the local

discrepancy (4.2). Niederreiter and Sloan [25] proved that its error satisfies

|M(f) = 1(f)| < D(M)V(f), (53)

where the L, discrepancy, D(M), is given by

1/2
D(M) = w 1) = cu)? dty 5.4
(M) (ggs JARCCRIREN ) 6.4

and V(f) is a measure of the variation of f as given in (4.4). In the above expression

for D(M), the constants ¢, have the values

1 qi(u)  gs(uw)
D DIED S (5.5)
where gx(u) = 0 if £ € u and g¢(u) = 1 otherwise. (In other words, we sum over
only the components not in u.)

We remark that if we have the general n'-point quadrature rule

n'—1
Z wif (t:),
i=0
where w; is the weight assigned to t; = (¢;1,ti2,... ,tis), then it may be shown (for

example, by using the techniques found in Hickernell [9]) that the L, discrepancy

of this rule is given by

4 s n'—1 s 3 tg _ n'—1n'-1 s
<§) -2 ; ’l.UiJl:[l <§ - %) + ; ; 'wi’wk]l:[l [2 — max (ti’j, tk,j)] . (56)

Thus with n’ = n — 1 + 2° and a suitable labeling of the quadrature points and
weights, this formula may be used to obtain an alternative expression for D(M).
When M = @Q (that is, when wy,. o = 1/n and all the other weights w;, _;, are
zero), then ¢, = 0 for all nonempty u C S and the error bound (5.3) reduces to the
L, version of the well-known Koksma-Hlawka inequality (4.1). Thus when M = @,

we obtain

1/2
D(Q) = 2 (ty,1) dt, 5.7
@ (0; [ ) )
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If the weights are chosen as in (5.2), then it follows from [25] that the corre-

sponding values of c, are

a.,=/ 9 (b, 1) dta.
[0,1)ul

It then follows from (5.4) and (5.7) that

D*(M) = % (ty,1) dt, — & ) = D*(Q) - c2. 5.8
() 025(/[0,”“[9& ) dt-&) = 0'@) - 1 59)

P#uCS
It is clear from this expression that D?(M) < D?(Q). However, note that M requires

n—1+2° function evaluations, whereas @ requires just n function evaluations. Hence,
it would not be fair to just compare D?(M) with D?(Q).

We now look at % in more detail. We first note that

1 1 1
/ Iti,j<tj dtj = / ldtJ =1- ti,j and / tj dtj = %
0 t 0

i,j

Then using the expression for the local discrepancy given in (4.5) we have

& = g (tu, 1) dt, - %gﬂ(l—tu)—ﬂé |
[0,1]1ul

1=0 j€Eu Jj€u
B 1 9 n—1 1 ti,j 1 n—1n-1
oI ER0 3 (G RES 3 311 (ETR RS
j€Eu 1=0 j€u i=0 k=0 j€u
Now recall from Lemma 4.1 that for numbers a;,a,,...,a; and S = {1,2,...,s}
we have
S
S J[ai=]]+a)-1
0#£uCS j€u j=1
Hence
) 5 K] 2 n—-1 s 3 tij 1 n—1n-1 s
Z Cy — (Z) - EZH (5 - 7) + FZZH(2 —t,',j —tk,j+ti,jtk,j)-
0#uCS 1=0 j=1 1=0 k=0 j=1

We then conclude from (5.8) that the squared discrepancy D?(M) may be written

o - o[- 150G-4)
2 £ | (2—tij—trs+ ti,jtk,j)} . (5.9)

This expression is computationally more efficient for the calculation of D?(M) than
the one given in (5.8). This is because use of (5.8) together with (5.5) requires

computation of the optimal weights w;, . ;, whereas use of this one does not.
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5.3 Average L, discrepancy for optimal vertex-
modified number-theoretic rules

Here we make use of (5.9) with M = M,; and Q = Qy; to derive an expression
for En[D?*(M,)], the average of D?(M,,) (found from expression (5.9) by taking

ti; = {iz;/n}), as defined in the following definition.

Definition 5.1 For any integer n > 2, let N = n— 1+ 2° and let X = X(n)
be the set of all z € Z*° whose components z; are relatively prime to n and satisfy

1 < zj <n—1. The average of the squared discrepancy, D?(M,,), over z € X is

En[D*(My)] := QO(;)S > D*(My),

where ¢ is Euler’s function.

We remark here that a computer search for vectors z that give a small discrepancy
is computationally expensive. Thus, having a value for the average discrepancy may
be useful in giving a guide as to when a good vector z has been found.

By using (4.10) or (5.6) with n' =n, w; = 1/n, and ¢, ; = {iz;/n}, we see that

an explicit expression for D?(Q,,) is given by

v = () 2801 (3- 1))

s S e ({2 {5))]

Using the notation of Definition 5.1 one can define an analogous average of D?(Qy;)

by

Ea[DX(Qu)] := wLn 3" D*(Qu)- (5.10)

()zex

Then it was shown in [13] that an expression for this average when n is prime is

given by
4\° n-3/3\° 2(n-1)/4 1\° 2
E.[D*(Qw)] = (= Z) - 24— all
[D*(@ne)] (3) * n? (2) n (3+12n> _}-n2
n-1ex/4 1 Sk,n)\®
+ 2 <§+m+ n_1> , (5.11)
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where the function S(k,n) is the Dedekind sum given by

S(k,n) =n=:§(( )) (5.12)

0, T €Z,

gk

with

z—|z|—-1/2, otherwise.

Readers interested in the properties of Dedekind sums should refer to articles such
as [27]. Closed form expressions for S(k,n) are not available in the literature.
However, the algorithm found in [14] allows S(k,n) to be calculated in at most
O(logn) operations so that the average E,[D?(Qy)] may be calculated in at most
O(nlogn) operations. The expression that we obtain for Ex[D?(My)] is similar to
the one for E,[D?(Qn)] and hence En[D?(M,;)] may also be calculated in at most
O(nlogn) operations.

In the rest of this chapter, we shall assume that n is prime. Then ¢(n) =n —1
and z; takes on all values from 1 to n — 1 inclusive.

It follows from Definition 5.1 and (5.9) (by taking t;; = {tz;/n}) that
Ey|D*(Mu)] = En[D*(Qu)] -

where E,[D?(Qy;)] was given in (5.11) and

To simplify this expression, we shall need the following lemma.
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Lemma 5.2 Ifn is prime and 1 < i <n —1, then

1 A (iz)] 1 il n—1
— - - d .1
_lzzl{n} g 1 1{ } 6n (5.15)

z=

Proof. Since n is prime, we have gcd(i,n) = 1. Then the values of {iz/n} for

1<i<n-1larejust1/n,...,(n—1)/nin some order. Hence by using the familiar
sums
n—1 n—1
n(n—1) s n(n—-1)(2n-1)
= d = 5.16
; z 5 an ; z 5 , (5.16)
the lemma follows. O

By making use of the first sum of Lemma 5.2 we have

n-1 s §s, 1=0,

For the Cj given in (5.14), we may use (5.15) to obtain

23’ ’L=k=0,
3\° ) )
) <§) i=0,k#0 or i#0, k=0,
Cik = s
1 4 1 .
(5_6_71)’ it=k#0,
n—1 . s
1+ 1 {E} { B} , otherwise.
\ n—lz=1 n n

Hence
igcik — 2 4n-1) (g)s+(n-—1) (g—ﬁin)
SE(-HEEHE) . oo

In order to simplify this expression, we first consider the simplification of the sum

S {E)
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for 1 < 4,k < n — 1 with the restriction that i # k. We then have a total of

(n —1)(n — 2) such terms to consider. We first note that

12 iz mod n
n n

For z going from 1 to n — 1, the values iz mod n in the above equation are just the
values 1,2,... ,n — 1 in some order. Hence for given values of ¢« and m satisfying
1 < 4,m < n— 1, there exists a z, which is dependent on ¢ and m, such that
iz mod n = m. From literature on number theory (for instance, see [26]), we find
that this value of z is mi"~2 mod n. We then have
{E} _dzmodn _m

n n n

and

{E} _kzmodn (kmi"?modn)modn k'mmodn _ {k’m}

n n n n n

where k' = ki" 2 mod n. It then follows that

SEHE SR

z=1 1

Since k # i and Fermat’s little theorem tells us that :"~! = 1 (mod n), k' can never
be equal to 1. Moreover, we note that for any given value of ¢, k takes the values
1,2,...,i—1,i+1,... ,n — 1, and for each of these n — 2 values of k, there is a
corresponding distinct value of ¥'. Now relabeling &’ to k and m to z, it follows that
for n prime, the double sum in expression (5.18) may be reduced to a single sum;

that is,

(5.20)

Moreover, the single sum inside the parentheses on the right-hand side of this ex-

pression may be written as

oE (I L I BT )

n n
z=
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where S(k, n) is the Dedekind sum given in (5.12). This last equation, together with
(5.20), (5.13), (5.17), and (5.18), yields

o = 2—n §3_£ §3+2+n—1 4 1\°
no n 4 n? \ 2 n? n? 3 6n

n—1x(5 S(k,n)\’
T Z(Z+ n—l) '

k=2

Since En[D?*(My)] = E,[D?(Qu)] — an, we can combine this expression for o, with

(5.11) to finally obtain the following result.

Theorem 5.3 When n is prime, the average value of D*(M,;) for optimal vertez-

modified number-theoretic rules is given by
4\° n-1/3\° 2n-1)/4 1Y°

En[D?*(M, = ) —— |+ =
WD (Mn)] = <3> T (2) n (3+ 12n>
n—-1(4 1\° n-2/(5\°

— —_— + —_
n?2 \3 6n n 4

G ) - ()]

k=2

In the one-dimensional case, we can substitute s = 1 in this last expression
and simplify it to obtain E,1[D?*(My;)] = 1/(12n?). This value corresponds to the

squared L, discrepancy of the one-dimensional (n + 1)-point trapezoidal rule (1.5).

5.4 Numerical results

The optimal vertex-modified number-theoretic rule M, requires N = n — 1 + 2°
function evaluations and hence it would be natural to compare values of the average
En[D?(M,)] for these rules with the average En/[D%*(Qn)] for number-theoretic
rules (see (5.11)), where N’ is a prime number close to N. We may also compare
En[D?(M,)] with Ey, the expected value for Monte Carlo rules given in (4.22).
These averages for s going from 1 to 20 and n = 10007, 100003, and 1000003
are given in Tables 5.1-5.3. For s < 12, the values of Ex[D?(My)] in all the
three tables are smaller than Ep:[D?(Qy)], which in turn is smaller than E. This
suggests that for s < 12 these optimal vertex-modified number-theoretic rules are

worth considering as an alternative to number-theoretic and Monte Carlo rules.
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They are also worth considering for slightly larger values of s (as seen in Tables 5.2
and 5.3) if one is willing to use larger values of n.

We remark that for larger values of s, the numerical results suggest that the av-
erage En[D?(M,)] and the expected value Ey have O(n~!) and O(N~!) behaviour,

respectively. Moreover, the average En/[D?(Qy)] has behaviour O(1/N’).
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Table 5.1: n = 10,007

s |N=n-1+2| N | Ey[D*(Mw)] | En'[D*(Qu))] En

1 10008 10009 | 0.83217E-09 | 0.33273E-08 | 0.16653E-04
2 10010 10037 | 0.20839E-05 | 0.55190E-05 | 0.47175E-04
3 10014 10037 | 0.95974E-05 | 0.22465E-04 | 0.10032E-03
4 10022 10037 | 0.28894E-04 | 0.61060E-04 | 0.18978E-03
5 10038 10039 | 0.71430E-04 | 0.13851E-03 | 0.33670E-03
6 10070 10079 | 0.15713E-03 | 0.28264E-03 | 0.57318E-03 .
7 10134 10139 | 0.31977E-03 | 0.53554E-03 | 0.94675E-03
8 10262 10267 | 0.61544E-03 | 0.96201E-03 | 0.15241E-02
9 10518 10529 | 0.11358E-02 | 0.16504E-02 | 0.23888E-02
10 11030 11047 | 0.20286E-02 | 0.26906E-02 | 0.36181E-02
11 12054 12071 | 0.35299E-02 | 0.41255E-02 | 0.52116E-02
12 14102 14087 | 0.60126E-02 | 0.58245E-02 | 0.69619E-02
13 18198 18191 | 0.10062E-01 | 0.73209E-02 | 0.83815E-02
14 26390 26387 | 0.16592E-01 | 0.81006E-02 | 0.89354E-02
15 42774 42773 | 0.27017E-01 | 0.79353E-02 | 0.84879E-02
16 75542 75541 | 0.43524E-01 | 0.70801E-02 | 0.73743E-02
17 141078 141073 | 0.69470E-01 | 0.59300E-02 | 0.60408E-02
18 272150 272141 | 0.11000E+00 | 0.47791E-02 | 0.47787E-02
19 534294 534283 | 0.17297E+00 | 0.37653E-02 | 0.37065E-02
20 1058582 1058567 | 0.27034E+00 | 0.29265E-02 | 0.28434E-02
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Table 5.2: n = 100,003

s |{N=n-1+2| N' | Ey[D*My)] | En[D*(Qu)] Ex

1 100004 100019 | 0.83328E-11 | 0.33321E-10 | 0.16666E-05
2 100006 100019 | 0.20835E-06 | 0.55510E-06 | 0.47219E-05
3 100010 100019 | 0.96057E-06 | 0.22608E-05 | 0.10045E-04
4 100018 100019 | 0.28935E-05 | 0.61450E-05 | 0.19017E-04
5 100034 100043 | 0.71555E-05 | 0.13933E-04 | 0.33786E-04 |
6 100066 100069 | 0.15745E-04 | 0.28456E-04 | 0.57682E-04
7 100130 100151 | 0.32048E-04 | 0.54287E-04 | 0.95819E-04
8 100258 100267 | 0.61687E-04 | 0.98680E-04 | 0.15600E-03
9 100514 100517 | 0.11385E-03 | 0.17298E-03 | 0.24997E-03
10 101026 101027 | 0.20337E-03 | 0.29434E-03 | 0.39502E-03
11 102050 102059 | 0.35389E-03 | 0.48805E-03 | 0.61559E-03
12 104098 104107 | 0.60281E-03 | 0.78737E-03 | 0.94312E-03
13 108194 108203 | 0.10088E-02 | 0.12298E-02 | 0.14098E-02
14 116386 116387 | 0.16635E-02 | 0.18343E-02 | 0.20261E-02
15 132770 132763 | 0.27087E-02 | 0.25547E-02 | 0.27345E-02
16 165538 165533 | 0.43635E-02 | 0.32289E-02 | 0.33652E-02
17 231074 231067 | 0.69647E-02 | 0.36192E-02 | 0.36881E-02
18 362146 362143 | 0.11028E-01 | 0.35906E-02 | 0.35911E-02
19 624290 624277 | 0.17340E-01 | 0.32224E-02 | 0.31721E-02
20 1148578 1148561 | 0.27100E-01 | 0.26971E-02 | 0.26206E-02
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Table 5.3: n = 1,000,003

s | N=n-1+4+2° N’ EN[D*(Mw)] | En'[D*(Qu))] Ex

1 1000004 1000033 | 0.83333E-13 | 0.33331E-12 | 0.16667E-06
2 1000006 1000033 | 0.20834E-07 | 0.55550E-07 | 0.47222E-06
3 1000010 1000033 | 0.96063E-07 | 0.22625E-06 | 0.10046E-05
4 1000018 1000033 | 0.28939E-06 | 0.61496E-06 | 0.19020E-05
3 1000034 1000037 | 0.71569E-06 | 0.13944E-05 | 0.33796E-05
6 1000066 1000081 | 0.15748E-05 | 0.28485E-05 | 0.57716E-05
7 1000130 1000133 | 0.32055E-05 | 0.54375E-05 | 0.95931E-05
8 1000258 1000273 | 0.61703E-05 | 0.98950E-05 | 0.15636E-04
9 1000514 1000537 | 0.11389E-04 | 0.17383E-04 | 0.25112E-04
10 1001026 1001027 | 0.20343E-04 | 0.29716E-04 | 0.39866E-04
11 1002050 1002061 | 0.35399E-04 | 0.49701E-04 | 0.62692E-04
12 1004098 1004117 | 0.60298E-04 | 0.81640E-04 | 0.97776E-04
13 1008194 1008199 | 0.10091E-03 | 0.13197E-03 | 0.15129E-03
14 1016386 1016399 | 0.16640E-03 | 0.21002E-03 | 0.23200E-03
15 1032770 1032793 | 0.27095E-03 | 0.32834E-03 | 0.35154E-03
16 1065538 1065557 | 0.43648E-03 | 0.50143E-03 | 0.52280E-03
17 1131074 1131077 | 0.69667E-03 | 0.73908E-03 | 0.75347E-03
18 1262146 1262143 | 0.11031E-02 | 0.10300E-02 | 0.10304E-02
19 1524290 1524287 | 0.17345E-02 | 0.13195E-02 | 0.12992E-02
20 2048578 2048569 | 0.27107E-02 | 0.15120E-02 | 0.14693E-02




Chapter 6

Average discrepancy for 2° copy

rules

6.1 Chapter summary

In the previous chapter it was seen that for non-periodic integrands, the optimal
vertex-modified number-theoretic rules are worth considering as an alternative to
the normal number-theoretic and Monte Carlo rules when the dimension s is less
than 12. In the case of periodic integrands, it has been shown (see [31]) that the
average of P, (defined in (1.14)) for 2° copy rules (2° copies of number-theoretic
rules) is smaller than that for normal number-theoretic rules with approximately
the same number of points. There is also numerical evidence that 2° copy rules have
smaller values of R (defined in (1.15)) than the number-theoretic rules (see [11]).
However, the potential of 2° copy rules is unknown in the case of integrands which
are not periodic. This chapter shall be devoted for this task. We first derive in
the next section, an expression for the squared L, discrepancy, D?(Q.), for 2° copy
rules. We shall then obtain an expression for its average Ex[D?(Q.)] in Section 6.3,
where N = 2°n is the number of function evaluations required by @).. In Section 6.4,
numerical results are given. In this last section the average values of Ex[D?(Q.)]
are compared with the average En/[D?(Qp)] for normal number-theoretic rules. As

in the previous chapter, we choose N’ to be a prime number close to N. Numerical
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results show that for values of s from 4 onwards, the average for number-theoretic

rules is smaller than that for 2° copy rules.

6.2 Discrepancy for 2° copy rules

Recall from Chapter 1 that a 2° copy of an n-point number-theoretic rule is given

..k=0f<%{%z-}+(kl’kz’é”’k’)>, (6.1)

where z is a well-chosen integer vector whose components have no factor in common

£
=
Il
N
3
-
M-

with n. It then follows from (4.1) that the absolute error |Q.(f) — I(f)| is bounded

by

1Qc(f) — I(F) < D(Q)V (),

where D(Q.) is the L, discrepancy for the 2° copy rule and V(f) is the variation
of f given in (4.4). We recall from (4.10) that an expression for the squared L,
discrepancy of a rule Q with N quadrature points t; = (¢;1,... ,%;s) is given by
N-1 s N-1N-1 s
p@=(3) -2 (3-%) + 5 3 X [Tl maxtis )
i=0 j=1 i=0 m=0 j=1
For the copy rule (6.1), this expression becomes
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As usual, the braces indicate that the fractional part of the number is to be taken.

To simplify the expression for D?(Q.), let us first consider the term
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Hence the second term in (6.2) simplifies to

S -

In order to simplify the third term in expression (6.2), we will need to expand the

summation over k; and [; for k;,1; € {0,1}. When this is done, the resulting terms

are given by
1 fuz;| 1 [mgz 1 [z 11
s m“(z{n}i{77}) m“<2{n}+2v
— max l Zz] ij + 1 — max l ,Lﬁ + l
2| n )’ n 2 2| n 2
An obvious result that will help in the simplification of expression (6.4) is

1 (22 1
<= X =,
0 2{ }<2
Using this result we have
(L) L1 ma ) 1 i) 1
21 n 2’2 | n T2 n 2
2l nf’2)| n 2] 2

Thus expression (6.4) reduces to

poalat e e G e {R) e

The following result then follows from expressions (6.2), (6.3) and (6.5).

and

Theorem 6.1 The squared Ly discrepancy for 2° copy rules is given by

r@-(5) -l (3-H{2) - 12
o D11 [5 -3 {2 - 5 {7} - ma ({2 {72))].

=0 m=0 j=1
(6.6)

We remark that this expression is computationally more efficient for the calculation
of D?(Q.) than the one given in (6.2). In the following section a formula for an

average of this quantity will be derived.
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6.3 Average L, discrepancy for 2° copy rules

We shall derive a convenient expression for the average of D?(Q.), given in (6.6).
Analogous to Definition 5.1, the average of D?(Q.) may be defined in the following

way.

Definition 6.2 For any integer n > 2 and N = 2°n, let X = X(n) be the set of all
z € Z° whose components z; are relatively prime to n and satisfy 1 < z; < n — 1.
The average of the squared discrepancy D*(Q.) for 2° copy rules, over z € X is

En[D*(Q.)] := (p—;—s 202@6).

( ) zeX

We shall obtain an expression for this average when n is a prime number. In this
case, we have p(n) = n — 1. It then follows from Theorem 6.1 that the average
discrepancy for 2° copy rules is given by

EvD¥QJ) = (%) - ;(283 n1£41§{%}2_n1£41 {%D

1= z=1

LR [ e e

1=0 m=

By making use of Lemma 5.2, the expression

() -5 (2 L E ey - B ()

1= z=1 z=1

may be written as

O ). e

where the second and the third terms of this last expression arise when 7 = 0 and

1 <4< n -1, respectively in the second term of (6.7).
Now by using Lemma 5.2, the term in (6.7) involving the double summation may

be simplified to

n—1 n-1

1 13\° n-1/11\° 2(n-1) (23
4sn? (7) T o <7> T e ( > 45n? Tom, (6.9)

=1
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where T}, is given by

Tim =

In the expression given in (6.9), the first term comes from the case i = m = 0, the
second comes from the case i = m # 0 and the third one follows from the cases
t=0,m#0and m=0,7#0.

In order to simplify expression (6.9) further, we first replace the index m by k.

It then follows from the arguments that lead to (5.20) that
n—1n-1 n—1 2 kz $
=(n-— — -9 — . .10
>3 Tu=o 12[6 (n{n})J (6.10)

i=1 k= k=2
e
In order to simplify the above expression, we will need to simplify

s (2 ()

If we set t, = z/n and u, = {kz/n}, then recall from Lemma 4.2 that an expression

for max(t,,u,) is given by

1
max (t;,u,) = 5 [£2 +u? — 2tu, — {t, —w.}> + {t: —w.} +t, +u,].

Hence, we have

ln 1
Zmax (Z { }) =3 (2 +u? — 2tu, — {t, —w, }* + {t: —w,} +t. +u,] -
z2=

(6.11)

In order to carry out further simplification of this expression, we shall need the

following result from [13].

Lemma 6.3 For a prime number n and some fized positive integer k satisfying
2 <k <n-1, the values of {t, — u,} are just the fractions 1/n,2/n,... ,(n—1)/n

in some order for z going from 1 to n — 1.

Proof. We first note that

z {kz} z—kzmodn
R R

n n
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For some integer m, we may write kz mod n = kz — mn. When this is done, we

have

z—kz4+mn (1-k)z+mn

l,—u, =
“ n n
_ nz+(1—k)z+mn-nz  (n+1-k)z+(m—2)n
B n - n
+1-k

Since m and z are both integers, so is m — z. Therefore,

(n+1-k)z
n

{tz—uz}={ {(""'l_k)z} (n+1—k)zmodn.

+ (m — z)} = - = -
If k is fixed, then for z going from 1 to n — 1, we see that the values of (n +1 —
k)z mod n are just the integers 1,2,... ,n — 1 taken in some order. In other words,

{t, — u,} are just the fractions 1/n,2/n,...,(n —1)/n taken in some order. ]

We note that the values of both ¢, = z/n and u, = {kz/n} go through
1/n, 2/n,...,(n — 1)/n in some order for z going from 1 to n — 1. It then fol-

lows from (6.11) and from Lemma 6.3 that for 2 < k <n —1,

1 n—1 n—
Zmax (tz,u,) = 3 [tﬁ +u—{t, —u, )+ {t; —u} +1t, + uz] - Zt,uz
z=1
132 [/2\2 Z\2 Z\2 2z z =z !
6 RT I 6 ERERE B e
z=1 z=1
ln—l 2\ 2 2 n
] [ IEEEI S 3o
=1 z=1
(1ln—1)(n—1) <=
= — t,u,. 6.12
on ; 2Us (6.12)

The last step in the above simplification follows from the sums given in (5.16). Now

S - S{E) Tz (ko k)

z=1

(6.13)
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where S(k,n) is the Dedekind sum given in (5.12). Using expression (6.13), (6.12)

may be written as

nimax (tzyu,) = (11n _112)Tfn -1 _ S(k,n) — n- 1.

It then follows that for 2 < k <n —1,

1 2max z [kz)_1ln—-1 S(kmn) 1 _2 1 Skn)
n—14 n' | n T 12n n—-1 4 3 12n n-1"

(6.14)

Hence, by using expressions (6.7), (6.8), (6.9) and (6.10) together with this last

expression, we get the following result.

Theorem 6.4 For n prime, the average Lo discrepancy for 2° copy rules is given

4 23\° 2n-1)(8 1\ 1 [13\°
En[D*(Qo)) = (5) o ( )‘ 7 (§+m> +W(7)

L=l (1Y 2(n-1) (23 +n—1§ 16,1 Skn)\
45n2 2 4sn? 4 45n? 3 12n n-1)°

k=2

by

In the one-dimensional case, this expression simplifies to

E[D*(Qc)] = ot

This value corresponds to the squared L, discrepancy for the one-dimensional 2n-

point rectangle rule (1.4).

6.4 Numerical results

The results of some computations are presented in this section. Tables (6.1)-
(6.4) gives the average En[D?*(Q.)] for 2° copy rules together with the average
En'[D?*(Qy:)] (see (5.11)) for normal number-theoretic rules for values of s going
from 1 to 15 and for n = 79, 157, 313 and 619. Here, N’ denotes a prime number
close to N = 2°n. Numerical results presented in all the four tables clearly show that
for values of s from 4 onwards, the average discrepancy for number-theoretic rules is

smaller than that for 2° copy rules. The results given here suggest that 2° copy rules
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Table 6.1: n =179

s | N=2n N' Ex[D*(Q.)] | En[D*(Qu)]
1 158 157 0.13353E-04 | 0.13523E-04
2 316 313 0.82888E-04 | 0.17825E-03
3 632 631 0.26477E-03 | 0.34915E-03
4 1264 1259 0.65570E-03 | 0.48655E-03
S 2528 2521 0.14185E-02 | 0.54631E-03
6 5056 5051 0.28227E-02 | 0.56097E-03
7 10112 10111 | 0.53087E-02 | 0.53680E-03
8 | 20224 20219 | 0.95898E-02 | 0.48899E-03
9 | 40448 40433 | 0.16813E-01 | 0.42978E-03
10 | 80896 80863 | 0.28811E-01 | 0.36782E-03
11| 161792 | 161783 | 0.48505E-01 | 0.30786E-03
12 | 323584 | 323581 | 0.80533E-01 | 0.25333E-03
13 | 647168 | 647161 | 0.13225E+400 | 0.20559E-03
14 | 1294336 | 1294309 | 0.21530E+00 | 0.16491E-03
15 | 2588672 | 2588671 | 0.34812E+00 | 0.13099E-03

are not as competitive as the number-theoretic rules with approximately the same
number of points when dealing with integrands which are not periodic. We remark
that these results support Hickernell’s comments in [8] that number-theoretic rules

tend to be better for integrating functions with large low-order analysis of variance

(ANOVA) effects (for information on ANOVA effects, see [8]).
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Table 6.2: n = 157

s |N=2n| N | Ex[DQ.)] | En[D*(Qu)]
1 314 313 0.33808E-05 | 0.34024E-05
2 628 619 0.31235E-04 | 0.89642E-04
3 1256 1249 0.10823E-03 | 0.17844E-03
4 2512 2503 0.27642E-03 | 0.24321E-03
5 5024 5023 0.60572E-03 | 0.27625E-03
6 10048 10039 | 0.12103E-02 | 0.28305E-03
7 | 20096 20089 | 0.22741E-02 | 0.27031E-03
8 | 40192 40189 | 0.40901E-02 | 0.24607E-03
9 | 80384 80369 | 0.71212E-02 | 0.21635E-03
10 | 160768 | 160757 | 0.12094E-01 | 0.18502E-03
11 | 321536 | 321509 | 0.20146E-01 | 0.15490E-03
12 | 643072 | 643061 | 0.33043E-01 | 0.12748E-03
13 | 1286144 | 1286119 | 0.53534E-01 | 0.10345E-03
14 | 2572288 | 2572279 | 0.85878E-01 | 0.82981E-04
15 | 5144576 | 5144569 | 0.13668E+00 | 0.65914E-04




[6)

Table 6.3: n = 313

s | N=2n N’ En[D*(Qc)] | En'[D*(Qu)]
1 626 619 0.85061E-06 | 0.86996E-06
2 1252 1249 0.13241E-04 | 0.44038E-04
3 2504 2503 0.48860E-04 | 0.89496E-04
4 5008 5003 0.12750E-03 | 0.12225E-03
) 10016 10009 0.28180E-03 | 0.13902E-03
6 20032 20029 0.56459E-03 | 0.14202E-03
7 40064 40063 0.10600E-02 | 0.13565E-03
8 80128 80111 0.19008E-02 | 0.12350E-03
9 160256 160253 | 0.32936E-02 | 0.10851E-03
10 | 320512 320483 | 0.55591E-02 | 0.92810E-04
11 | 641024 640993 | 0.91906E-02 | 0.77699E-04
12 | 1282048 | 1282033 | 0.14944E-01 | 0.63942E-04
13 | 2564096 | 2564077 | 0.23973E-01 | 0.51891E-04
14 | 5128192 | 5128153 | 0.38036E-01 | 0.41623E-04
15 | 10256384 | 10256369 | 0.59802E-01 | 0.33062E-04
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Table 6.4: n = 619

s | N=2n N’ En[D*(Q.)] | En'[D*(Qut)]
1 1238 1237 0.21749E-06 | 0.21784E-06
2 2476 2473 0.61396E-05 | 0.22362E-04
3 4952 4951 0.23560E-04 | 0.45333E-04
4 9904 9901 0.62249E-04 | 0.61796E-04
5 19808 19801 0.13825E-03 | 0.70222E-04
6 39616 39607 | 0.27739E-03 | 0.71830E-04
7 79232 79231 0.52057E-03 | 0.68608E-04
8 158464 158449 | 0.93180E-03 | 0.62453E-04
9 | 316928 316919 | 0.16102E-02 | 0.54877E-04
10 | 633856 633833 | 0.27080E-02 | 0.46930E-04
11| 1267712 | 1267711 | 0.44573E-02 | 0.39288E-04
12 | 2535424 | 2535413 | 0.72104E-02 | 0.32333E-04
13 | 5070848 | 5070847 | 0.11499E-01 | 0.26239E-04
14 | 10141696 | 10141667 | 0.18122E-01 | 0.21047E-04
15 | 20283392 | 20283391 | 0.28279E-01 | 0.16718E-04




Chapter 7

Average discrepancy for periodic

integrands

7.1 Chapter summary

In the numerical integration of periodic integrands over the s-dimensional unit cube,
various performance criteria such as P, (1.14) and R (1.15) have previously been
used. When the average of P, was used to measure the potential of number-theoretic
rules against their 2° copies, it was found that the average values for 2° copy rules
were smaller than those for number-theoretic rules with roughly the same number
of points (as shown in [6]). Moreover, there is numerical evidence that 2° copy rules
have smaller values of R than the number-theoretic rules (see [11]). In this chapter,
we shall use the L, discrepancy, given in (4.28), to study the error in the case of
periodic integrands. We shall compare the average of this discrepancy for number-
theoretic and 2° copy rules with the expected value for Monte Carlo rules. In order
to carry out such a comparison, we first derive the expected value for Monte Carlo
rules in Section 7.2. Then in Section 7.3, we obtain an expression for the average
E,|D*(Qy;)] of number-theoretic rules. In Section 7.4, we derive the discrepancy
D?(Q.) for 2* copy rules and in Section 7.5 an expression for its average Ex[D?(Q.)]

is found. Numerical results are given in the final section, Section 7.6.
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7.2 Expected value for Monte Carlo rules

For periodic integrands, we recall from (4.28) that the L, discrepancy for quasi-

Monte Carlo rules with quadrature points t; = (¢;1,... ,t;s) is given by
_ 4 s 9 n—-1 s 3
D2 = — - — _ )
@=(5) -2 1(-%)
1=0 j=1
1 n—-1n-1 s 7 tij tkj
+ E ; ;jzl [Z + —2— + 7 =t itk — max(ti,j, tk,j) . (71)

We may use this discrepancy to compare number-theoretic and 2° copy rules with
Monte Carlo rules. In order to do this, we shall need the expected value Ey for

Monte Carlo rules. First we recall from (4.18) that the expected value for

() -25I1(-5¢)

1=0 j=1

with respect to a uniform distribution is given by

@2

Since the third term in (7.1) involves the max(%; j, t ;) term, it follows from (4.19)

that the expected value for the third term when i = k is given by

nz+1+1 1 1\° 1/17\°
n2\4 4 4 3 2/ n\12/)°

When i # k, it follows from (4.21) that the expected value for this third term is

won (7 1,1 1 2\ (0 1)(4)°
n2 4 4 4 4 3) n)\3) "

Hence, the expected value Ey for Monte Carlo rules is given by

(3 ) 0D 2 E -G e

In the last section, we shall compare this expected value for Monte Carlo rules with

given by

the average for number-theoretic and 2° copy rules with approximately the same

number of points.
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7.3 Average L, discrepancy for number-theoretic
rules

For number-theoretic rules it follows from (7.1) that an expression for the L, dis-

crepancy is given by

o= (3) -2 ST (3-3{2)) 258 oo

1=0 j=1 1=0 k=0
where
7 1 (iz 1 (kz; 12; kz; 12; kz;
P, = R B/ L D (i I D N7 L B B O )R
N L R e N E E A R (EIR )]

The expression for this discrepancy is very similar to the one for the non-periodic
case. They only differ in their third term. This reduces the amount of work required

in the derivation of its average, which is defined as follows.

Definition 7.1 For any integer n > 2, let X = X (n) be the set of all z € Z* whose
components z; are relatively prime to n and satisfy 1 < z; < n — 1. The average of
the squared discrepancy D*(Qy;) for number-theoretic rules, over z € X is
Eo[D*(Qu)] = ﬁz;bz@m)-

Here, we shall take n to be prime.

Since the average for the first two terms of expression (7.3) may be obtained
from Chapter 5, we only need to find the average of the third term in order to get
an expression for the average E,[D?(Qu)].

It follows from an argument similar to that by which (5.11) is derived that the

2
{zzJ } )
has an average given by

(2022 ()

quantity,

Do —

()25 (-

1=0 j=1
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We shall now derive the average of the third term

n—1 n-1
1

3 Z Z Pi. (7.4)

i=0 k=0
Once this average is found, the average E,[D?(Qy)] for number-theoretic rules may

be obtained by using the formula

En[D2(Qnt)] = ﬂn + Yn, (7'5)
where for a prime number n,
1 n—1 n—1 n—-1n-1
T = Py,
n*(n—1) z1=1  zg=1 i=0 kz=%
1 ”‘“’2‘5 7 1/2 & (iz 1/2 "z‘i kz
AEE[ Rl
2 _ _
n" 20 k=0 4 n 1z=1 n n lz=l n
n—1 . n—1 . S
1 1z kz 1 1z kz
-SSR ({E 5]

Using the sums given in Lemma 5.2, the above expression for v, simplifies to
1 (7 3+n—1 17+1 8+2(n—1) 3\’
=2\ n? \12 " 6n n? \2
4 1 nzlnz:l nzl iz [k2) 1 nZ—l ax iz kz ’
n?l_lk1 n—1 I n—14" n)’ ln '
k

(7.6)

Here, the first and the second terms come from the cases i = k =0 and ¢ = k # 0,
respectively. The third term arises when kK = 0,7# 0 or i = 0,k # 0.

It then follows from expressions (5.20) and (6.10) that the term in (7.6) involving
the double summation may be written as

oS LSt CE)

In order to simplify this expression further, we need a few results from the earlier

chapters. For the Dedekind sum S(k,n) defined in (5.12), we recall from (5.21) and

(6.14) respectively, that
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and

1 = z (k2 2 1 S(kn)
n—1;ma’x<5’{7}>_§_12n_ n—1 (7.8)

Using these results, it then follows that the quantity

L S ()]

may be written as

- (8- (- -0 - (b )

Hence the average v, of the third term (7.4) is given by

1 (7 ’+n—1 1_7+i 3+2(n—1) 3 s+(n—1)(n—2) §+L :
n? \ 4 n2 \12  6n n? 2 n? 3 12n/) -

The average of number-theoretic rules then follows from (7.5) and is given in the

following theorem.

Theorem 7.2 For a prime number n, the average of the squared Ly discrepancy

(as given in (7.1)) for number-theoretic rules is given by
. 4\° 2 (3\° (n+2)(n-1)/4 1Y
2 - — — — -_— — — ——
EnlDA(@Qu)] = (3) n2 (2> n? 37 12n
1 (7\° n-1/17 1Y\°
+ 2 (4—1) + 2 <T§ + 5{) . (7.9)

We remark that the expression for the average E,[D?(Qy)] given in (5.11) contains

Dedekind sums and therefore it does not have a closed form. However, this analogous
average for the periodic case has a simple closed form.
For the one-dimensional case, we may substitute s = 1 into expression (7.9) and

then simplify it to obtain

1

En[D*(Qu)) = o2

This value corresponds to the squared discrepancy for the one-dimensional n-point

rectangle rule.
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7.4 Discrepancy for 2° copy rules

In this section we shall obtain a simple expression for the L, discrepancy D?(Q.)
for 2° copy rules (given in (6.1)) and in the next section its average Ey[D*(Q.)] will
be derived. It follows from (7.1) that D?(Q.) is given by

DQ(QC)—<) anz 21: fI[—~—<wm %)2

1=0 ki,...,ks=0j=1

99 v b i | (I SFICHEE) PR (RS

m=01l;,...,ls=0 i=0 k,,... ,ks=0 j=1
kj L k; L
- | wi; + 5 ) | Wmi + 5 ) —max | wiy + 5 Wm.j + 5 )1 (7.10)

where w; ; is given by

1 [1z;
Wij = 5 {-77’} (7.11)

In expression (7.10), the braces have been removed since
kj Lj
ngi,j+3<l and ngm,j+-2—<1.
We recall from (6.3) that the expression
2 : [ 1 (w N kj)2]
-5 1,J ) )
ey k1,... ks=0 j=1 2 2
with w; ; given in (7.11) has the simplified form

2? RX;JHI (———{“”}2—%{%}). (7.12)

Hence, in order to get a simple expression for the Ly discrepancy of 2° copy rules,

we only need to consider the third term of (7.10); that is, we will need to consider

the simplification of
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Expanding this summation over k; and [; for k;,1; € {0,1}, we get the terms

T4 twij + 2wmj — Wi jWnj — max (Wi j, Wm,j)

+ I+ 2(wij +1/2) + 3wm; — (Wi + 1/2) wy; — max (w;j + 1/2, wm ;)
+I+ twij + 3 (Wmj + 1/2) — wij (Wmy; + 1/2) — max (w; j, Wm,j + 1/2)
+I 4 Lwiy +1/2) + 2wy +1/2) — (wi; + 1/2) (wmj + 1/2)

—max (w;; +1/2,wm ; +1/2).
Further simplification gives

8+ 2wi;j + 2Wm,; — Wi jWm,j — MaxX (Wi, Wmj) — (Wij + 1/2) Wi,
— max (wi; + 1/2,Wm,;) = wi,j (Wm,; +1/2) — max (wij, wm,; +1/2)

— (wij +1/2) (Wmj +1/2) — max (w;; +1/2,wm; +1/2).

We note that max (w; ; + 1/2, wp ;) = w;;+1/2 and max (w; j, Wmj + 1/2) = wm j+

1/2. Hence the above expression simplifies to

2
Zs — 4w; jWm j — 2 max (w; j, Wm,;) - (7.13)

Replacing w; j and w,, ; by their expressions (see (7.11)), expression (7.13) yields

{2}z -] 42))

Using this last expression and the expressions given in (7.10) and (7.12), the fol-
lowing result concerning the L, discrepancy for a class of periodic integrands then

follows.

Theorem 7.3 For n prime, the squared Ly discrepancy (as given in (7.1)) for 2°

copy rules, as defined in (6.1), is given by
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7.5 Average L, discrepancy for 2° copy rules

Using the notation of Definition 7.1, the average squared discrepancy for 2° copy

rules for periodic integrands is given by

En[D*(Qc)] = (Qec), (7.15)

where n is prime and N = 2°n. We note that the first two terms in the expression
(7.14) for the discrepancy of 2° copy rules are identical to those of its non-periodic

counterpart. We recall from (6.8) that the average of this quantity

() - 250 (2= -3z

O -AE)REE). o

Thus to obtain an expression for the average defined in (7.15), we need to obtain

is given by

only the average for the third term of (7.14). This is given by

n—1 n-1 n—

= g S S [F - {2 %)

z1=1 zs=11 j=1

_WG%},{%})}“ -

Taking the sum over all possible z; for 1 < j < s, an expression for A, is given by

n—1n-1

4sn2 Z Z Qim,

1=0 m=1

n—1 .
25 1 12 mz
Qim = '74_ -1 Zz:l {;} {7}

Using Lemma 5.2, it follows that

Qim = ¢ (24—3), t=0, m#0 or 1#0, m=0,

65 1)\° |
\ <ﬁ+€ﬁ) , t=m#0.




85

For the remaining values of ¢ and m, it follows from (5.20), (6.10), (7.7) and (7.8)

53 B LS ) s S () (2]

that

—

= [25 1 &z (mz 1 & z [mz ’
=1 ‘4"n_1;;{7}‘n_1;m"(;’{7})}
n—-1 r
_ 25 S(m,n) 1 2 1 Simn)\]’
=(n 1)7;_4 (n—l +4) <3 12n n—l)]

—(n—1)(n—2) (139+1—;5)

Hence, );,, may be written as

N 1 (25 3+2(n—1) 23 ’+n—1 §+i s
T 4sp2 \ 4 45n2 4 4sn2 \12  6n

, (R=D(n-2) <§+ 1 )

402 3 12n
From this last expression for \;, and from the one given in (7.16), we have the

following result.

Theorem 7.4 For prime n, the average of the squared Ly discrepancy (as given in

(7.1)) for 2° copy rules is given by
_ 4\ 2 (23\° 2a-1)/8 1\° 1 (25)\°
2 — —_ —_—_— — —_ — R —_— —_
ExID*(Qc)] (3) 2n, ( 8 ) 2n, (3 * 24n) Ty ( 4 )
+2(n—1) 23 3+n—1 6_5+i s+(n—1)(n—2) 1_6+_1_ :
45n? 4 45n2 \12  6n 45n? 3 12n) °

For the one-dimensional case, this expression reduces to E»,[D?(Q.)] = 1/(48n?).

This value corresponds to the squared discrepancy for the 2n-point rectangle rule,

given in (1.4).

7.6 Numerical results

Here, we present the results of some computations. Tables 7.1-7.4 gives the av-
erage Enx[D?(Q.)] for 2° copy rules together with the average En:[D?(Qn)] (7.9)

for number-theoretic rules and the expected value Ey (7.2) for Monte Carlo rules.
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Table 7.1: n =179

s |[N=2n| N | EyD*Q)] | En]D*(Qu)] Ew

1 158 157 0.33381E-05 | 0.33808E-05 | 0.52743E-03
2 316 313 0.19472E-04 | 0.25802E-04 | 0.72521E-03
3 632 631 0.61771E-04 | 0.47546E-04 | 0.74810E-03
4 1264 1259 0.15381E-03 | 0.62952E-04 | 0.68618E-03
5 2528 2521 0.33611E-03 | 0.70421E-04 | 0.59023E-03
6 5056 0051 0.67717E-03 | 0.71356E-04 | 0.48753E-03
7 10112 10111 | 0.12910E-02 | 0.67768E-04 | 0.39164E-03
8 20224 20219 | 0.23654E-02 | 0.61465E-04 | 0.30828E-03
9 40448 40433 | 0.42071E-02 | 0.53809E-04 | 0.23894E-03
10 | 80896 80863 | 0.73133E-02 | 0.45823E-04 | 0.18297E-03
11 | 161792 | 161783 | 0.12486E-01 | 0.38156E-04 | 0.13875E-03
12 | 323584 | 323581 | 0.21010E-01 | 0.31215E-04 | 0.10438E-03
13 | 647168 | 647161 | 0.34940E-01 | 0.25158E-04 | 0.78001E-04
14 | 1294336 | 1294309 | 0.57551E-01 | 0.20022E-04 | 0.57961E-04
15 | 2588672 | 2588671 | 0.94040E-01 | 0.15762E-04 | 0.42862E-04

These values are given for s ranging from 1 to 15 and for n = 79, 157, 313 and 619.
We choose N’ to be a prime number close to N = 2°n. From all the four tables, we
see that for values of s from 4 onwards, the average for number-theoretic rules is
smaller than that for 2° copy and Monte Carlo rules for roughly the same number
of points. The trend is similar to that seen for the non-periodic case. The results
clearly indicate that the choice of performance criteria is very important as one may
reach different conclusions with different choices of the performance criteria. We re-
mark that by making use of ANOVA decomposition, Hickernell [8] pointed out that
imbedded rules and Monte Carlo rules tend to be better for integrating functions

with large high-order effects, while rank-1 rules tend to be better for integrating

functions with large low-order effects.
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Table 7.2: n = 157

s [N=2n| N | En[D¥Q.)] | En[D*(Qu)] Ew

1 314 313 0.84520E-06 | 0.85061E-06 | 0.26539E-03
2 628 619 0.63037E-05 | 0.12143E-04 | 0.36492E-03
3 1256 1249 0.21163E-04 | 0.23369E-04 | 0.37643E-03
4 2512 2503 0.53747E-04 | 0.31258E-04 | 0.34528E-03
) 5024 5023 0.11817E-03 | 0.35115E-04 | 0.29699E-03
6 10048 10039 | 0.23794E-03 | 0.35781E-04 | 0.24532E-03
7 20096 20089 | 0.45164E-03 | 0.34047E-04 | 0.19707E-03
8 40192 40189 | 0.82188E-03 | 0.30892E-04 | 0.15512E-03
9 80384 80369 | 0.14495E-02 | 0.27056E-04 | 0.12023E-03
10 | 160768 | 160757 | 0.24955E-02 | 0.23043E-04 | 0.92069E-04
11 | 321536 | 321509 | 0.42161E-02 | 0.19197E-04 | 0.69818E-04
12 | 643072 | 643061 | 0.70162E-02 | 0.15706E-04 | 0.52522E-04
13 | 1286144 | 1286119 | 0.11535E-01 | 0.12659E-04 | 0.39249E-04
14 | 2572288 | 2572279 | 0.18775E-01 | 0.10074E-04 | 0.29165E-04
15 | 5144576 | 5144569 | 0.30312E-01 | 0.79312E-05 | 0.21568E-04
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Table 7.3: n = 313

s |N=2n| N | EnD*Q.)] | Ex[D*Qu)] Ey

1 626 619 0.21265E-06 | 0.21749E-06 | 0.13312E-03
2 1252 1249 0.22771E-05 | 0.57870E-05 | 0.18304E-03
3 2504 2503 0.81035E-05 | 0.11495E-04 | 0.18882E-03
4 5008 5003 0.20972E-04 | 0.15535E-04 | 0.17319E-03
5 10016 10009 0.46373E-04 | 0.17565E-04 | 0.14897E-03
6 20032 20029 0.93322E-04 | 0.17903E-04 | 0.12305E-03
7 40064 40063 0.17641E-03 | 0.17057E-04 | 0.98848E-04
8 80128 80111 0.31898E-03 | 0.15490E-04 | 0.77809E-04
9 160256 160253 | 0.55804E-03 | 0.13565E-04 | 0.60309E-04
10 | 320512 320483 | 0.95184E-03 | 0.11557E-04 | 0.46181E-04
11 | 641024 640993 | 0.15915E-02 | 0.96280E-05 | 0.35020E-04
12 | 1282048 | 1282033 | 0.26190E-02 | 0.78775E-05 | 0.26345E-04
13 | 2564096 | 2564077 | 0.42545E-02 | 0.63493E-05 | 0.19687E-04
14 | 5128192 | 5128153 | 0.68389E-02 | 0.50531E-05 | 0.14629E-04
15 | 10256384 | 10256369 | 0.10898E-01 | 0.39782E-05 | 0.10818E-04
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Table 7.4: n = 619

s |[N=2n| N | En[D*Q.)] | En[D*Qu)] jo

1 1238 1237 0.54372E-07 | 0.54460E-07 | 0.67313E-04
2 | 2476 2473 | 0.92886E-06 | 0.28660E-05 | 0.92555E-04
3 4952 4951 0.34657E-05 | 0.57698E-05 | 0.95477E-04
4| 9904 9901 | 0.90982E-05 | 0.78244E-05 | 0.87574E-04
5 19808 19801 0.20203E-04 | 0.88640E-05 | 0.75328E-04
6 39616 39607 0.40640E-04 | 0.90460E-05 | 0.62222E-04
7| 79232 | 79231 |0.76591E-04 | 0.86207E-05 | 0.49983E-04
8 | 158464 | 158449 |0.13783E-03 | 0.78297E-05 | 0.39344E-04
9 | 316928 | 316919 |0.23966E-03 | 0.68585E-05 | 0.30495E-04
10 | 633856 | 633833 | 0.40585E-03 | 0.58429E-05 | 0.23352E-04
11 | 1267712 | 1267711 | 0.67311E-03 | 0.48680E-05 | 0.17708E-04
12 | 2535424 | 2535413 | 0.10978E-02 | 0.39832E-05 | 0.13322E-04
13 | 5070848 | 5070847 | 0.17661E-02 | 0.32105E-05 | 0.99549E-05
14 | 10141696 | 10141667 | 0.28094E-02 | 0.25551E-05 | 0.73972E-05
15 | 20283392 | 20283391 | 0.44272E-02 | 0.20116E-05 | 0.54703E-05
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