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1 . 1 AIE S . 

This study is i1!tendcd to be a synt Le sis of t~nc,·.vle,l e;e 

about certain aspects o f que ueine . It presents a broad view 

of the ~naL.ematics associated with these aspects , but does 

not clai:n to pr::,vide a full coverage . The pape rs and texts 

cit ed do not constitute a full survey of the litera ture, bu t 

do , it is hoped , indicate t h0 general shape of the the ory 

v,hich has so f ar e volved . This s tudy does not cl aim to 

max e any ori 2: i : al contributions t o t he Theory of ~ueuei n P. 

1 • 2 COl\'T E1 T . 

The asp ects of q~eueihg included were c hosen in accordance 

wi t h t hree underlying int ~rests : 

. an i nt e rest in syste ms mor e complex t han t hose in which 

a c us to me r queues once before a single serve r ; 

. an interest in appl ic a ti ons to computer syst ens ; a nd 

. an i nterest in the cbnstruc ti on of rigorous ~e thods from 

intui t ive ] rO bability c onc epts . 

The first of t hese interests gui ded t he de velopment of 

the t h~ ee t heory - oriented chapters (c hapters 2 , 3 , and 4. ) . 

The second gave rise to the two a pplicatio n s - orien t ed 

c hapters (chap t ers 5 and 6) . The t hird g uided the sel ec ti on 

of methods to be ac cor ded fulle r treatment . Unde r these 

infl u ences , t he c ontent has taken t he followi ng shape : 

The centra l topi c of c hap t er 2 i s QUEUEi r G SYSTEAS WITH 

PARALLEL CHANNEL S . Results fo r s i n g le - c hannel syst ems are 

i ncluded , sinc e s er i es and n etwork syotems may contain 
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single - cha:mel stat ion.- ; D!Hl to pr ovide cove1 ·.:~s8 oi.' .s~,r,_,te ·,,; 

wi t t various ar_lval and servi ce distrihut iona . :..;orno o .l 

c hapt er 2 ' s the ory i s use d in chap t er 3 , whi ch treat s 

SY :;'T':8MS I?-J'/OLVE'.G SE~. I E S OF QTf~ TE ,S . SF,r i es syste1~1s ar e 

s pecial cas e s o f t h e t opic o f c h :p t e r L,, SY S'rE·-·.s I NVOLVI '. .JG 

HE~V!Omc s OF UEUE.S . The n e t 1:1ork theor : is e::~ t. ended , in 

chapt e r 5·, to de.scribe a class o:f real-life COl,fYU1H ., Al'I O;JS 

NET\':ORI<:.S , and t hen is extende d. f urther t o de scribe t he 

spec i al c ommuni cation networks whi ch involved C::, OMFUTim 

NETWOR~ S. Chapt er 6 i s not ano ther step in this progr ession , 

but deve lops t heo· y f roin c hapt e r 2 .for a s t udy o f C0~·1PUT:SR 

TI:ME-- SHAiffNG , and ment i on s ot her appl ic ation s t o co mpute r 

systems . 

Chapt er 7 di s cusses t he us efulness of t he l i ne along 

which t he t heory o f th i s study has deve loped . 

The t hird of the i nterest s mentioned abov e , and the 

nee~ to give full e r treat men t to me t hods i nv olved in l ater 

c hap t ers , give rise to an emphasis on SYSTEMS I ~VOLVI NG 

POIS SOlI QUEUE-S HT EQUI1 I 3RIU.L Queu ei ng Theory div erges in 

many di rections . Apart fro m t he direc t ion whi ch l ea'ds to 

network s , the direct ion whic h thi s s tudy e xpl ores most 

fully i.s t hat j_ :, v8lving · 00:--r - POLSS01f .A.1:D GElifERAL DI STRI 3UTI01'S 

f or arrival and servi c e times . The most import ant 

direction not explored is tha t i nvolving QUEUE SYS EMS 

NITH PRIOR I T IES . Wher e they are avai lable , s i mulation 

studies have been mentioned to gether wi th t he t he ory . I , 

The measure s o f conge stion i t udi ed are the distri butio ns 

of number in system, an d of wai ting time . 
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J:n j_n.:;'JGcticn of the ti tlcf, of recent papers i11 ;i c5.tcs tte 

directions in which Queueing Theory and its applications have 

developed . '~he foJ lo·,fi:ig lists of ~., :-i1e of these cirec ti ons 

should set the pr-.-:se;:it study in its context . Its sub j c.c t 

mat t er is a very s .. ,a.1 1 part of the exi sti,Lg lrnov.rledge 

a bout queue i ng . 

Theoreti cal developillents excluded fro~ thi ~ ~tudJ include : 

. systems v1ith urio r itie s ot her than n first c ome first 

s e rved 11
; 

. busy pe r iod distri~utions ; 

. bul ( arriva l s and service ; 

. baulking nd r eneging ; 

. r a t e of appro ach to · equilibriu n. 

Ot her de ve lop~ent s receiv~ a parti a l treat me nt : 

. non-po i sson systems ; 

. transient s olutions ; 

. conditions for t he existenc e o f equil i briu~ s olut ions ; 

. effect of limite d waiting r oom; 

. jOC.{eying ; 

. f e e dback ; 

. co s t s tructures . 

Applicati ons which have pro~pted the de ve l opment of 

queueing theory inc lude much besides co mmunication s a nd 

computing . The applic atio n r eceivi ng mo s t at t ention in 

t he j ourna ls at pr esen t i s t he behavior of vehicular traffic . 

Thi s i nvolves : 

. intersec t ions an d gap- acceptance ; 

. bo t t lenech:s ; 
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. j a~':D; 

. the taxi prohlem ; 

. take - of f and landing at a:Lrports ; 

. ~til i zation of wharves and c anals. 

Traff·Lc o-r" ca2.ls at telephone exchanges is .still r cceivins 

at t ention . 

I n dustrial problems t o wh i c h Queueing Theory is being 

a pplie d i nc l ude : 

. machine i nterf~ r e nce; 

. provi s ion of spa r e machines , and per son n el a l l oc ation; 

: inve ntory c ontrol; 

. scheduling of jobs ; 

. da ms and o ther s t orag e . s y ste ms ; 

. co nveyor syst e ms . 

P~o blems involving human traffic i n c l ude : 

. provision o f doc tor s , hospital beds e tc . , for medical c a re; 

, desi s n of r et ail shops; 

. desi gn of c usto~s c hec k uoin t sy s te~ s . 

1 • 4 '!'E?E I FOLOGY . 

Symbol s a nd te r ms are defined a s t he n eed arises ; a nd 

may be re d efined , wi th di ffer e nt :nean i n g s . 

In t he the ory - oriented chapt e rs, t he word " s y s te m " refers 

t o idealized situation s . In the a pplicat i o ns - oriented 

chapters , real -li fe sit u a tions a n d th e ir the ore tic al 

i n:ages are refe rred .L ~ 
v V respective ly as " s i' s t e::1. s II and 
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J_ )} . '~- y 1. .·_~ · j.., (_' r ·_\TC :_·1 ;, . . ,· 

J" .. .... t. ; :_-_ !l~· .-,,, ·'' 
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s:y-n:Jol fc"!r t':1c; or.::..: f ti·1l fu11ctio.!1 , \',~it.h .~n &.·-::t.c r~ s!, . 

denotes the Laplac2 transfer~ of P . 
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QUEUES WIT ri HUUrIPL..u CEANNEL S . 

The chapter studie s queue lene ths 

a nd waitin - times f o r 

single-station multi-channel systems , 

with various arrival and service 

assumption s . Result s a re included 

on s ingl e -channe l systems with 

more general service distributions 

and on t he e ff ec t s of joc k eying . 

2 . 1 HITRODUCTION. 

2 . 2 QUEUE LENGTHS . 

2 . 3 WAIT I NG TI MES. 

2 . 4 A SI MPLE APPLICATION. 

GRAPHS . 

7 

CHA.I'TER 2 . 



c Ji P1 t-rr~ Y.:J-1 ··; . 
') 

.) 

-- -----

This c ha~tcr t r eats qu e u e sys t ems whi ch consi st of 

s e e ral c hnnn ol s j_n T)&.r:3.l l c l . 'l'he s t e 2.. --Js ,jtat e >T/:,!/ e sy s t ern 

i s s t u died in de t a i l ; t he n fo llo? l e s s detail e : treat ~ent s 

o f 

. t i me - dep endent solut io~ s 

. s y st e~s wit h ot her ar r iv a l a nd serv ic n d i 2tr i bution s 

. sys t e ms wit h a r r iva l a n d s e r vice distribu t ions d e f i n ed in 

general t erms . 

~ he qu eue discipline f o r all the Qyst ems studied i s th e 

fi r s t - c ome first - served di sc iplin e . 

The discussi on of gener a l appro ac hes t o ~ulticha nne l 

systems is inte~ded to e xt e n d t o t he limit s of t he t he ory 

a s it st ands now . It seems t hat g en e ral ann roache __, have 
~ . ' 

not be e n a t opic o f gr eat int e r e s ~ s ince the 1950 1 s . 

The H/ M/ c syst e '.'.!1 is chosen for detaileo. tr e at men t 

. a s an exa ~p l e of an easily solved cas e; 

. bec a u se of i t s t heoretical simplicity ; 

. be c ause o f it s ~any a ppl i cations ; 

. and - this fo llo ws fro m t h e l a s t t wo r easons - because it i s 

u sed a s a compone nt ~ f wore c o m9lex s y s t em s . 

Exponential i n t erarrival times a r e to b e e xp e cted 

wh enev e r t he a r rival s come f r o~. a lar g e populat ion a cting 

i n depen d e ntly . The exponential ~ode l is liabl e t o fit well 

except whe r e : 

. arriv a l s dep e ~d on s o~e t i me - de?enden t p r o c ess ( l{ke the 

wearing out o f TV se t s boug~t i n t he ear~ 1960 1 s ; o r t h e 

lunc i - hour r us~ at a co f fe e bar) , o r 

. arrival s are schedul ed , a __r1: th e erro r s a '::Jo ut the s che du le d 
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times are snall ( as at a port , an airport , or a dentist ' s 

\'.raj_ting ~oo:n) . '.'!hen scheduled ar:ri.vals occur c lose lo the 

appoi n t ment t imes , i t :nay be appro.:n·iate to assu:-.:i.e a 

r egul ar distrib•tion . ~her e onl y each k -t h po t ential 

cu s t ome r enters t he systeM , the k - th Erlang di s t ribu t i on 

may be a ppr opri a t e . Ot her c ase s j_ n vo l Ve.m g non - expo n ential . 

tre a t:ne nt are : bu l k arr ival s ; a rr ival s by a ppo i n t me n t a.t 

regula.r i n t erval s ; ran do,. ar r ivals at discre te ti me p oi n t s ; 

no n - station a r y arri va l pat t e r n s ; ar r i val p at t e r n s c orrelat e d 

v;ith the st a te of t ~e s ystem. ( 2 ~ 16 ) 

The u se of t he exponent i al di stri bu t ion f or s e rvic e time 

i s harder t o j u s tify . So me s e rvice s consist o f many 

i n de p end e n t tas~ s , any of whi c h may be omi t ted ( a s i n r e t a i l 

s hops ) . Ot he r s c on s i s t o f a skilled op e r at i on or a ma n ­

machin e int e r a ction ( as in a t oll gat e servic e , l and i n g a n 

ai rc ra f t , or c ar f ol lo~ i n g ) . W. R . 3 lun den ( 9 ) f o und by 

obse rvation that s ome s e rvi c es in the f i r s t group ( e . g , 

s ervice =at a s e rvice st ation , supe r ma rke t che c k out c hann e l, 

p har mac y ) were a pproximat ely e x ponential . Others in t h e 

fir s t g r ou p and many in the s _ec ond gr ou p a re bett e r modell e d 

with a dist r ibution of the Pear s on III shap e ; Di s tri butions 

of this sha p e (shi fte d Ga mma; shifte d Erlan g ; shift e d 

e x pon enti a l) allov fo r a time interval d ur in g whi c h no 

s e rvices are compl e t ed . Toll gat e op e r a tion , aircraft l a n d ­

i ng , and a i rcraft tak e -off fi t te d this t ype of dis t ri butio n . 

Two servic e s which , f ortunat e l y , hav e a ppr oxi mat e 

e xponential dis t r i butions , a r e t el e p ho ne c a lls ( :Z\ Z,o ) 

a n d compu ce r jobs . ( 80 ) . 

Thu s s ome justi f ic a tion e xi s ts f or con c e nt r a t ing on 

expon ent i al arrival and s e rvi c e d i s tri butions . 



r: ) .' ... ! .: ::: . l · .. j i) C:i..-~·~ ;· .:~ .... 

r.ite three r,~::-inc i ple me.s.r;;urcs of congesti on e x.s.:ntr.od in t he 

li te~ature · are queue J.ength , wai l i~G t i ~e, and busy periods ., 

Sec ti o ~ 2 . 2 ~tudie s methods of disc overi ng probabi l ity 

fu nctions for que~e length; s ectio~ 2 . 3 studi e s pro babilit y 

fun c ti on s f o r wai ting time, plu s a f ew associat ed r esult s 

on queue length . 

Queue length distri butions have t he a dvant a ge that they 

are indepen dent of' queue discipline ( ? . .1, l.. b}; v;hereas the 

aim , in constructing a pr iority system, i s to re duce wait i ng 

. times . 

Sec t ion 2 . 4 applies s ome of this theory to the si~ple s t 

mult i channel system : the steady state system ~/ M/2 . It 

co mpares t his to related 2-c hannel systems . 

2 . 2 QUEUE LENGTHS . 

2 . 2 .1 THE. SYSTEM M/ H/c . 

In the syst em s tudie d here, cu s to~ers arrive in a s i ngle 

poi sson strea:-n . There are C identical servic e channel s ; 

an arri val goes to any of the idle c hannels , or if no channe ls 
JI. 

ar-e idle , he goes to the tail o f a single queue . The customer 

at the head of this queu e be gins hi i service as soon as a 

c hannel becomes avai lable . 

The ~irth-Death Eauations . 

Let P 
11 

( t ) : Pr [ a t t ime t, queue length - n J , e.nd l et 
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- r-, - ... I. The pr,Jbah:i.li. ty -:_~cns:i_ y 

f unct ion for i~tcr-arrival ... . 
t.,l. :fl8 t is :::;iven oy 

A) 0 , t ) O; 

and the c umul ati ve probabi.ity fu:1ction is 

A( t ):::; 1 - e -A t = 1 - ( 1 - ~ t +/\ 2
; 2 - + - + - ) . 

~ e consi der the p~obability o f a n arrival occurd ng in the 

i nt erval 't ; tis the time sinc e t he pr evious arriv~l . 

Pr [ no ar r ival occurs in (t, t + dt.)/ n o arriv al occurred in 

( O, t ) ] 

Pr [ n o arri val o c c ur s in ( O , t -t dt ) ] / Pr [ :1 0 arrival occ ur red 

in ( O , t ) J 
=. (1 - A( t+ dt) / (1 - A ( t ) ) 

- J\ ( t + c t) / e - At :;;:.. e 

= e \ dt 

:::: 1 -

whe r e O r e pr~sent s a t erm wit h a facto r of ( dt)
2

, and : 

.Q "70 as dt ~ o. 

This probabili ty is indep e nden t of time from t he s tart o f 

operation , and time fr om t he last arrival . Lett n ow be t he 

time fr om t he s tart of operation . Then ; 

Pr [an arrival occurs at a time in (t,t +dt)J:::::. j\dt. 

Si milarly ; 

Pr [ a departure occur s in ( t , t + dt) J ::. rrd t , 

whe n r channels a r e oc cupi e d at t. 

[n _ 0 a t t -!', dt J implies [ n :;:: 0 at t , and n o arrival 

oc curred during dt] or [n = 1 at t , and no arrival , and one 

depar ture ace ur red during dt ] . 

All other p o s s ibilities hav e pro babilit ies whi c h a re o f 

s ::1all ord e r in dt. 



So : 

!' (t+ dt )::: P ( t) · ( 1 -
0 0 

\ dt + Q. + D ( t .. i . c1 -A c~t + .Q )J"L ·:.t , 

a nc'l 

0 
( t + d t ) - P

O 
( t ) :;: _/l P l ( t ) - A P

O 
( t ) + QI d t 

d t 

Le t d t ~ 0 ; t he last e qu ti on be c omes : 

AP ( t). 
0 

\': hen que u e 1 e n 2-:t h n i s O < n < c · a t t -t- d t , we hav e t hr e e c as e s : 

a t t , queue l engt h was n , a n d duri n g d t · no arrival s a n ct · no 

departures occurr e d; 

a t t , q~eue l ength was n +l , a nd dur i n ~ d t no arr i v a l s a nd 

one de parture occ urre·d ; 

at t , queue l e n gth vras n-1, a nd during d t one ar r j_v a l an d 

no depaiture oc c urred . 

( Pro babi.l i tie s of mor e than one arrival or d.e part ure oc c urring 

in d t become· pa rt of t he term O ). Thus : 

P Ct + ct t ) = P Ct ) c1 - A ctt) c1 - - n~ ctt) 
n . n 

+ P ,c t ) (1 - i\_.dt ) ( n +l) )'t. dt 
n + '/ 

On l e t t ing dt -> O_, this y i elds 

1.'fhen n ~ c, t he mean de p arture rate is ~ , and t he r el e vant 

equation i s f ~und similarly. 

Th e comp l ete se t of birth-deat h equations ( .2~ 4~) i s : 

p (t)-= 
0 

p (t)::. 
n 

- ) P
0
(t) +? P 1 (t); 

-C\ + ,v,:..) P Ct) + 1 . / n pn-1 ( t ) + ( n + r ~n+l ( t ) 

for O < n ( c ; 

? ( t) ~ -( ;\ -r C,A/L) P ( t) 1- A_P l ( t ) + j;L.CP l ( t ) , for n ~ c. 
n / n n - / n+ 



A unique set of sclut i o~2 to thece equations bas been shoi~ 

to exj_st , ( 1~ cP~ ) 1! hen / =-· ,V(~(ll) < 1. 

Ti rn e - ~enendent ~olution . 

The so1 ution s i ven by Saaty ( 7 ~ 11"2..) is too len5t hy to 

·euroduc e he re . It c o~cences by defining two ge nerating 

functions t hus : 

P ( z , t ) - . 'C""' - . L 
n::-.o 

Q( z , t) -
c - 2 

' L 
n~o 

n 
? (t) z 

n 

and 

Vhen t he birt h- death equations are multi pl ied by appropriate 

powers o f z and s ummed , we get differential equations for P 

and These are transfor me d , a nd the r esult i ng equations 

in the Lapl ace tra...>i sforr:iS , P* and Q* , even tual l y yie.ld 

expre ssi ons for the Lapl ace transfor ms P ·* , for n::::::: 0 , 1 . n . 

These e xpr essions are very complex . Sinc e t he Laplace 

' ... 

transfor m i s a moment-generating ftinction , the ~oments of t he 

P ( t) can be foun d fro m their transfor ms . 
n 

Explicit e xpressions have been f ound for t he inverse 

trans fo r ms of the· P * for the 1/ H/1 system ( 76; ? ] ) but no t 
n 

f or t he systems v:i th c) 1. The steady - stat e probabil i ties P 
.n 

cart be obtained from the P * by u s ing t he fact t hat n 

limt~c.0 [P n ( t j = lims ~O [ sP n ~ ( s ) J . 
· In s t ead , we shall deri ve t hem directly f rom the birth-

death equation s as follo ws . 
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3teady - Statc Solut i on 

~e a ss,~e that a s teady s tat e probability distribution 

fo :c n exj_sts , ,·,r.2:1. A/ (c~ )<. 1; then Pn( t ) 

and P t ) -Y 0 , as '- ~ oo · -"or ~ ~~ n 1 • 'i'he birth- de a t h .,.., l, ) .L . _, _ - ) ' •• 

equations become , a fte r a little arran 0 ement : 

( 0 + 1 \)~ _ l D - 0 , 
'/ 1 A · 0 - / 

( n + 1 ),1 ._p , n f or O < n - c ; 

f or n ~ c 

Le t R 
l1 

_ ~lM.P 
/ n 

f or n = 1 , 2 ,· · · . _:. · c ; 

then R - O; 1 

R- = R1 = 0 c:. 

Rc ;;: Rc -1 =:. •.. •. ::o . 

.so P 1 :: C A 0 ) Po 

P2 _(//'yA. ) P 1 ::: ( >--~)
2 

P
0

/ 2 

:1. n r1 
and P .:; (. A/ cM-) c · P / n! n 7 o 

for n :: 0 , 1 , . . ..... c . 

Thus , P c ::: ( /' 
11 

c n / c ! ) P
O 

, v: here p - A I cµ 

Le t R
11 

= cJA P
11 

- ltP
11

_ 1 , for n:: :::Jc 1,c+2, . .. .. . 

Then Rc::: :R c+l = Rc+- 2 : · · • · = 0 . 

So p :: 
n 

for n ::::: c + 1 , c...i-2 , · · · . . 

P
0 

can be found fro m 

to be 

co 

""" p ::: 1 ' ,L_. n 
n::- o 

c-1 
p = 

0 
1 IC L 

11.: 0 

c-1 - 1 /( 5: n::.o 

co 
(Cf ) n l·,, 1 + f( )cl' ) r:. (l ... , c

1
~ c . 

r~o 

(cf)nl d + 
C 

( er) /( d (1 -f ))) 

) 

The st eady state so luti on, wit h Po as shown abo v e , i s 

D .. n (( cp ) nl n ! ) p 
0 

(( ,c1 , )f n - c 
Cf) C • . 

f or O < n < c 

Fo r · t h e series to conver g e , f mu s t be < 1. 

for n ~ c . 



(; - 1 
'1 ( ct>)· /n; 

i ,_ .. 
n ., o 

Some further re:mlts can no\·, b::: st2ted, in ter~s of p 1.-) y 
,_ 0 ' -- C ' . . 

Pr fan -rri vs] does not have to wait .. L. . ct_ . L • • 

- ?r [ a.t least one chann e l is idle] 

....... .Jo. ::: 
... I ' T c-

::= X P 
- 0 . 

Pr [an a rrival does have to wa~~ 

::;: 1 - XP 
0 

Ave rage queue length : E fn} 

( 0 . 1 + 1 . Cf /1 ! ' ~\ 

1 2 + ( ( c+ l)(l + (c-+- 2)f 1- + ;~ 

c fO XP 
O 

+ ( f / ( 1 - f) 2 ) Pc 

) p 

for 

C 

'' C 1' v .. L ~ e-\' , •• "> - \i. \.. ... 

) D 
0 

~· 

:::. E [ numbe r of c hannels bu sy]+ E [ number waj_ tin g f or 

serv.ic e J 
Utilization facto r 

:E (proportion o f channels busy] 

traffic intensity · Pr [ at least 1 channel is idle) . 

2 . 2 . 2 VARIANTS ON THE 11/ M/ c SYSTEM . 

Unli mi te d Number of Channels . 

Wh en each arrival calls int o op eration a s e rvice channel 

we can find re l evant for1,ulas by l e tting ·c, oo in for mulas 

for the M/ M/ c syite~ . In t he steady state , 

~:tJ .= . _~ ~ /A )n P0 , f or all n ) O , 

n! - - >.;,; 
Su mmat i on gives P

O
;:. e "fP'- > 

( _ n; , ) - r · so P = r n . . e , 
n 

and n has a poisson distributio ~ , wi th mean 

Obviou s l y , av er nge nu 1:1 be r v:ai ti·n s = a v e rage v1ai ting t ime = 0 . 

Saaty ( 76
1 

9~ ) develop s tim e - d~pende n t s o lution s fbr P ( t) 
n 
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, ...... 

n 
oy <lefinin'.'~ the fu11ction: l\ ( t) z; 

_nd solving its different i al c~uation . 

fl- denenc1el1.t Arri.vaJ. an:i Service Ha.tc::-, . 

So~eti~es prospect i v e queuers are i nfluenced by t he size 

of t he queue t~ey i ~t end to join ; and servers may b2 

spurred to ,~rk fa s t er by a lengthenin5 row o f custo~ers . 

We denot e t he aver age arrival rat e a nd average service rat e 

when t here are n in the queu e ," by A c1 an d )..£.n . The st eady -

state equations f~r tho si~~lc - ccrve r ~yatom ·re 

/l'l1 p 1 - \Po = Q ' 

/ 1n + 1 p rH- 1 - ,,\n p n - ~ -l pn- l > fo r n> 0 

He nce ? n 
p 

n ~ An . .... ·/ J/~+1 . .. ·f't1 )) ::o o . 

If the seri es : t , ,
1 A o Ao I' - + -- ++ + 

/A' 1 .;"1 /.(A. 2 

c onverges , it c onve r ges t o 1/ P , and a st eady state exi s t s . 
0 . 

This method can easily be applied to c-c hannel sys t ems ; 

since the departur e rate depends on t h e number o f c hanne l s 

occupied . I n fact , t he derivation a bove is a special case 

of n- depe ndent s er vi c e times . 

Se rvic e Rat es Di ffering f or Differing Cha1rne l s . ( 70 J..C/0 ) 
. ) 

The c servers per for m the sa~e fu nction , bu t t hei r 

av erage rat es of service (~ ~ , · · · · · · ;)f ) can differ. 

Besi des the probabilit i es P , we need to consider the n 

probabiliti es- for the 2c - 1 states whic h a r ise accordi ng 

to which of the chann els ar e occupied . 

Saaty considers th~ system wi t h 2 par alle l c hannels . Five 

differential equations are de ve loped . They can be u sed as 

steadystate equat ions if - <.. l . He a lso use s : 
...,(,{, +-/2 

( total nm;1be r serve d i n l on g ti me T) = T . ( me an arr j_val rat e ) ; 

to find anot her equation. The solution is : 



p l - ( 1 - p ) ( 1 - P ) . 0 
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D ::;. n -1 ( 1 ) ( 1 - ·.:i~ ) 
n 

{j - p \ (, , f or n f 2 . For n ?, 2 , the 

cU. s tr i but ion i s r,eo ,~!e t r ic a s usual . 

'l'he Sv s te rn ' f/ D/c . 

Let the cons t ant s ervice time a.t each channel be i time 
n 

uni t. A stea dy state will exist i f ,~< C • Le t a :::: 1: p 
n i -:o 

Pr [ queue length~ n J .· 
P

O 
- Pr fa t one servic ~.,.. t i me earl j_ e r 1 queue length ( c] 

· Pr ( no arrival during 1 s ervice] 

- A-1 a e 
C 

For n '> 0, sir1i l arly , 

) 

· ~n -~ 1 n- l e - A 
Pr. ::: a~ A· e .+ Pc .... 1 I\ + +. + 

-1 1.,--, .... ( 1 ) ' n . n - . 
The generating f unction .is defined by : 

co n 
P ( z) = ., P z . 

"'- n n =.o 

-A p e 
Ci · n 

! 
1 

A dif ferential equation in P ( z ) i s constructed from the above 

relationships and solv ed . It is inter esting to note t hat in· 

this case , wi th servic e times non-exponential ; the P
11 

ar e 

no t geometr ic . 

Th e System M/ E~/£ 

The remark s in 2 .1 suggest t hat the model with exponenti al 

arrivals , Erlangian servic e , and several c hannel s can be 

fitte d well to many r eal l ife situations . A me t hod fo r 

tr eating t his model is :f)re sent ed by J . Mayhugh and R . McCor me.ck 

( '1 ) : 
The service a t ea ch channel is considered to c onsist of 

k ·stage s : each of whic h tal{.es a ti :ne distributed exponentially 

with parameter ~/k . The stat e of t he system at a --:iy time 

can be de fine d by the symbol n : 

. n is the number in t he system ; 

.. ...... x, whe re 
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. x~ i s th e to t al nunbor , s u~~e0 a~ros3 t ho c hanne l s , in t he 

...::.. 

fi rs t o tas e o f servic e ; 

. xk -l is the t otal nu~ber at the second s t a5e ; 

. ,-·t c . 

r·_•11ese s tate r.; are ordered in a certain v;ay , and indexed . 

\11here j is the index of some state , p( j, t) is the p~ob~bility 

t hat the system is i n state j a t time t. Differ ent i al -

differ enc e equations a re for med . IThen t he exi s tenc e o f 

e Quili br ium ,s t a te-p r obabi l i t ie s Pj i s a ssumed , these equations 

yi eld a s e t ' o f 11ini t i.al" equations and a s e t of 11c y clic 11 

e quati on s . ~a c h of t hese eq ua ti ons is a r e l a t ion be t ween 

s eve r a l of the P j · Muc h matri x al ge bra p r oduces a solution 

f or the Pj · The s e can be su~~ed t o g iv e the u s ual s tead y -

s t ate qu eue length p r 6ba biliti~ s . 
\, 

' Mayhu g h and ·McCor mack d eal wiih the systems ~ / E
3
; 2 , and 

M/ E 7 / 3 , then t he geneial syst e m M/ R / c . 
J K 

The System GI /'.-1/c . · 

The ge·ometric property of P , for n) c, s urvive s wh en t h e - n 

a ssumpt io n of expon e nt i a l arriv a l s i s removed . Co x and Smith 

consi d er the sy stem a s a :•rark ov process by o bserving it at 

the i n stants wh en cus t o:ners arr ive . (~JJ O? ) . 

Let A( x ) be the arrival dictributi on , a nd at · equilibrium le t : 

p . . = P r [ ( n t 1) t h custome r fi nd s j cus to mers ahead o i hi m/ 
l J 

nth customer fo u nd i ahead of h i m] ; 

:=o Pr [ i+ 1- j c ustomers 

- ch x i - it1 e r ··- (c,µx ) u 

( i - j+ l )! 

wer e serv ed during the arri v~.L ~] 
interval 

dA ( X ) 1
,\ _ j ~ 1 ' s ay ; f Or j ~ C + 1. 

L~t hk be the mean numbe r o f occur enc es of n = k +l, between 

successive oc curr e n c ei of ~ : k ( whe r e~ is the qu e ue l e n g th 

at a r egen e r a tion point) . n c an increase by no more t han 1; 

a nd p .. depends on l y on i - j . He nce i f n r e ache s k + l, the 
,l J 












































































































































































































































