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1.2

cited do not constitute a full survey of the literature, but

do, it is hoped, indicate the

»

general shape of the theory
1as so far evolved. This study does not claim to

make any original contributions to the Theory of Queueing.

CONTENT.
The aspects of queueihg included were chosen in accordance
with three underlying intérests:
.an interest in systems more complex than those in which
a customer queues once before a single server;
.an interest in applications to computer systems; and
.an interest in the construction of rigorous methods from
intuitive probability concepts.

The first of these interests guided the development of

N

the three theory-oriented chapters (chapters 2, 3, and L4.).
The second gave rise to the two applications-oriented
chapters (chapters 5 and 6). The third guided the selection
of methods to be accorded fuller treatment. Under these
influences, the content has taken the followiang shape:

.The central topic of chapter 2 is QUEUEING SYSTEMS WITH

PARALLEL CHANNELS. Results for single-channel systems are

included, since series and network systems may contain




-nnel stations: and to provide coverag {
with various arrival and service distributions. Some of
chapter 2's theory is used in chapter 3, wvhich treats
SYSTEMS INVOLVING SERIES OF QUEUES. Series systems are
pecial cases of'the topic of chapter 4, SYSTEMS INVOLVING

HETWORKS COF QUEUES., The network theory is € tended ., in

chapter 5, to describe a class of real-life COMMUNICATIONS

NETWORKS, and then isextended. further to describe the

special communication networks which involved TER
NETWORKS. Chapter & is not another step in this progression,

but develops theory from chapter 2 for a study of COMPUTER

TTME-SHARING , and mentions other applications to computer

Chapter 7 discusses the usefulness of the line along

*which the theory of this study has developed.
The third of the interests mentioned above, and the
need to give fuller treatment to methods invoclved in later
~chapters, give rise to an emphasis on SYSTEMS INVOLVI
POISSON QUEUES IN E“UILI,HIUA‘V Nueueing Theory diverges in
many directions. Apart from the direction which leads to
networks, the direction which this study explores most
fully is that iavolving “ON-POISSON AND GENERAL DISTRIBUTIOKNS
for arrival and service times. The most important
direction not explored is that involving QUEUE SYSTEMS
WITH PRIORITIES. Where they are available, simulation
studies have been mentioned together with the theory.

The measures of congestion studied are the distributions

of number in system, and of waiting time
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.bulk arrivals and service;
.baulking and reneging;

.rate of approach to’ equilibrium.

Cther developments receive a partial treatment:

(0]

.non-poisson systems;

.transient solutions;

.conditions for the existence of equilibrium solutions;
.effect of limited waiting room;

. jockeying;

. feedback;

.cost structures.

Applications which have prompted the development of
queueing theory include ﬁuch besides communications and
computing. The application receiving most attention in
the journals at present is the behavior of vehicular traffic.

This involves:

n

.intérsections and gap-acceptance;

’

.bottlenecks;
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.tollgates;
T eavac e

. JAUSs;
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take-off and landing at airports;

wharves and canals.

is still receiving

Industrial vroblems to which Queuveing Theory is being
applied include: .

.machine interference;

.provision of spare ﬁachines, and personnel allocation;
.inventory control;

.scheduiing of jobs;

.dams and other storage.systemé;

.conveyor systemns,

Problems involving human traffic include:

7

ovision of doctors, hospital beds etc., for medical care;
.design of retail shops;

5

.design of customs checkpoint systems.

TERIMMINOLOGY.

Symbols and terms are defined as the need arises; and
ﬁay be redefined, with different meanings.
In the theory-oriented chapters, the word " system " refers
to idealized situations. In the applications—orien?ed
chapters, real-life situations and their theoretical

images are referred to respectively as " systems " and
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The chapter
and waiting times for

single-station multi-channel systems,
with various arrival and service
assumptions., Results are included
on single-channel systems with

more general service distributions

and on the effects of jockeyin
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INTRODUCTION.

QUEUE LENGTHS.

WAITING TIMES.

A SIMPLE APPLICATION.

GRAPES.
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several channels in parallel. ‘he steadystate M/M/c systen
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is studied in detail; then follow less detailed treatments

.systems with other arrival and service distributions

systems with arrival and service distributions defined in

j

general terms.

The gqueue discipline for all the systems studied
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first-come first-served discipline.

The discussion of general approaches to multichannel

systems is intended to extend to the limits of the theory

as it stands now. It seems that general approaches have
not peen a topic of gfeat interest since the 1950's,

Tﬁe ¥/M/c system is chosen for detailed treatment
.25 an cxémple of an easily solved case;
.because of its theoretical simplicity;

.necause of its wany applications;

(0)

.and- this follows from the last two reasons- because it is
used as a component of more complex systems.
.

Exponential interarrival times are to be ewxpected

whenever the arrivals come from.a large vopulation actin

0Q

independently. The exponential model is liasle to fit well
except where:

.arrivals depeud on some time-devendent vrocess (like the
wearing out of TV sets bought in the early 1960's; or the
luncih~-hour rush at a coffee var ), or

.arrivals are scheduled, and the errors about the scheduled




times are small (as at a port, an airport, or a dentist's
waiting room). ien scheduled arrivaels occur close to the
it may be appropriate to assume a
regular distribution, 'here only each k-th potential
customer enters the system, the k-th Erlang distribution
may be appropriate, Other cases involving non-exponential

treatment are: bulk arrivals; arrivals by appointment at

regular intervals; random arrivals at discrete time points;
non-stationary arrival patterns; arrival patterns correlated
with the state of the system. (2

The use of the exponential distribution for service time

4

is harder to justify. Some services consist of many

1
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independent tasks, any of which may be omitted (as in reta

t of a skilled operation or a man-

)

shops). Others consi

[}

machine interaction (as in a toll gate service, lending an

aircraft, or car following). W.R. Blunden ( ¢ ) found by

observation that some services in the first group (e.g,
service:at a service station, supermarket checkout channel,
pharmacy) were approximately exponential. Others in the
first group and many in the second group are better modelled
with a distribution of the Pearson IIT shape. Distributions
of this shape (shifted Gamma; shifted Erlang; shifted |
exponential) allow for a time interval during which no
services are completed. Tollgate operation, aircraft land- ‘
ing, and aircraft take~off fitted this type of distribution.
Two services which, fortunately, have approkimate
pronential distributions, are telephone calls ( 22).20)
and computer jobs. ( g0 ).

Thus some justification exists for concentrating on

exponential arrival and service distributions.
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Section 2.4

multichannel

applies some of this theory to the simplest

N

system: the steady state system M/M/2.

compares thi related 2-channel systens.

S

RUE LENGTHS.
M/M/c.

the systenm

QU
THE SYSTEM

In studied here, customers arrive in a

poisson stream. There are € identical service channels;

an arrival goes to any of the idle channels, or if nc channels

B
are idle, he goes to the tail of a single queue.

at the head of this gueue begins his service as soon as a
< 4 <

channel becomes available,

single
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The three principle measures of congestion examined in th
literature are queue length, waiting , and busy periods.
Section 2.2 studies methods of discovering probability
functions for gqueue lengtx; section 2.3 studies probability
functions for waiting time, plus a few associated results

on gueue length.

Queue length distributions have the advantage that they
are independent of queue discipline (23)3~5): whereas the
aim, in constructing a'priority system, is to reduce walting
times.

The custoner




Ve consider the probability of an arrival occuring in the
interval dt; t is the time since the previous arrival.
r &
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= (1 - A(t+dt) / (1 =A (t) )
" 7\('1: +at) so- At

o

L]
n
i_)
(=]
> e |
(&)
ot
L
S
Nt
ek
I
sy
o)
(@]
3y
F 4
0
<
©
}—J
0
[ 4
'e)
<
&
H
(0]
Q

— - Adt
=1 - Xdt +0 , | .
where 0 represents a term with a factor of (dt)2, and:
00 as dt=0,.
This probability is independent of time from the start of
operation, and time from the last arrival. Let t now be the
time from the start of operation. Theng
Pr [an arrival occurs at a time in (t,t4~dt)]==lhdt. :
Similarly; '
Pr[—a departure occurs in (t,ti—dt)] = E/Adt,
when r channels are occupied at t.

[n =0 at t%dt] implies [n =0 at t, and no arrival
occurred during dt] or [n = 1 at t, and no arrival, and one
departure occurred during dt] .

A1l other possibilities have probebilities which are of
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P (t4dt)= P _(t) « (1 = Adg+0)+ P (t) - (1 ~Adt+ 0). Atit,

P (t+dt) - P{_)(‘t) 2t v](t.) - X P (t) + 0/at "
dat

Let dt-0; the last equation becomnes:
R(t) =P (¢) - AP (t).
th n is 0<n<c at t +dt, we have three cases:

1

Vihen queue leng
at t, queue length was n, and during dt-no arrivals and no
departures occurred;

at t, queue length was n <41, and during dt no arrivals and

one departure occurrecd;

at t, queue length was n-1, and during dt one arrival and

no depabture occurred.

(Probabilities of more than one arrival or departure occurring
in dt become ‘part of the term 0 ). Thus:

P (t¥at) = P (t) (1 - Adt) (1 - nudt)
P - ol ;]
+ *nﬂ(t) (1 Adt) (n+1)/4—cfc
| + P__,()xdt (1 - pedt).
On letting dt-»0, this yields
: - 1 P () P
P (%) PL(E) A+ )+ P ((£)A(n+1) 4P, (¢) A
?Hnnlzf;c, the mean departure rate is 3AL, and the relevant
eguation is found similarly.
The complete set of birth-death equations ( 2§ 454) is:
5 = -)p D (L)
bo()= = AP (8) 4 AU P (t);
> = - ; P P
Ba(t)= <A+ pa) P(®) + AP (t)+ (14 1) UPy 4 (8)

for O4&n e

Je

"

‘n(t) s (At %)Pn(t) +Z?n_1(t) +/(/LCPn+1(t) , for mn3c.
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A unigue set of solutions to these equabicons been shown
to exist, ( 7¢ r;}’) when /0: /\/(C/}L() < 1.
Time-Dependent “olution.
The solution given by Saaty ( 76 MLy is too to
revroduce here. It commences by defining two generating

- st 3 AN 1,
functions thus:

Pig;t) ::,2{? P (t)z" and

n=0
c-2
_y 0
o(z,t) = > P (¥)z" .
1L

n=o ;
When the birth-death equations are multiplied by appropriate
povers of z and summed, we get differential equations for P

8

=

and Q. These are transformed, and the resulting equatio
in the Laplace transforms; P* and Q%, eventually yield
expressipns for the Laplace transforms Pn*, for n:;'O,l,... .
These erpressions are véry complex. Since the Laplace
transform is a moment-generating function, the moments of the
Pn(t) can be found from their transforms.

Explicit expressions have been found for the inverse
transforms of the Pn* for the M/M/1 system ( 7{,73) but not
for the systemswith c®1. The steady-state probabilities P_

can be obtained from the Pn* by using the fact that

limt’}w[}?n(ty—f- lims%O [sPn*(s)} .

"Instead, we shall derive them directly from the birth-

death equations as follovs.
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( n- L;Tn%] “kP_= nuP ~Apnm]) for O<gn<cjy
Cx.;¥l41 —‘PL s 9/x’7n —x?zl_] for n% c j
Let Rn :;:ya?n -h?n;], forn = 1,2,+¢+-" oF
then 91 = Oy
IR} - T -— 0
Ll?__— \.I ey v
R = R - AL ) .
c c-1
§ P. = 4 ‘
So P, (/’;y)Po
2
Py = /\/gl*l)P1 = (N/) PO/2
and E&y: (-A/9/¢)ncnPo /nt forn= 0,1, -...... c.
Thus, P B/ et rhe: = A/g
us, P = (/o c /et ) Po’ where ©= S ChA.
Let Rn : gj(Pn —hpn—1’ for n::ac+1,c+2, ......
m - — — PR -~
Then Rc_ Rc+1~ Rc+2" = 0.
50 P = ( )\/yx ) B for n = c+l,ca2,«- -

7

= ()\/y«)n P,

PO can be found fron

Yy 5 =1,
nco 2 ,
c-1 C g?- T
to be P = 1/( § (¢)" /al * ((c@) /et ) € )
n=0 r<o
c-1

= 1/( (c@)7/nb 4 (cp)7/(ct (1-0)))

™M

Nn=o |
The steadystate solution, with PO as shown above, is

P, = ((ep)/al ) P, for 04 ngc

((cp)/ct ) pP7° B = (c%/ct ) plP for

For the series to converge, /o must be £ 1.
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results can now bz stated, in terms of P ,P 2
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Pr i an arriva loes not have to wait for service
R o
Som SN oy s — PREE I
- i ‘{ot i1east one C}Lclu.;x} 15 1Ciej
L 4
=D 4+ P b S S TS
o) 1 c-1
— N
“")x D,
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P -y
D4 ) e s md CAmas ) o ot
Pr } an arrival does have to wai -
(o ¢ S

=g - YD - { - A
1 Al o = PC/ \1 ¥ ) .

.
Average queue length = T,rnj
i

'd

= ( 0.1 + ].C‘IQ/]." R o c.(c/o)c/c.' )

+ ((CM){:’] + (c+2)(02 o )y P

Cc
= cpXP, + (P/ (1 ~£)7) P

—

= K Enumber of channels busy]+ 5 [number waiting for
service] ;
Utilization factor

=E [proportion of channels bU.Sy'}

" = C/O XPQ fc = (:XPO

= traffic intensity * Pr {at least 1 channel is idle] .
2.2.2 VARTANTS ON THE 1/M/c SYSTEM,

Unlimited Number of Channels.

Yhen each arrival calls into operation a service channel
we can find relevant formulas by letting ¢ ooin formulas
for the M/M/c system. 1In the steady state,

n "
Pn:,(_)\é“) P, for all n>0,

nt

. . -
Summation gives P o= @ ,&‘*’)

- 50 pn = ( %/n).e ",

and n has a poisson distribution, with mean re= & 4@&.
Obviously, averaze number walting=z average waiting time = O.

Saaty (76} 49 ) develops tims-dependent solutions for P_(t)
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and solving its differentizl equation.
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N-dependent Arrival and Service Rates. (1, 255 )

of the queue they intend to Jjoin; and scrvers may be

spurred to work faster by a lengthening row of customers.

17

e denote the average arrival rate and average service rate
when there are n in the queue, by A_ and 4_. The steady-

n il ¢

state equations for {he sinzle-server system are

L
¥
v

AP AP = 0

-~ }x T: - ,(' ; — p 1 . ( .
/)l[n-k»‘lp‘il.{_'[ / nr)n y, lnpn Aﬂ—] n-1" for ns 0

H o - \ - - T .5 ik § 1

If the series: A ) A

converges, it converges to 1/ Po , and a steadyvstate exists.
This method can easily be applied to c-channel systems;

since the departure rate depends on the number of channels

occupied. In fact, the derivatioﬁ above is a special case

of n-dependent service times.

Service Rates Differing for Differing Channels. ( 7éf2?0)
The ¢ servers perform the same function, but their
average rates of service Q/“wy“z;"""ylé ) can differ.
Besides the probabilities Pn’ we need to consider. the
probabilities- for the 2% - 1 states which arise according
to which of the channels are dcqupied.
Saaty considers theé system with 2 parallel channels, rive

differential equations are developed. They can be used as

steadystate equations if-/p = ;A < 1. He also uses:
. A T
(total number served in long time T)= T.{(mean arrival rate);

to find another equation. The solution is:




P . ] - ~ / 1 . | 3y
] Ce ( 4 ) A ' 0
o = 2=l (1 3 £ » B = o 1
P =) (1 -p) (1 =Pp) fornz2. Tor ny2, the
n =
distribution is geometric as usual.
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The System Y/D/c. (‘7% Y

L.et the constant service time at each channel be 1 time

n
unit. A steady state will exist if A<c. ILet a= 3 P .,
. n P SR |
. fu

= pr [ queue lengthd n |

P = PP [at one service-time earlier, queue lengthg{c}

Pr [no arrival during 1 service] 3

-A1
=~ a e .
c
For n> 0, similarly,
: n_-A fi=] =A -A
oy e D - g D
Pa= 2 2;47- + T A2 4 +. 4+ “cen® -
n! (n=-1)"

The generating funciion.is defined by:
= n
P(z):‘ z: Pz .
n=0
A differential equation in P(z) is coastructed from the above

relationships and solved. Tt is interesting to note that in

this case, with service times non-exponential; the PT1 are

not geometric.

The System M/E /c .

The remarks in 2.1 suggest that the model with exponential
arrivals, EBErlangian service, and several channels can be
fitted well to many real life situations. A method for
treating this model is presented by J.Mayhugh and R.McCormsck

The service at each channel is considered to consist of

5

distributed exponentially

N

k ‘stages: each of which takes a time
with parameter st/k. " The state of the system at any time
can be defined by the symbol n: % seesmseaXy § where

.n is the nuamber in the system;




2o ) p 3 X A 1
o 5 s the total nunber, =i ed across the ¢ 1els, in the
first stage of service;
~ e he | ‘Lr I} N1l st 1 ececond el g
v N ,i 3 {/“\, total nu )T alv Tne cCcOnaGc 31 § ’
. &TC .,
BV S steates are ordered i a covtaly wrasr and indexed
115 HOC ates are oraered 1n & cercvain Vicy ana irnaexea,
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Where Jj is the index of some state, p(j,t) is the probability

stem 1is in state j at time t. Differential-
dizfcrenée equations are formed. . hen the existence of
equilibrium state-probabilities p. is assumed, these equaticns
yield a set'of "initial" equations and a set of '"cyclic"
equations. Yach of these oouutv ons is a relation bhetween

a sclution

O

several of the Dy Much matrix algebra produc
for the p.. These can be summed to SlV“ the usual steady-
state queue length proba>111tleu.

Mayhugh and JVCOrmacg deal with the systems ﬂ/EB/Z, and

M/E./3, then the general systenm ’/u,/c
F

The System GI/Y/c.

The geometric property of Pq, for ny» ¢, survives when the

assumption of exponential arrivals is removed, Cox and Smith
consider the system as a ”'r’o process by observing it at
the instants when customers arrive. 23) 5? )

Let A(x) be the arrival distribution,and at’ equilibrium let:

AN

pij:: Pr [(n+1)th customer finds j customers ahead of him/
nth customer found i ahead of him)

[1+1—3 customers were served during the arrival. J

/QY i-j41 A " o 1?tcrvod
( ,xi1 dAa(x) = Tioje1 2 say; for j2 c+l.
i-j+1

i

i

3

Let h, be the mean number of occurences of n= k+l, between
). .

successive occurrences of n= k& (where n is the queue length

at a regeneration point). n can increase by no more than 1;
and pij devnends only on i-j. lence 1f n reache

O]

k41 s the


































































































































































































































































































































































