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Well, I do not mind telling you I have been at work 

upon this geometry of Four Dimensions for some time. 

Some of my results are curious. 

- H.G.Wells: The Time Machine (1895} -



Abstract 

Solutions of Laplace's equation in terms of bispherical and toroidal coordinates are used to 
derive new exact exterior (vacuum), general relativistic fields, of static axially symmetric 
spacetimes. 

For each new metric we calculate the first Geroch relativistic multipole moments. By se­
lecting solutions that have even multipole moments, and thus a plane of equatorial symmetry, 
we numerically generate the timelike geodesics of test particles confined to these planes. 

Approximate solutions of these orbits are calculated, fro~ which the precession of the 
perihelion is compared to that of the numerical results and those predicted by a method of 
Fernandez-Jambrina and Hoenselaers (2001). Similar calculations are done in the bispherical 
case for the precession rate of the line of nodes of a perturbed circular orbit. 

Geodesics of zero angular momentum are also presented for various spacetimes. In general, 
it is observed that the trajectories of test particles can experience periods of gravitational 
repulsion. Furthermore, the toroidal solutions show that the period of oscillation of a test 
particle along the axis of a ring like mass distribution can increase as the mass of the source 
is increased. 

We also consider the application of bicyclide coordinates. In doing so the computation 
of Lame-Wangerin functions are required. New results for the eigenfunctions for the Lame 
equation of order -! are produced. Analytic and numerical results are compared. The 
multipole moments and timelike geodesics of this solution are also presented. 
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Like all other arts, the science of deduction and analysis 

is one which can only be acquired by long and patient study, 

nor is life long enough to allow any mortal to attain 

the highest possible perfection in it. 

Before turning to those moral and mental aspects 

of the matter which present the greatest difficulties, 

let the inquirer begin by mastering more elementary problems. 

- Sherlock Holmes: A Study In Scarlet -



Chapter 1 
Introduction 

1.1 Thesis Motivation 

The simplest geodesic problem in general relativity is concerned with the motions of test 

particles and photons in the vacuum gravitational field of a spherical body. The solution 

of Einstein's equations for the metric of such a vacuum field, the Schwarzschild solution, 

determines the geometrical properties of space and the rate of flow of time near the body 

which creates the field. 

The Schwarzschild spacetime does not exactly represent the gravitational field of astro­

physical objects which are, in general, not spherical. It is therefore worth while to investigate, 

with the help of test particles, the fields of non spherical mass distributions. 

For astrophysical problems the deviations from spherical symmetry of greatest interest 

are those which accompany stellar rotation. Such deviations preserve axial symmetry which 

enables considerable simplification in the mathematical models of such astrophysical bodies. 

In some instances, exact solutions are possible. 

Further simplifications can be made by assuming that the body is at rest and the devia­

tions from spherical symmetry are related to variations in the mass distribution which creates 

the field rather than to rotation. Such relativistic fields are known as Weyl fields. 

This work is restricted to the study of relativistic static axisymmetric fields. Furthermore 

we will limit ourselves to the exterior region of the gravitational source. The purpose of 

this work is to derive new Weyl fields and investigate their geometry via timelike geodesics. 

Particular emphasis will be made on calculating exact solutions. 
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1.2 Outline 

This introductionary chapter provides a summary of results needed to achieve our goals. We 

begin, from first principles, in deriving the general metric describing a static axially symmetric 

spacetime satisfying Einstein's vacuum field equations (a Weyl metric). The specific field 

equations and boundary conditions required so the solutions can be considered as realistic are 

then introduced. 

This is followed by a few examples of well known and important Weyl solutions and 

discussion of their significance. 

As we are concerned with non-spherical mass distributions it is natural to introduce the 

concept of multi pole moments. We do so in flat and curved space and show how they differ. 

Methods for their calculation in Weyl spacetimes are subsequently provided. 

The vast majority of geodesic studies concerning Weyl spacetimes has concentrated on 

those of the Erez-Rosen metric which represents a field of a mass with quadrupole moment 

( and higher moments). We summarise the derivation of this metric in detail as the method 

serves as blueprint for subsequent chapters. 

We conclude this chapter by discussing how the precession of the perihelia of bounded 

timelike geodesics can be calculated in terms of (covariant) multipole moments of a given 

spacetime. 

Having established the necessary foundations and concepts we then proceed in the follow­

ing chapters to calculate new spacetimes and explore their geodesics. In particular, chapter 

two is concerned with the application of bispherical coordinates. To simplify our task we seek 

solutions for which a plane of symmetry exists to which timelike geodesics are confined. The 

orbits of such motions are determined numerically and an approximate analytical solution is 

derived. Radial type geodesics (i.e. those of zero angular momentum), are also calculated. 

Similar results are presented in chapter three where toroidal coordinates are used. 

In chapter four bicyclide coordinates are employed. As solutions to Laplace's equation 

are difficult to find analytically in these coordinates ( as we will see is a pivotal requirement for 

Weyl solutions) the majority of this chapter is spent in obtaining approximate and numerical 

solutions for the metric functions. Some geodesics are also presented. 
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1.3 Notations 

We shall use a metric with the signature ( +, -, -, - ). Generally geometrized units in which 

c = G = 1, c being the velocity of light in vacuum and G the gravitational constant are 

used. In the vacuum metrics of general relativity sources appear as singularities. By a 

physical singularity we will mean a location in spacetime where a curvature scalar is infinite, 

in particular we shall compute* the Kretschmann scalar 

to check for the existence of a physical singularity (Bonnor, 1992; Hawking and Ellis, 1973). 

1.4 Axisymmetric Static Solutions of Einstein's Vacuum Field 

Equations 

The initial work on static axially symmetric solutions of the Einstein field equations was done 

by Weyl (1917) and Levi-Civita (1918) shortly after the development of general relati~ity. 

In addition to being of relevance to astrophysical problems (Morgan and Morgan, 1970; 

Semerak et al., 1999a) and as possible final states of gravitational collapse (Doroshkevich et al., 

1966; Zel'dovich and Novikov, 1967), Weyl (i.e. static, axially symmetric) metrics are also of 

interest simply because they present us with the rare opportunity of explicitly determining 

and investigating a large class of relativistic metrics. 

In principle all of the Weyl metrics are known since there exists a precise algorithm for 

generating them from an infinite set of Newtonian potential functions. In practice however 

the global structure of only a few such solutions is well understood. 

In Newtonian physics the axial symmetry of a gravitational field is easily defined: by using 

cylindrical coordinates (p, z, <p) with p = 0 being the axis of symmetry, then the gravitational 

potential is independent of the azimuthal angle <p. We shall now formulate the analogous 

problem for general relativity. The following is given by Synge (1960). 

Let M be a four dimensional Riemann manifold (without torsion) with the metric Yµv 

(µ, v = O, 1, 2, 3). If the spacetime is to be axisymmetric we require that the metric coefficients 

be independent of the azimuthal angle <p. 

By introducing a stationary condition we also make them independent oft. Ten functions 

of two coordinates still remain - we now suppose <p and t to be reversible in the sense that the 

metric is unchanged if <p is replaced -<p or t by -t. The physical meaning of this additional 

requirement is that the spacetime we are considering is not rotatingt. 

We note however, if the condition of simultaneous inversion is applied, that is <p --+ -<p 

*The symbolic software MAPLE is used to perform the necessary calculations. 
t An intrinsic ( coordinate independent) characterization of static axisymmetric spacetimes based on the existence 

of two Killing vectors can be found in Kramer et al. (1980), for example. 
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and t-+ -t, then the metric is that of a rotating body. Details of this generalization can be 

found in Islam (1985). 

The assumed invariances requires the metric to contain dr.p and dt only as squares, or 

ds2 = 9ttdt2 - 9cpcpdr.p2 - '11 

'11' = 9n(dx1)2 + 2g12dx1dx2 + g22(dx2)2 

(1.1) 

(1.2) 

where 9µv = 9µv(x 1 , x2) and we have five unknown functions. A further simplification can 

be made and reduce the number of unknown functions to three, the essential step is to use 

coordinates (x1 , x2 ) for which '11' has the diagonal form 

where a is a function of (x1 , x2) and so we can now write the general line element as 

ds2 = (2 dt2 - 132 dr.p2 - a2 [ (dxl )2 + (dx2)2] 

where a, /3, ( are functions of (x1 , x2). 

From (1.4) the Ricci tensor has the components 

Rn = ( a1) + ( a2) + /311 + (11 + a2 (/32 + (2) _ a1 (/31 + (1) 
a1 a2 /3 ( a /3 ( a /3 ( 

R22 = ( a1) + ( a2) + /322 + (22 + a1 (/31 + (1) _ a2 (/32 + (2) 
a 1 a2 /3 ( a /3 ( a /3 ( 

R12 = /312 + (12 _ a2 (/31 + (1)- a1 (/32 + (2) 
f3 ( a f3 ( a f3 ( 

R33 :2 ( ~/3 + z (/31 (1 + /32(2)) 

R44 = -12 ( ~( + ~ (/31(1 + /32(2)) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

where the subscripts on the right refer to partial derivatives with respect to x1 and x2 and 

~/3 = /311 + /322 

and so forth. In particular we have 

(1.10) 

As we are concerned with vacuum solutions the field equations are 

Rµv =0 

and so from (1.10) we have ~(/3() = 0, and thus it follows that /3( is a harmonic function. We 

can therefore write /3( = p(x1 , x2) and introduce the harmonic function z(x1, x2) such that 

p + iz = f(x 1 + i x2) 
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where f is an analytic function. By the (conformal) transformation (xl, x2) -+ (p, z) we can 

now write 

\JI = a 2 [(dx 1 ) 2 +(dx2 )2] 

= A(p, z) ( dp2 + dz2 ). (1.11) 

Thus in any domain in which the conditions of axial symmetry are satisfied and in which 

R~ + Rf = 0 the metric is reducible to 

where 'ljJ and I are functions of (p, z). 

From the Ricci components we have 

!(Ru+ R22) 

!(Ru - R22) 

or from the vacuum equations we obtain 

:; = p{ (!!)2 - (!~)2} 
a,= 2pa'l/J8'1/J 
az 8p az 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

Equation (1.17) is recognized as Laplace's equation in cylindrical* coordinates (p, z, cp) in 

Euclidean 3-space for a function which is independent of cp. 

If (1.17) is satisfied then (1.18) and (1.19) are integrable. Thus I can be calculated to 

within an additive constant by 

(1.20) 

where the path of integration is any domain in which the vacuum equations are satisfied. We 

note although 'v2 '1jJ = 0 is a linear partial differential equation, the equations for I manifest 

the non-linearity of the Einstein field equations. 

Therefore there is a straightforward method of obtaining static, axisymmetric, vacuum, 

general relativistic fields. Namely choose an appropriate Newtonian gravitational field and 

complete the process by integrating (1.20). As we will see in following sections, the true 

physical significance of a new solution can be difficult to isolate and quite often shows no 

resemblance to the Newtonian potential ('1/J) from which it is generated. 

*Often referred to as (canonical) Wey! coordinates. 
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1.5 Metric Boundary Conditions 

Clearly for a solution to be physically relevant the metric functions 'ljJ and 'Y must satisfy not 

only the Einstein vacuum field equations but also other conditions which follow from simple 

physical considerations. 

The line element must reduce to the Minkowski metric at spatial infinity. This means 

that the gravitational field vanishes at large distances from the gravitational source i.e. it is 

asymptotically flat. From (1.12) we have the requirements 

lim '1/J(p, z) = 0 
p-+oo 

lim 'Y(P, z) = 0. 
p-+oo 

Furthermore the metric must be invariant under the transformation <p - <p + 21r. 

(1.21) 

(1.22) 

The singularities of '1/J will refer to sources of the gravitational field, but the metric 

(1.23) 

may also have singularities representing stresses on the z-axis. Singularities of this type are 

called conical singularities (Bonnor, 1992). 

To avoid such singularities we must have for any infinitesimal spacelike circle, the ratio of 

circumference to radius shall be 21r, of course the dangerous place is the z axis; if we take a 

small circle on which (p, z, t) are constant, with p infinitesimal, it is easy to see from the metric 

(1.23) that the requirement is satisfied if (Bergmann, 1942; Synge, 1960; Szekeres, 1968) 

lim 'Y(P, z) = 0. 
p-+O 

(1.24) 

1.6 Examples 

Here we present a short summary of a few well known axisymmetric spacetimes. This is only 

a small selection of the many exact solutions known. Further examples and discussion can be 

found (for example) in Bonnor (1992); Kramer et al. (1980) or Scott (1988). 

We refer to mass 'multipoles' in the following examples, a discussion on which is found 

in a following section, and how they must be redefined in curved space. Nevertheless for 

this section the classical (flat) definition will suffice: the coefficients of the potential '1/J when 

written in terms of spherical coordinates. 
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1.6.1 Curzon Solution 

The mathematically simplest example belonging to the Weyl class of metrics is the gravita­

tional field produced by a spherically symmetric mass distribution with total mass m which is 

located at the origin of the cylindrical coordinate system. This is the Curzon (1924) solution 

in which 

'I/;=- m 
Jp2 + z2 -

m 

r 

m2p2 
,=-----

2(p2 + z2)2 · 

(1.25) 

(1.26) 

Although generated by the Newtonian mass monopole, it is not equivalent to the Schwarzschild 

metric, which is known to be the unique spherically symmetric vacuum solution (Birkhoff's 

theorem). It's far field is that of a mass at r = 0 with multipole structure. Despite the ease 

with which it is generated, its source structure and global structure remained a mystery until 

the papers of Scott and Szekeres (1986a,b). It has no horizon (9tt does not vanish for r > 0) 

but has a curvature (naked) singularity at r = 0. 

One of the lessons which was learned from this solution is the directional character of the 

singularity at r = 0. The limit of the Kretschmann curvature scalar depends on the direction 

of approach to the singularity (Gautreau and Anderson, 1967). K --t O as r --t O along the 

z-axis, but K --too as r = 0 is approached from any other direction. 

This suggested that the Weyl coordinates might be extensible through the singularity. 

Scott and Szekeres (1986a,b) showed this to be true and showed that the Curzon singularity 

is a ring (that is, rings comprised of curvature singularities occurring in the hyper-surfaces 

t = constant of the Weyl space-times) on which some time-like geodesics terminate. 

These rings are known to be a common feature throughout the entire Weyl class. That 

the Weyl metrics should exhibit singularities in the form of rings is not surprising, since all 

metrics in the class are axisymmetric. 

Recently Bicak et al. (1993) have shown that the Curzon solution can arise as the metrics 

of counter-rotating relativistic disks. Interior solutions for O < ro < r matched to the Curzon 

metric are also known (Hernandez, 1967; Marek, 1967). 

1.6.2 The Two-Particle Curzon Solution 

The Curzon solution can be generalized in an obvious manner. The two-particle Curzon 

solution, which will come as no surprise, was discovered by Curzon (1924)*. It holds a special 

place in the hierarchy of exact solutions in general relativity and as Scott (1988) comments 

no survey of the Weyl metrics would be complete without mentioning it. 

This solution which is probably the most enlightening of all exact solutions is generated by 

the Newtonian potential of two point masses of mass m1 and m2. For the mass configuration 

*There seems a little confusion here. Scott (1988) claims that this solution was indeed discovered first by 

Curzon, however Bonnor (1992) claims it was Bach and Wey! in 1922. This is also supported by Misra (1960). 
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to be axisymmetric the two particles must both lie along the z axis at z1 and z2 respectively 

(z1 > z2). The metric terms are 

(1.27) 

where 

(1.28) 

and 

'Y = (1.29) 

Clearly 'lj; refers to two Curzon particles on the axis of symmetry. This is a static solution, 

therefore, how can a static (vacuum) solution consisting only of two point masses be at 

rest? Two masses at rest in vacuum should gravitate. This observation lead Silberstein 

(1936) to claim that the general theory of relativity was incorrect. Einstein and Rosen (1936) 

subsequently showed that in fact the two particle solution is not a purely vacuum solution 

and provided the following argument (Scott, 1988). 

Consider a small circle given by t = constant, z = constant (z1 < z < z2), p = constant 

and small. The circumference C and radius R of this circle as R - o+ behaves as 

C/R- 21re--Y where 'Y = "f(O,z). (1.30) 

Now for z1 < z < z2, "f(O, z) f- 0 and so C / R does not approach 21r as R - o+. Hence 

the spacetime violates the condition of elementary flatness on the section of the axis between 

the two particles suggesting the existence of a strut holding them apart and explaining the 

static nature of the solution.* Furthermore Bonnor (1992) comments that the matter of this 

strut is precisely the sort that has zero active gravitational mass. Therefore it will exert no 

gravitational field (Israel, 1977) and hence does not appear in (1.27). 

Interestingly Szekeres (1968) showed that static, two body solutions can exist in general 

relativity provided at least one of the two point masses is endowed with a multipole mass 

structure. This allows equilibrium to be achieved without the need for an intervening strut. 

Furthermore Dietz and Hoenselaers (1982) using techniques to generate stationary solu­

tions from static ones obtained from the two particle Curzon solution a stationary axisym­

metric solution representing two particles precisely balanced by their spin-spin interaction. 

This solution is also a purely vacuum solution and no strut is required. 

1.6.3 The Zipoy-Voorhees Metric 

Various studies of the Weyl solutions indicated explicitly how important it is to always check 

whether a result is not just a consequence of the choice of coordinates. Consider the Zipoy­

Voorhees metrics, which are a subclass of Weyl metrics. These solutions are generated by 

*This lack of elementary flatness, i.e. lack of differentiability as the metric is only Co at the center of the circle 

considered gives via the Einstein equations rise to a non-vanishing energy momentum tensor. This energy 

momentum tensor has the form of a 8 function and describes consequently a line source (Fodor et al., 1989). 
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the Newtonian potential of a constant density line mass with total mass m and (coordinate) 

length l, which is located along the z-axis with the mid point at the origin: 

where 

R1,2 = V(z ± l)2 + p2 . 

(1.31) 

(1.32) 

(1.33) 

This metric was first derived by Bach and Weyl (1922). It has since been discussed and 

investigated to a varying extent by numerous authors (Zipoy, 1966; Gautreau, 1969; Voorhees, 

1970; Cooperstock and Junevicus, 1974) and is more commonly referred to as the Voorhees 

or Zipoy-Voorhees metric or the ,-metric. 

Again this metric has a directional singularity if m > 2l, but not for m < 2l (Gautreau 

and Anderson, 1967). At infinity the metric represents an isolated body with monopole and 

higher mass moments. An interior solution for it has been given by Stewart et al. (1982) 

The Curzon metric is obtained by letting l --+ 0 and keeping m finite. The Schwarzschild 

metric is obtained when l = m. Thus in Weyl coordinates the Newtonian potential 1/J cor­

responding to the Schwarzschild solution is that of a finite rod with mass density 1/2 and 

length 2m. 

1. 7 Aspects Relating To This Thesis 

Let us make precise the meaning of the terms solution and source. In referring to a solution 

of the field equations, we mean a metric 9µv which satisfies the static axially symmetric 

vacuum field equations. This metric is then to be thought of as the exterior solution for some 

configuration of matter referred to as the source. For example, the Schwarzschild metric can 

be considered as the exterior gravitational field of a spherically symmetric shell of matter, 

which would then be referred to as the source. 

The idea of fitting a coordinate system to the problem at hand is not new and is frequently 

used in physics. It has been established earlier in this chapter that the Weyl coordinates (p, z) 

can be tentatively regarded as cylindrical ( they are actually the analog to the cylindrical 

coordinates in flat space), it is then natural, in the quest for solutions of Laplace's equation 

(fundamental in the construction of any Weyl field) to go one step further, guided by the 

symmetries of the source configuration, and consider other coordinates which are related in 

the usual way to the cylindrical coordinates of flat space. 

Throughout this thesis, it will be assumed that coordinates (x°') are chosen; these are 

adapted to the symmetries of the source in the sense that the exterior solutions obtained 

will be valid outside of some hypersurface x1 = const. and this hypersurface will be said to 

correspond to the (surface of the) source. 



J.B. Multipole Moments 11 

The method employed throughout this thesis then is to explore Weyl-type coordinate 

systems whose eigensolutions, that is the solutions '1/J and , which result when separable so­

lutions of Laplace's equation are used, can represent exteriors of bounded, physical sources. 

This thesis will consider several exact solutions of Einstein's equations. Regarding the astro­

physical motivation, those solutions that are relevant and therefore studied here are generally 

(exceptions arise in the bicyclide chapter) those that do not contain struts (the two particle 

Curzon solution for example) and membranes - the supporting singularities, the presence of 

which indicates that a given system of sources cannot remain static according to the field 

equations. 

We reiterate however, that no matching of interior to exterior solutions is considered in 

this work, although an extension of the thesis does naturally lead to potential applications of 

matter-vacuum matching problems. 

1.8 Multipole Moments 

It is apparent from the examples given in section 1.6 that in general there is no correspond~nce 

between the geometry of the source for a Weyl metric, and the geometry of the Newtonian 

source from which it is generated*. How then can we obtain some meaningful physical inter­

pretation of a newly generated Weyl solution? 

One means of constructing an intuitive picture in Newtonian theory is provided by mul­

tipole moments. Given that Newtonian theory is contained in Einstein's theory perhaps one 

can gain some information about the gravitational field by calculating the corresponding New­

tonian limit of the metric. Unfortunately, it will be shown that this limit is not unique and 

depends on the choice of coordinates (Thorne, 1980) and thus a covariant means of calculating 

the multipole moments of the source is required. 

1.8.1 Overview 

Multipole moments give useful information about the gravitational field of an isolated source. 

In Newtonian theory they can be calculated by appropriately weighted integrals over the 

source. Such a prescription is also available in general relativity and defines the so-called 

Dixon moments (Hoenselaers, 1992). Furthermore in Newtonian theory there is also the 

possibility of reading off the moments from the gravitational far field and they agree as the 

theory is linear with the source moments. For relativistic stationary fields, far field moments 

can be defined, however there is no link known between them and the source moments. 

The multipole moments of solutions of Einstein's equation might similarly suggest in­

terpretations of these fields. For example, if a Newtonian potential exists having the same 

multi pole structure as a given solution of Einstein's equation, that potential could be regarded 

as the Newtonian analog of the given solution. One would not expect however, that all fea-

*Furthermore, there is not a strict 1-1 correspondence between the Weyl metrics and their generating Newtonian 

potentials, for example there exists four distinct Newtonian potentials which generate flat space! (Scott, 1988). 
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tures of Newtonian multipole moments will survive the transition to general relativity, for 

curvature is likely to destroy the moments in regions near the sources. However, the moments 

may reappear as the curvature dies away, that is for large distances from the sources. Thus 

it would be reasonable to expect that multipole moments exist for asymptotically flat space 

times and these moments should be quantities at infinity. 

Geroch (1970a,b) considered multipole moments in curved, static, asymptotically flat and 

empty spacetimes and proposed a covariant and thus coordinate-invariant definition for them. 

We shall be interested in these moments throughout this thesis. 

Geroch's definition was generalized by Hansen (1974) to include stationary fields. Clarke 

and Sciama (1971) defined multipole moments for static fields by using Sommerfelds's method 

for solving Poisson's equation although this work is coordinate dependent. Another coordi­

nate dependent definition of multipole moments was proposed by Thorne (1980) although the 

coordinates were investigated from a physical point of view and a method for choosing suit­

able coordinates was given. Beig and Simon (1981a,b) formulated a coordinate independent 

definition by using the previous works of Geroch and Hansen. 

1.8.2 Classical Definitions 

Since Newton's gravitation theory is contained in Einstein's theory as a special case one 

can investigate certain cases of a given metric in order to understand its physical meaning 

and structure*. One of these limiting cases is the linear approximation which involves the 

gravitational field at large distances from the source. The explicit calculation of the linear 

approximation is related to the coordinates in which the metric is given. 

The linearized line element can be written (Misner et al., 1973) 

( 24>) ( . xk ) . [ ( 24>) ] . . ds2 = c2 1 + ~ dt2 - 4EijkJ1 r 3 + A dt dxi - 1 - ~ 8ij + Aij dxidx1 (1.34) 

where i, j, k = 1, 2, 3. Aij are time-dependent quantities of order O(r-1) which lead to the 

appearance of gravitational waves. We shall be concerned with static fields thus we will neglect 

these quantities and likewise the angular momentum Ji can be eliminated (the source static, 

i.e. is not rotating). The quantities Ai are of O(r-3). They determine higher order moments 

of the angular momentum distribution. The function <P satisfies Poisson's equation 

(1.35) 

where µ = mass density. Thus we conclude that <P represents the Newtonian gravitational 

potential. As we are interested in axisymmetric fields, solutions of (1.35) can be written in 

terms of spheroidal harmonics 

<P(x) = -G j µ(x') d3x' 
lx-x'I 

= -Gt. Pi~~::O) j µ(x')r'1 Pi(cosO') d3x' (1.36) 

--------------~~-*We shall explicitly include the velocity of light in vacuum c and G the gravitational constant in this section. 
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<p(x) 

FIGURE 1.1: Coordinates employed for spheroidal harmonic expansion for the 
potential at x of a body who's elements have position x1. 
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where P1 ( cos 0) are Legendre polynomials. We define the multi pole moments of a mass distri­

bution of density µ(x') as 

Then the Newtonian gravitational potential of an axisymmetric distribution is 

00 M1 
<I>(x) = -G L l+IP1(cos 0). 

l=O r 
(1.37) 

The monopole moment, Mo= M, is the total mass of the system. The dipole moment M 1 

can be made to vanish by a change of coordinates so that the new systems origin is located 

at the center of mass of the distribution. The mass quadrupole moment is defined as 

(1.38) 

For a prolate source Q > 0. If Q = 0 then the mass distribution is spherically symmetric, and 

if Q < 0 then the source is oblate. 

One can calculate all multipole moments of a given metric by investigating the respective 

expansion in inverse powers of a suitable mdial coordinate. The multipole moments can then be 

obtained in the static case, from the metric coefficients 9tt· Although it must be remembered 

that this computation is coordinate dependent. For example, consider the Schwarzschild 

metric:* 

1. In spherical coordinates 

ds2 = c2 ( 1 - 2~~) dt2 - ( 1 - 2~~)-l dr2 - r 2 ( d02 + sin2 0 d,p2) . 

Clearly from (1.34) and (1.37) we have Mo= M with all other moments null. Thus the 

Schwarzschild metric describes the gravitational field of a spherically symmetric mass 

distribution of total mass M. 

•This example is from Quevedo (1990). 
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2. In isotropic coordinates the coordinate R is related to the radial coordinate by 

r = R (1 + GM )2 
2c2R 

the metric reads 

ds2 = ( 1 - ~) 
2 

dt2 - (1 + G~ ) 4 
[dR2 + R 2 (de2 + sin2 (} d<p2)] . 

1 + 2c2R 2c R 

Expanding 9tt in inverse powers of R we have 

GM/c2 (GM/c2 ) 2 
9tt "' 1 - 2 + 2 + ... R R2 

implying the multipole values 

Mo=M, 
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and hence, in isotropic coordinates the Schwarzschild metric appears to represent the 

gravitational field of a non spherically symmetric source. 

It is clear from this simple example that the determination of the multipole moments is 

reliant upon the coordinates used to determine them. The comments of Bondi and Rindler 

(1991) seem particularly applicable here, 

"Non-linearity is such an integral feature of general relativity that we did not feel 
it profitable to look at the purely linear approximations, even far from the source, 
where deviations from flat space are bound to be small, but the featureless char­
acter of Minkowski space makes it difficult to separate relevant deviations from 

coordinate peculiarities. " 

1.8.3 Geroch Multipole Moments 

We now briefly describe the Geroch multi pole moments corresponding to a static axisymmetric 

field. There importance is based on the fact that they are defined in a covariant fashion and 

thus are coordinate independent. 

This section is a summary of the works of Hansen ( 197 4); Geroch ( 1970b); Quevedo ( 1990) 

and Hernandez-Pastora and Martin (1994). Further details can be found in these references. 

Recall that in Newtonian gravity the mass multipole moments can be defined in two 

equivalent forms. Firstly, as moments of a mass distribution (see (1.36)) if the mass density 

is known, or secondly as the coefficients of the multipole expansion given by (1.37). The 

following definition was proposed by Geroch (1970b). 

The multipole moments are conformal Killing tensors in an Euclidean space N with the 

metric hij. Thus the tensors ~ij ... satisfy the equation 'y'(i~jk ... l) = h(ijTk...l), where 'v' is the 

gradient operator in N and Tk...l is an arbitrary tensor in N. 

The multipole moments of a solution of 'v'2¢ = 0 in flat space, whose solution is 

lQ -3Q i + 1 -5Q i 1· + </J=r- +r ix 2r ijXX ··· (1.39) 



l.8. Multipole Moments 15 

where xis the vector and r its norm, are the set of totally symmetric, trace-free, independent 

matrices Q, Qi, Qij, · · ·· Suppose that these matrices are defined at the origin of the coordi­

nates which is not related to a given point but it can be any arbitrary point of N. Then the 

matrices Q, Qi, Qij, ... are Killing tensor fields. 

Due to the coordinate invariance and covariant character of this interpretation, one can 

expect that the corresponding generalization to general relativity permits a similar relativistic 

definition for multipole moments with the same properties. 

This idea was developed by Geroch (1970b) for static and by Hansen (1974) for stationary 

asymptotically flat solutions of Einstein's vacuum equations. 

Let M be a torsion free four-dimensional Riemannian manifold with the metric 9ab which 

has signature ( + - --) and satisfies Einstein's vacuum field equations. Let €a be a timelike 

Killing vector field defined in M. The norm f, and twist Wa are defined by 

(1.40) 

The vacuum field equations require v'[aWbj = 0, thus there exists a scalar field n satisfying 

Wa = v' aO. The set S of trajectories of €a in M is (at least locally) a differentiable manifold 

with the metric 

Sij = 9009ij + 90i90j · 

The following definition given by Geroch guarantees the curvature of S dies away at large 

distances from the sources. This amounts to adding the "point at infinity" (A) to the manifold 

S by means of a conformal transformation. The asymptotic behaviour of a field in S is then 

determined by the behaviour at A. 

A three-dimensional manifold S with metric Sij is called asymptotically flat if there exists 

a manifold S with the metric Sij which satisfies the following conditions: 

1. S = S U A where A is a single point. 

2. Sij = 8 2 Sij where 8 is a scalar field defined on S. 

3. 81A = 0, bi8IA = 0, bibj8IA = 2SijlA• 

Here bi represents the covariant derivative operator associated with Sij. For example, Eu­

clidean 3-space is asymptotically flat in this sense: choose the conformal factor 8 = r-2, 

where r is the distance from the origin. 

Furthermore, one introduces the scalar fields* 

<l>M = 41/ (!2 + 92 - 1) ' <i,M = _l_<l>M 
v'8 

(1.41) 

in .S and defines the symmetric, trace-free tensor fields P!f. .. a, by 

pM <i,M 

M r- pM - ! l (2l - 1) i, pM ] Pa, ... ai+i = CDa1+1 a1 ... a1 2 -'"<11a1+1 a2 ... a1-1 

"There also exist scalar fields corresponding to the angular momentum distribution, but as we are considered 

with static fields we omit these terms. 
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(a) Orbit (b) Projection in to the x y plane. (c) Deviation from initial plane. 

FIGURE 4.30: 'f101 orbit of a test particle released from z = -1:, Po = Pmin, L = 4. 

L = 5 plot . Here the test particle is released with perihelion value p0 15. From the potential 

curve we anticipate an aphelion value 30 if, as we know is incorrect , the motion is confined 

to the plane. 

Nevertheless as the motion out of this plane (figure 4.31(c)) is relatively minimal, to a 

good level of approximation the orbit does obtain these aphelion and perihelion values, as 

shown in figure 4.31(b) . 

OeYie.tionlrominilillllpoil'll;. L• S 

0.7212 

-30 - 15 1000 2000 3000 4000 5000 

(a) Orbit (b) P rojection in to the xy plane. (c) Deviation from initial plane. 

FIGURE 4.31: 'f101 orbit of a test particle released from z = 1:, Po~ 15, L = 5. 
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4.10 Summary 

This chapter has developed the essential features required to study the Weyl space time in 

terms of bicyclide coordinates. 

Calculating the harmonic function 'ljJ required the construction of Lame-Wangerin eigen­

functions, which were dependent upon the accurate determination of eigenvalues. 

The eigenvalues where calculated using a truncated infinite continued fraction and verified 

using numerical methods. An approximation to the U solutions in terms of Bessel functions 

was given and shown for all but the (numerical) lowest eigenfunctions, to agree well with the 

true solution. Similar methods to solve the second separable equation for V proved to be un­

successful and the numerical determination of these functions was required. Approximations 

near v = 0 were possible which proved paramount in subsequent calculations regarding the 

multipole structure of the generated field. 

Calculating the remaining metric function , was determined via numerical quadrature. 

Evidence was given to support the requirement that the line integral was path independent, or 

at least to approximately, the same level of accuracy of the numerical solution V for which the 

integrals contained. It was further shown that to satisfy the condition of elementary flatness 

the superposition of at least two particular 'ljJ solutions was necessary. Analysis showed that 

only solutions with specific parity could enable the boundary conditions to be met. 

Using appropriate approximations for the eigensolutions on the z axis, the multipole 

moments where obtained, and it was evident by the non vanishing of the higher odd multi pole 

moments that the fields generated by various superpositions of eigensolutions did not have 

an invariant plane for which geodesics motion would be confined. This is subsequently shown 

in the numerical solution of the time like geodesic trajectories, although the deviation out 

of certain planes, namely those for which the dipole and quadrupole moments vanished, was 

relatively small. This deviation was enhanced when the motion was started from planes for 

the dipole and quadrupole moment were not nullified. The use of potential curves served 

under certain criteria to give good approximations of aphelion and perihelion values of elliptic 

orbits. 

Timelike geodesics of zero angular momentum where also presented. Generally, the initial 

motion was of a radial type, although all experienced some deviation and repulsion before 

terminating close to the horizon on the z axis. The interpretation of this repulsion region is 

still unclear but as often experienced in geodesic studies of Weyl fields, it is not wise to attach 

physical meaning on the coordinates near regions of high curvature. 

The physical interpretation of the sources generating these fields is still obscure. The 

singular regions of 'ljJ would indicate that the field is that of two finite line masses located 

between the two pairs of foci. This is a tentative prediction as, for example, no attempt to 

compute the Kretschmann scalar, which is often employed to probe the locations of the sources 

( and directional behaviour), was not made. This is an obvious extension to this chapter. 



Chapter 5 
Review and Future Work 

In this thesis we have presented new axially symmetric static spacetimes and examined certain 

timelike geodesics within these solutions. 

Our studies have generally concentrated on trajectories of test particles that are confined 

to equatorial planes. The predictions based on the relativistic multipole moments agreed well 

with the numerical values of the precession rates of the perihelion. 

Small deviations from circular orbits were discussed in the bispherical chapter and the 

corresponding precession of the nodes was calculated, again numerical and theoretical results 

were consistent. Similar calculations could be carried out for the ring like solutions developed 

in the toroidal chapter. Of course for both coordinate systems we could further generalize by 

relaxing the assumption that the out-of-the plane geodesics slightly deviates from the reference 

circular orbit. 

One common thread for all coordinate systems considered here was the repulsive like 

behaviour observed for geodesics of zero angular momentum. Attempts in the bispherical 

chapter to introduce a more physical radial coordinate in which to plot the trajectories failed 

to solve this enigma. Further study is needed here to understand this phenomena. 

The toroidal solutions warrant a special mention. Contrary to Newtonian mechanics it 

was observed if the mass of the source was greater than a certain value the period of the 

oscillation for a test particle along the z axis increased as the mass of the source increased. 

The ergodic nature of certain orbits is also surprising. There is also the interesting case of 

oscillating trajectories along the p axis (L = 0) in the n = 0 + l solution. 

The beauty of the bispherical and toroidal solutions presented here is that they are exact. 

This was clearly not possible in the bicyclide chapter. The physical nature of the sources for 

the solutions developed here are uncertain. Although geodesics were produced no attempts to 

calculate precession rates of perihelion and nodes was done. Incidentally, this could be used 

to verify the multipole moments calculated based on the approximate solutions to the metric 

functions. 

Finally, throughout we have concentrated on timelike geodesics. Clearly an examination 

of the null geodesics in these spacetimes remains. 
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We live in a Newtonian world of Einsteinian physics ruled by Frankenstein logic. 

- David Russell -

There was a blithe certainty that came from first comprehending the full Einstein field 

equations, ambesques of Greek letters clinging tenuously to the page, a gossamer web. 

They seemed insubstantial when you first saw them, a string of squiggles. 

Yet to fallow the delicate tensors as they contmcted, as the superscripts paired with 

subscripts, collapsing mathematically into concrete classical entities 

- potential; mass; forces vectoring in a curved geometry -

that was a sublime experience. 

The iron fist of the real, inside the velvet glove of airy mathematics. 

- Gregory Benford - Timescape -
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