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Abstract

A row-column design is any rearrangement of the blocks of a combinatorial design
into a rectangular array. A row-column block design is a row-column design in which the
blocks form a balanced incomplete block design; that is, each pair of elements occurs in
a constant number of blocks. In this thesis we study the efficiency and structure of row-
column block designs. In particular, we use solutions to Heffter’s difference problem to
give construct row-column block designs with 3 elements per cell with optimal regularity
in rows and columns.

In Section 1 we review definitions and t heorems related to Latin s quares. We intro-
duce related concepts of balanced incomplete block designs and incidence matrix and
concurrence matrix of designs. In Section 2 we give our main results of row-column
block designs with block size 3. In Section 3 we use Heftter’s difference problem to give
some solutions. In Section 4 we explain efficiency measures for block de signs. In Section
5 we introduce Trojan semi-Latin squares. We give efficiency measures for Trojan semi-
Latin squares. In Section 6 we show the applications to experimental design. Original
results are given in the following theorems: Theorem 2.9, Theorem 3.1, Theorem 3.3,
Theorem 3.4, Theorem 4.2, Theorem 5.2, Theorem 5.12.

Results from Section 2 and Section 3 have been submitted as a manuscript for
publication [17] (Xiao Nie, Row-column block designs with blocks of size three, Ars

Combinatoria, submitted).

Keywords: Latin Squares, orthogonal Latin square, mutually orthogonal Latin square,
semi-Latin square, uniform semi-Latin square, (v,b,r, k)-design, row-column design, row-

column block design, balanced incomplete block design (BIBD), scaled information matrix.
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1 Literature Review

In this section we survey the relevant concepts and theorems that need to be used in this

thesis in order to understand the research in the following sections.

1.1 Latin squares and mutually orthogonal Latin squares

A Latin square from a set of size n is an n X n array, with the entries from a set of size n

arranged in such a way that no row or column contains the same entry twice.

Examples of Latin Squares

Table 1: A Latin square of order 3

0]1]2
11210
2101

Table 2: A Latin Square of order 4

112314
31412
4131211
2111413




However, the following is not a Latin square of 3 because the size of set {1,2,3,4,5} is 5.

112]3
2134
31415

A Graeco-Latin square is a type of experimental design used in statistics and com-
binatorics. It is formed by overlapping two Latin squares of the same size. The resulting

square has the property that each ordered pair of symbols appears exactly once.

Table 3: Graeco-Latin square of order 3

(1,0) | (2,2) | (0,1)

(0,2) | (1,1) | (2,0)

(2,1) | (0,0) | (1,2)

A set of Latin squares of the same order such that every pair of squares are orthogonal
(that is, form a Graeco-Latin square) is called a set of mutually orthogonal Latin squares

(or pairwise orthogonal Latin squares).

Theorem 1.1. If n = p® for some prime n and ¢ > 0, then there are n — 1 mutually

orthogonal n x n Latin squares.

Proof. The proof given as [20]. Let (F,+,-) be a finite field of order n, where F' =



Table 4: Three mutually orthogonal Latin squares of order 4

(0,0,0) | (0,1,1) | (0,2,2) | (0,3,3)

(1,0,1) | (1,1,3) | (1,2,0) | (1,3,2)

(2,0,2) | (2,1,0) | (2,2,3) | (2,3,1)

(3,0,3) | (3,1,2) | (3,2,1) | (3,3,0)

{1,2,3,...,n=0}. For k=1,2,...,n— 1, let Ly be the n x n array (aE?), where

alt) =i k+j.
forall 1 <1,57 <n.
Firstly, we will start from the entries in column j of L. If afn? = ai{? then k-r+j =k-s+j
so k-r=k-s, and so we can know k # 0 since k < n, so we obtain r = s. Hence if r # s,
then aq(fj) #* agf}. Thus all entries in each column are distinct. Simiarly, the entries in each
row are distinct. Then by the definition of Latin squares, obviously Ly is a Latin square.
Secondly we need to prove any two distinct L;’s are orthogonal. So suppose 1 < k <[ <

n; then we only need to show L; and L; are orthogonal.

Suppose two of the entries in L o L; are equal, then

(k) k O] ()

Then the entries are equal, so a; ; = aup and a; ; = aujy, 0

k-i+7=k-u+wv



and

l-i+7=101-u+wo.

Hence

k-(i—u)=v-—j.
and

l-(i—u)=v—].
So

k=0 -(i—u)=k-(i—u)—1-(i—u)

=(—=34)—(w=7)

But k # [, that is i—u = 0, at last we obtain i = u. According to the equation k-i+j = k-u+v,
hence j = v, so the two entries in Lj o L; are in the same position. Therefore L, and L; are

orthogonal. By these two steps, the theorem is proved. O

Example : Let us find four mutually orthogonal Latin squares of size 5. Here, n = 5 = 5*,

so the previous theorem applies. We use Zs = {1,2,3,4,0}. We define f; =1, fo = 2, f3 =

37f4:47f520'

we get four mutually orthogonal Latin squares :

Table 5: L, Table 6: L,
2134101 3141012
31410112 01234
41011123 21314101
011234 41011123
1123410 11213410




Table 7: Ls Table 8: Ly

410111213 01,234
2134101 41011123
011234 3141012
314101172 21314101
112131410 112131410

A Latin square is in standard form if both its first row and its first column are in

increasing order.

1123
2131
31112

Theorem 1.2. If {Ly, Lo, ..., L} is a set of mutually orthogonal Latin squares of order n
(MOLS(n)), then it has the size t <n — 1.

Proof. The proof given is based on [23|: Let {Li, Lo, ..., L} be a set of MOLS(n). We
assume that n > 2, then we can consider the symbols in cell (2,1) of Ly, ..., L; to determine
the upper bound of . The symbol 1 occurs in cell (1,1) of each of these Latin squares.
If we consider (2, 1), the cell in each of them must be occupied by a symbol from the set
{2,3,...,n}. In addition, because they are in standard form, any two of these Latin squares
overlap, so the first line gives the ordered pairs (1, 1), (2,2),(3,3), (4,4), ..., (n,n). Therefore

the cell (2,1) cannot be occupied by the same symbol z in different squares. If not the pair
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of (z,x) would occur twice when they are superimposed. Thus the symbols in cell (2,1)
of Ly,...,L; are all distinct and belong to the set of {2,3,...,n}. Hence, if n > 2 then

t<n-—1. L]

1.2 Semi-Latin Squares

A semi-Latin square of order n and index k (or a semi-k-Latin square of n) is a n x n
array such that each element from a set of size nk occurs once per row and once per column
and each cell contains a set of size k. We sometimes call this an (n x n)/k semi-Latin square.

The elements are sometimes called treatments.

Example of a semi-Latin square

Table 9: A semi-Latin square of order 3

12|34 56
35026 1,4
461,523

A semi-Latin square is called simple if no pair of letters occurs together in more than

one cell.

We now have another definition of orthogonal. Two Latin squares of order n are said to
be orthogonal if when overlapped by different pair of symbol sets, we obtain a n X n simple

semi-Latin square of order n and index 2.

10



Table 10: A semi-3-Latin Square of order 4

135 | 246 | 79,11 |8,10,12

24,6 | 7,911 | 810,12 | 1,35
79,11 | 8,10,12 | 1,35 | 2.4.6
810,12 | 135 | 24,6 | 79,11

Table 11: Overlap Latin square of the same order 3 on different symbol sets

(LA) | (2,B) | (3,C)
(2,B) | (3,C) | (1,A)
(3,C) | (LA) | (2,B)

In Table 12, we give an example of a simple semi-Latin Square.

Table 12: A simple semi-Latin Square

12145 |36

46 (1,325

35(26 |14

1.3 Uniform semi-Latin squares

A semi-Latin square S is uniform if every pair of blocks, not in the same row or column,

intersect in the same positive number of treatments. We denote this constant intersection

number by u(S).

11



Table 13: A uniform semi-Latin square with p(S) = 2.

1,4,7,10 | 2,5,8,11 | 3,6,9,12
3,6,8,11 | 1,4,9,12 | 2,5,7,10
2,5,9,12 | 3,6,7,10 | 1,4,8,11

Lemma 1.3. [15] If S is a uniform (n x n)/k semi-Latin square then u(S) =k/(n—1), and

in particular, n — 1 divides k.

Proof. Let S is a uniform (n x n)/k semi-Latin square, and 4,5 € {1,2,...,n}. So we can
count in two ways the number of triples (i, 5/, ), such that i, 5’ € {1,2,...,n}, ' # i and
j'#j,and o € S(i,7) N S(7, 7). The first way to count is: each block has k elements, and
each elements from 1,2, ...k occurs n— 1 times. So the sum is k(n—1). Another way is the
intersection « of each group of numbers is multiplied by blocks, remove the non-duplicate
elements in the first row and column, there are (n — 1)? blocks. Then the sum is u(n — 1),

where 1 is the number of elements of . Therefore we get the equation: k(n—1) = u(n—1)%

Solving the equation we get: u = % The lemma is proved. ]

Table 14: A uniform (3 x 3)/4 semi-Latin square.

1,4,7,10 | 2,5,8,11 | 3,6,9,12
3,6,8,11 | 1,4,9,12 | 2,5,7,10
2,5,9,12 | 3,6,7,10 | 1,4,8,11

In Table 14, we show a uniform (3 x 3)/4 semi-Latin square. We can count the sum

by first way & = 4 and n = 3, than k(n — 1) = 4 x (3 — 1) = 8. By the second way:

12



because {1,4,7,10} N {2,5,7,10} = {7,10}, so the number of {7,10} is 2, u = 2. Then

p(n —1)? =2 x (3 —1)2 = 8. The final result is verified to be indeed equal.

1.4 Block Designs, BIBDs and Incidence Matrices

A (v,b,r, k)-design is a set v of elements and blocks of size k (considered as k-subsets of

the set of elements), such that each element is in exactly r subsets.

Lemma 1.4. If exist a semi-Latin square S of order n and index k, than there exists a

(nk,n? n, k)-design A(S).

Proof. First consider a semi-Latin square of order n and index k. For each cell create a block
containing entries from that cell.

Let B be set of all blocks, so that there are | B| = b = n? blocks. Then let V be set of elements,
so that the number of the elements is |[V| = n x k = nk. Each treatment is in exactly r

subsets, so r = n. Each subset has size k. So, there exists a (nk,n? n, k)-design. O]

We give an example of Lemma 1.4 as follows:
The semi-Latin square in Table 15
corresponds to a (v, b, r, k)-design 2|, with v = 6,b =9,r = 3,k = 2. To see this, write the

subsets in the cells as a set of blocks:

{{1,2},{4,6},{3,5}, {4,5}, {1, 3}, {2,6}, {3,6}, {2,5}, {1, 4} }.

This can be generalized as follows.

13



Table 15: Example of a (v, b, r, k)-design

12145 |36
46| 1,325
352614

Definition 1.5. Let A = (V,B) be a (v,b,r, k)-design, define a v x b 0-1 matriz A = (a;;),

whose rows are indexed by the points x1, 9, -+ ,x, and columns are indexed by the block

B17327"' 7Bb by

1 x; € Bj
aij =
0 otherwise

Then A s called incidence matriz of the block design.

Definition 1.6. The incidence matrix for a (nxn)/k semi-latin square S is the incidence

matriz for A(S). Equivalently, it’s on (nk) x (n?) matriz such that the rows are the nk
elements and the columns are the n? blocks. Then put a 1 in row i and column j if and only

if element i is in block j, otherwise are filled with 0.

Continuing the example above, we obtain the incidence matrix as follows:

14



Table 16: Incidence matrix

Xy | Xo | Xg | Xy | X5 | Xo | X7 | Xg | Xo

—
S
S
o O O
(@)
—
o
—
(e

(@]
—
(@]
@)
o o O
—
—
o
o

Definition 1.7. A balanced incomplete block design (BIBD) is a (v,b,r, k)-design

such that every pair of elements occurs together in A of the b blocks.

Example of BIBD In the design (v,b,r, k, A): consider b = 10,v =6,k =3,r =5\ =

B ={{1,2,5},{1,2,6},{1,3,4},{1,3,6},{1,4,5},{2,3,4},{2,3,5},{2, 4,6},

{3,5,6},{4,5,6}}.

15



There are 6 “points” 1,2,3,4,5,6, each subset of a set of size v has 3 points, we call these

“blocks”, and any pair of points occurs in exactly 2 blocks.

Theorem 1.8. [7| Let A = (V,B) be a (v,b,r,k,\) —BIBD, and A = (a;;) is a v x b 0-1

maxtriz, then A the incidence matriz of A if and only if both

AAT = \J + (r = M),

and
1,A = k1,
hold, where AT denotes the transpose of A, r = )‘5:__11), Jy and I, are the v X v all 1’s matrix

and the identity matriz,respectively, and 1, and 1, are the v-dimensional and b-dimensional

all 1 row wvectors, respectively.

16



Table 17: Example of a (7,3,1)-BIBD index 3

1,3,41( 2,453,561 4,6,7]57,1]|6,1,2|7,2,3

Then we consider the incidence matrix:

(@)
[
[en}
o o O
o o O
(@]
[

1000110 1011000
01 000171 0101100
1010001 0010110
I'I"= 1101000 0001O0T1T1
01 10100 1000101
0011010 1100010
00011O0T1 0110001

17



1111311
1111131

1111113

Ao —1 A
%—)\)IU:)\J+(6——>\)L,:>\J+2/\IU

— A+ -

Therefore, there is a (7,3, 1)-BIBD.

Let A = (V,B) be a (v,b,r, k)-design. The concurrence matrix A of A is the v x v
matrix whose rows and columns are indexed by the treatments of A, and whose («, §)-entry

is the number of blocks containing both o and § (this entry is the concurrence of treatments

a and f3).

Lemma 1.9. Let A be a (v,b,r, k)-design, if the incidence matriz of A is I, then the con-

currence matric A =1 - IT.

Proof. Let A = (aj)yxv- Then, observe that a;; = |B; N B;|. Next, the elements of the main
diagonal are aq1,ass, ..., ayw. Then |By N By| = [Boa N By| = --- = | B, N By| = k, since each

block has size k, so the main diagonal of A is k. m

We show an example of Lemma 1.9 in Table 17.

18



2 Row-column block designs: main results

A row-column design, in its most general sense, is any rearrangement of the blocks of a
combinatorial design into a rectangular array. Thus, a row-column design admits two parti-
tions of blocks, given by the rows and columns. Most of the row-column designs developed
in the literature have one unit corresponding to the intersection of row and column. Exam-
ples of such row-column designs are: Latin squares, Youden squares and generalized Youden
designs [19]. Row-column designs with more than one unit per cell include: semi-Latin
squares [22] and Trojan squares [9]. Such designs are used when the number of elements is
substantially large with a limited number of replicates [16].

In this thesis, we say that an m x n row-column block design is any rearrangement
of the blocks of a Balanced Incomplete Block Design BIBD (v, k, A) into an m X n array.
The index k is equal to the number of elements (or, in the context of experimental design,
treatments) in each block. The property of a row-column design being a row-column block
design is referred to in [7] as structurally complete. This is desirable for experimental
design applications as each pair of treatments occurs a constant number of times within the
design.

We say that a row or column is regular, if each element occurs the same number of times
in that row or column. Regularity is desirable in the context of experimental design because
this ensures that a row or column effect is not “confounded” with the effect of an individual
treatment (see [3| for more information). We say that a row or column is near-regular if it
is not regular but there is an integer x such that every entry occurs either x or x + 1 times.

We assume the set of treatments in BIBD (v, k, A) is given by Z,. A row-column block

19



design is in said to be row-cyclic if whenever B is a block in cell (i, j),

B'={b+1 (modwv)|be B}

is the block in cell (7,7 + 1 (mod n))). We define column-cyclic similarly.

The above definitions are demonstrated in the example given in Table 18.

Table 18: A row-cyclic 5 x 7 array row-column block design of index 3, where each row is
regular and each column is near-regular.

1,2,323,43,45|4,56|560]601]0,1,2

4,50 (56,16,0,2(0,1,3(1,24123,5]3,4,6

56,216,030 1,4(1,25/23,6]|3,4,0] 45,1

6,0,410,1,5(1,2623,013,4,1(4,52]|5,6,3

6,1,3110,241(1,3 524,613,501/ 46,1]|5,0,2

The problem of constructing row-column block designs with index 2 was considered in

[7]:

Theorem 2.1. [7]

For any t, there exists:

(a) a row-cyclic t X (2t + 1) row column block design of index 2, where each row is reqular

and each column is near-reqular.

(b) a row-cyclic 2t x 2t row column block design of index 2, where each row is near-reqular

and each column is reqular.

We describe their construction in detail in Section 3.

20



In this thesis, we generalize the previous theorem to index 3. Our main theorem is as

follows.

Theorem 2.2. For any v =1 mod 6 there exists a row-cyclic row-column block design with
(v —1)/6 rows, v columns and index 3 such that each row is regular and each column is

near-reqular.

Our proof of the above theorem in Section 3 will make use of Heffter difference sets. We
also find more specific results for v = 7 and v = 13 in Subsection 2.3. These are summarized

in Theorem 3.3.

2.1 Row-column block designs with block size 2.

In this section we dscribe in detail the construction given in [7].

This thesis [8] introduced some related concepts about row-column design. In the first
section they introduce their research background, inspired by the interconnection between
design and Trojan squares. This gives a construction of row-column design using two ele-
ments per cell. And in the section 2 they give the calculation method of the information

matrix corresponding to the row-column design.

Then, in the section 3 they give two methods of constructing row-column designs with
two units per cell. The first method is for an odd number of treatments and the second is

for an even number.

The main result of that section is Theorem 2.1.

The construction uses the classic Walecki cyclic one-factorization of the complete graph
[11].

Odd number case: Let v = 2t + 1 obtain the following initial column having two units

per cell:

21



1,2t+1

2, 2t

3,2 — 1

.y .

t—1,t+3

tt+2

Then developing this column incrementing by 1 modulo v would get a m X n row-column

design with two elements per cell.

Lemma 2.3. [6] Let G and H be graphs. Suppose there exists some subgraphs of G, each
tsomorphic to H, such that each edges of these subgraphs partition the edges of G. Then

graph G is said to decompose into graph H.

Lemma 2.4. [6] Let the vertices of K,, be labeled with the elements of Z,,. Given a subgraph
H of K,,, and any integer i, let H + i be the graph created by replacing each vertex v of H
with (v + 1) mod n. Then a cyclic decomposition is one in which whenever H is a subgraph,

H + 1 s also a subgraph.

Label the vertices of K,, with the elements of Z,. We define the "difference" of edge a, b

to be the minimum value of @ — b (mod n)) and b — a (mod n)).

Theorem 2.5. [6] Let the vertices of K, be labeled with the elements of Z,. If H is a
subgraph of K, with n odd, and the edges of H have the differences 1,2,...(n — 1)/2, then

there is a cyclic decomposition of K, into copies of H.

22



Proof. Let H be a graph with at most n vertices and (n — 1)/2 edges, where n is odd. Then
form n copies of H by incrementing the vertices modulo n. Since the edges of H cover each
possible difference, the K,, decomposes into H. So there is a cyclic decomposition of K, into

copies of H. O

Using Theorem 2.5, we consider the odd number case above. Assume that the elements
in the table are the vertices of graph H with the different elements of Z,,, where n is an odd
number. Observe that all the differences are covered. Then by Theorem 2.5, there is a cyclic

decomposition. In turn, in the row-column design, each pair is covered exactly once.

Even number case: Let v = 2t obtain the following initial column having two elements

per cell.

1, 2t

2t, 2

2,2t —1

2t — 1,3

t+2,¢

tt+1

Then we use this column incrementing by 1 mod v would get a m x n row-column design

with two elements per cell.

We consider the even number case above. Assume that the elements in the table are the

vertices of graph H with the different elements of Z,,, where n is even number. Observe that

23



all the differences are occurring twice. Thus, there is also a cyclic decomposition. In turn,

in the row-column design, each pair is covered twice.

2.2 Another approach for index 3

In the previous sections, our constructions only work when the number of columns is a
particular integer. In this section, we give a different construction where the number of
columns can be any integer, but we relax the condition of being a row-column block design.

These constructions are inspired by the paper by Anindita, Seema, et.al [§] in Section 2.

Case 1:

When v = 3t (t > 1) then according to the following initial column having three units

per cell:
Uy
Uz
U.
B1 == ’
Uy
where |U;| =3,i=1,2,--- ,t.
We take U;,i = 1,2,--- ,t. as follows:
Develop (t—1) more columns horizontally from the initial column by adding 1,2,3, ..., t—

1 consecutively reducing mod v. The resulting design is a balanced semi-Latin rectangles

with 3 units per cell incomplete rows and complete columns.

24



1,2t 2t + 1

2,2t — 1,2t +2

3,2—2,2+3

ey ey e

t—1,t+2,3t—1

t,t+1, 3t

Then B = {By, By, B3 ,--+ ,B,} is an incomplete Row-Column Design.

Example:

Let v =12 =3t,t = 4,t—1 = 3. The contents of the initial column are obtained as follows :

1,89

2,7,10

3, 6,11

4,5, 12

Then developing this column by adding 1,2,3,...¢t — 1 = 3 reducing mod 12 would get

result as follows:

25



1,8,9 |[ 29,10 || 3, 10, 11 | 4, 11, 12
2,7,10 | 3,8, 11 || 4,9,12 | 5,10, 1
3,6,11 (4,712 5,81 || 6,9,2
4,512 | 5,6,1 | 6,7,2 || 7.8,3

Lemma 2.6. The resulting design is a t X t row-column design with index 3, incomplete rows

and complete columns.

Proof. In B = {By, By, B3 ,--+ ,B,}, it is not difficult to see from the final row-column design
table that the elements from 1 to v in each column appear once times in B;, so it is complete
columns. Then some of the elements in each row appear once, some appear twice, and some
do not appear, so it is incomplete. Thus, it is a incomplete rows and complete columns

design. O

Case 2:
When v = 3t + 1 (t > 1) then according to the following initial column having three units

per cell:

Uy
Us
Us

U

where |U;| =3,i=1,2,--- ,t.

26



We take U;,i = 1,2,--- ,t. as follows:

1,26+ 1,2t 42

2,2t 2t +3

3,2t —1,2t+4

ey ey e

t—1,t+3, 3t

tt+2 3t+1

Develop (3t+1) more columns horizontally from the initial column by adding 1,2, 3, ..., 3t+
1 consecutively reducing mod v. The resulting design is a row-column design with 3 units

per cell incomplete rows and complete columns.

By || By || Bs | - || By

Then B = {By, By, B3 ,--+ ,B,} is a incomplete Row-Column Design.
Example:

Let v =10 =3t + 1,t = 3. The contents of the initial column are obtained as follows :

1,7,8

2,6,9

3, 95, 10
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Then developing this column by adding 1,2,3,...3t + 1 = 10 reducing mod 10 would

get result as follows:

1,7,8 | 2,89 |[3,9,10 | 4,10, 1 51,2
2,6,9 13,710 4,81 | 59,2 | 6,10,3
3,5,10 | 4,6,1 || 5,7,2 | 6,83 | 7,94
6,2,3 || 7.3,4 | 84,5 956 |10,6,7
71,4 | 825 93,6 |10,4,7| 1,5,8
8,10,5( 9,1,6 | 10,2, 7| 1,3,8 | 2,4,9

Lemma 2.7. The resulting design is a t X v row-column design with index 3, reqular rows

and near-regular columns.

Proof. In B = {By, By, B3 ,--- ,B,}, according to the final row-column design table, the
elements from 1 to v in each column does not appear once times. Because the first column
lost element ¢ + 1, the second column lost ¢t + 2 and so on in each B;. So it is incomplete

columns. And the elements from 1 to v appear three times each row, so it is complete rows.

Therefore, it is a complete rows and incomplete columns design. O]

Case 3:
When v = 3t + 2 (¢t > 1) then according to the following initial column having three units

per cell:
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Uy

Uz

U.

Bl — ’

Ut
where |U;| =3,i=1,2,--- ,t.
Take U;,i = 1,2,--- t. as follows:

t, 2t, 3t

t—1,2t—1,3t—1

ey ey e

3, t+3,2t+3

2, t+2, 2t +2

1,3t+1, 3t + 2

Develop this columns horizontally from the initial column by adding 1,2,3,...,v — 1
consecutively reducing mod v. The resulting design is a row-column design with 3 units per

cell. The design is complete row-wise and incomplete column-wise.

Then B = {By, By, B3 ,--+ ,B,} is an incomplete Row-Column Design.
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Example:

Let v =11 = 3t + 2,t = 3. The contents of the initial column are obtained as follows :

3,6,9

2,9,8

1, 10, 11

Then developing this column incrementing by 1 mod 11 would get result as follows.

3,6,9

4,7, 10

5,8, 11

6,9, 1

7,10, 2

8, 11,3

2,9,8

3,6,9

4,7, 10

5,8, 11

6,9, 1

7,10, 2

1, 10, 11

2,11, 1

3,1,2

4,2,3

5,3, 4

6,4, 5

9,1,4

10, 2,5

11, 3,6

1,4,7

2,5,8

8, 11, 3

9,1, 4

10, 2, 5

11,3, 6

1,4,7

7,5,6

8,6,7

9,7,8

10, &, 9

11, 9, 10

Lemma 2.8. The resulting design is a t X v row-column design with index 3, complete rows

and incomplete columns.
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Proof. In B = {By, By, B3 ,--- ,B,}, according to the final row-column design table, the
elements from 1 to v in each column does not appear once times. Because the first column
lost element t 4 1,2t + 1, the second column lost element ¢ + 2,2t 4+ 2 and so on in each B;.
So it is incomplete columns. Then the elements from 1 to v appear three times each row, so

it is complete rows. Thus, it is a near-regular block design. O

2.3 Row-column block designs for 7 and 13 columns

In this section we give specific results for a small number of columns.

Theorem 2.9. For any m > 1, there exists a row-cyclic m X 7 row-column block design
of index 3 where each row is reqular and each column is reqular (if m is divisible by 7) or

near-reqular (if m is not divisible by 7).

Proof. We first show the above theorem is true for the cases 1 < m < 7. If m > 7, let
m = Ta+m'. A solution is then formed by adjoining a copies of the solution for 7 rows with

one copy of the solution for m’ rows. ]

Lemma 2.10. If n € {2,4}, there exists a row-cyclic n X 13 row-column block design of
index 3 where each row is reqular and each column is reqular (if n is divisible by 13) or

near-reqular (if n is not divisible by 13).

Solution for v = T7:
This gives a cyclic decomposition of K into triangles with the difference of {1, 2, 3}.
In turn, we get a 1 x 7 array in which each cell has 3 entries, each column is formed from the
previous one incrementally mod 7 and each pair is covered exactly once! Rows are complete,

columns are not.
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Table 19: A row-cyclic 1 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,412,4,513,5,6( 4,6, 75 7,1]6,1,2|7,2,3

Table 20: A row-cyclic 2 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,41[2,4,5(3,56| 4,675 71/6,1,2](723

6,727 1,31[1,2,4(/2,35|3,46|4,57]5,6,1

Table 21: A row-cyclic 3 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,4[2,4,5(3,56| 4,675 71/6,1,2](723

6,7,217,1,3(1,2,423,5(3,4,6/| 457|561

51,706,211 7,3,2(1,4,3(25,413,6,5/ 4,76

The array above is not column-complete but every entry occurs either 1 or 2 times. By

definition, the array is near-complete.

Table 22: A row-cyclic 4 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,41 2,453,561 4,6, 75 7,1]6,1,2|7,2,3

6, 7,27, 1,3(1,2,412,3,5(3,4614,5 7] 5,6,1

5, 1,7 116,2,1(7,3,2(1,4,3|2,5413,6,5/|4,7,6

2,3,5|13,4,6 (4,5 7|56,16,7,2|71,3]| 1,24
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Table 23: A row-cyclic 5 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,4[2,4,5(3,56 4,675 71612723

6,7,217,1,3(1,2,423,5|3,46/|4,57]|5,6,1

51,706,211 7,3,21(1,4,3(25,413,6,5/ 4,76

2,3,5113,4,6( 4,5 7561672 71,3]|1,24

4,6,71(5,7,11(6,1,2) 72,311,341/ 24,5356

Table 24: 5x7 array without repeating triples

1,2,3(1,6,712,4,7(1,2,53,4,5| 56,71 3,4,6

2,4,6(12,3,4(1,3,6(4,5 71,5 71]256]| 137

1,4, 71 2,5,7(1,5,6(2,3,613,6,7| 1,431|2,4,5

3,05, 7114,6,7(2,3,5(1,4,6|1,2,4]1,2,7] 3,56

4,5,6(11,3,5(3,4, 72,3, 7|1,2,6]| 1,4,5|2,6,7

The 5x7 array without repeating triples below:
Rowl, Row2, Row3, Row4, Row) are all complete, since all the numbers from 1 to 7 occur
three times in each row.
Columnl to Columnb are all near-complete, since all the numbers from 1 to 7 occur twice

or three times in each column.

7! __ Tx6x5 __
7-3)! T 3x2x1

We try to choose 3 different numbers from 7 numbers. There are C% = 5 (

35 options. It is less than 49 cells, so it’s not possible to make such an array without repeating
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Table 25: a cyclic solution for the 5x7 array

2,3,4|3,4,5(4,5,656,7|6,7,1]71,2]|12 3

5,6,11(6,7,2|7,1,3(1,2,4(2,3,5(3,4614,5 7

6, 7,37, 1,4(1,2,52,3,6(3,4714,5 1| 5,6,2

7,1,5(1,2,6|2,373,4,1|4,5,215,6,3]6,7,4

72,41 1,3,5(/2,4,6( 3,574,615 726,13

Table 26: A row-cyclic 6 x 7 row-column block design of index 3, where each row is regular
and each column is near-regular.

1,3,41 2,453,561 4,6,7]57,1]|6,1,2|7,2,3

6, 7,27, 1,3(1,2,412,3,5(3,4614,5 7] 5,6,1

5,1,71(6,2,17,3,2|1,4,3|2,5413,6,5]4,7,6

2,3,5|13,4,6( 4,5 7|56,16,7,2|71,3]| 124

4,6, 7 (5,7, 1]6,1,2)7,2,31,3,4]2,4,5]|3,5,6

1,2,412,3,53,4,6( 4,5 715,6,1|6,7,2|71,3

triples.

Solution for v = 13:
This gives a cyclic decomposition of K3 into triangles with the difference of {1,3,4} and
{2,5,6}.
In turn, we get a 2 x 13 array in which each cell has 3 entries, each column is formed from

the previous one incrementally mod 13 and each pair is covered exactly once! Rows are
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Table 27: A row-cyclic and column-cyclic 7 x 7 row-column block design of index 3, where
each row is regular and each column is also regular.

1,3,4[2,4,5(3,56 4,675 71612723

6,7,217,1,3(1,2,423,5|3,46/|4,57]|5,6,1

51,706,211 7,3,21(1,4,3(25,413,6,5/ 4,76

2,3,513,4,6( 4,5 7561672713124

4,6,71(5,7,11(6,1,2) 72,311,341/ 24,5356

1,2,41[2,3,5(3,4,6| 4,5 7561672713

’

3,6,5|4,7,6(5 1,762 1732143254

1,3,4[2,4,5(3,56| 4,675 71/6,1,2](723

2,4,513,56( 4,675 71161,2(723]|13,4

3,56 114,6,7(571/61,2]7231,3,4/24,5

4,6,71(5,7,1(6,1,2)7,2,31/1,3,4(24,5]|3,5,6

5,7,106,1,21[7,23(1,3,4(2,4,5/3,56] 4,6,7

6,1,2 117,231,342 453,56 467|571

72,311 1,3,41[2,4,5(3,5614,6,7]|571]6,1,2

complete, columns are not.

Solution for v = 15:
This gives a cyclic decomposition of K5 into triangles with the difference of {1, 3,4}, {2,6,7}
and {5}.
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Table 28: A row-cyclic and column-cyclic 2 x 13 row-column block design of index 3, where
each row is regular and each column is near-regular.

1,25

2,3, 6

3,4,7

4,5,8

9,6,9

6, 7, 10

7,8, 11

4,6, 11

5,7, 12

6, 8, 13

7,9, 1

8, 10, 2

9,11, 3

10, 12, 4

8,9, 12

9, 10, 13

10, 11, 1

11,12, 2

12, 13, 3

13,1, 4

11, 13, 5

12,1, 6

13,2, 7

1, 3,8

2,4, 9

3,9, 10

Table 29: A row-cyclic and column-cyclic 4 x 13 row-column block design of index 3, where
each row is regular and each column is near-regular.

1,2,5 | 2,3,6 | 3,4,7 | 458 || 56,9 |6,7,10] 7,8, 11
4,6,11 || 5,7,12 | 6,8,13 || 7,9,1 || 8 10,2 || 9, 11,3 | 10, 12, 4
3,12,13 (9,10, 13 || 10, 11,1 || 11,12,2 || 12,13,3 || 13, 1,4 | 1,2,5
7,8,10 || 4,8, 11 || 5,9,12 | 6,10,13 | 7,11,1 || 8,12,2 9, 13,3
8,9,12 || 9,10, 13 || 10, 11,1 || 11,12, 2 || 12,13, 3 || 13, 1, 4
11,13,5 || 12,1,6 || 13,2,7 | 1,3,8 | 2,4,9 | 3,5,10
2,3,6 | 3,4,7 || 458 | 56,9 | 6710 |78, 11
10,1,4 || 11,2,5 || 12,3,6 | 13,4,7 | 1,5,8 | 2,6,9

In turn, we get a 3 x 15 array in which each cell has 3 entries, each column is formed from
the previous one incrementally mod 15 and each pair is covered exactly once! Rows are

complete, columns are not.
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Table 30: A row-cyclic and column-cyclic 2 x 15 row-column block design of index 3, where
each row is regular and each column is near-regular.

1,2, 5

2,3,6

3,4, 7

4,5, 8

5, 6,9

6, 7, 10

7,8, 11

8,9, 12

4,6, 13

5,7, 14

6,8, 15

7,91

8, 10, 2

9,11, 3

10, 12, 4

11,13, 5

5,10, 15

6, 11, 1

7,12, 2

8,13, 3

9,14, 4

10, 15, 5

11,1, 6

12,2, 7

9, 10, 13

10, 11, 14

11, 12, 15

12,13, 1

13, 14, 2

14, 15, 3

15,1, 4

12, 14, 6

13,15, 7

14,1, 8

15, 2,9

1, 3, 10

2,4, 11

3,9, 12

13, 3, 8

14, 4, 9

15, 5, 10

1,6, 11

2,7, 12

3,8, 13

4,9, 14

3 Row-column block designs from solutions to Heffter’s
Difference Problem

Consider Heffter’s First and Second Difference Problems:
(1) Let v = 6n + 1. Is it possible to partition the set {1,2,...,3n} into difference triples?
(2) Let v = 6n+3. Is it possible to partition the set {1,2,...,3n+1}\{2n+1} into difference
triples?

Heffter’s First Difference Problem deals with partitioning the set {1,2,..., (v—1)/2}, and

Heffter’s Second Difference Problem deals with partitioning the set {1,2,..., (v—1)/2}\{v/3}.

1},

whose sum modulo v equals zero (a + b+ ¢ = 0 (mod v)) or for which one element mod v

A difference triple {a,b,c} is a set of three different elements from {1,2,... v —

equals the sum of the other two (a + b = ¢ (mod v)).

Heffter proposed the following problems:
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(1) First Difference Problem of Heffter:

Let v = 6m + 1. Is there a partition of the set {1,2,...,3m} in difference triples.

(2) Second Difference Problem of Heffter:
Let v = 6m + 3. Is there a partition of the set {1,2,...,2m}U{2m+2,2m+3,...,3m+1}
in difference triples?

For example, {{1,5,6},{2,8,10},{3,4,7}} is a solution to Heffter’s first difference prob-
lem for v = 19.

Solutions to Heffter difference problems are known for all cases except v = 9:

Theorem 3.1. (Peltesohn, [18]) There exists a solution to Heffter’s first and second differ-

ence problem for each m > 1 with the exception of the case v =9.

Any solution of the first difference problem of Heffter also gives a construction of a
BIBD(v,3,1) (also known as a Steiner triple system) which has the extra property of
being cyclically generated.

We explain this process as follows. Given two elements a and b of Z,, the difference of
{a, b}, denoted by d(a,b), is defined to be the minimum value of a — b (mod v) and b — a
(mod v). Given a subset T" of Z,, we define d(T') to be the set of differences that arise from
S. That is,

d(T) = {d(a,b) | {a,b} C T}.

In turn, given S, a set of subsets of Z,, we define

A(S) = d(T).

TesS

Now, for any difference triple B, we can easily construct a set T such that d(T) = B. If
B has the form {a,b,a+ b}, then let T' = {0, a,a + b}. Otherwise, if B has the form {a,b, c}
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where a + b+ ¢ = 0 (mod v), then similarly let 7" = {0, a,a + b}. By cycling such a set of
blocks modulo v, we create a BIBD(v, 3, 1).

For example, consider the solution B = {{1,5,6},{2,8,10},{3,4,7}} to Heffter’s first
difference problem for v = 19, given above. Then, T = {{0,1,6},{0,2,10},{0,3,7}} as
above. Observe that A(T) = {1,2,...,9}, so Table 31 is a BIBD(19,3,1).

Table 31: A cyclic BIBD(19, 3,1)

0,1,6 | 1,2,7 | 2,3,8 16, 17,3 | 17,18, 4 | 18,0, 5
0,2,10 | 1,3, 11| 2, 4, 12 16,18, 7| 17,0,8 | 18, 1,9
0,3,7 | 1,48 | 2,5,9 16,0,4 | 17,1,5 | 18,2, 6

Now we are ready to see the connection between solutions to Heffter’s first difference

problem and row-column block designs with block size 3.

Theorem 3.2. [23]| Suppose there exists a set S of (v —1)/6 triples from Z, such that:

(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-reqular.

Then, there exists a row-cyclic row-column block design with (v —1)/6 rows, v columns and

mdex 3 such that each row s reqular and each column is near-reqular.

For example, for v = 19, we can replace T from above with a set 7" such that A(T) =
A(T") but T" is near-regular. These triples form the first column of the 3 x 19 row-cyclic row-
column block design given in Table 47, which is also row-regular and column near-regular.
As demonstrated in the above

We prove the following theorem in the next section.

example, together with the above theorem, this implies Theorem 2.2.
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Theorem 3.3. For any v =1 mod 6 there ezists a set S of (v —1)/6 triples such that:
(1) The triples from S form a solution to Heffter’s first difference problem;

(2) The set S is near-regular.

We also prove an equivalent version of the above theorem in the context of Heffter’s
second difference problem in Section 3.2. In this case, the row-column designs created are
not row-column block designs; in particular pairs of treatments of difference v/3 are never

included.

Theorem 3.4. For any v = 3 mod 6 there exists a set S of (v —3)/6 triples such that:
(1) The triples from S form a solution to Heffter’s second difference problem;

(2) The set S is near-regular.

We will make use of the following solutions to Heffter’s difference set problem (originally

in [18], see also in Subsections 3.1 and Subsection 3.2.

Case 1:
Suppose v = 1 (mod 18) and v > 37. Say v = 18s+1 where s > 2. Notice that (3r+1)+(4s—
r+1)=(4s+2r+2), 3r+2)+8s—7r) = (8s+2r+2), (3r+3)+(6s—2r—1) = (6s+r+2)
and (3s)+(3s+1) = (6s+1), so each of the triples given in the first column of the following

table is, in fact, a difference triple.

Lemma 3.5. [18] Let v = 1 (mod 18) and v > 19. Then the following is a solution to

Heffter’s first difference problem, where v = 18s + 1.

{{Br+1,4s—r+1,4s+2r+2} |0<r <s—1};
{{3r+2,8s—r,8s+2r+2} |0<r<s—1}
{{3r +3,6s —2r —1,6s+r+2} |0 <r <s—2};
{{3s,3s+ 1,65+ 1}}.
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Case 2:
Suppose v = 3 (mod 18) and v > 21. Say v = 18s+3 where s > 1. Notice that (3r+1)+(8s—
r+1) = (8s+2r+2), (3r+2)+(4s—r) = (4s+2r+2), and (3r+3)+(6s—2r—1) = (6s+r+2)
so each of the triples given in the first column of the following table is, in fact, a difference

triple.

Lemma 3.6. [18] Let v = 3 (mod 18) and v > 21. Then the following is a solution to

Heffter’s second difference problem, where v = 18s + 3.

{{3r+1,85—r+1,85+2r+2}|0<r<s—1};
{{8r+2,4s —rds+2r+2} |0<r <s—1}

{{3r+3,6s—2r—1,6s+r+2}|0<r<s-—1}.

Case 3:
Suppose v = 7 (mod 18) and v > 25. Say v = 185+ 7 where sgel. Notice that (3r+1)+(8s—
r+3) = (8s+2r+4), (3r+2)+(6s—2r+1) = (6s+r+3), (3r+3)+(4ds—r+1) = (4ds+2r+4),
and (3s + 1) + (4s +2) = (7s + 3) so each of the triples given in the first column of the

following table is a difference triple.

Lemma 3.7. [18] Let v = 7 (mod 18) and v > 25. Then the following is a solution to
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Heffter’s first difference problem, where v = 18s + 7.

{{8r+1,8s—r+3,8+2r+4} |0<r <s—1};
{{83r+2,6s—2r+1,6s+r+3}|0<r<s—1};
{{8r+3,4s—r+1,4s+2r+4} |0<r <s—1};
{{3s +1,4s +2,7s+ 3}}.

Case 4:
Suppose v = 9 (mod 18) and v > 81. Say v = 18s+9 where s > 4. Notice that (3r+1)+(4s—
r+3) = (4s+2r+4), (3r+2)+(8s—r+2) = (8s+2r+4), and (3r+3)+(6s—2r+1) = (6s+r+4),
2+(85+3) = (85+5), 3+(8s+1) = (8s+4), 5+(8s+2) = (85+7), (3s—1)+(35+2) = (6s+1)
and 3s + (7s +3) = —(8s + 6) = 10s + 3 (mod 18s 4+ 9), so each of the triples given in the

first column of the following table is, in fact, a difference triple.

Lemma 3.8. [18] Let v = 9 (mod 18) and v > 81. Then the following is a solution to

Heffter’s second difference problem, where v = 18s + 9.

{{8r+1,4s —r+3,4s+2r +4} | 0 <r < s};
{{3r+2,85 —r+2,8s+2r+4} |0<r <s—2}
{{8r+3,6s—2r+1,6s+r+4}|0<r<s—2};
{{2,85+ 3,85+ 5},{3,8s+ 1,85+ 4},{5, 8s+ 2,85+ 7},
{35 —1,3s+2,65+1},{3s,7s+ 3,85+ 6}}.

Case 5:

Suppose v = 13 (mod 18) and v > 31. Say v = 18s + 13 where s > 1. Notice that
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(3r+2)+(65s—2r+3) = (6s+r+5), (3r+3)+(8s—r+5) = (8s+2r+8), (3r+1)+(4ds—r+3) =
(4s+2r+4),and (3s+2)+ (7s+5) = —(8s 4+ 6) = 10s + 7 (mod 18s + 13) so each of the

triples given in the first column of the following table is, in fact, a difference triple.

Lemma 3.9. [18] Let v = 13 (mod 18) and v > 31. Then the following is a solution to

Heffter’s first difference problem, where v = 18s + 13.

{{8r+1,4s —r+3,4s+2r+4} | 0 <r < s};
{{3r+2,6s—2r+3,6s+r+5}|0<r<s—1};
{{3r+3,85—r+58s+2r+8}|0<r<s—1}
{{35+2,7s+ 5,85+ 6}}.

Case 6:
Suppose v = 15 (mod 18) and v > 33. Say v = 18s + 15 where s > 1. Notice that
Br+1)+4s—r+3) = (4s+2r+4), Br+2)+ (8 —r+6) = (8 + 2r + 8), and
(3r +3) 4+ (6s — 2r 4+ 3) = (6s + r + 6) so each of the triples given in the first column of the

following table is, in fact, a difference triple.

Lemma 3.10. [18] Let v = 15 (mod 18) and v > 33. Then the following is a solution to

Heffter’s second difference problem, where v = 18s + 15.

{{8r+1,4s —r+3,4s+2r +4} | 0 <r < s};
{{3r+2,85s—r+6,85+2r+8}|0<r <s};

{{3r+3,6s —=2r+3,6s+r+6}|0<r<s—1}
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3.1 Solutions from Heffter’s first difference problem

Here we give a solution to Theorem 3.3, splitting into the following cases:
Case 1: v =1 (mod 18).

Case 2: v =7 (mod 18).

Case 3: v =13 (mod 18).

Lemma 3.11. Let v = 1 (mod 18). Then there exists a set S of (v—1)/6 triples such that:
(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v = 18s+1. First consider the case s = 1. Let S = {{1,6,7},{0,2,9},{3,6,10}}.
Then A(S) ={1,5,6} U{2,8,9} U{3,4,7}.

Otherwise, s > 2. Let

Si={{1—r2+2r4s+3+7r}|0<r<s—1};
So={{bs+2—r6s+4+2r1ds+4+7r}|0<r <s—1};
S3={{2s—1—-2r,2s+24+r8s+1—r}|0<r<s—2}

Sy ={{3s+3,654+3,9s +4}}.

We define S = 5; U Sy, U S3US;.
Since S1, Sz, S3 and S, are pairwise disjoint, Condition (2) is satisfied. This can be more

clearly seen in Table 37 in Appendix A.
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Then, observe that:

AS) ={{8r+1,4s—r+1,4s+2r +2} [0 <r < s—1};
A(S) ={{3r+2,85—1r,8s+2r+2}|0<r<s—1};
A(S3) ={{3r+3,6s—2r—1,6s+r+2}|0<r <s—2}
A(Sy) = {{3s,3s+ 1,65+ 1}}.
From Lemma 3.5, Condition (1) is also satisfied. O

Lemma 3.12. Let v =7 (mod 18). Then there exists a set S of (v—1)/6 triples such that:
(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v = 18s+7. First consider the case s = 1. Let S = {{1, 2,13}, {3,5,12},{6,9, 14},
{0,4,10}}.

Then A(S) = {1,11,12} U {2,7,9} U {3,5,8} U {4, 6, 10}.

Otherwise, s > 2.

Let
Si={{1-72+2r8s+5+7r}|0<r<s—1};

So={{4s+1—-2r,4s+3+r,10s+4—7r} |0 <r <s—1};
Sy={{lls+4—r11ls+7+2r16s+3+7r}|0<r <s—1};
Sy={{4s+2,7s + 3,125} }.

We define S = 57 U Sy U S3 U S,.

Since S, Ss, S3 and Sy are pairwise disjoint, Condition (2) is satisfied. This can be more

clearly seen in Table 47 in Appendix A.
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Then, observe that:

A(S,
So
S3

P>

>
|

(51)
(52)
(53)
A(S4)

From Lemma 3.7 , condition (1) is also satisfied.

Lemma 3.13. Let v = 13 (mod 18). Then there exists a set S of (v—1)/6 triples such that:
(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v = 18s+13. First consider the case s = 1. Let S = {1, 8,9}, {0,4, 10}, {3, 5,14},

{6,9,22},{7,12,24}.

Then A(S) = {1,7,8} U {4,6,10} U {2,9,11} U {3,13,15} U {5,12, 14}.

Otherwise, s > 2.

Let

Si={{1-nr24+2r4s+5+7}|0<r <s}
So = {{10s +8 —2r,10s + 10 + 7,165+ 13 —r} |0 <r < s—1};
S3={{6s+5—165s+8+2r14s+13+7r}|0<r <s—1};

{{3r+1,8s—r+3,85+2r+4} |0<r <s—1};
{{3r+2,6s—2r+1,6s+r+3}|0<r<s—1}
{{3r+3,4s—r+1,4s+2r+4} |0 <r <s-—1};
{{3s +1,4s +2,7s+ 3}}.

Sy ={{3s+4,55+6,14s + 6}}.

We define S = S; U Sy U S3 U S,.

Since S, Ss, S3 and Sy are pairwise disjoint, Condition (2) is satisfied. This can be more

clearly seen in Table 57 in Appendix A.
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Then, observe that:

A(S) ={{3r+1,4s —r+3,4s+2r +4} | 0 <r < s}
A(Sy) ={{3r+2,6s—2r+3,6s+7r+5}|0<r<s—1}
A(S;) ={{3r+3,85—1r+58s+2r+8|0<r<s—1}
A(Sy) ={{3s+2,7s+ 5,85 +6}}.
From Lemma 3.9, Condition (1) is also satisfied. O

3.2 Solutions from Heffter’s second difference problem

Here we give a solution to Theorem 3.4, splitting into the following cases:
Case 4: v =3 (mod 18).

Case 5: v =9 (mod 18).

Case 6: v =15 (mod 18).

Lemma 3.14. Let v = 3 (mod 18). Then there exists a set S of (v —3)/6 triples such that:
(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v = 18s + 3. First consider the case s = 1.
Let S ={{1,2,11},{4,6,10},{0,3,8},{5,12,19}}. Then A(S) ={1,9,10} U {2,4,6}
U{3,5,8 U{T}.

Otherwise, s > 2.
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Let
Si={{1-r2+2r85+3+r}|0<r<s—1}

So={{hs+1—r5s+3+2r9s+3+r}|0<r<s—1};
Sy ={{7s—2r,7s+3+r13s+2—r} |0<r<s—1}
Sy ={{8s+3,14s +4,20s + 5} }.
We define S = 57 U Sy U S3 U S,.
Since Sy, Sg, S3 and S, are pairwise disjoint, Condition (2) is satisfied. This can be more
clearly seen in Table 42 in Appendix A.

Then, observe that:

AS) ={{3r+1,8s—r+1,85+2r+2} |0<r<s—1}
A(Ss) = {{3r+2,4s —rds +2r +2} |0 <71 < s — 1}
A(S;) = {{3r+3,6s—2r —1,6s+r+2}|0<r<s—1}
A(Sy) = {{6s+1}}.
From Lemma 3.6, condition (1) is also satisfied. 0

Lemma 3.15. Let v =9 (mod 18) and v # 9. Then there exists a set S of (v—3)/6 triples
such that:

(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v =18s + 9.

Do the cases s = 1, 2 and 3.
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Suppose first that s = 1. Let

S = {{1,13,14},{0,2,7}, {5,8, 16}, {11,15,21}, {10, 19, 28} }.

Then

A(S) = {1,12,13} U {2,5,7 U {3,8,11} U {4,6, 10} U {9}.

Suppose that s = 2. Let

S = {{1,12,13},{0,2,19}, {3,6,26}, {4,8,18},{10, 15,23}, {11,17, 35}, {9, 16, 25}, {7, 22, 37} }.

Then

A(S) ={1,11,12} U {2,17,19} U {3,20,22} U {4,10,14} U {5,8,13} U {6, 18,21}
U{7,9,16} U {15}.

Suppose that s = 3. Let

S = {{1,16,17},{0,2,29},{3,6,31}, {4,8,22}, {5, 10,36}, {7, 13,30}, {11, 18, 31}, {14, 23, 34},
{12,21,45}, {15,25,37}, {19, 40,61} }.

Then

A(S) = {1,15,16} U {2,27,29} U {3, 25,28} U {4, 14, 18} U {5,26,31} U {6, 17,23} U {7, 13, 20}
U{8,11,19} U {9, 24,30} U {10, 12,22} U {21}.

Otherwise, s > 4.
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Si={{1—-r24+2rds+5+r}|0<r<s};
So={{bs+12—2r85+2+2r,16s+2+2r} |0 <r < s—2};
Sy ={{10s+6—2r,10s + 10 — 7, 16s + 11 — 7} |0 <1 < s — 2};
Sy ={{3s+4,55+ 6,145+ 6}}.
We define S = 57 U Sy US3U S;.
Since Sy, Sg, S3 and S, are pairwise disjoint, Condition (2) is satisfied. This can be more
clearly seen in Table 51 in Appendix A.

Then, observe that:

A(S) ={{3r+1,4s —r+3,4s+2r +4} [ 0 < r < s};
A(Sy) = {{3r +2,85 =1 +2,85+2r +4} [0 <7 < s — 2}
A(Ss) ={{3r+3,6s—2r+1,6s+r+4}[0<r <s—2}
A(Sy) ={{3s,7s+ 3,85+ 6}}.
From Lemma 3.8, Condition (1) is also satisfied. O

Lemma 3.16. Let v = 15 (mod 18). Then there exists a set S of (v—3)/6 triples such that:
(1) A(S) is the set {1,2,...,(v—1)/2};

(2) The set S is near-regular.

Proof. Let v =18s + 15.

First consider the case s = 1. Let S = {{1,2,9},{0,4,10}, {3, 5,19}, {6, 11,24},
(9,12, 21}, {7,18,29}}.
Then A(S) = {1,7,8} U {4,6,10} U {2, 14,16} U {5, 13,15} U {3,9, 12} U {11}.

Otherwise, s > 2.
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Let
Si={{1—-r242rds+5+7r}|0<r<s};

So={{6s+6—7r65s+8+2r,1ds+14+7r}|0<r < s}
S3={{10s+8—2r,10s + 11 +7,16s+ 14 —r} |0 <r <s—1};
Sy = {{6s+ 7,125+ 12,18s + 13} }.

We define S = Sl U SQ U 53 U 54.
Since Sy, S, S3 and S, are pairwise disjoint, Condition (2) is satisfied. This can be more
clearly seen in Table 62 in Appendix A.

Then, observe that:

A(S) ={{8r+1,4s —r+3,4s+2r +4} [ 0 <r < s};
A(Sy) ={{3r+2,85—r+6,85+2r+8} |0 <r <s};
A(S3) ={{3r+3,6s—2r+3,6s+7r+6}|0<r<s—1}
A(Sy) = {{6s +5}}.
From Lemma 3.10, Condition (1) is also satisfied. O
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4 Efficiency Measures for Block Designs

In this section we consider efficiency measures used in experimental design. We first define
the eigenvalue and eigenvector of a matrix. Let A be a n X n matrix and let v be an n x 1
vector. Then the the scale factor A is called an eigenvalue of A and v is an eigenvector of
A which corresponding to that eigenvalue A. The equation Av = Av is called the eigenvalue

equation for the matrix A.

Example
1 1
I -5 —3 1
— 1 1 _
A_ —5 1 —5 I v = 1
1 1
-3 —3 1 1
we have
0
Av=| 0
0

then scale A\ = 0 is the eigenvalue of A and the

is an eigenvector of A which corresponding to that eigenvalue \; = 0.

The Xy = A3 = % are the other eigenvalues of A, and
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are eigenvectors of A those corresponding to that eigenvalues Ay = A3 = % .

The following matrix is an important measure of the efficiency of a block design in

experimental design [11].

Lemma 4.1. The scaled information matrix of a concurrence matrixz A for a block design
with parameters (v, b,r, k) is

F(A) =1, — (rk)~'A

where I, denotes the v X v identity matrix.

The eigenvalues of F'(A) are all real and lie strictly between 0 and 1 [11]. The remaining

eigenvalues (counting repeats) are called the canonical efficiency factors of A.

Example

Table 32: Example of a (6,9, 3, 2)-design

12145 |36
461,325
352614

The concurrence matrix of (6,9,3,2)-design
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130011

103011
A=

100311

Then the scaled information matrix of A is

5 ¢ 5 5 0 0
- 3z 0 0 -3 -1
F(A) =T — (rk)~'A = -t 0o i o -1 -1
_% 0 0 % _% _%
0 —% =5 5 3 0
0 -3 -3 -t o0 1}

then scale A\ = 0 is the eigenvalue of A and the

v =

1

is an eigenvector of A which corresponding to that eigenvalue A\ = 0.

The My = A3 = s = X5 = % and \g = 1 are the other eigenvalues of A.
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Theorem 4.2. 1| Let A be the concurrence matriz for a (nk,n* n,k)-design, then 0 is an
eigenvalue for F(A) with eigenvector v = (1,1,...,1,1).

Proof. Consider a concurrence matrix A for a (nk,n? n, k)-design. Since v = nk, there are
nk rows by definition. Since r = n, the elements on the main diagonal of the matrix are all
n. And y appears with (kK — 1) times each row. Then we can see the product of (nk)™*A =1
and r = n. Hence, (rk)™'A = 1. And it is easy to deduce that the difference between the

identity matrix and it is 0. That is [ — (rk)"'A = 0. O

Let I be the information matrix of a block design (v, b, , k).
C(I)=1- (nk)"*NNT.

Let §p < 07 < -+ < 4,1 be the eigenvalues of C(I).
We say that I is Schur-optimal if for any block design I' with the same parameters as I,

if 70 <y <+ <7,_1 be the eigenvalues of C(T"), then

l !
ZéiEZ%, for[=0,1,...,v—1.
i=0 i=0

The follows definition come from [24]. If the harmonic mean of the canonical efficiency
factors of a design is at least as large as that of any other design with the same value of

t,b,r, k, then the design is said to be A-optimal.

95



The harmonic mean H of the positive real numbers x1, xs,- - - , x, is defined as :

n n
H(xl"r?""’m”):L+L+...+L: n 1~

A design whose geometric mean of the canonical efficiency factors is at least as large as
that of any other design with the same values of t, b, r, k is said to be D-optimal.
The geometric mean is a average that indicates the central tendency of a set of finite real
values by using their product as a product, the geometric mean is defined as the nth root of

the product of n numbers. e.g. For a set of numbers aq, as, - - - , a,, the geometric mean G is

defined :

n

G = JYaay---a, = (Hai)%.

i=1

A design whose smallest canonical efficiency factor is at least as large as that of any other
design with the same values of ¢, b, r, k is said to be E-optimal.

Let I be a scaled information matrix. Then A(7) is the harmonic mean of the eigenvalues of
the information matrix I, D(I) is the geometric mean of the eigenvalues of the information

matrix / and E(/) is the minimum eigenvalue of the information matrix /.

Example

Consider the following semi-Latin square.

1245 |36
461,325
35 (2,614

The blocks in the underlying block design are given by: X; = {1,2}, Xo = {4,5}, X3 =
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{3,6},X4 — {4,6},X5 - {1,3},X6 - {2, 5},X7 - {3, 5},X8 - {2,6},X9 - {1,4}

Then the canonical efficiency factors of design are the eigenvalues of the information

matrix I as follow by using matlab :

Eigenvalues of I = | 3

9

All) = 7111
3T3T3T3Ts

~ 0.1667

D(I) = V3 x3x3x3x6~1.985

E(I) =min (3,3,3,3,6) =3
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5 'Trojan semi-Latin squares

A Trojan semi-Latin square of order n and index k is a (n x n)/k semi-Latin square
formed by overlapping a set of mutually orthogonal Latin squares of order n, where each
Latin square is on a distinct set of symbols.

In this section we study Trojan semi-Latin squares and construct Semi-Latin Squares

which are not Trojan. We also measure efficiency for Trojan semi-Latin squares.

Table 33: Trojan Semi-Latin Square of Order 5, Index 2

1B|2C|3D|4E |5A

5C|1D|2E|3A|4B

4D|HE|[1A|2B|3C

JE|4A|5B|1C|2D

2A 3B |4C|5D|1E

5.1 An equivalence relation for Trojan semi-Latin squares

In this subsection we show that a uniform (n x n)/(n — 1) semi-Latin square is Trojan.

Lemma 5.1. [1] Let S be a uniform (n x n)/(n — 1) semi-Latin square. Let R be a relation
on the elements of S, such that xRy if and only if the pair (z,y) does not occur in a cell.
Then R is an equivalence relation on the set of elements, where each equivalence class is size

n.
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Proof. From Lemma 1.3, u(S) = 1.

Let = be any element. Obviously the pair (x,z) does not occur in the same block, so
xRz, reflexivity is satisfied.
Let z,y be two distinct elements. If xRy, then the pair of (z,y) does not occur in the same
block. Then (y, z) also does not occur in a block. So we obtain y Rz, symmetry is satisfied.
Let z,y, z be distinct elements and xRy, yRz. Then pairs (z,y), (y, z) are not in the same
block. Assume (z, z) is in the same block. Because the concurrence of each pair less than 1,
each cell of X (the square which removed the blocks in the first row and column) contains
one element from 1,2,3,...,n — 1. Now y occurs in n — 2 rows or columns of X. So y is
paired with n — 2 elements, therefore y is paired with at least one of x, z. This contradicts
the premise, so (z, z) not in the same block, thus xRz. Hence transitivity is satisfied
Therefore R is an equivalence relation.
The number of elements is equal to n x (n— 1), and each element is involved with n x (n—2)
pairs. So element 1 is related to n(n —1) —n(n —2) — 1 = n — 1 other elements, but 1 is not

related to itself. Therefore each equivalence class has size n. O

Example: The relation R yields the following (5 x 5)/4 semi-Latin square. The equiva-
lence classes are {1,2,3,4,5}, {A, B,C, D, E}, {a,b,c,d, e}, {1,2,3,...,n—1}, {a, 8,7, 1, 0}.

2Dea|3Eapf |4Aby|0Bcpu|1Cd6O
3Acf |4Bda |0Cep |1Da~vy|2EDbu
4Capu|0DbO |1Eca|2Adp|3Bey
OEdy|1Aep|2Baf |3Cba|4Dcp
1Bbpg|2Ccy |3Ddu|4Eef |0Aaa
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Theorem 5.2. Let S be a uniform (n x n)/(n — 1) semi-Latin square. Then S is a Trojan

semi-Latin square.

Proof. Equivalence classes make the Latin squares Lq,..., L,_1, and each equivalence class
has size n. As p(s) = 1, therefore there is no pairs repeated. Thus each pair of Latin squares
is orthogonal. Then Li,..., L, ; are mutually orthogonal. So S is a Trojan semi-Latin

square. ]

5.2 Semi-Latin Squares which are not Trojan

In this subsection we establish the existence of semi-Latin squares which are not Trojan.

Table 34: Trojan Semi-Latin Square of Order 7, Index 2

1B|2C|3D|4E|5F |6G|TA

7TC|1D|2E|3F |4G|5A|6B

6D|7TE|1F |2G|3A|4B|5C

5E|6F |7TG|1A|2B|3C|4D

4F |5G|6A | 7B |1C|2D|3E

3G|4A|5B|6C|7TD|1E|2F

2A|13B|4C|5D|6E|T7TF |1G

The relation R on the transformed Trojan semi-Latin square (Table 35) is not an equiv-
alence relation. This is because 1 and D do not occur in the same block and then A and
D also do not occur in the same block. But 1 and A occur in the same block in the Latin

square. Therefore it is not satisfied the transitivity. So it is not an equivalence relation.
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Table 35: Simple but not Trojan Semi-Latin Square of Order 7, Index 2

CB| 12 3D |4E|H5F | 6G|TA

17/ CD|2E|3F |4G|5A |68

6D | 7TE |1F |2G|3A 4B |5C

5E|6F | 7TG|1A 2B |3C|4D

4F |5G|6A | 7TB|1C|2D|3E

3G|4A 5B |6C|7TD|1E|2F

2A | 3B |4C|5D|6E|7TF |1G

Theorem 5.3. For each odd n > 5, there exists simple (n x n)/2 semi -Latin square that is

not Trojan.

Proof. We can overlap two Latin squares with numbers and roman letters to get a Trojan
semi-Latin square. According to Theorem 3.8, we can easily find that when n = 5, we can
successfully overlap the semi-Latin square using L, and Ly, then if we change the number
with the roman letters in the first four blocks, we obtain a simple semi -Latin square but
not Trojan. When n = 7, we can also use Lg and L; to overlap a Trojan semi-Latin square,
then change the number with the English letters in the first four blocks, we also get a simple
semi -Latin square but not Trojan. In general, we can find that when n > 5 and is an odd
number, we can overlap L,,_; and L; to get a Trojan semi-Latin square, then change the
number with the roman letters in the first four blocks. Therefore first square has the same
element in cells (1,1) and (2,2). The second square has the same element in cells (1,2) and

(2,1). So there always exists simple semi -Latin square that is not Trojan. O
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5.3 Efficiency measures for Trojan semi-Latin squares

As the following lemma indicates, Trojan semi-Latin squares achieve all the desirable prop-

erties of optimality.

Lemma 5.4. [21]| Every Trojan square is A-optimal, D-optimal, and E-optimal.

We demonstrate this in examples below, by comparing optimality statistics for Trojan
and non-Trojan semi-Latin squares.
Below is the concurrence matrix A; of the Trojan semi-Latin square given in Table 33

above.

o o o O

—_
—_
—_
—_
—_
o o o O
o o O
)
ot
o

Then the scaled information matrix of A; is
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o o N

e}

F(Al) = IV — (Tk)_lAl —

By using matlab, then scale \,

0 10 10 10
2 00 0 -5 5 g
0 5 0 0 —% —% 1
00 5 0 —% % ~
00 0 5 - % 1
~% "1 "w 1w 2 O 0
% "1 "1 "1 0 3 0
1% "1 1w w0 0 3
~% ~1 —1© —w 0 0 0
% "1 "1 —w 0 0 0

= ( is the eigenvalue of the A and the

v =
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is an eigenvector of A which corresponding to that eigenvalue \; = 0.
The Mg = X3 =X A=A =X = Ay = Ag = g = % and A9 = 1 are the other eigenvalues of

the matrix A.

Next, we compare with a non-Trojan semi-Latin square with the same paramaters.

Table 36: Simple but not trojan Semi-Latin Square of Order 5, Index 2

CB| 12 |3D|4E|5A

15| CD|2E|3A 4B

4D|S5E |[|1A|2B|3C

SE|4A | 5B|1C|2D

2A | 3B |4C|5D|1E

The concurrence matrix A, of this transformed Semi-Latin Square is given below.

64



Ao

F(Ay) =1, — (rk)'Ay = 10

0 1
0 0
0 0
5 0
0 5
11
11
10
11
11

NI (@) (@)

o O
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By using matlab, then A\; = 0 is the eigenvalue of A and the

v =

is an eigenvector of A which corresponding to that eigenvalue \; = 0.
The \g = 03438 and A3 = Ay = X5 = XAg = Ay = Ag = g = % and Ajp = 0.9 are the other

eigenvalues of the A.
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Eigenvalues of A; =

NIR N~ N~ N N NR N N

—_

10

= ~ (.5882
2424242424242+ 2+1

A(Ay)

x 1~ 0.5743
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0.3438

Eigenvalues of Ay =

Nl= = N= N N= = N

e
©

10

A(Ny)) = ~ (0.5549
(As) 29090 +2+2+2+2+2+2+2+1.1111
o 1 1 1 1 1 1 1 N
D(Ay) = \/0.3438><2><2><2><2><2><2><2><0.9~0.5474
1111111
E(A;) =min (0.3438,=,=,=,=,=, =, = 0.9) = 0.3438

= A(A)) > A(Ay), D(Ay) > D(Ay), E(A) > E(As).
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5.4 Efficiency of Trojan Matrices

In this section, we explore in a deeper fashion the theory behind Lemma 5.4.

In particular, we define A,, to be the concurrence matrix for an (n x n)/(n — 1) Trojan
semi-Latin square. The aim of this section is to prove Theorem 5.10.
By Theorem 5.2, we may infer that the the (3 x 3)/2 Trojan semi-Latin square formed

by matrices 27 on the main diagonal and matrices N3 on other places.

This is the concurrence matrix for a (3 x 3)/2 Trojan semi-Latin square:

200011011
020101101

00211 1 10

(]
—
—
[\
(@)
o o O
(@)
—
—
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Next, we find the concurrence matrix for a (4 x 4)/3 Trojan semi-Latin square:

0000111011101 1T1
3001011 10111O0T171
10111011101

o o o O W
o
w
(@]
—

3 Ny Ny Ny
Ny 31 Ny Ny
Ny Ny 31 N,

Theorem 5.5. The concurrence matriz for an (n x n)/(n — 1) Trojan semi-Latin square is
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gien by:

(n-1I N, N, N, N,
N, (-1 N, N, N,

\ N, N, (n—-1I N, N,
N, Nn Nn (TL - 1)I Ny,
N, N, N, N, (n—1)I

The rest of this subsection is devoted to finding the eigenvalues of A,,, as in |7]. To this
end, we define My and N, as follows : Let My be a k x k matrix such that the first row
and column are all 1. Start from the second row and second column, the elements on the
main diagonal are negative numbers in the order —1, -2, ..., —(k—1), and all other elements
above the diagonal are 0, and all elements below are 1.

Let Nj be a k x k matrix such that the elements on the main diagonal are all 0, and the

other elements are all 1.

1 1 1 1 01 1 1
1 =1 0 0 101 1
My,=11 1 =2 0 Ne=1110 1
1 1 1 —(k—1) 111 0
Let
1 1 0 1
M, = Ny =
1 —1 10
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= My x Ny =
-1 1
Let
1 1 1 0
My=11 -1 0 Ny= |1
1 1 -2 1
2 2 2
= M3 xNs=1 -1 1 0
-1 -1 2
Let
1 1 1 1
1 -1 0 0
My = Ny =
1 1 -2 0
1 1 1 -3
3 3 3
-1 1 0
:>M4XN4:
-1 -1 2
-1 -1 -1
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= M, x N, will look like :

k-1 k-1 k-1 k-1 -+ k-1

-1 1 0 0 0

-1 -1 2 0 0
MkXNk:

-1 -1 -1 3 0

-1 -1 -1 -1 kE—1

Lemma 5.6. The matrix My x Ny has the following form: all elements in the first row are
k — 1. The elements on the main diagonal are k — 1,1,2,3,...,k — 1. All other elements

above the main diagonal are all 0, and the elements below are all —1.

Proof. Let By, = My x Ni. Cell (1,1) of Ay is the dot product of the first row of M}, and the
first column of N. Since the elements in first row of My, are (1,1,1,...,1) and the elements
in the first column of Ny are (0,1,1,...,1). Thus, the entry in cell (1,1) of Ay is k — 1.
Then we consider cell (i, j) in different cases:

Case 1: cell (i,7) of Ay where i < j. The dot product of i'* row of M, with the j* column
of Nyis (1,1,...,1,—4,0,...,0) - (1,1,...,1,0,1,...,1), where —i in the (i + 1) position
of first vector. This is equal to the sum of the entries in the i row of M}, which is zero.
Case 2: cell (i, j) of Ay, where i = j. The dot product of i*" row of M} with the j** column of
Nyis (1,1,...,1,—4,0,...,0)-(1,1,...,1,0,1,...,1), where there are ¢ numbers of the sum
of 1 equal to 7, and adding others are zeros. Thus, the number of main diagonal is equal to
i—1fori>2.

Case 3: cell (i,7) of A, where i > j. The dot product of i* row of M) with the j* column

of Nyis (1,1,...,1,—4,0,...,0)-(1,1,...,1,0,1,..., 1), where —i is in the (j + 1) position
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of first vector. We obtain the sum of the entries in the j** row of M, which is —1.

Therefore, the matrix M x N has the form above.

Next, consider M}, x N X ME:

. 1 1 1 1 2 0
(M2 XNQ) XM2 = —
-1 1 1 -1 0 —2
2 2 2 11 1 6 0 0
(M3 x N3)x M =| —1 1 0 1 -1 1 |=]10 -2 o0
1 -1 2 1 0 -2 0 0 —6
3 3 3 3 1 1 1 1
. 1 1 0 0 1 -1 1 1
(My x Ny) x My =
1 -1 2 0 1 0 -2 1
~1 -1 -1 3 1 0 0 -3
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In general,

k(k—1) 0 0 0 e 0
0 —1x2 0 0 0
T 0 0 —-2x3 0 0
j(MkXNk)XMk =
0 0 0 —3x4 - 0
0 0 0 0 —(k— 1)k

Lemma 5.7. M, x Ny x M is a diagonal matriz such that cell (1,1) contains k(k —1) and
cell (i,i) contains —1 x 2, =2 x 3, ..., —k(k —1), for each it > 2. Then all other elements

are 0.

Proof. Let Ay = (Mg x Ni) x M. This is the dot product: Cell (1,1) of A is the dot
product of first row of My x Ny and first column of M. From Lemma 6.7, all the elements
in the first row of My x Ny are (k—1,k—1,...,k —1). The elements of the first column of
MI are (1,1,1,...,1). Thus, the entry in cell (1,1) of Ay is k(k — 1).

Then we consider cell (7, 7) in different cases:

Case 1: cell (i,j) of Ay where i < j. The dot product of i*" row of (M x N) with the
J" column of M is (—=1,-1,...,—1,4,0,...,0) - (1,1,...,1,—5,0,...,0), where i is in the
(i + 1) position of first vector. This is equal to the sum of the entries in the i'® row of
(M x Ny) which is zero.

Case 2: cell (i,5) of A where i = j. The dot product of i*" row of (M, x N;) with the
g™ column of MI is (—=1,-1,...,-1,4,0,...,0) - (1,1,...,1,—35,0,...,0), where there are i
numbers of the sum of —1 equal to —i, and adding ¢ x —j equal to —i2. Thus, the number

of main diagonal is equal to —i x (i + 1).
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Case 3: cell (i,j) of Ay where ¢ > j. The dot product of i*" row of (M}, x Ny) with the
g column of M is (—1,—1,...,—1,4,0,...,0) - (1,1,...,1,—4,0,...,0), where j is in the
(4 + 1) position of first vector. This is equal to the sum of the entries in the j row of
(M x Ny) which is zero.

Therefore, only the elements on the main diagonal are not 0, and the others are zeros. And
the elements on the main diagonal are all negative numbers start from the entry in cell (2, 2)

of A;. Therefore it has the form. O

Next, consider Mj, x M}

11 11 2 0
My x M = =
1 -1 1 -1 0 2

1 1 1 1 1 1 300

MyxMi =1 -1 0 1 -1 1 |=]l020

1 1 -2 1 0 -2 006
1 1 1 1 1 1 1 1 400 0
1 -1 0 0 1 -1 1 1 020 0
1 1 -2 0 1 0 -2 1 006 0
1 1 1 -3 1 0 0 -3 000 12
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Then

E 0 0 0

0 2 0 0
=My xMP=1 006 - 0

000 (k — Dk

Lemma 5.8. My, x M is a diagonal matriz such that cell (1,1) contains k and cell (i,1)

contains 1 x 2,2 x 3,...,(k — 1)k, for each 1 > 2.

Proof. Let Ay, = My x MI'. Cell (1,1) of Ay is the dot product of the first row of M; and
the first column of M. Since the elements in first row of M and first column of M} are
all (1,1,1,...,1). Thus, the entry in cell (1,1) of A is k. Then we consider cell (,7) in
different cases:

Case 1: cell (i,7) of Ay where i # j.

Since two matrices are transpose matrices of each other, the rows and columns are also in the
same form, so the dot product can be expressed as (1, 1,...,—1,0,...,0)-(1,1,...,—75,0,...,0),
where ¢ # 7, and the sum of 1s in row equal to ¢, in column equal to j. So no matter which
one of 7, j is bigger or smaller, the sum of the number of 1s and —i or —j is zero. Thus, the
elements outside the main diagonal are all zero.

Case 2: cell (4,7) of Ay where i = j.

Since two matrices are transpose matrices of each other, the dot product of row and column
on main diagonal is (1,1,...,—¢,0,...,0) - (1,1,...,—4,0,...,0), where i = j. It is easy to
obtain the result is 7 + 4% = i(i + 1). Because i start from the second row, so i = k — 1. The
elements equal to (k — 1)k.

Therefore, A become such a diagonal matrix. n
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Then

1 1 1 -1 -1 -1 0 0
Bsx(As—A)xBf=|1 -1 0 =1 1 0 0 0
1 1 -2 -1 -1 2 0 0

11 -2 1 1 -2 -2 =2

2—-A 0 0 0 1 1 0 1
0 2—-X 0 1 0 1 1 0
0 0 2—-A 1 1 0 1 1
0 1 1 2—X 0 0 0 1
X 1 0 1 0 2—-A 0 1 0
1 1 0 0 0 2—-A 1 1
0 1 1 0 1 1 2—X 0
1 0 1 1 0 1 0 2—-A
1 1 0 1 1 0 0 0
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Ms Ms M 2-\NI  N; Ny MI MI  MF
My —Ms 0 Ny (2=MNI Ny MI —MI  MF
M M; —2Ms Ny Ny (2=MNI MI 0 —2M7

My(2 — NI +2MsNy  My(2— NI +2M;Ny  Ms(2 — NI + 2Ms Ny
My(2— NI — MyNy  My(2 — NI — MyNy  —2[My(2 — M) — M;Ny]

My Mf o M
| My —Mg Mg
MI 0 oM

3[M;5(2 — \)I + 2M5 N3] - MT 0 0
0 2[M5(2 — \)I — MsN;] - MT 0
0 0 6[M5(2 — \)I — M3N3] - MT

The Kronecker product of two matrices is a special operation resulting two matrices in a
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larger block matrix.

Definition 5.9. The Kronecker product of two matrices is a special operation resulting two
matrices in a larger block matriz. Its operation form is that each element of the first matrix

18 multiplied by the second matriz to obtain a larger matrix.

anB  apB - a,B
A®B— anB  axpB - aB
amlB am2B e amnB
Example :
1 1 1 1 1 1
By=Mz@Mz=1] 1 -1 0 1 -1 0
1 1 =2 1 1 =2

11 1 1 1 1 -2 -2 =2

11 -2 1 1 -2 =2 =2 4
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In general, we define By to be My ® M.

Then recall that:

According to the Lemma 6.8 Mj, x Nj, x M is a diagonal matrix and Lemma 6.9 Mj, x M,

is a diagonal matrix. Therefore B x A x B” is also a diagonal matrix.

Theorem 5.10. Let A be an n X n matriz and let B be an m x m matriz. Then the deter-

minant of A ® B is given by:

|A® Bl = [A]"™[B]"

Let

1 1
|Bs| = | My @ M| = |My|* - |My|* = : = (-2’ x (-2 =16



3 3 3
1 1 1 1 1 1 1 1 1 1 1 1
|Bs| = |Ms@Ms| = |Ms>|Ms>=11 -1 0 |1 =1 0| =|0 —=2 =1]-0 —2 —1
1 1 =21 1 =2 0 0 -3|10 0 -3

= 6° x 6% = 46656

4 4
1 1 1 1 1 1 1 1
A A 1 -1 0 0 1 -1 0 0
|By| = [My @ My| = |My|" - | My]" =
1 1 =2 0 1 1 -2 0
1 1 1 -3 1 1 1 -3
4 4
1 1 1 1 1 1 1 1

=)
|
[\
|
—_
|
—_
e}
|
[\
|
—_
|
—_

= : = 24" x 24* = 24°

= | Byl = [My ® M| = [Mi|" - [Mi]" = [1x (=2) x (=3) x - x (=k)]* = (k1)**

Lemma 5.11. The determinant of My, =1 x (=2) x (=3) x -++ x (=k) = k! x (=1)*1.

Proof. Let det(Mjy) be the determinant of My. Since, the first row of My is (1,1,...,1), all

the elements are 1’s. Subtract row 1 from every other row. Then we obtain a determinant
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of upper diagonal matrix with entries: (1,—2,—3,..., —k) on the main diagonal. According

to the properties of the upper diagonal determinant, the value of the determinant is equal

to the product of the elements on the main diagonal. ]
Consider
det |Bs x (A3 — M) x Bi| =
3[M5(2 — NI + 2M3Ns] - M3T 0 0
0 2[M3(2 — \)I — M3N3] - Mg 0
0 0 6[M3(2 — A\)I — M3N3) - MT

= 36°[(2 — N)[Ms My | + 2| MsNs My |] - [(2 — N)| M3 Mg | — [M;Ns My |]*

300 6 0 0 300 6 0 0
=36°[2—-A) |0 2 0|+2[0 -2 0 [-'[2=N|0o 20|-|0 —2 o [
00 6 0 0 -6 00 6 0 0 -6

= 36°[(18 — 3\)(—=2A\)(—6A)] - [(—3X)(6 — 2X)(6 — 6))]?

=36 x 12 x 9OA* (18 — 3\)[(6 — 2X)(6 — 6))]?

Since

det | Bs| = det |BY| = 6* x 6° = 36°

Thus
det |[As — M| = 36 x 12 x 9A*(18 — 3A\)[(6 — 2))(6 — 6)A)]?/36°
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My My My M,

M, —M, 0 0
By =My® My =
M, M, —2M, O
M, M, M, -3M,
M, M, M, M, B-N N N, N,
M, —M, 0 0 N 3-\N N N
Bax (A=) = ! ! o BN ! !
M, M, —2M, O N, N« B-NI N,
M, M, M, -3M, N, N, Ne  (3-NI

(3= A)My+3MNy (3= NMy+3MNs (3= MMy +3MN, (3= N)My+3MN,
(3—ANMy — MyNy, —(3— \)My+ MyN, 0 0
(3= A)My— MyN, (3= NMy— MyNy  —2(3 — \) My + 2M, N, 0

(3= A)My— MyNy, (3= NMy—MN, (3= MMy — MN,  —3(3— \)M,+ 3MN,

Then consider

My oMy My My
. MI M M M7
B4X (A4—)\I) XB4 :B4>< (A4—)\I) X
MI 0 —2MF  MT

MF 0 0 —3MT

Ten we get a diagonal matrix, the elements on the main diagonal are: 4(3 — \) MM} +

12My Ny MT, 2(3 = N MMT — 2M N MT | 6(3 = \)MyMF — 6MyNJMT, 12(3 — \) My MT —
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12M N, M.

Then generalizing to a (n x n)/(n — 1) Trojan semi-Latin square:

(n—1)1I N,
N, (n—1)I
N, Ny
A, =

N, N,

N, N,
M,
M,
M,

Thus

M,
M,
an(An—)\I): M,
M,

Ny, Ny,
N, N,
(n—1)I N,
N, (n—1)1
N, N,
M, M,
—M, 0
M, —2M,
M, M,
—M, 0
M, —=2M,
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(n—1-N\1 N, N, N, N,
N, (n—1- NI N, N, N,
N, N, (n—1-NI N, N,
X
N, N, N, (n—1—- N1 N,
N, N, N, N, =1 N)
(n—1—=XNM, + (n—1)M,N, o (n=1=XNM,+ (n—-1)M,N,
(n—1—NM, — M,N,  —(n—1—\NM,+MN, 0
0
(n—1—\)M, — M,N, (n—1—NM, — M,N, - —(n—1)(n—1—\M, — M,N,

We describe the matrix B,, x (A, — AI). The first row contains only the entry (n — 1 —
AN)M, + (n — 1)M,N,,. Apart from the first row, entries above the diagonal are 0. Entries
below diagonal are (n — 1 — A\)M,, — M,,N,,. Finally, on the main diagonal, cell (7,7) contains

—(i—1)(n—1—= XM, — M,N,. See the figure above.

Observe that B,, x (A, — M) x BT is a diagonal matrix, therefore we obtain the elements
on the main diagonal is:
Cell (1,1) contains n(n — 1 — \)M,M> +n(n — 1)M,N,M?T.
Cell (i,i), i > 2 contains (i — 1)i[(n — 1 — \)M,, M\ — M,, N, M*].

According to Lemma 6.8 and Lemma 6.9 M, x M and (M, x N,) x M! are diagonal

matrices. Then simplifying M,, x M and (M, x N,) x M we obtain:
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Cell (1,1) is a diagonal matrix as follows

n?(n —1—M\) 0 0 e 0
0 2n(n—1—X) 0 e 0
0 0 6n(n—1—X)
0
0 0 0 n(n—1)(n—-1-2X)
n?(n —1)? 0 0 0
0 —2n(n —1) 0 0
+ 0 0 —6n(n —1)
0
0 0 - 0 —n?*(n—1)>
n?[(n—172%+m—-1-X)] 0 0 0
—2nA 0 0
= 0 —6nA
0
0 0 —(n—1)n2\

Cell (i,7), i > 2 contains as follows

(n—1-=Xn
0
it = 1] 0

0 0 .. 0
2n—1—\) 0 e 0
0 6(n—1—\)
0
0 - 0 nn—1)n—1-X
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0 -2 0 0
- 0 0 —6 ]
0
0 0 0 —n(n—1)
—nA 0 0 0
0 2n-) 0 0
=i(i—=1)| 0 0 6(n— \)
0
0 0 0 n(n—1)(n-—2AN)

The multiplicities of each eigenvalue:
0 (multiplicity = 2(n — 1)),
n (multiplicity = (n — 1)),

n? — n (multiplicity = 1).

Theorem 5.12. The eigenvalues of A,, (in descending order) are: O (multiplicity is 2(n—1) ),

n (multiplicity is (n — 1)?), n? —n (multiplicity is 1).

Lemma 5.13. Let A be a square matriz. Then AAT and AT A have the same set of eigen-

values.

Proof. Let v be an eigenvector of AAT with eigenvalue k. By definition:

AATY = ko
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So
ATAATY = kAT

Let
w= ATy
Then
AT Aw = kw
Therefore k is also an eigenvalue for AT A (but with a different eigenvector). O

Lemma 5.14. The eigenvalues for the information matriz

nl —(n—1)"'NNT

are: 0,n —n/(n—1) (with multiplicty (n — 1)?) and n with multiplicty 2n — 2.

6 Applications to experimental design

In this section we introduce experimental design and the use of symbols and knowledge of
Trojan Square from previous section to illustrate the application of experimental design.

Then we give an example to explain the composition.

Experimental design in research is a process of planning and conducting scientific exper-
iments to investigate a hypothesis or research question [5]. It involves carefully designing
an experiment that can test the hypothesis, and controlling for other variables that may

influence the results [13].
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Treatments [2|: In an experimental design, treatments are variables that the researchers
control. They are the primary independent variables of interest. Researchers control the
treatment to the subjects or items in the experiment and want to know whether it causes

changes in the consequence.

Effects [2]: We try to study in some way and measure the effect of that change on some
measure of performance. In experimental design talk, measures of performance are called

responses. Factors are effects that we can change or control.

Example [2]: In experiments with greenhouse crops, there are generally row and column
effects. We assume that the greenhouse is rectangular. Since the distance change in the
north-south direction is usually greater than that in the east-west direction, we divide the
greenhouse into n rows and n columns. If there are nk treatments, they can be applied to
the symbols of a semi-Latin square. The Trojan square as follows is suitable for 15 varieties

of crops in a glasshouse which is 15 east-west by 5 plots north-south:

Ala|B2b | C3c|D4d| Ebe

E4¢c|A5d|Ble|C2a|D3b

D2e| E3a|A4b | B5c|C1ld

Chb|Dl1c|E2d| A3e| B4da

B3d|C4e | D5a|E1b|A2c

Further results can be found in [14], [10], [4] and [12].
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7 Conclusion

For future work, we make the following comment. For experimental design applications,

it may also be desirable that block repetition is minimized. In fact, this can be achieved

nicely in the case of the 5 X 7 row column design in Table 57, where we observe that each

of the possible 35 triples from Z; occurs exactly once. An open problem to consider is the

following: For each v = 1 (mod 6), does there exist a (v —1)(v —2)/6 X v row-column block

design of index 3, where each row is regular and each column is near-regular such that each

triple from Z, occurs exactly once?
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A Tables for Heffter’s Difference Problem

Table 37: General solution for v = 18s + 1 from Lemma 3.5.

Si:r=0 1,2, 45+ 3
r=1 0,4, 4s+4
r=s—1 —s+2,2s, 55+ 2
Se:r=20 6s 4 2, 65 +4, 145 + 4
r= 6s+ 1, 6s+6, 145+ 5
r=s—2 o5s +4, 8s, 15s + 2
r=s—1 5s+ 3,85+ 2, 16s+ 3
Sy :r= 2s —1,25+2,85+1
r=s—3 5,3s—1,7s+4
r=s—2 3, 3s, 7s + 3
3s,3s+1,6s+1| 3s+3,65+3, 9544

Table 38: v =37, s

= 2 from Lemma 3.5.

difference v
1,9, 10 1,2, 11
4,8, 12 0,4, 12
2, 16, 18 || 14, 16, 32
5, 15,20 || 13, 18, 30
3,11, 14 5, 8,19
6, 7, 13 9, 15, 22
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Table 39: v =55, s = 3 from Lemma 3.5.

difference V

1,13,14 | 1,2, 15
4,12, 16 || 0,4, 16
7,11, 18 || 54, 6, 17
2,24, 26 || 20, 22, 46
5, 23,28 || 19, 24, 47
8, 22,30 || 18, 26, 48
3,17,20 | 9,12, 29
6, 15,21 || 7,13, 28
9,10, 19 || 14, 23, 33

Table 40: v =73, s

4 from Lemma 3.5.

difference V

1,17, 18 1,2, 19
4, 16, 20 0, 4, 20
7,15,22 || 72,6, 21
10, 14, 24 || 71, 8, 22
2, 32,34 || 26, 28, 60
5,31, 36 || 25, 30, 61
8, 30, 38 || 24, 32, 62
11, 29, 40 || 23, 34, 63
3, 23,26 || 13,16, 39
6, 21, 27 || 11, 17, 38
9,19, 28 || 9,18, 37
12, 13, 25 || 15, 27, 40
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Table 41: v =91, s = 5 from Lemma 3.5.

difference H V

1,21,22 || 1,2 23
4,20,24 | 0,4, 24
7,19,26 || 90, 6, 25
10, 18, 28 || 89, 8, 26
13, 17, 30 || 88, 10, 27
2,40, 42 || 32, 34, 74
5,39, 44 | 31, 36, 75
8, 38,46 || 30, 38, 76
11, 37, 48 || 29, 40, 77
14, 36, 50 || 28, 42, 78
3,29,32 || 17, 20, 49
6, 27, 33 || 15, 21, 48
9,25, 34 || 13, 22, 47
12,23, 35 || 11, 23, 46
15, 16, 31 || 24, 39, 55
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Table 42: General solution for v = 18s + 3 from Lemma 3.6.

Si:r=0 1,2, 85+ 3
r=1 0,4, 8s+4
r=s—1 —s+2,2s, 95+ 2
Se:r=0 5s+ 1,55+ 3, 9s+ 3
r= 28,98 +9, 95 +4
r=s—2| 4s+3,7s—1,10s+1
r=s—1]| 4s+2, 7s+1, 10s 4+ 2
Ss:r= 7s, 7s+ 3, 13s + 2
r=s—3 | bs+4,8s+1,12s+4
r=s—2| 55+2,8+2,12s+ 3
6s+ 1 8s+3, 145+ 4, 20s + 5

Table 43: v = 39, s = 2 from Lemma 3.6.

difference H V
1,17, 18 1,2, 19
4, 16, 20 0, 4, 20
2,8,10 | 12, 14, 22
5,7,12 | 11, 16, 23
3,11, 14 || 7,10, 21
6, 9, 15 9, 15, 24
13 18, 31, 5
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Table 44: v = 57, s = 3 from Lemma 3.6.

difference V
1,252 || 1,2, 27
4,24,28 || 0, 4,28
7,23,30 | 56, 6,29
2,12, 14 || 20, 22, 34
5,11, 16 || 19, 24, 35
8, 10, 18 || 18, 26, 36
3,17, 20 || 12, 15, 32
6,15, 21 | 10, 16, 31
9,13,22 | 8, 17,30
19 14, 33, 52

Table 45: v = 75, s = 4 from Lemma 3.6.

difference V
1, 33, 34 1,2, 35
4, 32, 36 0, 4, 36
7,31,38 || 74,6, 37
10, 30, 40 || 73, 8, 38
2,16, 18 || 21, 23, 39
5, 15,20 || 20, 25, 40
8, 14, 22 || 19, 27, 41
11, 13, 24 || 18, 29, 42
3, 17,20 || 28, 31, 48
6, 15, 21 || 26, 32, 47
9,13, 22 || 24, 33, 46
12, 11, 23 || 22, 34, 45
25 30, 55, 5
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Table 46: v = 93, s = 5 from Lemma 3.6.

difference V
1,41,42 || 1,2, 43
4,40, 44 | 0,4, 44
7,39,46 || 92,6, 45
10, 38, 48 || 91, 8, 46
13, 37, 50 || 90, 10, 47
2,20, 22 || 26, 28, 48
5,19, 24 || 25, 30, 49
8, 18,26 || 24, 32, 50
11, 17, 28 || 23, 34, 51
14, 16, 30 || 22, 36, 52
3,29, 32 || 35, 38, 67
6, 27, 33 || 33, 39, 66
9, 25,34 || 31, 40, 65
12, 23, 35 | 29, 41, 64
15, 21, 36 || 27, 42, 63
31 43, 74, 12
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Table 47: General solution of v = 18s + 7 from Lemma 3.7.

Si:r=0 1,2, 85+5
r=1 0,4,8s+6
r=s—1 —s+2,2s5,9s+4
Soir = 4s 41, 4s + 3, 10s + 4
r=1 4s —1,4s+ 4, 10s + 3
r=s—2 254+ 1,554+ 1,954+ 6
r=s—1 254+ 3,955+ 2,95+5
S3:r=0 11s+4, 11s+ 7, 16s + 3
r=s—2 10s 4+ 6, 12s + 8, 16s + 6
r=s—1 10s 4+ 5, 125 + 10, 16s + 7
3s+ 1,45+ 2, 7s+ 3 4s+ 2, 7s+ 3, 12s

Table 48: v = 61, s = 3 from Lemma 3.7.

difference V

1, 27, 28 1, 2,29
4, 26, 30 0, 4, 30
7,25,32 || 60,6, 31
2,23, 21 || 14, 16, 35
5,21,22 || 12,17, 34
8, 10, 23 || 10, 18, 33
3, 13,16 || 39, 42, 55
6, 12, 18 || 38, 44, 56
9,11, 20 || 37, 46, 57
10, 14, 24 || 26, 36, 50
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Table 49: v =79, s = 4 from Lemma 3.7.

difference V

1, 35, 36 1, 2, 37
4, 34, 38 0, 4, 38
7,33,40 || 78,6, 39
10, 32,42 || 77,8, 40
2,19, 21 || 24, 26, 45
5, 17,22 || 22,27, 44
8, 15,23 || 20, 28, 43
11, 13, 24 || 18, 29, 42
3,13, 16 || 49, 52, 65
6, 12, 18 || 48, 54, 66
9,11, 20 || 47, 56, 67
12, 10, 22 || 46, 58, 68
13, 18, 31 || 10, 23, 41
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Table 50: v =97, s = 5 from Lemma 3.7.

difference

7

1,43, 44

1,2, 45

4,42, 46

0, 4, 46

7,41, 48

96, 6, 47

10, 40, 50

95, 8, 48

13, 39, 52

94, 10, 49

2,31, 33

21, 23, 54

5,29, 34

19, 24, 53

8,27, 35

17, 25, 52

11, 25, 36

15, 26, 51

14, 23, 37

13, 27, 50

3,21, 24

59, 62, 83

6, 20, 26

58, 64, 84

9, 19, 28

57, 66, 85

12, 18, 30

26, 68, 86

15, 17, 32

55, 70, 87

16, 22, 38

22, 38, 60
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Table 51: General solution of v = 18s + 9 from Lemma 3.8.

Si:r=0 1,2,4s+5

r=1 0,4,4s+6

= —s+ 1,25+ 2,55+5
So:r=20 8s+9, 8+ 11, 165 + 14

r= 85+ 8, 85+ 13, 165 + 15

r= 5s 4+ 12, 8s + 2, 165 + 2
r=s-—3 5s 4+ 10, 8s 4+ 6, 165 + 4
r=s—2 8s+ 7, 11s+ 6, 145+ 8
S3:r=20 10s + 8, 10s + 11, 18s + 12

r= 10s 4+ 6, 10s + 10, 16s + 11
r=s-—3 10s + 2, 11s + 8, 165+ 8
r=s—2 10s, 11s 4+ 9, 165+ 7

3s, 7s+ 3,85+ 6 7,35+ 7,85+ 13
6s + 3 4s,10s + 3, 165 + 6

Table 52: v =45, s = 2 from Lemma 3.8.

difference V
1, 11, 12 1,2, 13
4,10, 14 0,4, 14
7,9, 16 44, 6, 15
2,19, 21 || 18, 20, 39
5, 18, 23 || 17, 22, 40
3, 15, 18 || 26, 29, 44
6, 17, 22 || 24, 30, 46
15 12, 27, 42
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Table 53: v =63, s

= 3 from Lemma 3.8.

difference %
1,15,16 || 1,2, 17
4,14, 18 | 0,4, 18
7,13,20 || 62,6, 19
10, 12, 22 || 61, 8, 20
2,27,29 || 31, 33, 60
5, 26, 31 || 20, 25, 51
8, 11,19 | 29, 37, 48
3, 25,28 || 38,41, 3
6, 17, 23 || 36, 42, 59
9,24,30 || 7,16,37
21 11, 32, 53

Table 54: v =81, s

=4 from Lemma 3.8.

difference %
1, 19, 20 1,2, 21
4,18, 22 0, 4, 22
7,17,24 || 80, 6, 23
10, 16, 26 || 79, 8, 24
13, 15, 28 || 78, 10, 25
2, 35, 37 || 40, 42, 77
5, 34, 39 || 30, 35, 69
8, 32,40 || 28, 36, 68
11, 14, 25 || 39, 50, 64
3,33,36 || 48,51,3
6, 23, 29 || 46, 52, 75
9,21, 30 || 44, 53, 74
12, 31, 38 || 7,19, 45
27 18, 45, 72
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Table 55: v =99, s = 5 from Lemma 3.8.

difference V
1,23,24 || 1,2, 25
4,22,26 | 0,4, 26
7,21,28 || 98,6, 27
10, 20, 30 || 97, 8, 28
13, 19, 32 || 96, 10, 29
16, 18, 34 || 95, 12, 30
2,43, 45 || 47,49, 92
5,42, 47 || 46, 51, 93
8, 40, 48 || 32, 40, 80
11, 39, 50 || 31, 42, 81
14, 17, 31 || 45, 59, 76
3,41, 44 || 58,61, 3
6, 29, 35 || 56, 62, 91
9,27, 36 || 54, 63, 90
12, 25, 37 || 52, 64, 89
15, 38, 46 || 7, 22, 53
33 20, 53, 86
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Table 56: v =117, s = 6 from Lemma 3.8.

difference V
1, 27, 28 1, 2,29
4, 26, 30 0, 4, 30
7,25, 32 116, 6, 31
10, 24, 34 || 115, 8, 32
13, 23, 36 || 114, 10, 33
16, 22, 38 || 113, 12, 34
19, 21, 40 || 112, 14, 35
2, 51,53 || 57, 59, 110
5, 50, 55 || 56, 61, 111
8, 48, 56 || 42, 50, 98
11, 47, 58 || 41, 52, 99
14, 46, 60 || 40, 54, 100
17, 20, 37 || 55, 72, 92
3,49, 52 68, 71, 3
6, 37, 41 || 66, 72, 107
9, 35,42 || 64, 73, 106
12, 33, 43 || 62, 74, 105
15, 31, 44 || 60, 75, 104
18,45, 54 || 7, 25, 61
39 24, 63, 102
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Table 57: General solution of v = 18s + 13 from Lemma 3.9.

Si:r=0 1,2,4s+5
r=1 0,4,4s+6
r=s—1 —s+1,25+2,55+5
So:r=20 10s 4+ 8, 10s + 10, 16s + 13
r=1 10s + 6, 10s + 11, 16s + 12
r=s—2 8s+ 12, 11s 4+ 8, 155+ 15
r=s—1 8s+ 10, 11s + 9, 15s + 14
S3:r=0 6s+ 5, 65+ 8, 14s 4+ 13
r=s—2 5s+ 7,85 +4, 15s+ 11
r=s—1 95+ 6, 85+ 6, 155 + 12
3s+2,75s4+5,85+6 3s+4,55+6, 14s+6

Table 58: v =49, s

= 2 from Lemma 3.9.

difference V

1, 11, 12 1,2, 13
4,10, 14 0,4, 14
7,9, 16 48, 6, 15
2,15, 17 || 28, 30, 45
5,13, 18 || 26, 31, 44
3,21, 24 || 17, 20, 41
6, 20, 26 || 16, 22, 42
8,19, 22 || 3,11, 25
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Table 59: v = 67, s = 3 from Lemma 3.9.

difference V

1,15,16 || 1,2, 17
4,14, 18 | 0,4, 18
7,13,20 || 66,6, 19
10, 12, 22 || 65, 8, 20
2,21, 23 || 38, 40, 61
5,19, 24 || 36, 41, 60
8, 17,25 || 34, 42, 59
3,29, 32 || 23, 26, 55
6, 28, 34 || 22, 28, 56
9,27, 36 || 21, 30, 57
11, 26, 30 || 3, 14, 33

Table 60:

v =85, s = 4 from Lemma 3.9.
difference %

1, 19, 20 1,2, 21
4, 18, 22 0, 4, 22
7,17, 24 || 84,6, 23
10, 16, 26 | 83, 8, 24
13, 15, 28 || 82, 10, 25
2,27,29 || 48, 50, 77
5, 25,30 || 46, 51, 76
8, 23,31 || 44, 52,75
11, 21, 32 || 42, 53, 74
3, 37,40 || 29, 32, 69
6, 36, 42 || 28, 34, 70
9, 35,44 || 27, 36, 71
12, 34, 46 || 26, 38, 72
14, 33, 38 || 3, 17, 50
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Table 61: v =103, s = 5 from Lemma 3.9.

difference V
1,23,24 || 1,225
4,22,26 || 0,4, 26
7,21,28 || 102, 6, 27
10, 20, 30 || 101, 8, 28
13, 19, 32 || 100, 10, 29
16, 18, 34 || 99, 12, 30
2, 33,35 || 58, 60,93
5, 31,36 || 56,61, 92
8,29, 37 || 54, 62, 91
11, 27, 38 || 52, 63, 90
14, 25, 39 || 50, 64, 89
3,45, 48 || 35, 38, 83
6, 44, 50 || 34, 40, 84
9,43, 52 || 33,42, 85
12, 42, 54 || 32, 44, 86
15, 41, 56 || 31, 46, 87
17, 40, 46 || 19, 36, 76
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Table 62: General solution of v = 18s + 15 from Lemma 3.10.

S1:r=0 1,2,45s+5
r=1 0,4,4s+6
r=3: —s54+1,25+2, 55+ 5

So:r=0 6s + 6, 65 + 8, 145 + 14

r=1 6s + 5, 65 + 10, 14s + 15

r=s—1 5s + 7, 85+ 6, 15s 4+ 13
r=s 55+ 6, 8s + 8, 15s + 14
Sg:r=01 10s+8, 10s + 11, 165 + 14

r=s—21 8 +12,11s+9, 155+ 16
r=s—11 8410, 11s + 10, 155+ 15

6s+5 | 6s+7, 125 +12, 185+ 13

Table 63: v = 51, s = 2 from Lemma 3.10.

difference V
1,11, 12 | 1,2 13
4,10, 14 || 0,4, 14
7,9, 16 50, 6, 15
2,22, 24 || 18, 20, 42
5,21, 26 || 17, 22, 43
8, 20, 28 || 16, 24, 44
3,15, 18 || 28, 31, 46
6, 13, 19 || 26, 32, 45
17 13, 30, 47
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Table 64: v =69, s = 3 from Lemma 3.10.

difference V
1, 15, 16 1,2, 17
4,14, 18 0,4, 18
7,13,20 || 68,6, 19
10, 12, 22 || 67, 8, 20
2,30, 32 || 24, 26, 56
5,29, 34 || 23, 28, 57
8, 28, 36 || 22, 30, 58
11, 27, 38 || 21, 32, 59
3,21, 24 || 38, 41, 62
6, 19, 25 || 36, 42, 61
9,17, 26 || 34, 43, 60
23 25,48, 71

Table 65: v = 87, s = 4 from Lemma 3.10.

difference V
1, 19, 20 1,2, 21
4,18, 22 0, 4, 22
7,17,24 || 86, 6, 23
10, 16, 26 || 85, 8, 24
13, 15, 28 || 84, 10, 25
2, 38,40 || 30, 32, 70
5, 37,42 || 29, 34, 71
8, 36, 44 || 28, 36, 72
11, 35, 46 || 27, 38, 73
14, 34, 48 || 26, 40, 74
3,27,30 || 48,51, 78
6, 25, 31 || 46, 52, 77
9,23, 32 || 44, 53, 76
12, 21, 33 || 42, 54, 75
29 31, 60, 89
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Table 66: v = 105, s = 5 from Lemma 3.10.

difference V
1, 23, 24 1,2, 25
4, 22, 26 0, 4, 26
7,21, 28 104, 6, 27
10, 20, 30 || 103, 8, 28
13, 19, 32 || 102, 10, 29
16, 18, 34 || 101, 12, 30
2,46, 48 || 36, 38, 84
5,45, 50 || 35, 40, 85
8,44, 52 || 34, 42, 86
11,43, 54 || 33, 44, 87
14, 42, 56 || 32, 46, 88
17,41, 58 || 31, 48, 89
3, 33,36 || 58,61, 94
6, 31, 37 || 56, 62, 93
9,29, 38 || 54,63, 92
12, 27, 39 || 52, 64, 91
15, 25, 40 || 50, 65, 90
35 37,72, 109
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