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Abstract

This working paper proposes a compositional approach ibbe gen-
eralised nonblocking property of discrete-event systefeneralised non-
blocking is introduced in [15] to overcome weaknesses oktaadard non-
blocking check in discrete-event systems and increasecthgesof liveness
properties that can be handled. This paper addresses tistiaquef how
generalised nonblocking can be verified efficiently. Thdiekgonstruction
of the complete state space is avoided by first composing amalifying
individual components in ways that preserve generalisedlocking. The
paper extends and generalises previous results about sitiopal verifica-
tion of standard nonblocking and lists a new set of companiatly feasible
abstraction rules for standard and generalised nonblgckin

1 Introduction

Blockingor conflictsare common faults in the design of concurrent programs that
can be very subtle and hard to detect [6,21]. They have long beeiedtindthe
field of discrete-event systen®, 19], which is applied to the modelling of com-
plex, safety-critical systems [1, 2, 14]. To improve the reliability of sucéteys,



techniques are needed to detect the presence or verify the absdrloelofig in
models of an ever increasing size.

In discrete-events theory, the absence of blocking is formalised usingtie
blocking property, which is used very successfully fynthesig3, 19]. A lot of
research has been conducted to study the compositional semanticg [d2na6-
blocking and its verification [9, 18]. Despite its widespread use, the sgwe
powers of nonblocking are limited. To overcome its weaknesses, nornibtpbks
been modified and extended in several ways [5, 7, 15].

This working paper is concerned about compositional verification ofjdre
eralised nonblockingroperty introduced in [15]. Generalised nonblocking adds
to standard nonblocking the ability to restrict the set of states from whiclkinigc
needs to be checked. This is useful for the verification of software oaegs and
of certain conditions in Hierarchical Interface-Based Supervisonytb[13].

While properties such as generalised nonblocking can be verified using s
dard state-space exploration or CTL model checking [4], these agipesare lim-
ited by the well-known state-space explosion probl€@ompositional verification
using conflict-preserving abstractions is an alternative used with coabidesuc-
cess to verify standard nonblocking [9]. In an effort to extend theselts for
generalised nonblocking, this working paper presents seven compaiititea-
sible abstraction rules and shows how they can reduce the size of autamiata d
compositional verification of both generalised and standard nonblocking.

This working paper is organised as follows. Section 2 introduces the serges
background of nondeterministic automata and defines the generaliseldciong
property. Then section 3 outlines the compositional verification method, settio
presents the abstraction rules for generalised nonblocking with préefsrieect-
ness and analysis of complexity, and section 5 adds some concluding semark

2 Preliminaries

2.1 Events and Languages

Event sequences and languages are a simple means to describe distete s
behaviours [3, 19]. Their basic building blocks areents which are taken from
a finite alphabetX. In addition, thesilent event- ¢ ¥ is used, with the notation
Yr=3XU{r}

¥* denotes the set of all finiwtringsof the formo04 . . . o, 0f events fromy:,
including theempty strings. Theconcatenatiorof two stringss, t € ¥* is written
asst. A subsetC C ¥* is called danguage Thenatural projectionP;: ¥* — X*
is the operation that deletes all silem) events from strings.



2.2 Multi-coloured Automata

Nondeterministic multi-coloured automata are used to model dynamic system be-
haviours.Nondeterminisnis essential for the abstraction techniques in this work-
ing paperMulti-colouredautomata extend the traditional conceptrarked states

to multiple simultaneous marking conditions, by labelling states with different
coloursor propositions The generalised nonblocking condition is defined using
these propositions. The following definition is introduced in [15], and istam
similar ideas in [4,5].

Definition 1 A multi-coloured automatois a tupleG = (3,11, X, —, X° E)
where: is a finite set okeventslIl is a finite set opropositionsor colours X is a

set ofstates — C X x ¥ x X is thestate transition relationX° C X is the set of
initial states and=: I — 2X defines the set of marked states for each proposition
in II.

The transition relation is written in infix notation = y, and is extended
to strings inX} in the standard way. For state sets, Xo C X, the notation
X1 3 X, denotes the existence of € X; andzy € X5 such thatr; = zo.
Also, z — y denotes the existence of a stringe ¥* such thate > y, andz >
denotes the existence of a state X such that: > 5. Finally, G = z stands for
X° 3.

To support hiding of silent events, another transition relatiol X x >* x X
is introduced, where: = y denotes the existence of a stringe ¥* such that
P,(t) = sandzx L y. Thatis,z = y denotes a path witbxactlythe events ir,
while z = y denotes a path with an arbitrary numberravents shuffled with the
events ofs. Notations such a&; = X5, z = y, andz = are defined analogously
to —.

Synchronous compositianodels the parallel execution of two or more auto-
mata, and is done using lock-step synchronisation in the style of [10].

Definition 2 Let Gy = (X,11, X, —,, X7, E;) and Gy = (5,11, X, —,, X3,
=,) be multi-coloured automata. Tisgnchronous producif G; andG is

G1 ]| Gy = (5,11, X| x Xy, —, X7 x X5, 5) (1)

where
(v1,22) 5 (y1,92) if o €5, 21 51 y1, 22 o yo;
(z1,22) Y1, 72) If 1 D Y1;
(x1,m2) > (w1,y2) if 22 Do ya;

and=(n) = Z1(7) x Eq(mr) for eachr € I1.

= (
= (
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Figure 1: Generalised nonblocking vs. standard nonblocking.

This definition assumes that the two composed automata share the same event
and proposition alphabets. This is sufficient for the purpose of this ingnBa-
per. Automata with different alphabets can also be composed by lifting them to
common alphabets first: when an everns added to the alphabgt selfloop tran-
sitionsz > z are added for all states € X, and when a proposition is added
toII, it is defined thaE(7) = X.

Hiding is the process-algebraic operation that generalises natural proje€tion o
languages when nondeterministic automata are considered. Events that afe
interest are replaced by silent)(transitions oe-moved11].

Definition 3 Let G = (3,11, X, —, X°, E) be a multi-coloured automaton, and
let Y C 3. Theresult ohiding T in G is

G\T: <E\T7H7X7H\T7XO?E>7 (2)

where— \ T is obtained from— by replacing all events il with the silent
eventr.

2.3 Generalised Nonblocking

It is a desirable for control systems to be free friwelock or deadlock This is
typically expressed and checked by designating certain states of an autoasa
succesr terminal states and checking their reachability. Téeneralised non-
blockingproperty introduced in [15] uses two propositions, cateandw, for this
purpose. The intended meaning is thaepresents terminal states and corresponds
to the traditionaimarkedstates [19], whilex specifies a set of states from which
terminal states are required to be reachable.

Definition4 LetG = (X,11, X, —, X°, =) with a,w € II be a multi-coloured
automaton( is («, w)-nonblocking if for all statesz € Z(«a) such thatG = z it
also holds that = =(w). OtherwiseG is («, w)-blocking



Generalised nonblocking requires that, from all reachable states markied
is possible to reach a state markedThis extends the standard definition of non-
blocking, which requires that a state markede reachable fromall states [19],
by adding the ability to specify the set of states from which termination must be
possible. Clearly, if an automaton is standard nonblocking, it is @ls@)-non-
blocking. The converse is not true in general.

Example 1 Consider the automata in figure 1. States markede grey, and states
markedw are black. Only automato@'s is («, w)-blocking, although@s andGj
are both blocking according to the standard definition [19].

The relationship between generalised nonblocking and standard nkimgjoc
along with some applications is discussed in [15].

3 Compositional Verification
The straightforward approach to verify whether a composed system
Gi[| Gzl | Gn ®3)

is («, w)-nonblocking consists of explicitly constructing the synchronous produc
and checking whether a state markedan be reached from every state marked
This can be done using CTL model checking, and models of substantiadaize
be analysed if the state space is represented symbolically [4]. Yet, thegeehn
remains limited by the amount of memory available to store representations of the
synchronous product.

As an alternativecompositionalreasoning [9] attempts to rewrite individual
components of a composed system such as (3) and, e.g., répldnea simpler
version(G}, to analyse the simpler system

GGl [ Gn (4)

Such compositional reasoning requires tbatand G’ are related in some way.
An appropriate notion of equivalence has been identified for the vertficaf
standard nonblocking in [16], and adapted 4ow)-nonblocking in [15].

Definition 5 Let G; andG5 be two multi-coloured automata with w € I1. Then
G andGs, are called «, w)-nonblocking equivalentvritten G ~(aw) G, if for
any multi-coloured automatdf, it holds that&; || 7" is («, w)-nonblocking if and
only if G || T is («, w)-nonblocking.



To be feasible for compositional verification, the equivalence used naist b
well-behaved with respect to synchronous composition and hiding. Témse
called congruenceproperties can easily be shown far, w)-nonblocking equiv-
alence [15].

Proposition 1 Let G, G2, T be multi-coloured automata with,w € II. If
G1 ~(aw) Ga, thenGy || T ~(, ) Go2 | T.

Proof. Let Gy, G2, andT be such thaty; ~(, ) G2, and letT’ be an arbitrary
multi-coloured automaton. Sing&; =~ Ga, it holds that(G || T) || T" =
G1 || (T || T') is (v, w)-nonblocking if and only itGs || (T || T") = (G2 || T) || T"
is. O

Proposition 2 LetG = (2,11, X, —, X°, =) be a multi-coloured automaton with
a,w € II, and letY C ¥. ThenG is («, w)-nonblocking if and only ifG \ T is
(cv, w)-nonblocking.

Note that, if given two automai@ and H such thatd does not use any events
in alphabefY', then(G || H)\ Y = (G\ Y) || H. In combination with proposition 2
this means that abstractions can be applied in a compositional way, as long as
only events local to the subsystem considered are abstracted awagys&uhs
can be simplified individually or composed as needed, and the verificatidn an
simplification strategies outlined in [9, 16] can be used.

4  Abstractions that Preserve Generalised Nonblocking

This section follows the previous work [9] on standard nonblocking angdgses a

set ofsimplification ruleghat can be used to rewrite an automaton to an equivalent
but simpler version. The rules are nmamplete as no attempt is made to ensure
that any two(«, w)-nonblocking equivalent automata can be transformed into each
other. Instead, the focus is to provide computationally feasible rewrite tioigts
can achieve a fair reduction of the state space.

Some of the following results are similar and closely related to corresponding
results about abstractions for standard nonblocking [9]. Yet, alth¢uagh)-non-
blocking seems to be more complicated then standard nonblocking at firseglan
it is a weaker property and different kinds of abstraction are possMigkings
can be removed from certain states, and some states that are not ebfeamm
be removed. Furthermore, unlike in standard nonblocking, a large pgropaf
the states encountered in generalised nonblocking maptraarkedqo, and these
can often be simplified more aggressively than states marked



4.1 Observation Equivalence

One of the strongest known equivalences of nondeterministic automatawsikn
asobservation equivalencer weak bisimulatiorf17]. Observation equivalence
considers two states as equivalent if they have exactly the same struiotomoe-
terministic future behaviour.

Definition 6 Let G; = (X,11, X, —,, X7, E;) and Gy = (3,11, X,, —,, X5,
=,) be two multi-coloured automata. A relatien C X; x X5 is aweak bisim-
ulation betweenG; and Gs if, for all statesz; € X; andzy € X, such that
T =~ T2,

o if z; = y; for somes € ©*, then there existgy, € X, such thaty; ~ v
and:cg :S>2 Y2,

o if 25 =, y, for somes € X, then there existg; € X, such thaty; ~ v
andxl :S>1 Y1,

o if 1 € () for somer € II, thenzy =5 Zy(7);
o if 2o € () for somer € 11, thenz; = =1 ().

(G1 andG,, areobservation equivalertr weakly bisimilar G, ~ G, if there exists
aweak bisimulations between'; andG, such that, for each initial stat§ € X7
there exists:§ € X, such thatX§ = =5 andz$ ~ x5, and vice versa.

Observation equivalence has been studied extensively in processaaldfas
known to preserve all temporal properties, and as such it is finer(than)-non-
blocking equivalence. The following result is straightforward to prove.

Proposition 3 Let G; andG5 be two multi-coloured automata with, w € II. If
Gl ~ G2 thenG1 ~(aw) GQ.

Proof. LetGy ~ Go. To showGy ~(, ) G2, letT be such that || T'is (o, w)-
nonblocking, and le@s || T = (z2,27) € Eq,|r(a). Then there exists an initial
statez§ € XS such thate§ =5 z,. SinceGy ~ Gy, by definition 6, there exists
29 € X, such thatX? =, 2$ andz =~ x5, and sincery =5 ,, there exists
x1 € X1 such thatz{ = x, andx; ~ xo. Again by definition 6, sinces €
Zy(a), there exists] € Z;(«) such thate; =1 2. Thus,Gy | T = (21, 27) =
(z1,77) € Eqyr(). SinceGy ||T is (a, w)-nonblocking, there existe X%, y; €
Z1(w), andyr € Ep(w) such thatGy | T = (21, 27) = (2}, 27) = (y1, yr).
Thenzy :t>1 y1, and sincer; =~ w9, by definition 6, there existg, € X, such
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Figure 2: Example application ef-Removal Rule, followed byw-Removal Rule,
and Coreachability Rule

that o é2 yo andy; =~ yo, and sincey; € =;(w), there existg/, € Z2(w) such
t —_

thaty, =o v5. HenceGy || T = (22, 27) = (yo2,y7) = (¥h,yr) € Eg,|r(W)-

Since sucht can be constructed for any € ¥*, G || T'is (a, w)-nonblocking.

Analogously it can be shown that,@; || T'is («, w)-nonblocking, ther&z, || T"is

(o, w)-nonblocking. It follows thaty; ~, ) Ga. O

Observation equivalence comes with efficient simplification algorithms [8] and
has been used successfully to simplify automata for the verification of sthnda
nonblocking, where this abstraction alone is responsible for a substeediat-
tion in the number of states [9]. Proposition 3 confirms that an automaton can
be replaced by an observation equivalent version when verifyingrgésed non-
blocking.

Rule 1 (Observation Equivalence Rule) If two automataG; and G are obser-
vation equivalent, thetr; can be replaced b§- (and vice versa).

Complexity. A coarsest observation equivalence relation can be computed in
O(|—|log |X|) using the algorithm in [8]. However, since this algorithm is de-
signed for bisimulation, the automaton has to be augmented such that, for all
o € %,z 2 y always impliesz % y. Thus, the numbef—| of transitions
may be very large—on the order ok |?|X|, resulting in the overall complex-
ity O(| X [2[%] log | X]).

4.2 Removal ofa-Markings

While observation equivalence achieves a good reduction of the state apd
is easy to implement, there are several examplés:ab)-nonblocking equivalent
automata that are not observation equivalent. The following section®gEop
selection of simplification rules that are applied directly to the states and trassition



of an automaton. The first of these rules simply remavesarkings from certain
states.

Rule 2 (a-Removal Rule) If an automaton contains two different stateandy
both markedy, such that: - y, then thex-marking can be removed from state

Example 2 AutomataG; and G, in figure 2 are(«,w)-nonblocking equiva-
lent. States marked are grey, and states markedare black. Since state;
is markedc, any test that is to béx,w)-nonblocking in combination with;
needs to be able to execute initially. This implicitly includes the condition for
statex, which says that a test needs to be able to exegutar o5 initially. As
the test must satisfy both, the condition simplifies to just executingesting for
statex; alone is thus sufficient, so themarking of stater, can be removed as
shown inGs.

Proposition4 Let G = (X,11, X, —, X°, E¢) be a multi-coloured automaton
with o, w € II and states:, y € X such thatr = y, z # y, andz,y € Zg(a).
DefineH = (X,11, X, —, X°, =) whereEy is identical to=q except=g («) =
Eg(a) \ {z}. ThenG =~ H.

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show
thatG || T' is («, w)-nonblocking if and only ifH || T"is («, w)-nonblocking.

First assume that? || 7" is (a, w)-nonblocking, and lefd || T' = (q,q7r) €
Egr(a). Since the transition relations @f and H are equal, it follows that
G|IT = (¢,9r) € Eg|r(a) € Eg|r(a). SinceG || T is (o, w)-nonblocking, it
follows thatG || T = (q, q1) = E¢g|r(w). Again, since the transition relations of
G andH are equalH || T = (q,qr) = Eqr(w) = Egr(w).

Second assume thét || 7' is (a, w)-nonblocking, and leG | T = (¢, qr) €
Eg|r(a). Since the transition relations 6f and H are equal, it follows that{ ||
T = (q,qr). Consider two cases.

Case l:q # z. Inthis case; € Eg(a) \ {z} = Eg(a). Hence,H | T =
(¢,97) € Egyr(a), and sincel || T'is (o, w)-nonblocking,H || T' = (q,q1) =
EnprWw).

Case 2:q = z. Inthiscaseg = 2 = y € Z¢(a), and sincer # y also
y € Eg(a) \ {z} = Eg(a). Hence,H | T = (¢,q7) — (y,q7) € Eg|r().
SinceH || T is (a, w)-nonblocking,H || T = (¢, qr) = (v, qr) = Zpyr(w).

In both casesl || T = (¢, qr) = Emr(w), and since the transition relations
of G andH are equal, it follows thatr || T’ = (g, q7) = Eg|r(w) = E¢r(w).

U



Complexity.To check the applicability of the-Removal Rule to an automaton,
itis enough to visit and check the source and target statesotedhsitions. There
are at mostX|? 7-transitions, and this leads to the overall complexityodgf X|?)
to check and apply the-Removal Rule to all states where it is applicable.

While the removal of markings does not reduce the number of states ofan au
tomaton, it can make it simpler and enable other abstractions. Only states marked
need to satisfy nonblocking conditions, so verification is expected to ler @dth
less states marked. The a-Removal Rule can also be considered when verify-
ing standard nonblocking, where all states are markédtially, treating standard
nonblocking as generalised nonblocking and making some of the rulegierg
alised nonblocking applicable.

4.3 Removal ofw-Markings

Similar to the case ofi-markings,w-markings can also be removed under certain
conditions, namely if the state markeds not reachable from any state marked

Rule 3 (v-Removal Rule) If a statex is not reachable from any state marked
then anuv-marking can be removed from (or added to) state

Example 3 AutomataG, andGs in figure 2 are(a, w)-nonblocking equivalent.
Only for states marked, it is required that a state markedis reachable, but
statexs in GG, cannot be reached from any state marked herefore, the fact that
9 IS markedw is irrelevant, and this marking can be removed as showriin

Proposition5 Let G = (11, X, —, X°,Z¢) be a multi-coloured automaton
with o, w € II, and letz € X such thaE;(«a) — = does not hold. Definél =
(3,11, X, —, X°,Zg) whereZy is identical taE¢ excepEy (w) = Eg(w) \ {z}.
ThenG ~(a,w) H.

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show
thatG || T' is (v, w)-nonblocking if and only ifH || T"is («, w)-nonblocking.

First assume thatr | 7' is («, w)-nonblocking, and lef || T' = (¢,qr) €
Eg|r(a). Since the transition relations @¢f and H are equal, it follows that
GIIT = (q¢,9r) € Egyr(a) = Egr(a). Sinceq || T is (a,w)-nonblocking,
there are states € Z¢(w) andpr € Zr(w) such thatG || T = (¢,q97) =
(p, pr). Again, since the transition relations @fand H are equal, it follows that
H|| T = (q,9r) = (p,pr). Also notep # x asq € Z(«) andg — p, and thus
p € Ec(w)\{z} = Eg(w). ThisimpliesH || T = (q,q7) = (p.pr) € Zpzr(w).

Second assume thaf || T is («, w)-nonblocking, and le€ || T = (¢, qr) €
Eg|r(a). Since the transition relations ¢f and H are equal, it follows that! ||
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T = (q,9r) € Egr(a) = Zgyr(a). SinceH || T is (a,w)-nonblocking, it
follows thatH || T' = (g, qr) = Zg)r(w), and since the transition relations Gf
andH are equal, als¢: || T' = (¢, qr) = Egr(w) € Egr(w). O

Complexity. To apply thew-Removal Rule to an automaton, it needs to be
checked for all states whether they are reachable from-ararked state. This can
be done by a standard graph search visiting each transition at mosfldrare.are
at most X |2|%, | transitions, and this leads to the overall complexitygf X |?|%|)
to check and apply the-Removal Rule to all states where it is applicable.

Again, the removal ofo-markings does not directly reduce the state space, but
it can make other rules applicable. In particular, it may increase the nunfiber o
non-coreachable states, which can be deleted according to the follawéng r

4.4 Removal of Non-coreachable States

Following is the first abstraction that actually removes states from an automaton
While the following rule seems superficially similar to t@ertain Conflicts Rule

of [9], it is quite different. The Certain Conflicts Rule merges blocking statiesa
single state when verifying standard nonblocking. Here, in the casenefajsed
nonblocking, states that are not coreachable can be removed entirely.

Rule 4 (Coreachability Rule) States that are nat/w-coreachable, i.e., from
which neither a state marked nor a state marked can be reached, can be re-
moved.

Example 4 AutomataGs andGy in figure 2 are(a, w)-nonblocking equivalent.
Statexs in G is neithera-coreachable nap-coreachable, and therefore it is not
needed to reach an-marked state, nor does it lead to any further conditians (
marked state) that need to be satisfied. This state can be removed as sliégwn in

Proposition 6 LetG = (3,11, X, —, X°, E) be a multi-coloured automaton with
a,w € II, and letC be the set ofx/w-coreachable states fa¥, namelyC =
{zeX|r— E(a) UE(w) }. DefineH = (3,11, C, — ¢, X° N C, =) where
—ic =1{(z,0,y) € = |z,y € C}andZE ¢ (r) = E(r)NCforall = € 1. Then
G :(a,w) H.

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show
thatG || T is («, w)-nonblocking if and only ifH || T"is («, w)-nonblocking.

First assume that? || 7" is (a, w)-nonblocking, and lefd || T' = (q,q7r) €
Egr(). Obviously, since— | € — andX°NC C X°, thisimpliesG || T =
(¢,qr) € Egyr(a) € Egr(a). SinceG || T'is (a,w)-nonblocking, it holds

11



thatG | T = (q,q7) < Eg|r(w) for somet € X*. Then there exist events
O1y...,0n € Xr,n > 0, such that = P-(o;...0,) and stategg,...,p, € X
such that

G=q=po>p > BpeZ(w). (5)

Thenpg,p1,...,pn € C by construction ofC, and henced || T = (q,qr) =
(E(w)NC) x Ep(w) = Egjr(w).

Second assume thaf || T is (o, w)-nonblocking, and le€ | T = (q,qr) €
EG”T(a). Then there exist events,,...,0, € X,, n > 0, such thats =
P;(0y...0,) and stategy, ..., g, € X such thagy € X° and

w23 Ba=qe=(a). (6)
Thengo, q1,...,q, € C by construction ofC, and hencel | T = (q,q7) €
(E(a) N C) x Er(a) = Eg)r(a). SinceH || T is (a,w)-nonblocking, it follows
thatH || T = (q,qr) = Epr(w), and since—c € — alsoG | T = (q,qr) =
Enr(w) C Egr(w). O

Complexity.«/w-coreachability of all states in an automaton can be checked
by a standard graph search visiting each transition at most once. Teeatraost
| X|?|%,| transitions, and this leads to the overall complexity(fi X|?|%|) to
check and apply the Coreachability Rule.

4.5 Determinisation of Non« States

In generalised nonblocking, there are two different kinds of stateteStearkedy
carry nonblocking requirements, which means that their precise honaatstic
future may be relevant. These states can only be simplified using rulesyprese
ing conflict equivalence such as those in [9]. On the other hand anstiates do
not carry nonblocking requirements, and only the language associdtethese
states is important. These states can be treated using language equijvahehce
determinisation algorithms [11] can be used to merge them.

Rule 5 (Non« Determinisation Rule) Two non« states that are reachable by
exactly the same strings from initial states and from each state markeah be
merged into a single state.

Example 5 AutomataG and H in figure 3 are(«, w)-nonblocking equivalent.
Statesg; andgs are only reachable via string; from the initial state or from the
only a-marked state and therefore can be merged into a single/states shown
in H. Note that this simplification is not possible for standard nonblocking, or if

12



g3 g4 hy

Figure 3: Example application of Nom-Determinisation Rule.

one of the two states is marked because in this case it is important that the two
states have different continuations to states matked

To describe this rule formally, the concept of automaton abstraction with re-
spect to arequivalence relationis used. The idea is to identify certain groups
of states as equivalent and merge each group into a single state. Theirfgllow
definitions are standard.

Definition 7 Let X be an arbitrary set. A binary relation C X x X is anequiv-

alence relationif ~ is reflexive, symmetric, and transitive. Af is an equivalence
relation onX, theequivalence classfz € X is[z] = {y € X | z ~ y }, and the
set of equivalence classes modtdas written asX/~ = {[z] | z € X }.

Definition 8 LetG = (X,1I, X, —, X°, =) be a multi-coloured automaton, and
let~ C X x X be an equivalence relation. Thbstractionof G with respect to~
is

G/~ = (DI, X/~,—/~, X°,E) (7)
where
=/~ = {([z],0,y]) |z >y}
Xo = {[z°]]2°€ X" };
E(r) = {[z]|zcZE(x)} forallrecll.

The None« Determinisation Rule is described using a particular equivalence
relation, namely aeverse weak bisimulatiof0]: two states are considered as
equivalent if they can be reached via the same traces from the initial states.

Definition 9 LetG = (3,11, X, —, X°, Z). An equivalence relatior- C X x
X is areverse weak bisimulatioan G, if the following conditions hold for all
xr1,T2 € X with 1 ~ x9.

o If z; € X°, thenX® = 1.
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e For all statesv; € X and all events € . such thatv; = z there exists
P,
a statews € X such thatws :@ T9 andwy ~ ws.
Given these definitions, the NanDeterminisation Rule can be described in a
more precise way.

Rule 5 (Non« Determinisation Rule) If ~ is a reverse weak bisimulation on an
automaton such that states markedare only equated to themselvestythen
G can be replaced bg/~.

To prove the validity of this rule, the relationship between the traces in an
automatonG and its abstractiort/~ needs to be established first. It is well-
known that every trace itv also has a corresponding tracedri~. The following
result quoted from [9] holds for every equivalence relation.

Lemmal LetG = (X,1I, X, —, X°, =), and let~ C X x X be an equivalence
relation. Then, for all states, z € X and all stringss € X* such thatw = «
in G, it holds thatjw] = [z] in G/~.

Proof. Letw = zin G. Then there exists= o} .. .0, € ¥* such thatP, (t) = s

andw -5 z. Also, there exist states, ..., x, € X such that

w=202 2B .. B, =x. (8)
By definition 8, it holds thafz;,_,] 2% [x;] for eachk = 1,...,n, which implies
[w] = [x] IN G/~. O

Conversely, for a trace in the abstracted automatgn-, there does not al-
ways exist a corresponding trace in the original automaton. This only loldisr
additional conditions, in this case that a reverse weak bisimulation is used.

Lemma?2 LetG = (11, X, —, X°, =), and let~ C X x X be a reverse weak
bisimulation onGG. Then, for all statesw, z € X and all stringss € ¥* such that
[w] = [x] in G/~, there existsy’ € [w] such thaty’ = zin G.

S

Proof. Letw,z € X ands € ¥* such thajw| = [z] in G/~. Then there exists
s € ¥* such thafw] s, [z] and P-(s") = s. Itis shown by induction om = |¢/|
that for [w] LA [z] there existsv’ € [w] such that’ 28,

Base cases’ = ¢. [w] = [z] implies[w] = [z], and withz € [z] = [w] it

follows thatz = z in G.
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Inductive step:s’ = t'o. Assume thafw] = [y] = [z]. Sincely] > [z]
in G/~, by definition of— /~ there exist states’ € [z] andy’ € [y] such that
y % 2/, Thenz' ~ z, and since~ is a reverse weak bisimulation, there exists

y” € X such thaty” zg) x andy” ~ 4. By inductive assumption, sinde] A
ly] = [¥'] = [v"], there existaw’ € [w] such thatw’ 20 y” =9 .. since
t'c = &, it follows thatw’ PiQ zinG. O

Having thus established a relationship between the traces in an automaton and
its abstraction, the validity of the Nom-Determinisation Rule can be proved.

Proposition 7 LetG = (3,11, X, —, X° E) be a multi-coloured automaton with
a,w € II, and let~ C X x X be a reverse weak bisimulation @hsuch that
[z] = {z} forall x € Z(a). ThenG ~, ) G/~.

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show
thatG || T is (o, w)-nonblocking if and only if G/~) || T' is («, w)-nonblocking.

Firstassume tha®|| T is (a, w)-nonblocking, and letG /~) || T = ([z], z7) €
E(G/ (). ThenX® 2 [z] € E(a), ie.,[2°] = [z] for somez® € X°, and
by lemma 2, there exists' € [2°] such that’ = x in G. Thenz' ~ z2° € X°,
and thusX° = 2’ since~ is a reverse weak bisimulation. Hene®&,=> x and
G| T = (z,z7). As[z] € E(a), by construction of there existst” € [z]
such thatt” € =(«). By assumption, it follows thgt:”] = {«”} and therefore
x =a" Thus,G || T 3 (z,21) = (¢",27) € Egr(a). SinceG || T is
(o, w)-nonblocking, there exist € ¥*, y € X, andyy € X such thaG | T =
(x,z7) SN (¥,y7) € Egr(w). By lemma 1, it holds thakr] L [y] in G/~.
Also, (y,yr) € Egr(w) impliesy € E(w), i.e.,[y] € =(w). It follows that
(G/~)IT S (], 27) = (W) yr) € Egymyr(@)-

Second assum@/~) || T is (a,w)-nonblocking, and le€ || T = (z,z7) €
Eg|r(a). Thenz® = 2 for somez® € X°, and by lemma 1 it follows that
[2°] = [z], ie., (G/~) = [z]. Asz € E(a), it holds that[z] € Z(a). Thus,
(G/~) T S ([x],27) € E(q/~y|r(a). Since(G/~) || T'is (a,w)-nonblocking,
there exist € ¥*, y € X, andyr € Xp such thatG/~) || T :S>~([$],£L‘T) SN
(], yr) € E(@j~yr(w). Then[y] € Z(w), and by construction ¢t there exists
y' € [y] such thaty € Z(w). Then|x] SN ly] = [¢/] in G/~, and by lemma 2,
there exists’ € [z] such that’ = 3/ in G. Sincez € Z(«), it holds thate’ = z
by assumption. It then follows tha | T = (z,27) = (2/,27) = (¢, yr) €
Eg|r(Ww)- O

15



G: 7 H:

92
90 oy 91 02 ho o1

92 93 ha h3

Figure 4: Example application of Silent Continuation Rule.

Complexity A reverse weak bisimulation relation can be computed in the same
way as an observation equivalence using the algorithm in [8], also uhdexd-
ditional constraint that states markedcannot be merged. Like in the case of ob-
servation equivalence, the transition relation first needs to be augmenigpass
anyT-transitions, resulting in the overall complexi®y(| X 2|2 log | X|).

4.6 Removal ofr-Transitions Leading to Non- States

Silent (r) transitions provide a significant potential for abstraction. If a silenttran
sition links two states that are botiot markedoa, Non-«« Determinisation can be
used to merge the source and target states of this transition. If both states ar
markeda, thea-Removal Rule can be used to remove dhmarking of the source
state. The Silent Continuation Rule in this section and the Only Silent Outgoing
Rule in the following section can address cases where at most one of tistates
linked by a silent transition is markee

Rule 6 (Silent Continuation Rule) A transitionz = y with y ¢ Z(a) can be
removed if all transitions originating from stageare copied to state.

Example 6 AutomataG andH in figure 4 arg «, w)-nonblocking equivalent. The

transitiongy — g1 in G leads to a nonr state, so it can be removed after copying

the oo-transition originating from the target stage to the source statgy. As a

result, the target statg becomes unreachable and can be removed as shai@n in
This simplification relies on the fact that the target statés not markeda,

so there is no nonblocking requirement associated with that state. Treeitetan

be merged into the source state, leading to much stronger simplification than the

Silent Continuation Rule for standard nonblocking [9].

The following definition describes the construction of the simplified automaton
formally. To prove the validity of the rule, it is once again necessary to ksiab
the relationship between traces in the original and reduced automaton in Lemma 3
and 4 below. Afterwards the validity of the Silent Continuation Rule is estalalishe
in proposition 8.
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Definition 10 LetG = (3,11, X, —, X°, =) be a multi-coloured automaton with
statesr, y € X such thatr — y. Thetarget bypas®f transitionz = y in G is the
automatornG, ~, = (3,11, X, —, ~,, X°, Ez~y) Where

ooy — (—>\{(x,7',y)})U{(:c,a,z)\yiz};
Sy (1) = {E(’R’)U{[IJ}, if y € E(ﬂ')
oy E(m), otherwise.

Lemma3 LetG = (X,1I, X, —, X°, =) be a multi-coloured automaton with
statesr, y € X such that: = y. For all state, ¢ € X and all stringss € X*, if
D :s>g;my qin Gg~y, thenp = ¢inG.

Proof. Givenp =, ¢, there existoy,...,0, € %,;, n > 0 such thats =
P.(o1...0,)andpy,...,p, € X such that
el g2 On
P=DP0 2zry Pl "zry " “xeoy Pn =4 - (9)
. Pr(0y) . o . -
It suffices to show,_1 —" p; fori = 1,...,n. If p,_1 = p;, this is trivial.
Otherwisep;_; = z andy 2% p; by definition 10. This impliep;_1 = © — y =
. Pr(0y) .

D, 1.e.,pi_1 == p; as required. a

Lemma4 LetG = (X,1I, X, —, X°, =) be a multi-coloured automaton with
statesr, y € X such that: = y. Furthermore, lep, ¢ € X ands € ¥* such that
p = ¢in G. Then the following statements hold fot, ~y-

(i) If ¢ # y, thenp =, g;

(i) If ¢ =y, thenp =, {q,2}.

Proof. Givenp = ¢, there exists’ € X* such thatp LA gandP.(s") = s. It

suffices to show that LA g impliesp sz(izmy F(q), where the mag: X — 2%

is defined ad'(z) = {z} for z # y andF(y) = {x,y}. This claim is proved using
induction on the length of the string.

Base cases’ = e. In this caseP;(s’) = € andp = ¢, and it follows immedi-
ately thatp =, ~, p = ¢ € F(q).

Inductive step:s’ = ot’ for o € X, andt’ € XX In this case, there is a state
T’GXSUChthaIUgriq.

If p % ris notthe transitionz = y, thenp %, ~, r by definition 10, and it

follows from the inductive assumption thza&)mny F(q). Thus,
Py (o) Pr(t')
P oy T —zry F(Q) ) (lO)
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. P.(s
i.e.,p :(%ﬁy F(q).

Otherwise, ifp > r is the transition: — v, i.e.,p = z, 7 = y, ando = 7, two
more cases need to be considered.

If ¢ = ¢, thenP.(s') = P;(ot') = Pr(te) = e andq = r = y. In this case,
the claim follows because= = =, ~, = € {z,y} = F(y) = F(q).

If ¢ # ¢, lett’ = o'v/ for o’ € ¥, andu' € ¥%. Theny = r LIV q

for some state’ € X. By definition 10,y Lo, implies thatz Q/:my r’, and by

. . . . Pr (W
inductive assumption; % ¢ impliesr’ éé?my F(q). Thus,

/ PT /
p==x Lwny r! glﬂy F(q), (11)

and givenP, (o'u/) = P, (') = P,(rt') = P,(s), it follows thatp =) F(q).

g

Proposition 8 LetG = (3,11, X, —, X°, E) be a multi-coloured automaton with
a,w € T and states:, y € X such thatr = y, andy ¢ Z(a). ThenG >~ (aw)

Gy

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show

thatG || T'is («, w)-nonblocking if and only G, ~, || T"is (o, w)-nonblocking.
First assume that || T is (a, w)-nonblocking, and leG,~, || T = (¢, q7) €

2, |r(@). ThenX® S, ¢ € Ex~y(@). By lemma 3 it holds thak® = ¢

in G, and by definition 10 it holds th&, ~,(«) = Z(«) asy ¢ Z(«). Thus,

G| T = (4,97) € Evryla) x Er(a) = Eg|r(a) . (12)

SinceG || T is (a, w)-nonblocking, there existe ¥*, r € X, andry € X7 such
thatG | T = (q,q7) = (r,r7) € Eg|r(w). HenceG = ¢ L r. By lemma 4,
it follows that eitherg :t>;my r orgq =t>;my x with » = y. In the first case, note
r € Z(w) C Ey~y(w). Inthe second case, note that o= r € =(w), it also
holds thatr € =, ~,(w) by definition 10. Hence, in both caS@s-@nmy Ermy(w).

It follows that G~y | T = (g, g7) = By (w) X Ep(w).

Second assume th@t, -, || T'is (o, w)-nonblocking, and le&|| T = (q, gr) €
Eg|r(a). ThenX® = g€ Z(a)inG. Asq € Z() andy ¢ Z(«) by assumption,
it holds thatqg # y. Then it follows from lemma 4 thak :S>gmy q, andq €
E(a) C Epy(a) by definition 10. Thus,

Gy | T = (g,q7) € Exny(a) x Zp(a) . (13)
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SinceG, ~y || T is (o, w)-nonblocking, there existe ¥*, r € X, andrr € X
such that

Gory | T2 (¢,q7) S (r,77) € Bpny (W) X Ep(w) . (14)

Theng :t>5my r, and by lemma 3 it follows that L rinG.

If r € Z(w), it follows immediately thay L E(w). Otherwise, ifr ¢ Z(w),
note thatr € =, ~,(w), which means that = = andy € =(w) by definition 10.
This impliesq = r =2 5 y € E(w), and it again follows thaj 2N Z(w).

It follows thatG || T = (¢, 4r) = Zgr(w). O

Complexity. The Silent Continuation Rule can be applied at most once to ev-
ery T-transition in an automaton, i.e., at mo&t|? applications. Each application
involves the copying of all transitions from the target state to the source atate
there may be up to>, || X| transitions outgoing from every state. Therefore, the
overall complexity to check the applicability of this rule and apply it to all applica-
ble transitions i) (| X |?|X]).

It should be noted that the removal of@ransition alone does not necessarily
lead to a reduction in state space or complexity. Indeed, the Silent Continuation
Rule is likely to increase the number of transitions. Its major benefit is that the
target state may become unreachable, perhaps after multiple applicatiomdg&the
and then can be removed. Also, the rule produces a more regular serudtur
transitions, which may pave the way for other simplifications.

4.7 Removal ofr-Transitions Originating from Non- « States

The final rule considers the case of a silent transition originating fromraeano
state. This case is more difficult, and the following rule is more restrictive than
its companion for standard nonblocking [9], becaasmarkings need to be taken
into account in addition to other conditions.

Rule 7 (Only Silent Outgoing Rule) A statex that is not markedv or w can be
removed, ifz =, andz has onlyr-transitions outgoing. Incoming transitions:o
must be redirected to all thesuccessor states of

Example 7 AutomataG and H in figure 5 are(«, w)-nonblocking equivalent.
Stateg; in G is not markedy or w and has only--transitions outgoing, so it can be
bypassed and removed as showitinThis simplification is only possible because
stateg; is not markedv or w. If the state is marked, the nonblocking conditions
associated with it need to be retained, and there is no easy way to merg@tbese
one or both of the successor states.
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Figure 5: Example application of Only Silent Outgoing Rule.

Following is a formal description of the Only Silent Outgoing Rule. Again, the
relationship between traces in the original and the simplified automaton is estab-
lished before proving the validity of the rule.

Definition 11 LetG = (X, 11, X, —, X°, =) be a multi-coloured automaton, and
let x € X. Thesilent outgoing bypassf statex in G is the automatois,~ =

(3, I, X, =4, Xon, E) Where
=2~ = (= \{(w,0,2) [wZ2}) U {(wo0y)|wzSy};
o _ J(X\{z2Hu{yeX|zTy}, ifzecX°,
sz - .
X°, otherwise.

No state is explicitly removed in this construction. However, the bypassed
statexz becomes unreachable and can be removed, providecktﬁatr does not
hold. If z = z, thenz remains reachable (consider> = = z in the definition
of — ), but suchr-selfloops can be removed first using observation equivalence.

Lemma5 LetG = (11, X, —, X°, =), and letzr € X. For all state®,q € X
and all stringss € X%, if p =, ¢in Gy, thenp = ¢ in G.

Proof. Givenp =, ¢, there existo,...,0, € X,, n > 0 such thats =
P.(o1...0,)andpy,...,p, € X such that

p:pogxmplgxm”'@’xmpn:p- (15)

Pr(as)

It suffices to showp;_1 —=' p; fori = 1,...,n. If p,_1 % p;, this is trivial.

Otherwisep;_1 = = = p; by definition 11, which also implieg;_; Fr(gy) ;.

O

Lemma6 LetG = (X,II,X,—,X° =), and letz € X be a state with: =,
which has onlyr-transitions outgoing, i.ez > impliess = 7. Furthermore, let
p,q € X ands € ¥* such thap = ¢ in G andq # . Then it holds thap =, ¢
in Gy
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Proof. Givenp = ¢, there exists’ € X* such thatp LA gandP.(s') = s. It

is shown by induction on the length ef thatp LA q with ¢ # z in G implies

Pr(s") .
P —z~ qIN Gmm

Base cases’ = e. In this caseP-(s') = € andp = g¢. It follows immediately
thatp =, p = q.

Inductive step:s’ = ot’ for o € ¥, andt’ € ¥%. In this case, there is a state
rGXSUChthaIDgrt—WJ.

If r # x, thenp 5, r by definition 11, and it follows from the inductive

assumption that PT:(@LA g. Thus,

P g, (16)

. P (s")
Le.,p —z~ Q.

Otherwise, ifr = z, note thatr = r - q ;A T and hence’ # . Then let

t' = o'u' for o’ € ¥, andu’ € *. Thenr & ' % ¢ for some stat@ € X.
Also ¢/ = 7 sincex = r has onlyr-transitions outgoing, i.ep = r — . By

definition 11, it follows thap %, 7. By inductive assumption; LA q implies

P/ Pr(u -
r! élm q. ThUS,p gmm r! :(u>3nm q, and glvenPT(Uu/) = PT(UTU/) =
P (cc'u') = P-(at') = P.(s), it follows thatp PT:(S>)Q;m q- =

Proposition 9 LetG = (X,11, X, —, X°, Z), and letr € X be a state withx —
andz ¢ Z(a) U Z(w), which has onlyr-transitions outgoing, i.es % implies
o=7.ThenG ~(, ) Gz

Proof. Let T be an arbitrary multi-coloured automaton. It is sufficient to show
thatG || T' is (o, w)-nonblocking if and only ilG,~ || 7' is (o, w)-nonblocking.

First assume that' || T is (a, w)-nonblocking, and leG,~ | T = (¢,qr) €
Eg,.r(a). ThenX 3.~ ¢ € E(a). Then there exists® € X2, such
thatz° =, ¢ € Z(a). Applying lemma 5 it follows that:° = ¢ € :(a).
Also note that, ifz° ¢ X°, thenz® € X2 means that € X° andz = 2° by
definition 11. Thus(G = ¢ and thereforeG || T = (q,qr) € Eg|r(a). Since
G || T is (a, w)-nonblocking, there exist € ¥*, r € X, andrr € X such that
G|T= (¢,97) SN (r,71) € Zqr(w). Hence,G < ¢ r. Sincer € E(w)
andz ¢ Z(w), it holds thatr # . Theng Lo T € Z(w) by lemma 6, and this

meansG,~ || T = (¢, q7) = EGn|IT(W)-
Second assume thét ~ || T'is (@, w)-nonblocking, and le€|| T = (¢, qr) €
Eqyr(e). Then there exists® € X° such that:® = ¢ € Z(a) in G. Asq € Z(a)
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andz ¢ Z(a) by assumption, it holds that # 2, which impliesz® =, ¢ by
lemma 6. Ifz° # z, it also holds that® € X7 by definition 11. Ifz° = z, note
thatz has onlyr-transitions outgoing, angl # z, so the path: = z° = ¢ is not
empty and has the form = y = g withy € X2. Thus, X2 2, ¢ € Z(a)
and

Gun || T = (4:97) € Egr(@) = Eq, . jr(e) - 17)

SinceG,~ || T is (a,w)-nonblocking, there exists€ ©* such thaiG,~ || T =
(q,qr) L Eq,~|r(w). Then there exists a statec =(w) such thayy Lo T
and by lemma 5 alsg = r in G. Hence G | T = (q,97) SN Egr(w). O

Complexity.To check whether the Only Silent Outgoing Rule is applicable to
a state, it must be confirmed that it is not marked and has at least one lging on
transitions outgoing. Using appropriate data structures, this can be dooestant
complexity. Applying the rule requires all incoming transitions to be copied to all
T-successor states. There can be upXifX ;| incoming transitions and up {|
T-successors per state. Then the complexity to check and apply the Only Silen
Outgoing Rule to all states of an automato®ig X |33|).

5 Conclusions

This working paper shows how generalised nonblocking can be vedfiegosi-
tionally by simplifying individual components of a system before or while com-
posing them. Seven rewrite rules preserving generalised nonblockirgldeen
proposed, which can substantially reduce the number of states of the satema
countered during verification. The rules have been chosen to be campathy
feasible, while still covering a wide range of situations encountered ingtend
ministic automata. Although developed specifically for generalised nonblgckin
the results presented here are also applicable to standard nonblocking.
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